e
ol

%{} HOKKAIDO UNIVERSITY
N

x‘

<\

Title Lightlike hypersurfaces along spacelike submanifolds in Minkowski space-time
Author(s) Izumiya, Shyuichi; Sato, Takami
laittem Jourr?al of Geometry and Physics, 71, 30-52
https://doi.org/10.1016/j.geomphys.2013.03.005
Issue Date 2013-09
Doc URL http://hdl.handle.net/2115/53074
Type article (author version)

File Information

lightevolutesubm.pdf

°

Instructions for use

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP



https://eprints.lib.hokudai.ac.jp/dspace/about.en.jsp

Lightlike hypersurfaces along spacelike submanifolds in
Minkowski space-time

February 23, 2013

SHyYUuIcHI IZUMIYA
DEPARTMENT OF MATHEMATICS
HoOKKAIDO UNIVERSITY
SAPPORO 060-0810
JAPAN
E-mail address: izumiya@math.sci.hokudai.ac.jp

and

TakaMl SATO
DEPARTMENT OF MATHEMATICS
HoOKKAIDO UNIVERSITY
SAPPORO 060-0810
JAPAN
E-mail address: taka_mi@ec.hokudai.ac.jp

Abstract
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1 Introduction

The study of the extrinsic differential geometry of submanifolds in Lorentz manifolds is
of special interest in Relativity theory. In particular, lightlike hypersurfaces are provided
good models for the study of different horizon types ([5, 7, 24]). A lightlike hypersurface
is also called a light sheet in Theoretical Physics (cf., [2]), which plays a principal role in
the quantum theory of gravity. In this paper we investigate the singularities of lightlike
hypersurfaces in Lorentz-Minkowski space. Although Lorentz-Minkowski space has no
gravity, the singularities of lightlike hypersurfaces give a typical model of horizons and
important information for the shape of horizons in general Lorentz manifolds. The lightlike
hypersurfaces are constructed as ruled hypersurfaces along spacelike submanifolds with
the lightlike rulings.

On the other hand, tools in the theory of singularities have proven to be useful descrip-
tion of geometrical properties of submanifolds immersed in different ambient spaces, from
both the local and global viewpoint [9, 10, 12, 15, 16, 17, 21]. The natural connection
between geometry and singularities relies on the basic fact that the contacts of a sub-
manifold with the models of the ambient space can be described by means of the analysis
of the singularities of appropriate families of contact functions, or equivalently, of their
associated Legendrian maps ([1, 25, 30]). When working in Lorentz-Minkowski space, the
properties associated to the contacts of a given submanifold with lightlike hyperplanes or
lightcones have a special relevance. In [11, 17], it was constructed a framework for the
study of spacelike submanifolds with codimension two in Lorentz-Minkowski space and
discovered a Lorentz invariant concerning their contacts with lightlike hyperplanes. The
geometry related to this framework is called the lightlike geometry (or, the lightlike flat
geometry) of spacelike submanifolds with codimension two. By using the invariants of
lightlike geometry, the singularities of lightlike hypersurfaces along spacelike surfaces in
Lorentz-Minkowski 4-space was investigated in [15]. It is not so difficult to generalize the
result of [15] into the case for codimension two in general dimensional Lorentz-Minkowski
space [18]. However, the situation is rather complicated for the general codimensional
case. The main difference from the Euclidean space case is the fiber of the canal hy-
persurface of a spacelike submanifold is neither connected nor compact. In this paper
we investigate singularities of lightlike hypersurfaces along general codimension space-
like submanifolds in Lorentz-Minkowski space. In order to avoid the above difficulty, we
arbitrary choose a timelike future directed unit normal vector field along the spacelike
submanifold which always exists for an orientable manifold (cf., [19]). Then we construct
the unit spherical normal bundle relative to the above timeline unit normal vector field,
which can be considered as a codimension two spacelike canal submanifold of the ambient
Lorentz-Minkowski space. Therefore, we can apply the idea of the lightlike geometry of
spacelike submanifolds of Lorentz-Minkowski space with codimension two. In this way
we constructed the framework of the lightlike geometry of spacelike submanifolds with
general codimension in [19] and investigated local and global properties. In this paper we
apply this framework and the theory of Legendrian singularities to investigate the singu-
larities of lightlike hypersurfaces along spacelike submanifolds with general codimension.
Here, we draw the picture of the lightlike surface along an ellipse in the Fuclidean plane
canonically embedded in the Lorentz-Minkowski 3-space. We can observe that four swal-
lowtail singularities (for the definition see §6) on the surface which correspond to the



vertices of the ellipse. This means that there might be interesting geometric meanings of
the singularities of lightlike surfaces.

Lightlike surface
Fig. 1.

In §3 we briefly review the framework of the lightlike geometry of spacelike subman-
ifolds with general codimension which was constructed in [19]. The notion of lightlike
hypersurfaces along spacelike submanifolds is introduced and the basic properties are in-
vestigated in §4. The notion of the distance squared functions families is useful for the
study of lightlike hypersurfaces (cf., §4). The critical value set of the lightlike hypersurface
along a spacelike submanifold is called the lightlike focal set of the submanifold. In §5 we
show that the lightlike focal set of a spacelike submanifold is a point if and only if the
lightlike hypersurface along the submanifold is a subset of a lightcone (Proposition 5.1).
Therefore, a lightcone is a model hypersurface of lightlike hypersurfaces. The geometric
meaning of the singularities of lightlike hypersurface is described by the theory of contact
of submanifolds with model hypersurfaces. Moreover, as an application of the theory of
Legendrian singularities, we show that two lightlike hypersurfaces are locally diffeomor-
phic if and only if the types of the contact of spacelike submanifolds with lightcones are
the same in the sense of Montaldi[25] under some generic conditions (Theorem 5.5). In §6
we describe the case for codimension two as a special case. We also investigate spacelike
curves in Lorentz-Minkowski 4-space as the simplest case of a higher codimension in §7.
In §8 we consider the case that submanifolds are located in a spacelike hyperplane or
in Hyperbolic space. In this case lightlike focal sets correspond to the focal sets in the
Euclidean sense or the hyperbolic and de Sitter focal sets (cf., [13]).

2 Basic notations on Lorentz-Minkowski space

We introduce in this section some basic notions on Lorentz-Minkowski n + 1-space. For
basic concepts and properties, see [26].

Let R"™ = {(xg,21,...,2,) | 2 € R (: = 0,1,...,n) } be an n + 1-dimensional
cartesian space. For any ® = (70, 21,...,Zn), ¥ = (Yo, Y1, ---,Yn) € R the pseudo
scalar product of x and y is defined by

(T,y) = —woyo + Z ZiYi-

=1



We call (R"*,(,)) Lorentz-Minkowski n + 1-space. We write R} instead of (R™*1,(,)).
We say that a non-zero vector & € R} is spacelike, lightlike or timelike if (z,x) > 0,
(x,x) = 0 or (x,x) < 0 respectively. The norm of the vector £ € R is defined by
||| = \/|{z, )|. The signature of a vector & € R7™\ {0} is defined to be

1 x: spacelike,
sign(x) =¢ 0 x: lightlike,
—1 «: timelike.

We have the canonical projection 7 : Ri*! — R™ defined by 7 (g, 71, ..., 2,) = (21,...,2,).
Here we identify {0} x R™ with R™ and it is considered as Euclidean n-space whose scalar
product is induced from the pseudo scalar product (,). For a vector v € R}*" and a real
number ¢, we define a hyperplane with pseudo normal v by

HP(v,c) = {x e R¥" | (z,v) =c }.

We call HP(v,c) a spacelike hyperplane, a timelike hyperplane or a lightlike hyperplane if
v is timelike, spacelike or lightlike respectively. We remark that {0} x R™ is a spacelike
hypersurface in R}

We now define Hyperbolic n-space by
H"(-1) = {z € R{"'[{z,x) = ~1}
and de Sitter n-space by
S = {z e R (m,@) = 1}.

We define
LC, = {x = (zo,21,...,2,) € R | (& — a,x — a) = 0},

which is called the lightcone with the verter a. We denote that LC* = LCy \ {0}. If
x = (x9,21,...,2s) is a lightlike vector, then xy # 0. Therefore we have

T = (1,ﬂ,...,ﬁ> e ST ={x = (v0,21,...,2,) | (x,x) =0, 29 =1}.
Lo Lo

We call S ! the lightcone (or, spacelike) unit n — 1-sphere.

For any ', 22, ...,2" € R"™ we define a vector ' Ax? A --- A" by
—€y €1 €,
11 1
0 "
e ANZEPA A = T T Ty |,
n n n
xo xl . e In
where eg, ey, ..., e, is the canonical basis of Rf™! and &' = (zi,2%,...,2%). We can easily
show that
(, ' Ax? A~ Ax") = det(x, 2, ..., x"),
so that ' Ax? A --- A 2" is pseudo orthogonal to any ¢ (i = 1,...,n).
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3 Differential geometry on spacelike submanifolds

In this section we introduce the basic geometrical framework for the study of spacelike
submanifolds in Minkowski n 4 1-space analogous to the case of codimension two in [17].
Let R"™ be an oriented and time-oriented space. We choose ey, = (1,0,...,0) as the
future timelike vector field. Let X : U — R} be a spacelike embedding of codimension
k, where U C R* (s+k = n+1) is an open subset. We also write M = X (U) and identify
M and U through the embedding X. We say that X is spacelike if the tangent space
T,M of M at p is a spacelike subspace (i.e., consists of spacelike vectors) for any point
p € M. For any p= X (u) € M C R™, we have

T,M = (X o, (), ..., X ()5

Let N,(M) be the pseudo-normal space of M at p in R}, Since T,M is a spacelike
subspace of T,R}™!, N, (M) is a k-dimensional Lorentzian subspace of T,R{™ (cf.,[26]).
On the pseudo-normal space N, (M), we have two kinds of pseudo spheres:
Np(M;-1) = {ve Ny(M) | (v,0) = -1}
Ny(M;1) = {ve N,(M) | (v,v) =11},

so that we have two unit spherical normal bundles over M:

v,
v,

N(M;—1) = | J N,(M; 1) and N(M;1) = | ] N,(M;1).

pEM peEM

Then we have the Whitney sum decomposition
TR M =TM & N(M).

Since M = X (U) is spacelike, ey is a transversal future directed timelike vector field
along M. For any v € TpR’fH\M, we have v = vy + vy, where v € T,M and vy €
N,(M). If v is timelike, then v, is timelike. Let myarn @ TR M — N(M) be the
canonical projection. Then 7y ()(€p) is a future directed timelike normal vector field
along M. So we always have a future directed unit timelike normal vector field along M
(even globally). We now arbitrarily choose a future directed unit timelike normal vector
field n”(u) € N,(M;—1), where p = X (u). Therefore we have the pseudo-orthonormal
compliment ((n”(u))r)* in N,(M) which is a k — 1-dimensional subspace of N,(M). We
can also choose a pseudo-normal section n°(u) € ((n”(u))g)* N N(M;1) at least locally,
then we have (n° n%) = 1 and (n®, n’) = 0. We define a k — 1-dimensional spacelike

unit sphere in N, (M) by
Ni(M),[n"] ={& € N,(M;1) | (£&n"(p)) =0 }.

