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1 Introduction

In this thesis we consider submanifolds in the unit n-sphere from the view point of Legendrian
dualities between pseudo-spheres in Minkowski space-time. In [5, 8] Izumiya introduced the
mandala of Legendrian dualities between psudo-spheres in Minkowski space-time. There are
three kinds of pseudo-spheres in Minkowski space-time (i.e., the hyperbolic space, the de Sitter
space and the lightcone). Especially, if we investigate spacelike submanifolds in the lightcone,
this framework is essentially useful (see, also [13]). For the de Sitter space and the lightcone,
there exist naturally embedded unit spheres. If we have a submanifold in the unit sphere, then
we have the corresponding submanifolds in the embedded unit spheres in the lightcone or de
Sitter space. Since these canoncial embeddings are isometries, the geometric structures of those
two submanifolds are the same from the view point of the spherical geometry. We also have the
dual hypersurfaces in the lightcone as an application of the duality theorem in [8]. We have two
dual hypersurfaces depending on the embeddings of the sphere in the de Sitter sphere or the
lightcone. On the lightcone, there is a projection onto the canonically embedded unit sphere
(cf., §82.1). We investigate the singular points of the dual hypersurfaces and the projection
images of the singular value sets onto the unit sphere in the lightcone. Of coruse, the singular
points of these two dual hypersurfaces are different in general. However, the situation depends
on the codimension of the submanifold for the projections of the singular values. One of the
consequences is that the projetion of the singular values of these dual hypersurfaces are equal
to the spherical focal set (or , the spherical evolute) for submanifolds of codimension one (cf.,
Theorem 3.1.7 and Theorem 5.2.5). However, these are different for submanifolds of higher
codimensions (cf., Proposition 4.2.2).

In §3, we study the lightcone dualities for curves in the unit 2-sphere. The dual curve of a
curve - in the unit sphere is defined to be the front 4" equidistant by 7/2 from the original
one. The dual curve 4" can be considered as the Gauss map of the original curve «. Moreover
the pair (v,v") is a Legendrian immersion to the contact manifold (A, K) in the product of

the spheres which gives the well-known spherical Legendrian duality. This means that the dual



curve vV can be interpreted as the wavefront set of the Legendrian immersion
L,=v,7):I—A={(v,w)eS?*xS*|v -w=0}

to the contact manifold (A, K'), where the contact structure K is defined by the 1-form 6 =
(v1dw; +vedws +v3dws)|A. The duals in several different ambient spaces have been well-studied
so far ([18, 4, 19, 21, 8, 16, 1], etc.).

On the other hand, the spherical evolute of 4 is naturally obtained as the envelope of the
family of normal geodesics to 7. The evolute in Euclidean plane is naturally interpreted as a
caustic [7]. The spherical evolute is also a caustic [17]. Moreover, it is the dual curve of the
unit tangent vector of the original curve [18]. However, there might be no interpretation on the
evolute from the view point of the dual of the original curve. In §3 we show that the spherical
evolute of a given curve can be interpreted as the critical value sets of these dual surfaces (cf.,
Theorem 3.1.7). We also investigate the singularities of these curves and surfaces (cf., Theorem
3.3.4). As a consequence, we obtain an interesting correspondence among these singularities
(cf., Remark 3.3.5).

In §4, we study the lightcone dualities for curves in the unit 3-sphere. In §3, the evolutes of
curves in the unit 2-sphere has been investigated from the view point of the Legendrian duality
[5, 8, 10]. Tt is known that the evolute of a curve in the unit 2-sphere is the dual of the tangent
indicatrix of the original curve [18]. For a curve in the unit 3-sphere, however, the dual is a
surface. Therefore, the dual of the tangent indicatrix of a curve is a surface which is called the
focal surface (or, the focal set) of the original curve. The critical locus of the focal surface is
the evolute of the original curve (cf., [18]). We remark that the focal set of a curve in the unit
2-sphere is a curve which is equal to the evolute.

For the de Sitter 4-space and the lightcone in Lorentz-Minkowski 5-space, there exist natu-
rally embedded unit 3-spheres. The de Sitter 4-space corresponds to the cosmic model, and the
lightcone also has its clear background in Physics [6]. In this section we investigate the curves
in the unit 3-sphere in the framework of the theory of Legendrian dualities between pseudo-

spheres in Lorentz-Minkowski 5-space([1, 4, 7, 8, 16, 18, 19, 21], etc.). If we have a regular



curve in the unit 3-sphere, then we have the regular curve in the embedded unit 3-sphere in
the lightcone or de Sitter space. Therefore, we naturally have the dual hypersurfaces in the
lightcone as an application of the duality theorem in [8]. There are two kinds of lightcone dual
hypersurfaces of a curve in the unit 3-sphere. We will give the classifications of the singularities
of these hypersurfaces. In physics, the singularities of the lightcone are also studied [20]. The
critical value sets of these two hypersurfaces are called the lightcone focal surfaces respectively.
The projections of these focal surfaces to unit 3-sphere are different surfaces. In [10] we have
shown that the projection images of the critical value sets of lightcone dual surfaces for a curve
in the unit 2-sphere coincide with the evolute of the original curve. Therefore, the situation of
curves in the unit 3-sphere is quite different from that of curves in the unit 2-sphere. However,
the projections of the critical sets of lightcone focal surfaces are equal to the evolute of the
curve. In order to clarify such situation, we introduce the notion of discriminant set of higher
order for unfoldings of functions of one-variable (see, §§4.4).

In §5, we study the lightcone dualities for hypersurfaces in the unit n-sphere. For de Sitter
space and the lightcone in Minkowski (n + 2)-space, there exist naturally embedded unit n-
spheres. Moreover, we have the canonical projection from the lightcone to the unit sphere
embedded in the lightcone. In this section, we investigate hypersurfaces in the unit n-sphere
in the framework of the theory of Legendrian dualities between pseudo-spheres in Minkowski
(n+2)-space ([19, 21, 7, 8], etc.). If we have a hypersurface in the unit n-sphere, then we have
spacelike hypersurfaces in the embedded unit n-sphere in the lightcone and de Sitter space.
Therefore, we naturally have the dual hypersurfaces in the lightcone as an application of the
duality theorem in [8]. There are two kinds of lightcone dual hypersurfaces of a hypersurface
in the unit n-sphere. One is the dual of the hypersurface of the unit n-sphere embedded in de
Sitter space and another is the dual of the hypersurface of the unit n-sphere embedded in the
lightcone. By definition, these dual hypersurfaces are different.

On the other hand, we have studied the curves in the unit 2-sphere and the unit 3-sphere
from the view point of the Legendrian duality in §3 and §4 [10, 11]. In the unit 2-sphere, it

is known that the evolute of a curve in the unit 2-sphere is the dual of the tangent indicatrix



of the original curve [18]. We have shown that the projection images of the critical value sets
of lightcone dual surfaces for a curve in the unit 2-sphere coincide with the evolute of the
original curve in [10]. However, this fact doesn’t hold for a curve in unit 3-sphere (cf., [11]).
For the curve case, these facts have been shown by the direct calculations in [10, 11]. We
have not known the geometric reason why the situations are different. In order to clarify these
situation, we investigate hypersurfaces in the unit n-sphere from the view point of the theory
of Legendrian singularities. The curves in the unit 2-sphere can be considered as a special case
of this paper. We can also show that the projection images of the critical value sets of two
different lightcone dual hypersurfaces for a hypersurface in the unit n-sphere also coincide with
the spherical evolute (cf., [17]) of the original hypersurface. We interpret geometric meanings
of the singularities of those two lightcone dual hypersurfaces. Here, we remark that we do
not have the notion of tangent indicatrices for higher dimensional submanifolds in the sphere.

Therefore, the situation is completely different from the curve case.



