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Abstract

The presence of vegetation is commonly observed in both natural and rectified water-
courses. Vegetation in watercourses is desirable in some cases as it prevents bank erosion
and provides habitat and food for numerous species. On the other hand, vegetation causes
serious problems in other cases as it increases channel resistance and reduces channel ca-
pacity for the draining of flood water. Vegetation in a part of a channel produces transverse
shear flow, which may lead to flow instability and the generation of large-scale horizontal
vortices. These horizontal vortices have a strong influence on the velocity distribution and
the amount of discharge conveyed by a channel without overflow, and enhance the lateral
mixing of not only the flow itself, but also the substances transported by the flow both in-
side and outside the vegetated area. Therefore, it is important to determine the conditions
under which instability occurs, and the characteristics of the horizontal vortices from both
an engineering and an environmental points of view.

In this study we performed linear and nonlinear stability analyses of the flow in an open-
channel partially covered with vegetation. We assume that the base state flow field before
the occurrence of instability is characterized by turbulence, with a smaller length scale than
the flow depth, which is mainly generated by the bottom friction. By introducing perturba-
tions to the flow depth as well as the streamwise and transverse velocities in the base state,
the conditions required for perturbations grow in time were studied over a wide range of
(1) Froude number, (2) normalized non-vegetated zone width, and three other dimension-
less parameters which represent the relative effect of (3) bed friction, (4) vegetation drag
and (5) sub-depth eddy viscosity. The characteristic vortex shedding frequencies associ-
ated with the maximum growth rate was compared with those observed in experiments.
Although the linear analysis was shown to be capable of predicting the order of magnitude
of the frequencies, there is a systematic discrepancy between the predicted and observed
frequencies which may be due to the limitation of linear stability analysis.

The nonlinear development of the perturbations was studied by means of a weakly non-
linear stability analysis. Our results indicated that supercritical bifurcation, where the am-
plitude of the perturbations grows up to an upper bound as time tends to infinity, occurs

in the range of typical, moderate values of the concerning hydraulic parameters. From the
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nonlinear analysis, we found reasonable agreement between predicted and experimental
results for the lateral distribution of the time-averaged flow velocity, lateral kinematic eddy
viscosity, shear layer width and maximum friction velocity in the fully developed stage of

the perturbations.
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Chapter 1

Introduction

Parallel shear flows are commonly observed either in geophysical flows, e.g. flows in
compound channels, flows in channels with lateral varying bottom roughness, flows in
channel containing lateral vegetation, as well as in engineered flows, such as flows adjacent
to foams, filters and packed beds (Ikeda et al. (1994), White and Nepf (2007)). The lateral
velocity gradient may induce flow instability and the generation of large-scale horizontal
vortices, which have a strong influence on the velocity distribution and the flow discharge of
a channel. Though various studies on instability in channels with lateral velocity gradients
have been performed, only theoretical studies are reviewed herein.

Tamai et al. (1986) observed the generation of large eddies on the water surface in
a set of experiments with compound channels consisting of a main channel and a flood
plain. They concluded that the shear layer in the lateral velocity profile around the interface
between the main channel and the flood plain is the predominant cause for the generation
of large eddies. They applied the stability analysis of Michalke (1964) with the use of the
Rayleigh stability equation to their experimental results, and found that their observations
were able to be explained by the analysis.

Chu et al. (1991) performed a linear stability analysis of shear flows in channels with
varying flow depths and varying bottom roughness. They employed the St. Venant shallow
water equations with the free water surface approximated by a rigid lid, which is a valid
simplification when the Froude number is close to zero. The perturbation equations reduced

to a modified Rayleigh equation, which can be relatively easily solved. Because it is not
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possible to reproduce the lateral gradient of the streamwise velocity without including the
Reynolds stress in their formulation, they adopted an assumption that the flow depth and
the bottom roughness vary gradually across the channel in order to approximate it. They
found that flow stabilizes when the bottom roughness is sufficiently large, and the lateral

variation of flow is sufficiently small.

Ikeda et al. (1994) performed a temporal linear stability analysis of a partially vege-
tated channel. They obtained the base state flow with the use of the St. Venant shallow
water equations including the Reynolds stress expressed by the lateral kinematic eddy vis-
cosity empirically determined in experiments. In the perturbed problem, however, they
ignored the Reynolds stress and the variation of the water surface elevation, in effect re-
ducing their perturbed equations to a modified Rayleigh equation again. They found that
the dimensional angular frequency of maximum instability is uniquely correlated with the
ratio of two velocities a sufficient distance from the boundary between the non-vegetated

and vegetated zones.

Ghidaoui and Kolyshkin (1999) performed a temporal linear stability analysis of a chan-
nel flow with lateral velocity gradients without the rigid-lid assumption. The Reynolds
stress was included in their formulation by means of the eddy viscosity term of Chen and
Jirka (1997). Semi-empirical expressions were used to describe the base flow profile, con-
taining regression parameters which were not correlated to a specific flow field (i.e., the
source of flow retardation in part of the channel was not specified). Their computations
showed that the influence of the Reynolds number, defined using the eddy viscosity, on the
stability domain is small when it surpasses 1000.

Prooijen and Uijttewaal (2002) have also included the turbulent viscosity as in Chen and
Jirka (1997) in their temporal and spatial linear stability analysis of a channel flow with a
lateral velocity gradient generated by two separate water supplies with different velocities.
The mean flow field, which varied along the streamwise direction, was assumed to be the
base state and the rigid-lid assumption was employed, which is a reasonable simplification,
given that the Froude number in their experimental runs did not exceed 0.5.

White and Nepf (2007) performed a complete set of experiments and a spatial stability

analysis of a channel partially obstructed by an array of circular cylinders by the use of the
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modified Rayleigh equations following Chu et al. (1991), with the Reynolds stress scaled
with the width of the shear layer around the edge of the array. They made use of the rigid-
lid assumption, in accordance with the condition of small Froude numbers met in their
experiments (always below 0.25). They concluded that even though the drag differential of
the vegetated zone reinforces shear instability, the overall drag damps it if the background
friction in the channel is sufficiently large, thus allowing a range of stability characteristics.

In this study, we perform a temporal linear stability analysis of flow in an open chan-
nel partially covered with vegetation. By not employing the rigid-lid and the inviscid flow
assumptions, we could study the effects of the Froude number and the kinematic eddy vis-
cosity, respectively, on the growth rate of perturbations. We employ the St. Venant shallow
water equations with the Reynolds stress included to reproduce the velocity gradient due
to the differential drag between the regions with and without vegetation. The temporal and
spatial variations of flow vanish except for the lateral variation of the streamwise velocity
in the base state, which is used as a starting point of the stability analysis. This base state
flow field is not, however, just a temporal average of flow affected by fully-developed hori-
zontal vortices, but the flow undisturbed by the vortices. We thus employ a kinematic eddy
viscosity representing turbulence with a length scale smaller than the flow depth. Differ-
ently from Chen and Jirka (1997), the eddy viscosity employed herein is estimated for the
flow unaffected by the large-scale horizontal vortices. We impose perturbations on the base
state flow velocities and flow depth, and study how various hydraulic parameters affect the
time development of the perturbations.

The predictive theory of the present study also included a weakly nonlinear stability
analysis. The term weakly herein means that the time variation of the amplitude is much
slower than the time variation of the wavelike part of the disturbance. We made use of the
multiple scale analysis, a perturbation technique where the neutral instability, i.e., the con-
dition where the growth rate of the perturbations is zero, is deviated towards the unstable
region, i.e., where the perturbation grows with time. The bifurcation pattern was found
to be typically supercritical, where the absolute value of the amplitude reaches an equilib-
rium condition as time tends to infinity. The theory was able to predict the eddy viscosity

corresponding to the large-scale lateral motions.
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Chapter 2

Formulation

Suppose that water is flowing through a wide rectangular open-channel with lateral emer-
gent rigid vegetation (trees) as shown in Fig. 2-1. The vegetation is modeled by an array
of regularly spaced cylinders with a uniform diameter installed only on one side of the
channel. The model of cylinders as vegetation employed herein has been widely used
in previous studies (e.g., Ikeda et al. (1991), Tsujimoto (1991), Tsujimoto and Kitamura
(1992), Ikeda et al. (1994), Xiaohui and Li (2002) and White and Nepf (2007)). The re-
gion of the channel covered with vegetation is defined as the ‘vegetated zone’, the width
of which is denoted by B,,. The region of the channel without vegetation is defined as the

‘non-vegetated zone’, the width of which is denoted by B.

2.1 Governing equations

In this study, we focus on horizontal vortices generated in the shallow flow in a wide rect-
angular open channel. The horizontal length scale of the vortices is commonly large com-
pared with the scale of the flow depth. The generation of such thin vortices can be described
by the depth-averaged shallow water formulation. In particular, the momentum equations
employed in this analysis need to include the Reynolds stress and the drag force due to
vegetation in order to represent the lateral velocity distribution due to the differential drag

between the non-vegetated and vegetated zones. The momentum equations in the stream-
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Figure 2-1: Conceptual diagram of the channel with vegetation. (a) The cross-sectional
view, and (b) the plan view.

wise and transverse directions (Z and y) and the continuity equation are

ou  -9oU -9U OH T, +D, 10T oT,

= =Ly = = g2 T = aad 2.1

or TV TV 95 =952 o +p<a:5+ag>’( 2)
oV oV 9V OH T, +D, 1(0T oT,

gy ogdr pov 98 twr Yy 1O vy 2.1b
or "V TV a5 I8 o +p(3:i‘+8?]>7 2.10)
OH QUH OVH _ 0 010

af T or T op

where  is time, 7 is the streamwise coordinate, y is the lateral coordinate, the origin of
which is taken at the interface between the vegetated and non-vegetated zones, U and V
are the 7 and § components of the flow velocity respectively, H is the flow depth, 7}, and
Tby are the  and y components of the bed shear stress respectively, D, and [?y are the
and y components of the drag force due to vegetation respectively, Tij (1,7 = z,y) is the
Reynolds stress tensor, p is the density of water, g is the gravity acceleration, and S is the
bed slope of the channel. The tilde denotes dimensional variables, which is to be dropped

after normalization.

The drag force vector (D,, f)y) is described by the expression

0 in the non-vegetated zone,

(Da; Dy) =8 oGl o 2.2)
%(U2 +VHY2(U, V) in the vegetated zone,
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Figure 2-2: The plan view of an array of regularly-spaced cylinders as a model of vegeta-
tion.

where C'p is the drag coefficient of vegetation, typically estimated 1 to 2. In addition, a is
a parameter describing the density of vegetation, written by

a= %, (2.3)
where d is the diameter of cylinders and I, and lNy are the distances between two adjacent
cylinders in the = and y directions respectively, as shown in Fig. 2-2.