Then we have a spacelike unit k — 2-spherical bundle over M with respect to n’ defined
by
Ni(M)[n'] = ([ Ni(M),[n"].

peEM



Since we have T(, o Ni(M)[n'] = T,M x TNy (M),[n"], we have the canonical Rie-
mannian metric on N;(M)[n?]. We denote the Riemannian metric on N;(M)[n”] by
(Gij (P, €))1<ij<n—1-

For any future directed unit normal n” along M, we arbitrary choose (at least locally)
the unit spacelike normal vector field n® with n®(u) € Ny(M),[n"], where p = X (u).
We call (nT,n®) a future directed pair along M. Clearly, the vectors n” (u) 4+ n®(u) are
lightlike. Here we choose n” 4+ n° as a lightlike normal vector field along M. We define
a mapping

LG(n" n®) :U — LC*

by LG(n®, n%)(u) = nT(u) + n®(u). We call it the lightcone Gauss image of M = X (U)
with respect to (nT,n). Under the identification of M and U through X, we have the
linear mapping provided by the derivative of the lightcone Gauss image LG(n”,n") at
each point p € M,

d,LG(n",n%) : T,M — T,R" =T,M & N,(M).
Consider the orthogonal projections 7' : T,M @& N,(M) — T,(M). We define
d,LG(n", n%) = 7' o d,(n” + n®).

We call the linear transformations S,(n”,n%) = —d,LG(n”,n®)! the (n’,n%)-shape
operator of M = X (U) at p = X (u). Let {r;(nT,n%)(p)}:_, be the eigenvalues of
S,(nT,n®), which are called the lightcone principal curvatures with respect to (n*,n®)
at p = X (u). Then the lightcone Gauss-Kronecker curvature with respect to (nT,n%) at
p = X (u) is defined by

Ky(n",n”)(p) = detS,(n", n”).
We say that a point p = X (u) is an (n”, n%)-umbilical point if

Sp(nT> nS) = "i(nTa ns)<p)1TpM

We say that M = X (U) is totally (n”,n%)-umbilical if all points on M are (n',n%)-
umbilical. Moreover, M = X (U) is said to be totally lightcone umbilical if it is totally
(nT, n¥)-umbilical for any future directed pair (n”,n®).

We deduce now the lightcone Weingarten formula. Since X, (i = 1,...s) are spacelike
vectors, we have a Riemannian metric (the lightcone first fundamental form )on M =
X (U) defined by ds* = >°7_, gijdu;duj, where g;;(u) = (X, (u), X, (u)) for any u € U.
We also have a lightcone second fundamental invariant with respect to the normal vector
field (n™,n®) defined by hi;(n”,n%)(u) = (—(n” +n%),,(u), X, (u)) for any u € U. By
the similar arguments to those in the proof of [17, Proposition 3.2], we have the following
proposition.

Proposition 3.1 We choose a pseudo-orthonormal frame {n* ny ... ny |} of N(M)
with ny | = n®. Then we have the following lightcone Weingarten formula with respect
to (nT,n%):

(a) LG(n", n¥),, = <nS n")(n"—n®)+ 3 (04 %), nfing =30
(b) 7 0 LG(n",n%), ZS hi(n",n%) X

j=1""

Here (h](n",n%)) = ( n’,n%) (¢™) and (g ) = (gry) "
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As a consequence of the above proposition, we have an explicit expression of the
lightcone curvature by
det (hy(n”, ns))

det (gaﬁ)

Since (—(n” +n%)(u), X, (u)) = 0, we have h;;(n”, n°)(u) = (n”(u) +n°(u), Xy, (w)).
Therefore the lightcone second fundamental invariant at a point py = X (ug) depends
only on the values n” (ug) +n (uo) and Xy, (ug), respectively Thus, the lightcone cur-
vatures also depend only on n'(u ) + n(up), Xy, (uo) and X, (uo), independent of
the derivation of the vector fields n” and n®. We write x;(nl, n3)(po) (i=1,...,s) and

Ki(nl,n3)(up) as the lightcone curvatures at py = X (ug) with respect to (nl,nj) =

(nT (up), n%(up)). We might also say that a point py = X(ug) is (ni,ny)-umbilical
because the lightcone (n”,n%)-shape operator at py depends only on the normal vec-
tors (nd,n5). So we denote that hi(n”, &)(uy) = hij(n” ns)(uo) and Ky(n',€)(py) =
Ki(nl n3)(py), where & = n®(ug) for some local extension n”(u) of £ Analogously,
we say that a point py = X (ug) is an (nl, ny)-parabolic point of X : U — R if
Ki(nl,n3)(up) = 0. And we say that a point py = X (ug) is a (nl,n5)-flat point if it is
an (nl, ny)-umbilical point and K,(nl, n5)(uy) = 0.

On the other hand, we define a map LG(n”) : N;(M)[nT] — LC* by LG(n”)(u, &) =
n” (u)+€&, which we call the lightcone Gauss image of Ny(M)[n™]. This map leads us to the
notions of curvatures. Let T(, ¢ N1(M)[n'] be the tangent space of Ni(M)[n”] at (p, E)
Under the canonical identification (LG(n”)*TR!*") ¢ = TinrproRIT = T,RIT, w

have

Kg(nT,nS) =

Tiwe) N(M)[n'] = T,M & TeS8" 2 C T,M © N,(M) = T,RT™,
where Tz S*2 C TeN,(M) = N,(M) and p = X (u). Let

LG(n")* TR = TN, (M)[n"] @ R¥' — TNy (M)[n"]
be the canonical projection. Then we have a linear transformation
S pe) = —1 gurype) © dpoLG(nT) : TipeyNi(M)[n"] — Ty N1 (M)[n"],

which is called the lightcone shape operator of N1(M)[n™] at (p, £). Let rg(n’);(p, &) be the
eigenvalues of Sy(n’) ¢, (i = 1,...,n—1). Here, we denote ro(n”);(p, &), (i=1,...,s)
as the eigenvalues belonging to the eigenvectors on T,M and k(n');(p,&), (i = s +
1,...n — 1) as the eigenvalues belonging to the eigenvectors on the tangent space of the
fiber of Ny(M)[n']. We have shown in [19] that k(nT);(p,&€) = -1, (i =s+1,...n—1).
We call ko(n®);(p, &), (i =1,...,s) the lightcone principal curvatures of M with respect
to (n”,€) at p € M. The lightcone Lipschitz-Killing curvature of Ni(M)[n'] at (p, €) is
defined to be K,(n”)(p, &) = det S¢(n’) 0.

We now define a mapping DG(n”) : Ny(M)[n'] — S} by DG(n”)(p, &) = &, which is
called the de Sitter Gauss image of Ni(M)[nT]. By the similar way to the above case, we
can define the de Sitter shape operator Sd(nT)(p,g). The de Sitter principal curvatures of M
with respect to (n”, €) at p € M are defined to be the eigenvalues of Sy(n'),¢) belonging
to the eigenvectors on T, M, which are denoted by r4(n’);(p,€), (i =1,...,s). We also
define a mapping G(n”) : M — H"(—1) by G(nT)(p) = n’(p). We call it the hyperbolic
Gauss image of M with respect to n’. We define the hyperbolic shape operator S,(nT),

7



with respect to n” by Sj,(n’) = —7todG(n")(p), where 7t : T,R}™! = T, M ® N,(M) —
T'M is the orthogonal projection under the identification of 7, nT(p)R’fH = TPR?H. We also
define the hyperbolic principal curvatures r,(n®);(p) (i = 1,...,s) of M as the eigenvalues
of S,(nT). By the assertion (b) of Proposition 3.1, we have the following corollary:

Corollary 3.2 Under the above notations, we have the following assertions:

(1) The lightcone principal curvatures re(n”);(p,€), (i = 1,...,s) are the eigenvalues of
the matriz (b} (n™ (p),n®(p))), where n® is the local section of Ni(M)[nT] with n™(p) = €.
(2) We have the following relation:

ke )i(p, €) = ka(n")i(p) + Ka(n')i(p,€), (i=1,....5).

4 Lightlike hypersurfaces

We define a hypersurface
LH (n”) : Ny(M)[n"] x R — R

by

LHu((p,€),t) = X (u) + t(n" + &) (u) = X (u) + {LG(n")(u, §),
where p = X (u), which is called the lightlike hypersurface along M relative to n’. In
general, a hypersurface H C R?™! is called a lightlike hypersurface if it is tangent to the

lightcone at any regular point. We remark that LHy,(n®)(N,(M)[nT] x R) is a lightlike
hypersurface.

We introduce the notion of Lorentzian distance-squared functions on spacelike sub-
manifold, which is useful for the study of singularities of lightlike hypersurfaces.

First we define a family of functions G : M x Rf" —= R on a spacelike submanifold
M = X (U) by
where p = X (u). We call G the Lorentzian distance-squared function on the spacelike

submanifold M. For any fixed Ag € R}*! we write gx,(p) = G(p,Ao) and have the
following proposition.

Proposition 4.1 Let M be a spacelike submanifold and G : M x (R \ M) — R the
Lorentzian distance-squared function on M. Suppose that py # Xo. Then we have the
following:
(1) gao(Po) = 09, /Oui(po) = 0 (i = 1,...,s) if and only if there exist £, € Ny(M),,[n"]
and p € R\ {0} such that
Po— Ao = NLG(RT)(pOa &)

(2) gxo(Po) = Ogx,/Oui(po) = detH(ga)(po) = 0 (i = 1,....s) if and only if there
ezist € € Ny (M), [n"] and p € R\ {0} such that

o — Ao = uLG(n")(po, &)

and 1/ is one of the non-zero lightcone principal curvatures k;(nT)(po, &), (1 = 1,...,5).
Here, H(gx,)(po) is the Hessian matriz of g, at po.

8



Proof. (1) We denote that p = X (u). The condition gx,(p) = (X (u) — Ao, X (u) —Ag) =0
means that X (u) — Ag € LC*. We observe that dg/0u;((p) = 2(X ., (u), X (u) — Xg) =0
if and only if X (u) — Ag € N,M. Hence gx,(po) = 9gx,/0ui((po) =0 (i = 1,...,s) if
and only if pg — Ag € N,M N LC*. Then we denote that v = X (u) — Ay € LC*. If
(n™(u),v) = 0, then n”(u) have to be lightlike or spacelike. This contradiction to the
fact that n” (u) is a timelike unit vector, so that (n”(u), v) # 0. We set

-1

& = —<’I'LT(U),’U>U —n' (u).
Then we have
-1 . L
(€0, &0) = —2m<n (u),v) —1
T = —_1 n’(u),v =
(&, nT(u)) = <nT<u)’,U>< (u),v) +1=0.

This means that &, € N1(M),(M). Since —v = (n” (u), v)(n” (u)+&,), we have pg—Xg =
pLG(nT)(po, &), where pg = X (u) and u = —(n”(u), v). The converse assertion is trivial
by definition.

(2) By a straightforward calculation, we have

82
Ou,;0u; - 2{

uluwX - )‘0> + <Xu17Xu]>} .

