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A class of d-dimensional Dirac operators with a variable mass is introduced (d > 2), which includes, as a special case, the 3-
dimensional Dirac operator describing the chiral quark soliton model in nuclear physics, and some aspects of it are investigated.

1. Introduction

In the chiral quark soliton (CQS) model in nuclear physics
(see, e.g., [1] and references therein), a Dirac operator of
the following form appears (we use the physical unit system
where the speed of light ¢ and #, the Planck constant divided
by 27, are equal to 1):

3
. iy Fys®tn;
Hes = —zZochj ®1,+mBe®le Ljm Frsomm; 1)
=1

acting in the tensor product Hilbert space L*(R*C*) ®
C? of L*(R*C*) (the Hilbert space of C*-valued square
integrable functions on R?) and C*. Here i is the imaginary
unit, o}, &,, and «; are 4 x 4 Hermitian matrices obeying the
anticommutation relations

{apon} =2041, (jok=1,2,3) )

({A,B} .= AB+BA,d ik i the Kronecker delta and 1,, denotes
the n X »n unit matrix), D; (j = 1,2,3) is the generalized
partial differential operator in the space variable x; (x =

(X1, Xy, X;) € R?), m > 0 denotes the mass of a quark, 3 is
a4 x 4 Hermitian matrix satisfying

{apBl=0 (j=1,2,3),

V5 1= Tl a3,

ﬁz =1,
3)

F:R?® — Risa function called a profile function, T,, T,, and
73 are the Pauli matrices, and ; : R - R(j=1,23)is

a Borel measurable function on R> such that Z?=1 n j(x)z =1

for a.e. (almost everywhere) x € R3.
Comparing Hcqg with the usual free Dirac operator with
mass, one notes that the term

m(x) = me' L1 FOY:07n;(x) (4)
corresponds to a mass, although it may depend on the space
variable x in general. Hence, the CQS model may be regarded
as a model of a Dirac particle with a variable mass. We also
note that m(x) is not a scalar multiple of a constant matrix
in general but may be a nontrivial matrix-valued function on
R?. This is one of the interesting features of the Dirac operator
Hcqs- From a general point of view, m(x) is a special case of
the mass deformation of the form my; (x) := mL(x) with L
being a mapping from R’ to the set of linear operators on C*®
C?. To our best knowledge, mathematically rigorous analysis
on Dirac operators with such a mass deformation seems to be
few, although a Dirac operator with a mass given by a scalar
function has been studied (e.g., [2]).

In a paper [3], Arai et al. investigated spectral properties
of the Dirac operator Hpqg. These results have been extended
to the case of a generalized CQS (GCQS) model in [4].
Miyao [5] proposed an abstract version of the CQS model and
investigated a nonrelativistic limit of it; as an application of
the abstract result to the CQS model, a Schrodinger operator
with a binding potential was derived.

As is pointed out in [3], under a condition for nj(x) (G =
1,2, 3), the CQS model has supersymmetry; that is, the Dirac
operator Hog may be a supercharge of a supersymmetric



quantum mechanics (e.g., [6, Chapter 5]). This structure is
carried over to the GCQS model [4].

In this paper, for each natural number d > 2, we propose
a d-dimensional version of the GCQS model and analyze
some mathematical aspects of it including supersymmetric
ones.

The present paper is organized as follows. We first
recall some basic facts in operator theory in Section 2. In
Section 3 we introduce a Dirac operator H which may be the
Hamiltonian of a d-dimensional version of the GCQS model,
as mentioned previously. A simple condition for H to be
self-adjoint is given. In Section 4 we discuss supersymmetric
aspects of H. We give a condition for H to be a supercharge
of a supersymmetric quantum mechanical model. In that
case, ker H, the kernel of H, describes the supersymmetric
states. Hence, it is interesting and important to analyze ker
H. In Section 5, we prove that, under a condition, ker H is
trivial: ker H = {0}. In the case where H is a supercharge,
this means that there is no supersymmetric states; namely,
the supersymmetry is spontaneously broken. Section 6 is
concerned with a unitary equivalence of H to a gauge
theoretic Dirac operator. This may be physically interesting.
Using this structure, we find another condition for the kernel
of H to be trivial. In Section 7, we identify the essential
spectrum of H under a suitable condition. In the last section,
we discuss the number of eigenvalues of H in the interval
(=m, m) with m > 0 being a constant.

2. Preliminaries

Let & be a complex Hilbert space with inner product ., ) o
(linear in the second variable) and norm || - [|¢- (we sometimes
omit the subscript X if there is no danger of confusion). For
a linear operator A on &, we denote its domain by D(A). If
A is densely defined, its adjoint is denoted by A*. For linear
operators A and Bon &', A C B means that B is an extension
of A, thatis, D(A) ¢ D(B) and Ay = By, for ally € D(A).

We denote by B(Z) the set of everywhere defined
bounded linear operators on . For T € B(X'), we denote
the operator norm of T' by ||T'.

Definition 1. Let A and B be self-adjoint operators on .

(i) A and B are said to strongly commute if their spectral
measures commute.

(ii) A and B are sai‘d to strongly anticommute [7, 8] if,
forallt € R, ¢"BA c Ae™™B (it is shown that this
definition is in fact symmetric in A and B).

The next lemma summarizes some basic facts on strongly
commuting (resp., anticommuting) self-adjoint operators.

Lemma 2. Let A and B be self-adjoint operators on .

(i) A and B strongly commute if and only if, for allt,s € R,
oitBisA _ isA itB.
(ii) A and B strongly commute if and only if, for all t € R,

itB itB
A = Ae'”.
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(iii) Let A be bounded. Then A and B strongly commute if
and only if AB C BA.

(iv) Let A be bounded. Then A and B strongly anticommute
if and only if AB C —BA.

