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I. Introduction

In quantum mechanics, in which a physical constant ℏ := h/2π (h : the Planck

constant) plays an important role, the limit ℏ → 0 for various quantities (if it

exists) is called the classical limit. Trace formulas in the abstract boson Fock

space and the classical limit for the trace Z(βℏ) (the partition function) of the

heat semigroup of a perturbed second quantization operator were derived by Arai

[ 4 ], where β > 0 denotes the inverse temperature. Generally speaking, the

classical limit is regarded as the zero-th order approximation in ℏ. From this point

of view, it is interesting to derive higher order asymptotics of various quantities

in ℏ. Such asymptotics are called semi-classical asymptotics. The purpose of this

paper is to derive an asymptotic formula for Z(βℏ).
The outline of this paper is as follows. In Section II, we review some fundamental

facts in the abstract boson Fock space over HC, the complexification of a real

separable Hilbert space H . In particular, a differential structure over a class

of locally convex spaces is introduced, which leads to the Q-space representation

L2(E, dµ) of the boson Fock space over HC. The differentiation discussed in this

section should be considered to be related to the infinite dimensional analysis in [

2, 3 ]. In Section III, following [ 4 ], we review a classical limit in the abstract boson

Fock space over a real separable Hilbert space H . In Section IV, we introduce a
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class of locally convex spaces. This gives a general framework for the semi-classical

analysis discussed in this paper. In the last section, we derive a semi-classical

asymptotic formula for Z(βℏ) mentioned above. The present paper is based on [

1 ].

I am very grateful to Professor Arai for his rigorous and hearty help. It is a real

delight that the teachings of him, which has been shown to me responding to my

consciousness on that occasion, let me discover some ideas in the present paper.

II. Preliminaries

Let H be a real separable Hilbert space. We denote by HC the complexification

of H . In general, we denote by < ·, · > and ∥ · ∥ the inner product and the norm

of a Hilbert space.

We denote by Sn the permutation group of n letters. For all σ ∈ Sn, there

exists a unique unitary mapping Uσ on
⊗n HC such that

Uσ(f1 ⊗ · · · ⊗ fn) = fσ(1) ⊗ · · · ⊗ fσ(n) , f1, · · · , fn ∈ HC.

We define Sn by

Sn :=
1

n!

∑
σ∈Sn

Uσ.

Then Sn is an orthogonal projection on
⊗n HC. We set

n⊗
s

HC := Sn(
n⊗

HC),

which is called the n-fold symmetric tensor product of HC. Then
⊗n

s HC becomes

a Hilbert space. We set
0⊗
s

HC := C.

We define Fb(HC) by

Fb(HC) :=
∞⊕
n=0

n⊗
s

HC.

Then Fb(HC) becomes a Hilbert space, which is called the boson Fock space over

HC.

For all n ∈ Z+ (the set of nonnegative integers), we define the mapping un from⊗n
s HC to Fb(HC) by

(unψ)
(m) := ψ, m = n,
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(unψ)
(m) := 0, m ̸= n, ψ ∈

n⊗
s

HC.

Then un is a linear isometry from
⊗n

s HC to Fb(HC) . We define F (n)
b (HC) by

F (n)
b (HC) := un(

n⊗
s

HC).

Then F (n)
b (HC) can be identified with

⊗n
s HC by un. We define Fb,0(HC) by

Fb,0(HC) :=
⊕̂∞

n=0
F (n)

b (HC),

where
⊕̂∞

n=0 denotes algebraic infinite direct sum.

For all f ∈ HC, we denote by a(f) the boson annihilation operator in Fb(HC)

(cf. [6]), which is defined to be the closed linear operator in Fb(HC) such that its

adjoint a(f)∗ takes the following form (for a linear operator A, D(A) denotes the

domain of A):

D(a(f)∗) = {ψ ∈ Fb(HC)|
∞∑
n=1

n∥Sn(f ⊗ ψ(n−1))∥2 <∞},

(a(f)∗ψ)(0) = 0,

(a(f)∗ψ)(n) =
√
nSn(f ⊗ ψ(n−1)), n ∈ N.

We define Ω ∈ F (0)
b (HC) by

Ω := 1 ∈ C.

We have the following proposition.

Proposition 2.1. (1) For all f, g ∈ HC,

[a(f), a(g)∗]|Fb,0(HC) =< f, g >,

where for a linear operator A and a subspace D ⊂ D(A), A|D denotes the ristric-

tion of A to D. (2) For all n ∈ N and f1, · · · , fn ∈ HC, a(f1)
∗ · · · a(fn)∗Ω ∈

F (n)
b (HC), and

a(f1)
∗ · · · a(fn)∗Ω =

√
n!Sn(f1 ⊗ · · · ⊗ fn).

Proof. See [ 6, Theorem 6.4 ].
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Let {Kn}n∈Z+ be a family of Hilbert spaces, and T (n) be a densely defined linear

operator in Kn. We define
⊕∞

n=0 T
(n) by

D(
∞⊕
n=0

T (n)) := {ψ ∈
∞⊕
n=0

Kn|ψ(n) ∈ D(T (n)), n ∈ Z+},

((
∞⊕
n=0

T (n))ψ)(n) := T (n)ψ(n), n ∈ Z+.

Then
⊕∞

n=0 T
(n) is a linear operater in

⊕∞
n=0 Kn.

Let T be a densely defined closed linear operator in HC. For all n ∈ N, we set

T
(n)
0 :=

n∑
j=1

I ⊗ · · · ⊗
j︷︸︸︷
T ⊗ · · · ⊗ I|⊗̂n

s D(T )
,

where
⊗̂n

s denotes n-fold algebraic symmetric tensor product, and

T (n) := T
(n)
0 ,

T (0) := 0.

We define dΓ(T ) by

dΓ(T ) :=
∞⊕
n=0

T (n).

Then dΓ(T ) is a linear operator in Fb(HC), which is called the second quantization

of T .

We have the following proposition.

Proposition 2.2. Let T be a self-adjoint operator in HC.

(1) dΓ(T ) is self-adjoint.

(2)

σ(dΓ(T )) = {0} ∪ (
∞∪
n=1

{
n∑

j=1

λj|λj ∈ σ(T ), j = 1, · · · , n}).