Under the conditions py — Ao = pu(n” (u) + &,) and py = X (u), we have

az;guj (1) = 2 {(Xu, (), p(n' (w) + &) + gij(u) } -

Therefore, we have

(aiguj (u)) (6" () = (2 {—phi(n" (u),n® () + 6}),

where n” is the local section of N1(M)[nT] with n®(u) = &,. It follows that detH (g)(po) =
0 if and only if 1/p is an eigenvalue of (h%(n”(u), n® ( )), which is equal to one of the
lightcone principal curvatures ;(n”)(po, &), (i = 1,...,s) by Corollary 3.2. O

In order to understand the geometric meanings of the assertions of Proposition 4.1, we
briefly review the theory of Legendrian singularities For detailed expressions, see [1, 30].
Let 7 : PT*(R") — R™*! be the projective cotangent bundle with its canonical contact
structure. We next review the geometric properties of this bundle. Consider the tangent
bundle 7 : TPT*(R"") — PT*(R"™) and the differential map dr : TPT*(R") —
TR™! of 7. For any X € TPT*(R"!), there exists an element o € T*(R}*! such that
7(X) = [a]. For an element V' € T,(R™"!), the property a(V) = 0 does not depend on
the choice of representative of the class [a]. Thus we can define the canonical contact
structure on PT*(R"™!) by

K = {X € TPT*(R™) | 7(X)(dr(X)) = 0}.

9



We have the trivialization PT*(R"*1) = R"*! x P"(R)*, and call

((vo, V15 -y un), [C0 & - 1 &)

homogeneous coordinates of PT*(R™™), where [§ : & @ --- : &,] are the homogeneous
coordinates of the dual projective space P"(R)*.

It is easy to show that X € K, ) if and only if " ;& = 0, where dn(X) =
S o i0/0v;. An immersion ¢ : L — PT*(R™*1) is said to be a Legendrian immersion if
dim L = n and diy(T;L) C K, for any ¢ € L. The map 7w o1 is also called the Legendrian
map and the set W (i) = image 7 o i, the wave front set of i. Moreover, i (or, the image of
i) is called the Legendrian lift of W (i).

Let F': (RF x R"*! 0) — (R, 0) be a function germ. We say that F'is a Morse family
of hypersurfaces if the map germ

OF OF
AN'F=(F—, . ..,=—|:(RFxR" 0) — (RxR* 0
(R o) )— )
is submersive, where (¢,2) = (q1, ..., q, Zo, - - ., Tn) € (R¥ x R 0). In this case we have
a smooth n-dimensional submanifold
oF OF
. (F) = RF x R™! 0 ‘F _ = 2 =0
() = {(@.2) € ® xR"".0) | Flg.2) = 5 (0.2) 5 ) =0}

and the map germ %5 : (3,(F),0) — PT*R™"! defined by

Zela.0) = (| gelaa) s (o))

is a Legendrian immersion. We call F' a generating family of £, and the wave front set
is given by W (%) = m,(3.(F)), where 7, : R* x R® — R" is the canonical projection.
In the theory of unfoldings of function germs, the wave front set W (%) is called a
discriminant set of F, which we also denote Dp. Therefore, Proposition 4.1 asserts that
the discriminant set of the Lorentzian distance-squared function G is given by

Do = {X| A= X(p) + Un" £€)(p), p € M€ € Ni(M),[n"],t € R },

which is the image of the lightlike hypersurface along M relative to n’.

By the assertion (2) of Proposition 4.1, a singular point of the lightlike hypersurface
is a point Ag = po + to(n? +&,)(po) for to = 1/k:(n")(po, &), i = 1,....s). Then we have
the following corollary.

Corollary 4.2 The critical value of LH;(nT) is the point where r;(n®)(p, &) # 0 and

S
ke(nT)i(p, §)

We define a mapping LF, g7y, : Ni(M)[n"] — R by

A=p+ LG(n")(p.£).

v
re(nT)i(p, §)
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We also define
LFy(n') = U {]LIFWmT)i(p, &) | (p.&) € Ni(M)[n"] s.t. ke(n")i(p, &) #0,i=1,...,s}.

We call LFy;(nT) the lightlike focal set of M = X (U) relative to n”. By definition, the
lightlike focal set of M = X (U) relative to m” is the critical values set of the lightlike
hypersurface LH; (n?) (N, (M)[n?] x R) along M relative to n’.

We can show that the image of the lightlike hypersurface along M is independent of the

choice of the future directed timelike normal vector field n’ as a corollary of Proposition
4.1.

Corollary 4.3 Let n” and n' be future directed timelike unit normal fields along M.
Then we have

LH (n™) (N (M)[n"] x R) = LHy,(m” ) (N, (M)[R”] x R) and LFy(n") = LFy(n7)

Proof. By Proposition 4.1, the both images of the lightlike hypersurface along M relative
to nT and m” are the discriminant sets of the Lorentzian distance-squared function G on
M. Moreover, the focal set of M is the critical value set of the lightlike hypersurface along
M relative to n”. Since G is independent of the choice of n”, we have the assertion. O

We have the following proposition.

Proposition 4.4 Let G be the Lorentzian distance-squared function on M. For any point
(u, A) € G7Y0), the germ of G at (u, X) is a Morse family of hypersurfaces.

Proof. We denote that
X(u) = (Xo(u), Xq1(u), ..., Xy(u)) and XA = (Ao, Ay .-y An)-
By definition, we have
G(u,A) = —(Xo(u) — Xo)* + (Xq(u) — A)* + -+ (Xn(u) — \y)2

We now prove that the mapping

oG oG
ANG=|G —,...,—
< ’ a'lh’ ’ 8u5)
is non-singular at (u, A) € G~1(0). Indeed, the Jacobian matrix of A*G is given by
2(Xo— o) —2(X71—X) - =2(Xp,— )
2X0ou, —2X1u, e —2Xn,
2 Xou, —2X 14, e —2X .

where A is the following matrix:

2X — A, X, - 2X —
2<<XU17XU1>+<X_)‘7XU1U1>) 2(<XU17XUS>+

2<<Xu57Xu1> + <X - A7Xu5u1>) ’ 2(<XHS’XU9> + <X - A7 Xusus>)
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Since X is an immersion, the rank of the matrix

2Xou, —2X44, o —2Xp,
2Xou, —2Xyu, 0 22X,
is equal to s. Moreover, X — A is lightlike, so that it is linearly independent with respect
to tangent vectors X, , ..., X,,. This means that the rank of the matrix
2(Xo— o) —2(X51—A1) -0 =2(X,— )
2X0u, —2X14, e —2X
2X0u, —2X14, e —2 X,

is equal to s + 1. Therefore the Jacobi matrix of A*G is non-singular at (u, ) € G*(0).
O

Since G is a Morse family of hypersurfaces, we have a Legendrian immersion
Lo Y. (G) — PT*(R}T)
defined by
Za(u, A) = (A [(Xo(u) = Ao) = (M = Xy(u)) -+ (A = X (u))]),
where
2u(G) = {(,A) | A =LHu(n")(p,&,t) ((p.€),t) € Ni(M)[n"] x R}.

We observe that G is a generating family of the Legendrian immersion %4 whose wave
front is LH (n®)(Ny(M)[n”] x R). Therefore we say that the Lorentzian distance-
squared function G on M gives a Lorentz-Minkowski-canonical generating family for the
Legendrian lift of LH, (n®)(Ny(M)[nT] x R).

5 Contact with lightcones

In this section we consider the geometric meanings of the singularities of lightlike hy-
persurfaces from the view point of the theory of contact of submanifolds with model
hypersurfaces in [25]. We begin with the following basic observations.

Proposition 5.1 Let Ay € R} and M a spacelike submanifold without points satisfying
Ki(nT)(p, &) = 0. Then M C LCy, if and only if Ao = LFy(nT) is the lightcone focal set.
In this case we have LHy (n™)(Ny(M)[nT]) C LCx, and M = X (U) is totally lightcone

umbilical.
Proof. By Proposition 3.1, Ky(n”)(pg, &) # 0 if and only if
{<nT + nS)’ (nT + nS>u17 o (nT + nS>us}
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is linearly independent for py = X(ug) € M and &, = n”(ug), where n® : U —»
N;(M)[nT] is a local section. By definition, M C LCj, if and only if g,(u) = 0 for
any u € U, where gx,(u) = G(u, Ag) is the Lorentzian distance-squared function on M. It
follows from Proposition 4.1 that there exists a smooth function p : U x Ny (M)[n”] — R
and section n® : U — N;(M)[nT] such that

X (u) = Xo + p(u, n% () (n” (u) £ n(u)).

In fact, we have p(u,n(u)) = —1/k(n?);(p,&€) i = 1,...,s, where p = X (u) and
€ = n(u). It follows that xy(n?);(p,€) = Ke(nT);(p,€), so that M = X (U) is totally
lightcone umbilical. Therefore we have

LHar(n")(u, n®(u),t) = Xo + (t + pu(u,n% () (0" (u) £ n(u)).

Hence we have LH(n®)(N;(M)[n']) C LCy,. By Corollary 5.2, the critical value set of
LH (n™)(N;(M)[nT]) is the lightcone focal set LFy(n”). However, it is equal to Ag by
the previous arguments.

For the converse assertion, suppose that Ag = LIF;(nT). Then we have

LG(n")(u,¢),

for any i = 1,...,s and (p, &) € Ny(M)[n”], where p = X (u). Thus, we have
re(n")i(X (u),€) = ke(n");(X (u), €)

for any i,5 = 1,...,s, so that M is totally lightcone umbilical. Since LG(n”)(u,&) is
lightlike, we have X (u) € LCly,. This completes the proof. O

According to the above proposition, the lightcone is regarded as a model lightlike hy-
persurface in R7™!. We now consider the contact of spacelike submanifolds with lightcones
in the view of Montaldi’s theory. We review the theory of contact for submanifolds in [25].
Let X; and Y;, i = 1, 2, be submanifolds of R” with dim X; = dim X5 and dim Y; = dim Y5.
We say that the contact of Xy and Y] at y; is same type as the contact of Xo and Ys at
yo if there is a diffeomorphism germ @ : (R, y;) — (R™, y2) such that ®(X;) = X, and
®(Y]) = Y. In this case we write K (X1, Y1;y1) = K(Xs,Ys;ys). Since this definition of
contact is local, we can replace R" by arbitrary n-manifold. Montaldi gives in [25] the
following characterization of contact by using K-equivalence.

Theorem 5.2 Let X; and Y;, i = 1,2, be submanifolds of R™ with dim X; = dim X5 and
dimY) = dimYs. Let g; : (X, x;) — (R™,y;) be immersion germs and f; : (R™,y;) —
(RP,0) be submersion germs with (Yi,y;) = (f;(0), ;). Then

K (X1, Yisy) = K(Xa, Yo 9)
if and only if f1 091 and fs 0 g9 are K-equivalent.