Proof. Part (i) is well known (e.g., [9, Theorem VIII.13]).
Using (i), functional calculus, and strong differential calculus,
one can easily prove (ii) and (iii). A proof of (iv) is similar to
the proof of (iii). O

3. Description of the Model

Let d > 2 be a natural number, and

2012 for d even,
Na = {2““”2 for d odd. ©)

Let % be a separable complex Hilbert space, and

% =L (RECV) e # = L7 (R4, CMN @ %)

o (6)
= J cMg K dx,
Rd

where each = means the natural Hilbert space isomorphism
®
and IRd CNt @ H dx denotes the constant fibre direct integral

with fiber CN @ & (e.g., [10, section XIII.16]).
We denote by D; the generalized partial differential ope-

rator in the variable x; (x = (x,...,x;) € R), acting in

L*(RY). The d-dimensional generalized Laplacian
A=) D; ?)

on L*(RY) is a nonpositive self-adjoint operator. Each linear
operator A on LZ(Rd) is extended as the direct sum &™¢A
on L}(R% CN4) = @™e[2(R?). For notational simplicity, we
denote it by A again.

Every densely defined closable linear operator T on
LX(R4, CMNe) (resp., #) has a tensor product extension T' ®
I (resp., I ® T) to & (I denotes identity). But we write
it T simply if there is no danger of confusion.

We denote by %, the set of mappings ®(-) from R? to
the set of self-adjoint operators on CN* ® % such that the
mapping: R? 3 x — (®(x) + i)' is measurable. By a general
theorem (e.g., [10, Theorem XIIL.85(i)]), for each ®(:) € F,,
the direct integral

@
o= | owdx (8)
Rd
is self-adjoint.

Let {ocj}‘;;l be N; x N; Hermitian matrices satisfying

{apon} =20,15, jk=1,...,d+1. 9)
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Then the free massless Dirac operator on LA(R% CNa) s
defined by

d
Hy:=-i) a;D;. (10)
j=1

The operator H,, is self-adjoint with D(H,) := m;i:lD(Dj) and

H] = -A. (1)

To introduce a mass operator, let M(-) € F, such that,
fora.e. x € R%, M(x) is a bounded operator on CNi @ F, and
set

M = ra M (x)dx. (12)
Rd

We use this self-adjoint operator as an extended mass (vari-

able in the space R?) of the quantum particle of our model (a
Dirac particle). Note that M is not necessarily bounded.

The Hamiltonian H of our model, a d-dimensional
version of the GCQS model, is defined as follows:

H:=H,+U, (13)
with
U:=ay,,e " M. (14)

As remarked previously, the mass operator M in U can be
variable spatially. This is a point different from the GCQS
model.

In this work, we do not intend to discuss essential self-
adjointness of H in full generality. In the present paper, we
assume the following.

(Al) (Xd+1(D C —(D(xd+1.
(AZ) (Xd+1M C M(Xd+1.
(A.3) ® and M strongly commute.

(A.4) The operator M is (—A)l/z—bounded: D((—A)l/z) C
D(M) and

[myl < -804 By, vy e D(-)")
(15)

with constants 0 < a < 1and b > 0.

Remark 3. In the abstract CQS model [5], the strong com-
mutativity of M and H, as well as the boundedness and the
strict positivity of M is assumed. But, in our model, they are
not assumed.

Lemma 4. (i) Condition (A.1) holds if and only if oy,
and @ strongly anticommute.

(ii) Condition (A.1) is equivalent to the operator equality
%34 @ = —Daty,,.

(iii) Condition (A.2) holds if and only if ay,, and M
strongly commute.

(iv) Condition (A.2) is equivalent to the operator equality
g M = May,,.

Proof.
(ii) Assume (A.1). Let v € D(®ay,,). Then# := oy v €
D(®). Hence, by (A.1), oy, ;7 € D(®). But, since

oy, = I, we have oy, = y. Hence y € D(®).
Thereore D(®«y, ;) < D(ay, ;D). Thus D(Day,,) =
D(ety,; P). Hence the desired operator equality holds.

(i) This follows from Lemma 2(iv).

(iii) This follows from Lemma 2(iii).

(iv) Simillar to the proof of part (ii).

We define
H,, == Hy + oty M. (16)
If M is a constant operator m > 0, then H,, represents the
free Dirac operator with a constant mass m. It is well known
(e.g., [6, Theorem 1.1]) that H,, is self-adjoint with D(H,,,) =
D(H,) = n‘j:lD(D ;) and bijective with |H,'[| = 1/m.

Lemma 5. Assume (A.4). Let m > 0 be a constant. Then
MH;,1 is bounded with

”MH;I1 " < max {a, 2]» . (17)
m

Proof. Itis well known or easy to see that, forally € D(H,,) =
D(H()))

2
Il = o . 09

Hence, by (A.4), we have
Myl <@ |H,y] + (0 - am®) ] 09)
This implies the following: (i) if am < b, then ||MH;11||2

a*+(b*-a*m?)|m* = b /m?; (ii) if am > b, then IIMH;SII <
Thus (17) follows.

08 A

Lemma 6. Assume (A.1)-(A.4). Then
(i) U is self-adjoint with D(U) = D(M);
(ii) H is self-adjoint with D(H) = D(H,) and the subspace
2, =Cy (RLCN) 8%, (20)
(® means algebraic tensor product) is a core of H.

Proof. (i) Since D(U) = D(M) and D(M) is dense, U is
densely defined. Since oy 1€ is bounded, it follows that
U* = Me™ay,,. By (A.1) and Lemma 2(iv), we have

® i
ey, = g€, (21)



By (A.2), (A.3), Lemma 2(ii), and Lemma 4(iv), we have
U* = May, €@ =a;, Me® =a, " M=U (22

Hence U is self-adjoint.
(ii) By (A.4), we have for all y € D((-A)"/?)