2  Preliminary knowledge

2.1 The basic concepts

In this section we introduce the basic concepts in this thesis. Let R"*2 be an (n+2)-dimensional
vector space. For any two vectors € = (2o, %1, Tnt1),Y = (Yo, Y1y - - -, Yns1) in R"T2 their
pseudo scalar product is defined by (x,y) = —Toyo + T1y1 + . . . + Tpy1Yni1. Here, (R™2 () is
called Lorentz-Minkowski (n + 2)-space (simply, Minkowski (n + 2)-space), which is denoted by

R?*2. For any (n + 1) vectors @1, @y, ..., T, € RYT, their pseudo vector product is defined
by
—€y € €n+t1
0 1 n+1
Ty Ty Ty
TINT N NTp = | ) SRR Sl N
0 1 n+1
:Cn—‘rl xn—&-l T xn—i—l
h . h ical basi fRnJrZ dx = 0 ,.1 n+1 A
where {eg, e, -+, e,11} is the canonical basis of RT™ and @; = (7, z;,--- ,2]""). A non-zero

vector & € R is called spacelike, lightlike or timelike if (x, z) > 0, (z,z) = 0 or (x,z) < 0
respectively. The norm of € R7*? is defined by || z ||= /| (z, z)].

Let v : I — R!™ be a regular curve in R7™ (i.e., 4(t) # 0 for any t € I ), where
I is an open interval. For any t € I, the curve -~ is called spacelike, lightlike or timelike if
(@), ~4()) > 0,((t),~(t)) = 0 or (¥(t),~(t)) < 0 respectively. We call v a nonlightlike curve
if ~v is a spacelike or timelike curve. The arc-length of a nonlightlike curve v measured from
(to)(to € 1) s s(t) = [, I 4(¢) || dt.

The parameter s is determined such that || 4/(s) ||= 1 for the nonlightlike curve, where
~'(s) = dv/ds(s) is the unit tangent vector of 7 at s.

We define the de Sitter (n + 1)-space by

ST ={z eR{"” | (z,2) =1}.



We define the closed lightcone with the vertex a by
LC, ={x c¢ R | (x —a,z —a) =0}
We define the open lightcone at the origin by
LC* = {x € R1"\{0} | (x,z) = 0}.
We consider a submanifold in the lightcone defined by
St ={x e LC" | g =1},

which is called the lightcone unit sphere. We have a projection m : LC* — ST defined by

m(x) =2 = (1,ﬂ,...,xn+l>,

Zo Zo

where & = (19,71, ... 7,.1). We also define the n-dimensional Euclidean unit sphere in R{™ by
Sy ={x € Syt |z = 0},

where Ri™ = {x € R1™ | 2y = 0}.

2.2 The Legendrian duality theorem

We now review some properties of contact manifolds and Legendrian submanifolds. Let N be a
(2n+1)-dimensional smooth manifold and K be a tangent hyperplane field on N. Locally, such
a field is defined as the field of zeros of a 1-form «. The tangent hyperplane field on K is non-
degenerate if aA(da)™ # 0 at any point of N. We say that (N, K) is a contact manifold if K is a
non-degenerate hyperplane field. In this case, K is called a contact structure and « is a contact
form. Let ¢ : N — N’ be a diffeomorphism between contact manifolds (N, K) and (N, K').
We say that ¢ is a contact diffeomorphism if d¢(K) = K’. Two contact manifolds (N, K') and
(N', K') are contact diffeomorphic if there exists a contact diffeomorphism ¢ : N — N’. A
submanifold ¢ : L C N of a contact manifold (N, K) is said to be Legendrian if dimL = n
and di,(T,L) C Kj) at any x € L. We say that a smooth fiber bundle 7 : E — M is

7



called a Legendrian fibration if its total space E is furnished with a contact structure and
its fibers are Legendrian submanifolds. Let m : £ — M be a Legendrian fibration. For a
Legendrian submanifold ¢ : L C E,mo4 : L — M is called a Legendrian map. The image

of the Legendrian map 7 o ¢ is called a wavefront set of ¢ which is denoted by W (i). For any

p € E, it is known that there is a local coordinate system (x1,...,Zm,P1,- ., Pm,2) around
p such that w(z1,...,Zm, D1, Pm, 2) = (T1,...,Tm, z) and the contact structure is given by
the 1-form

oa=dz — ipidxi
1

(cf. [1], 20.3). One of the examples of Legendrian fibrations is given by the unit spherical
tangent bundle of a Riemannian manifold. Let M be a Riemannian manifold and TM is
its tangent bundle. Let (z1,...,z,) be local coordinates on a neighbourhood U of M and
(v1,...,v,) be coordinates on the fiber over U. Let g;; be the components of the metric (,)
with respect to the above coordinates. Then the canonical one-form can be locally denoted by
0= Z” gi;vjdgq; where ¢; = z; om for the projection 7 : TM — M. Let 7 : S(TM) — M be
the unit spherical tangent bundle with respect to the metric (,). Then the restriction of 6 onto
S(TM) gives a contact structure and 7 : S(T'M) — M is a Legendrian fibration (cf., [2]).

We now show the basic theorem in this paper which is the fundamental tool for the study of
spacelike submanifolds in pseudo-spheres in Minkowski space. We define one-forms (dv, w) =
—wodvo+ Y1 widvy, (v, dw) = —vodwo+ 1, vidw; on RPT? xRT™ and consider the following
four double fibrations with one-forms:
(1)(a) H™1(~1) x SIS Ay = {(v,w) | {v,w) = 0},

(b) m1 : Ay — H™W(=1), 79 : A — SPTHL

(c) 011 = (dv,w)|As, 612 = (v, dw)|As.
(2)(a) H" (1) x LC* D Ay = {(v,w) | (v, w) = —1},

(b) ma1 : Ay — LC*, 799 : Ay — LC*,

(¢) B9 = (dv, w)|Ag, b2 = (v, dw)|As.
(3)(a) LC* x S D Az = {(v,w) | (v,w) =1},

(b) 731 - Ag — LC*,TFgQ : Ag — S%,



(c) O3 = (dv, w)|As, 32 = (v, dw)|As.

(4)(a) LC* x LC* D Ay = {(v,w) | (v, w) = =2},
(b) w41 : Ay — LC*,my9 : Ay —> LC*,
(c) Oy = (dv,w)|Ay, 042 = (v, dw)|Ay.

Here, ;1 (v, w) = v, mn(v, w) = w are the canonical projections. Moreover, 0;; = (dv,w) |a,
and 0,5 = (v, dw) |5, are the restrictions of the one-forms (dv, w) and (v, dw) on A\;. We remark
that 6;'(0) and #,*(0) define the same tangent hyperplane field over A; which is denoted by

K;. The basic theorem in this thesis is the following theorem:

Theorem 2.2.1. Under the same notations as the previous paragraph, each (A;; K;)(i =
1,2,3,4) is a contact manifold and both of 7;;(j = 1;2) are Legendrian fibrations. Moreover

those contact manifolds are contact diffeomorphic each other.

The proof of this theorem can be found in [8]. In this thesis, we will only consider (As, K3)
and (A4, K4). If we have an isotropic mapping i : L — A; (i.e., i*6;; = 0), we say that m;;(i(L))
and m;(i(L)) are A;-dual to each other (¢ = 3,4). For detailed properties of Legendrian

fibrations, see [1].



3 Lightcone dualities for curves in the 2-sphere

3.1 Curves in the unit sphere and lightcone duals

Let v : I — S% be a regular curve. We have a map @ : S — S7 defined by ®((v)) = v — ey,
which is an isometry. Then we have a regular curve 7 : I — S2 defined by 7(s) = ®(v(s)) =
~(s) — eg, so that v and 7 have the same geometric properties as spherical curves. Since 7 is
a spacelike curve, we can reparameterize it by the arc-length s. So we have the unit tangent
vector t(s) = 7'(s) of ¥(s). We have another unit vector n(s) = F(s) A ey A t(s), then we
have a pseudo-orthonormal frame {7, ¢,n} of R3 along 7. By standard arguments, we have the

following Frenet-Serret type formulae.

¥'(s) = t(s)

t'(s) = rg(s)n(s) —7(s) »

n/(s) = —rg(s)t(s)
where r,(s) = (t'(s),n(s)). It is known that {%,¢,n} is called the Sabban frame of 7 [12].
Here, K, is the geodesic curvature of 7 in S3. Under the above notation, the dual of 7 is given
by 7Y (s) = n(s). Therefore, s is a singular point of 7" if and only if x,(sg) = 0. Moreover, it

has been known the following proposition [18, Proposition 1]:

Proposition 3.1.1. The dual curve %" has an ordinary cusp at s if and only if k,(sg) = 0

and r;(so) # 0.

