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Abstract 

Temperature is an important environmental variable that can strongly affect the 

performance of anaerobic reactors working at ambient temperatures. This study presents a 

mechanistic mathematical model which depends in an explicit way on the operating 

temperature. The cardinal temperature model function is proposed to describe the 

temperature dependence of the kinetic parameters and the experimental data from an 

UASB-degasification system was used to calibrate the model. The performance of the 

model is compared with the classic Arrhenius approach. The results showed that the 



2	  
	  

temperature-based model of the anaerobic digestion is able to reproduce a long-term reactor 

operation in terms of biogas production and the concentration of organic matter at 

fluctuating ambient temperature. 

 

Key words:  biogas; cardinal temperature model; membrane; modeling; UASB. 
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NOTATION 

S0 Particulate organic matter 

(gCOD L-1) 

PT total pressure of the reactor (atm) 

S1 Soluble organic matter (gCOD 

L-1) 

KH Henry’s constant (L atm mol-1) 

S2 Acetic acid equivalent (gCOD 

L-1) 

R Ideal gas constant (L atm mol-1 K-1) 

X1 Acidogens concentration 

(gCOD L-1) 

Ka Affinity constant of the reaction Acetic 

acid/Acetate (mol L-1) 

X2 Methanogens concentration 

(gCOD L-1) 

kLa Volumetric mass transfer coefficient (d-1) 

IC Inorganic carbon (mmol L-1)  ξ State variable 

Z Total alkalinity (mmol L-1) ξin State variable value in the inlet 

α Biomass retention parameter D  Dilution rate  (d-1) 

rH Hydrolysis rate (gCOD L-1d-1) SRT Solid retention parameter (d) 

rA Acidogenesis rate (gCOD L-1d-1) HRT Hydraulic retention parameter (d) 

rM Methanogenesis rate (gCOD L-

1d-1) 

P Temperature dependent  parameter 

YX1 Acidogens yield (g g-1) A Frequency factor  (d-1) 

YX2 Methanogens yield (g g-1) Ea Activation energy 
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f_IC_S1  

f_IC_S2 

Stoichiometric coefficients of IC 

production (mmol g-1) 

P0 Optimum of Temperature dependent  

parameter 

k0 hydrolysis coefficient (d-1) Tabs Absolute temperature of the reactor (°K) 

KX Contois half saturation constant 

(g g-1) 

T  Reactor temperature (°C) 

KS1 Affinity constant of acidogens 

(gCOD L-1)  

Tmin Minimum  temperature of CTM model 

(°C) 

KS2 Affinity constant of 

methanogens (gCOD L-1) 

Topt Optimum temperature of CTM model 

(°C) 

µm1 Maximum specific growth rate 

of the acidogens (d-1) 

Tmax Maximum temperature of CTM model 

(°C) 

µm2 Maximum specific growth rate 

of the methanogens (d-1) 
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1. Introduction 

The anaerobic treatment of domestic wastewater by using high rate reactors such as an 

UASB system, along with its new upgrades and modified versions, is expectable to keep 

growing in the coming years, above all, due to the fact the systems are more and more 

efficient and present a low carbon footprint in comparison with the traditional activated 

sludge systems (Chong et al. 2012). 

 

Modeling is considered as a key tool especially for operational analysis, the 

development of control strategies and model-based design procedures. Thus far, application 

of models for anaerobic domestic wastewater treatment have been quite simple and applied 

at steady state conditions, in which one-reaction is recognized as the limiting step (Batstone 

2006). Simplified mechanistic models may offer a good platform to both analyze, in some 

extent, the system behavior and evaluate some control and operational strategies. 

Furthermore, in the case of low-strength wastewater when the non-linearity of the systems 

stands out, more complex kinetics should be considered for the system description. In these 

models, different variables, that exert a clear effect on some parameters, are usually 

considered, for instance: pH, ammonia and inhibitors. Temperature is a crucial variable that 

clearly affects the performance of any anaerobic system. However, it has been barely 

considered in an explicit way for the model of anaerobic systems. The reason for this, is 

because the reactors for industrial wastewater treatment are normally operated at constant-

controlled temperatures (mesophilic (35°C) or thermophilic (55°C)), thereby the influence 
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of the temperature can be considered to be constant as well. For energetic and cost saving 

purposes the application of anaerobic digestion at ambient temperature has been studied for 

different substrates, especially for domestic or low-strength wastewater, where heating of 

high volumes to 35 ºC is unlikely (Bandara et al. 2012; Sumino et al. 2007; Bodik et al. 

2002). Under these conditions there will be temperature fluctuations mainly due to 

smoother seasonal variations, day-night variations and also some specific spikes or drops 

events. Therefore, in such cases the temperature influence has to be considered as a part of 

any mathematical model trying to represent this particular system.   