The bed shear stress is related to the flow velocity by means of the bed friction coeffi-
cient C', such that

(Tow, Tyy) = pC(U* + VHVAU, V). (2.4)

Though the bed friction coefficient C'y is a weak function of the flow depth relative to the
roughness height, it is assumed to be constant and common in both vegetated and non-
vegetated zones for simplicity.

With the use of Boussinesq’s kinematic eddy viscosity, the Reynolds stresses are ex-

pressed by
T, = ZpﬂTg—g, (2.5a)
Toy =Ty = pir (2—5%)’ (2.5b)
T,, = 2pﬁT%, (2.5¢)

where 77 is the kinematic eddy viscosity. We assume that, in the base state before insta-
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bility occurs, the flow is already affected by turbulence the length scale of which is smaller
than the flow depth mainly generated by the bottom friction (sub-depth scale turbulence).
Therefore, the kinematic eddy viscosity 7 should correspond to the sub-depth scale turbu-
lence. As the velocity distribution results from the sub-depth scale turbulence, we employ
a logarithmic velocity distribution in the form

% = %1ni+Ks, (2.6)
where the brackets denote local variables which are not depth-averaged, U ¢ 1s the friction
velocity (= Tb /p)s Tb is the bottom shear stress, x is the Karman constant (= 0.4), 2
is the coordinate in the depth direction, ks is the roughness height, and K is a constant
determined as 8.5 in experiments. The shear stress <T~m> is negligibly small at the water

surface, increases linearly in the downward depth direction, and reaches the bottom shear

stress Tb at the channel bottom, such that

(T,.) = pU} (1 - %) : 2.7)

With the use of the local (not depth-averaged) kinematic eddy viscosity, the shear stress

(T,.) is defined as

(Ty2) = plir) EE (2.8)
Substitution of (2.6) and (2.7) into (2.8) yields
(7)) = KU} (1 - %) . (2.9)

Taking the average of the above equation from the bottom to the water surface, we obtain

or = —kUH. (2.10)

The formulation described above can be applied to the region sufficiently far from the

vegetated zone where there is no influence of vegetation. The kinematic eddy viscosity in
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such a region takes the form

1 -~ .
Ir = iU o 2.11)

where U foo and H, are the friction velocity and the flow depth in the region sufficiently
far from the vegetated zone, respectively. We assume that the sub-depth scale turbulence
is rather isotropic. Therefore, the above formulation is expected to describe the Reynolds
stresses in the streamwise and lateral directions a sufficient distance from the vegetated
zone. Although the kinematic eddy viscosity in the horizontal direction is known to be
larger than (2.11), as in Chen and Jirka (1997), we assumed that the increase in the kine-

matic eddy viscosity is caused by large-scale horizontal vortices generated by instability.

In the shear layer formed around the boundary between the two zones, and inside the
vegetated zone, the velocity and the shear velocity are reduced because of the Reynolds
stress and the drag force due to vegetation. In addition, the length scale of sub-depth scale
vortices may be affected by a typical length scale of vegetation such as the vegetation
spacing. According to the experimental results of Ikeda et al. (1991), however, the depth-
averaged kinematic eddy viscosity even in the shear layer and the vegetated zone can be
represented by (2.11). This may be attributed to the fact that the sum of the resistant forces
(the bed shear stress, the Reynolds stress and the vegetation drag force) remains constant
regardless of the reduction in the bed shear stress in the shear layer and the vegetated zone.
The kinematic eddy viscosity may be correlated to the total resistant force. Furthermore,
since the flow depth and the spacing of vegetation in Ikeda et al.’s experiments are both
in the same range, the kinematic eddy viscosity in the vegetated zone may not be strongly
affected by vegetation. These assumptions and (2.11) are employed in this study as well.
Therefore, the Reynolds stress in (2.1a-b) are expressed by the constant sub-depth kine-

matic eddy viscosity as in (2.11), for both the non-vegetated and vegetated zones.

At the side walls, the velocity vanishes in the directions both tangential and normal to

the side walls. The following conditions therefore hold:

U=0 at B, —B,, (2.12a)

<
I

,—B,. (2.12b)

<
I
ue]!

V=0 at
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In the shallow water formulation, however, it is not easy to make use of the conditions of
vanishing streamwise velocity (2.12a) (non-slip conditions). In place of these conditions,

the following slip conditions are often used:
— =0 at y=DB,—-B,. (2.13)

At a sufficient distance from the boundary between the two zones, the streamwise veloc-
ity asymptotically approaches constant velocities in both the non-vegetated and vegetated
zones in the base state. If B and B, are sufficiently large, and the slip condition (2.13)

holds, the streamwise velocity is constant at both side walls in the base state, i.e. for which

U=U, at §=B; U=U_ at §=—-DB,, (2.14)

where (700 and U _oo are the velocities at a sufficient distance from the boundary in the non-
vegetated and vegetated zones, respectively. We assume that both side walls are located
at a sufficient distance from the boundary, and employ (2.12b) and (2.13) as the boundary
conditions at the side walls.

Right at the boundary between the non-vegetated and vegetated zones, the velocities,

flow depth and shear stresses are continuous, such that

lim (0,7, 0, Typ Toy Tyy) = lim (0,V, 0, T Ty Tyy) . (215)

y—+0

2.2 Normalization

At a sufficient distance from the boundary between the two zones in the base state normal

flow equilibrium condition, U and H are constant, and V vanishes. Thus, (2.1) allows the

a.s\'"” 29is "
U, = |22 L U= Ioc . (2.16)
Cf 2Cf+CDaHOO

The velocity and flow depth at a sufficient distance from the vegetated zone, U, and H.,

solutions

are used for the normalization. The velocities and flow depth are then rendered dimension-
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less according to the following expressions:

(U,V)=Ux(U,V), H=H\H. (2.17)

The independent variables z, y and { are normalized with the use of the width of the non-

vegetated zone B , such that

B
Use

With the use of the above normalization, the governing equations (2.1) are rewritten in

the form
oUu oUu oUu B _,0H Tye + D, 0*’U  0*U
E—FU%—FV(()—?J = —-F %+5(1—T) €<W+8_y2 ,
(2.19a)
oV oV oV o0H Ty, + D o’V 9*V
el - . = 2 _ W Y — + — 2.1
ar "V TV, oy P +6(8:U2+8y2)’ (2.190)

OH | OUH  OVH
ot ox dy

= 0, (2.19¢)

where (1},,Ty,) and (D,, D,) are the normalized bed shear stress and vegetation drag

vectors, respectively, written in the form
(Tya, Thy) = (U2 + V)P (U, V), (2.19d)

a(U2+ VY H (U, V) if —B, <y<0,
N JTHUY) =V= (2.19¢)
0 if 0<y<lI,

where the range — B, < y < 0 corresponds to the vegetated zone and the range 0 < y < 1
corresponds to the non-vegetated zone. The above normalized governing equations include
the four non-dimensional parameters /3, €, F' and . The parameter (3, which expresses

the relative importance of the bed shear effect, is dependent on the aspect ratio of the non-
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vegetated zone Ar = B / H - and the bottom friction coefficient C'y, such that

C¢B
@szchAR.

oo

(2.20)

The parameter € is associated with the eddy viscosity vr, expressed by (2.11), in the form

U..B 158 15Agp

1/2
F= U= :(Cﬁ) |
., \C

The parameter « is related to the vegetation drag and density, and is defined by

_ Cpal.
20

24
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(2.22)

(2.23)



Chapter 3

Base state normal flow

In the base state, (2.19) reduces to

ﬁ(l—U0)+edy2=o if 0<y<l1, (3.1a)
Bl-Us(1+a)] +e =0 if -B,<y<0, (3.1b)

dy?

where Uj is the streamwise velocity in the base state, which is a function only of the trans-
verse coordinate .

The normalization of (Uoo, U,OO) leads to (1, ¢), where ¢ is the ratio between the
undisturbed velocities in the vegetated and non-vegetated zones at a sufficient distance
from their boundary, which is related to the non-dimensional parameter «, such that
U 1

= . 3.2
Uoo (1 + 04)1/2 ( )

¢

The domain of ¢ is 0 < ¢ < 1; ¢ approaches to 0 when the vegetation obstructs the flow
completely in the vegetated zone (v — ©0), and takes the value of unity when there is no
vegetation (o« = 0). The boundary conditions corresponding to (2.13) and (2.14) in the

base state are then

[ :O at g: 17 _BU7 (3.33)

U=1 at y=1, U=¢ at y=—B,. (3.3b)



And the matching conditions (2.15) reduce to

ygrgo Up = yIEElO Up =, (3.4a)
. dUO o . dUO
P dy T Ay (40)

where 1 is the base flow velocity between the non-vegetated and vegetated zones.