Here, we say that a curve has an ordinary cusp if it is locally diffeomorphic to the curve
C = {(z1,22) | 23 = 23} (cf., Fig.1).
The point ¥(sg) with k,4(so) = 0, x}(s0) # 0 is said to be an ordinary inflection of 7.

On the other hand, the evolute e5 of the curve 7 is defined to be the envelope of the family
of the normal geodesics to the curve 7. It is known that the evolute of % is the dual of the

spherical curve given by the unit tangent vector ¢ [18]. By the Frenet-Serret type formulae, we

10



The ordinary cusp
Fig. 1

have

i(s) — :I:tv(s) — i(/€9<5>7<8) + ’I’L(S))

o
2
K2(s) +1

For a general parametrized curve v : I — S%, we can calculate that the geodesic curvature

det(~y(t),~(t),~(t
is given by k,(t) = et(y(®), (8), 5 >> Thus, we have the following proposition as a corollary

1Y@

of Proposition 3.2.1:

Proposition 3.1.2. The evolute e5 of the curve 7 is singular at s if and only if x{(sg) = 0.

Moreover, ey has an ordinary cusp at sq if and only if #(sg) = 0 and &} (s0) # 0.

Proof. The geodesic curvature of t is given by

B det(t(s), t'(s),t"(s)) ﬁlg<5)
mltl(s) = =T (Ve +1)

Hence, the first assertion holds. We also have

i) = PO D) = 3 (),

( K2(s) + 1)5

It follows that r,[t](s0) = 0 and ry[t]'(so) # 0 if and only if #(so) = 0 and rj(sg) # 0. This

completes the proof. O

The point y(so) with 7 (so) = 0, x}(s0) # 0 is said to be an ordinary vertex of =.
On the other hand, 7 is a curve in the Euclidean 3-space R3. Therefore, we have the Frenet

frame {T', N, B} along 7 as a space curve. Let 7(s) be the torsion of 7 at 7(s) with respect

11



to the Frenet frame {T', N, B}. By a straightforward calculation, we have

L) R 1) — 26, ()()%(s)
A RS CAOESIE |

Therefore, we have the following corollary.

Corollary 3.1.3. The evolute e5 of the curve 7 is singular at sy if and only if 7(sg) = 0.

Moreover, e5 has an ordinary cusp at sq if and only if 7(so) = 0 and 7/(so) # 0.

We call the point F(sg) with 7(sg) = 0,7'(so) # 0 an ordinary flattening point of 7.
We now define surfaces in LC* associated with the curves in S% or S3. Let v : I — S2 be

a unit speed curve. We define E; I xR — LC* by

—_—t _
LD (s,u) =75(s) +un(s) £ Vu® + leg.
We also define LD, : I x R — LC* by

ur—4 u?+4
1 ¥(s) + un(s) + 1

€.
Then we have the following proposition.

Proposition 3.1.4. Under the above notations, we have the followings:
(1) % and E$ are Ag-dual to each other.
(2) v and LD, are Ay-dual to each other.

Proof. Consider the mapping Z3(s,u) = (E;(s, u),7(s)). Then we have (E;(s,u),ﬁ(s)) =
(F(s),7(s)) = 1 and L5b32 = (E;(s,u),ﬁ’(s»ds = (E;(s,u),t(s»ds = 0. The assertion
(1) holds.

We also consider the mapping Z(s,u) = (LD(s,u),~(s)). Since (vy(s),eo) = 1 and
(v(s),7(s)) = 1, we have u?/4 — 1 — (u?/4 + 1) = —2. Moreover, we have £, =
(LD~ (s,u)),v'(s))ds = (LD~(s,u),t(s))ds = 0. This completes the proof. O

We call E; the Lightcone dual surface of the de Sitter spherical curve & and LD, the

Lightcone dual surface of the lightlike spherical curve «y. Then we have two mappings Woﬁ$ ;

12



IxR— 52 andmoLD,:IxR— 5% defined by

— 1 U

moLD_(s,u) = +|—7(s)+ ——=n(s) | + ey,
u? —4 4u

moLDy(s,u) = (u2 n 4)W(5) + e 4n(s) + ep.

In this paper we consider the singularities of these dual surfaces and mappings. By the

Frenet-Serret type formulae, we have

S

al;i)'y(s,u) = n(s)i%ﬂeo,
S

T3 su) = (1w, ()E(s).

PP (s u) = (s) 4 ms) + pen
aLaf’y(s,u) = <U24_4 —UH9(8)> t(s).

Then we have the following proposition.

Proposition 3.1.5. Let 4 : I — S? be a unit speed curve. Then we have the followings:
(1) (s,u) is a singular point of Eif if and only if k,(s) # 0 and u = 1/k,(s),

(2) (s,u) is a singular point of LD, if and only if u = 2(k4(s) £ |/K2(s) + 1).

Proof. By the above calculations, 0ﬁ$ Jou(s,u), 8ﬁ$ /0s(s,u) are linearly dependent if and

only if 1 — ky4(s)u = 0. The assertion (1) follows. By the similar reason, we have the assertion

2). O

For simplification, we denote o, (s) = y(s) & | /k2(s) + 1. Therefore, the critical value sets

of the above dual surfaces are given by

C(Ei) = {7(3) + ! n(s) £ &z—i—leo ‘ sel, ky(s)# O},

C(LDy)*™ = {((o7(s)* = DA (s) + 20, (s)n(s) + (o, (s))* + Deo [s € T }.

13



Then the projections of these critical value sets to S3 are as follows:

~(C(ED) - £(rg(s)¥(s) + n(s)) e ‘ seT,iy(s) 20,
K2(s) + 1
(05 (s))” —1_ 20, (s)

T(C(LDy)*) = { (8) + —7=

Wn(s) +eylsel}.

CADIESE
£(rg(s)7(s) + n(s))
\/F2(s) +1
means that the spherical evolute is obtained from the critical value set of the lightcone dual

(05 ())* —1_ 205 (s)

Grer 1 O G

We remark that each of is the spherical evolute of 7(cf., [17]). This

surface of 7. On the other hand, what is the curve n(s)? Since

07 (s) = Kg(s) £ \/K2(s) + 1, we have (05 (s))* = 2k4(s)o (s) + 1. Therefore, we have
[l 1>2 ) 2 (5) (0 (3))° R
(0F(s))2 +1 K2(s)(0F(8))? + 2Rg(s)or(s) + 1 kK2(s) +1
and

< 20, (s) )2 _ 2kg(s)oy (s) + 1 B 1
(05 (s))? +1 (

Kg(s)oF(s) +1)? N K2(s) + 1
Thus we have the following proposition.

Proposition 3.1.6. Let v : I — S% be a unit speed curve. Then

(oy (5)* — 1
(05 (s))? +1

_ 20 (5) o _ E(g(5)7(5) + n(s))
¥(s) + ) + 1 (s) = eI

We define 7 = @ o : S7 — S§. Then we have the following theorem as a corollary of

Proposition 3.1.6

Theorem 3.1.7. Both of the projections of the critical value sets C’(E;) and C(LD,)* in

the unit sphere S? are the image of the evolute of 7, that is

F(C(LDy)) = F(C(LD,)*) = {ek(s) | s € I }.

14



3.2 Lightcone height functions

In order to study the singularities of Lightcone dual surfaces of spherical curves, we introduce
two families of functions and apply the theory of unfoldings. Let v : I — S% be a unit speed

curve, then we define two families of functions as follows:

H:IxLC*— R, H(s,v)={#H(s),v)—1,

H:IxLC"—R, H(s,v)={(v(s),v)+2.

We call H a lightcone height function of the de Sitter spherical curve 3. For any fixed v € LC*,
we denote h,(s) = H(s,v). We call H a lightcone height function of the lightlike spherical
curve . For any fixed v € LC*, we denote h,(s) = H(s,v). Then we have the following two

propositions on A, and h,.

Proposition 3.2.1. Let v : I — S% be a unit speed curve, then we have the followings:

(1) hy(s) = 0 if and only if there exist p,&,n € R with n? = 1 + p? + €2 such that v =
7(s) + ut(s) +&n(s) + neo.