0wl - [yl < al oyl +blyl. @
Note that
|y = | Hoy] - (24)

Hence |Uy/| < allHyy|l + bllyll. Here 0 < a < 1. Thus, by the
Kato-Rellich theorem (e.g., [11, Theorem X.12]), H is self-
adjoint with D(H) = D(H,)) and every core of H, is a core of
H. Tt is well known that the subspace cg°(|Rd; CN4)isa core of

H, as a linear operator on L*(R% CN4). Hence the subspace
D, defined by (20) is a core of H,, as a linear operator on .
Thus it is a core of H too. [

Remark 7. One of the other sufficient conditions for H to
be essentially self-adjoint is as follows: assume (A.1)-(A.3)
and esssup|, pllM(x)l < oo for all R > 0. Then H is
essentially self-adjoint on D,,. The proof is similar to that of
[6, Theorem 4.3].

4. Supersymmetric Aspects

As is well known, the standard free Dirac operator —i Z;zl

a;D; + mf on L*(R* C*) with constant mass m > 0 and
its suitably perturbed ones have supersymmetry; that is, they
are, respectively, a supercharge with the grading operator
iBys [6, Section 5.5]. From this point of view, it would be
interesting to investigate if the Hamiltonian H of the present
model has supersymmetry. Indeed, it was shown that the
Hamiltonian of the CQS model as well as that of the GCQS
model has supersymmetry [3, 4]. In this section we see that a
supersymmetric structure similar to that of the CQS (GCQS)
model exists in our model.

In this section, we consider only the case where d is odd. The
matrix

(d) ._ .d(d-1)/2
Y5 =1 &

is self-adjoint with

oty (25)

(Y =14, (26)
Since d is odd, we have

{oar ] =0
(27)

d d .
an =yfa;  (j=1,....d),

Let & : R? — B(F) be Borel measurable such that, for
ae x € R?, &(x) is self-adjoint with

Ex)’ =1 (28)
Then

[Ex)| =1 ae x¢ R?. (29)

ISRN Mathematical Analysis

We define T(-) : RY — B(CM ® %) by
— i) @D d
[(x) =iy oy ®E(x), ae xeR" (30)
Then
®
| reods (31)
Rd
is self-adjoint with
‘=1 (32)
Hence T is a grading operator on 7. The following proposi-
tion shows that, under some additional condition for &(x), H

has supersymmetry with respect to I'.

Proposition 8. Let d be odd. Assume (A.1)-(A.4). Suppose
that & is strongly differentiable on R? with

C; = sup “DjE (x)” <oo, j=1,...,d. (33)
xeR4

Then
TH ¢ —HT (34)
if and only if
d
D5 g0 (x)
" (35)

=i (Y @& (x) "M (x)
-M (x) e_iq)(x)yéd) ®& (x)) , ae xeR%

In that case, the spectrum o(H) and the point spectrum o,(H)
of H are, respectively, symmetric with respect to the origin 0 €
R.

Proof. Since the subspace 9, given by (20) is a core of H by
Lemma 6(ii), (34) is equivalent to that, for all y € 9, 'y €
D(H) and

THy = -HTy. (36)
Lety € 9. Then
(Ty) (x) = iy Py, @E(X) y(x), ae xeRY  (37)

It follows that the CN* @ F -valued function: x Ty)(x) is
strongly differentiable on R? with

D; (Ty) (x) = iy, @ (DE (%)) ()
+iyl 0., ®E(x) Dy (x),  (38)
j=1,...,d.
Hence

Ip; ) @ <2(Sly @ +[py ), 69
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which implies that DTy « Z and hence I'y € D(H,) =
D(H). Moreover, we have

(HoTy) (x)

d

= ey, (Zajn J: (x)> v (x) - (THyy) (x),
j=1

40

- (TUy) (%) w

+i (y;d) ® & (x) M (x)

(UTy) () =

~M(x)e Y @ E(x)y ().

Hence

d
(HIy) (x) = - (THy) (x) = Yy g 0,0 (D€ () w (%)

j=1
+i(PP @& (x) M (x)

~M (x)e YD @ & (x)) y (x).
(41)

Therefore, HTy = -THy for all y € 9, if and only if

Zyé"’ad+1a @ (Dt () (x)

=i(y" @& (1) IM () e

~M(x) e YD E(x)y (x), Yy €D,
By the original assumption for M(-), M(x) € B(CN @ F) for
a.e. x € R? Therefore (42) is equivalent to (35).

By (32) and I'" = T, one easily sees that (34) is in fact
equivalent to operator equality I*HI' = —H. Hence H is
unitarily equivalent to —H. This implies the symmetry of
o(H) and O‘P(H ) with respect to the origin.

Remark 9. Proposition 8 gives a generalization of [4,
Theorem 1] and clarifies a condition for H to have
supersymmetry.

It may be difficult in general to show the existence of self-
adjoint, unitary solutions &(x) to operator equation (35). Here
we only note the following fact.

Lemma 10. Let d be odd. Assume (A.1)-(A.3). Suppose that
éd)CD (x) c D (x) y(d), a.e. x € [R{d, j=1,....d, (43)

& = ¥(x) is independent of x € R? and
(I®ED(x) c-D(x)(IBE), (44)
(P @E) M (x) c M (x) (¥ ® ),

Then & is a solution to (35).

ae x € R, (45)

Proof. Since § is a constant operator, D;§ = 0. By

Lemma 2(iii), (43) implies the strong commutativity of y(d)
and @. Hence Ve = ¢ @@ for g e x € R?. By (44)
and Lemma 2(iv), (I ® £)e’®® = ¢®™¥)(] g £). We also have
(45) and the strong commutativity of ® and M. Hence

(K 08) M (x) = M (x) ()" 0 £) o
46
=M(x)e™® (yéd) ® f) .

Thus (35) holds with both sides being zero. O

Additionally we make a remark on the converse of
Lemma 10. For this purpose, we need a lemma.

Lemma 1. Let T; (j = 1,...,d) be a densely defined closed
linear operator on K. Suppose that

d
Zocj®Tj =0 on ﬂ‘jile((xjtaTj). (47)
i1

. _ d

Then, forall j = 1,...,d, T; = 0 on 0% D(T}).