3.1 Explicit analytical solutions of the base state

3.1.1 Non-vegetated zone

In order to obtain an explicit analytical solution for (3.1a), we start by multiplying this

equation by dU,/dy:
dUy ,dUy  dU, d*Uy
— — BU, =0 3.5
Integration of (3.5) with respect to y leads to
auy - Cup 4 £ () _ g (3.6)
3 T2y ) Y '

where () is an integral constant which is determined by introducing the boundary condi-

tions (3.3) into (3.6). We then obtain

2
Co = ?ﬁ (3.7)

Substituting (3.7) into (3.6) and writing the resulting equation in integral form, we have

36 1/2 Yo dUO Yy
(ﬁ> /¢ (1= Uo)(Up +2)1/2 :/0 dy =y. (3.8)

We introduce the following variable transformation:

(U +2)"? = x. (3.9)
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By employing the above transformation, (3.8) is rewritten as
<3€>1/2/X 2dy
52 a o Y
2ﬁ X (3 - X2)
where Y, is the value of x which corresponds to 1,
Xo = (¥ +2)"2
Another variable transformation is introduced,
X = V3 tanh y.
By employing the above transformation, (3.10) is rewritten as

1/2 oy 1/2
(%) / dy = (%) (v =) =y,
Yy

where vy, 1s the value of v which corresponds to x,

2\ 1/2
Vo = tanh™! [ X2 ) = tanh! b .
V3 3

The variable ~ is related to Uy by Uy = 3 tanh® y — 2. Thus, we have

1/2 1/2
2

Uy = 3tanh? [(2£> y + tanh ™ <¢%) ] — 2.
€

3.1.2 Vegetated zone

Similarly to the non-vegetated zone, we multiply (3.1b) by dU,/dy:

du, ,AUs  dUy 20,
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(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)



By integrating the above with respect to y, we have

B s e (dUp\?
BUO_g(l_O‘)UO_{_é(@) —01, (317)

where the integral constant 'y is determined by introducing the boundary conditions (3.3)
into (3.17),
Cy = —. (3.18)

Substituting (3.18) into (3.17) and writing the resulting equation in integral form, we have

3¢\ /2 o oAU, v
e = dy = v. )
(25) /w (T — 9)(To + 20)172 /0 v=y G19

We introduce the following variable transformation:

(Up + 20)% = A (3.20)
By employing the above transformation, (3.19) is rewritten as
3¢\ 2 A 24d)
(—E) / —2¢ —y, (3.21)
20 x, (A2 =39)
where A, is the value of A corresponding to v,
Ay = (P +20)1/2, (3.22)
We employ another variable transformation,

A = /3¢ coth . (3.23)

By employing the above transformation, (3.21) is rewritten as

1/2 .6 1/2
() [ () 0w o
Y
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where 0y, is given by

- A - +2 1/2
0, = coth™ (ﬁ) — coth™! (w 3 ¢> . (3.25)

The variable 6 is related to Uy by Uy = 3¢ coth? § — 2¢. Thus, we have

1/2 1/2
—(5 ) y + coth™! <M) ]—w. (3.26)

= h? —
Uy = 3¢ cot 2 30

3.1.3 Velocity at the boundary between the two zones

With the use of (3.15) and (3.26), the matching condition (3.4b) is rewritten in the form

(¢+1)(¢ — 1)° —2¢%(¢p — 1) = 0. (3.27)

Because ¢ # 1, the above equation is reduced to

2 1/3
= (ff(ﬁ) | (3.28)

3.2 Results

Rewriting the base state explicit analytical solutions (3.15) and (3.26), we have

1/2 1/2
3 tanh? [(QE) y + tanh ™! <¥) ] -2 if 0<y<1,
€
Un(y) = 1/2 1/2
2
spcoth? |— () y+coth (L22) 7| Zag i —B, <y <0,
2e¢ 3¢

(3.29)
The streamwise velocity in the base state, Uy, is thus found to be expressed by hyperbolic-
tangent and hyperbolic-cotangent functions which are invariant in time and in the stream-
wise direction, and include four non-dimensional parameters (3, ¢, ) and ¢, where the later

two can be expressed as functions of «, only.

Figs. 3-1(a), (b) and (c) depict the lateral distribution of Uj as in (3.29) as functions
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Figure 3-1: The lateral distribution of the streamwise velocity in the base state Uy as func-
tions of (a) 3 for the case € = 6 x 107, o = 10, (b) € for the case 5 = 0.05, o = 10, and

(c) a for the case B = 0.05, ¢ = 6 x 107%.
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of the parameters 3, € and «, respectively. Note that the velocities at the far right and
left correspond to UOO and U_OO, and the value of Uy at the far left is ¢. It is found from
Fig. 3-1(a) that, as ( increases, the width of the shear layer decreases. This is because an
increase in 3 implies an increase in the relative significance of the bed friction over the
vegetation drag. In Fig. 3-1(b), on the other side, the increase of e results in the increase
of the shear layer width following the increase of the relative importance of the sub-depth
kinematic eddy viscosity. The relative increase of the viscous effects will result in a milder
base state velocity gradient. According to Fig. 3-1(c), ¢ decreases with increasing c, as it
is natural that the velocity difference between the two zones increases with the vegetation
drag parameter. In contrast to 5 and ¢, the shear layer width does not strongly depend on

Q.

31



32



Chapter 4

Linear stability analysis

A temporal linear stability analysis is performed herein. A disturbance undulating in the
streamwise direction is introduced to the base state. The streamwise and lateral velocities

U and V, and the flow depth H are then expanded in the form

Ulz,y,t) = Uo(y)—i—AUl(y)ei(kx""t), (4.1a)
Vi, y,t) = AVi(y)eltke=h, (4.1b)
H(z,y,t) = 1+ AH(y)eltk==1), (4.1¢)

where A, k and w are the amplitude, wavenumber and angular frequency of perturbation.
In the scheme of temporal linear stability analysis, & is real while w is complex such that

w = w,+i), where w, is the real angular frequency and €2 is the growth rate of perturbation.

Substituting (4.1) into the governing equations (2.19), we obtain the following per-

turbed equations in the non-vegetated zone:

d2 du,
i (kUy — w) + k*e + 28U, — ed—yz] U, + d—yov1 + (ikF~? = pU;) H1 =0, (4.2a)
d2 dH
i (kUy — w) 4+ ke + BUy — e— | Vi 4+ F2=—2 =0, (4.2b)
dy? Y
dv;
kU, + d—yl —i(w— kUp)H; = 0. (4.2¢)
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In the vegetated zone, (2.19) becomes

d? au,
@urw@+ke+2m%u+ay—%y Uy+ﬁﬁm+wMF4—6a@H¢:Q
(4.3a)
: d? dH
l(kUU—w>+k2€—}—6U0(1+Oé)—€P Vi+ F? dyl =0,
(4.3b)
dvy

lkUl—I—d—y—l(w—k?Uo)Hl = 0.
(4.3¢c)

Since the amplitude of the perturbation A is assumed to be infinitesimally small, the terms
containing A? have been dropped in the linear stability analysis, so that the results of the

analysis are valid only in the range of small amplitudes.

The boundary conditions of vanishing lateral velocity (2.12b) and vanishing shear stress

(2.13) at the side walls take the following forms at O(A):

dU

LR at y=—B,1, (4.4a)
dy

Vi=0 at y=-DB,L. (4.4b)

At the interface between the vegetated and non-vegetated zones y = 0, the matching con-

ditions reduce to

hm(%J@EJ 4.5)

y—+0

dU; dVl)

. du, av;
W :hm(MJ@Hb ! 1)

dy " dy
Although there are five matching conditions in (4.5), only four of them are independent
since, if four of them are imposed, the other condition is automatically satisfied. Thus, one

of these conditions can be dropped afterwards.

A numerical scheme is necessary to solve (4.2) and (4.3) under the boundary and match-
ing conditions (4.4) and (4.5), as the equations obviously do not admit analytical solutions.

We employ a spectral collocation method with the Chebyshev polynomials. In the non-
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vegetated zone (0 < y < 1), the variables Uy, V5 and H; are expanded in the form

N N N
Ur=> aT;(), Vi=> aweL€), Hi=> a7y (),
j=0 §=0 j=0
(4.6a,b,c)
and, in the vegetated zone (— B, < y < 0), they are expanded in the form
N N N
Uy = Z azv+ny+ L (m),  Vi= Z ayn+1)+ L5 (), Hi = Z as(n+1)+5 15 (1) 5
j=0 j=0 j=0
(4.7a,b, c)

where a; (j = 0,1,2,...,6N + 5) are the coefficients of the Chebyshev polynomials, and
T;(€) and T}(n) are the Chebyshev polynomials in £ and 1 of degree j. The independent
variables £ and 7 both range from -1 to 1, and are related to y by the equations £ = 2y — 1
O <y<1andn =2y/B,+1(—B, <y < 0), respectively. The expansions (4.6)
and (4.7) are substituted into the governing equations (4.2) and (4.3) respectively, and the

resulting six equations are evaluated at the Gauss-Lobatto points defined by

& = COS %, N = COS %, (4.8a,Db)

where m = 0, 1, ..., N. Therefore, the number of points where the governing equations are
evaluated is NV 4 1. We obtain a system of 6(/V + 1) algebraic equations with 6(/N + 1) un-
known coefficients ag, ai, as, ..., agn+5. Eight equations of the system are then replaced by
the four boundary conditions (4.4) and four of the matching conditions (4.5). The resulting

linear algebraic system can be written in the form

Qo

a1

M| | =0 4.9)

AgN+5

where M is a 6(N + 1) x 6(/N + 1) matrix in which the elements consist of the coefficients

of Uy, Vi and H; in the governing equations (4.2) and (4.3), and the boundary and matching
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conditions (4.4) and (4.5). The condition for (4.9) to have a non-trivial solution is that M
should be singular. Thus,
M| =0. (4.10)

The solution of the above equation takes the functional form

w=w,+1Q=w(k,B,¢,a,B,, F). (4.11)
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Chapter 5

Results and discussion: linear stability

analysis

As seen in (4.11), there are six important non-dimensional parameters k, 3, €, o, B,, and
F determining the growth rate €2. The contours of the growth rate 2 on the plane of these
parameters are shown in Figs. 5-1-5-5. When () is positive, the perturbations grow with
time, whereas the perturbations decay until they vanish when (2 is negative. The thick
solid lines in the figures indicate the neutral instability curve on which €2 = 0 and the
perturbations neither grow nor decay, and divide the planes into stable ({2 < 0) and unstable
regions (€2 > 0). In the figures, €2 typically becomes negative in the range of sufficiently
small and large values of k, and takes a maximum value between them. It follows that {2 as
a function of £ commonly possesses a characteristic wavenumber k,, associated with the
maximum growth rate €2,,,, implying the selection of a preferential wavelength at the linear
level.

The parameters f3, €, a, B,, and F' were systematically varied from a base set of numer-
ical values consisting of § = 0.05, ¢ = 6 X 1074, & = 10, B, = 0.55 and F = 0.5. These
values were defined based on typical values of the experiments of Ikeda et al. (1991).

In Fig. 5-1(a), the dependence of €2 on f3 is studied for the case ¢ = 6 x 1074, o = 10,
B, = 0.55 and F' = 0.5, following the base set of values for these parameters. The
growth rate {2 is maximized when 3 is around 10~!. As 3 increases or decreases from

this value, the flow becomes less stable, and in the range 3 Z 0.5, the region of positive
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Figure 5-1: The contours of the perturbation growth rate €2 in the 3-k plane for the case
e=6x10"% a =10, B, =0.55 F = 0.5.

