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NOTES

POLICY INTERACTION AND
LEARNING EQUILIBRIA

NORITAKA KUDOH
Hokkaido University

This note studies fiscal–monetary policy interactions in an endogenous growth model with
multiple assets. The “growth-rate Laffer curve” clarifies an important tension between
economic growth and government revenue and reveals that higher economic growth does
not always finance a larger budget deficit. There are two Pareto-ranked balanced-growth
equilibria, which can both be E-stable. Although fiscal policy can eliminate the
expectational indeterminacy, it rules out the equilibrium with a higher growth rate and
higher welfare. Near the lower bound of the nominal interest rate, an arbitrarily small
budget deficit will select the low-growth equilibrium to be the unique E-stable equilibrium.

Keywords: Endogenous Growth, Public Debt, Indeterminacy, E-Stability

1. INTRODUCTION

Fiscal–monetary policy interactions determine the level and composition of gov-
ernment liabilities, and thereby influence the course of inflation and economic
activity. The literature on policy interaction not only investigates the effects of
policies but also explores the uniqueness and stability of equilibrium under a
certain policy regime. The basic premise of this extensive literature is that mone-
tary policy alone cannot fully control the paths of the inflation rate and the price
level, as fiscal variables such as the public debt and budget deficits have profound
impacts on the inflation rate and the price level [Sargent (1999)].

Although many results have been presented in the literature, policy interaction
in an endogenously growing economy is a relatively uncharted area of research.
Espinosa-Vega and Yip (1999), in an early contribution to this area, studied fiscal–
monetary policy interaction in a one-sector endogenous growth model with money
and capital. More recently, Kaas and Weinrich (2003) studied an endogenous
growth model with money, government bonds, and capital.
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In this note, I study a one-sector endogenous growth model of the AK type
that is similar to those of Bencivenga and Smith (1991), Espinosa-Vega and Yip
(1999), and Kaas and Weinrich (2003). As in Kaas and Weinrich (2003), there
are three assets: money, government bonds, and productive capital. Fiat money is
held because some commodities must be purchased using cash [Lucas and Stokey
(1983)]. Because there is no uncertainty, government bonds and productive capital
yield the same rate of return.

The fiscal authority is assumed to issue bonds to finance its deficits. With
overlapping generations, the economy is dynamically inefficient. In other words,
the government can roll over the debt forever, which is a source of revenue for the
government. The monetary authority is assumed to conduct open market operations
to follow an interest-rate rule such as a Taylor rule. Because of AK technology,
the real interest rate is constant over time, and therefore a Taylor rule reduces to a
strict interest rate target, and this is a source of nominal indeterminacy.

It is shown that there are typically two Pareto-ranked balanced-growth equi-
libria, and that, because bonds and capital are competing assets, a higher rate
of economic growth is associated with a lower level of public debt [Saint-Paul
(1992)]. An important issue concerning the models that allow multiple equilibria
is that it is not easy to determine which equilibrium is more reasonable. As pointed
out by Evans et al. (1998), the standard stability analysis does not apply to a one-
sector endogenous growth model with multiple balanced-growth paths because
the evolution of the output growth rate is governed entirely by the previous output
growth rate, which leaves the dynamic system indeterminate. To put it differently,
under perfect foresight, the model’s initial condition (stated as a level of capital
stock) cannot pin down a time path of the capital stock.

This note addresses the issue of equilibrium selection by employing the E-
stability principle, which claims that a rational expectations equilibrium is “rea-
sonable” if it is approached under adaptive learning [Sargent (1993); Evans and
Honkapohja (2001)]. For example, in the standard model of hyperinflation, the
low-inflation steady state (which is Pareto superior to the other) is unstable under
rational expectations, but is stable under adaptive learning, whereas the high-
inflation steady state is stable under rational expectations and unstable under
learning [Sargent (1993)]. Recent applications of the E-stability principle in the
context of policy interaction are found in Evans and Honkapohja (2007), which is
concerned with the validity of the fiscal theory of the price level, and in Evans and
Honkapohja (2005), which is concerned with the stability of the liquidity trap.

Interestingly, under a balanced budget, the two balanced-growth equilibria turn
out to be E-stable, causing expectational indeterminacy [Evans et al. (1998)].
Furthermore, although fiscal policy can be used to overcome the problem of
expectational indeterminacy, the selected equilibrium is Pareto dominated by the
other. In other words, fiscal policy eliminates the high-welfare equilibrium, which
contrasts with the previous result that adaptive learning selects the Pareto superior
equilibrium [Moore (1993)]. Its policy implication is very important: the pol-
icy maker faces a trade-off between stabilization of private agents’ expectations
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and output growth. In particular, ruling out expectational indeterminacy requires
acceptance of a low rate of economic growth.