 

The effect of the temperature on kinetic parameters has been usually modeled by 

applying the classic Arrhenius model (Banik et al. 1998; Ge et al. 2011; Yuan et al. 2011), 

however the most important disadvantage of this equation is that is only able to reproduce 

the increasing part of the temperature influence on the parameter values, despite the fact the 

each of the microbial population, i.e. thermophils (50-55ºC), mesophils (35-37ºC) and 

psichrophils (15-25ºC) present a sharp drop in their activity after reached the optimum 

plateau (Pavlostathis and Giraldo-Gomez 1991). The cardinal temperature model (CTM) 

developed by Rosso et al. (1993) can describe the complete temperature influence profile 

and it has already been demonstrated its applicability in anaerobic digestion (Donoso-Bravo 

et al. 2009). 

 

The aim of this study is to develop a mathematical model of the anaerobic digestion 

process which considers the temperature effect in an explicit way as an integrated part of 

the model conception.  Then, the results of the model by using the classical Arrhenius 
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approach and the proposed CTM are compared. The model is calibrated and validated with 

an upflow anaerobic sludge blanket reactor treating domestic sewage at ambient 

temperature. 

 
2. Material and methods 

 

2.1 Experimental system  

The lab system from where the experimental data was taken for this modeling application 

corresponds to UASB reactor treating domestic wastewater, coupled with a membrane 

reactor for degasification and recovery of the dissolved methane from the effluent. A 

thorough description of the system can be found in (Bandara et al. 2012). In Figure 1 the 

input conditions to which the system was subjected are shown in terms of organic load rate 

(OLR) and temperature, during nearly a year and a half. Reactor temperature was not 

controlled presenting a seasonal variation from 5 to 30 ºC in winter and summer 

respectively, while OLR was in the range of 1 to 3 gCOD L-1 d-1. During the one and a half 

year operation, measurements, on a daily basis, were taken for CH4 flow, CO2 flow and 

chemical oxygen demand, particulate (pCOD) and soluble (sCOD).   

 

2.2 Mathematical model  

Different kind of modeling approaches can be found in the literature for UASB reactors. 

Simple mechanistic models of the anaerobic degradation process have been used either 

using one global reaction representation of the system (Bhunia and Ghangrekar 2008), two 

reactions (Lopez and Borzacconi 2009) or approaches with three populations and reactions 
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(Vlyssides et al., 2007). Although mechanistic models are normally preferred, other 

approaches have also been used, for instance, empirical models obtained by using 

polynomial regression (Barampouti et al., 2005) as well as steady state based procedures 

(Yetilmezsoy 2012). In this study, a three reactions and two populations model of the 

anaerobic digestion process was used. These types of models have been lately used as 

alternatives to large and more descriptive models of the bioprocess (Donoso-Bravo et al., 

2010; Mairet et al. 2012). A Petersen Matrix of the model representation can be seen in 

Table 1.  The mass balance of the system is shown in eq. 1.  

        (1) 

 

The right-side term represents the sum of the kinetic rate process j, described by 

multiplication of their stoichiometric coefficient a, and the reaction rate r. This sum is 

represented in a Petersen matrix form, in Table 1. In regards to the reaction rates, the 

Contois expression is used to describe the hydrolytic reaction (Mairet et al. 2012; Ramirez 

et al. 2009) because it better explains the hydrolysis phenomena since it takes both the 

substrate and biomass concentrations into account. The Monod function is considered for 

both the acidogenesis and methanogenesis reaction. In the case of the methanogenesis due 

to the fact that the concentration of acetic acid will never reach an inhibitory level under 

this conditions, thereby there is a lack of experimental solicitation to estimate the parameter, 

a Monod function was chosen instead of, for instance, a Haldane-type function. 

 



9	  
	  

As in UASB reactor the solid retention time is much higher than the hydraulic 

retention time (HRT) a parameter α, which is the inverse of the HRT, multiplies the 

biomass term in equation 1. This simple way of considering biomass retention in the reactor 

was originally presented by Bernard et al. (2001). 

 

One of the main model assumptions is that all the methane generated in the 

degradation process goes to the gas phase and none remains soluble in the liquid phase. 

Despite this assumption is not valid when low-strength wastewater are being treated, this 

assumption holds in our case since the degasification units coupled to the UASB reactor 

recuperated most of the solubilized biogas. Methane (eq. 2), CO2 (eq. 3) and pH (eq. 4) can 

be expressed as functions of some of the state variables: 

 

          (2) 

 

   (3) 

  

where  

 

        (4) 
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2.3 Explicit modeling of the temperature influence 

In this study, three of the kinetic parameters; the hydrolysis coefficient and the maximum 

specific growth rates of acidogens and methanogens (k0, µm1 and µm2) are not longer 

considered constant but instead as function of the temperature by using the Arrhenius (eq. 