(2 completely disappears and the flow becomes stable. In the range of large /3, the effect
of the bottom friction inhibits the effect of the lateral velocity gradient, as already shown
by Chu et al. (1991) and White and Nepf (2007). On the other side, in the range of small
B, the relative effect of the small scale turbulences generated by the bottom friction will
be reduced, allowing the shear layer to expand further along the transverse direction and
leading to a milder lateral gradient of the base state velocity, as in Fig. 3-1(a), leading to
the reduction of the growth rate ¢). Although the present shallow water formulation may
no longer be valid in the range of 8 < 5 x 1072, the decrease in the growth rate €2 is
expected to occur in this range. In the range of sufficiently small (3, the shear layer may be
affected by the zero disturbance boundary condition of the walls, as pointed by Kolyshkin
and Ghidaoui (2002). The range of k for positive €2 and the characteristic wavenumber
k. increase with (3. This is because the wavenumber % is normalized by the width of the
non-vegetated zone B.

The effect of the parameter € on (2 is studied in Fig. 5-2. The parameter ¢ measures
the relative effect of the sub-depth kinematic eddy viscosity. Because the sub-depth kine-
matic eddy viscosity is derived taking into consideration the small scale turbulences gen-

erated by the bottom friction before instability takes place, e does not contain the effect of
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the large-scale turbulences. It is found from Fig. 5-2 that the flow becomes stable when
€ 2 4.0 x 1073, In this range, the dissipation of energy caused by the small scale turbu-
lences will be sufficiently large to suppress the effect of the transverse mixing. On the other
side, as € decreases, () increases. In the range of very small €, the flow approaches to the
inviscid case. The characteristic wavenumber k,,, increases with the decrease of ¢ because
of the normalization of the wavenumber £. In case we had employed the kinematic eddy
viscosity as in Chen and Jirka (1997), the growth rate of perturbations would have been un-
derestimated, following that a larger eddy viscosity would corresponds to a smaller growth

rate €).

The dependence of €2 on the vegetation drag parameter « is studied in Fig. 5-3. It is
found that, in the range of small «, €2 is negative and the flow is stable as already pointed out
by Chu et al. (1991) and White and Nepf (2007). As « increases, €2 increases with a slight
increase in k,,, which peaks around the point (v, k) ~ (10%,6). In the range of a 2 107,
Q) decreases with slight decreases in k,,, and () becomes negative and the flow becomes
stable again when o 2, 4 x 10°. In the present analysis, we assume that the kinematic
eddy viscosity in the vegetated zone is represented by (2.11) since the typical length scale
of vegetation is not significantly smaller than the flow depth. When the vegetation density
reaches a certain density, this assumption may no longer be valid. However, it is natural that
the flow becomes stable with increasing « since the vegetated zone becomes like a cavity
region when « is sufficiently large, and the large-scale horizontal vortices are damped by
strong retardation effects. Therefore, the contours of €2 in the range of large « in Fig. 5-3

are at least qualitatively correct.

The effect of the width of the vegetated zone B, on {2 is shown in Fig. 5-4. It is found
from the figure that €2 is negative for any value of £ when B, < 0.1, and Q is almost
independent of B, when B, g 0.5. In this analysis, we assume that B, is large enough
that U, is almost constant at y = — B, as described in (2.14). Therefore, Fig. 5-4 is not
reliable in the range of small B,. However, Fig. 5-4 is at least qualitatively correct because
the lateral displacement of water is suppressed and the flow becomes stable when B, is

sufficiently small.

The dependence of €2 on the Froude number F' is studied in Fig. 5-5. Because the rigid-
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Figure 5-2: The contours of the perturbation growth rate €2 in the e-k plane for the case
B =0.05, a =10, B, = 0.55, ' = 0.5.

Figure 5-3: The contours of the perturbation growth rate €2 in the a-k plane for the case
B =0.05¢=06x10"% B, = 0.55, F = 0.5.
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Figure 5-5: The contours of the perturbation growth rate €2 in the F-k plane for the case
B =0.05¢=06x 10", a =10, B, = 0.55.



lid assumption was not employed in the present analysis, the growth rate of perturbations
can also be studied for values of F' which are not close to zero. It is found from the
figure that the flow is unstable in the range of small F'. As F’ increases, the instability
weakens and a stable region is observed in the range ' ~ 2.3 — 2.6. When F' £ 2.6
under the conditions of this figure, the flow is again found to be unstable. It has been
empirically known that rapid flow plays stabilizing effects for lateral velocity gradients,
which is theoretically explained in this analysis. On the other side, as pointed by Kolyshkin
and Ghidaoui (2002), the rapid flow becomes unstable to gravity waves if F' is sufficiently
large. Therefore, although the flow is found to be stable to the lateral velocity gradients

when F' £ 2.3 in Fig. 5-5, it is unstable to gravity when F' 2 2.6.

Fig. 5-6 depicts the neutral instability curves (2 = 0) for the case § = 0.05, € =
6 x 1074, and B, = 0.55 for varying o and multiple Froude numbers F. The range of
small o where the flow is found to be stable when F' = 0.5 or F' = 1.5 is more prone
to become unstable to gravity, as while the flow is stable when @ 5 0.5 for F' = 0.5 and
F' = 1.5, it becomes unstable to gravity in this range when /' = 2.5. As F' increases from
0.5 to 2.5, the unstable region for o £ 0.5 diminishes because the gravity effects weaken
the instability due to the transverse mixing. The combined effect of rapid flow and lateral

mixing stabilizes the flow in the range of o ~ 10 for F' = 2.5.

Once the characteristic frequency of the generation of vortices w,.,, associated with the
maximum growth rate €,, is determined, the corresponding time period T can be calculated

by the following relation:

7o B (5.1)
wrmUoo

Assuming that the perturbation with the maximum growth rate €2, is realized in exper-
iments and in the field, we compare 7" predicted in the analysis with the results of the
laboratory experiments obtained by Ikeda et al. (1994) and Tsujimoto (1991). In their ex-
periments, vortices were generated by an array of regularly spaced cylinders installed on
one side of channels, which is the same setup as assumed in the present analysis. The major

hydraulic parameters of the experiments are listed in Table 5.1.

Fig. 5-7 depicts a comparison between the predicted and measured values of 7'. It is
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Figure 5-6: The contours of the neutral instability ({2 = 0) in the a-k plane for the case
B =0.05,¢=6x 1074, B, = 0.55 and multiple Froude numbers F.

Table 5.1: Hydraulic parameters from the experiments of Ikeda et al. (1994) (runs 1-5) and
Tsujimoto (1991) (runs IW1-IW3).

Run I} e (x107% By F «  Predicted w,,,, Predicted T(s) Measured T(s)
1 0.061 519 057 041 99 4.15 2.9 6.4
2 0.061 5.19 057 075 99 4.12 1.6 3.8
5 0.038 6.88 0.57 044 159 2.63 3.6 9.0

W1 0.024 484 043 069 67.9 2.64 1.6 33

W2 0.030 5.89 043 0.78 50.8 2.70 1.4 2.5

IW3  0.025 543 043 093 635 2.54 1.2 1.9
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Figure 5-7: Comparison between the predicted and measured periods of the generation of
vortices.

found that, though the vortex shedding periods predicted by the present analysis and those
observed in the experiments are on the same order of magnitude, the predictions are gen-
erally smaller than the observed by a factor of approximately two. The vortex shedding
periods observed in the experiments correspond to those in a fully developed stage, which
cannot be predicted by the present linear stability analysis. Rather, the results of the lin-
ear analysis can reliably reflect only an initial stage of the growth of infinitesimally small
disturbances. The vortex shedding period may be longer due to the nonlinear interaction
among vortices with a variety of length scales and frequencies.

Ikeda et al. (1994) made a comparison between the vortex shedding periods observed
in their experiments and those predicted by their linear stability analysis, and showed good
agreement between them. Their analysis employed the lateral kinematic eddy viscosity
observed in their experiments which is approximately twice as large as (2.11). The effect
of the nonlinear interaction may be attributable to an increase in the mixing efficiency, and
is apparently equivalent to the increase in the kinematic eddy viscosity. In order to gain a
qualitative understanding of the effect of nonlinear interaction, a weakly nonlinear stability

analysis will no doubt prove useful.
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Chapter 6

Nonlinear stability analysis

The neutral state obtained from the linear stability analysis is deviated towards the unstable
region as

¢ = ¢ — C*, k = ke + ko, (6.1)

where ¢, is a value of ¢ which lies on the neutral curve, k. is the preferential wavenumber
corresponding to ¢. and ( is the expansion parameter, defined in (6.1). Except for the region
where ¢ is sufficiently small, we have that the flow is stable if ¢ < ¢.. For this reason, the
sign in the expression of the expansion of ¢ is negative. As previously stated, the results
in the range of large «, which correspond to a small ¢, might not be quantitatively reliable.
Therefore, this range of neutral stability will not be considered for expansion in the present

analysis. The parameter k is introduced to correlate the expansions of ¢ and k.

We perform a weakly analysis, where the time scale of the variation of the amplitude
A is much slower than the variation of the wavelike part of the disturbance. The slow time
scale t; is defined as

t=to, t, = C°t. (6.2)
From the above relation, the time derivative becomes

0 0 0

o 3to+8_151' (6.3)

For simplicity, the subscript 0 is dropped hereafter.
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The non-linear interactions of the fundamental wave are generated from the order of

A3. We then expand the velocities and flow depth up to this order in the form

U(,CL’, Y, t) = UOc(y) + gUl(x7 Y, t) + CQUQ(:Ev Y, t) + C3U3($a Y, t)a (643-)
V(z,y,t) = (Vilz,y, 1) + CVal(a, y, 1) + CVia(x,, 1), (6.4b)
H(Jf,y, t) =1+ Cﬁ1<I,y,t) + C2f{2(l‘, y?ﬂ + <3ﬁ3<l’,y,t), (640)

where the circumflex denotes the eigenfunctions in the scheme of nonlinear analysis and

Uy, is the base state velocity corresponding to ¢..