2. THE MODEL

2.1. Environment

Consider a growing economy consisting of an infinite sequence of two period–
lived overlapping generations of individuals, the initial old generation, and an
infinitely lived government. Let t = 1, 2, . . . index time. In each period, a new
generation of unit measure is born. Each agent is endowed with one unit of labor
when young and is retired when old. The initial old agents are endowed with
K1 > 0 units of capital, and receive M0 units of fiat money from the central bank.

The production technology employed in this note is motivated by Bencivenga
and Smith (1991) and Espinosa-Vega and Yip (1999). A single final good is
produced using the production function Yt = AKα

t (ktLt )
1−α , where A > 0,

1 < α < 1, kt is the aggregate capital stock, Kt is the capital input, and Lt is the
labor input. The aggregate capital stock enters the production function because
of the production externality: labor productivity rises as the society increases its
stock of capital. In particular, kt = Kt in equilibrium. For expositional reasons,
capital is assumed to depreciate 100% between periods.

Factor markets are perfectly competitive. Thus, factors of production receive
their marginal product. I preclude agents’ labor–leisure choices by assuming that
young agents supply their labor endowment inelastically in the labor market.
Thus, Lt = 1 in equilibrium. When maximizing profits, firms take the aggregate
stock of capital kt as given. Thus, rt = αAk1−α

t Kα−1
t L1−α

t = αA, and wt =
(1 − α)Ak1−α

t Kα
t L−α

t = (1 − α)Akt = (1 − α)Yt .

2.2. Households

Let c1t and c2t denote a generation-t agent’s consumption when young and when
old, respectively. To rule out an endogenous saving decision and to focus on
individuals’ portfolio choices, I assume that agents care about consumption only
when old. In other words, c1t = 0, so that all income is saved.

In this economy, there are three assets: money, government bonds, and capital.
From the perspective of portfolio choice, there are three means of saving. It is well
known that fiat money cannot coexist with interest-bearing assets unless money
plays a role other than the store-of-value role. To describe an economy with
multiple financial assets, I employ Lucas and Stokey’s (1983) cash-in-advance
model. In particular, consumption goods are divided into two types: “cash goods”
and “credit goods.” Cash goods must be purchased with cash. Thus, agents wishing
to consume cash goods need cash in advance. On the other hand, agents do not
need cash to purchase credit goods. Lucas and Stokey’s (1983) interpretation is
that at some stores, an agent is known to the producer and so credit is available,
whereas at other stores, the agent is unknown to the seller and so cash must be
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used to make a transaction. Let cmt (cnt ) denote the amount of cash (credit) goods
consumed when old. Then c2t = cmt + cnt must hold, implying that the marginal
rate of transformation between the two goods is unity. Thus, the price pt is the
same for the two goods. The cash-in-advance constraint is given by

pt+1cmt ≤ Mt, (1)

where Mt denotes the nominal money balance. According to (1), a young agent
must set aside cash in advance in order to purchase cash goods when old.

Agents may hold money, bonds, and capital. The budget constraints for young
and old agents of generation t are Mt + Bt + ptKt+1 = ptwt − Tt and pt+1c2t =
Mt + It+1Bt + pt+1rt+1Kt+1, respectively. In real terms, these are written as

Mt

pt

+ Bt

pt

+ Kt+1 = wt − Tt

pt

, (2)

c2t = pt

pt+1

Mt

pt

+ Rt+1
Bt

pt

+ rt+1Kt+1, (3)

where Rt+1 ≡ It+1pt/pt+1 is the gross real interest rate on bonds. Absence of
arbitrage opportunities in the asset market implies that bonds and capital have the
same real rate of return. Thus, Rt+1 = rt+1. The cash-in-advance constraint binds
if and only if money is (weakly) dominated by bonds and capital in rates of return.
In other words, the cash-in-advance constraint binds if and only if It+1 ≥ 1.