Proof. Equation (47) implies that, for all u € n%,D(T;)
and v € %, Zjil(v, Tju)ocj = 0. Since {ocj}?:1 is linearly

independent, it follows that (v, Tu)y=0,j=1..., d. Hence
Tu=0,j=1,...,d. 0

The following lemma gives a sufficient condition for a
solution to (35) to be a constant operator.

Lemma 12. Let d be odd. Assume (A.1)-(A.3). Let &(x) be
strongly differentiable on R with (33) and be a solution to (35).

Suppose that (43)—(45) hold. Then & is independent of x € R%.

Proof. As in the proof of Lemmal0, (43)-(45) imply
(46) Hence the right-hand side of (35) vanishes, so that
Z 1)/5 cxd+1(x ® D;§(x) = 0, which implies that Z] 105 ®

D E(x) = 0. By Lemma 11, D, E(x) =0,j = 1,...,d, which
implies that £ is independent of x. O

We have from Proposition 8 and Lemma 10 the following
result.

Corollary 13. Let d be odd. Assume (A.1)-(A.4). Suppose that
& = &(x) is independent of x € R? and that (43)-(45) hold.
Then H has supersymmetry with respect to T.

5. Vanishing Theorems of the Kernel of H

In supersymmetric quantum mechanics with a supercharge
Q, anonzero vector in ker Q is called a supersymmetric states.
If the kernel of Q vanishes, that is, kerQ = {0}, then the
supersymmetry is said to be spontaneously broken. It turns out
that, in supersymmetric quantum mechanics, it is importanat
to investigate ker Q. Thus we are led to consider ker H in view
of Proposition 8. This would be interesting even if H does not



have supersymmetry (note that H does not necessarily have
supersymmetry).

To investigate ker H, we also need an additional condi-
tion.

(A.5) (i) For each f € CN4 @ K, the function: x M(x)f
is strongly differentiable on R? and, for all x € R,
M(x) commutes with a; (j = 1,...,d). (ii) There
exists a constant g, > 0 such that

d
M(x)* - iZocjocdHDjM (x) = //té, Vx € R? (48)
=1

as an operator inequality on CY®.% (note that, by the
principle of uniform boundedness, the strong partial
derivative D M (x) is a bounded operator on CNi@H

for each x € R and hence, under (A.2) and condition

(A.5)(i), the operator M(x)? - iZ‘;:l ocjocd+1DjM(x)

on CN ®  is a bounded self-adjoint operator).

For a linear operator L on a Hilbert space, we denote the
resolvent set of L by p(L).

Lemma 14. Assume (A.2), (A.4), and (A.5). Then H,, defined
by (16) is self-adjoint with D(H,,) = D(H,) and

I, yeD(H,). (49

Il + iyl < |y

In particular, 0 € p(H,,) with operator-norm bound

EME i (50)
and HyH,; is bounded with
|HoH | < 1. (51)
Moreover, MH,, is bounded with
|Mr | <a+ 2. (52)

Ho

Proof. The self-adjointness of H, follows from that of H with
® = 0. Forall y € 9, using the anticommutativity of «;
with arg,; and the commutativity of M(x) with a;,, and «;
(j=1,...,d), we have

|Eay]?

= [Hoy[ + Myl

d
+ ) (v (-iD;M) g, y)

Jj=1

> || Hoy|*

ISRN Mathematical Analysis

an <w(x>,<M(x>2
R

d
—iZocjocdHDjM (x)) Y (x)> dx

=1
> |Hoy|* + vl
(53)

Hence (49) holds forally € 9. Since 9, is a core of H,, this
inequality extends to all v € D(H,). In particular, we have

to|lW] < |Hyvl, weD(H,). (54)

This implies that the self-adjoint operator H,, is bijective with
(50).

Inequality (49) implies also that, for all y € D(H,),
IHyyl < IIHyvll. Hence HOHX/} is bounded with (51).

By (A.4) and [[(-A)?y| = |Hyyl| for all y € D
((-A)"?) = D(H,), we have |[My/| < al|Hyy| + blly|. Hence,
forall ¢ € #,

[ 8] < a [ o 9] + b [Hi g

el DIl o

< (a5 )10l

Thus (52) holds. O

Lemma 15. Let A be a self-adjoint operator on a complex
Hilbert space X. Then

o 1] -2

sin gll . (56)

A _ 1 =

Proof. By the functional calculus, one has &'
2ie"A1? sin(A/2). Hence [ - 1| = 2||e"A/2 sin(A/2)|. Since
e s unitary, one has e/ sin(A/2)| = || sin(A/2)]. Thus
(56) holds. O

Theorem 16. Assume (A.1)-(A.5) and

ess sup |sin © (x) H < !
I 2 2@y )
Thenker H = {0} and 0 € p(H).
Moreover, the constant
(H) = inf H
4 yeDE[y]l-1 |Hy| (58)
is strictly positive, y(H) € o(H) or —y(H) € o(H), and
o (H) c (~oo,~y ()] U [y (H),00). (59)

Proof. The operator H is written as

H = Hy + 0y, (¢ = 1) M = KH), (60)
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with
K=I+ay, (¥~ 1) MH,;. (61)

By applying Lemma 15 with A = ®(x), we have

[ — 1] = 2 Jsin —> (x) (62)
Therefore, for all y € 7,
s (¢ - 1) MHy v
e I e T B
xeR4

By this estimate and (52), we obtain

o))

Hence, by (57), we obtain ||ocd+1(ei¢ - l)MH]:,[1 | < 1. This
implies that K is bijective with bounded inverse K. Thus
H is bijective with H' = H, K" being bounded. Hence
ker H = {0} and 0 € p(H).

We set by = IH Y. I A < 1/by, then A is in p(H).
Therefore

||“d+1 MHM ||

sin

<2 (ess sup

xeR4

o (H) ¢ (-00,-b;'| U [b,00). (65)

It is obvious that, for all y € D(H) with [y| = 1,1 <
byllHy|l. This implies that by p(H) > 1. On the other hand,
we have from (58) [y > y(H)IlH_lwll, for all y € #. Hence
byy(H) < 1. Therefore b; = y(H). Thus (59) holds and
y(H) > 0. Since by € o(H™) or -by € o(H™), it follows
that y(H) = by} € o(H) or —y(H) € o(H). O

Remark 17. Under the same assumption as in Theorem 16, H
is Fredholm (the proof is easy).