6.1 O(C)

Substituting (6.1)-(6.4) into (2.19), we obtain the following equations at O(():

- dU, - .
GU, + dyoc Vi+ JH, =0, (6.52)
. b
KVi + p2981 _ 0, (6.5b)
dy
oUu, oV, .
L T P, =0, (6.5¢)
ox dy

where the linear operators (G, J, K and P are given by the following expressions:

2 2
s <2ﬂ+3)—e<a—+8—> if0<y <1,

a — ot ox 0x? 8y22 ; (6.62)
2+U 26(1 + )+2 - a_+a_ if —B,<y<0
ot Oc )T oz “\ 922 Oy? v=Y=
J = —BU + F*QQ, (6.6b)
° ox
2 2
2+UOC ﬂ+3 —€ —+a— if0<y<I,
_ ot ox ox?  Oy?
K = 5 9 (6.6¢)
2+U B(1+ )+ﬁ - 0_+0_ if —B,<y<0
8t Oc ac 8]} € 12 ayg (— y —_ )
0 0
p=2iu2 (6.:60)

where . is the a corresponding to ¢..
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The fundamental perturbations at O(() are assumed to have a form similar to the one

employed in the linear analysis, as follows:

A

Uy(z,y,t) = AU (y)E + c.c., (6.7a)
Vi(z,y,t) = AVi1(y)E + c.c., (6.7b)
Hy(z,y,t) = AHy1(y)E + c.c., (6.7¢)

where E = e'(ker=wet) "and c.c. is the complex conjugate of the preceding term. Substituting

the above expansions into (6.5), we obtain the following equations composed of AE at

O(¢):

av,
G Uy + d;C‘/ll + J1H;; =0, (6.8a)
dH
KV, +F?2—1 =9 (6.8b)
dy
av;
LUy, + d; + PyHy = 0. (6.8¢)

where the linear operators G,,, J,,, K,,, L,, and P, are given by the following expressions:

( d2
ni (kUp, — we) + 28U, + e(nk.)? — ) ifo<y<1,
G, = { y e (6.92)
ni (kUy, — we) + 2B(1 + a)Up, + e(nk,)? — e if —B,<y<0,
Jo = nikJF? —pUG, (6.9b)
( 2
ni (kUo, — we) + BUo, + €(nk.)? — e% if0<y<1,
K, = Y P2 (6.9¢)
ni (kUp, — we) + B(1 + o) Uy, + €(nk.)* — e if —B, <y<0,
P, = _ni(wc - koOC)a (696)

where w, is the eigenvalue corresponding to k. and ¢.. Because w, is located at the neutral

curve, its imaginary part is zero. The boundary and matching conditions of (6.8) are similar
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to (4.4)-(4.5):

dUn _ 5y y=—B,1, (6.10a)
dy
Vii=0 at y=-B,1, (6.10b)
AUy, d dU,, d
i (U, Vi, B, S0 Y (0 vy, 9 ) (610
y—+0 dy ~ dy y——0 dy *~ dy

Equations (6.8) are solved similarly to the equations in the linear stability analysis,
with Uy, V11 and Hy; being expanded using the Chebyshev polynomials as in (4.6)-(4.7).
The expansions are evaluated at the Gauss-Lobatto points defined by (4.8) and a system of
6(N + 1) algebraic equations with 6(/N + 1) unknown coefficients. Eight equations are
then replaced by four boundary and four matching conditions from (6.10). The resulting

algebraic linear system takes the following form:

11,

11,

M _ =0, (6.11)

| A1lgn 45 ]

where M, is M with a, k and w replaced by a., k. and w,, respectively, and a11,,, @11, , @11,

..., @114y, 5 are the unknown coeffients to be obtained from the solution of (6.11).
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Substituting (6.1)-(6.4) and the solutions at O(() into (2.19), we obtain the following equa-

tions at O(¢?):

~ dU, - .
GU, + d;% + JHy = 2B + c.c. + AA TS, (6.12a)
’ -2 8HQ 2 2 7(2) * 7(2)
KVt P25 8 = AREL) oo AXTIG]) (6.12b)
U, OV . , ,
a—; + a_; + PHy, = A’E*I) + c.o. + AA T, (6.12¢)
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where the asterisk denotes complex conjugate and 1'2%) and 12(? (y = 1,2, 3) are nonlinear
terms composed of the solutions at O(0) and O(() and their derivatives. 12%) and 12(%)

(7 = 1,2, 3) are shown in Appendix B.

At O((?), the fundamental perturbations are assumed to have the form:

Uy(x,y,t) = AUz (y)E* + c.c. + AA*Uso(y) + Uno(y), (6.13a)
Va(z,y,t) = A%Vas(y) E? + c.c. + AA Vi(y), (6.13b)

Hy(z,y,t) = A2 Hyy(y) E? + c.c. + AA* Hyo(y). (6.13¢c)

The base flow velocity at y = — B, is ¢. when considering the neutral state. However,
the actual velocity at y = —B, is ¢ — (. A corrective term Upy(y) is then introduced in

(6.13a) because ¢ is perturbed as ¢. — (2. The base state velocity Uy is expanded as
Uo = Up, + ¢*Uno, (6.14)

where Uy, is U, corresponding to ¢.. Substituting (6.1) and (6.14) into (3.1), we have the

following equations at O(¢?):

d2U,
ZBUOCUOO_G 00 =0 if OSySl,
dy?
(6.15a)
d2 d
26 (14 a.) Up,Ugo — e$ =281+ a)* =21+ a) Z;’c if —-B,<y<0.

(6.15b)

The above equations are supplemented by the following boundary and matching conditions:

— 0 at §j=1-B, (6.16a)
dy
. dUp\ .. dUno
yli)IEO (Uoo, dy) = ylileo (Uoo, dy ) (6.16b)

In order to solve (6.15) under the boundary and matching conditions (6.16), we expand
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Uyo using the Chebyshev polynomials as in (4.6) and (4.7). As in (4.6) and (4.7), different

expansions of Uy, are employed in the non-vegetated and vegetated zones. From evaluating

the expanded equations and boundary and matching conditions at the Gauss-Lobatto points

defined as in (4.8), we obtain an algebraic system which takes the form

@00, fOOO (y)

a Joo, (¥

MOO 0.01 _ 001.( )
| @002y 41 | i Jooun 1 (y) i

: (6.17)

where Mg isthe 2 (N + 1) x2 (N + 1) matrix of the unknown coefficients ago, , @oo, , Goo,,

cees Qo0 45> AN foo, (y) (i = 1,...,2N 4+ 1) corresponds to the terms of (6.15) and (6.16)

which do not contain Uyy.

Substituting (6.13) into (6.12), we have the following equations composed of terms

with A2E2:
dU,
GoUy + d;c Vag + JoHyy = ]éé)y
o, dHy 2
KoVoo + F Qd—y = I§2)7
dVs
L2U22 + 22 + P2H22 - 12(3),

dy

and the following equations composed of terms with AA*:

dU,
GoUso + d;C Vao + JoHyy = 12((1))7
_,dHoy
RoVao + F22 2 = 1),
dVa 3

(6.18a)
(6.18b)

(6.18¢)

(6.19a)
(6.19b)

(6.19¢)

Equations (6.18) and (6.19) are supplemented by boundary and matching conditions similar
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to (4.4)-(4.5), as follows:

dUs

=0 at y=—B,1, (6.20a)
dy
Vae =0 at y=—05,,1, (6.20b)
d d d d
lim U22,‘/§2,H22,&7& = lim U227V22,H22,2,ﬁ 16.20c)
y—+0 dy ~ dy y——0 dy *~ dy
d
Yoo _ g o y = —B,, 1, (6.21a)
dy
Vog =0 at y=—B,1, (6.21b)
dUsyg dV5 dUsyg dV5
hm UQO:‘/QO7H207_207 i - hm UQO?‘/QOaHQ()) _20a _20 (621C)
y—+0 dy = dy y——0 dy = dy

The procedure for solving the system of equations (6.18) is similar to the one employed

for solving (6.9). The resulting algebraic linear system takes the form:

22, J22, (Z/)
a2, )
Mo 2.2 _ fa2 . (?J) ’ (6.22)
i A226 N5 ] L f226N+5 (y) i

where M, is the matrix in which the elements consist of the coefficients of the unknown
terms g, , A2, 5 422, -+, G226y, 5- The terms foy, (y) (i = 1,...,6N 4 5) correspond to IQ(%)
(y = 1,2, 3), with the exception of eight terms which take the value of zero in correspon-
dence with the boundary and matching conditions (6.20).

Equation (6.19c) can be solved analytically using two out of the four boundary and
matching conditions (6.21) which contain the term V5, or its derivative. Although only
the first derivative appears in the left-hand side of (6.19c), two conditions are necessary to
solve (6.19¢) because 153) is different in the non-vegetated and vegetated zones. 153) isa

function of V7; and Hy; (see (B.3)), which are different in each zone.

Following the determination of V5, from the analytical solution of (6.19c), Hs is then

determined from the analytical solution of (6.19b). Because only one condition in (6.20)
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contains Hy while two conditions are necessary to solve (6.19b) in the non-vegetated and
vegetated zones, an undetermined integration constant is added to the solution of Hy.

In order to solve (6.19a), Uy is expanded using the Chebyshev polynomials similarly
to (4.6) and (4.7). From evaluating the expanded equations and boundary and matching

conditions at the Gauss-Lobatto points defined as in (4.8), we obtain the following algebraic

system: ~ _ ~ _
Q20, f200 (?J)
a20, 1
Moo 2'0 _ f20 ' (y) 7 (6.23)
L a/202N+1 | L f202N+1 (y) |

where fo.(y) (1 = 1,...,2N + 1) corresponds to the terms of (6.19a) which do not contain
Uy, and to the terms which assume the value of zero which are obtained from the boundary
and matching conditions.

In order to determine the integration constant introduced to the solution of Hyy, we

introduce a condition of conservation of flow discharge (()) in the form:

1 T 1
Q== / / U Hdydt, (6.24)
T 0 —Bv

where 7' is a period of time long enough so that the average of the fluctuating terms van-
ishes. A sufficiently long distance in the streamwise direction could also have been em-
ployed instead. Introducing the expansions up to the order of O(¢?) into the above, we

have:

1
Q= {Uo.(y) + ¢ [Uno(y) + AA* (Hao(y)Uo(y) + Uzo(y) + Uni(y) Hy, (y) 4 c.c.)] bdy,
—Bv
(6.25)
where the terms containing ' vanish in the long time average. Because the flow discharge

is conserved in the base state, the following relation holds:

/ [Hao(y)Uo(y) + Uxo(y) + Uni(y) Hyy (y) + c.c.]dy = 0, (6.26)

Bv
The unknown constant introduced to Hyg is determined from the solution of the above
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equation.

The variables with the subscript 20 reflect the changes in the time-averaged flow veloc-

ities and flow depth due to a change in the velocity distribution.

63 O

Substituting (6.1)-(6.4) and the solutions at O(0), O(¢) and O(¢?) into (2.19), we obtain

the following equations at O((?):
AU - )
GU; + d—0V3 + JHy = ABPEIY + e +
Y

- oM.
KVs + F—2a—y3 — BB + e+

U Vs - 3,3
% —|— 8_y + PHg = A3E31§3) + c.c. +

A2A I + AL +

‘ d
AATY + AL +

AA L) + ALY +

dA 3]
—1

A )]
&4

dA )]

d_tl?’l_

E +c.c.,
(6.27a)

E+cc.,
(6.27b)

E +c.c.,
(6.27¢c)

where 1. é’l) (z=1,...,9)and [. 3%) ( = 1,2, 3) are nonlinear terms composed of the solutions

at O(¢) and O(¢?) and their derivatives.