Preferences are such that the agent cares only about his or her old-age con-
sumption and derives utility from cash goods and credit goods. I specify the utility
function as

U (cmt , cnt ) =
[
(1 − φ) c

1−ρ
mt + φc

1−ρ
nt

] 1
1−ρ

, (4)

where 0 < φ < 1 and ρ > 0. The elasticity of substitution between cmt and
cnt is 1/ρ. Each young agent chooses cmt and cnt to maximize (4) subject to (1),
(2), and (3). The first-order necessary conditions for the maximization problem
require U1/U2 = It+1, which gives the real money demand function Mt/pt =
μ(It+1)(wt − Tt/pt ), where μ(I) ≡ {1 + [φ/(1 − φ)]

1
ρ I

1−ρ

ρ }−1. It is easy to
establish that μ(·) satisfies 0 < μ(I) < 1, μ′(I ) < 0 for ρ ∈ (0, 1), and
Iμ′(I )/μ(I) = −[1−μ(I)](1−ρ)/ρ. Thus, as the nominal interest rate increases,
the household substitutes away from money, which reduces money demand. An
increase in the nominal rate, at the same time, raises the earnings from interest-
bearing assets, which raises money demand through the income effect. The former
dominates the latter if 0 < ρ < 1, in which case the elasticity of substitution
between cmt and cnt is 1/ρ > 1. On the other hand, with ρ > 1, the elasticity is
low and the income effect dominates.

Many other models generate a money demand function possessing the same
properties. Hahn and Solow’s (1997) cash-in-advance model assumes that a fixed
fraction of old-age consumption must be purchased using cash. Here, the fraction
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is derived from the agent’s utility maximization. The functional form (4) suggests
that this is virtually a money-in-the-utility-function model. As pointed out by
Carlstrom and Fuerst (2001), for determinacy of equilibria, it matters whether the
real money balance at the beginning or the end of the transaction period enters the
utility function. Because determinacy is an important issue in this note, I choose
a model in which the issue of timing is not arbitrary to the model builder. Finally,
the money demand function in this note is closely related to the reserve demand
function in a random relocations model such as that in Espinosa-Vega and Yip
(1999), where the demand for fiat money is determined by the banking sector. In
this note, I assume no financial intermediation.

2.3. Government

Let Gt denote government spending, Tt denote the amount of tax revenue, It ≥ 1
denote the gross nominal interest rate, and B

g
t denote the amount of government

bonds issued in period t . Then the fiscal authority’s budget constraint is given by
Gt + ItB

g

t−1 = Tt + B
g
t for t ≥ 2 and G1 = T1 + B

g

1 for t = 1. The government
has no initial debt obligation (i.e., B

g

0 = 0). I assume that the government simply
consumes Gt and that it does not affect the utility of any generation or the pro-
duction process in any period. Divide the budget constraint by ptYt , and use the
Fisher equation, Rt+1 ≡ It+1pt/pt+1, to obtain

gt = τt + b
g
t − Rt

θt

b
g

t−1, (5)

where gt ≡ Gt/ptYt , τt ≡ Tt/ptYt , b
g
t ≡ B

g
t /ptYt , and θt ≡ Yt/Yt−1. Because

bonds and capital are competing financial assets in this economy, the no-arbitrage
condition requires the rates of return on these assets to be the same in equilibrium.
Thus, Rt = rt = αA.

Consider the central bank. If Bm
t denotes the monetary authority’s demand

for government bonds, then the budget constraint for the central bank is Bm
t =

ItB
m
t−1 + Mt − Mt−1 for t ≥ 2, and Bm

1 = M1 − M0 for t = 1. Divide this by ptYt

to obtain

bm
t = Rt

θt

bm
t−1 + mt − pt−1

pt

1

θt

mt−1, (6)

where bm
t ≡ Bm

t /ptYt and mt ≡ Mt/ptYt .
To capture the recent practice of monetary policy making, the central bank is

assumed to follow an interest-rate rule rather than controlling the monetary base.
In particular, It = I ∗(�t/�∗)λ, where I ∗ and �∗ are the implicit targets for It

and �t , respectively, and λ is a nonnegative parameter that captures the degree of
aggressiveness of monetary policy. It is important to note that Rt = αA and the
Fisher equation imply

It = αA�t = αA�∗(It/I
∗)

1
λ ⇔ It = (αA�∗)

λ
λ−1 (I ∗)

1
1−λ . (7)
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In other words, an interest-rate rule is equivalent to a strict targeting of the nominal
interest rate. This is also equivalent to a strict targeting of the rate of inflation.
This occurs because the real interest rate is constant in this one-sector AK growth
model. Because the exact form of the monetary policy rule does not matter, for
brevity, in what follows I let It = I for all t .1

The bond market equilibrium requires Bt + Bm
t = B

g
t or bt + bm

t = b
g
t . Thus,

(5) and (6) are integrated into the consolidated government budget constraint

gt = τt + bt − Rt

θt

bt−1 + mt − pt−1

pt

1

θt

mt−1 (8)

for t ≥ 2, and g1 = τ1 + b1 + m1 − M0/p1Y1 for t = 1. For brevity, I assume
that gt = g and τt = τ for all t . Further, I assume that g < 1 (which guarantees
Gt < ptYt ) and τ < 1 − α (which guarantees Tt < ptwt ).