σp(dΓ(T )) = {0} ∪ (
∞∪
n=1

{
n∑

j=1

λj|λj ∈ σp(T ), j = 1, · · · , n}).

Proof. See [ 5, Theorem 4.14 ].

Let E be a real locally convex space such that E is dense in H and the embed-

ding mapping of E into H is continuous. Then we can see that

E ⊂ H ⊂ E ′,
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where E ′ denotes the topological dual of E .

Following the fact that for all ϕ ∈ H and f ∈ E ,

< ϕ, f >= ϕ(f),

for all ϕ ∈ E ′ and f ∈ E , we set

< ϕ, f >:= ϕ(f).

Let B be the Borel field generated by {< ·, f > |f ∈ E }, and µ be a probability

measure on (E ′,B) such that∫
E ′
eiϕ(f)dµ(ϕ) = e−∥f∥2H /2, f ∈ E .

Then we have ∫
E ′
ϕ(f)2dµ(ϕ) = ∥f∥2H , f ∈ E .

Hence the mapping f 7−→< ·, f > from E to L2(E ′, dµ) is continuous linear

and it extends to the continuous linear mapping T from H to L2(E ′, dµ). For all

f ∈ H and ϕ ∈ E ′, we define < ϕ, f > by

< ϕ, f >:= T (f)(ϕ).

For all f ∈ H and ϕ ∈ E ′ , we define ϕ(f) by

ϕ(f) :=< ϕ, f > .

Then we have ∫
E ′
eiϕ(f)dµ(ϕ) = e−∥f∥2H /2, f ∈ H .

Let {En}n∈N be a family of Banach spaces with the property that

En+1 ⊂ En, ∥ϕ∥n ≤ ∥ϕ∥n+1, ϕ ∈ En+1,

for all n ∈ N, where ∥·∥n denotes the norm of En. Then, the topology defined by the

norms {∥·∥n}n∈N turns
∩

n∈NEn into a Fréchet space. In particular,
∩

p∈N L
p(E ′, dµ)

can be provided with the structure of Fréchet space.

We have the following proposition.

Proposition 2.3. For all f ∈ H , < ·, f >∈
∩

p∈N L
p(E ′, dµ), and the mapping

f ∈ H 7−→< ·, f > from H to
∩

p∈N L
p(E ′, dµ) is continuous linear.
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Let F be a function on Rn and G1, · · · , Gn be real valued functions on E ′. We

define F (G1, · · · , Gn) by

F (G1, · · · , Gn)(ϕ) := F (G1(ϕ), · · · , Gn(ϕ)), ϕ ∈ E ′.

Let {Fn}n∈N be a family of subsets of the linear space of the functions on Rn.

We define {Fn}n∈N(E ′) by

{Fn}n∈N(E ′) := L {F (< ·, f1 >, · · · , < ·, fn >), 1|F ∈ Fn, f1, · · · , fn ∈ H , n ∈ N}.

Let {Pn}n∈N be the family of the linear space of the polynomials of n real

variables with complex coefficients. We define P(E ′) by

P(E ′) := {Pn}n∈N(E ′).

Similarly, we define S (E ′) by

S (E ′) := {S (Rn)}n∈N(E ′),

where S (Rn) is the Schwartz space of rapidly decreasing functions on Rn. Then

we have the following proposition.

Proposition 2.4. P(E ′) and S (E ′) are dense in L2(E ′, dµ).

Proof. See [ 6, Theorem 2.10 ].

Definition 2.5. Let D(E ′) be a linear subspace of the linear space of the functions

on E ′, and {Df}f∈H be a family of linear mappings from D(E ′) to itself. The pair

(D(E ′), {Df}f∈H ) is said to be a differential structure over E ′ if the following

propoties are satisfied.

(1) For all g ∈ H , 1, < ·, g >∈ D(E ′),

Df1 = 0, Df (< ·, g >) =< f, g > .

(2) For all F,G ∈ D(E ′), FG ∈ D(E ′),

Df (FG) = (DfF )G + F (DfG).

(3) Let n ∈ N be arbitary. Then, for all differentiable functions F on Rn and

all real valued functions Gj ∈ D(E ′), j = 1, · · · , n, F (G1, · · · , Gn) ∈ D(E ′) ,

Df (F (G1, · · · , Gn)) =
n∑

j=1

(∂jF )(G1, · · · , Gn)DfGj, f ∈ H .

(4) For all F ∈ D(E ′), F ∗ ∈ D(E ′) (F ∗ is the complex conjugate of F ),

Df (F
∗) = (DfF )

∗, f ∈ H .
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We can see that P(E ′) ∪ S (E ′) ⊂ D(E ′).

Definition 2.6. Let F be a C∞-function on Rn. We say that F is in T (Rn) if

and only if

(1) for all affine mappings Aj on R, j = 1, · · · , n,

lim
|t|→∞

(∂αF )(A1t, · · · , Ant)e
−at2 = 0, α ∈ Zn

+, a > 0,

(2) for all f1, · · · , fn ∈ H , and α ∈ Zn
+, (∂αF )(< ·, f1 >, · · · , < ·, fn >) ∈∩

p∈N L
p(E ′, dµ), and the mapping (f1, · · · , fn) 7−→ (∂αF )(< ·, f1 >, · · · , < ·, fn >)

from H n to
∩

p∈N L
p(E ′, dµ) is continuous.

We define T (E ′) by

T (E ′) := {T (Rn)}n∈N(E ′).

Then we have the following proposition.

Proposition 2.7. (1) T (E ′) is a linear subspace of D(E ′) ∩ L2(E ′, dµ).

(2) P(E ′) ∪ S (E ′) ⊂ T (E ′).

(3) For all F,G ∈ T (E ′) and all f ∈ H ,

FG, DfF, F
∗ ∈ T (E ′).

Proposition 2.8. Let f ∈ H and F,G ∈ T (E ′). Then∫
E ′
ϕ(f)FGdµ(ϕ) =

∫
E ′
(DfF )Gdµ+

∫
E ′
F (DfG)dµ.

For all f ∈ H , we can regard Df as a densely defined linear operator in

L2(E ′, dµ) by

D(Df ) := T (E ′).