We next consider a perturbation of ®(-). Let #n(-) €
Z ., such that, for a.e. x € R?, 5(x) is bounded and strongly
commutes with ®(x) and M(x). Then, for a.e. x € R?,

®, (x) = B (x) + 11 () (66)

is self-adjoint on C™* ® % and

®
0, = | o, (67)
R4
is a self-adjoint operator on #.
The quantity
M
k(H):=  sup M (68)

venanyl 1HYI

may be infinite. But we have the following.

Lemma 18. Under the assumption of Theorem 16, 0 < k(H) <
0.

Proof. Since H is closed with D(H) = D(H,) n D(U)(=
D(H,)) and |[Uy| = [Myll,y € D(H), it follows from the
closed graph theorem that there exists a constant ¢ > 0 such
that

Myl < c (vl + vl veDG. (69
Let v € D(H) with [|y|| = 1. Then, by Theorem 16, we have
IHyl|l = y(H) > 0. Hence
vl _
[ey] ="y
Therefore k(H) < ¢ + ¢/y(H) < oo. If x(H) = 0, then

[My| = 0 forally € D(M) = D(H,). Hence M = 0. But
this contradicts condition (A.5). O]

(70)

Theorem 19. Assume (A.1)-(A.5) and (57). Suppose that

. f1( x)
ess sup |sin 71
eR? ZK (H) 71)
Let
H, := Hy +ay,,€ " M. (72)
Then ker H, = {0}and0 € p(Hn). Moreover, the last statement

on y(H) and o(H) in Theorem 16 holds with H being replaced

by H,.

Proof. We write
H,=H+W, Wi=ay, (¢ -%)M.  (73)

By the strong commutativity of ®(x) and #(x), we have for
ae xeR?

ezCDﬂ(x _ eid)(x) _ ei®(x) (eiry(x) _ 1)
74
_ Zlelq) x) ln(x)/z sin ( n (ZX) ) . ( )
Hence, for all y € D(H,)
[Wy| < 2ess sup [sin 1) H [My]| . (75)
xeR4 2
We have |[My/| < x(H)||Hy|. Hence
Wyl < C, |Hy| (76)
with
C, =2« (H) ess sup ||sin 1) ” . (77)
xeR4

Hence W is H-bounded. By Remark17, H is Fredholm.
Condition (71) is equivalent to C, < 1. Hence, by a
stability theorem (e.g., [12, Chapter IV, Theorem 5.22]), H,
is Fredholm and dim ker H, < dim ker H = 0. Therefore ker
H, = {0}. It follows from this fact and the self-adjointness
of H, that Ran (H,) = . Hence 0 € p(H,). Then
the last statement of the present theorem can be proved in
the same way as in the proof of the corresponding part in
Theorem 16.



6. Unitary Equivalence to a Gauge Theoretic
Dirac Operator and a Vanishing Theorem
for ker H

In the papers [3, 4], it was shown that, under a suitable
condition, the Hamiltonian of the CQS (GCQS) model is
unitarily transformed to a Dirac operator which is simpler
in a sense. In this section, we show that those structures are
unified into a simple general structure.

We introduce a class of ®@(-):

F = {CD(-) eF ., | e 002 g strongly differentiable

and sup “Ej(x)” <oo, j=1,...,d ]»,
xeR4

(78)
where
E;(x):= Djef"q)(x)/2 (79)
denotes the strong partial derivative of e "®*)/? in x j- For
®(-) € F, one can define a bounded linear operator
e .
A= J el®(x)/2Ej (x)dx (80)
Rd

on#.

Remark 20. If ©(-) € & sucht that ®(x) and ®(x") commute
for a.e. x,x' € R? then Ei(x) = —ie_@(x)/szCD(x)/2 and
hence
1 @&
Aj=3]  powax (81)
Lemma2l. Foreach j =1,...,d, A; is a bounded self-adjoint
operator on 7.

Proof. Since ess supxeRdHe@(")/zEj(x)H = esssup, . pd
||Ej(x)|| <00,Ajis bounded. We have
4t = G 7 (D owrn) ooz, (82)
J 2 R ] :
Differentiating the identity ¢'®®/2e *®®)/2 = [ in x » we have
ei(D(x)/ZEj (x) = — (Dje(D(x)/Z) o iP/2 (83)
Hence Aj» = Aj. L]
For ®(:) € #, we define an operator:
d d
! .
H = Zcxj (—sz - Aj) +oy,M=H)y - Zochj. (84)
=1 =1
Lemma 22. Assume (A.4). Let O(-) € F. Suppose that
ocj(DCCDocj, j=1...,d. (85)

Then H' is self-adjoint and every core of H, is a core of H'.
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Proof. Under condition (A.4), H,, is self-adjoint. By (85), we
have ochj = Ajocj (j = 1,...,d). Hence, by Lemma 21,

- Z?:1 «;A; is a bounded self-adjoint operator. Hence the
Kato-Rellich theorem yields the desired result. O

We note that, if one regards A := (A,,..., A,;) asa (non-
commutative) gauge potential, then H' is a gauge theoretic
Dirac operator with gauge potential A.

Let

U :=é®?, (86)

which is unitary. The following theorem shows that, under
a suitable condition, H is unitarily equivalent to a gauge
theoretic Dirac operator H'.

Theorem 23. Assume (A.1)-(A.4) and (85). Let ®(-) € F.
Then

!

UHU ' =H'". (87)
Proof. We have

d 1

-1 . - -1
UHU™ = -iy (Ua;U™")UD,U
j=1 (88)
+Uay,, e U™ (UMU™).