5) and CTM (eq. 6) model, as described below: 

 

        
(5) 

 

 
(6) 

 

In the case of CTM, and due to the number of model parameters in regard to the 

measured outputs, Tmin, Tmax and Topt were assumed to be the same for hydrolysis, 

acidogenesis and methanogenesis, although, Po was independently calibrated for each 

process. This reduces from 9 temperature-related parameters to 3, to be calibrated, and is 

reasonable assumption in practice, since in previous researches,  separate estimation of Tmin, 

Tmax and Topt for each process, showed that these values are similar to each other (Donoso-

Bravo et al 2009). This simplification was needed, since separate estimation demands more 

specific experimentation and an extensive experimental design. 
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The model without temperature dependence was used as a control simulation since 

the results obtained under this condition are only influenced by the variation of the organic 

load rate that enters the system. 

 

2.4 Model calibration and validation 

The whole operation period was divided two periods. In each of them the parameter 

estimation and the cross-validation were performed with two different set of data. For 

parameter calibration, four experimental variables were used: CH4 flow, CO2 flow, sCOD 

(eq. 7) and pCOD (eq. 8). The latest variables can be related to the experimental data 

through the following equations: 

 
         (7) 

 

      (8) 
 
 

A direct-search procedure based on the Nelder-Mead algorithm is used to explore 

the parameter space. In this case, the least-squares criterion (eq. 8), was used as the 

minimization criterion. 

 

       (9) 
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where J is the objective function, yexp is the obtained from measurements, ysim is the 

corresponding simulated value, θ represents the parameters to be determined and N is the 

number of measurements.  

 

In order to compare the temperature model response the sum of squared error (SSE) 

that measures the total deviation of the experimental values from the model fit,  is used and 

shown in eq. 10.  

 

       (10) 

 

The model implementation, calibration and validation were carried out in Matlab®. 

3. Results and discussion 

 

3.1 Comparison between temperature-based functions   

The comparison of the models performance is shown in Figure 2, where it can be seen that 

by using CTM function, the model behaviour improves compared to both the control and 

the Arrhenius-based model. A steady enhancement of the model prediction, expressed as 

SSE,  is obtained with CTM for both the calibration and the validation period, except for 

the pCOD prediction, which does not show any kind of improvement. This must be due to 

the large variability of the pCOD measurement in comparison to the other variables. With 

regard to the Arrhenius-based model, results show that there is no a significant 

improvement of using this model instead of the control one. It was expected to have a 
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unsatisfactory results with both Arrhenius and control however it was important to know 

for how much the use of CTM function could improve the overall model behaviour.  

 

The best obtained model fit (with calibrated parameters) of the control, the 

Arrhenius-based model and the CTM, with roughly 1.5-years of experimental data, is 

shown in Figure 3, for the gas outputs and the organic matter. It is clearly observed that 

neither the Arrhenius-based approach nor the control model can reproduce the behaviour of 

the reactor, especially in the case of the gases production profiles. As observed, CTM 

performs much better than the Arrhenius-based model thereby the onward discussion is 

only about the results obtained with CTM. 

 
 

3.2 Performance of CTM   

Concerning the performance of CTM-based anaerobic model, and in regards to CH4 and 

CO2, overall the model is able to describe the reactor behaviour in both calibration and 

validation period, thereby this temperature-functions and the model chosen may be used as 

a way to predict and estimate the biogas production at a changing ambient temperature. It 

worth to point out that this explicit temperature model can cope with fluctuations of the 

temperature of around 25°C of difference that were observed during this evaluation period. 

Small ranges of temperature variations were evaluated by Merlin et al. (2012) who used a 

simply steady state model in an UASB reactor treating warm dairy wastewater and  

assessed the influence of the heat transfer with the environment.  

 



14	  
	  

In a more in-depth analysis, some disagreements between the model prediction and 

the experimental values are however observed. For instance, despite both the model and the 

reactor show a null biogas production up until day 100th, the model overestimates the CH4 

production between day 100 and 150th. This increment is related to a temperature rise 

(Figure 1), to which the system did not show the same response. This may be due to some 

delay in the recovery of the microorganisms, which is not considered in the present model 

application.  