Proposition 2.9. For all f ∈ H ,

T (E ′) ⊂ D(Df
∗), (Df )

∗|T (E ′) = ϕ(f)−Df .

Since T (E ′) is dense in L2(E ′, dµ), Df is closable.

Proposition 2.10. Let f ∈ H , F ∈ T (E ′) and G ∈ D(Df ). Then∫
E ′
ϕ(f)FGdµ(ϕ) =

∫
E ′
(DfF )Gdµ+

∫
E ′
F (DfG)dµ.
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For all f1, · · · , fn ∈ H , D∗
f1
· · ·D∗

fn
1 ∈ P(E ′), which is called the Wick product

of the randum variables < ·, f1 >, · · · , < ·, fn >. For all ϕ ∈ E ′, we define

: ϕ(f1) · · ·ϕ(fn) : by

: ϕ(f1) · · ·ϕ(fn) : := (D∗
f1
· · ·D∗

fn1)(ϕ).

Then we have the following proposition.

Proposition 2.11. Let fj, gk ∈ H , j = 1, · · · , n, k = 1, · · · ,m. Then

(1) [Df , D
∗
g ]|T (E ′) =< f, g >, f, g ∈ H ,

(2) Df : ϕ(f1) · · ·ϕ(fn) :=
∑n

j=1 < f, fj >: ϕ(f1) · · · ˆϕ(fj) · · ·ϕ(fn) :, f ∈ H ,

where ˆϕ(fj) indicates omission of ϕ(fj).

(3)

<: ϕ(f1) · · ·ϕ(fn) :, : ϕ(g1) · · ·ϕ(gm) :>L2(E ′,dµ)

= δn,m < a(f1)
∗ · · · a(fn)∗Ω, a(g1)∗ · · · a(gm)∗Ω >Fb(HC) .

We have the following theorem.

Theorem 2.12. There exists a unique unitary mapping U from Fb(HC) to L
2(E ′, dµ)

such that

UΩ = 1,

U(a(f1)
∗ · · · a(fn)∗Ω) =: ϕ(f1) · · ·ϕ(fn) :, f1, · · · , fn ∈ H

Proof. See [6, Theorem 6.34].

III. A Classical Limit in The Abstract Boson

Fock Space

In this section we review a classical limit for the trace of a perturbed second

quantization operator and some fundamental facts related to it, following the work

of Arai [ 4 ].

Let H be a real separable Hilbert space, and A be a strictly positive self-adjoint

operator acting in H . We denote by {Hs(A)}s∈R the Hilbert scale associated with

A [ 4 ]. For all s ∈ R, the dual space of Hs(A) can be naturally identified with

H−s(A).

We denote by I1(H ) the ideal of the trace class operators on H . Let γ > 0

be fixed. Throughout this paper, we assume the following.
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Assumption I. A9−γ ∈ I1(H ).

Under Assumption I, the embedding mapping of H into

E := H−γ(A)

is Hilbert-Schmidt. Hence, by Minlos’ theorem, there exists a unique probability

measure µ on (E,B) such that the Borel field B is generated by {ϕ(f)|f ∈ Hγ(A)}
and ∫

E

eiϕ(f)dµ(ϕ) = e−∥f∥2H /2, f ∈ H ,

where ∥ · ∥H denotes the norm of H .

The complex Hilbert space L2(E, dµ) is canonically isomorphic (Theorem 2.12

with E ′ = E) to the boson Fock space over H , which is called the Q-space

representation of it. We denote by dΓ(A) the second quantization of A and set

H0 = dΓ(A).

Then for all β > 0, e−βH0 ∈ I1(L
2(E, dµ)).

Definition 3.1. A mapping V of a Banach space X into a Banach space Y

is said to be polynomially continuous if there exists a polynomial P of two real

variables with positive coefficients such that

∥V (ϕ)− V (ψ)∥ ≤ P (∥ϕ∥, ∥ψ∥)∥ϕ− ψ∥, ϕ, ψ ∈ X.

Let V be a real valued function on E. Throughout this paper, we assume the

following.

Assumption II. The function V is bounded from below, 3-times Fréchet differ-

entiable, and V, V ′, V ′′, V ′′′ are polynomially continuous.

For ℏ > 0, we define Vℏ by

Vℏ(ϕ) := V (
√
ℏ ϕ), ϕ ∈ E.

and set

Hℏ := H0 +̇
1

ℏ
Vℏ,

where +̇ denotes the quadratic form sum.

Under Assumption I, II, for all β > 0, e−βHℏ ∈ I1(L
2(E, dµ)) [ 4 ]. The trace

Tre−βHℏ is called the partition function of Hℏ. For all s ∈ R, As/2 is a continuous

linear operator from Hs(A) to E and it extends to a continuous linear operator

from H−γ+s(A) to E.
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Theorem 3.2. [ 4 ]. Let β > 0. Then

lim
ℏ→0

Tr e−βℏHℏ

Tr e−βℏH0
=

∫
E

exp

(
−βV

(√
2

β
A−1/2ϕ

))
dµ(ϕ).

We set

Ω = E3, ν = µ⊗ µ⊗ µ.

Then ν is a probability measure on Ω.

Let {λn}∞n=1 be the eigenvalues of A, and {en}∞n=1 be the complete orthonormal

system (CONS) of H with Aen = λnen, and

∞∑
n=1

1

λγ−9
n

<∞ (3.1)

Let φ be a bijection from N × N to N. For all n,m ∈ N, we set fn,m = eφ(n,m).

Then {fn,m}∞n,m=1 is a CONS of H . For all ϕ ∈ E, we define

ϕn := ϕ(en), ϕn,m := ϕ(fn,m).