At O((?), the fundamental perturbations are assumed to have the form:

Ug(l’, Yy, t) = A3U33(y)E3 +c.c. + Ugl(y,tl)E + c.c.,

‘A/;S(xa Y, t) = ASVE%B(:U)E?) +c.c. + ‘/31(3/7 tl)E + c.C.,

Hg(l’, y,t) = A3Hys(y)E® + c.c. + Ha (y, 1) E + c.c..

(6.28a)
(6.28b)
(6.28¢)

Substituting the above expansions into (6.27), we have the following equations composed
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of terms with E (excluding E?):

v dA
G1Us; + d—;vgl + JyHyy = [A2A*I§P +ALY + é‘i”} , (6.29)
1
dH dA
KiVay + F—Qﬁ = {AQA*I?E‘{‘) + ALY 4+ E[é?} , (6.29b)
1
av; dA
LUz + d; + P Hy = {A2A*I§? + ALY + d_tlzg?} . (6.29¢)

The boundary and matching conditions of the above equations are similar to (4.4)-(4.5):

dU.
-0 at y=-B,1, (6.30a)
dy
V=0 at  y=—B, 1, (6.30D)
dUs; dVs dUs; dVa
lim ( Usy, Vay, Hyy, ——, —2 ) = lim_( Usy, Vay, Hyy, ——+, = ) (6.30¢)
y—+0 dy = dy y——0 dy * dy

From expanding Us;, V3; and Hs; using the Chebyshev polynomials as in (4.7) and
evaluating the resulting equations at the Gauss-Lobatto points as in (4.8), we have a lin-
ear system obtained from (6.29) with eight equations replaced by conditions expressed in

(6.30) which takes the form:

aziy(t1) fa1,(y, 1)
t ot
My a311.( 1) _ f311(.y 1) ’ 6.31)
L A316N+5 (tl) i L f316N+5(y7t1) 1

where f31, (1 = 1,...,6N 4 5) are nonhomogeneous solutions obtained from the right-hand
side terms of (6.29), with the exception of eight terms which take the value of zero in

correspondence with the boundary and matching conditions (6.30).

Because the non-homogeneous part of (6.31) admits a non-trivial solution, a solvability
condition has to be satisfied. This condition is that the determinant of M ; with one of its

columns replaced by the right-hand side column vector should vanish. This linear algebraic
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0 e 1

Figure 6-1: Supercritical bifurcation based on the expansion of the ratio between the undis-
turbed velocities ¢.

system reduces to the following Landau equation:

dA
i = oA + m| A2 A, (6.32)

where 1) is the linear growth rate of the amplitude and 7, is the first Landau constant.
The signs of the real parts of 1y and 7; determine the bifurcation pattern. In the case of
Re(no) > 0 and Re(n;) < 0, we have supercritical bifurcation, where a steady state with

an equilibrium amplitude A, is reached as t; — co. From (6.32), we have

Re(1po)
Al = 4| — : 6.33
|Ae| Re(n) (6.33)
The phase ;. of the amplitude is also derived from (6.32),
A, = |A.]e*rh (6.34a)
po= TIm(n) + Im(n) |Ac[*. (6.34b)

Fig. 6-1 illustrates the equilibrium amplitude in the case of supercritical bifurcation
based on the expansion of the ratio between the undisturbed velocity in the vegetated zone
and the undisturbed velocity in the vegetated zone, ¢.

Fig. 6-2 presents a comparison between the base state velocity U, and the time-averaged
normalized velocity U, referent to run 3 (as in Table 7.3) of the experiments described in
Ikeda et al. (1991). The gradient of U is milder due to the increase of the mixing layer

around the boundary between the non-vegetated and vegetated zones. Fig. 6-3 presents

55



1.0

0.8

0.6

0.4

0.2

-02 00

-04

Figure 6-2: Base state and time averaged velocity profiles (run 3 of Ikeda et al. (1991)).
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Figure 6-3: Fluctuating normalized velocity vectors (run 3 of Ikeda et al. (1991)).

normalized fluctuating velocity (i.e., /U2 + V2 — U) vectors up to the order of O(¢?), also

referent to run 3.
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Chapter 7

Results and discussion: nonlinear

stability analysis

7.1 Supercritical bifurcation

The neutral curve in the ¢ — k plane can depicted once the parameters (3, €, B, and F" are
specified. Hereafter, ¢. will be taken as the maximum value of ¢ which lays on the neutral
curve in ¢ — k plane. A sample neutral curve in the ¢ — k plane is depicted in Fig 7-1.

In this section, we derive the Landau equation for multiple values of 3 and €, while the
parameters /' and B, are kept constant (/' = 0.5 and B, = 0.55). As seen in Fig. 5-6, the
minimum «,, which corresponds to the maximum ¢,, does not vary when F’ increases from
0.5 to 1.5. And because of the gravitational instability, a minimum threshold .. dividing
the plane into a stable and an unstable region cannot be defined for F' = 2.5. Therefore, the
variation of F’ is not considered herein. And because the neutral instability does not vary
significantly due to B,, except when B, is sufficiently small, as depicted in Fig. 5-4, this
parameter is also kept constant herein.

The parameter ¢., its corresponding k. in the neutral curve in the ¢ — k plane, and the
determined linear growth rate 79 and the first Landau constant 7); are presented in Table 7.1,
for multiple values of (3, and Table 7.2, for multiple values of e.

Supercritical bifurcation is found to occur for values of 3 within the range of 0.032 —

0.316 in Table 7.1, as Re(7o) is positive and Re(7;) is negative in this range. However,
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Figure 7-1: Neutral curve in the ¢ — k plane for the case 3 = 0.05, e =6 x 1074,
B, =0.55, F = 0.5.

Table 7.1: Parameters on the neutral curve in the ¢ — k plane for the case € = 6 x 1074,
B, = 0.55, F = 0.5 and multiple values of [3; and the real and imaginary parts of 7, and

-

5 C;y  Arp ¢ ke Re(no) Im(no) Re(m) Im(m)

0.010 0.0020 5.0 0.903 2.07 -3.64 -0.36 581 149
0.018 0.0029 6.0 0.892 2.53 -1.00 -1.08 -54 -28
0.032 0.0043 7.3 0871 3.14 2.13 -1.23 -163 -92
0.056 0.0064 89 0.837 3.94 0.83 -3.16 -192 -10
0.100 0.0093 10.7 0.784 5.07 1.03 -3.25 -206 -24
0.178 0.0137 13.0 0.706 6.71 1.30 -3.02 -226 -44
0.316 0.0201 15.7 0.584 9.19 1.56 -1.72 -246 =75

0.562 0.0295 19.1 Stable
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Table 7.2: Parameters on the neutral curve in the ¢ — k plane for the case 5 = 0.05,
B, = 0.55, F = 0.5 and multiple values of ¢; and the real and imaginary parts of 7, and

.-

€ Cs Apr be ke Re(mo) Im(no) Re(m) Im(nr)
1.78 x 10~ 0.0006 88.9 0974 19.33 434 -173.42 -12005 -198
3.16 x 107° 0.0008 60.6 0.967 14.29 3.20 -107.92 -6184 -115

5.62 x 107° 0.0012 41.3 0.956 10.73 240 -61.62  -3060 -79
1.00 x 107* 0.0018 28.1 0941 8.11 1.80  -33.79  -1515 -52
1.78 x 107* 0.0026 19.2 0921 6.19 1.35  -17.55 -759 -33
3.16 x 107* 0.0038 13.0 0.893 4.82 1.02 -7.99 -386 -17
5.62 x 107* 0.0056 89 0851 3.85 0.78 -3.67 -210 -10
1.00 x 1073 0.0083 6.1 0.784 3.14 0.64 0.71 -36 27
1.78 x 1072 0.0121 4.1 0.667 2.62 0.10 -0.23 -117 -28
3.16 x 107* 0.0178 2.8 0405 2.33 -0.72 -0.60 64 56

562 x 1073 0.0261 1.9 Stable

because Re(no) for f = 0.032 is larger than Re(n) for larger values of § when it was
expected to be smaller, we can assume that this result is not reliable. Moreover, negative
Re(n) were obtained for 5 = 0.10 and 5 = 0.18, while all values of Re(7) should be
positive because the instability occurs when ¢ < ¢.. Therefore, the results in the range
of 5 < 0.032 are not reliable. This is attributed to the fact that the channel is not wide
enough to accommodate the shear layer, which further increases once nonlinear terms are
considered, as depicted in Fig 6-2. The flow is stable for any ¢ in the range of 5 g 0.562.
In Table 7.2, the values of 7, and 7, are not correct in the range of € Z 1.00 X 1073,
also because of the small aspect ratio of the channel. In the range of € 2 5.62 x 1073, how-
ever, the flow is expected to be stable, which is in agreement with Fig. 5-2. Supercritical

bifurcation is found to occur for all values of ¢ é 5.62 x 1074

7.1.1 Ciritical vegetation drag and density

The neutral curves in the ¢ — k plane for various /3 or € typically posses a maximum ¢,
above which the flow is stable. Therefore, there is typically a minimum critical vegetation
drag and density parameter o, below which the flow is stable. Fig. 7-2 (a) and (b) depict

the minimum «.. as functions of 3 and ¢, respectively.
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The flow is less stable in the range of small and large 3, for which correspond larger
values of a.. a. is minimized when [ is around 0.08. As previously mentioned, the role
of [ on the instabilities due to the transverse mixing is dual, as the increase of 5 can both
enhance or damp these instabilities. For a large 3, the bed shear stress effects overlaps the
effect of lateral mixing, while in the range of small 3, the velocity gradient which enhances
the lateral mixing is milder. Although the shallow water approach is not valid in the range
of small 3, an increasing of o, is expect to take place at this range.

The increase of € makes the flow less unstable because the effect of the sub-depth-scale
eddy viscosity suppresses the effect of transverse mixing. Therefore, for a larger ¢, a larger

a. 1s necessary for the flow to become unstable, as observed in Fig. 7-2 (b).