3. PERFECT-FORESIGHT BALANCED-GROWTH EQUILIBRIA

A monetary equilibrium under perfect foresight is defined as a set of sequences
for real allocations {mt, bt , kt }, relative prices {Rt,�t }, the initial price level p1,
and initial conditions k1 > 0, M0 ≥ 0, and B0 = 0, such that each household
maximizes utility, asset markets and factor markets both clear, the fiscal and
monetary authorities’ budget constraints are both satisfied, fiscal policy specifies
g and τ , and monetary policy specifies I . In what follows, I look for a balanced-
growth equilibrium, in which all per GDP variables stay the same.

The money market equilibrium is described as Mt/pt = μ(I)[wt − Tt/pt ].
Divide this by Yt to obtain

mt = (1 − α − τ) μ (I) . (9)

Similarly, the market equilibrium for capital is given by kt+1 + Bt/pt = wt −
Tt/pt − Mt/pt . Divide this by Yt to obtain

θt+1

A
+ bt = (1 − α − τ) [1 − μ (I)] . (10)

Finally, substitute (9) and (10) into the government budget constraint (8) to obtain

θt+1 = (1 − g) A − (1 − α − τ) αA2h (I)

θt

≡ 	(θt ) (11)

for t ≥ 2, where h(I) ≡ 1 −μ(I)+μ(I)/I > 0. Equation (11) describes the law
of motion of the economy written entirely in terms of the rate of output growth. A
balanced-growth equilibrium is defined as a state in which the output growth rate
θt is constant over time. It is easy to establish that function 	 satisfies 	′(θ) =
(1 − α − τ)αA2h(I)θ−2 > 0, limθ→0 	′(θ) = ∞, and limθ→∞ 	′(θ) = 0. In
addition, limθ→∞ 	(θ) = (1−g)A implies that the output growth rate is bounded
by (1 − g)A.
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FIGURE 1. Balanced-growth equilibria.

From (11), the balanced-growth equilibria solve the quadratic equation θ2 −
(1 − g)Aθ + (1 − α − τ)αA2h(I) = 0. The roots are

θ = 1 − g ±
√

(1 − g)2 − 4α (1 − α − τ) h (I )

2/A
, (12)

which are real if and only if (1 − g)2 > 4α(1 − α − τ)h(I ). Thus,

PROPOSITION 1. (a) There exist two distinct balanced-growth equilibria if
(1 − g)2 > 4α(1 − α − τ)h(I ), (b) there exists a unique balanced-growth equi-
librium if (1 − g)2 = 4α(1 −α − τ)h(I ), and (c) there exists no balanced-growth
equilibrium if (1 − g)2 < 4α(1 − α − τ)h(I ).

Figure 1 depicts the balanced-growth equilibria of the model. The high-growth
equilibrium is denoted by θH , and the low-growth equilibrium is denoted by θL.
It is evident that 	′(θL) > 1 > 	′(θH ). Multiple steady states are commonly
observed in models in which seigniorage is used to finance a fixed primary deficit
[Espinosa-Vega and Yip (1999); Sargent (1999)]. This is because of the presence
of a hump-shaped Laffer curve, in which there is a tension between higher inflation
tax rate and lower inflation tax base. Espinosa-Vega and Yip (1999) showed that,
in an endogenous growth model with money, there is a unique balanced-growth
equilibrium if agents are sufficiently risk-averse. Here, the multiplicity result is
independent of agents’ preferences.

This economy also possesses a Laffer curve, but it is rather unconventional:

g − τ =
(

1 − R

θ

) {
(1 − α − τ) [1 − μ (I)] − θ

A

}
︸ ︷︷ ︸

Revenue from issuing bonds

+
(

1 − 1

�θ

)
(1 − α − τ) μ (I)

︸ ︷︷ ︸
Revenue from money creation

≡ 
(θ), (13)
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FIGURE 2. Growth-rate Laffer curve.

where it is easy to establish that 
′(θ) > 0 ⇐⇒ 	′(θ) > 1. In other words, this
“growth-rate Laffer curve” is upward sloping at θL and downward sloping at θH ,
as depicted in Figure 2.

Because the government issues bonds and the central bank prints money, the
Laffer curve has two components, the revenue from issuing government bonds and
seigniorage. Two points are new. One is that, because an overlapping generations
economy can support a dynamically inefficient equilibrium, the government in this
economy can roll over the debt forever to make a positive revenue from bonds.
The other is that this Laffer curve 
(θ) describes the relationship between the
output growth rate (rather than the inflation tax rate) and government revenue.2 In
other words, it states how economic growth will contribute to the government’s
revenue.