(2) he(s) = E;(s) = 0 if and only if there exist £,n € R with n? = 1 + & such that v =
7(s) +&n(s) + neo.

(3) Tow(s) = B, (s) = I, (s) = 0 if and only if x,(s) # 0 and

1 K2(s) + 1

r5(s)

€.

-/ =/ =/

(4) ho(5) = Ty (s) = hy(s) = hy (s) = 0 if and only if r4(s) # 0, k) (s) = 0 and

1 K2(s) + 1

r5(s)

€.

(5) Tro(s) = Toy(s) = Tou(s) = T (s) = B\ (s) = 0 if and only if ky(s) # 0, &) (s) = £(s) = 0

g

1 N K2(s) +1

r5(s)

€.
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Proof. (1) Since v € LC*, there exist w,p,&,n € R with w? 4+ p? + &2 — % = 0 such that
v = wy(s) + pt(s) + En(s) + neg. From hy(s) = (F(s),v) —1 = 0, we have w = 1. So
v =(s) + pt(s) + én(s) + neg and n? = 1+ p? + 2. The converse direction also holds.

(2) Since T, (s) = (£(s), v), Ty (s) = Iy (s) = 0 if and only if h, (s) = (£(s),v) = (£(s),5(s) +
pt + En + neg) = = 0. Tt follows from the fact n? = 1+ €2 that n = ++/1 +£2. Then we
have v = (s) 4 £n(s) +neg = 7(s) +&n(s) £ /1 + E2ey.

(3) Since Ty (s) = (kg(s)n(s) = F(5),0), hu(s) = y(s) = Py(s) = 0 if and only if o, (s) =
(kg(s)n(s) —F(s),¥(s) + &n(s) = /1 + &eo) = ky(s)§ — 1 = 0. Then we have { = 1/k,(s),
v =(s) + n(s)/ry(s) = | /(L + K3(s))/2(s)eo and ,(s) 7 0.

(4) Since F,, (s) = (i (s)1(s) = (K2() + 1)E(5), v), oo () = Ty (8) = Ty (s) = Py () =
only if (k7 (s)n(s) — (k5 (s) +1)t(s), F(s) +n(s)/ky(s i\/ + r5(s))/K5(s)eo) = ry(s)/

)+ n(s)/rg(s) £ /(14 K2(5)) /W3 (s)eo, ry(s) # 0 and Ky (s) =

(5) Since By (s) = ((w)(5) —#2(5)— iy (5))m(s) — ?mg( )%(s)t( s)+(1+r;(s ))v(s),v%Ev(s) =
Piy(s) = Ti(s) = By (s) =y (s) = 0 if and only if by, (s) = ((5)(s) — 3(s) — rig(s))n(s) —
) (

0 if and
g( )=

=

0. Then we have v = (s

(k
v v (5)

By (5, ()8(5) + (1 -+ w2(5)P7(5) 7(5) + a(5) 5y 5) & J(1 + w3(5)) /35 )ew) = () g ) =
0. Then we have v = F(s) + n(s)/k,(s) £ \/ (1+r2(s))/K2(s)eo, kg(s) # 0,r,(s) = 0 and
Ky(s) = 0. O

Proposition 3.2.2. Let v: [ — Si be a unit speed curve, then we have the followings:

(1) ho(s) = 0if and only if v = NY(s)+put-+E{n+(A+2)eg, where A, 1, & € R and pi2+&7—4A—4 =
(s) = 0 if and only if v = (£2/4 — 1)7(s) + én + (£2/4 + 1)ey.
(s) = h!(s) = 0 if and only if
v = ((077())* = 1A (s) + 20 (s)n(s) + (o5 (5))* + 1)eo.
(4) ho(s) = I (s) = h(s) = k" (s) = 0 if and only if
v = ((0,(5)* = DF(s) + 20, (s)n(s) + (o5 (s))* + 1)eg
and x/(s) = 0.
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(5) ho(s) = I (s) = K'(s) = h"(s) = h$P(s) = 0 if and only if

v = ((0F() — 1(s) + 202 ()m(s) + (7 ())* + e,
Ky(s) = 0 and xy(s) = 0.

Proof. (1) Since v € LC*, there exist \,u,&,n € R with A\? + p? + €2 — > = 0 such that
v = MY(s) + pt(s) + €n(s) + eo. From hy(s) = (4(5),0) +2 = (7(s) + e, A(s) + ut(s) +
én(s) +neg) =A—n+2=0,wehave n =2+ \. So v = MY(s) + pt(s) +&n(s) + (2+ Neg
and A2 4 2 + €2 — (2+ A2 = p? + €2 — 4\ — 4 = 0. The converse direction also holds.

(2) Since hl(s) = (t(s),v), hy(s) = hi(s) = 0 if and only if Al (s) = (t(s), \(s) + ut(s) +
én(s) + (24 Neg) = = 0. Tt follows from the fact A2 + &2 — (2 4+ \)? = €2 — 4\ — 4 = 0 that
A = €2/4 — 1. Then we have v = (€2/4 — 1)7(s) + &n(s) + (€2/4 + 1)e.

(3) Since hy(s) = (kg(s)n(s) —=F(s),v), ho(s) = hy(s) = hy(s) = 0/if and only if hy(s) =
{1y (5)1(5) — 7(5), (€4 1)3(5) + €n(s) + (€/4+ 1)en) = ry()E — € /4+1 = 0, then we have
§ = 2ry(s) £ 2(k2(s) + 1)/2 = 20 (s), then we have v = ((03(s))? — 1)¥(s) + 205 (s)n(s) +
(7 (5))? + Deo.

(4) Since hy/(s) = (ry(s)n(s) — (kg(s)+ 1)E(s), v), ho(s) = hy(s) = hy(s) = hy/(s) = 0if and
only if 1y (s) = (ky(s)n(s)— (k5 (s)+1)t(s), (07 (5))* =17 () +205 (s)n(s)+((05 (5))*+1)eo) =
2k} (s)o(s) = 0. For 07 (s) # 0, we have £ (s) = 0. Then we have v = ((07(s))* — 1)7(s) +
20, (s)n(s) + ((o; (s))* + 1)eg and £ (s) = 0.

(5) Since by (s) = ((ky(s) = Ki(s) = Ky(s))nls) = 3ry(s)K)(s)E(s) + (K2(s) + DA (s),v),

hols) = Hy(s) = hy(s) = hy(s) = hi"(s) = 0 if and only if hi"(s) = ((k}(s) — K3(s) —
tig(5))m0 < ) = Brg(s)r (8)E(s) + (2(s) + DA (s), (0 (5))2 = DA (s) + 20 (s)n(s) + (0 (s))* +
Deg) = ( Jof(s) = 0. For o (s) # 0, we have /(s) = 0. Then we have v = ((0(s))? —
DF(s) + 205 (s)n(s) + ((0£(5))* + 1)eo, #j(s) = 0 and r)(s) = 0. O

3.3 Singularities of ligtcone duals of spherical curves

In this section we classify the singularities of ﬁ$ and LD, as an application of the

unfolding theory of functions. Let F': (R x R", (sg,x¢)) — R be a function germ, we call F
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an r-parameter unfolding of f, where f(s) = Fy,(s, o). If f®)(s5) = 0 for all 1 < p < k and
fUEHD(s0) # 0, then we say that f has Ag-singularity at sy. Let F be an r-parameter unfolding
of f and f has Ag-singularity (k > 1) at sg. We denote the (k — 1)-jet of the partial derivative
OF/0x; at sg as

OF — ~
j(k’_l) (axl (S, CB())> (80) = j;aji(s — 30)]7 (7’ =1, ,T)-

If the rank of k£ x r matrix (o, @j;) is k (k < 1), then F is called a versal unfolding of f, where
ag; = 0F/0z(s0, o). The discriminant set of F is defined by

Dp = {wER’" | 3s € R, F(s,w):aa—F(s,w):O}.

s
For the discriminant set of F', we have the following theorem [3].
Theorem 3.3.1. Let F': (R x R", (sg, g)) — R be an r-parameter unfolding of f which has
Ag-singularity at sg. Suppose F'is a versal unfolding of f, then we have the following assertions.
(a) If k = 1, then D is locally diffeomorphic to {0} x R"~.
(b) If k = 2, then Dp is locally diffeomorphic to C' x R™2.
(c) If k = 3, then Dr is locally diffeomorphic to SW x R" 73,

Here, C' is the ordinary cusp and C' x R is called a cuspidal edge (Fig.2). Moreover, SW =

{(z1, w9, 23) | 1 = 3u* + u?v, 19 = 4u® + 2uv, x3 = v} is called a swallow tail (Fig.3).

