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ABSTRACT

　　　Measuring　processes　of　a　single　spin－1／2　object　and　of　a　pair　of　spin－1／2

0bjects　in　the　EPR－Bohm　state　are　modeled　by　systems　of　differential　equations，

These　models　are　based　on　mainly　the　following　two　ideas：　（i）　a，s　a　result　of

the　interaction　with　a　measuring　apparatus，　the　state　of　the　object，　changes　and

approaches　an　attractor，　in　which　the　object　possesses　the　measured　value　in　the

phase　space　of　states　of　objects；　（ii）　a　quantum－mechanical　state　corresponds　to

an　ensemble　of　states　in　the　corresponding　attractor　in　the　phase　space．　The

latter　model　is　a　local　model　with　hidden　variables　of　the　EPR－Bohm　gedanken

experiment．　Although　there　is　no　dynamical　interaction　between　the　pair　of

spin－1／2　objects，　the　model　reproduces　approximately　the　quantum－mechanical

correlations　by　using　coincidence　counting．　Hence　the　Bell　inequality　is　violated．

This　result　supports　the　idea　that　the　coincidence　counting　is　the　source　of　the

apparent　nonlocality　in　the　EPR－Bohm　gedankenexperiment．
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1．　INTRODUC’1’ION

　　　The　notion　of　probability　is　indispensable　to　quantum　mechanics，　because

outcomes　of　measurements　behave　probabilistically　in　qua，ntum　phenomena．　lt

is　natural　to　consider　that　the　probabilistic　behavior　of　outcomes　of　measurements

is　due　to　the　lack　of　our　knowledge　about　the　state　of　the　object．　This　lack　of

our　knowledge　is　compensated　by　finding　variables　that　distinguish　the　states　of

tthe　object　that　produce　different　outcomes．　Since　these　variables　have　not　been

yet　found　experimentally，　they　are　called　hidden　variables．　The　states　of　the

object　specified　by　values　of　the　hidden　variables　are　called　hidden　states．　Since

a　state　of　the　object　is　specified　by　sharp　values　of　variables　including　hidden

ones，　we　can　say　that　states　of　the　object　are　classical，　and　they　constitute　a

classical　phase　space．　Thus，　in　this　viewpoint，　a　g2Lantum－mechanical　state　is

an　ensemble　of　st（ttes　in　the　classical　phase　space．　Therefore　a　reinterpretation

of　quantum－mechanical　probability　based　on　this　viewpoint　will　be　called　an

ensemble　interpretation　of　quantum－mechanical　probability．

　　　In　the　old　days，　there　were　attempts　to　interpret　quantum－mechanical　prob－

ability　within　the　framework　of　usua，1　probability　theory，　i．e．，　Kolmogorovian

probability　theory（i）　which　is　based　on　measure　theory．　Since　a　probability　mea－

sure　represents　an　ensemble　of　hidden　states，　these　attempts　may　be　also　called

ensemble　interpretations　of　quantum－mechanical　probability．　As　is　well　known，

these　attempts，　however，　did　not　success，（2，3）　because　they　postulated　that　the

prepared　object　always　produces　an　outcome　directly，　i．e．，　statistical　properties　of

the　object　a＋re　calculated　in　a　single　probability　space　without　conditioning．　This

postulate　is　a　natural　consequence　in　Kolmogorovian　probability　theory．　Since

quantum一一mechanical　probability　is　subject　to　a　mathematical　formalism　based

on　Hilbert　space　theory，　it　is　totally　different　from　Kolmogorovian　probability

theory　based　on　measure　theory；　this　fact　reflects　the　failure　of　t・hese　attempts．

Unfortunately，　the　fa，ilure　induced　misunderstanding　that　no　ensemble　interpre－

tations　is　possible．　This　misunderstanding　leads　to　an　idea　that　the　probability
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is　not　secondary　property　but　primary　propert，y　of　Nature．　Moreover，　it　becomes

to　be　considered　that　wave　functions　give　the　complete　description　of　physical

reality．　The　problem　of　this　type　of　thought　is　that　it　needs　the　projection

postulate，（4）　i．e．，　reduct，ion　of　wave　function，　which　can　be　considered　as　a　source

of　the　Schr6dinger　cat　paradox（5）　and　the　de　Broglie’s　paradox．（6）

　　　The　impossibility　of　reinterpretation　of　quantum－mechanical　probability　with－

in　the　framework　of　Kolmogorovian　probability　theory　means　that　many　proba－

1）ility　spaces　are　needed　to　describe　quantum－mechanical　probability．　The　choice

of　the　proba，bility　spaces　depends　on　what　kind　of　physical　quantity　is　to　be

measured．　’IJhis　dependence　will　be　called　contextuality　of　quantum－mechanical

probability．　This　ensemble　interpretation　with　many　probability　spaces　are　also

called　a　context・ua｝　hidden－variable　theory．（7）　As　shown　by　Gudder，（8）　contextual

hidden－variable　theories　are　possible　and　contain　no　contradiction　mathemati－

ca・lly．　But　they　have　been　regarded　as　just　mathematical　artifacts；　there　is　space

to　discuss　the　meaning　of　the　context，ualit，y　and　｛，o　argue　how　quantum－mechanical

probability　emerges．　ln　particular，　what　causes　the　contextua，lity　has　become　an

important　problem　in　physics　since　the　argument　made　by　Bell．（9）　Bell　proves

the　so－called　Bell　inequality　with　assumption　that　a　measurement　of　a　spin　does

not　iiifluence　a　result　of　measurement　of　other　spin　far　from　the　former　spatially，