Consider the shape of this Laffer curve. The second term suggests that seignior-
age is increasing in the output growth rate. Thus, currency seigniorage does not
cause multiple equilibria. Nonmonotonicity is introduced by the first term, the rev-
enue from issuing bonds. The mechanism is as follows. An increase in the output
growth rate reduces the government’s debt services, thereby increasing the gov-
ernment’s revenue. However, an increase in the output growth rate must be fi-
nanced by an increase in investment, which decreases the demand for govern-
ment bonds. This is the major force that generates nonmonotonicity and multiple
equilibria.

PROPOSITION 2. The high-growth equilibrium Pareto-dominates the low-
growth equilibrium.

Proof. From (1), cmt = mtYtpt/pt+1. Similarly, (1), (2), and (3) imply cnt =
Rt+1Bt/pt + rt+1Kt+1 = Rt+1(Bt/pt + Kt+1) = Rt+1(wt − Tt/pt − Mt/pt).
Thus, in any balanced-growth equilibrium, cmt = (m/I)RYt and cnt = (wt/Yt −
τ −m)RYt = (1 −α − τ −m)RYt . It is then easy to rewrite (4) as Ut = (1 −α −
τ)αA�(I)Yt , where �(I) ≡ {(1−φ)[μ(I)/I ]1−ρ +φ[1−μ(I)]1−ρ}1/(1−ρ) > 0.
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I follow Espinosa-Vega and Yip (1999) in defining welfare as W ≡ ∑∞
t=1 βt−1Ut ,

where β < 1 is the discount factor. Note that, at any balanced-growth equilibrium,
aggregate output evolves according to Yt+1 = θYt , which can be solved for Yt as
Yt = θ t−1Y1. Thus,

W = (1 − α − τ) αA2�(I) k1

∞∑
t=1

(βθ)t−1 . (14)

Suppose that β is sufficiently small so that βθ < 1. In that case, (14) is well
defined and can be rewritten as W = (1 −α − τ)�(I)(1 −βθ)−1αA2k1. It is then
easy to verify that W is increasing in θ .

I now analyze the effects of changes in the policy parameters on the rates of
growth and inflation at the balanced-growth equilibria.

PROPOSITION 3. (a) An increase in g increases (decreases) θ and decreases
(increases) b at the low-growth (high-growth) equilibrium. (b) An increase in τ

decreases (increases) θ at the low-growth (high-growth) equilibrium.

Proof. (a) Consider Figure 1. An increase in g shifts the 	 locus downward.
Thus, θ increases (decreases) at the low-growth (high-growth) equilibrium. Be-
cause b = (1 − α − τ)[1 − μ(I)] − θ/A implies a negative relationship between
b and θ , b decreases (increases) at the low-growth (high-growth) equilibrium. (b)
Evident from (12). An increase in τ unambiguously decreases b at θH , but the
effect is ambiguous at θL.

The intuition for Proposition 3a is as follows. An increase in g induces the
government to raise more revenue. Because the “growth-rate Laffer curve” 
(θ)

is increasing at the low-growth equilibrium, the government needs to promote
economic growth to finance the increased deficit. As a result, agents reduce their
bond holdings and invest more. In other words, a higher deficit crowds capital in.
In contrast, because the Laffer curve is decreasing at the high-growth equilibrium,
the government issues more bonds to crowd out capital, reducing the output growth
rate. According to Proposition 3b, a deficit-financed permanent tax cut does not
generate enough government revenue to justify the increase in the deficit. As a
result, a permanent tax cut works in the same manner as a permanent increase
in g.

LEMMA 4. h′(I ) < 0 holds if (1 − ρ)I < 1.

Proof. Because h(I) ≡ 1 − μ(I) + μ(I)/I > 0, it is easy to show that

h′ (I ) = −I − 1

I

μ (I)

I

[
1

I − 1
+ Iμ′ (I )

μ (I)

]

= −I − 1

I

μ (I)

I

{
1

I − 1
− 1 − ρ

ρ
[1 − μ (I)]

}
.
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It is evident that (1 − ρ)I < 1 implies (I − 1)−1 > (1 − ρ)/ρ. Because μ(I) ≥ 0
and 0 < ρ < 1 imply (1 − ρ)/ρ ≥ [1 − μ(I)](1 − ρ)/ρ for any I ≥ 1, it follows
that (I − 1)−1 − (1 − ρ)/ρ > 0 implies (I − 1)−1 − [1 − μ(I)](1 − ρ)/ρ > 0.
Thus, h′(I ) < 0 holds if (1 − ρ)I < 1.