7.1.2 Equilibrium amplitude

The absolute value of the equilibrium amplitude (| A.|) was determined from (6.33) for the
ranges of 5 and € which correspond to supercritical bifurcation. Fig 7-3 (a) and (b) depict
| A¢| as functions of § and e respectively.

In Fig 7-3(a), | A.| increases, tends to stabilize and then slightly decreases with the in-
crease of 5. While we have found that the flow is less unstable in the range of sufficiently
large or small /3, herein we also have to consider that the transverse mixing may be en-
hanced by the smaller ¢, in the range of large 5. Similarly, in Fig 7-3(b), while the flow is
expected to be less unstable in the range of large ¢, the corresponding ¢ is this region will

be small, which may enhance the instabilities and result in higher amplitudes.

7.1.3 Maximum friction velocity

We can define a friction velocity (Uyr) by the lateral shear stress due to the transverse
mixing as

Uy = -0V, (7.1)

where U’ and V' are the fluctuations of the streamwise and transverse velocities, respec-
tively.

Fig. 7-4 presents a sample curve of —U’V" as a function of y for the case 5 = 0.05,
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Figure 7-2: a. as functions of (a) 3 for the case ¢ = 6 x 107, (b) € for the case 3 = 0.05;
in both cases B, = 0.55, F' = 0.5.
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Figure 7-3: Absolute value of the equilibrium amplitude (| A.|) as functions of (a) 3 for the
case € = 6 x 1074, (b) € for the case 3 = 0.05; in both cases B, = 0.55, F = 0.5.
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Figure 7-4: —U'V" as a function of y for the case § = 0.05, ¢ = 6 X 1074, B, = 0.55,
F =05, =0.01

e =6x10"" B, = 0.55, F = 0.5, and ¢% = 0.01. As depicted in this figure, ~uv’
reaches its maximum at y = 0. Therefore the friction velocity Uy, reaches its maximum
at the boundary between the non-vegetated and the vegetated zone. Far from this boundary,
—U'V’ decays to zero.

Fig 7-5 (a) and (b) depicts the maximum friction velocity as functions of 3 and e, re-
spectively. The behavior of Uz ma, 18 found to be similar to the behavior of the amplitude
as functions of § or € in Fig 7-5. The value of Uy mq, i obviously expect to increase
with |A.|, since the fluctuating terms increase with |A.|. Because a small { is employed
in Fig 7-5, which will lead to very small higher order terms of (, there is a quasi-linear

correlation between the amplitude in Fig 7-3 and Uy q, 1n Fig 7-5.

7.1.4 Lateral large-scale kinematic eddy viscosity

In the fully developed stage of perturbations, the Reynolds stress can be determined from

the fluctuating velocities U’ and V’. Using Boussinesq’s kinematic eddy viscosity, the
following relation holds: -
—_ dU

—pU' V" = peyy—, (7.2)
dy

where €, is the lateral kinematic eddy viscosity at the fully developed stage of perturba-

tions. €, is normalized by the undisturbed velocity in the non-vegetated zone, Us, and the
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Figure 7-5: Uy, mas as a function of (a) [ for the case € = 6 x 10~4, (b) € for the case
B = 0.05; in both cases B, = 0.55, F = 0.5, (2 = 0.01.
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Figure 7-6: dU /dy as a function of y for the case 3 = 0.05, ¢ = 6 x 107%, B, = 0.55,
F=0.5,¢=0.01.

width of the non-vegetated zone, B ,asin (2.21).

Fig. 7-6 presents a sample curve of dU /dy as a function of y for the case 3 = 0.05,
e =6 x107% B, = 0.55, F = 0.5, and ¢* = 0.01. Similarly to —U’V"’ in Fig. 7-4,
dU /dy has a maximum at y = 0 and decays to zero far from the interface between the non-

vegetated and vegetated zones. And differently from —U’V’, dU /dy has a cusp at y = 0.

The kinematic eddy viscosity €;; determined from (7.2) and using the values of j, e,
B,, I and (? of Fig. 7-4 and Fig. 7-6 is depicted in Fig. 7-7 as a function of 3. Because ¢,
can only be determined in the shear layer, the range of the transverse coordinate y presented
in Fig. 7-7 is limited to —0.15 < y < 0.15. €, has two local points of maximum, one in
the non-vegetated zone, and one in the vegetated zone, and a cusp at y = 0.

Although €, is the eddy viscosity which takes into account the effect of the lateral
transverse mixing, the values of €, in Fig. 7-7 are not larger than the value of € = 6 x 1074,
which is the sub-depth eddy viscosity in the case depicted in Fig. 7-7. This is because a
small value of ¢ was employed in Fig. 7-7, such that the condition depicted in this figure
is not much deviated from the neutral stability. Comparisons between ¢ and €, for larger

values of ¢ will be presented in the next section.

Fig 7-8 (a) and (b) depicts the maximum €,;, which can be located either in the non-
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Figure 7-7: Lateral kinematic eddy viscosity in the fully developed stage of perturbations
exr as a function of y for the case 8 = 0.05, € = 6 x 1074, B, = 0.55, F' = 0.5, (*> = 0.01.

vegetated or the vegetated zones, as functions of § and e, respectively. While U'V’ in-
creases with the increasing of 3 or e, the velocity gradient dU /dy at the shear layer be-
comes steeper with the increase of S and becomes milder with the increase of €, as in

Fig. 3-1. Therefore, the effects of increasing [ and € on €, are opposite.

7.2 Comparison with experimental data

The predictive nonlinear analysis developed herein was compared with the results of the
laboratory experiments of Ikeda et al. (1991) and White and Nepf (2007). In their experi-
ments, vortices were generated in a channel featuring a lateral array of pile dikes. The major
hydraulic variables of their experimental runs are presented in Table 7.3. We predicted su-
percritical bifurcation for most cases, with the exception of runs II, III and XI, although in
the experiments an equilibrium amplitude was also observed in these runs. Runs II, IIT and
XI have in common the small value of 3, which is a less favorable condition for predicting

supercritical bifurcation, as previously mentioned.

7.2.1 Time-averaged velocity

A comparison between the time-averaged velocity profile along the transverse direction y

theoretically determined herein and measurements of Ikeda et al. (1994) is presented in
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Figure 7-8: €., mqz as a function of (a) 8 for the case € = 6 x 10~4, (b) € for the case
S = 0.05; in both cases B, = 0.55, F' = 0.5, (2 = 0.01.
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Table 7.3: Hydraulic parameters from the experiments of Ikeda et al. (1991) (runs 1-5) and
White and Nepf (2007) (runs [-XI).

Run [ €(x107%) F o o ke Re(no) Im(no) Re(m) Im(m)

1 0.061 5.19 051 0303 0.846 4.27 0.88 -1.83 -228 -14.2
2 0.061 5.19 0.77 0.303 0.845 4.27 0.87 -1.63 -228 -14.5
3 0.079 448 0.74 0.356 0.838 5.07 1.06 -2.28 -282 -24.5
4 0.164 3.00 0.62 0462 0.810 8.71 1.82 -4.64 -532 -64.3
5 0.038 6.88 048 0.243 0.852 3.16 0.54 -0.99 -154 43
I 0.058 399 022 0.124 0.869 4.71 0.98 -2.12 -300 -11.4
Ir 0.023 473 021 0.078 0900 3.05 -10.82 4.69 538 6214
I 0.023 7.31 021 0.079 0.861 2.65 0.39 -0.77 61 20.1
IV~ 0.064 4.02 022 0.075 0.862 4.94 1.03 -1.98 -303 -15.1
vV 0.061 282 0.05 0.079 0.890 5.57 1.19 -3.05 -453 -21.7
VI  0.043 2.86 0.16 0.065 0.905 4.78 1.01 -2.58 -421 -8.6
VII  0.055 373 021 0.024 0.877 4.76 0.99 -1.24 -322 -11.2
VII 0.126 429 0.08 0.034 0.799 6.54 1.36 -0.73 -316 -36.4
IX 0.089 495 0.11 0.033 0.818 5.25 1.08 -0.73 -251 -20.8
X 0.066 522 034 0.030 0.837 4.50 0.92 -0.65 =227 -10.8
XI  0.032 870 0.19 0.018 0.827 2.83 0.17 0.13 131 365.6
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Fig. 7-12.

The present model reproduces well the velocity gradient around the shear layer. How-
ever, the observed gradient may be slightly shifted towards the non-vegetated region, as in
(a) and (c). This is because in the mathematical model employed herein, the drag force
due to vegetation is assumed as zero at the immediate vicinity of the edge of the vegetated
region, as in (2.2), while a non-zero vegetation drag force may actually extend slightly
into the range of small positive y. The boundary layer at the vicinity of the walls is not
reproduced by the theory, since we did not make use the condition of vanishing streamwise

velocity at the walls, which is difficult to be used in the shallow water formulation.

7.2.2 Maximum friction velocity

The maximum friction velocity defined by the lateral shear stress is determined from the
following relation, which is similar to (7.1), and has also been employed by White and

Nepf (2007),

A (U/f//) , (7.3)

max

where U’ and V' are the fluctuations of U and V. The above definition for the friction
velocity is employed herein just in the present comparison between theoretical and exper-
imental results. It was not employed when determining the eddy viscosity in (2.11). The
predicted U +M,maz Was found to be located at the interface between the non-vegetated and
vegetated zones, while in the experiments of White and Nepf (2007), it was located within
1—2cm of the array edge. This is also because of the slight shift of the observed velocity

gradient towards the non-vegetated zone, when comparing to the prediction.

Table 7.4 and Fig 7-10 present a comparison between observed and predicted values of
maximum friction velocity U #M,maz> corresponding to the experimental runs of White and

Nepf (2007). The agreement is found to be reasonably good.
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Figure 7-9: Lateral distribution of time-averaged velocity: (a) run 1; (b) run 2; (¢) run 3
(Ikeda et al. (1991)).
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Table 7.4: Observed and predicted maximum friction velocity U M maz-

Run, White and Nepf (2007) I IV VvV VI VI VII IX X
vamax (cm/s), observed 1.8 21 04 15 19 04 08 34
ﬁ'ﬁmax (cm/s), predicted 1.8 1.8 04 13 19 07 10 32

Measured U gy max (CM/S)
35¢

3.0f
25¢
2.0 X

15+ X
x Data
1.0¢

— Lineof perfect agreement
0.5¢

X

0.0 b0 Predicted U cmy/s
00 05 1.0 1.5 20 25 30 35 i ma (CTYS)

Figure 7-10: Comparison between the predicted and measured maximum friction velocity.