where　the　pair　of　the　two　spins　is　in　a　singlet　quantum－mechanical　state．　Since

quantum－mechanical　probability　violates　the　Bell　inequalitby，　it　is　believed　that

the　violation　of　the　Bell　inequality　means　existence　of　action　at　a　distance．　Does

such　action　at　a　distance　truly　exist　in　Nature？　Because　the　argument　of　Bell

restis　on　Kolmogorovian　probability　theory，　it　should　be　considered　that　the　prob－

lem　of　the　violation　of　the　Bell　inequality　is　not　the　nonlocality　but　rather　what

causes　the　contextuality．

　　　Since　the　contextuality　is　bui｝t　in　t・he　mathematical　formalism　of　quantum一一

mechanical　probability　theory，　to　discuss　the　cause　of　the　contextuality　it　is

necessa，ry　t・o　see　c｛ua，ntum－mechancial　probability　from　another　viewpoint，　say

ensemble　interpretations．　ln　this　thesis，　it　is　shown　that　there　is　a　model　based

4



一
．

）

on　ensemble　interpretation　of　quantum－mechanical　probability　that　the　contex－

tuality　can　be　produced　from　another　cause　different　from　action　at　a　distance．

The　aim　of　this　thesis　is　to　show　that　quantum－mechanical　probability　can　be

compatible　to　the　traditional　view　of　physics　that　there　is　no　spooky　action　at　a

distance．

　　　Iii　the　following，　we　wi｝1　review　the　argument　made　by　Bell　briefly　according

to　Ref．　10，　and　mention　other　attempts　to　save　the　physical　loca｝ity．

　　　Consider　a　pair　of　spin－1／2　particles　in　a　singlet　quantum－mechanical　state，

where　the　partjicles　move　to　opposite　directions．　Measurements　of　components　of

the　spins　of　t・he　particles　are　performed　at　places　far　apart　from　each　other．　This

is　the　EPR－Bohm　gedanken　experiment．　We　denote　an　element　of　reality　which

fixes　all　observables　by　A．　lts　probability　density　is　denoted　by　p（A）．　Let　A（A；　a）

（B（A；b））　be　a・　random　variable　that　represents　outcomes　of　measurements　of

component　of　the　spin　of　the　one　（other）　particle　along　direction　a　（b）．　A（A；　a）

assumes　1　（一一1）　if　the　outcome　is　spin－up　（spin－down），　lt　is　similar　for　B（A；b）．

Here，　the　locality　assumption　is　used　which　says　that　A（A；a）　does　not　depend

on　b　and　B（A；b）　does　not　depend　on　a．　Put

Since　IA（A；a）1　＝　1，

P（a，　b）　：＝　f　dAp（A）A（A；　a）B（A；　b）．

Ip（a，b）一P（a，b’）1≦1dλP（脚；a）（B（λ；b）一B（λ；b’））i

　　　　　　　　　　　　　　　　　＝＝　f　dAp（A）IB（A；b）　一　B（A；　b’）1．

In　the　same　way，

IP（a’，b）　＋　P（a’，b’）1　f｛　f　dAp（A）IB（A；　b）　＋　B（A；　b’）1．

（1．1）

（1．2）

While　we　can　see　that　IB（A；b）　一一　B（A；b’）1　十　IB（A；b）　十　B（A；b’）1　＝．一i　2．　By　this
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identity，　（1．1），　and　（1，2），

　　　　　A（a，　b，　a’，　b’）　：＝　IP（a，　b）　一一　P（a，　b’）1　＋　IP（a’，　b）　＋　P（a’，　b’）1　S　2．
（1．3）

This　is　called　the　Bell　inequality．　Bell　concludes　tha，t　if　the　Bell　inequality　is

violated，　then　the　locality　assumption　is　wrong；　A（A；　a）　depends　on　b，　i．e．，　the

settding　up　of　the　other　measuring　apparatus　placed　in　the　distance　and　so　on，

　　　Several　EPR－Bohm　type　experiments　have　already　been　performed　since

then，　and　violations　of　the　Bell　type　inequalities　have　been　observed．（ii）　As　a

result，　it　is　wiclely　believed　that　quantum　mechanics　has　a　nonlocal　character

such　as　action　at　a　distance，

　　　It　is　little　known，　however，　that　several　authors（i2－i6）　showed，　about　ten　years

ago，　that　violation　of　the　Bell　inequality　does　not　necessarily　imply　the　existence

of　action　at　a　dista，nce，　by　making　local　models　that　violate　the　Bell　type　inequal－

ities．　According　to　the　literature，（i7）　the　Marshall－Santos－Selleri　model（i3）　rests

on　the　idea　of　a　variable　detection　probability，　namely，　different　photons　behave

differentrly，　when　interacting　with　photon　detectors，　so　that　the　no－enhancement

assumption（i2）　is　not　satisfied．　This　idea　and　other　related　models　have　been　dis－

cussed　extensively　in　Ref．　17；　from　it　we　can　know　subsequent　development　along

these　lines　up　to　1988．　A　simple　example　proposed　by　Ferrero　e　t　aL（i8）　in　1990

shows　that　if　the　eMciency　of　photon　detectors　is　low，　then　the　so－called　factor－

izability　is　compatible　with　the　quantum－mechanical　prediction　that　is　obtained

by　taking　all　the　correct：ions　for　nonideal　behavior　into　account．　Further，　Santos

has　shown（i9，20）　that　no　violation　of　the　genuine　Bell　inequality　is　predicted　by

quantum　mechanics，　when　correctly　used，　in　experiments　with　correlated　optical

photon　pairs，　even　if　perfect　polarizers　and　detectors　were　available．　Reference

20　is　worth　reading，　because　the　interpretation　of　the　quantum　formalism，　the

relation　to　realism，　hidden　variables，　t，he　Bell　inequalities，　etc．　have　been　ar－