Throughout, ρ is assumed to satisfy (1−ρ)I < 1. With this lemma, it is easy to
establish the growth effects of monetary policy. Totally differentiate (11) to obtain
dθ/dI = (∂	/∂I)/[1 − 	′(θ)], where ∂	/∂I = −(1 − α − τ)αA2h′(I )/θ > 0.
The sign of 1 − 	′(θ) is negative at the low-growth equilibrium and is positive at
the high-growth equilibrium. Thus,

PROPOSITION 5. An increase in I (which is associated with an increase in
�) reduces (increases) the output growth rate at the low-growth (high-growth)
equilibrium.

An increase in I shifts the 	 locus up in Figure 1. Thus, an increase in I reduces
(increases) θ at the low-growth (high-growth) equilibrium. The intuition is as
follows. An increase in the nominal interest rate induces agents to substitute money
for interest-bearing assets. However, this does not necessarily promote economic
growth. In this AK economy, an increase in the nominal interest rate implies an
increase in the rate of inflation. Because these two effects have offsetting impacts
on currency seigniorage, the overall effect on currency seigniorage is ambiguous.
On the other hand, an increase in the nominal interest rate increases the demand
for bonds, and it increases the revenue from issuing government bonds. Overall,
less revenue is needed. Because the “growth-rate Laffer curve” is increasing at θL,
the growth rate is reduced to finance the deficit. Similarly, because the growth-rate
Laffer curve is decreasing at θH , the growth rate must be raised to finance the
deficit.

PROPOSITION 6. The low-growth equilibrium is unstable and locally deter-
minate. The high-growth equilibrium is stable and locally indeterminate.

The dynamics of θt+1 = 	(θt ) is easily checked using Figure 1. The low-growth
(high-growth) equilibrium is unstable (stable) under perfect foresight because the
	 locus cuts the 45◦ line from below (above). In addition to the existence of
two balanced-growth equilibria, there are infinitely many rational expectations
paths leading to the stable balanced-growth equilibrium from any given initial
condition k1. The root of indeterminacy is the model’s inability to supply the
initial conditions. To see this, rewrite the dynamics θt+1 = 	(θt ) as kt+1/kt =
	(kt/kt−1), which is a second-order difference equation about kt : to start the
economy, one must supply two initial conditions, k1 and k2, and only k1 can be
supplied exogenously.

Can the model supply k2 endogenously? The capital market equilibrium in
period 1 is k2 + B1/p1 = w1 − T1/p1 − M1/p1, and the consolidated budget
constraint in period 1 is G1 − T1 = B1 + M1 − M0. It follows that k2 = w1 −
G1/p1 − M0/p1 = (1 − α − g)Ak1 − M0/p1, which may be used to determine
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k2 if the initial price level p1 is known. The money market equilibrium in period
1, m1 = (1 − α − τ)μ(I), only determines the real money balance, leaving the
initial price level undetermined.3

The intuition for the indeterminacy result is as follows. As (10) suggests,
k2 + B1/p1 = (1 − α − τ)[1 − μ(I)]Ak1. Thus, with initial capital, the young
in period 1 chooses the amount of saving that is allocated to capital and bonds.
The agent’s capital investment can be determined once B1/p1 is determined. In a
nonmonetary economy, the real debt in period 1 is determined by the government’s
primary deficit in that period. In this monetary economy, the level of real debt is de-
termined by the primary deficit minus the currency seigniorage. However, with p1

undetermined, the size of the currency seigniorage cannot be determined. Hence,
B1/p1 and therefore k2 is left undetermined. As a result, nominal indeterminacy
translates into real indeterminacy.4

4. LEARNING EQUILIBRIA

The standard method of equilibrium selection under multiple steady states is
to apply stability analysis. However, as Evans et al. (1998) pointed out, one
cannot apply standard stability analysis to a model with multiple rates of output
growth. This is because the dynamic system (11) is written entirely by θt . As a
consequence, for any initial value of capital, “the economy can select either of the
perfect-foresight paths” [Evans et al. (1998, p. 500)]. Here, I adopt an adaptive
learning scheme as an equilibrium selection device [Evans et al., (1998); Evans
and Honkapohja (2001)].

The basic idea is to consider the behavior of the economy outside of the perfect-
foresight equilibria and to ask to which equilibrium agents’ expectations converge.
Following Evans and Honkapohja (2001), I assume the adaptive learning scheme

θe
t+1 = θe

t + γt+1
(
θt−1 − θe

t

)
, (15)

where θe
t+1 is a point expectation of the next period’s output growth rate. γt = γ /t

is called the “gain sequence” in the learning literature. If γt were constant, then
(15) would imply that agents form adaptive expectations. It is sometimes said
that information is lagged if the adaptive learning scheme is described by (15).
Alternatively, one could replace the learning rule with θe

t+1 = θe
t + γt+1(θt − θe

t ),
which corresponds to the case in which information is current. In the literature,
it is normally assumed that information is lagged because the use of current
information causes simultaneous interactions between θt and θe

t [Van Zandt and
Lettau (2003)].