Then {ϕn}n and {ϕn,m}n,m are families of independent Gaussian random variables

such that for all n,m, n′,m′ ∈ N,∫
E

ϕndµ(ϕ) = 0,

∫
E

ϕnϕmdµ(ϕ) = δnm (3.2)

∫
E

ϕn,mϕn′,m′dµ(ϕ) = δnn′δmm′ . (3.3)

For all m1, · · · ,mp ∈ N, we have

sup
n1,··· ,np∈N

∫
E

|ϕn1|
m1 · · · |ϕnp|

mpdµ(ϕ) <∞. (3.4)

For all N,M ∈ N, we set

FN,M(ε, ω, s) =

√
2

β

N∑
n=1

ϕn√
λn
en +

N∑
n=1

M∑
m=1

√
4ε2λn

β(ε2λ2n + (2πm)2)
(ψn,m cos(2πms)

+ θn,m sin(2πms))en, ε ≥ 0, ω = (ϕ, ψ, θ) ∈ Ω, 0 ≤ s ≤ 1. (3.5)

Then we have

Tre−βℏHℏ

Tre−βℏH0
= lim

N,M→∞

∫
Ω

exp

(
−β
∫ 1

0

V (FN,M(ε, ω, s)) ds

)
dν(ω), (3.6)

where ε = βℏ (See [ 4 ], Lemma 5.2, Lemma 5.3. ).
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IV. A Class of Locally Convex Spaces

We denote by R+ the set of the nonnegative real numbers.

Definition 4.1. A mapping f from R+ to a locally convex space X is said to be

locally bounded if for all δ > 0 and every continuous seminorm p on X,

pδ(f) := sup
0≤ε≤δ

p(f(ε)) <∞.

We denote by (XR+)l.b. the linear space of the locally bounded mappings from

R+ to X. The topology defined by the seminorms {pδ}p,δ turns (XR+)l.b. into a

locally convex space. If X is a Fréchet space, (XR+)l.b. is a Fréchet space.

Let {En}n∈N be a family of Banach spaces with the property that

En+1 ⊂ En, ∥ϕ∥n ≤ ∥ϕ∥n+1, ϕ ∈ En+1,

for all n ∈ N, where ∥ · ∥n denotes the norm of En. Then, the topology defined by

the norms {∥ · ∥n}n∈N turns
∩

n∈NEn into a Fréchet space.

Let (X,P ) be a probability space and Y be a Banach space. We denote by

Lp(X, dP ;Y ) the Banach space of the Y -valued Lp-functions on (X,P ). Then∩
p∈N L

p(X, dP ;Y ) can be provided with the structure of Fréchet space.

Definition 4.2. Let f be a mapping from R+ to
∩

p∈N L
p(X, dP ;Y ). We say

that f is in (
∩

p∈N L
p(X, dP ;Y ))

R+

u.i. if and only if for each δ > 0, there exists a

nonnegative function g ∈
∩

p∈N L
p(X, dP ) such that

sup
0≤ε≤δ

∥f(ε)(x)∥Y ≤ g(x),

P -a.e.x.

The set (
∩

p∈N L
p(X, dP ;Y ))

R+

u.i. is a linear subspace of (
∩

p∈N L
p(X, dP ;Y ))

R+

l.b..

In what follows, we omit x in f(ε)(x).

Lemma 4.3. Let {fλ}λ∈Λ and {gλ}λ∈Λ be nets in (
∩

p∈N L
p(X, dP ))

R+

l.b.. Suppose

that

lim
λ

sup
0≤ε≤δ

∫
X

|fλ(ε)|pdP <∞ and gλ −→ 0

in (
∩

p∈N L
p(X, dP ))

R+

l.b., for all p ∈ N and δ > 0. Then fλgλ −→ 0 in (
∩

p∈N L
p(X, dP ))

R+

l.b..

Proof. Let p ∈ N and δ > 0. For each ε ≥ 0, by the Schwarz inequality, we have∫
X

|fλ(ε)gλ(ε)|pdP ≤
(∫

X

|fλ(ε)|2pdP
)1/2(∫

X

|gλ(ε)|2pdP
)1/2

.
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Hence we have

sup
0≤ε≤δ

∫
X

|fλ(ε)gλ(ε)|pdP ≤
(

sup
0≤ε≤δ

∫
X

|fλ(ε)|2pdP
)1/2(

sup
0≤ε≤δ

∫
X

|gλ(ε)|2pdP
)1/2

.

Then, by the assumption on fλ and gλ, we have fλgλ −→ 0.

Let X1, · · · , Xn and Z be non-empty sets and G be a real-valued function on

X1 × · · · × Xn and Fj be a mapping from Z to Xj, j = 1, · · · , n. We define

G(F1, · · · , Fn), the real-valued function on Z, by

G(F1, · · · , Fn)(z) = G(F1(z), · · · , Fn(z)), z ∈ Z.

Lemma 4.4. Let Q be a polynomial of n real variables and Fj ∈
(∩

p∈N L
p(X, dP ;Y )

)R+

l.b.
,

j = 1, · · · , n. Then, for all δ > 0,

lim
G1→F1,··· ,Gn→Fn

sup
0≤ε≤δ

∫
X

|Q(∥G1(ε)∥, · · · , ∥Gn(ε)∥)|dP <∞.

Proof. It is sufficient to consider the case whereQ(x1, · · · , xn) = xp11 · · · xpnn , x1, · · · , xn ∈
R, p1, · · · , pn ∈ N. Let Gj ∈

(∩
p∈N L

p(X, dP ;Y )
)R+

l.b.
, j = 1, · · · , n. By the

Schwarz inequality, we have∫
X

∥G1(ε)∥p1 · · · ∥Gn(ε)∥pndP ≤
(∫

X

∥G1(ε)∥2p1dP
)1/2(∫

X

∥G2(ε)∥2pn · · · ∥Gn(ε)∥2pndP
)1/2

.

Then, for all δ > 0,

sup
0≤ε≤δ

∫
X

∥G1(ε)∥p1 · · · ∥Gn(ε)∥pndP

≤
(

sup
0≤ε≤δ

∫
X

∥G1(ε)∥2p1dP
)1/2(

sup
0≤ε≤δ

∫
X

∥G2(ε)∥2pn · · · ∥Gn(ε)∥2pndP
)1/2

.

By (
sup
0≤ε≤δ

∫
X

∥G1(ε)∥2p1dP
)1/2

−→
(

sup
0≤ε≤δ

∫
X

∥F1(ε)∥2p1dP
)1/2

,

as G1 → F1, we inductively have

lim
G1→F1,··· ,Gn→Fn

sup
0≤ε≤δ

∫
X

∥G1(ε)∥p1 · · · ∥Gn(ε)∥pndP <∞.