On the other hand, we return to the review on the theory of Legendrian singularities.
We introduce a natural equivalence relation among Legendrian submanifold germs. Let

13



F,G : (R* x R",0) — (R,0) be Morse families of hypersurfaces. Then we say that
Lr(3.(F)) and Z5(X.(G)) are Legendrian equivalent if there exists a contact diffeomor-
phism germ H : (PT*R", z) — (PT*R",2’) such that H preserves fibers of 7 and that
H(Zp(2.(F))) = Z6(2.(G)), where z = Zr(0),2 = Z5(0). By using the Legendrian
equivalence, we can define the notion of Legendrian stability for Legendrian submanifold
germs by the ordinary way (see, [1, Part III]). We can interpret the Legendrian equiv-
alence by using the notion of generating families. We denote by &, the local ring of
function germs (R™,0) — R with the unique maximal ideal M, = {h € &, | h(0) =0 }.
Let F,G : (R* x R",0) — (R, 0) be function germs. We say that F' and G are P-K-
equivalent if there exists a diffeomorphism germ ¥ : (R¥ x R”, 0) — (RF x R",0) of the
form W(z,u) = (¢¥1(q, z), 2(x)) for (¢, z) € (R*xRR™,0) such that U*((F)g,,.) = (G)e,,..-
Here U* : &1, — &y is the pull back R-algebra isomorphism defined by ¥*(h) = hoW.
We say that F' is an infinitesimally K-versal deformation of f = F|RF x {0} if

&0 = T.()(f) + <§—£|R’f <0}, o (R {0}>

T.(K)(f) = <ﬁ of f>

)
R
where

a%’”',a%’

(See [22].) The main result in the theory of Legendrian singularities ([1], §20.8 and [30],
THEOREM 2) is the following:

Theorem 5.3 Let F,G : (RF x R",0) — (R,0) be Morse families of hypersurfaces.
Then we have the following assertions:

(1) Zp(E.(F)) and Z(3.(G)) are Legendrian equivalent if and only if F' and G are
P-K-equivalent,

(2) Lp(2.(F)) is Legendrian stable if and only if F' is an infinitesimally KC-versal defor-
mation of f = F|R* x {0}.

Since F' and G are function germs on the common space germ (R* x R™, 0), we do not
need the notion of stably P-K-equivalences under this situation [30, page 27]. For any map
germ f : (R",0) — (RP?,0), we define the local ring of f by Q.(f) = &E./(f*(IM,)E, +
M 1), We have the following classification result of Legendrian stable germs (cf. [15,
Proposition A.4]) which is the key for the purpose in this section.

Proposition 5.4 Let F,G : (R* x R",0) — (R,0) be Morse families of hypersurfaces
and f = FIR* x {0},9 = G|R* x {0}. Suppose that Lr and Zg are Legendrian stable.
The the following conditions are equivalent:

(1) (W(ZLF),0) and (W(ZLs),0) are diffeomorphic as set germs,

(2) ZLp(E.(F)) and Z(3.(G)) are Legendrian equivalent,

(3) Qu+1(f) and Qni1(g) are isomorphic as R-algebras.

Returning to lightlike hypersurfaces, we now consider the function

G: Ry xR R

14



defined by G(x,A) = (x — X,z — A). Given Ay € R7™, we denote gy,(x) = G(=, )\0)
that we have g5!(0) = LCx,. For any py = X (ug) € M, t; € R and &, € Ny(M),[n"], we
consider the point Ag = X (ug) + to(n” (ug) + &,). Then we have

Oxn, © X (ug)) =Go (X x ]_R;erl)(UO,AO) = G(po, Xo) =0,

where tg = 1/k¢(nT)i(po, &), i = 1,...,s. We also have relations
Ogx, 0 X oG :
TR () = Som0A0) =0, i =1 s

These imply that the lightcone gy !(0) = LCy, is tangent to M = X (U) at py = X (up).
In this case, we call LCy, a tangent lightcone of M = X (U) at py = X (ug).

We now describe the contacts of spacelike submanifolds with lightcones. We de-
note by Q7(X,u) the local ring of the function germ gxs : (U,ug) — R, where
Ao = LCys(uo, &y, to). We remark that we can explicitly write the local ring as follows:

Ca(U)

@1 (X, o) = (X () = Xo, X (1) = Xo)) s () + My (U)" T2

where C°(U) is the local ring of function germs at uy.

Let LH;, (n]) : (NL(M;)[nF] xR, (ps, &;,t:)) — (R X)), (i = 1,2) be two lightlike
hypersurface germs of spacelike submanifold germs X; : (U, u*) — (R?™ p;). Let G; :
(U xR (u?, X)) — R be the Lorentzian distance-squared function germ of X ;. Then
we have the following theorem:

Theorem 5.5 Let X; : (U,u’) — (R p;), i = 1,2, be spacelike surface germs such
that the corresponding Legendrian submanifold germs .,?Gi( «(Gy)) are Legendrian stable.
Then the following conditions are equivalent:

(1) (LH,y, (N1 (M) [nT] x R), A1) and (LHyg, (N1 (Ms)[nl] xR), Xy) are diffeomorphic,
(2) (Lo, (Bu(GY)), (uh, A1) and (ZLe,(24(Ga)), (u?, Xg)) are Legendrian equivalent,
(3) Gy and Gy are P-K-equivalent,

(4) g1.a, and gax, are K-equivalent,

(5) K(X,(U), LCx,, p1) = K(X5(U), LC,. p2).

(6) Qni1(X1,u') and Qni1(X2,u?) are isomorphic as R-algebras.

Proof. By Proposition 6.4, the conditions (1), (2) and (6) are equivalent. This condition is
also equivalent to that two generating families G; and G5 are P-K-equivalent by Theorem
6.3. If we denote g; x,(u) = G;(u, A;), then we have g; »,(u) = ga, 0 X;(u). By Theorem 6.2,
K(X1(U),LCx,,p1) = K(22(U), LCxy,p2) if and only if g1 , and gz », are K-equivalent.
This means that (4) and (5) are equivalent. By definition, (3) implies (4). The uniqueness
of the infinitesimally K-versal deformation of g; x, [22] leads that the condition (4) implies
(3). This completes the proof. O

For a spacelike embedding germ X : (U, ug) — (R7, pg), we consider a set germ
(X1 (LCy,), u0), which is called the tangent lightcone indicatriz germ of X, where Ao =
LH s (po, €y, to) and tg = —1/ke(nT);(po, &) (i = 1,...s). We have the following corollary
of Theorem 5.5.
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Corollary 5.6 Under the assumptions of Theorem 5.5, if the lightlike hypersurface germs
(LHz, (N1 (M) [nT] x R), Ay) and (LH,, (N1 (My)[n] x R), Xy), then tangent lightcone
ndicatrix germs

(X7H(LCx),u') and  (X5'(LCx,),u?)

are diffeomorphic as set germs.

Proof. Notice that the tangent lightcone indicatrix germ of X; is the zero level set of
gix;- Since K-equivalence among function germs preserves the zero-level sets of function
germs, the assertion follows from Theorem 5.5. O

On the other hand, we consider generic properties of lightlike hypersurfaces along
spacelike submanifolds. Let Embg, (U, R}™") be the space of spacelike embeddings with
the Whitney C>-topology for an open set U C R}*'. We consider the function G :
R x RPT — R again. We claim that g is a submersion at & # X for any A € Rf,
For any X € Emb, (U, R}*!), we have G = G o (X x lgn+1). We have the r-jet extension
TG U x R — J7(U,R) defined by j7G(u, X) = j7ga(u), where J*(U, R) is the k-jet
space of functions on U. We consider the trivialization J"(U,R) = U x R x J"(s, 1). For
any submanifold @ C J"(s, 1), we denote that Q =U x R x Q. As an application of 29,
Lemma 6], the set

To = {X € Embg, (U,R}*!) | jiG is transversal to Q)

is a residual set of Embg, (U, R}™). Moreover, if @ is a closet subset , then Tp, is open.
It is known [8] that there exists a semi-algebraic set W7 (s,1) C J*(s,1) and a stratifica-
tion A" (s, 1) of J¥(s,1) \ W"(s,1) such that limy, . cod W"(s, 1) = +o0o. The stratifica-
tion A"(s, 1) is called the canonical stratification. We define a stratification A"(U,R) of
J"(U,R)\ W"(U,R) by

U x (R\ {0}) x (J7(s,1) \ W"(s,1)), U x {0} x A"(s,1),

where W7(U,R) = U x R x W"(s,1). In [28], it was shown that if j7G(U x R} N
W"(U,R) = () and j{G is transversal to A" (U, R), then the map 7|G~'(0) : G}(0) — R
is MT-stable map-germ at each point, where 7 : U x R?™ — R7*! is the canonical pro-
jection. Here, a map germ is said to be MT-stable if the jet extension is transversal to the
canonical stratification of the jet space of sufficiently higher order (cf., [8, 23]). The main
result of the theory of Topological stability of Mather is that MT-stability implies topo-
logical stability. By Proposition 4.1, the lightlike hypersurface LH,;(n?) (N (M)[n?] x R)
is the discriminant set of G, which is equal to the critical value set of 7|G~(0). Since
cod W"(U,R) > s +n + 1 for sufficiently large k, the set

O, = {X € Embg, (U,R}™) | j1G(U x R NW"(U,R) =0 }
is a residual set. It follows that the set
O ={X € O | j{G is transversal to A"(U,R) }

is a residual set. Therefore, we have the following theorem.
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Theorem 5.7 There ezists a residual set O C Embg, (U, R}™) such that for any X € O,
the germ of the lightlike hypersurface LHy;(n®)(Ni(M)[n*] x R) at any point is a germ
of the critical value set of an MT-stable map germ.

In the case when n < 5, by the classification results of the K-equivalence among function
germs, the canonical stratification A*(s, 1) is given by the finite collection of the K-orbits.
Moreover, if j7G is transversal to the IC-orbit of j"gx,(ug) for sufficiently large r, then G
is an infinitesimally K-versal deformation of gy at (ug, Ag) [22]. By Theorem 5.3, we have
the following theorem.

Theorem 5.8 Suppose that n < 5. Then there exists a residual set O C Embg, (U, Rf™)
such that for any X € O, the germ of the lightlike hypersurface LHy (n™)(Ny(M)[nT]xR)
at any point is the germ of the wave front set of a stable Legendrian submanifold germ

Za(2.(G)).

6 Spacelike submanifolds with codimension two

In the case when s = n — 1, N;(M)[n'] is a double covering of M = X (U). We can
construct a spacelike unit normal section n®(u) € N,(M) by

nT(u) A Xy (W) A AN X, (u)

n’(u) = = )
[nT(w) A Xy (w) A A Xy, (u)]

Then o*(u) = (X (u), £n°(u)) are sections of Ni(M)[nT]. Clearly, the vectors nT (u) +
n®(u) are lightlike. In [17], it was shown that n” (u) & n°(u), n” (u) £ n°(u) are respec-
tively parallel for any two future directed unit timelike normal sections n” (u), n’ (u) €
N,(M). Therefore, n™(u) £ n¥(u) = n7(u) £ n(u). It follows that we have a mapping
—— 4 — —

LG :U — 5771 defined by LG (u) = n”(u) & nS(u). We call one of LG a nor-
malized lightcone Gauss map of M = X (U), which is independent of the choice of n”
Since N,(M)[n”] is a spacelike line in N,(M), we have £ = n®(u) or £ = —n®(u) for any
(X (u), &) € Ni(M)[nT]. In [17], the normalized lightcone shape operator Sfp :T,M —

—
T,M was defined by taking the derivative of the normalized lightcone Gauss map LG .