gued　from　the　author’s　viewpoint　as　a　scientist．　On　the　other　hand，　Scarela，（i4）

Notarigo，（i5）　and　Pascazio（i6）　investigated　other　possibilities　in　order　to　save　the
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physical　locality，　They　argue　that　the　coincidence　counting　is　a　source　of　the

apparent　nonlocality．　They　make　models　only　for　photons，　since　most　of　the

experiment・s　were　performed　on　pairs　of　photons．　The　attempts　to　save　the　phys－

ical　locality　have　not　yet　disappeared．　ln　1993，　Squires　has　a，rgued　the　possibili｛，y

of　absence　of　the　superluminal　interaction　in　the　EPR－like　situat，ion，　using　the

Bohm　hidden－variable　model　modified　by　the　introduction　of　retarded　positions

into　the　wave　function．（2i）

　　　　Now，　in　this　thesis，　a　local　model　for　spin－1／2　objects，　according　to　Bohm’s

version（22）　of　the　EPR　gedanken　experiment，　will　be　presented，　The　model　vio－

lates　the　Bell　inequality　as　a　result　of　the　coincidence　counting．　A　hidden－variable

model　is　suitable　for　the　purpose　of　seeing　clearly　whether　there　exists　action　at

a　distance　or　not，　because　it　refers　to　the　change　of　a　st，ate　of　the　object　be－

fore　and　after　a　measurement，　i．e．，　a　processes　of　rneasurement．　For　this　reason，

the　model　comprises　hidden　variables．　The　purpose　of　this　thesis　is　neither　to

explain　why　the　value　of　spin　is　quantized　nor　to　replace　quantum　mechanics

by　classical　mechanics．　The　aim　of　this　thesis　is　rather　to　find　an　example，　at

least　in　thinking，　that　shows　that　the　coincidence　counting　is　the　source　of　the

apparent　nonlocality．　ln　the　model，　in　order　to　describe　the　time　evolution　of　a

measuring　process，　we　shall　use　a　system　of　differential　equations　that　has　attrac－

tors．　Since　the　attractors　are　invariant　under　the　flow，　they　are　invariant　in　the

measurement．　From　this　fact，　the　attractors　shall　be　related　to　corresponding

quantum－mechanical　eigenstates．　This　is　a　new　feature　of　the　model．

　　　The　organization　of　this　thesis　is　as　follows：　ln　Sec．　2，　we　will　construct　a

model　of　a　measurement　for　a　single　spin－1／2　object．　This　section　also　contains

preparations　of　the　next　section．　ln　Sec．　3，　we　will　make　an　extension　of　the　model

of　Sec．　2　to　the　EPR－Bohm　situation．　The　heart　of　this　thesis　is　in　this　section．

By　taking　an　appropriate　closing　t，ime　in　sampling　data，　t，he　model　approximately

reproduces　the　correlations　predicted　by　quantum　mechanics．　Section　4　is　devoted

to　discussion　and　summary．
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2．　A　HIDDEN－VARIABLE　MODEL　OF　A

MEASUREMENT　OF　A　SINGLE　SPIN－1／2　OBJECT

　　　In　this　section，　we　will　construct　a　model　of　measuring　processes　of　a　spin－

1／2　object．　A　measuring　apparatus　changes　a　state　of　the　object　due　to　the

interaction　between　them；　this　change　is　not　instantaneous　generally．　To　describe

this　change，　we　use　a　system　of　ordinary　differential　equations．　For　anot・her

setting　of　the　measuring　apparatus，　time　evolution　of　a　state　of　the　object　is

governed　by　another　system　of　differential　equations．　Therefore　the　probability

spa・ces　of　outcomes　are　different　for　different　settings　of　the　measuring　apparatus．

Thus　our　model　becomes　a　contextual　hidden－variable　theory．

　　　　A　spin－1／2　object　is　not　a　mere　point，一particle，　but　a　system　of　many　degrees

of　freedom，　because　the　spin　can　be　considered　as　those　degrees　of　freedom　that

describe　a　rotation　of　the　object　about　some　axis．　We　denote　these　degrees

of　freedom　by　S　＝　（Sx，Sy，S．）　E　R3．　For　the　sake　of　convenience，　we　use

units　in　wllichん＝1，　and　putゴ＝1／2，」＝～／駆．　We　denote　the　quantum－

mechanical　observables　of　the　spin　by　a　triple　of　operators　（S“．，E；y，S，）．　Then

quantum　mechanics　gives　us　the　following　information　about　the　spin：　the　spin－

up（一down）　eigenstate　of　S．　has　the　eigenvalue　＋2’（一1’）　for　S．　and　」2　for　S“．2　＋

Sy2　＋　S．2，　respectively．　Hence　the　spin－up　eigenstate　of　Sx　may　correspond　to

an　ensemble　of　states　whose　members　have　such　properties　that　Si　＝　十」’　and

ISI　＝　」．　S　is　yet　insuMcient　to　describe　a　state　of　the　spin－1／2　object，　since

the　vector　S　possessing　the　above　properties　is　not　parallel　to　the　z－axis．　We

must　take　account　of　other　degrees　of　freedom　that　express　whether　a　state　is　a

member　of　an　ensemble　corresponding　to　the　spin－up　eigenstate．　Let　us　denote

them　by　U　＝　（Ux，　Uy，　Ui），　the　value　of　which　is　parallel　to　the　z－axis　for　any

state　in　the　ensemble　corresponding　to　the　spin－up　eigen，　state　of　Si，　and　so　on．