Proposition 4.5. Let Q be a polynomial of n real valuables. Then the mapping

(F1, · · · , Fn) 7−→ Q(∥F1∥, · · · , ∥Fn∥) from
(
(
∩

p∈N L
p(X, dP ;Y ))

R+

u.i.

)n
to
(∩

p∈N L
p(X, dP )

)R+

u.i.
is continuous.
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Proof. We first show that the mapping in the Proposition 4.5 is well defined. Let

δ > 0, p1, · · · , pn ∈ N, and Fj ∈ (
∩

p∈NL
p(X, dP ;Y ))

R+

u.i., j = 1, · · · , n. We assume

that there exists a nonnegative function g ∈
∩

p∈N L
p(X, dP ) such that

sup
0≤ε≤δ

(∥F2(ε)∥p2 · · · ∥Fn(ε)∥pn) ≤ g,

P -a.e.. By the assumption on F1, there exists a nonnegative function h ∈
∩

p∈N L
p(X, dP )

such that

sup
0≤ε≤δ

∥F1(ε)∥p1 ≤ h,

P -a.e.. Then, we have

sup
0≤ε≤δ

∥F1(ε)∥p1 · · · ∥Fn(ε)∥pn ≤ sup
0≤ε≤δ

∥F1(ε)∥p1 sup
0≤ε≤δ

∥F2(ε)∥p2 · · · ∥Fn(ε)∥pn

≤ hg,

P -a.e..

By the Schwarz inequality, we have hg ∈
∩

p∈N L
p(X, dP ). Hence, we inductively

have

∥F1∥p1 · · · ∥Fn∥pn ∈

(∩
p∈N

Lp(X, dP )

)R+

u.i.

.

Let Gj ∈ (
∩

p∈N L
p(X, dP ;Y ))

R+

u.i., j = 1, · · · , n. Then

| ∥F1∥p1 · · · ∥Fn∥pn − ∥G1∥p1 · · · ∥Gn∥pn|

≤
n∑

j=1

∥G1∥p1 · · · ∥Gj−1∥pj−1 | ∥Fj∥pj − ∥Gj∥pj | ∥Fj+1∥pj+1 · · · ∥Fn∥pn .

Then, there exist polynomials {Qj}nj=1 of 2n variables with positive coefficients

such that

| ∥F1∥p1 · · · ∥Fn∥pn − ∥G1∥p1 · · · ∥Gn∥pn|

≤
n∑

j=1

Qj(∥F1∥, · · · , ∥Fn∥, ∥G1∥, · · · , ∥Gn∥) ∥Fj −Gj∥.

Applying Lemma 4.3 and Lemma 4.4, we have

n∑
j=1

Qj(∥F1∥, · · · , ∥Fn∥, ∥G1∥, · · · , ∥Gn∥) ∥Fj −Gj∥ −→ 0,

as F1 → G1, · · · , Fn → Gn. Hence the mapping in the Proposition 3.5 is continu-

ous.
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Proposition 4.6. Let Zj be a Banach space (j = 1, · · · , n), L be a continuous

multilinear form on Z1 × · · · × Zn, and Vj be a polynomially continuous map-

ping from Y to Zj(j = 1, · · · , n). Then the mapping (F1, · · · , Fn) 7−→ L(V1 ◦

F1, · · · , Vn ◦ Fn) from
(
(
∩

p∈N L
p(X, dP ;Y ))

R+

u.i.

)n
to
(∩

p∈N L
p(X, dP )

)R+

u.i.
is con-

tinuous.

Proof. We first show that the mapping in the Proposition 4.6 is well defined. Let

Fj ∈ (
∩

p∈N L
p(X, dP ;Y ))

R+

u.i., j = 1, · · · , n. Then

|L(V1 ◦ F1, · · · , Vn ◦ Fn)| ≤ ∥L∥∥V1 ◦ F1∥ · · · ∥Vn ◦ Fn∥.

Since Vj is polynomially bounded, there exists a polynomial Q of n real variables

with positive coefficients such that

|L(V1 ◦ F1, · · · , Vn ◦ Fn)| ≤ Q(∥F1∥, · · · , ∥Fn∥).

By Proposition 4.5, Q(∥F1∥, · · · , ∥Fn∥) ∈
(∩

p∈N L
p(X, dP )

)R+

u.i.
. Hence we have

L(V1 ◦ F1, · · · , Vn ◦ Fn) ∈
(∩

p∈N L
p(X, dP )

)R+

u.i.
.

Let Gj ∈ (
∩

p∈N L
p(X, dP ;Y ))

R+

u.i., j = 1, · · · , n. Then

|L(V1 ◦ F1, · · · , Vn ◦ Fn)− L(V1 ◦G1, · · · , Vn ◦Gn)|

≤ ∥L∥
n∑

j=1

∥V1 ◦G1∥ · · · ∥Vj−1 ◦Gj−1∥∥Vj ◦Fj −Vj ◦Gj∥∥Vj+1 ◦Fj+1∥ · · · ∥Vn ◦Fn∥.

Since Vj is polynomially continuous, there exist polynomials {Qj}nj=1 of 2n real

variables with positive coefficients such that

|L(V1 ◦ F1, · · · , Vn ◦ Fn)− L(V1 ◦G1, · · · , Vn ◦Gn)|

≤
n∑

j=1

Qj(∥F1∥, · · · , ∥Fn∥, ∥G1∥, · · · , ∥Gn∥) ∥Fj −Gj∥.

Applying Lemma 4.3 and Proposition 4.5, we have

n∑
j=1

Qj(∥F1∥, · · · , ∥Fn∥, ∥G1∥, · · · , ∥Gn∥) ∥Fj −Gj∥ −→ 0,

as F1 → G1, · · · , Fn → Gn. Hence the mapping in the Proposition 3.6 is continu-

ous.
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Let Pj be a probability measure on a set Xj, j = 1, 2. For F ∈ (
∩

p∈N L
p(X1 ×

X2, d(P1⊗P2)))
R+

u.i., we define a mapping
∫
X2
FdP2 from R+ to the set of functions

on X1 by (∫
X2

FdP2

)
(ε) =

∫
X2

F (ε)dP2, ε ≥ 0.