The normalized principal curvatures {%ﬁ (p)}i=! are defined to be the eigenvalues of the

normalized lightcone shape operator §Zp, It was shown that

1
%i‘ P)= ki nT7:|:nS p)
E,z( ) Ef)t(p) ( )( )
where n” (u) £n(u) = (X (p), (F(p), ..., 05 (p)) and p = X (u). We deﬁne the normalized
lightlike hypersurface along M = X (U) as the images of the maps LH, v UxR — R
—
defined by ]L]HIM( u,t) = X (u) + tLG (u). Since

LG (u) = LG(n")(p,n®(u)),
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we have

LH,y, (N, (M)[nT] x R) = LH,, (U x R) ULH,, (U x R).
In this case the singular value of JLHM(U X R) is the point where & /-@g (p) # 0 and

1 1
%(p)m () = X+ T ns) ()

AF = X (u) + LG(n™)(p, £n°(u)).

4
Therefore we have a mapping LEz+ : U — R}t defined by

LE.: (u) = X (u) + —

T ’%z( )LG (w)

Then we define

mE:U{m; (u )\uEUsuchthatm“( )#O,i:L...,n—l,},

By the above arguments, we know that ILTEZ is nothing but the lightlike focal set of
M = X (U). However, we call it the lightlike evolute of M = X (U) in the case when

codimM = 2.

—+
The lightlike hypersurface LH,;(U x R) for a spacelike surface M = X (U) in R} was
investigated in [15] under a slightly different formulation. By a classification of stable

Legendrian mappings in [30], we have the following proposition (cf., [15]).

Proposition 6.1 There exists an open dense subset O C EmbSp (U, R}) such that for any
X € O, the germ of the normalized lightlike hypersurfaces ]LH v (U X R) at any point is

dzﬁeomorphzc to the image of one of the map germs A, (1 < k < 4) or DY :
Ay, Di-map germs f: (R3,0) — (R*,0) are given by

(A1) f(ur,ug,u3) = (u1,ug, us, 0),

(Ag) flur, ug,us) = (3uf, 2uf, ug, us),

(A3) f(ur,ug,us) = (4ud + 2uius, 3ut + ugu?, uy, us),

(A4) f(ur,ug,uz) = (buj + 3ugu? + 2uqug, 4u + 2usu? + uzu?, uy, us),

(D) fluy, ug,uz) = (2(u? + ul) + ugugus, 3ud + usus, 3us + uyus, us),

(Dy) f(ur,ug,us) = (2(ud — ugud) + (u? + ud)us, ui — 3u? — 2ujus, urug — ususz, uz).

By using the generic normal forms [30] of generating families (i.e. Lorentzian distance
squared functions) of Z;(2,(G)) and Corollary 5.6, we have the following corollary.

Corollary 6.2 There exists an open dense subset O C Embg, (U,R}) such that for any
X € O, the germ of the corresponding tangent lightcone indicatriz at any point (xo,yo) €

U is diffeomorphic to one of the germs in the following list:
(1) {(z,y) € (R*,0) [ 2® +y* =0 } (ordinary cusp)

(2) {(z,y) € (R%,0) | z* £ y?> =0 } (tachnode or point)
(3) {(z,y) € (RQ,O) | 25+ y* =0 } (rhamphoid cusp)
(4) {(x,y) € (R%,0) | 2% —2y* =0 } (three lines)

(5) {(z,y) € (R%,0) [ 2® +y° =0 } (line)
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In [9] the lightlike surface along a spacelike curve in R? was investigated. Here, we
give a brief review on the results. Let v : I — R? be a unit speed spacelike curve
with ||v”(s)|| # 0, where I is an open interval. Then we define t(s) = +/(s) and call
t(s) a unit tangent vector of v at s. The curvature of v at s is defined to be k(s) =
VIA"(8),7"(s))]. If k(s) # 0, then the unit principal normal vector n(s) of the curve
~ at s is given by v”(s) = k(s)n(s). We denote that d(vy(s)) = sign(n(s)). The unit
vector b(s) = t(s) An(s) is called a unit binormal vector of the curve « at s. Since t(s)
is spacelike, we have (b(s),b(s)) = —d(v(s)) and sign (v¥'(s)) = 1 Then the following
Frenet-Serret type formulae hold:

t'(s) = r(s)n(s),
n/(s) = —0(y(s))r(s)t(s) + 7(s)b(s),
b'(s) = 7(s)n(s),

where 7(s) is the torsion of the curve « at s. In this case we distinguish two cases as
follows:

Case 1) If () = —1, then n is timelike, so the we choose nT = n. We now consider
the lightlike surface LHZ[n](I x R) along C' = ~(I) defined by

LHZE[n](s,t) = v(s) + t(n £ b)(s).
By the Frenet-Serret type formulae, we have
n/(s) £ b'(s) = —0(v(s))r(s)t(s) + 7(s)(b(s) £ n(s)),

so that 7 (s) = 0(v(s))k(s) = —r(s).
Case 2) If §(v) = 1, then n is spacelike, so the we choose n” = b. We now consider the
lightlike surface LHZE[B](I x R) along C = ~(I) defined by

LHE[b](s,t) = v(s) + t(b+m)(s).
We also have
W' (s) £n'(s) = F(v(s))r(s)t(s) + 7(s)(b(s) £ n(s)),
so that k7 (s) = £0(v(s))k(s) = #(s).
On the other hand, we have
Y(s) +t(b+mn)(s) =v(s) £ t(n £ b)(s).

If we define a diffeomorphism ¥* : [ x R — [ x R by U*(s,t) = (s,4t), then we
have LHE[b] = LHE[n] o UF. Therefore, we have LHE[b](I x R) = LHE[n](I x R). The
assertions of Theorem B in [9] can be interpreted as the following theorem under the
framework in this paper.

Theorem 6.3 1) Suppose that 6(y) = —1. Then we have the followings:
(a) The lightlike surface LHZ[n](I x R) is locally diffeomorphic to the cuspidal edge at

LHZE [n](s0, to) if and only if tg = . Moreover, the the lightlike evolute LEG

k(s0) Ky (s0)
1s the critical locus of the cuspidal edge.

19



(b) The lightlike surface LHZ[n](I x R) is locally diffeomorphic to the swallowtail at
-1 -1
LHZ to) if and only if ty = = '~ =0 and (k' —TK)’ 0.
onl(so, to) if and only if t, o) RE(se) (' —7K)(s) and (k' —TK)'(s) #
2) Suppose that 6(7) = 1. Then we have the followings:
(a) The lightlike surface LHE[b)(I x R) is locally diffeomorphic to the cuspidal edge at
1

+1
LHZ([b](s0, o) if and only if to = = ———. Moreover, the the lightlike evolute LEZ
k(so) Ky (s0)
15 the critical locus of the cuspidal edge.

(b) The lightlike surface LHE[b)(I x R) is locally diffeomorphic to the swallow tail at
1 1
LHZ[b](s0, to) if and only if ty = in(so) = E(s0) (K'—=7k)(s) =0 and (k' —7rK)'(s) # 0.
Here, the cuspidaledge is a set germ CE = {(uy,u3, u3)|(u1,uz) € R?} and the swal-
lowtail is a set germ SW = {(3u] + udug, 4u? + 2uyug, us)|(ur, us) € R%} (cf., Fig.2).

cuspidaledge swallowtail
Fig. 2.

7 Spacelike curves in Minkowski 4-space

In §6 we investigated the spacelike submanifolds with codimension two, and we have a clas-
sification of the singularities of the lightlike hypersurfaces in R{. In this section we consider
the higher codimensional case in R, that is spacelike curves in Minkowski 4-space as a spe-
cial case as the previous results. Let «v : [ — R be a spacelike curve with ||v”(s)]| # 0.
In this case we write C' = «(I) instead of M = ~(I). Since ||v/(s)|| > 0, we can reparam-
eterize it by the arc-length s. So we have the unit tangent vector t(s) = v'(s) of ~(s).
1 /
Moreover we have two unit normal vectors n,(s) = 7—(8), ny(s) = ma(s) & 01 (5)E(s)
r1(s) [71(s) + o (s)(s)]|
under the conditions that x1(s) = ||[v"(s)|| # 0, ka(s) = ||n}(s) + dki(s)t(s)]| # 0, where
9; = sign(n;(s)) and sign(n;(s)) is the signature of n;(s) (: = 1,2,3). Then we have an-
other unit normal vector field n3(s) defined by ng(s) = t(s) Ani(s) Ang(s). Therefore we
can construct a pseudo-orthogonal frame {t(s),n1(s),n2(s), nz(s)}, which satisfies the
Frenet-Serret type formulae:

t'(s) = ri(s)ny(s),

n(s) = —01k1(8)t(s) + Ka(s)na(s),
nh(s) = dska(s)n(s) + k3(s)ns(s),
n(s) = 01ks(s)na(s),



where ro(s) = da(nf(s),na(s)) and k3(s) = d3(n,(s), ns(s)). Since t(s) is spacelike, we
distinguish the following three cases:

Case 1: nq(s) is timelike, that is, ; = —1 and §, = §3 = 1.

Case 2: ny(s) is timelike, that is, o = —1 and §; = §3 = 1.

Case 3: n3(s) is timelike, that is, 03 = —1 and 0, = Jy = 1.
We consider the lightlike hypersurface along C, and calculate the Lorentzian distance-

squared function on C' which is useful for the study the singularities of lightlike hypersur-
faces in the each case.

7.1 Casel

Suppose that m(s) is timelike. In this case we adopt n’(s) = m(s) and denote that
b1(s) = ny(s),ba(s) = ng(s). Then we have the pseudo-orthogonal frame

{t(s),n" (), ba(s), ba(s)},

01 = —1 and 9y = d3 = 1, which satisfies the following Frenet-Serret type formulae:

+ Ko(s)b1(s),
) + ri3(s)ba(s),
Since N;(C)[nT] is parametrized by

Nu(C)nT) = {(7(5), £) € 7" TRY | € = cos by (5) + sin Obs(s) € Ny (C), s € T},
the lightcone Gauss image of Ny(C),[n’] is given by

LG(n")(s,0) = n'(s) + cos 0b,(s) + sin Oby(s).

Then we have the lightlike hypersurface along C'

LHc((s,0),t) = ~v(s) + t(n'(s) + cos 0bi(s) + sin Oby(s)) = v(s) + tLG(n")(s, 0).

We remark that the image of this lightlike hypersurface along C' is independent of the
choice of the future directed timelike normal vector field n” by Corollary 5.3.