　　　In　actual　experiments，　it　does　not　matter　when　the　object　ent，ers　the　measur－

ing　apparatus　and　escapes　from　it．　Hence　we　do　not　have　to　take　account　of　such

details　of　the　motion　of　the　object　in　the　actual　space．　However，　they　become
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important　for　coincidence　counting；　we　will　take　them　into　account　in　the　next

section．　ln　this　section，　we　shall　see　that　the　six　de’grees　of　freedom　are　suMcient

to　model　the　measuring　process　of　a　single　spin－1／2　object．

　　　We　denote　a　six－dimensional　space　R6　by　r　whose　coordinat，es　are　given　as

（S，　U）　＝　（Sx，　Sy，　Sz，　Ux，　Uy，　Ui）．　A　state　of　the　object　is　represented　by　a　point

（S，U）in　r．　Letα1　be　asubset　ofrthaもis　de伽ed　as

cyi　＝　｛（S，　U）　E　r　l　S．　＝　＋］’，　ls12　＝　，J2，　U．　＝＝　u，　＝　u．　一一　，J　＝＝　o｝．

As　stated　before，　we　will　identify　an　ensemble　of　states　distributed　uniformly　in

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　バα1with　the　spin－up　eigenstate　of　S，．

tha，t　is　de：fined　as

In　the　same　way，　let　or2　be　a　subset　of　r

cv2　＝　｛（S，　U）　E　r　l　S．　＝　一一」，　ISI2　＝　J2，　U．　＝　U，　：　u．　＋J＝　o｝，

and　we　will　identify　an　ensemble　of　states　distributed　uniformly　inα2　with　the

　　コ　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　

spm－down　eigenstate　of　Si．

　　　A　good　measuring　apparatus　for　the　z－component　of　the　spin　must　effect

a　state　of　the　object　to　approach　to　either　ori　or　cv2．　Therefore　the　measuring

process　of　the　i－component　of　the　spin　may　be　modeled　by　a　system　of　differential

equations　for　which　ori　and　or2　are　attractors．（23）　The　simplest　ones　among　such

systems　of　differential　equations　may　be　the　following

！ll／i　＝u　×　s　一一　Ei　p．，　iii／iip　一　Ei｛e（s．　一一一　fl）ip＋　＋　e（一s．　＋　p）ip”｝e．，

dU
iil’一　＝一　E2PxyU一　E2｛Uz　一一一　sign（Sz　一一　3）」｝e．　一一　E2U，｛IUI2　一　」2｝e．，

（2．1）
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where　ei　＝　10．0，　E2　＝　O．05，　and

th（S）　1i1ISI2　．一　」2，

ip±（S）　1S．　Tj，

w（U）　si　cos－i（U．／IUI），

0（w）　1E｛」cosw一　pt］　cos（g（1－cosw））sinw｝

　　　　　　　　　　　　×　｛o．gse（1　cos　wl　一一　o．gg）　＋　e（o．gg　一　1　coswl）｝，

　　　　　　　　　0N　／1　0　0

　　　ez　＝IO1，　P．y　：IO　1　Ol．

　　　　　　　　　1／　NO　O　O

H・・eθ（x）i・the　step　fun・ti・n　whi・h　i・de丘11ed　asθ（の＝1，　if・x≧0，θ（，T）＝0，

0therwise；　sign（x）　is　the　sign　function　which　is　defined　as　sign（x）　＝　1，　if　x　121

0，　sign（x）　＝＝　一一1，　otherwise．　For　simplicity’s　sake，　the　unit　of　time　is　chosen

appropriately．　Thus　we　assume　that　the　evolution　of　a　state　（S，U）　during　the

7neasurement　of　S，，　i．e．，　the　z－component　of　the　spin，　is　governed　by　Eq．　（2．1）．

　　　It　seems　convenient　to　make　some　remarks　on　Eq．　（2．1）．　The　terms　containing

Ei’s，　i　一一’一　1，　2，　in　Eq．（2．1）　are　crucial　for　the　existence　of　the　attractors　cvi　and　cv2．

To　see　this，　suppose　that　there　are　no　terms　on　the　right－hand　sides　of　Eq．　（2，1）

except　for　一EiP．，（03b／OS）th．　Then　（d3b2／dt）＝＝2（Ozb／OS）　・　（dS／dt）ip＝一一8Ei（SZ　＋

Sy2）th2　s　O．　As　far　as　neither　S3＋S3　nor　th　vanishes，　cb（S（t））2　i＄　strictly　monotone

decreasing　as　a　function　of　time　t．　As　t　．　oo，　th2　may　vanish，　i．e．，　I　S　i2　may

approach　」2．　This　is　similar　for　the　other　terms　containing　6i　or　62，　The　role　of

the　function　fi（w）　is　to　give　a　border　between　S．　．　十」’　and　S．　一〉　一i　Thus，　the

terms　containing　6i’s，　i　一一一　1，　2，　effectively　represent　the　influence　of　the　measuring

apparatus　on　a　state　of　the　object．

　　　In　the　act・ual　experiments，　for　example，　the　Stern－Gerlach　magnet　is　used

as　a　measuring　apparatus　of　Si．　ln　this　case，　the　z－component　of　the　spin　is

not　directly　measured．　The　experimenter　judges　S．　＝　十1’　or　一一」　according　to

the　sign　of　the　z－component　of　the　velocity　of　the　object　gained　eventually　by

10
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the　inhomogeneous　magnetic　field．　ln　our　model，　if　S　is　stabilized　in　a　neigh－