7.2.3 Shear layer width

The shear layer width © is measured by the momentum thickness following White and

Nepf (2007),
B ;_ ~
& - / Lo (U=l
B, |4 AU

where U4 = (Uoo + U,oo)/Z and AU =U,, —U_..

dy, (7.4)

Table 7.5 and Fig. 7-11 present a comparison between observed and predicted values
of the shear-layer width at the equilibrium ©. For most of the runs the agreement may be

considered reasonable, with the exception of run VIII.

Table 7.5: Observed and predicted shear layer width at the equilibrium o.
Run White and Nepf (2007) I IV VvV VI VvII VII IX X

© (cm), observed 51 48 45 54 45 44 44 44

© (cm), predicted 47 45 40 48 47 32 41 49
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Figure 7-11: Comparison between the predicted and measured shear layer width ©.

7.2.4 Lateral large-scale kinematic eddy viscosity

Using the velocity fluctuations to express the Reynolds stress, the lateral kinematic eddy

viscosity in the equilibrium stage, 7y, is expressed using Boussinesqs hypothesis as,

—pU'V' = pip—. (7.5)

The above expression is a dimensional form of (7.2).

Fig. 7-12 depicts a comparison between the lateral eddy viscosity determined from
(7.5) and the lateral eddy viscosity measured by Ikeda et al. (1991). While the value of vy
determined by Ikeda et al. (1991) is assumed to be constant along the transverse direction
and valid in the regions far from the shear layer, the lateral kinematic eddy viscosity in
the perturbed stage obtained herein is only defined at the shear layer and varies along the
transverse direction. The values of 7; from the present study and from Ikeda et al. (1991)
corresponding to runs 2, 3 and 4 showed good agreements. On the other side, the maximum
values of 7 determined herein from runs 1 and 5 were around 60% of the values from Ikeda
etal. (1991).

The sub-depth 7 determined from (2.11), and 7y determined by Ikeda et al. (1991)

(which correspond to the broken lines in Fig. 7-12) are presented in Table 7.6. The sub-
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Figure 7-12: Predicted (continuous lines) and measured (broken lines) lateral kinematic
eddy viscosity: (a) runs 1-3; (b) runs 4-5, (Ikeda et al. (1991)).
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Table 7.6: Kinematic eddy viscosity employed in the St. Venant shallow water equations.
Run, Ikeda et al. (1991) 1 2 3 4 5
or (cm?), present study 124 1.84 140 0.61 1.82
pr (cm?), Ikeda et al. (1991) 739 573 3.18 1.83 7.53

depth eddy viscosity employed herein is significantly smaller because it does not include
the effect of the large-scale vortices.

In order to evaluate the growth of the kinematic eddy viscosity from the sub-depth scale
to the large scale, we normalize 7y using the friction velocity and the flow depth sufficiently

far from the vegetated zone, ((7OO and H. ~0» Tespectively), as follows:

vr
o= —=———. (7.6)
UfooHoo

Using the above normalization, the value of o corresponding to the sub-depth eddy viscos-
ity in the present study is x/6 (=2 0.067).

Fig. 7-13 shows the kinematic eddy viscosity using the above normalization for runs
1-5 from Ikeda et al. (1991). As expected, all curves surpasses the value of 0.067 around
y=0.

The values of o around y = 0 approach the range of 0.15-0.20, which has been em-
ployed by Chen and Jirka (1997), Ghidaoui and Kolyshkin (1999) and Prooijen and Uijt-
tewaal (2002). Therefore, the disturbed eddy viscosity determined herein after performing
a nonlinear stability analysis approaches the values of eddy viscosity which were initially
assumed in the shallow-water formulation of previous studies. This indicates that the de-
velopment of the linear theory in these studies, including the base state formulation, made

use of values of eddy viscosity which may be affected by the large-scale vortices.
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Figure 7-13: Lateral kinematic eddy viscosity o versus y, at the vicinity of y = 0. Runs
1-5 (Ikeda et al. (1991)).
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Chapter 8

Conclusions

In this study, we propose new linear and nonlinear stability analyses of flow with a lateral
velocity gradient due to the presence of vegetation on one side of an open channel. In
the analysis, we employ the St. Venant shallow water equations, and include the Reynolds
stresses represented by the kinematic eddy viscosity, which characterizes the sub-depth
scale turbulence generated by the bottom friction. In the base state, the velocity distribu-
tions inside and outside vegetation are expressed by hyperbolic cotangent and hyperbolic
tangent functions squared respectively. These functions are determined analytically, by
considering as the base state not the average flow, but the flow without the effects of the
large-scale horizontal vortices.

We performed a temporal linear stability analysis by imposing small perturbations on
the base state flow velocities and depth. We obtained a set of instability diagrams with re-
spect to six non-dimensional parameters, including a kinematic eddy viscosity parameter,
following that we did not employ a formulation for inviscid flow. Our results indicate that,
while the base state flow field is unstable in the range of typical, moderate values of the
hydraulic parameters, stability is retained in the range of sufficiently small and large vege-
tation densities, small widths of the vegetated zone, large bed shear effect, large sub-depth
eddy viscosity effect, and moderate Froude numbers where the flow is stable to both the
transverse mixing and the gravity. The growth rate of perturbations could be evaluated for
Froude numbers far from zero because the rigid-lid assumption was not used. The use of a

theoretical sub-depth kinematic eddy viscosity unaffected by the lateral motions permitted
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a consistent estimation of the growth rate of perturbations. Assuming that the character-
istic wavenumber and frequency of perturbations associated with maximum perturbation
growth rate correspond to those of vortices realized in experiments, we compare predicted
and observed vortex shedding frequencies. The analysis was shown to be capable of pre-
dicting the order of magnitude of the vortex shedding frequencies, yet there is a systematic
discrepancy in the predicted frequencies when compared to the observed frequencies. This
discrepancy, typically in the range of a factor of approximately two, may be caused by the
limitation of linear stability analysis.

The nonlinear stability analysis was performed in order to theoretically obtain the fully
developed stage of perturbations of a shear flow in a partially vegetated open-channel.
The ratio between the undisturbed velocities in the channel was taken as the parameter
for expansion in the non-linear analysis, and the corresponding wavenumber for maximum
instability was adjusted to this expansion. The theoretical results were validated through a
comparison with experimental measurements from previous studies.

The nonlinear model was able to predict the shear layer width and the maximum friction
velocity reasonably well. The lateral gradient of the time-averaged velocity was also well
represented by the model. The eddy viscosity as a function of the perturbed velocity could
be derived and it was found to be coherent with the laterally-disturbed eddy viscosity from
previous studies. Therefore, the present model was shown to be capable of predicting the
large-scale eddy viscosity from a formulation which included a sub-depth eddy viscosity

completely unaffected by the large-scale lateral motions.
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Appendix A

Notation

The following symbols are used in this paper:

A = amplitude;

A. = equilibrium amplitude;

Agr = aspect-ratio of the non-vegetated zone;

a = vegetation density parameter;

B = non-vegetated zone width;

B, = vegetated zone width;

Cy = vegetation drag coefficient;

Ct = bed friction coefficient;

D,,D, = streamwise and transverse vegetation drag components, respectively;
d = diameter of cylinders;

F' = Froude number;

G,G,, J, J,, K, K,, L,, P, P, = linear operators;

g = gravity acceleration;

H = flow depth;

k = wavenumber;

ks = roughness height;

l, 1, = distances between two adjacent cylinders in x and y directions;
S = streamwise bed slope of the channel;

T = period;

81



Ths, Ty, = streamwise and transverse bed shear stress components, respectively;

T;; (i,7 = x,y) = Reynolds stress tensor;

T;(€),T;(¢) = Chebyshev polynomials in £ and ¢ of degree j;

t = time;

t; = time in the slow scale;

U,V = streamwise and transverse velocities, respectively;

Uy = base state flow velocity;

Uy, Vi, Hy, Ur, Vi, Hiv, Uoo, Uso, Vao, Hao, Usz, Voo, Hao, Ust, Vi, Hay, Uss, Vg, Hsg = eigenfunctions;
Uy = friction velocity;

x,y,z = streamwise, transverse and depth coordinates, respectively;

«a = vegetation drag parameter;

B = bed friction parameter;

€ = sub-depth eddy viscosity parameter;

( = expansion parameter in the multiple scale analysis;

1o = linear growth rate of the amplitude;

11 = first Landau constant;

© = shear layer width;

k = Karman constant;

1 = equilibrium amplitude phase;

vy = kinematic eddy viscosity;

p = water density;

o = kinematic eddy viscosity normalized by the friction velocity and flow depth suffi-
ciently far from the vegetation;

¢ = ratio between the undisturbed velocities in the vegetated zone and the non-vegetated
zone;

1) = base state flow velocity at the interface between the non-vegetated and vegetated
Zones;

) = growth rate of the perturbations;

w = w, + {2 = angular frequency.

Subscripts:
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oo, —oo = far field in the non-vegetated and vegetated zones, respectively;
¢ = located on the neutral curve;
M = fully developed stage of the perturbations;

m = most unstable mode.
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Appendix B

(1) (2) (3) (1) (2) (3)
Terms I, I, I 1555 1555 155

. dU . . . .
" (%Uo UniHyy = Vi “) t e — B (2H HAUS +200U7, + Vi V) if 0<y<I,
= " B.1)
20 1 . dU 2H, H{\US « « . (
Tra (25U0 UnHf, — Vi q 11) +cc. —f3 (ﬁ + 201Uy, + V11V11) if —B,<y<0,
dvl*l * ; * i
BU Vi1 H] — Vi1—— m — BU VY, | +c.c+ k.U Vi) — c.c. if 0<y<1,
(B.2)

dviy
dy

ik Uy Vi

1+

2
12(0) = l 1

o (BUOCVHHE - Vi

) - BUH‘/l*l:| +c.c + —c.c. if —Bv < Yy < 0,



98

du . .
28Uy U1 Hyy — Viy i = BUR H? — ik U} — BUZ — gvﬁ if 0<y<I,

I=q 1 b w
11 . p
1+ a, <25U0CU11H11 - Vit dy - 5U026H121 - lko121> - 5U121 )

dV;
LU Vi1 H11 — Via 1
(2) dy

— ik UnVii — BUn Vi if 0<y<1,

Iy = 1 dVin ., .
BUOC‘/HHH - Vi — ik U Vi ) = BULV if =B, <y <0,
1+ a. dy
dH dV;
I = 2k Uy Hy — Viy——t — Hy =2

dy S dy

(B.3)

(B.4)

(B.5)

(B.6)