The cuspidal edge The swallow tail

Figure 2 Figure 3

By Propositions 3.2.1 and 3.2.2, the discriminant set of H and H are
Dy = {7(s)+un(s) £ vVu?+leg | (s,u) € I x R},
Dy = {(u?/4—1)7(s) +un(s) + (uv*/4+ 1)eg | s € I,u € R}.
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These are the lightcone dual surface of % and the lightcone dual surface of ~ respectively. We

have the following key propositions on H and H.

Proposition 3.3.2. If h,,(s) has Ag-singularity (k = 1,2,3) at sq, then H is a versal unfolding
Of Ny

Proof. For v € LC*, we have v = (£(v? + v2 + v2)/2 v;, vy, v3), then
H(s,v) = (¥(s),v) = 1 = z1(s)v1 + 2(s)v2 + x3(s)vs — 1.

Thus we have

aQE , aQﬁ , a2ﬁ /
Fsgw, 1Y) = 018 G (6 v) = m(s), Fog (s v) = ls),
(93ﬁ 7 aSF " 83F "
95200, (s,v) = 2 (s), —8528112(5’”) = 75(s), M(S’v) — 21(s).

For a fixed pOiDt Vo = (’U()(),U()l, Vo2, ’U()3)7 the 2—jet of 8?/81)1-(5, ’UO)(’i = ]., 2, 3) at S0 is

()00

J (5,v0)(s0) = @i(s0) (s — s0) + 27 (50)(5 — 50)*/2, (i =1,2,3).

%

It is enough to show that the rank of the matrix A is three, where

Then we have

det A = (eg A (s0) AT (s0), 7" (s0)) = (—7(s0), Kg(s0)m(50) — ¥ (50)) = —#y(s0) # 0.
So the rank of A is three, this completes the proof. ]

Proposition 3.3.3. If h,,(s) has Ag-singularity (k = 1,2, 3) at s¢, then H is a versal unfolding
Of Ay
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Proof. For v € LC*, we have v = (£(v? 4+ v2 + v2)"/2 vy, vy, v3), then
H(s,v) = (y(s),v) + 2 = F(v? + v2 + v)Y2 + 21(s)vy + 22(5)va + x3(5)v3 + 2.

Thus we have

0H 0H 0H
Q_M(S’m = —v1/vo + 21(8), 8_1)2<S’ v) = —Uy /v + Ta(s), 8_1)3(87 v) = —v3/vg + 25(s),
O*H , 0*H , 0*H

888’01 (va) = 131<S), 88—8’02(87,0) = $2<S), 88—81]3(871)) = IE3<S),

PH L H o) PH :
n N 5 85281}3

For a fixed Vo — (U(](), Vo1, UOQ,U()g), the 2—jet of g—vHi(S, ’Uo)(i = 1, 27 3) at So is

s,v) = 13(s).

5 OH

(5,v0)(s0) = (50) (5 — 50) + 2 (50) (5 — 50)%/2, (i =1,2,3).

(2

It is enough to show that the rank of the matrix A is three, where

—v01/V00 + 1(S0)  —vo2/Voo + T2(S0) —vo3/voo + 3(S0)
A= 1 (s0) 75(s0) 23(s0)
7 (80) 75 (S0) 73(s0)

By straight calculation, we have

det A = —(eg A (s0) A" (80), Vo) /voo + (€0 AF(s0) A (50), 7" (50))

= —(eg A t(s0) A (r4(s0)m(80) —(80)); Vo) /vo0 + (—=7(S0), Kg(S0)T(80) — F(S0))

= (kg(50)7(50) +m(50), v0)/Vo0 — Fg(50).

Since vy € Dy is a singular point, we have

vo = (0 (50))* = 1)F(s0) + 207 (s0)n(s0) + (05 (50))* + 1)eo.
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Moreover we have
voo = (0 (s0))? + 1.

Therefore we have

det A = £2(k2(s0) + DY2 /g # 0
So the rank of A is three, this completes the proof. m

We have the following theorem:

Theorem 3.3.4. Let v : I — S% be a unit speed curve.
(A) For the lightcone dual E$ of 7, we have the following assertions:

(1) The lightcone dual E; of & is locally diffeomorphic to the cuspidal edge C' x R at
(s0,u0) if and only if & (s¢) # 0 and ug = 1/k4(s0)-

(2) The lightcone dual ﬁ$ of 7 is locally diffeomorphic to the swallowtail at (so, u) if and
only if & (so) = 0, xy(s0) # 0 and ug = 1/k4(s0).
(B) For the lightcone dual LD~ of 7, we have the following assertions:

(1) The lightcone dual LD, of = is locally diffeomorphic to the cuspidal edge C' x R at
(S0, o) if and only if &/ (so) # 0 and ug = 207 (s).

(2) The lightcone dual LD, of = is locally diffeomorphic to the swallowtail at (sg,u) if and
only if £ (so) = 0, K, (s0) # 0 and ug = 207 (s0).

Proof. By Propositions 3.2.1 and 3.2.2, the discriminant sets of H and H are the lightcone
duals of 7 and ~ respectively. By Propositions 3.2.1 and 3.2.2, both of h,, and h,, have
Ay, singularities (k = 1,2, 3) respectively if and only if the above conditions on the geodesic
curvatures hold. By Propositions 3.3.2 and 3.3.3, H and H are versal unfoldings of h,,, and
h, at any point sy € I respectively. We apply Theorem 3.3.1, so that we have the above

assertions. n

Remark 3.3.5. As a consequence of Proposition 3.1.2, Corollary 3.1.3 and Theorem 3.3.4, we

can summarize the relationship between the singularities of e, ﬁ$ and LD.:
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v(s0) in S3 ki (50) # 0 ky(80) = 0, iy (50) # 0
~(s0) in R3 7(s9) # 0 7(s0) = 0,7 (s0) #0

e~(s0) the regular point | the ordinary cusp

E;(so, 1/kg4(s0)) | the cuspidal edge the swallowtail

LD, (0,207 (s0)) | the cuspidal edge the swallowtail

We can interpret the above correspondence between the cusps of the spherical evolute and
the swallowtails of lightcone duals from the view point of the theory of Legendrian/Lagrangian
singularities. For spherical curves, however, we only need the curvature or the torsion. Such a

framework is really needed for the higher dimensional case.

22



4 Lightcone dualities for curves in the 3-sphere

4.1 Curves in the unit 3-sphere and focal surfaces

Let v : I — S% be a regular curve. We have a map ® : S? — Sj defined by ®(v) = v — ey,
which is an isometry. Then we have a regular curve 7 : I — S defined by 7(s) = ®(v(s)) =
~(s) — ep, so that v and 7 have completely the same geometric properties as spherical curves.
Since 7 is a spacelike curve, we can reparameterize it by the arc-length s. So we have the unit

tangent vector t(s) = 7'(s) of F(s). Suppose that ||t'(s)|| # 1. Then ||t'(s) + F(s)|| # 0, so

t'(5)+7(s)
[# (s)+7 ()"

F(s) N eg At(s) An(s), then we have a pseudo-orthonormal frame field {F(s), t(s), n(s), b(s)}

that we have another unit vector n(s) = We also define a unit vector by b(s) =

of R along 7(s). By standard arguments, we have the following Frenet-Serret type formulae.

Y'(s) = t(s)
) t'(s) = rg(s)n(s) —7(s) |
n/(s) = —rg(s)t(s) + 74(s5)b(s)
| V'(s) = —7y(s)n(s)

where rig(s) = [|t(s)+7(s)|| and 74(s) = —det((s), ¥'(5),¥"(s), 7" (5))/ rig(s). We call {¥, ¢, m, b}
a Sabban frame of 7 [12]. Here, k, is called a geodesic curvature and 7, a geodesic torsion of 7
in S5 respectively.