By the property ∫
X1

∫
X2

|F (ε)|pdP2dP1 <∞

for all ε ≥ 0 and p ∈ N, we have∫
X2

|F (ε)|pdP2 <∞,

P1-a.e.. Hence
∫
X2
FdP2 is well defined.

Let δ > 0. Then, by the assumption on F , there exists a nonnegative function

g ∈
∩

p∈N L
p(X1 ×X2, d(P1 ⊗ P2)) such that

sup
0≤ε≤δ

|F (ε)| ≤ g, P1 ⊗ P2 − a.e.

Then, we have

sup
0≤ε≤δ

∣∣∣∣∫
X2

F (ε)dP2

∣∣∣∣ ≤ sup
0≤ε≤δ

∫
X2

|F (ε)|dP2

≤
∫
X2

g dP2,

P1-a.e.. For all p ∈ N, by Jensen’s inequality,∫
X1

∣∣∣∣∫
X2

g dP2

∣∣∣∣p dP1 ≤
∫
X1

∫
X2

gp dP2dP1

< ∞.

Hence we have
∫
X2
FdP2 ∈

(∩
p∈N L

p(X1, dP1)
)R+

u.i.
.

Proposition 4.7. The mapping F 7−→
∫
X2
FdP2 from

(
∩

p∈N L
p(X1 ×X2, d(P1 ⊗ P2)))

R+

u.i. to
(∩

p∈N L
p(X1, dP1)

)R+

u.i.
is continuous linear.

Proof. Let F ∈ (
∩

p∈N L
p(X1 ×X2, d(P1 ⊗ P2)))

R+

u.i.. Then, by Jensen’s inequality,∣∣∣∣∫
X2

F (ε)dP2

∣∣∣∣p ≤ ∫
X2

|F (ε)|p dP2.

Hence, for all δ > 0, we have

sup
0≤ε≤δ

∫
X1

∣∣∣∣∫
X2

F (ε)dP2

∣∣∣∣p dP1 ≤ sup
0≤ε≤δ

∫
X1

∫
X2

|F (ε)|pdP2dP1

−→ 0

as F → 0 in (
∩

p∈N L
p(X1 ×X2, d(P1 ⊗P2)))

R+

l.b.. Hence the mapping is continuous.

15



V. An Asymptotic Formula

We set

Z(ε) = lim
N,M→∞

∫
Ω

exp

(
−β
∫ 1

0

FN,M(ε, ω, s)ds

)
dν(ω), ε ≥ 0, (5.1)

(See (3.5) and (3.6)). In this section, we examine the differentiability of Z. For

all n,m ∈ N, we set

αn,m(ε) =

√
4ε2λn

β(ε2λ2n + (2πm)2)
, ε ≥ 0.

Then, for all δ > 0, there exists a constant C > 0 such that

|αn,m(ε)| ≤
C
√
λn

m
, n,m ∈ N, 0 ≤ ε ≤ δ. (5.2)

|α′
n,m(ε)| ≤

C
√
λn

m
, n,m ∈ N, 0 ≤ ε ≤ δ. (5.3)

|α′′
n,m(ε)| ≤

Cλ
5/2
n

m
, n,m ∈ N, 0 ≤ ε ≤ δ. (5.4)

|α′′′
n,m(ε)| ≤

C(λ
5/2
n + λ

9/2
n )

m
, n,m ∈ N, 0 ≤ ε ≤ δ. (5.5)

For n,m ∈ N, we set

βn,m(ω, s) = ψn,m cos(2πms) + θn,m sin(2πms), ω ∈ Ω, s ∈ R.

We denote by µ
(L)
[ 0,1 ] the Lebesgue measure on [ 0, 1 ].

Lemma 5.1. {FN,M}N,M∈N, {F ′
N,M}N,M∈N, {F ′′

N,M}N,M∈N, {F ′′′
N,M}N,M∈N are Cauchy

nets in (
∩

p∈N L
p(Ω× [ 0, 1 ], d(ν ⊗ µ

(L)
[ 0,1 ]);E))

R+

u.i..

Proof. By (5.2), (5.3), (5.4), (5.5), FN,M , F
′
N,M , F

′′
N,M , F

′′′
N,M ∈ (

∩
p∈N L

p(Ω×[ 0, 1 ], d(ν⊗
µ
(L)
[ 0,1 ]);E))

R+

u.i..

The set {λγ/2n en}∞n=1 is a CONS of E. Then, for N,N ′ ∈ N with N > N ′,∥∥∥∥∥
N∑

n=N ′+1

ϕn√
λn
en

∥∥∥∥∥
2

E

=
N∑

n=N ′+1

ϕ2
n

λγ+1
n

.

Then, for all p ∈ N,∥∥∥∥∥
N∑

n=N ′+1

ϕn√
λn
en

∥∥∥∥∥
2p

E

=

(
N∑

n=N ′+1

ϕ2
n

λγ+1
n

)p

=
N∑

n1,··· ,np=N ′+1

1

λγ+1
n1

· · · 1

λγ+1
np

ϕ2
n1
· · ·ϕ2

np
.
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By (3.4) and the fact that
∞∑
n=1

1

λγ+1
n

<∞,

we have ∫
Ω

∥∥∥∥∥
N∑

n=N ′+1

ϕn√
λn
en

∥∥∥∥∥
2p

E

dν(ϕ) −→ 0,

as N,N ′ → 0.

Let Λ1,Λ2 be finite subsets of N. Then,∥∥∥∥∥∑
n∈Λ1

(∑
m∈Λ2

αn,m(ε)βn,m

)
en

∥∥∥∥∥
2

E

=
∑
n∈Λ1

1

λγn

(∑
m∈Λ2

αn,m(ε)βn,m

)2

.

For all p ∈ N, ∥∥∥∥∥∑
n∈Λ1

(∑
m∈Λ2

αn,m(ε)βn,m

)
en

∥∥∥∥∥
2p

E

=
∑

n1,··· ,np∈Λ1

∑
m1,··· ,mp∈Λ2

∑
l1,··· ,lp∈Λ2

1

λγn1

· · · 1

λγnp

αn1,m1(ε)αn1,l1(ε) · · ·αnp,mp(ε)αnp,lp(ε)

×βn1,m1βn1,l1 · · · βnp,mpβnp,lp .