borhood　of　ori（or2），　in　which　S，　〉　O（〈　O），　then’since　S　may　behave　as　if　it

represented　a　magnetic　dipole，　the　z－component　of　the　velocity　shall　become

positive（negative）．　From　these　considerations，　let　us　regard　the　measurement　of

Sz　in　our　model　as　the　following　procedure：　a　state　（S，U）　of　the　object，　begins　to

evolve　by　Eq．　（2．1），　when　the　interaction　between　the　object　and　the　mea，suring

arpparatus　is　switched　on；　when　the　state　in　T　comes　into　an　a，ppropriate　neigh－

borhood　G（ori）　E　｛（S，U）　E　r　：　IS，　一一　jl　〈　6｝　of　ori，　6＝　e．Ol，　the　measurement

伽islles　and　we　obtain　the　outcome十ブ；otherwise，　when　the　state　in　r　comes

mto　an　appropriate　neighborhood　G（or2）　iii　｛（S，U）　E　T　：　ISi　＋　1’1　〈　6｝　of　or2，

the　measurement　finishes　and　we　obtain　the　outcome　一一」．　Rigorously　speaking，

the　measured　z－component　of　the　spin　is　not　represented　by　Sz；　rather，　it　is

represented　by　a　slightly　modified　function　Si　defined　on　r　as

　

Sz（ρ）＝

十2’ C　if　p　E　G（　ori），

一一 v，　if　p　E　G（　or2），

Sz（p），　otherwise．

For　brevity，　we　will　write　that　S．　＝〉　」　in　place　of　S．　＝　．7r　and　so　on　hereafter．

　　　We　have　completed　modeling　the　measuring　process　of　S．　here．　Measuring

processes　of　other　components　of　the　spin　are　modeled　in　the　natural　manner．

It　suflices　to　transform　all　the　quantities　of　the　model　of　the　measurement　of　Si

under　the　rotation　that　transform　the　z－direction　i，nto　the　direction　along　which

the　spin　is　measured．

To　see　whether　our　model　goes　well，　we　will　study　measurements　of　Si　for

several　initial　ensembles　corresponding　to　the　eigenstates　of　other　components

of　the　spin．　First，　each　initial　ensemble　is　defined　in　the　following．　Let　Te

be　a　rotation　（matrix）　in　R3　through　an　angle　e　about　an　axis　lying　in　the

xy－plane，　say，　the　y－axis．　When　we　perform　a　measurement　of　S・Teez，　the

evolution　of　a　state　is　given　by　the　system　of　differential　equations　that　is　in－

duced　from　Eq．　（2．1）　by　the　rotation．　Let　fie　be　a　subset　of　T　defined　as
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3e　iiii1　｛（TeS’，TeU’）　E　r　：　（S’，　U’）　E　ori｝，　i．e．，　it　is　obtained　by　rotating　ai．

Then　the　fie　is　an　attractor　on　which　S・Tee，　＝’　＋i　An　ensemble　of　states

distributed　uniformly　in　the　Pe　is　identified　with　the　spin－up　eigenstate　of　the

quantum－mechanical　observable　corresponding　to　S　・　Teei．　This　is　because　that

when　we　perform　the　measurements　of　S・Teei　on　this　ensemble，　S・Teei　＝＞」

holds　with　certainty，　since　all　t，he　members　of　the　ensemble　are　already　in　t，he

neighborhood　G（Be）　of　the　attra，ctor　6e．

　　　　Second，　since　we　cannot　solve　Eq．　（2．1）　analytically，　we　must　make　numerical

calculations．　By　solving　Eq．　（2．1）　numerically　for　each　member　of　the　ensem－

bles　as　an　initial　condition，　the　probabilities　that　the　trajectories　come　into　the

neighborhoods　G（ori）　of　ori　and　G（a2）　of　or2　were　calculated．　ln　effect，　72　states

distributed　uniformly　in　3e　（e　＝　10ne，　n　＝：　O，　．．．，36）　were　taken　as　the　initial

conditions．　Equation　（2．1）　was　solved　by　the　Euler　method　with　two　different

step－sizes　At　＝0．001，　O．OOOI．　For　each　e，　the　probabilities　were　calculated　as　rel－

ative　frequencies　for　the　72　samples．　Since　the　results　in　the　two　step－sizes　are

almost　the　same，　it　can　be　said　that　the　errors　from　the　Euler　method　are　very

small　in　these　numerical　calculations．　The　maximum　time　when　a　state　comes

into　one　of　the　neighborhoods　of　the　two　attractors　is　short；　it　is　O．2447．　This

may　be　the　reason　why　the　errors　are　small，　though　the　Euler　method　is　used．

　　　Figure　1　represents　the　probabilities　of　outcomes　of　the　measurements　of

Si　＝　S・ei　being　＋7’ @with　respect　to　the　ensembles　of　states　distributed　uniformly

in　6e　for　several　relative　angles　e　（calculated　with　At　一一　O．OOOI）．　The　result　fits

with　the　prediction　of　quantum　mechanics．　ln　this　sense，　we　can　say　that　the

model　of　this　section　is　the　one　of　measuring　processes　of　a　single　spin－1／2　object．