 

Concerning the organic matter degradation profiles, the model reproduces the 

general trend of the pCOD despite this experimental data shows an important dispersion 

during the evaluation period. This is totally understandable due to the low concentration 

that we are dealing with, as well as the intrinsic error of the experimental method which 

becomes more relevant at these conditions. Nevertheless, the model performance is 

appropriate in terms of the process behaviour. In regards to the sCOD, the model 

performance is outstanding since it mimics the dynamic of the variable along the whole 

system operation. Here it can be seen the importance of the experimental error which in 

case of sCOD is much less than pCOD. Despite this model assumes that all the volatile 

fatty acids behaves as acetic acid, which corresponds to one of the main simplifications of 

the model, this does not have any negative effect on the model prediction of the soluble 

COD. This assumption has shown to be have a bigger impact on the model performance 

when substrate with a higher concentration of organic matter have been used (Donoso-

Bravo et al. 2012) 
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3.3 Parameter calibration of CTM 

As a first comment, it has to be highlighted that in general very few studies that aim the 

estimation of kinetic parameters in anaerobic digestion with domestic wastewater can be 

found in literature. Therefore, a more complete comparison of the parameters values cannot 

be easily done. It is worth to point out, the fact that the low-strength characteristic of the 

domestic wastewater makes possible the estimation of the affinity constants. The latter is 

not usually done due to when dealing with substrates with a high concentration organic 

matter, for instance, sewage sludge or organic fraction of municipal solid waste, the kinetic 

is driven in the surroundings of the maximum growth rates of the biomass. 

 

In regards to the procedure itself, several optimization runs were carried, starting off 

from different initial guesses of the parameters in order to minimize the probability of 

getting trapped in local minima. In this context, some parameters estimation problems were 

observed, above all, with Tmin and ko, since neither a lower nor an upper bound of the values 

could be determined, respectively. The calibrated values for Topt and Tmax are around the 

expected values for mesophilic biomass. The Contois half saturation constant has only been 

estimated for sewage sludge degradation; however, the obtained value in the present study 

is similar to those (Mairet et al. 2012; Tomei et al. 2008). The affinity constant of the 

acidogens is greater than the typical reported values, which may be due to the fact the 

soluble fraction of domestic wastewater is more recalcitrant than the conventional high 

strength substrates (Orhon and Okutman 2003). However, for methanogens, the affinity 

constant agrees with the common values (Siegrist et al 2002; Batstone et al 2002). The 

yield values are also according to what has been reported, with a low biomass yield for the 
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methanogens than the acidogens. An interesting result was the obtained value for α which 

gives an idea of the SRT of the reactor. As expected the obtained SRT is around 1000-fold 

greater that the HRT, which demonstrated the capacity of the system to retain the biomass 

in the reactor. Table 2 presents all the calibrated parameter values. 

 

A more in-depth discussion about the parameter values cannot be done since the 

calibration of parameters does not correspond to an identification procedure itself which is 

normally performed under more controlled conditions and using a more specific 

experimental design. In addition, the results of an identification procedure must be 

presented along with a statistical analysis (e.g. confidence intervals, standard deviation). In 

any case, the calibrated values provide a certain idea about the real values of the parameters.  

 

4. Conclusion 

A simplified mechanistic model explicit in temperature dependency for the anaerobic 

treatment of domestic wastewater at ambient temperature was implemented and validated 

with lab scale UASB-membrane system. The CTM-based model was able to properly cope 

with the seasonal changes of temperature and predict the general behavior of the system, 

showing better results than the conventional Arrhenius approach. Cardinal temperature 

model may be used as a dynamic function for representing the parameters dependence to 

the operating temperature 
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Table 1. Petersen matrix  

State variable S0 S1 S2 X1 X2 IC Reaction rate 

Process        

Hydrolysis -1 1     
 

Acidogenesis  -1 (1-Yx1) Yx1  f_IC_S1 
 

Methanogenesis   -1  Yx2 f_IC_S2 
 

Gas transfer      -1 qc 
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Table 2. Parameters calibrated values 

Parameter Value unit Parameter value unit 

Tmin <5 °C KX 1.38 g g-1 

Tmax 40.1 °C Ks1 1.68 g L-1 

Topt 33.1 °C Ks2 0.06 g L-1 

k0_0 >50 d-1 Yx1 0.46 g g-1 

µm1_0 12.9 d-1 Yx2 0.02 g g-1 

µm2_0 3.6 d-1 α 0.001 - 
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Figure captions 

 

Figure 1. Input conditions of the experimental UASB-membrane system in terms of 

temperature (grey points) and organic load rate (black points) 

 

Figure 2. (a) Comparison of the results among the control model (blue), the Arrhenius-

based model (red) and CTM model (green), in terms of SSE (b) Percentage of SSE 

reduction by using CTM-based model compared to control model (white circles) and 

Arrhenius-based model (black squares). 

 

Figure 3. Gas production profiles and organic matter concentration during calibration and 

validation. Experimental data (black points), control model (red solid line), Arrhenius-

based model (green solid line), CTM based model (blue solid line). 
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