We now consider the focal surface of a curve 7 : I — S§ analogous to the case for curves in

Euclidean space. We define F* : I x J — S3 by

K2(s) — u?(k2(s) + 1)
F(s,u) = u¥y(s) + ——n(s) £ \/

Fig(s)

We call each image of F'* the spherical focal surface of 7. We remark that the focal surfaces of
7 satisfies the equations (7/(s), F£(s,u)) = (¥"(s), F*(s,u)) = 0. This means that each one of

the focal surface F'*(s,u) of v is the spherical dual of ¢ in the sense of [16]. By straightforward
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calculations, we have

OF* _ 1 —u(K2(s) + 1)
(s,u) = F(s)+ n(s) £ s b(s),
o 58] () fRas) = (k3(s) + 1)
OF* uk,(s) £ Tg<8)/€g(5)\//€§<8) —u?(k%(s) +1)
s (37 U) - :‘ig(s) n(s)

It follows that {OF*/0u, 0F*/ds} is linearly dependent if and only if

74(8)kg(s) \/mg(s) —u?(k2(s) +1) £ um'g(s) =0,
so that we have
SOLAC)
\//492(3) + rg(s)75(s) + k5 (s)75(s)
Therefore each critical value set of F* is given by
£7y(s)ky(s) {_ 1
(s)

\/%2(5) + K (s)72(8) + K2(s)T2

u =

e=(s) =

We remark that each curve of E%t satisfies the equations

(7 (s),e5(s)) = (7"(s), €5 (5)) = (F"(s), €5 (5)) = 0.

In [18] Porteous introduced the notion of the evolute of 7 in the unit 3-sphere. He defined it as

the curve satisfies the above equations, so that we call each image of s% the spherical evolute of

7 in the unit 3-sphere. We remark that e (s) = —e(s). For s = 59, we fix that vy = s$(30)
+

and ((so), €3 (s0)) = ¢*. Since vy = —vg and ¢~ = —c*, we have a hyperplane

HP(vf,c*) = {2 € B} | (@,vf) = " } = {2z € R} | (@.vg) = ¢ } = HP(vj,c),
so that we have a sphere
S?(vE, c*) = HP(vE, )N S3.
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We call S?(vi,ct) an osculating sphere of 7 at sy. Therefore the spherical evolutes 6%(3) are

the loci of the centers of osculating spheres of & respectively.

Proposition 4.1.1. There exists a sphere S?(v,¢) C S such that F(I) C S?(v,¢) if and only

if both of the spherical evolutes EI% of & are constant.

Proof. 1f one of the spherical evolutes el of 7 is constant, we can set that ef(s) = v¥.
In this case another spherical evolute €= is constant too. Then (¥(s),v") = (F'(s),v") =
(t(s),e7(s)) = 0, so we have (F(s),v") = ¢ and F(I) C S*(v*,c*). On the contrary, if
J(I) C S?*(v,c), then at any point on 7, the osculating spheres is S?(v, c) itself. So the locus
of the centers of osculating spheres of % is v and —v. Therefore, both of the spherical evolutes

s% of & are constant. This completes the proof. O

4.2 Lightcone duals of curves in the unit 3-sphere

We now define hypersurfaces in LC* associated with the curves in S% or S§. Let v : I — S%

be a unit speed curve. We define E$ I x R? — LC* by

—t _
LD (s,u,v) =5(s) + un(s) + vb(s) = vVu? + v* + leg.
We also define LD, : I x R* — LC* by

2, .2 2 4,2
+o?—4 +02+4
%7(3) +un(s) + vb(s) + L

LD,(s,u,v) = 1

Then we have the following proposition.

Proposition 4.2.1. Under the above notations, we have the followings:
(1) % and E; are Az-dual to each other.
(2) v and LD, are Ay-dual to each other.

Proof. Consider the mapping Z3(s, u,v) = (E;(s, u,v),7(s)). Then we have
- _ N =
<LD7(S7U71}>77<S)> = <7(S)77(8)> =1
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and

L3052 = (LD (s,u,0), 5 (s))ds = (LD (s,u,v), t(s))ds = 0.

The assertion (1) holds.
We also consider the mapping .Zy(s, u,v) = (LD~(s,u,v),7(s)). Since (7y(s),eq) = —1 and
<7(S>77<S)> =1, we have <LD’Y(87U)U)77(8)> = (U2 + UQ)/4 -1- ((u2 + U2)/4 + 1) = —2.

Moreover, we have
Li0s2 = (LD (s,u,v)),7'(s))ds = (LD,(s,u,v), t(s))ds = 0.
This completes the proof. O

We call each one of E;L the Lightcone dual haypersurface of the de Sitter spherical curve
7 and LD, the Lightcone dual hypersurface of the lightlike spherical curve «v. Then we have
two mappings 7 oﬁ$ : 1 xR* = S% and mo LD : I x R? — S defined by

—== 1 U v
moLD-(s,u,v) = *+|-——m=79(5) + ———=n(5) + ——==b(s) | + ey,
7 ) <\/u2+v2+17<) ViZ + o+ 1 (s) ViZ + o+ 1 <>) 0
w4 v:—4 4u )
FOLDV(S,U,U) = m7(8)+mn(5>+mb(8>+eg

In this paper we consider the singularities of these dual surfaces and mappings. By the

Frenet-Serret type formulae, we have

——
OLD; (s,u,v) = mn(s)=* 460
ou 7 Vit +oz

OLD= v

S (s u) = b(s) & ———resen

alé_fi (s,,0) = (1 —ury(s))t(s) — vry(s)n(s) + ury(s)b(s),
61557(3,%1}) = gﬁ(s)+n(s)+geo7

2LD3 (s u0) = 2706) 406 + e

agD () = CFY imﬁs) —24(s) — vry(s)ns) + uy(5)b(5).

Then we have the following proposition.
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Proposition 4.2.2. Let v : I — S? be a unit speed curve. Then we have the followings:

(1) (s,u,v) is a singular point of E$ if and only if u = 1/k4(s).

(2) (s,u,v) is a singular point of LD., if and only if v = £4/4 + 4dur,(s) — u?.

Proof. By the above calculations, {8E$/Gu(s,u,v),@ﬁi/av(s,u,0)7 8@;/83(5,%@) }is
linearly dependent if and only if u = 1/k4(s).The assertion (1) follows. By the similar reason,

we have the assertion (2). This completes the proof. O

Therefore, the critical value sets of the above dual surfaces are given by

1+ K2(s) + v?K2(s)
rg(s)

C(LDy)* = {r,(s)um(s) +un(s) + \/4 + duky(s) — ub(s) + (ky(s)u + 2)eglu e R,s € I }.

C’(E;) = {7(3)4— ! n(s)+vb(s):|:\/

e |vER,s€ 1, ky(s)#0 7,
Kg(s) !

We respectively denote that

L+ k2(s) + v?K2(s)
Fig(5) rg(s)

LFS(s,u) = rg(s)uy(s) +un(s) + \/4 + duky(s) — ub(s) + (ky(s)u + 2)eo,

LF=(s,v) = (s)+

€o,

n(s) +vb(s) £ \/

where we have the relation v = £/4 + 4ury(s) — u>. We respectively call each one of LF7jE
the lightcone focal surface of the de Sitter spherical curve 7 and each one of LFWjE the ligtcone
focal surface of the lightcone spherical curve 4. Then the projections of these surfaces to S%

are given as follows:

W(C(E;—t)) — ﬂ:(/ﬁg(S)i(S) + n(s) + ’UK’Q(S)b(S)) + ey | v c R, s € ]’ lig(S) ?é 0 7
\/1 + K2(s) + v2K2(s)

uky(s)Y(s) + un(s) £ /4 + duky(s) — u?b(s)
Kg(S)u + 2

(C(LD,)*) = { +eylueRsel } :

On the other hand, we define 7 = ® o : LC* — S;. By the previous calculations,
%(C(Eﬁ)) is different from 7(C'(LD~)*). In [10], it was shown that the projections of the
critical value sets of the lightcone dual surfaces of v and 7 are the same for a curve v : I — S53.
Moreover, it is equal to the spherical evolute of 5. Therefore, the situation for curves in Si is

quite different from that for curves in S%.
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4.3 Lightcone height functions

In order to study the singularities of Lightcone dual surfaces of spherical curves, we introduce
two families of functions and apply the theory of unfoldings. Let v : I — S% be a unit speed

curve, then we define two families of functions as follows:

H:IxLC* — R, H(s,v)={x(s),v) -1

Y

H:IxLC*"—R, H(sv)=(y(s),v)+2.