By (85) and Lemma 2, Uoch_1 = a;. By (A.3) and Lemma 2,

UMU™' = M. By (A.1) and Lemma 2(iv), Uay, U™ =
TIP26iP P2 _ | Moreover,

Xgy41€
-1 .

UD,U ' =D, -iA;. (89)

Hence (87) holds. O

The following theorem gives another sufficient condition
for ker H to be trivial.

Theorem 24. Assume (A.1)-(A.4) and (85). Let (-) € F and
d
Z ess sup "E] (x)" < Uy. (90)
j=1 xeR?

Then ker H = {0} and 0 € p(H).

d

Proof. We write H' = H,; + X with X := — i1 %A ;. Then
d d
1X]| < Z Hochj" < Zess sup "EJ (x)". 91)
j=1 j=1 xeR?

By this estimate and (90), ||XHX41 | < 1.Hence H' is bijective
and 0 € p(H'). In particular, ker H' = {0}. On the other
hand, (87) implies that p(H') = p(H) and ker H = U™" ker
H'.Thus0 € p(H) and ker H = {0}. ]
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7. Essential Spectrum of H

In this section, we consider the essential spectrum of H. For a
self-adjoint operator S on a Hilbert space, we denote by g, (S)
the essential spectrum of S.

Lemma 25. Let dim % < co and m > 0 be a constant. Let
V() : R — B(CNt @ K) be Borel measurable satisfying the
following conditions.

(i) The operator V := f;d V(x)dx is relatively bounded
with respect to H,,.
(ii) lim S, o IV = 0.
(iii) The operator H,, + V on F is self-adjoint.

Then
Ops (H,, +V) = (-00,-m] U [m, 00). (92)

Proof. For each R > 0, we denote by y, the characteristic
function of the set {x € R? | |x| < R}. Asin the case of the 3-
dimensional free Dirac operator (cf. [6, Lemma 4.6]), one can
show that |H,,| * y is compact for all k > 0 as an operator on
L*(R% CM). Since dim & < oo, it follows that IHm|_kXR is
compact as an operator on # . Hence, forallz € C\R, (H,, -
z)flxR = ((Hm—z)’lleI)IHml_IXR is compact. Since H,,+V
is self-adjoint with D(H,,, + V) = D(H,,) = D(H,)) and V is
closed, it follows from the closed graph theorem that V(H,, +
V — z)"! is bounded (this can be shown by direct estimates
too). Therefore we have

(Hy+V-2)" ~(H,-2)"
(93)
=—(H,-2z) 'V(H,+V -2)" = -Wy - Xg,

where Wy == (H,, — z)flxR[V(Hm +V-2)", Xz =(H, -
2 —XR)V(Hm+V—z)71. By the fact mentioned previously,
Wy is compact. We have

1
I1Xz[ < Imof 1(1 = xz) V- (94)

By condition (ii), for every € > 0, there exists a constant R > 0
such that, for all a.e. x € R? with |x| > R, [V (x)| < &, that i,
ess sup|-gllV(x)|l < & which implies that [|(1 — xg)VI| < e.
Hence limy, , | Xzl = 0. Therefore (H,, +V —2)™' - (H,, -
z)~" is compact. Hence, by Weyl’s essential spectrum theorem
(e.g., [10, Theorem XIIL.14]), 0. (H,, + V) = 0. (H,,). On
the other hand, as in the case of the 3-dimensional free
Dirac operator [6, Theorem 1.1], one can show that o(H,,) =
O.s(H,,) = (—00,—m] U [m, 00). Thus (92) holds. O

Theorem 26. Let dim & < co. Assume (A.1)-(A.4). Suppose
that there exists a constant m € R satisfying

o o 110 =l =0, (95)
| }im sin ?H =0. (96)

9
Then
0. (H) = (=00,-m] U [m, 00). (97)
Proof. We write
H=H,+V, +V, (98)

with
Vi M-m),  Vyi=ag, (€7 -1) M. (99)

Itis obvious that V; and V, are relatively bounded with respect
to H, and

Jim Vo = lim IM G0 =ml =0 (100)
As for V,, we have
iD(x @
V2 o)l < IM GOl [¢° = 1 < 211M ()]l |}sin %ll
(101)

Hence, by (95) and (96), we have lim, _, ,[Vo,(X)| = 0.
Therefore lim,| _, ,,[[V;(x) + V,(x)| = 0. Thus we can apply
Lemma 25 to obtain (97). O

If ®(-) is in the class & introduced in Section 6, then we
can obtain a sufficient condition for (97) to hold.

Theorem 27. Let dim & < 0o. Assume (A.1)-(A.4) (85) and
(95). Let ©() € F. Suppose that

lim [E; (x)] = o.

|x| = 0o

(102)
Then (97) holds.

Proof. By (87), we have 0. (H) = 0. (H'). Hence we need
only to prove

Oess (H') = (—00,—-m] U [m, 00). (103)
We write
d
H' = H, + 0z, (M—-m)- ) aA;. (104)
=i

We have lim,, _, o lleez,;(M(x) — m)| = 0. Moreover,
d

lloe; A ;GOll < 1E;(x)1l. Hence limyy, , oo I- X5, ;A ()] = 0.

Thus we can apply Lemma 25 to obtain (103). O

8. Bounds on the Number of
Discrete Eigenvalues

In this section, in view of Theorem 26, we consider the
number of eigenvalues of H in the interval (-m,m) and
establish upper bounds on it. This aspect has been considered
in the CQS model [3] as well as the GCQS model [4]. In
this paper, we take another method, which is an extension of
the method used in [13] where the number of eigenvalues of
the three-dimensional Dirac operator H,, + V with a scalar
potential V' : R® — R in (-m,m) is considered. This
extension is not difficult. But, for the sake of completeness, we
present some details of it. One easily notes that the problem
under consideration can be studied in a more general frame
work as in Lemma 25. Hence we first discuss the general case.
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8.1. A General Case. LetV be as in Lemma 25 and

H(V):=H,+V. (105)

Then, by (92), an eigenvalue of H(V) in (—m, m) (if it exists)
is an isolated eigenvalue of H (V') with finite multiplicity. For
each A € (0,m%), we denote by N(A,V) the number of
eigenvalues in the interval (-Vm? — A, Vm? — 1).