In the standard models of adaptive learning, agents learn to form expectations
about the future interest rate because the portfolio choice depends on the future
interest rate. As is clear from (15), in this economy, the agents form expectations
about the output growth rate [see also Alonso-Carrera (2001)]. The reason is as
follows. In this AK economy, both the real and nominal interest rates are known to
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all agents. Thus, for portfolio choice between monetary and nonmonetary assets,
there is no need to form expectations about interest rates. However, to determine the
allocation of the nonmonetary assets between government bonds and productive
capital, it is necessary to form expectations about the growth rate.

Consider a temporary equilibrium. From (9), mt = (1 − α − τ)μ(I) for all t .
Similarly, from (10),

bt = (1 − α − τ)[1 − μ(I)] − θe
t+1/A, (16)

which asserts that the real demand for bonds is determined once a point expecta-
tion about the future output growth rate is formed. Interestingly, the demand for
government bonds shrinks as agents expect the economy to grow more rapidly.
Similarly, if θe

t+1 is low, then agents wish to hold more government bonds, a
phenomenon frequently observed during a recession.

Substitute (16) into the government’s budget constraint (8) to obtain the actual
output growth rate as a function of θe

t+1 and θe
t ,

θt = (1 − α − τ) αA2h (I) − αAθe
t

(1 − α − g)A − θe
t+1

≡ F
(
θe
t+1, θ

e
t

)
, (17)

which states that the actual time-t growth rate is determined so that it is consistent
with the real demand for bonds, the point expectation on the output growth rate,
and the government budget constraint. Note that it does not need to coincide with
the rational expectations value. Agents revise expectations using (15) and form a
point expectation of the time-(t +2) growth rate. The mapping from the perceived
law of motion to the actual law of motion is therefore given by

(1 − α − τ) αA2h (I) − αAθ

(1 − α − g)A − θ
≡ H (θ) . (18)

The differential equation for characterizing expectational stability, or E-stability,
of the system is given by dθ/ds = H(θ) − θ , where s is “notional” or “vir-
tual” time [Evans and Honkapohja (2001)]. To see this, substitute (17) into
(15) to obtain θe

t+1 = θe
t + γt+1[F(θe

t , θ
e
t−1) − θe

t ], which is a second-order
system in the expected output growth rate. Let � = γt+1 and rewrite it as
θe
t+� = θe

t +�[F(θe
t , θ

e
t−�)−θe

t ], or (θe
t+�−θe

t )/� = F(θe
t , θ

e
t−�)−θe

t . Notice that
limt→∞ � = 0. It follows therefore the differential equation dθe/ds = H(θe)−θe,
where H(θe) = limt→∞ F(θe

t , θ
e
t−1). The condition for E-stability is therefore

H ′(θe) < 1. A remarkable feature of the E-stability principle is that the adaptive
system converges to a rest point of H(θe) = θe with probability one if H ′(θe) < 1
is satisfied at the rest point [Evans and Honkapohja (2001)].

PROPOSITION 7. (a) The low-growth equilibrium is E-stable, and (b) the
high-growth equilibrium is E-stable if and only if g < (1 − α)μ(I)(I − 1)/I +
τh(I ).
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FIGURE 3. E-stable equilibria.

Proof. It is easy to verify that H ′(θ) = αA2[(1 − α − τ)h(I ) − (1 − α −
g)]/[(1 − α − g)A − θ ]2. Thus, H ′(θ) < 0 for all θ if and only if g < (1 −
α)μ(I)(I − 1)/I + τh(I ). The configuration of the map H depends on the sizes
of g and τ . If g < (1 − α)μ(I)(I − 1)/I + τh(I ), then, as shown in Figure 3,
there are two distinct fixed points, and the curve cuts the 45◦ line from above
at both equilibria. In this case, both equilibria are E-stable. It is easy to see that
limθ→θ̂ H ′(θ) = −∞ and limθ→∞ H ′(θ) = 0, where θ̂ ≡ (1−α −g)A. If, on the
other hand, g > (1 − α)μ(I)[I − 1]/I + τh(I ) holds, then, as shown in Figure 4,
H(θ) is increasing. There are two distinct fixed points, and the curve cuts the 45◦

line from above (below) at the low-growth (high-growth) equilibrium. It is easy to
verify that limθ→θ̂ H ′(θ) = ∞.