　　　Before　closing　this　section，　we　note　the　following　remark．　We　call　the　time

when　the　interaction　between　the　object　and　the　measuring　apparatus　is　switched

・na6ε卿吻time・We　call　the　time　when　a　state　c・mes　int・・ne・f　the　neigh－

b・rh・・d・・f　the　tw・att・act・rs　a伽8ん吻伽ε．　Since　we　may　put　the　beginning

time　for　each　state　to　be　zero　without　loss　of　generality，　we　will　do　so　hereafter．
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Then　the　finishing　time　for　each　object　depends　both　on　what，　kinds　of　physical

quantities　is　measured　and．　on　the　initial　states．　’We　not・e　that　finishing　times

generally　fluctuate　due　to　the　variation　of　initial　states，　even　if　the　beginning

times　are　the　same．　This　fluctuation　plays　an　import，ant　role　when　we　use　t・he

coincidence　counting　as　in　the　next　section．

3．　A　LOCAL　MODEL　OF　THE　EPR－BOHM
　　　　　　　　　GEDA　IVKEN　EXPERI　MENT

　　　The　EPR－Bo　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　．　We　note　that

it　is　rotationally　invariant，　and　the　pair　of　spins，　in　this　quantum－mechanical

state，　has　completely　negative　correlations．　Let　s　be　a　subset　of　rAB　defined　as

　　　　　　　　　2T　T

　　　　　S　＝一　U　US　〈SA，　UA，　SB，　UB）　E　rAB　l　SA十　SB　＝＝　O，　UA　十UB　＝　O，

　　　　　　　　　ip＝o　e＝o

　　　Now　we　will　make　an　extension　of　the　previous　model　to　the　EPR－Bohm

ged，anken　experiment．　We　consider　two　spin－1／2　objects　which　are　distinguished

by　being　labeled　as　A　and　as　B．　Let　rA　and　rB　be　the　phase　spaces　of　the

spin－1／2　object，s　A　and　B，　respectively．　The　whole　phase　space　rAB　is　given

by　the　direct，　product　rA　×　rB．　Suppose　tha，t　two　measuring　appatraituses　are

placed　apart　on　the　y－a，xis　at　equal　distance　from　the　origin．　We　will　measure

components　of　the　spins　along　directions　perpendicular　to　the　y－axis．

　　　　　　　　　　　　　　　hm　quantum－mechanical　state　is　the　singlet　state

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　，　respectively．　An　ensemble

of　states　of　pairs　distributed　uniformly　in　the　subset　s　has　the　above　mentioned

two　features　of　the　EPR－Bohm　quantum－mechanical　state．　Hence　let　us　take　this

ensemble　as　the　initial　condition　just　before　measurements　in　the　EPR一一Bohm

situation．

　　　　　　　　　UU｛（SA，UんSB，UB）∈r超

　　　　　　　　　　　　　　　　　　　　　（R，（一e）R．（一一ip）SA，　R，（一一e）R．（一ip）UA）　E　cui｝，

where　Ri（ip）　and　Ry（e）　represent　the　rotation　about　the　z－axis　through　an　angle

ip　and　the　rotation　aboiit　the　y－axis　through　an　angle　e
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　　　In　the　actual　experiments，　the　coincidence　counting　is　used　in　order　to　iden－

tify　detected　objects　as　a　pair．　Therefore　the　time　twhen　the　object　escapes　from

the　measuring　apparatus　is　important．　Since　the　actual　motion　of　the　object　in

the　measuring　apparatus　may　be　complicat，ed，　instead　of　modeling　the　details　of

the　motion　concretely，　we　just　assume　that　there　exists　a　threshold　time　T　such

that　if　the　finishing　tiine　is　greater　than　T，　t，hen　the　value　of　the　y－coordinat・e

of　the　object　becomes　random　as　a　result　of　the　interaction　with　the　measuring

apparatus．　We　can　also　rephrase　this　assumption　as　follows：　there　is　T　such　that

if　the　finishing　time　is　greater　than　T，　then　the　time　when　the　object　escapes　from

the　measuring　apparatus　fluctuates．　lt　should　be　emphasized　that　this　assump－

tion　concerns　itself　with　a　single　object　（A　or　B）　and　the　measuring　apparatus

for　it，　so　no　action　at　a　distance　is　stolen　into　our　model　by　this　assumption，　lt

shall　be　shown　at　the　end　of　this　section　that　by　the　coincidence　counting，　a　pair

of　spin－1／2　objects　is　taken　into　account　as　outcomes　of　measurements，　only　if

their　finishing　times　are　less　than　T．　Hence　we　call　T　a　closing　time　in　sampling

data．

　　　Correlations　of　the　spins　of　the　objects　A　and　B　with　a　closing　time　T＝

0ユ33were　calculated　numerically　as　in　the　previous　section．　First，3852　states

distributed　uniformly　in　s　were　taken　as　initial　conditions　for　the　differential

equations，　and　they　were　solved　by　the　Euler　method　with　step－size　At　＝＝　O．001

with　respect　to　various　closing　times　T．　lt　was　found　that　T　＝O．133　is　the　best．

Next，　15192　states　distributed　uniformly　in　s　were　taken　as　initial　conditions

for　the　differential　equations，　and　they　were　solved　in　the　same　way　but・　with

step－size　At　＝　O．OOOI　with　respect　to　closing　times　T＝＝O．133．　The　correlations

obtained　from　the　two　kinds　of　calculations　with　different　size＄　of　samples　and

the　step－sizes　agree　well；　it　can　be　said　that　the　errors　are　very　small　in　these

nU1皿eriCal　CalCUIatiOnS．

　　　The　results　are　plotted　in　Fig．　2　and　compared　with　the　quantum－mechanical

correlations．　The　correlations　obtained　from　our　model　approximate　the　quantum－

mechanical　correlations．　For　comparison，　the　correlations　without　the　closing
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t，ime，　i．e．，　without　using　the　coincidence　counting，　were　also　calculated．　The

results　are　plotted　in　Fig．　3．　ln　this　case，　since’no　closing　time　is　instituted，

the　corre］ations　are　calculated　essent，ially　in　a　single　probability　space．　Since　our