We first note an elementary fact:

Theorem 28. Suppose that the assumption of Lemma 25 holds
and that |V (x)| < A/4m for a.e. x € R%. Then N(A,V) = 0.

Proof. Suppose that N(A,V) > 1. Then, it follows from the

definition of N := N(A,V) that there exists an N-dime-
nsional subspace E of # such that
W)yl < Vo Ayl VyeE (00

Hence

A
Il < 1 @yl + Vel < (Ve =2e 2 ) Iyl

A
< sz 2wl

Hence ||Hml;/||2 < (m? - (/\/2))||1//||2, which is equivalent to

I(=A + (1/2))"2y|" < 0. This implies that y = 0. But this is
a contradiction. O

(107)

In view of Theorem 28, we define, for each A > 0, V; :
RY — B(CN ® ) by

. A
Vo e LV VG T
0 otherwise.
For each A > 0, the operator
-1/2
R, = (—A " %) (109)

is a bounded self-adjoint operator. Since V is Hj-bounded,
where H,, is defined by (10) and (H, + i)R, is bounded, it
follows that VR, and VR, are bounded operators on 7. Also
HyR, is bounded with [|[HyR,|| < 1. Hence the following
operators T/\j (j=1,2,3,5) are in B(F):

Ty, := (HyR)) ViR,,
Ty, == (ViRy) HyR,,
T/\3 = m(deR/\VARA, (110)

T/\4 = mR/\V);RA(derl >

T)s := (VaR,) ViR,.

ISRN Mathematical Analysis

We set

v(x) = IVl v =]V @], ae xR (11D)

For a compact operator A on a Hilbert space, we denote
the nonincreasing sequence of the singular values of A
(repeated with multiplicity) by u,(A) (n € N). For f €

LP(R), we set | fllp 1= ([oa | £ (2)[Pdlx) /2.

Lemma 29. Let d > 3 and suppose that the assumption of
Lemma 25 holds and v € L*(R%) n Ld/Z(IRd). Then, for all j =
1,2,3,4,5, Ty; is compact. Moreover, there exists a constant
C > 0 independent of V and A > 0 such that, for alln € N,

i (Tyy) < Clvallan™ (i =1,2),

thy (T/\j) < C“v}\ﬂ”;n_yd (j=3.4), (112)

ta (Tns) < Clvalan™".

Proof. By the weak Hausdorft-Young inequality (e.g., [11, page
32]) and the condition d > 3, one can easily see that the

Fourier transform g, of the function: R? 5 k — (K2+1/2)71/?
is in Lﬁ;(Rd) (the weak 73 space on R%) with 1/p' =1~
1/d and IIg,\IIP,)W < ¢4 where || - ||y, denotes the “pseudo”
norm of L/ (R?) and ¢, is a constant independent of A > 0.
By Cwikel’s theorem [14, Section 3] and the condition v €
L4(R?), which implies that v, € LY(R?), v;R, is compact as
an operator on Lz(Rd) and

(MR < Kyl an™, neN, (113)

where K; > 0 is a constant independent of V, A > 0 and
n € N. Since dim # < oo, it follows that vy R, is compact
also as an operator on . Let

Vix) . A
f )
B, (x):= 1 v(x) v > am (114)
0 otherwise.

Then B, is bounded with ||By(x)|| < 1. We have V3R, =
B,v)R). Hence V) R, is compact. This shows that all T); (j =
1,2,3,4,5) are compact.

In general, for all compact operators A and bounded
operators B on a Hilbert space

tn (BA) < ||Bll p, (A) . (115)
(e.g., see [15, Theorem 1.6].). Hence
tn (VaRy) < |Ba]l tt, (viRy) < K vl pan™?. (116)
Therefore
ty (Thy) < |HoR | Ky IVl an ™ < Ky Jvy | ™. (17)

Similarly one can show that T),, is compact and

by (Tha) < Ky o] o™, (118)



ISRN Mathematical Analysis

where we have use the fact that p,(A) = p,(A") for all
compact operators on a Hilbert space [15, (1.3)].
As for T)5, we write

Tys = may,, Ry vy *Byvi°R. (119)

By the condition v € LR, v/l\/ 2 ¢ L1*(R%). Hence, Cwikel’s
theorem again, vi/ ’R, is compact and

o (vPRy) < K92 L7 (120)

where K] > 0 is a constant independent of V and A > 0. We
have
125 172
v, (Ths) < mu, (Ryvy*Byvi*R,)). (121)

In general, for all compact operators A and bounded opera-
tors D on a Hilbert space,

.”2n+1 (A*DA) < "D" .un+1(A)2)

iy, (A*DA) < |D|| (A,

(122)

where we have used the fact that, for all compact operators A
and B on a Hilbert space,

Hnsker (AB) < ) (A) phyeyy (B), k= 0. (123)
Hence
tons1 (Ths) < m//tnﬂ(v,l RA)
) "1/1/2" L+ 1), (124)
ton (Ty3) < mP‘n(",\/zR/\ < m " 12 "Ldn_z/d,
which imply that
t (Ths) < K£||V;1L/2“idn72/d, neN, (125)

where K; > 0 is a constant independent of V; A, and n.
Similarly we have

o (Tng) < Ky|oil? o7
(126)

! 2 -2/d
t (Tas) < Ksllall e m MoneN,
where Kg > 0 is a constant independent of V, A and n. Thus
the desired results follow. O

Theorem 30. Let d > 3, and suppose that the assumption of
Lemma 25 holds and [V()| € L*R?) n LY*(R?). Let A €
(0,m?). Then, there exists a constant C, > 0 independent of V
and A such that

Nmmsqj

(IV I + 1V (0)1) dx
IVGlI>A/4m

127)

1

Proof. We need only to consider the case where N :=
N(A, V) > 1. Then there exists an N-dimensional sub-
space E of Z such that (106) holds for all v € E. It is easy
to see that [[(Vy — V)¢l < (A/4m)|¢l, for all ¢ € .
Let v € E. Then, as in the proof of Theorem 28, we have
I(H,, + Vwl* < (m* = (A/2))ly|*, which is equivalent to
the following inequality:

1/2
o3

+m g v, Vo) + m(Vay, oz, ¢)

+ vl <o.