We call H a lightcone height function of the de Sitter spherical curve . For any fixed v € LC*,
we denote h,(s) = H(s,v). We call H a lightcone height function of the lightlike spherical
curve . For any fixed v € LC*, we denote h,(s) = H(s,v). Then we have the following two

propositions on A, and h.,.

0(s) = (r5(s)74(s) \//623(8) + kg (8)73(s) + rg(s)73(s)) /(g (s) + Kg(s)75(5)).

For simplification, we denote p(s) = \/(/i‘*(s)rg(s) + K2(s)72(s) + Kk2(s)) /K j(s)T2(s) and

Proposition 4.3.1. Let v : I — S? be a unit speed curve, then we have the followings:

(1) hy(s) = 0 if and only if there exist A, u, &, € R with n? = 1 + A2 + p? + €2 such that

1

)
) = hy(s) = hy(s) = 0 if and only if k,(s) # 0 and

v="(s)+ ! n(s) +£&b(s) = \/1 - Hg(sl ()€ eo.
Fig(s) rg(s)
(4) hy(s) = E;(s) = Eg(s) = Egl(s) = 0 if and only if k,4(s) # 0, 7,(s) # 0 and
=5 1 n(s) — —Klg@) S s)e
v = (8)—'_/{9(8) ( ) /ig(S)Tg(S)b( ):l:p( ) 0-

=/ =/ =

(5) Tro(s) = Toy(5) = Ton(s) = To () = ho(s) = 0 if and only if £, (s) # 0, 7,(s) # 0,




and
=5 —1 n(s) — —Ké(s) S s)e
0_7(8)—'_/{9(8) ( ) Hg(S)Tg(S)b( ):tp( ) 0-

(6) Too(s) = Ty (5) = To(s) = T (s) = Bo(s) = B (s) = 0 if and only if #y(s) # 0, 7,(s) # 0,

(<_<1>)1>>‘ (<)> = {((_—f))%)— ((;} _0

| K (5)
@™ T 2 n )

Proof. (1) Since v € LC*, there exist w, \, i1, &,n € R with w? + A2+ p? + &2 —n? = 0 such that

and

v="(s)+ b(s) £ p(s)eo.

v = wy(s) + Mt(s) + un(s) + £b(s) + neg. From hy(s) = (F(s),v) — 1 =0, we have w = 1. So
v =7(s) + M(s) + pun(s) + £b(s) + neg and n? = 1+ A2 + p? + £2. The converse direction also
holds.

(2) Since i, (s) = (£(s),v), ho(s) = h,(s) = 0 if and only if

v

-/

iy (s) = (£(s), v) = (£(s), 7(s) + AL(s) + pn(s) + Eb(s) + neg) = A = 0.

It follows from the fact n? = 1 + p? + & that n = £/1+ p2+ &2 Then we have v =
Y(s) + un(s) +£b(s) + neo = (s) + pm(s) + £b(s) £ /1 + p® + eo.
(3) Since T, (s) = (ky(s)n(s) —7(s),v), Ty(s) = h,(s) = h,(s) = 0 if and only if

=/

hay(5) = (Kg(s)n(s) = (s), 7 (s) + pm(s) + Eb(s) £ /14 p* + &2ep) = hg(s)u — 1= 0.

Then we have r,4(s) # 0, u = 1/kr4(s) and

v =7(s) +n(s)/rg(s) + Eb(s) + \/(1 + () + w5 (5)€2) /15 (s)eo.

/ =/

(4) Since T, (s) = (i} (s)10(5) — (K2(5) + 1)E(5) + g ()7 (5)b(5), V), T (5) = Ty (5) = Ty (5) =
Ezl(s) = 0 if and only if

=

By (5) = () (s)m(s) = (2(5) + 1)E(s) + kg ()7, ()b(5),
(s) + 1(5)/hig(5) + €b(s) £ /(1 + K2(5) + K2(5)€2) 3 (5) o)

= £yg(8)/hg(s) + rg(8)74(5)E = 0.
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Then we have rg(s) # 0, 74(s) # 0, & = —rl(s)/r2(s)T4(s) and v = F(s) + n(s)/ky(s) —
rg(s)b(s)/ kg (s)74(s) + p(s)eo.
(5) Since B, () = (1 (5) —£5(5) — 5 (5) — i (5)72(5))1u(5) — Brig () () (5) + (26 ()7, (5) +

g(3)7)(5))b(s) + (1 + K2()J7(5), ), () = T (5) = g(s) = Py (5) = B, () = 0 if andl only
if

Kg(8)g(5)74(5) = 265 (5)7y(5) — Kg(s)r(s)74(s) — Ky (s)7g(s)

)
) /14(s)) — 14(s)/ky(s) = 0. Then we have
kg(s) # 0,74(s) # 0, (=1/kg(s))/74(5))" — T4(s)/Kg(s) = 0 and v = F(s) + n(s)/ry(s) —
Ky (s)b(s)/ k(s ) q(s) £ p(s)e
(6)Since Ty (s) = ((x o5 )+2H§(S)+/€§(S)T (s) + 1= 3rg(s) — drg(s)ry(s))t(s) + (ry'(s) —
Ky (8) =61 (s)ry(s) =3k (5)7, (8)—3rg(8)7y(8)74(5)) () +(3ry (5) 74 (5)+3k4 (8) Ty (8) 14 (5)7y (5) —
g ()74 (5) =13 (5)7y (5) — ki (5)73(5))b(5) + 5k (5)L ()7 (), ©), To () = Ty (s) = T,
79 (s) = 2 (s) = 0 if and only if

-

(s) = hy (s) =

Ry (5) = ((dls) + 262(5) + k2()72(5) + 1 = B2 (5) — ()1 (5))8(s)
+(g (5) = Ky(s) = Brg(s)ry(s) = Briy ()7, (s) = Big () 7y ()7 (5))me(s)
+(3r(5)74(5) + B ()7 (5) + kg (8)74 (5) — g(5)7y(5) — Kig(5)7y(5) — ig(5)75(5))b(s)

+5t,(8) g ()7(5),
_ 1 Fg(s) .
¥(s) + mn(s) - mb(s) + p(s) 0>
(8)179 8)( Ky (8) kg (8)7g(s) — 26g(s) kel ()73 () — BK2(8)To ()74 () — Bhipy(s) ey (5)74(5)
=3k ()7, () — Kg(s)ry ()7, (5))
(rg(s)ry(s)Tg(s) — 267 (8)7(5) — Kg(s)ky(8)7,(8) — Ki(s)T(s))

— =0.

Kg(8)7y(s)
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This is equivalent to the condition ((—1/k4(s))"/74(5)) —74(5)/kqe(s) = (((—=1/kg(s)) /T4(s)) —
7y(s)/kg(s))" = 0. Then we have ry(s) # 0,74(s) # 0, ((=1/r4(s))'/74(s))" = 74(s)/ry(5) =
(((=1/kg(s)) /74(5))" = 74(5)/5g(s)) = 0 and v = F(s) + n(s)/rg(s) — ry(s)b(s)/rg(s)7y(s) &

p(s)eg. This completes the proof. O

Proposition 4.3.2. Let v : I — S? be a unit speed curve, then we have the followings:

(1) hy(s) = 0 if and only if v = My(s) + pt(s) +En(s) +nb(s) + (A +2)eq, where A\, p, &, n € R
and p2 + &2 +n? =4\ —4=0.