Now we investigate the Lorentzian distance-squared functions G : I x R} — R on a
spacelike curve C' = (1) defined by

G(p,A) = G(5,A) = (v(s) = A, v(s) — A),

where p = y(s). For any fixed Ay € R, we write g(p) = ga,(p) = G(p, Xo).
By Proposition 4.1, the discriminant set of the Lorentzian distance-squared function G is
given by

D = LHo (N, (C)[nT] x R) = {)\ — ~(s) +1LG(s,0) | 6 e0,2n),s€l, teR }
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which is the image of the lightlike hypersurface along C. We also calculate that ¢”(p) =
2(7"(s),v(s) — Xo) +2(~'(s),v'(s)) = 2(—puk1 + 1). Then ¢"(p) = 0 if and only if pu =
1/k1(s). It means that a singular point of the lightlike hypersurface is a point Ag =
Y(s0) + toLG (6o, so) for to = 1/k1(so). Therefore, the lightlike focal surface is

LF. = {A = ~(s) — ——LG(nT)(s,0) | seI, 0el0,2n) }

k1(s)
Moreover, if we calculate the third, 4th and 5th derivatives of g(s), we have the

following proposition.

Proposition 7.1 Let C be a spacelike curve and G : C x (R} \ C') — R the Lorentzian
distance-squared function on C. Suppose that pg = v(so) # Ao. Then we have the follow-
mgs:
(1) g(po) = ¢'(po) = 0 if and only if there exist Oy € [0,27) and pu € R\ {0} such that
~(50) — Ao = pLG(n™")(s0, ).

(2) g(po) = g'(po) = ¢"(po) = 0 if and only if there exists Oy € [0,27) such that

1
k1(s0)
(3) g(po) = g'(po) = g"(po) = 9" (po) = 0 if and only if there exists Oy € [0,2m) such that

Y(s0) — Ao = LG (n™)(sg,0p).

1
Sg) — Ag = LG(n") (s, 6
Y(s0) = Ao = LG ) (50, 00)
and Ky (sg) — cosOyk1(so)k2(s0) = 0, so that we can write 6y = 0(s).
(4) g(po) = ¢ (po) = ¢"(po) = 9" (po) = (po) = 0 if and only if there exists 8y = 0(sq) €

[0,27) such that

Ys0) = Ao = — (180>LG<nT><50, 0(s0),
Ky (s0) — cosB(sp)k1(s0)ka(s0) = 0 and (2r(s0)k2(s0) + K1(S0)K5(s0)) cos8(sg) — K (s0) —
k1(50)K3(80) + K1(S0)k2(s0)k3(s0) sinB(sg) = 0.
(5) 9(00) = ¢ (p0) = 9" (o) = ¢"(p0) = 9 (o) = 9 (po) = 0 if and only if there ezists
0o = 0(so) € [0,27) such that

Y(ou) = R = LB 30, (50))
K (80) — cos@(sg)k1(S0)ka(s0) = 0, (2r](s0)ka(s0) + K1(S0)kh(s0)) cosB(sg) — K (s0) —

n

K1(s0)K3(80)+K1(S0)k2(S0)k3(s0) sinO(sg) = 0 and ((2k](s0)k2(S0)+r1(80)K5(S0)) cos O(sg)—
k] (s0) — Kk1(80)K3(80) + K1(s0)k2(s0)K3(S0) sinB(sp))" = 0.

Taking account of the above proposition, we denote that p; (s, 0) = &/ (s)—cos 0k1(s)ka(s)

and (s, 0) = (2K (8)k2(8) + r1(8)K5(5)) cos O — K1 (s) — k1 (8)Kk3(8) + k1 (8)Ka(s)k3(s) sin b,
which might be important invariants of C' = ~(I). Then we can show that p;(s,6) =
ni(s,0) =0 if and only if p;(s,0) = o1(s) = 0, where

oi(s) = [/@152(/4{ + KikD) — K| (2K Ky + K1KY) F /€1I€2/€3\/(/€1I€2)2 — (K))2| (9).
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7.2 Case 2

Suppose that n,(s) is timelike. Then we adopt n”(s) = ny(s) and denote that by (s) =
n1(s), ba(s) = nz(s). We have a pseudo-orthogonal frame {#(s), n”(s), bi(s), ba(s)}, 0o =
—1 and d; = d3 = 1, which satisfies the following Frenet-Serret type formulae:

b (s) = —k1(8)t(s) + ka(s)nT(s),
1T (s) = ko(s)by(s) + Ks(s)ba(s),
by(s) = k3(s)n’ (s),
Here, N1(C)[n”] is parametrized by
N(O)n"] = {(7(s),&) € Y*'TR] | &€ = cosOby(s) + sinOby(s) € Ny (C), s € I},
so that we have the lightlike hypersurface along C' = ~(I):
LHc((s,0),t) = v(s) + tLG(n")(s,0).

We consider the Lorentzian distance-squared function G : C'x R} — R on a spacelike
curve C' = ~(I). Under the similar notations to the case 1), we have the following
proposition:

Proposition 7.2 Let C be a spacelike curve and G : C x (R} \ C) — R the Lorentzian
distance-squared function on C. Suppose that pg # Xg. Then we have the following:

(1) g(po) = g'(po) = 0 if and only if there exist 0y € [0,27) and p € R\ {0} such that
")/(80) — AO = MLG(TLT)(S(), 60)

(2) g(po) = g'(po) = ¢"(po) = 0 if and only if there exists Oy € [0,27) such that

1

- T
/{1(30) oS QOLG(TL )(807 00)

Y(50) — Ao = —

(3) g(po) = g'(po) = ¢"(po) = 9" (po) = 0 if and only if there exists Oy € [0,2m) such that

1

I T
k1(80) cos by LG(n")(s0, bo)

Y(s0) = Ao = —
and K1 (So) cos By — k1(s0)k2(so) = 0, so that we can write 8y = 6(sy).
(4) 9(po) = g'(po) = 9" (po) = 9" (po) = 9" (po) = 0 if and only if there exists 6y = 0(s0) €
[0,27) such that
1
Hl(So) COS 0(50)

LG(n")(s0,0(s0)),

Y(50) = Ao = —

K} (s0) cosB(so) — k1(s0)k2(s0) = 0 and (K7 (s0) + Kk1(S0)K32(S0)) cos O(so) — 2k (s0)ka(s0) —
K1(80)K5(S0) + K1(S0)k2(S0)k3(s0)sinb(sg) = 0.



(5) 9(po) = g'(p0) = ¢"(po) = 9" (p0) = 9 (po) = 9®(po) = 0 if and only if there exists
0o = 0(s0) € [0,27) such that

1 T
7(80) - )‘0 - _Ii1<80) COSQ(SO)LG(TL )(807 9<SO))7
s0) cos 0(sg) — k1(so)ka(se) = 0, (K](s0) + K1(s0)r3(s0))cosB(sg) — 2k, (s0)ka(S0) —

K1 (s0)
K1(S0)K5(s0) + K1(S0)ka(s0)kr3(s0)sinb(se) = 0 and ((K](s 0) /@'1(30)5%(30)) cosB(sg) —

2K (s0)k2(80) — K1(S0)Kh(S0) + K1(S0)k2(S0)kK3(S0) sin 9(501)) =

(
:

The above proposition asserts that the discriminant set of the Lorentzian distance-squared
function G is given by

Dy = LHo(N, (C)[n?] x R) = {A — ~(5) + tLG(nT)(s,0) ‘ sel, 0el0,2m),teR }

Moreover, the lightlike focal surface is

1

LF = {)\ — ~(s) — WLG(nT)(s,G) ’ sel, 0elo,2n) }

Here, we also denote that pa(s, ) = k) (s)cos@ — k1(s)ka(s) and

n2(5,0) = (K](5) + k1(5)k3(8)) cos @ — 2K](8)ka(s) — K1(s)Kh(s) + K1 (s)ka(s)ks(s)sin 6.

We can also show that pa(s,0) = n2(s,0) = 0 if and only if ps(s,8) = 02(s) = 0, where

oa(s) = [/@1&2(/41’ + K1k5) — K (2K Ky + KiKb) & /ﬁ/ﬁg/ﬁg\/—(ﬁmg)z + (K))2] (s).

7.3 Case 3

Suppose that nz(s) is timelike. Then we adopt n'(s) = n3(s) and denote that b (s) =
n,(s), ba(s) = my(s). We have a pseudo-orthogonal frame {t(s),n”(s),b;(s),bs(s)} and
03 = —1 and d; = d2 = 1,which satisfies the following Frenet-Serret type formulae:

t'(s) = r1(s)b(s),
by (s) = —ru(s)t(s) + ra(s)ba(s),
by(s) = —rz(s)bi(s) + m(s)n’ (s),
n’(s) = ra(s)ba(s),
Here, N;(C)[n”] is parametrized by
N(O)[n"] = {(v(s),&) € Y*'TR] | &€ = cosOb;(s) + sinOby(s) € Ny (C), s € I},
so that we have the lightlike hypersurface along C":
LHo((s,0),t) = v(s) + tLG(n")(s,0).

We investigate the Lorentzian distance-squared function on a spacelike curve C' = ~(I)
By the calculations similar to the cases 1 and 2, we have the following proposition:
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Proposition 7.3 Let C be a spacelike curve and G : C x (R} \ C') — R the Lorentzian
distance-squared function on C' = ~(I). Suppose that py # Ao. Then we have the following:

(1) g(po) = ¢'(po) = 0 if and only if there exist Oy € [0,27) and u € R\ {0} such that
’7(80) — )\0 = MLG(TLT)(S(), 60)
(2) g(po) = ¢'(po) = 9" (po) = 0 if and only if there exists Oy € [0, sm) such that

1
K1(s0) cos By

(3) g(po) = d'(po) = ¢"(po) = 9" (po) = 0 if and only if there exists Oy € [0, sm) such that

1
7(s0) = Ao = ~ k1(s0) cos by

’)’(So) — )\0 = — LG(’I’LT)(S(), 90)

LG(TLT) (80, 90)

and K1 (So) cos By + Kk1(s0)ka(so) sin by = 0, so that we can write 6y = 0(sy).
(4) 9(po) = g'(po) = 9" (po) = 9" (po) = 9" (po) = 0 if and only if there exists 6y = 0(s0) €
[0,27) such that

1

K1(So) cos G(SO)LG(n )(s0,6(s0)),

Y(80) — Ao = —

Ky (s0) cos B(so) + k1(s0)ka(so) sinB(sg) = 0. and (2K (so)k
(K1(s0) — K1(s0)K3(s0)) cos O(s0) — K1(s0)k2(s0)ks(s0) = 0.
(5) 9(po) = g'(po) = g"(po) = " (po) = g (po) = 9 (po) = 0 if and only if there exists
0o = 0(so) € [0,27) such that

2(80) + K1(s0)K5(S0)) sin B(sg) +

1
K1(s0) cosB(so)
Ky (80) cos B(sg)+k1(S0)ra(so) sinb(sg) = 0, and ((2k](s0)k2(S0) +K1(s0)K5(S0)) sinB(sg)) +
(kY (s0) — K1(s0)r3(s0)) cos O(s0)) — K1(so)k2(s0)k3(s0))" = 0.

The above proposition asserts that the discriminant set of the Lorentzian distance-squared
function G is given by

Y(s0) — Ao = — LG(n")(s0,0(s0)),

Do = LHo(N: (C)[n?] x R) = {A — ~(s) + t]LG(nT)(s,Q)‘ sel, 0el0,2r),tcR }
Moreover, the lightlike focal surface is

LF. = {A = (s) — ——LG(nT)(s,0)

sel, 6elo,2n) }

(s) cos 0
Here, we also denote that p3(s,0) = k) (s)cos @ + k1(s)k2(s)sinf and
M3(s,0) = (21 (s)ka(s) + K1 () (s)) sin ) + (k] (s) — K1(s)K3(s)) cos O — ra(s)ra(s)ks(s),
We can also show that ps(s,0) = ns(s,0) = 0 if and only if p3(s,0) = o3(s) = 0, where

o3(s) = |:I431I€2(I€/1, — k1k2) — KL (2K Ka + Kikb) F Rikoksy/ (K1ke)? + (R&)Q} (s).