2

+ (How, Vay) + (Vaw, Hyw)

(128)

The subspace F := (-A + )t/2)1/2 E is also N-dimensional.
Inequality (128) implies that, for all ¢ € F,

lol” < (6 Ta9) » (129)
where
5
-2 Ty (130)
j=1

By Lemma 29, T, is a compact self-adjoint operator on
7. Hence, by the Hilbert-Schmidt theorem, there exists
a complete orthonormal system {¢,} 2, of # and a real
sequence {t,} ., such that T)¢, = t,¢, and lim,,_, , ¢, = 0.
Using this fact, one sees that the number of eigenvalues t,
of Ty with t, > 1 is more than or equal to dimF = N.
Hence uy(T,) = 1. Let k be the largest natural number
not exceeding (N + 4)/5. Then 5k — 4 < N. Hence 1 <
Un(Ty) < pisp_4(Ty). On the other hand, by a general fact on
singular values of the sum of two compact operators (e.g., [15
Theorem 1.7]), we have

5
tsi-a (Th) < Zﬂk (T)U) .
j=1

(131

Using this fact and Lemma 29, we obtain
1 < 20wk 5 20k ok

(132)

We have k > N/5. Hence

N Bl

2/d>

(133)

1<C (Il

where C' > 0 is a constant independent of V; A, and N. This

implies that N < C0(||V,1\/2||id + ||vA||id) with a constant C,
independent of V and A. Thus (127) holds. O

As in Corollaries 1.2 and 1.3 in [13], we have from
Theorem 30 the following results.
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Corollary 31. Under the same assumption as in Theorem 30,
the number N(V) of eigenvalues of H(V) in (-m,m) is finite
and

N (V) <C, de (IV @I + 1V @I )dx.  (134)

Corollary 32. Suppose that the assumption of Theorem 30
holds. Let /\j (j =1,...,N(V)) be the eigenvalues of H(V) in
(=m, m), counted with multiplicity, and let y > 0 be such that

f, (V)= de IV @I (IV @I + 1V (0)]17) dx < co.

(135)
Then, there exists a constant Cy > 0 such that
N(V) ,
2 42
Y (m*=1) <C,f, (). (136)
=

8.2. Applications. Now we apply the results in the preceed-
ing section to the Dirac operator H. For A € (O,mz),
we denote by N(A) the number of eigenvalues of H in

(=Vm? = A, Vm? = }).

Theorem 33. Let d > 3 and A € (0,m?). Suppose that the
assumption of Theorem 26 holds. Let

, a.e. x€ R,

(137)

sin

Fyro (%) = |M (x) = m| + 2m

(x) l

(i) If Fro(x) < AJdm, ace. x € R, then N()) = 0.

(ii) Suppose that Fy;q € L¥?(RY) n LYR?). Then there
exists a positive constant C > 0 independent of M, ®,
and A such that

N < cj (Fapo ()™ + Fypo(x)?) dx < co.

Fppo(x)>A/4m
(138)

Moreover, the number N, of eigenvalues of H in (—m, m)
obeys

N, < CJ , (Faro()™? + Fypo(x)?)dx < 0o, (139)
R

Proof. (i) We can write H = H(V) with V = a,, (Me'® —m).
Hence

IV @)l = | M () - m
‘ (140)
< IM (x) = mll +m |7 = 1| = Fyyg (x) .

Hence, the present assumption implies that |V (x)|| < A/4m
a.e. x € R?. Hence, by Theorem 28, N(A) = 0.

(ii) By (140) and the present assumption, V()| €
LYR?) n L¥*(R?). Thus we can apply Theorem 30 to obtain
(138). Inequality (139) follows from (138) or Corollary 31. [

We have from Corollary 32 the following fact.
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Corollary 34. Let d > 3. Suppose that the assumption of
Theorem 26 and Fy;q € L?(RY) n LYR?). Let Aj (G =
1,...,N,) be the eigenvalues of H in (—m, m), counted with
multiplicity, and let y > 0 be such that

£, (M, ®)

= ,[R"’ Fro(x)" (FM,(D(x)d/2 + FM)(D(x)d) dx < oo.

(141)
Then, there exists a constant C,, > 0 such that
No
Y (m* -1 <C,f, (M, ). (142)
=1

We can also use Theorems 23 and 27 to obtain another
upper bound for N(A). Let

d
i(x)/2
M (x) —m - Zcxd+locje’ @) E;(x)
=

GM,CD (x) =

>

ae x € R%,
(143)

Theorem 35. Letd > 3, and let A € (0,m>). Suppose that the
assumption of Theorem 27 holds. Then one has the following.

i) IfGM)(p(x) < A/dmfora.e. x € R%, then N(1) = 0.

(i) Suppose that Gy € L2(R) n LYR?). Then (138)
and (139) with Fy ¢, replaced by Gy ¢, hold.

Proof. By Theorem 23, N(A) is equal to the number of
eigenvalues of H' in (~Vm? — A, V/m? — 1). One can write
H =H, +VwithV:= a;,, (M -m - Z‘]il 041054 ). We
have [[V(x)[| = G¢(x). Thus, in the same way as in the proof
of Theorem 30, we obtain the desired results.

Theorem 35 result as in

Corollary 34.

implies the following

Corollary 36. Let d > 3. Suppose that the assumption of
Theorem 27 holds and G 4, € LY%(RY) n LYRY). Then (142)
with Fyq replaced by Gy holds for all A > 0 such that

Jiat Grt0 () (Gag o (1) + Gy (2))dx < 00
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