model　has　no　action　at　a　distance，　as　expected　from　the　no－go　theorems（2，3）　of

noncontextual　hidden－variable　theories，　the　result　without，　the　closing　time　does

not・　a・gree　with　quantum　mechanics．

　　　1　igure　4　represents　the　result，s　of　calculat，i6ns　of　the　quantit，y　F（ip）　that　ap－

pears　in　Ref．　24．　The　Bell　inequality　implies　that　17（ip）　does　not　exceed　2，　The

resultts　wit，h　the　closing　time　T　＝＝　O．133　agree　with　quantum　mechanics　approxi－

mait・ely，　and　the　Bell　inequality　is　violated，　The　results　without　the　closing　time，

on　the　other　hand，　satisfy　the　Bell　inequality，　and　do　not　agree　with　quantum

mech　an　ics．

　　　　Our　task　is　now　to　express　the　assumption　for　the　motion　of　the　position

of　the　object　more　concretely，　and　to　show　that　the　coincidence　counting　leads

to　the　institution　of　a　closing　time　in　sampling　dat，a．　Suppose　that　the　devices

of　tihe　gedanken　experiment　are　arranged　as　follows　（see　Fig．　5）：　the　source　of

pairs　of　t・he　objects　is　at　the　origin；　measuring　apparatuses，　whose　lengths　in

the　y－direction　are　the　same　liV，　for　the　object　A　and　the　object　B　are　placed

apart　oii　the　y－a，xis　at　equal　distance　from　the　origin；　a　detector　for　the　object　A

is　placed　behind　the　mea，suring　apparatus，　say　on　（O，　一一L，O），　viz，，　on　the　y－axis

at　the　distance　L　from　the　origin　to　the　negative　direction；　in　the　same　way，　a

detector　for　the　object　B　is　placed　on　（O，　L，　O）．　Let　to　be　the　earliest　time　when

the　object　reaches　the　detector．　Recall　here　that　all　the　beginning　times　are　zero．

Let　vo　be　the　modulus　of　the　y－component　of　the　velocity　of　each　object　at　the

ou　tside　of　the　measu血g　apparatus．　For　the　object　whose伽ishing　time　is　Iess

than　T，　we　denote　the　modulus　of　the　y－component　of　the　velocity　at　the　inside

of　the　measuring　apparatus　by　v　（＝const）．

　　　Then　our　assumption　can　be　expressed　concretely　as　follows：　for　an　object

with　its　finishing　time　T，　if　7　sl　T，　then　the　time　when　the　object　escapes　from
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the　lneasuring　apparatus　is　W／v；if　7＞T，　then　tlle　time　when　tlle　object

escapes　from　the　measuring　apparatus　fluctuates　tuniformly　in　a　t，ime　illterval

［W／v，　（liT／／v）　十　T］　as　a　result　of　the　interaction　bet，ween　the　object　and　the　mea－

suring　apparatus．　Thus，　the　closing　time　T　characterizes　the　way　of　diffusion　of

the　position　of　the　object　in　the　measuring　process．

　　　Let　TA　be　a　finishing　time　for　the　spin－1／2　object　A．　Then　the　probability　of

the　object　A　existing　in　an　interval　［y，　y十Ay］　on　the　y－axis，　O　〈　Ay　＜＜　1，　at・　the

time　to　becomes　approximately

pA（y）Ay一

itin／．Lkll，＋，eZ］iZ3」．，（，）．，，　II；：．Si　ll

Here　we　used　the　notation　xE　to　represent　the　characteristic　（defining）　function

of　a　subset　E　of　the　real　line　which　is　defi　ned　as　xE（x）　＝　1，　if　x　E　E；　xE（x）　＝　O，

otherwise．　In　the　same　way，　let　TB　be　a　finishing　t，ime　for　the　spin－1／2　object　B，

The　probability　of　detection　of　the　object　B　in　an　interval　［y，　y＋Ay］，　O　〈　Ay　＜＜　1，

at　the　time　to　becomes　approximately

　　　　　　　　　　　　　　囎一｛x［L一ム醐ω，usl．：E’X［L－vo　rB　，L］　（Y）ム鮎1；ll劣：

For　t，he　objects　A　and　B　whose　finishing　times　are　TA　and　ig，　respectively，　we

estimate　the　probability　pc　of　ceincidence　detection．　We　partitien　the　y－axis　into

intervals　［yn，yn＋i），　n　E　Z，　whose　lengths　are　Ay，　where　y．　＝：　nAy．　Since　the

coincidence　detection　is　done　not　only　at　the　time　to　but　also　at　delayed　times，

pc　becomes，　for　Ay　＜＜　1，

　　　　　　　　　　　　　　　　　　　　　Pc　＝　2　PA（一yn）AypB（yn）Ay

　　　　　　　　　　　　　　　　　　　　　　　　　　n

　　　　　　　　　　　　　　　　　　　　　　　イ婿y励）△y

　　　　　　　　　　　　　　　　　　　　　　　一｛お（△“），甑巖鶉

This　means　that　in　the　limit　where　the　accuracy　Ay　of　position　approaches　zero，
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if　at　least　one　of　the　finishing　times　TA　and　ig　is　greater　than　T，　then　t，he

probability　p，　of　the　objects　A　and　B　being　detected　at　the　same　time　vanishes．

Therefore　any．　objects　A　and　B　detected　at　coincidence　have　finishing　times　rA

and　TB　bot・h　of　which　are　less　than　T　with　certainty．

　　　According｝y，　as　far　as　we　use　the　coincidence　counting，　our　local　model　vio－

lates　the　Bell　inequality．

4．　DISCUSSION　AND　CONCLUSION

　　　　As　we　have　seen　in　the　previous　section，　there　exists　a　local　model　that

violates　the　Bell　inequality　even　for　spin－1／2　objects．　This　fact　supports　the　idea