Interestingly, for sufficiently small levels of government spending, both of the
balanced-growth equilibria, θL and θH , are E-stable. Sargent (1993) and more
recently McCallum (2007) pointed out that there is an important link between
determinacy of perfect foresight (or rational expectations) equilibria and stability

FIGURE 4. Unique E-stable equilibrium.
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under adaptive learning. In this economy, the high-growth, indeterminate equilib-
rium can also be E-stable. Because there are two E-stable equilibria, it is no longer
possible to select an equilibrium under learning. This corresponds to the case of
expectational indeterminacy [Evans et al. (1998)]. For sufficiently large values of
g, the low-growth equilibrium is the only E-stable equilibrium. In other words,
fiscal policy can eliminate expectational indeterminacy. However, the high-welfare
equilibrium is ruled out. Also interesting is that a change in g does not change the
determinacy property of the model, but it may change the E-stability of the model.

COROLLARY 8. Under a balanced budget (g = τ > 0), both of the balanced-
growth equilibria, θL and θH , are E-stable.

Proof. Let g = τ . The high-growth equilibrium is E-stable if and only if
τ < (1 − α)μ(I)(I − 1)/I + τh(I ) ⇐⇒ τ < 1 − α, which holds by cons-
truction.

According to Proposition 7, whether or not the high-growth equilibrium is E-
stable depends on g, τ , I , and the money demand function. However, under a
balanced budget, the high-growth equilibrium is always E-stable, causing expec-
tational indeterminacy. This finding is somewhat similar to that of Schmitt-Grohé
and Uribe (2000), who argued that a balanced-budget policy does not eliminate
indeterminacy of monetary equilibrium. Evans et al. (2007) also found that a
balanced-budget policy does not eliminate sunspot equilibria under learning.

COROLLARY 9. Near the lower bound of the nominal interest rate (i.e., I ≈

1), the high-growth equilibrium is E-stable if and only if g < τ .

This result can easily be verified by noticing that h(1) = 1. The implication of
this result is that, if the economy stays near the lower bound of the nominal interest
rate, then even a small primary deficit will select the low-growth equilibrium to
be the unique E-stable equilibrium.

5. CONCLUDING REMARKS

This note has studied an endogenous growth model with multiple assets. There
are two balanced-growth equilibria under perfect foresight, which are both E-
stable under a balanced budget. Fiscal policy can be used to pin down a learning
equilibrium, but the low-growth, Pareto-dominated equilibrium is selected; the cost
of ruling out expectational indeterminacy is low economic growth. The benefit of
reducing fiscal spending is to make the high-growth equilibrium valid and to boost
economic growth at the cost of expectational indeterminacy.

An important limitation of the analysis is that it adopts a highly stylized model:
the real interest rate is constant because of AK technology, and the nominal interest
rate is constant because of the interest-rate rule. To study the robustness of the
results obtained in this note, one needs to extend the model, along the lines of
Itaya and Mino (2004) and Benhabib and Wen (2004), to allow the real interest
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rate to be variable. It is also important to allow the interest-rate feedback rule to be
forward-looking or backward-looking to study how the timing of the rule might
affect the learnability of the balanced-growth equilibria.

The “growth-rate Laffer curve” found in this note clarifies how economic growth
finances the government’s budget deficit. Particularly important is the finding that
higher economic growth does not always finance a larger deficit because it requires
more investment funds, leading to a lower demand for government bonds. Impor-
tant future work is to investigate the government’s incentive to promote economic
growth when the government simultaneously needs to raise more revenue.

NOTES

1. Suppose that It = I ∗(�t+1/�∗)λ, under which the central bank reacts to the future inflation
rate. Then It+1 = (I ∗)−1/λ(αA�∗)I 1/λ

t . Similarly, suppose that It = I ∗(�t−1/�∗)λ, under which
the central bank reacts to the lagged inflation rate. Then It = I ∗(αA�∗)−λIλ

t−1. In either case, the
nominal interest rate in the balanced-growth equilibrium is the same as in (7), whereas their dynamic
implications depend on the timing and whether monetary policy is active (λ > 1) or passive (λ < 1).
Here, it is sufficient to point out that the dynamic properties of the system are not invariant to the
timing of feedback rules.

2. Kudoh (2007) studied a Laffer curve written in terms of the nominal interest rate.
3. According to the fiscal theory of the price level, the initial price level can be determined if there

is a unique initial price level that is consistent with a unique steady state. This does not apply to this
economy because there are multiple steady states.

4. It is interesting to observe that, with a positive level of initial nominal debt (B0 > 0), the same
indeterminacy result would arise even with M0 = 0. In other words, what is central for indeterminacy
here is the presence of the initial nominal wealth.
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