By (3.3), (5.2), and the fact that

∞∑
m=1

1

m2
<∞,

∞∑
n=1

1

λγ−1
n

<∞,

we have

∥FN,M − FN ′,M ′∥
(
∩

p∈N Lp(Ω×[ 0,1 ],d(ν⊗µ
(L)
[ 0,1 ]

);E))
R+
l.b.

−→ 0,

as N,N ′,M,M ′ → ∞.

Similarly, by
∞∑
n=1

1

λγ−1
n

<∞,

and (5.3), we have∥∥F ′
N,M − F ′

N ′,M ′

∥∥
(
∩

p∈N Lp(Ω×[ 0,1 ],d(ν⊗µ
(L)
[ 0,1 ]

);E))
R+
l.b.

−→ 0,

as N,N ′,M,M ′ → ∞. By
∞∑
n=1

1

λγ−5
n

<∞,

and (5.4), we have∥∥F ′′
N,M − F ′′

N ′,M ′

∥∥
(
∩

p∈N Lp(Ω×[ 0,1 ],d(ν⊗µ
(L)
[ 0,1 ]

);E))
R+
l.b.

−→ 0,
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as N,N ′,M,M ′ → ∞. By
∞∑
n=1

1

λγ−9
n

<∞,

and (5.5), we have∥∥F ′′′
N,M − F ′′′

N ′,M ′

∥∥
(
∩

p∈N Lp(Ω×[ 0,1 ],d(ν⊗µ
(L)
[ 0,1 ]

);E))
R+
l.b.

−→ 0,

as N,N ′,M,M ′ → ∞.

Lemma 5.2. The mapping F 7−→ exp
(
−β
∫ 1

0
V ◦ Fds

)
from (

∩
p∈N L

p(Ω×[ 0, 1 ], d(ν⊗

µ
(L)
[ 0,1 ]);E))

R+

u.i. to (
∩

p∈N L
p(Ω, dν))

R+

u.i. is continuous.

Proof. Let F,G ∈ (
∩

p∈N L
p(Ω × [ 0, 1 ], d(ν ⊗ µ

(L)
[ 0,1 ];E))

R+

l.b.. Since V is bounded

from below, by the inequality

|ex − ey| ≤ (ex + ey)|x− y|, x, y ∈ R,

there exists a constant C ≥ 0 such that∣∣∣∣exp(−β ∫ 1

0

V ◦ Fds
)
− exp

(
−β
∫ 1

0

V ◦Gds
)∣∣∣∣ ≤ C

∣∣∣∣∫ 1

0

V ◦ Fds−
∫ 1

0

V ◦Gds
∣∣∣∣ .

Hence, by Proposition 4.7,∣∣∣∣exp(−β ∫ 1

0

V ◦ Fds
)
− exp

(
−β
∫ 1

0

V ◦Gds
)∣∣∣∣ −→ 0,

as F → G.

For all N,M ∈ N, we set

GN,M(ε, ω) = exp

(
−β
∫ 1

0

V (FN,M(ε, ω, s)) ds

)
ε ≥ 0, ω ∈ Ω.

Lemma 5.3. {GN,M}N,M∈N, {G′
N,M}N,M∈N, {G′′

N,M}N,M∈N, {G′′′
N,M}N,M∈N are Cauchy

nets in (
∩

p∈N L
p(Ω, dν))

R+

u.i..

Proof. By Lemma 5.1, Lemma 5.2 and the completeness of ((
∩

p∈N L
p(Ω×[ 0, 1 ], d(ν⊗

µ
(L)
[ 0,1 ];E))

R+

l.b., {GN,M}N,M∈N is a Cauchy net in (
∩

p∈N L
p(Ω, dν))

R+

u.i..

For all ε ≥ 0,

G′
N,M(ε, ω) = −βGN,M(ε, ω)

∫ 1

0

V ′(FN,M(ε, ω, s))(F ′
N,M(ε, ω, s))ds.

In general, for each n-times continuously Fréchet differentiable mapping F from

a Banach space X to a Banach space Y , ϕ ∈ X, and n ∈ N, F (n)(ϕ) is identi-

fied with an element in L (n)(Xn, Y )(the Banach space of continuous multilinear
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mapping from Xn to Y ). The mapping (L, x1, · · · , xn) 7−→ L(x1, · · · , xn) from

L (n)(Xn, Y )×Xn to Y is continuous multilinear. Then, by Proposition 4.6, 4.7,

and Lemma 5.1, {G′
N,M}N,M∈N is a Cauchy net in (

∩
p∈N L

p(Ω, dν))
R+

u.i..

Similarly and inductively, {G′′
N,M}N,M∈N and {G′′′

N,M}N,M∈N are Cauchy nets in

(
∩

p∈N L
p(Ω, dν))

R+

u.i..

Now we have the following theorem.

Theorem 5.4. The function Z defined by (5.1) is 3-times continuously differen-

tiable with the following properties :

Z(0) =

∫
E

exp

(
−βV

(√
2

β
A−1/2ϕ

))
dµ(ϕ) (5.6)

Z ′(0) = 0 (5.7)

Z ′′(0) =
∞∑

m=1

∫
E2

dµ(ϕ)dµ(ψ) (−β) exp
(
−βV

(√
2

β
A−1/2ϕ

))

×V ′′
(√

2

β
A−1/2ϕ

)(
A1/2

(
1√
βπm

∞∑
n=1

ψn,men

)
, A1/2

(
1√
βπm

∞∑
n=1

ψn,men

))
(5.8)

Proof. By Lemma 5.1, Lemma 5.3, and the fact that αn,m is infinitely differentiable

for all n,m ∈ N,
∫
Ω
HN,M (ε, ω) dν(ω) with HN,M = GN,M , G

′
N,M , G

′′
N,M , G

′′′
N,M

uniformly converges in ε. Hence one can interchange the limit limN,M→∞ with

differentiations in ε. Hence Z is 3-times continuously differentiable in R+.