We can unify the invariants o;(s), (i = 1,2, 3) as follows:

o(s) = [/‘il/ig(/'f, — K1K3) — K (2K Ko + KiKb) F (5251/@53\/51(%1%2)2 + 52(/1’1)2} (s).
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7.4 Classifications of singularities

By using the results of three cases, we classify the singularities of the lightlike hypersurface
along -« as an application of the unfolding theory of functions. For a function f(s), we say
that f has Ay-singularity at sq if f®(sg) =0forall 1 <p <k and f*#*V(s5) # 0. Let F
be an r-parameter unfolding of f and f has Aj-singularity (k > 1) at so. We denote the
(k — 1)-jet of the partial derivative OF /0x; at sy as

je <g§;(3 xo ) (s0) = kiiaji(s —so), (i=1,---,7).

If the rank of k x r matrix (g, ;) is k (k < r), then F is called a versal unfolding of f,
where ag; = OF/0x;(so, ).
Inspired by the propositions in the previous subsections, we define the following set:

OF O'F
A _ T — —_— e e — — g
DF—{:I:G]R |3ds e R, F(s,x) = aS(s,:c) aSé(s,a:) O},

which is called a discriminant set of order £. Of course, D} = Dy and D% is the set of
singular points of Dp. Therefore, we have the following proposition.

Proposition 7.4 For all the cases, we have
Dg = D} = LHo (N, (C)[n"] x R), D% = LF¢ and D2, is the critical value set of LF.

In order to understand the geometric properties of the discriminant set of order ¢, we
introduce an equivalence relation among the unfoldings of functions. Let F' and G be
r-parameter unfoldings of f(s) and g(s), respectively. We say that F' and G are P-R-
equivalent if there exists a diffeomorphism germ @ : (RxR", (sg, o)) — (RxR", (s, x;))
of the form ®(s,x) = (P1(s,x), ¢(x)) such that G o & = F. By straightforward calcula-
tions, we have the following proposition.

Proposition 7.5 Let F' and G be r-parameter unfoldings of f(s) and g(s), respectively.
If F and G are P-R-equivalent by a diffeomorphism germ ® : (R x R", (s9, ®g)) —
(R x R", (sh, xp)) of the form ®(s,x) = (®1(s,x), ¢(x)), then ¢(D%) = D as set germs.

We have the following classification theorem of versal unfoldings [3, Page 149, 6.6].

Theorem 7.6 Let F' : (R x R" (s, @9)) — R be an r-parameter unfolding of f which
has Ag-singularity at so. Suppose F' is a versal unfolding of f, then F is P-R-equivalent
to one of the following unfoldings:

(a) k=1; £s%+ 2y,

(b) k=2 ; 8%+ 1 + sz,

(c) k —3 +5* + z1 + sxo + s%x3,

(d) k . 85+ xy + sw + sPag + s3xy.

We have the following classification result as a corollary of the above theorem.
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Corollary 7.7 Let F : (R x R", (89, xg)) — R be an r-parameter unfolding of f which
has Ag-singularity at so. Suppose F is a versal unfolding of f, then we have the following
assertions:

(a) If k =1, then Dy is diffeomorphic to {0} x R"™™! and D% = .

(b) If k = 2, then D is diffeomorphic to C(2,3)xR"2, D% is diffeomorphic to {0} x R"~2
and D% = (.

(c) If k = 3, then Dp is diffeomorphic to SW x R"=3, D% is diffeomorphic to C(2,3,4) x
R"=3, D3, is diffeomorphic to {0} x R"™ and D} = 0.

(d) If k = 4, then Dy is locally diffeomorphic to BF x R™™* D2 is diffeomorphic to
C(BF) x R"™, D% is diffeomorphic to C(2,3,4,5) x R"™* D% is diffeomorphic to {0} x
R and D% = 0.

We remark that all of diffeomorphisms in the above assertions are diffeomorphism germs.

Here, we respectively call C'(2,3) = {(z1,22) | 71 = u?, xo = v®} a (2, 3)-cusp, C(2,3,4) =
{(x1, 29, 23) | 11 = u?, 29 = w3, 23 = ul} a (2,3,4)-cusp, C(2,3,4,5) = {(x1, 22,73, 74) |
= vl my = ud w3 = ut zy = uP} a (2,3,4,5)-cusp, SW = {(x1, 20, 23) | 21 = 3ut +
uw?v, vy = 4u® + 2uv, 13 = v} a swallow tail, BF = {(z1,72,23.74) | 71 = 5ut + 3vu? +
2wu, Ty = 4u® + 2vu® + wu?, 3 = u, x4y = v} a butterfly, and C(BF) = {(z1, T9, T3, 74) |
r1 = 6u’ + udv, 9 = 25ut + Yutv, r3 = 10u® + 3uv, x4 = v} a c-butterfly (i.e., the critical
value set of the butterfly). Here we have the following key proposition on G.

Proposition 7.8 If g(s) has Ag-singularity (k = 1,2,3,4) at py, then G is a versal
unfolding of g.
Proof. We denote that v(s) = (Xo(s), X1(s), Xa(s), X3(s)) and A = (Ao, A1, A2, A3).
By definition, we have
G(s,A) = —(Xo(s) — Xo)* + (X1(5) — M)* + (Xa(s) — M) + (X3(s) — A3)*
Thus we have

oG 0*G
a—)\i(s, A) = 2<XZ(S> — )\1)7 and 838)\1

For a fixed Ag = (Aoo, Ao, Aoz, Aoz ), the 3-jet of IG/ON;(s,Ao)(i = 0,,1,2,3) at s¢ is

aG / " 2 1 " 3 s
5 S (5 M) (s0) = 2X(50) (5 = 50) = X/ ()5 = 50)° = 3 X (s0)(s = 0)", (1= 0,1,2,3).

(s,A) =2X](s), for(i =0,1,2,3)

It is enough to show that the rank of the following matrix A is four,

2(Xo(s) —Ao) 2(Xi(s) —A1) 2(Xa(s) — A2) 2(X3 ()( A3)

B — 2X(/)(So) QX{(S()) 2X! (So) 2X! So)
N 2X{(s0) 2X7(s0) 2X7(s0) 2X%(s0)
2X"" (50) 2X7"(s0) 2X(s0) 2X7(50)

In fact, B = 2'(v(s) — X\, 4'(s),4"(5),¥"(s)) = 21 (~(s) — A, t(s),t'(s),t"(s)), and ~(s) —
A t(s),t'(s), and t”(s) are linearly independent each other in all Case 1,2,3, respectively.
This completes the proof. O

Finally, we can apply Corollary 8.5 to our condition. Then we have the following theorem:
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Theorem 7.9 Let v : I — +R{ be a spacelike curves with r1(s) # 0 and ky(s) # 0.

(A) For the lightlike hypersurfaces LHq((s,80),t) of C = ~(I) in the Case 1, we have the
following assertions:

(1) The lightlike hypersurface LHq (N1 (C)[nT] xR) is locally diffeomorphic to C(2,3) x R
at Xo if and only if there exist 0y € [0,2m) such that

1

K1(50)

]LG(’I’LT)(S(), 00),

Po— Ao =

and p1(So,00) # 0. In this case, the lightlike focal set LF¢ is non-singular.
(2) The lightlike hypersurface LHo(Ny(C)[nT] x R) is locally diffeomorphic to SW x R
at Xo if and only if there exist Oy € [0,2m) such that
1
— X = ——LG(n")(s0,0
Po 0 k1 (50) G(n")(s0,00),
p1(80,00) = 0 and o1(sg) # 0. In this case, the lightlike focal set LF¢ is locally diffeomor-
phic to C(2,3,4) x R and the critical value set of LF¢ is a reqular curve.
(3) The lightlike hypersurface LHq(Ny(C)[nT] x R) is locally diffeomorphic to BE at A
if and only if there exist 6y € [0,2m) such that

1

K1 (80)

]LG(’I’LT) (50, 60) s

Po— Ao =

p1(s0,60) = 0, 01(s9) = 0 and o(so) # 0. In this case, the lightlike focal set LFq is is
locally diffeomorphic to C(BF') x R and the critical value set is locally diffeomorphic to
the C(2,3,4,5)-cusp.

(B) For the lightlike hypersurfaces LHqo(N;(C)[n’] x R) of C = ~(I) in the Case 2, we
have the following assertions:

(1) The lightlike hypersurface LHq(N1(C)[nT] xR) is locally diffeomorphic to C(2,3) x R?
at No if and only if there exist Oy € [0,2m) such that

1

I T
k1 (80) cos by L& (n")(s0, bo)

Po— Ao =—
and pa(sg,00) # 0. In this case, the lightlike focal set LF¢ is non-singular.
(2) The lightlike hypersurface LHo(N1(C)[nT] x R) is locally diffeomorphic to SW x R
at No if and only if there exist Oy € [0,2m) such that

1

I T
k1(80) cos by LG(r")(s0,60),

Do — Ao = —

p2(80,60) = 0 and o(so) # 0. In this case, the lightlike focal set LF¢ is locally diffeomorphic
to C(2,3,4) x R and the critical value set of LF¢ is a reqular curve.

(3) he lightlike hypersurface LHq (N1 (C)[nT] x R) is locally diffeomorphic to BE at g if
and only if there exist 6y € [0,27) such that

1

I T
K1(80) cos by LG (n")(s0, 60),

Do — Ao = —
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p2(50,60) = 0, 09(s0) = 0 and d(sg) # 0. In this case, the lightlike focal set LF¢ is locally
diffeomorphic to C(BF) x R and the critical value set of LF¢ is locally diffeomorphic to
the C(2,3,4,5)-cusp.

(C) For the lightlike hypersurfaces LHq(Ny(C)[n'] x R) of C = ~(I) in the Case 3, we
have the following assertions:

(1) The lightlike hypersurface LHo(N1(C)[nT] xR) is locally diffeomorphic to C(2,3) x R?
at No if and only if there exist Oy € [0,2m) such that

1
B K1 (So) COS 6)0

Po — AO = LG(TLT)(S(), ‘90),
and ps3(so,00) # 0. In this case, the lightlike focal set LF¢ is non-singular.
(2) The lightlike hypersurface LHo(N1(C)[nT] x R) is locally diffeomorphic to SW x R
at Ao if and only if there exist Oy € [0,2m) such that
1

T
Kl(So) COS 6)0 LG(n >(807 60)7

Do — Ao = —

p3(S0,00) = 0 and o3(sg) # 0. In this case, the lightlike focal set LF¢ is locally diffeomor-
phic to C(2,3,4) x R and the critical value set of LF¢ is a regqular curve.
(3) The lightlike hypersurface LHq(Ny(C)[n”] x R) is locally diffeomorphic to BE at A
if and only if there exist 0y € [0,27) such that

1
K1(s0) cos by
p3(80,00) =0, 03(s0) = 0 and di(so) # 0. In this case, the lightlike focal set LF ¢ is locally
diffeomorphic to C(BF) x R and the critical value set of LF¢ is locally diffeomorphic to
the C'(2,3,4,5)-cusp.