that　the　coincidence　counting　is　the　source　of　the　apparent　nonlocality，　and　that

there　exists　no　action　at　a　distance　in　the　EPR－Bohm　situation．

　　　The　model　is　an　exa，mple　that　shows　that　interaction　between　tihe　object・　and

the　measuring　apparatus　is　not　the　unique　reason　of　the　contextuality，　i．e．，　the

probability　spaces　of　outcomes　of　measurements　are　different　according　to　what

are　measured．　ln　fact，　by　introducing　the　closing　time　T，　the　model　of　Sec．

3　produces　different　probability　spaces　of　outcomes　according　to　the　choice　of

different　settings　of　the　meaguring　apparatuses．　Thus　t，his　local　model　becomes

a　contextual　hidden－variable　theory．　ln　the　model，　the　sample　space　changes

according　to　the　choice　of　e．b，　which　is　the　angle　between　the　directions　a　and

b　of　t・he　spins　of　the　objects　A　and　B　to　be　measured．　Nevertheless，　as　shown

in　Fig．　6，　the　variation　of　the　number　of　samples　is　small　（less　than　10％）．　This

results　seem　to　be　consistent　with　the　results　of　the　experiment　of　Aspect　et

aL，（25）　though　it　was　done　for　photons，　in　which　the　number　of　samples　is　found

constant　when　the　setting　of　the　measuring　apparatuses　is　changed．

　　　In　Sec．　2，　we　identified　t・he　ensemble　of　the　states　of　the　object　distributed

uniformly　in　each　attractors　with　the　corresponding　eigenstates．　ln　Sec．　3，　we

have　identified　the　ensemble　distributed　in　the　subset　s　of　rAB　with　the　EPR－

Bohm　quantum－mechanical　state．　One　may　ask　what　ensemble　corresponds　to　a
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慰

giveii　quantum－mechanical　state．　The　question　is　beyond　the　scope　of　this　thesis，

because　it　is　almost　equivalent　to　understanding　the　superposition　principle　of

quantum　states．　ln　fact，　in　order　to　find　the　answer，　we　must　understand　the

meaning　of　a　phase　of　a　quantum－mechanical　state　vector．　The　phenomenological

model　in　this　thesis　lacks　this　information　of　the　phase，

　　　However，　it　is　int・eresting　and　important　to　find　t，he　answer，　because　this　has

deep　connect・ion　with　whether　our　human　reason　can　understand　things　existing

in　the　extema，1　world　or　not．　lt　is　known　that　propositions　for　quantum　phenom－

ena　a，re　subject　to　some　non－Boolean　logic．（26）　These　propositions　are　concerned

with　outcomes　of　measurements．　But，　since　the　human　reason　is　subject　to　the

Boolean　logic，　the　outcomes　of　the　measurements　contradict　the　human　reason．

Accordingly，　in　order　to　understand　the　things　behind　the　quantum　phenomena

by　the　human　reason，　we　cannot　help　assuming　something　that　is　subject　to　the

Boolean　logic．　Thus，　to　understand　the　things　in　the　external　world　necessarily

means　introduction　of　some　hidden　variabJes，　ln　addition，　we　must　also　compre

hend　how　the　Boolean　object　characterized　by　the　hidden　variables　produces　such

non－Boolean　phenomena　as　quantum　phenomena．　Although　the　model　in　this

thesis　is　so　restricted　that　it　may　have　less　connection　with　the　things　existing

in　the　external　world，　it　gives　an　example　such　that　a　Boolean　object　leads　t・o

non－Boolean　phenomena．　ln　this　sense，　the　model　is　instructive．　The　model　also

suggests　that　the　things　existing　in　the　external　world　would　be　local．

　　　The　results　of　this　thesis　are　summarized　in　the　following．　A　local　hidden－

variable　model　of　spin－1／2　objects　in　the　EPR－Bohm　gedanken　experiment　is　con－

structed．　By　instituting　the　appropriate　closing　time　in　sampling　data，　the　cor－

relations　that　are　calculated　by　the　model　approximate　the　quantum－mechanical

correlations．　Consequently，　as　far　as　the　coincidence　counting　is　used，　the　lo－

cal　model　violates　the　Bell　inequality　with　no　action　at　a　distance．　Therefore

quantum－mechanical　probability　can　be　compatible　to　the　traditional　view　of

physics　that　there　is　no　action　at　a　distance．
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The　correlatio”of　Sパe；and　SB・Tee2　for　the　ensembie　of　s色ates　dis－

tributed　ttniformly　in　s　plotted　versus　the　relative　angle　e．　o　represents

the　results　of　our　model，　and　the　solid　curve　is　the　corresponding　results

of　qitautum　mec｝｝anics．　The　value　of　the　closing　time　T　in　sampling　data

is　O．133．
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The　correlation　of　SA・e，　and　SB・Teez，　without　the　closing　time，　for　the

ensemble　of　states　distributed　uniforn］ly　in　s　plotted　versus　the　relative

angle　e．　e　represents　t｝ie　res”lts　of　our　model，　and　tlte　solid　curve　is　the

corresponding　results　of　quantum　mechanics．
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Grapli　of　F（ip）　given　in　Ref．　22　against　the　relative　ang｝e　ip．　o　represents

tl｝e　results　of　our　model　with　the　closing　time　T　：O，133．　×　represents

the　result・s　of　our　model　without　the　closing　tirne．　The　solid　curve　is　the

corresponding　results　of　quantum　mechanics．
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