By Theorem 3.2, we obtain (5.6).

For ε ≥ 0

Z ′(ε) = lim
N,M→∞

∫
Ω

G′
N,M(ε, ω)dν(ω) .

In particular

Z ′(0) = lim
N,M→∞

∫
Ω

G′
N,M(0, ω)dν(ω),

and

G′
N,M(0, ω) = −β GN,M(0, ω)

∫ 1

0

V ′

(√
2

β

N∑
n=1

ϕn√
λn

)(
N∑

n=1

α′
n,m(0)βn,m(ω, s)en

)
ds

= −β GN,M(0, ω)V ′

(√
2

β

N∑
n=1

ϕn√
λn

)(∫ 1

0

N∑
n=1

α′
n,m(0)βn,m(ω, s)ends

)
.

By the fact that∫ 1

0

cos(2πms)ds =

∫ 1

0

sin(2πms)ds = 0, m ∈ N,
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we obtain (5.7). For ε ≥ 0

G′′
N,M(ε, ω) = −β G′

N,M(ε, ω)

∫ 1

0

V ′(FN,M(ε, ω, s))(F ′
N,M(ε, ω, s))ds

−β GN,M(ε, ω)

∫ 1

0

V ′′(FN,M(ε, ω, s))(F ′
N,M(ε, ω, s), F ′

N,M(ε, ω, s))

+V ′(FN,M(ε, ω, s))(F ′′
N,M(ε, ω, s))ds.

In particular,

Z ′′(0)

= lim
N,M→∞

M∑
m=1

∫
E2

dµ(ϕ)dµ(ψ) (−β) exp

(
−βV

(√
2

β

N∑
n=1

ϕn√
λn
en

))

× V ′′

(√
2

β

N∑
n=1

ϕn√
λn
en

)(
1√
βπm

N∑
n=1

√
λnψn,men,

1√
βπm

N∑
n=1

√
λnψn,men

)
,

where we have used the fact that∫ 1

0

cos(2πms) sin(2πns)ds = 0,∫ 1

0

cos(2πms) cos(2πns)ds =

∫ 1

0

sin(2πms) sin(2πns)ds =
δmn

2
, n,m ∈ N.

By (3.2), we have ∫
E

∞∑
n=1

ϕ2
n

λγ+1
n

dµ(ϕ) =
∞∑
n=1

1

λγ+1
n

∫
E

ϕ2
ndµ(ϕ)

=
∞∑
n=1

1

λγ+1
n

< ∞.

Hence we have

A−1/2ϕ =
∞∑
n=1

ϕn√
λn
en ∈ E, µ− a.e. ϕ ∈ E.

Then, for all p,N ∈ N,∥∥∥∥∥
√

2

β

N∑
n=1

ϕn√
λn
en

∥∥∥∥∥
2p

E

=

(
2

β

N∑
n=1

ϕ2
n

λγ+1
n

)p

≤
(
2

β

)p
(

∞∑
n=1

ϕ2
n

λγ+1
n

)p

=

(
2

β

)p ∞∑
n1,··· ,np=1

1

λγ+1
n1

· · · 1
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np

ϕ2
n1
· · ·ϕ2

np
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µ−a.e. ϕ ∈ E. Then, by (3.4), we have

∫
E

sup
N∈N

∥∥∥∥∥V ′′

(√
2

β

N∑
n=1

ϕn√
λn
en
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2

L (2)(E×E,R)

dµ(ϕ) <∞.

For all m ∈ N,
∞∑
n=1

∫
E

ψ2
n,m

λγ−1
n

dµ(ψ) =
∞∑
n=1

1

λγ−1
n

∫
E

ψ2
n,mdµ(ψ)

=
∞∑
n=1

1

λγ−1
n

< ∞.

Then we have

A1/2

(
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n=1

ψn,men

)
=

∞∑
n=1

√
λnψn,men ∈ E,

µ−a.e. ψ ∈ E, m ∈ N.
For all N,m ∈ N, ∥∥∥∥∥

N∑
n=1

√
λnψn,men

∥∥∥∥∥
2

=
N∑

n=1

ψ2
n,m

λγ−1
n

≤
∞∑
n=1

ψ2
n,m

λγ−1
n

,

µ−a.e. ψ ∈ E, m ∈ N.
Then, for all N,m ∈ N,∥∥∥∥∥

N∑
n=1

√
λnψn,men

∥∥∥∥∥
4

≤

(
∞∑
n=1

ψ2
n,m

λγ−1
n

)2

=
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n1,n2=1

1

λγ−1
n1

1

λγ−1
n2

ψ2
n1,m

ψ2
n2,m

,

µ−a.e. ψ ∈ E, m ∈ N.
Then, by (3.4), we have

∫
E

sup
N∈N

∥∥∥∥∥
N∑

n=1

√
λnψn,men

∥∥∥∥∥
4

dµ(ψ) <∞.
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Since V is bounded from below, there exists a constant C ≥ 0 such that∣∣∣∣∣−β exp
(
−βV
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ϕn√
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β
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)(
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n=1

1√
βπm
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√
λnen,

N∑
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1√
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2

≤ C sup
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N∑
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√
λnψn,men

∥∥∥∥∥
4

.

On the other hand, we have∫
E2
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=
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4
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Hence, by the dominated convergence theorem, we have for all M ∈ N,
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as N → ∞. There exists a constant C ≥ 0 such that∣∣∣∣∫
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where we have used (3.2). By the fact that

∞∑
m=1

1

m2
<∞,

we obtain (5.8).

Thus, we have an asymptotic formula for the partition function Tre−βℏHℏ as

follows.

Theorem 5.5. For all β > 0,

Tre−βℏHℏ

Tre−βℏH0

=

∫
E

exp

(
−βV

(√
2

β
A−1/2ϕ

))
dµ(ϕ)

−β
3ℏ2

2
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∫
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dµ(ϕ)dµ(ψ) exp
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−βV

(√
2

β
A−1/2ϕ

))
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2

β
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)(
A1/2

(
1√
βπm
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n=1

ψn,men

)
, A1/2

(
1√
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ψn,men

))
+o(ℏ2)

as ℏ → 0.
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