Po — AQ = — LG(TLT)(S(), ‘90),

8 Submanifolds in Euclidean space or
Hyperbolic space

In this section we consider submanifolds in Euclidean space and Hyperbolic space as
special cases as the previous results.

8.1 Submanifolds in Euclidean space

Let Rf be the Euclidean space which is given by xy = 0 for = (¢, x1, ..., z,). Consider
an embedding X : U — Rj, where U C R?® is an open set. In this case we can
adopt n” = ey = (1,0,...,0) as a future directed timelike unit normal vector field along
M = X(U) in R} In this case Ni(M)[n”] = N;(M)[eg] is the unit normal bundle
Ng(M) of M in Ry in the Euclidean sense. Therefore, the lightcone Gauss map ﬂé(nT)
is given by LG(n7)(p, &) = ey + & = ey + G(p, &), where G : NS (M) — S" ! is the
Gauss map of the unit normal bundle N{(M) defined by G(p,&) = £[6]. Since eq is a
constant vector, we have d(, ) LG(n”) = d(, ¢G, so that we have

ki(n")(p, €) = Ki(eo)(p, &) = ki(p, &),

29



where ;(p,€) (i =1,...,s) are the eigenvalues of —d(;¢)G belonging to the eigenvectors
on T, M, which are the principal curvatures of M with respect to £ in the Euclidean sense.

On the other hand, the intersection of a lightcone with R is a hypersphere in R,
so that the contact of a submanifold in R with lightcones is equivalent to the contact

with hyperspheres in RZ. We define the projection 7 : R?™ —= R? by 7(zq, 21, ..., T,) =
(0,21,...,2,). Then we have
1
T o LFy, (n7)(p.e) (P, €, 1) = X (u) + v €>G(p, £).

Therefore, m o LF,, is the focal set of M = X (U) in the Euclidean sense (cf., [27]). If
s =n —1, moLIF), is called the evolute of M in R.

We remark that if n?7 = v is a constant timelike unit vector, the spacelike submanifold
M is a submanifold in the spacelike hyperplane H P (v, ¢). Since HP(v, ¢) is isometric to
the Euclidean space R{, all results for the case n = ey hold in this case.

8.2 Submanifolds in Hyperbolic space

Let X : U — H"(—1) be an immersion into the hyperbolic space. Then we adopt
n’(u) = X (u). In this case N1(M)[nT] is the unit normal bundle NJ*(M) of M = X (U)
in H"(—1). Therefore, the lightcone Gauss image LG(n') is given by LG(n”)(u, &) =
X (u) + & = L(u, &), where L : N}(M) — S% ! is the hyperbolic Gauss indicatrix
of the unit normal bundle NI'(M)(cf., [4]). Since we identify M with U through X,
dX (u) can be regarded as 1g,) for p = X (u). Therefore, we have ky(n’);(p) = —1
and we denote that rg(n”);(p, &) = ka(€)i(p), (i = 1,...,s), which we call the de Sitter
principal curvatures of M at p = X (u) with respect to & (cf., [10, 14]). By Corollary 3.2,
we have rg(n?);(p,€) = —1 + kq(&);(p). The lightlike hypersurface along M is given by
LHy (p, &, t) = X (u)+t(X (u)+€), where p = X (u). Since (LHy(p, €,t), LHy (p, &, 1)) =
_1—2t,

1
timeline if and only if t > ——,
LELy(p,&.1) s lightlike if and only if ¢ = — .

1

spacelike if and only if ¢ < —3

We now define a mapping
¢ : RN\ LCy — H"(—1)U Sy
by ®(x) = % We have R} \ LCy = T U S, where S = {x € R} | (z,z) >0 } and
T ={x c R | (x,x) <0 }. We define &% = ®|S: S — S and &7 = ®|T : T —
H"(-1).
We distinguish two cases as follows:
Case 1) t > —%, so that LHy(p, &, t) is timelike. Thus we have LHy, (p,&,t) € T. It
follows that we have the mapping LH}, : N;(M)[n"] x {t € R |2t +1 >0} — T defined
by
1

2t+1

LHY, (p, &,t) = ®T o LHp(p, &,1) = (t+ 1) X (u) +t€).
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Case 2) t < —%, so that LH,,(p, &,t) is spacelike. Thus we have LHy,(p, &,t) € S. Tt
follows that we have the mapping LHY, : Ny(M)[n”] x {t e R | 2t+1 < 0 } — S defined

by

LH3, (p. €, 1) = @° o LHu (p, €, 1) = ((t+ 1) X (u) + t€).

1
v—=2t—-1

Then we have the following proposition.

Proposition 8.1 Under the above notations, we have the followings:

(1) Forty > —%, (po, &y to) is a singular point of LHy, if and only if it is a singular point
of LH},,

(2) Forty < —3, (po, &, to) is a singular point of LHyy if and only if it is a singular point
of LHYS,.

Proof. (1) Let (po, &y, to) be a regular point of LH,,. Then the tangent hyperplane at
(po, &g, to) of LHy (Ny(M)[nT] x {t e R |2t +1 > 0 }) is a light like hyperplane, on
where there are no timeline vectors. Since LH (o, &, to) is timeline, it is transversal to
the tangent hyperplane. Moreover, LH), (o, €, to) is directed to the fiber direction of the
projection ®7, so that IL]I-]IL = ®T o ILH,y, is regular at (po, &, to). The converse assertion
is trivial.

1

(2) For ty > —35, we assume that (po,&,,t0) be a regular point of LH,,;. For any

v € Tipy ¢, ) N1(M)[n'], we take the directional derivative of the relation (LH,, LHy) =
—1 — 2t with respect to v at (po, &y, to). Then we have

O — D’U(_]- — 2t>|t:t0 — 2<LHM, DULHM>|(PO,§0¢O)’
Therefore, LH;(po, &y, to) and DyILH s (po, €y, to) are pseudo-orthogonal. Moreover,

OLH ),

ot
is light like. Since LH,/(po, &€y, to) is space like, it is transversal to the tangent hyperplane
of LHp (Ny(M)[nT] x {t € R | 2t +1 < 0 }) at (po, &, to). Thus, LHY, = &% o LH,, is
regular at (pg, &,,%o). The converse assertion is trivial. This completes the proof. O

(Po;&o:to) = po + &

On the other hand, by Corollary 4.2, the singular point of LH,; is (p, &, m>,
a7 i\P
(i=1,...,s), so that we have the following corollary.

Corollary 8.2 We have the following assertions:

(1) If (ke(mT)i(p, €))? + 2k4(nT)i(p, &) > 0, then the critical value of LHY, is
|re(n")i(p, &) + 1 (p+ 1 6)

V (ke(mT)i(p, €)) + 2k4(n7)i(p, €) re(nT)i(p, &) +17)°

" o LF,,mry,(p, &) =
(1=1,...,s).
(2) If (ke(mT)i(p, €))? + 2k4(nT)i(p, &) < 0, then the critical value of LH?, is

—(re(n")i(p, &) +1) 1
V= (ke(nT)i(p, €))? — 264(nT)i(p, €) (p T T 6) + 15) ’

(I)S o ]LFK@(TI,T)Z- (pv €) =
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Proof. Suppose that (r,(n”);(p, €))? + 2ke(nT);(p, &) > 0. Since t = 1/r,(n’);(p, &), we
have

T, _ ke(mT)i(p, &)  Ke(m”)i(p, &) + 1 1
0] L]sz(nT)i(va)<p7 €)= \/Hz(nT)i(p, ) +2 re(nD)i(p, &) (P+ () E) + 15) .

For convenience we denote that x = ry(n?);(p,€). If kK < 0, then x + 2 < 0, so that
k + 1 < —1. Therefore, we have

K H—l—l (k1 —(k+1)
/<a+2/£2 VEZ + 2k

If kK >0, then K + 2 > 0, so that we have

KoRt1 ( +1)
(k41
kK+2 kK (k+2) (K + 2)K2 VEZ 25
Thus we have the formula (1).
Suppose that (r¢(n")i(p, §))*+2k¢(n")i(p, §) < 0. We also denote that & = r(n")i(p, ).

Then we have
/ k+1
(D (e} LF){@(”T ps p7 e 2 < —+ 16) .

Since —2 < k < 0, we have

Thus we have the formula (2). This completes the proof. a
Since ke(n®);(p, &) = kq(€)i(p) — 1, we have
(5e(n")i(p, ) + 2ke(n")i(p, €) = (ka(€):i(p))” — 1,

so that we have

|£a(€)i(p)]

. ) B _
P ]L]Fw(n ),-(pa 5) \/(’fd E)z(p))2 —1 (p+ lid(g)z(p)£>

and

—+a(§)i(p) 1
Vv —(ra(€)i(p))? — 1 (p " ka(€)i(p) 6) '

We now introduce the notion of focal sets of submanifolds in the hyperbolic space.
For a submanifold M = X (U) C H"(—1), we define the total focal set of M by

ﬂ:lid(&)z( ) ; - . . )
TRy = U{\/y (ka(€)i(p))? — 1] (ernd(&)i(p)g) ‘ a(€)ilp) £ £1, i=1,..., }

(I)S © LFN[(TLT).L (p> 5) =
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We have the following decomposition of the total focal set:

TF,; = HF ), USFyy,

where
_ +r4(€)i(p) 1 (£ ()2 . )
e U{mnd(s)i(p»z—l () [ i }
and

_ +r4(§)i(p) ; ) | , . S
SIFM_U{ N (14 —rgropé) @2 <1 i=1,... }

We call HIF,, the hyperbolic focal set and SF),; the de Sitter focal set. We denote that

LFS = U {LF. ), (0:€) | (5e(n")i(p,€))? + 26e(n”):(p, €) > 0}

and
LE5, = {LF, i, (0.8) | (0070, €))7 + 26e(n 70, €) < 0}

We respectively call LFL and ILIF@ the timelike part of and the spacelike part of the focal
set of M. By the previous arguments, we have the following proposition.

Proposition 8.3 Let M = X (U) be a submanifold in the hyperbolic space H"(—1). Then
we have
OT(LFY,) C HF); and %(LFS,) C SFy,.

In [13] the notion of the evolutes of a hypersurface in the hyperbolic space was in-
troduced and the singularities the evolutes are investigated. If M is a hypersurface of
the hyperbolic space, then M is a spacelike submanifold in R}t with the codimension
two and N[ is a double covering of M. In this case, the above definition of the focal
sets are the same as the definitions of the evolutes in [13]. Therefore, we denote that
LE%}, LEf/I, HE,;, SE,; instead of LF@, LF%, HIF,/, SF /s, respectively. Then we have the
following corollary of Proposition 8.3.

Corollary 8.4 Let M = X (U) be a hypersurface in the hyperbolic space H"(—1). Then
we have
®T(LEY,) Cc HE); and ®°(LEY,) C SE),.
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