(2) hols) = I(s) = 0 if and only if v = (€2 +12)/4— 1)F(s) +En+nb(s) + (€ +7)/4+ Ves.
(3) hy(s) = hi(s) = hl(s) =0 if and only if

v = Ky(5)E7(s) + En(s) = \/4 + 4ky(s5)€ — £2b(s) + (Kge(s)E + 2)ey.
(4) ho(s) = hiy(s) = hiy(s) = hy/(s) = 0 if and only if &7(s) + k2(s)77(s) # 0 and
v = 2&3(5)7'9(5)01(5)7(3) +2k4(8)T,(s) 0™ (s)n(s) — 2mg(s)ai(s)b(s) + (2&2(3)@(5)0*(5) +2)eq.

(5) ho(s) = R, (s) = h(s) = h(s) = h{P(s) = 0 if and only if kg (s) + K2(s)T (s) # 0,
-1\ 1 /_ Te(8)
() 7)oy =

v = 2 (5)75(5) 0™ ()7(5) + 24 ()7 (5)0™ (5)1(5) — 2k ()™ (8)b(5) + (265 ()7 (5) 0 (5) + 2) .

(6) ho(s) = y(s) = hii(s) = B (s) = hi?(s) = hi(s) = 0 if and only if x2(s) + K2(s)72(s) # 0,

g
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Proof. (1) Since v € LC*, there exist A\, i,&,n,w € R with A2 + p2 + & + 1> —w? = 0
such that v = Ay(s) + pt(s) + En(s) + nb(s) + wep. From hy(s) = (v(s),v) +2 = (F(s) +
€0, MY(s) + pt(s) + &n(s) + nb(s) + weg) +2 =X —w+2 =0, we have w =2+ X. So v =
NV (8)+pt(s)+En(s)+nb(s)+(24+N)ep and N2+ p2+ 240> — (24 X)? = > +2+n*—4 -4 = 0.
The converse direction also holds.

(2) Since hl (s) = (t(s),v), hy(s) = Rl (s) = 0 if and only if

hi,(s) = (¢(s), Ay (s) + ut(s) + En(s) +nb(s) + (2+ Neg) = p = 0.

By X+ +n2—24+XN? =& +n*>—4)\—4 =0, we have A = (€2 +7n?)/4 — 1. So,
v =((&+7°)/4—1)7(s) +&n(s) +nb(s) + (€% +1?)/4 + ey
(3) Since hl)(s) = (kq(s)n(s) —7(s),v), hy(s) = hiy(s) = hi(s) = 0 if and only if
tits) = (ratoints) =760, (S = 1) 760 + ento) 4 nv(e) + (S5 41) en)
= (4ry(s)6 =& —n* +4)/4 =0,

2

so that we have n = £1/4 + 4r,(s)€ — E2 and v = k()Y (s)+En(s) £ /4 + 4k, (s)E — E2b(s)+
(kg(s)€ + 2)eq.
(4) Since hy/(s) = (K, (s)n(s) — (/ig(s) + 1)t(s) +ry(s)74(5)b(s),v), hy(s) = hly(s) = hi(s) =
hY(s) = 0 if and only if
() = (K ()m(s) = (2(5) + 1)b(s) + 5y ()7, ()B(5),
1y (8)67(5) + €nls) /4 + iy ()6 — €2b(5) + (5, (5)€ +2)e )
= /{;(S)f + Kky(s)Ty(s)n = /{fq(s)g + HQ(S)TQ(S)\/4 +4Ky(s)€ — €2 =0,

so that we have k/2(s) 4+ K2(s)72(s) # 0, & = 2k4(5)74(s)0*(s) and v = 2k2(s)74(s)0™ ()7 (s) +
2k4(s)7y(s)0 ™ (s)n(s) — 2ry(s)o™(s)b(s) + (25(s)7y(s)0™(s) + 2)eo.

(5) Since by (s) = (1 (s) =5 (5) = rig(5) = g (8) 72 (5) () =3y () ()E(5) + (20 ()7 (5) +
kg (5)72(5))b(s) + (1 + K2())7(5), v), hy(s) = Rly(s) = Bi(s) = h2(s) = h$?(s) = 0 if and only
if
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() = ((ky(s) — rg(s) — kg(s) — kg(s)75 (5))Te(s) — Btig(5) ey (5)E(s)
+(2ng(5)75(5) + £ig(s)74(5))b(s) + (1 + rig(s)A(s),
rg(8)67(5) +En(s) +nb(s) + (rg(s)E + 2)eo)
= (Kg(s) = Kg(5)77(5))€ + (2w (s)7y(s) + Kg(s)7y(s))m = 0.

By the above condition, we have the equation (kj(s) — rg(s)7, 2(s))/(2 Ky (8)Tg(8) +kg(s)Ty(s)) =
kg(8)/kg(8)Ty(s). Tt is equivalent to ((—1/k4(s))'/74(s))" — 74(5)/kg(s) = 0. Then we have
kg (s) +rig(s)73(s) # 0, ((=1/1g(s))'/74(5)) = 74(5)/Kg(s) = 0 and v = 2k7(s)7y(s)0™ ()7 (s) +

2tg(5)7y(s)0 ™ (s5)m(s) — 2 ()0 (5)b(s) + (2r5(s)7y (s ) () + 2)eo.

(6) Since by (s) = ((K3(s) + 262(s) + 12(s)72(s) + 1 — 3K () — drg(s)ry ()t (s) + (1 (5) —
g(8)—=6rg(s)ry (s) =3y (s) 7 (5) =3y (5)7g(8)74(8))m () +(3rg (8) 7y (5)+3ky (5) 7 (8)+hig(8)75 (5)
g(8)7g(5) =g (5)7y(8) = kg (5)75(5))b(8) 45k () (8)V(5), ), ho(s) = I3, (s) = hey(s) = hy)(s) =

Wi (s) = B (s) = 0 if and only if

(
)

W (s) = ((rg(s) + 2ng () + rg(s)75 (s) + 1 = 3k (s) — drig(s)ry(5))t(s)
+(1g'(5) — 5 (5) — G (s)rg (5) — Brig(5)75 (5) — Brig(5) 7y (5)7(5))m(5)
+(3rg(5)75(5) + B ()7 () + g (5)75 (5) = Kg(5)7y(5) — Kig(5)74(5) — kg ()7, (5))b(s)
+5hg(5)g ()7(5), 1g ()67 () + En(s) + nb(s) + (ky(s)S + 2)eo)

— (K"(s) - ;<s> K2(3)1 () — 311 ()72(5) — B ()7 ()71(5))E
+(3rg(5)74(5) + Bry ()7 (5) + g (5)7 (5) — ig(5)7y(5) — kig() 7y () = kig()7,(s))m = 0.
By the above condition, we have the equation (s'(s) — i (s) — K2(s)r,(s) — 3k} (s)77(s) —

Brig(5)7y(5)7(5))/ (Brig (8)7g(8)+3k (5)74(8) +hig(8)75 (8) = kg (5)7g(8) — kg (5)7y (5) — kg (5)7, (s
H;(S)//ig<8)7'g(8). It is equivalent to ((—1/k4(s))"/14(5)) —74(5)/Kg(s) = (—=1/k4(5)) [T4(s
7y(s)/Kg(s))" = 0. Then we have £(s) + r5(s)75(s) # 0, ((=1/kg(5))'/74(5)) — 7y(s)/ky(s
((( 1/15g(s)) /74(3)) =74(5) /154(s))" = 0 and v = 23 (s)7y(5) 0™ (5)7(5) 42854 (5) 7y (5) 0™ (s)m0(5) —
ky(s)oE(s)b(s) + (2K2(s)74(s)0*(s) + 2)ep. This completes the proof. O

(
)
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According to the assertions of Propositions 4.3.1 and 4.3.2, we define an invariant

s(e) = ((F;(ls)), 1)) -

which we call a spherical curvature of 7. We have the following proposition.

Proposition 4.3.3. For a unit speed curve v : I — S%, both of the spherical evolutes r-:%(s)

are constant if and only if kg = 0.

Proof. €5 (s) = £(rg(s)ry () (2n7 ()75 (5)+rg(5) k5 (8)7 (8) 15 ()7 (5) =g (5) g (5)74 () {F(5) +
n(s)/kg(s)+(1/ky(s))bls)/74(5)}/ (15 (8) g (5)75 () (5)75 () 2+ (207 ()T (8) g (5) 5, (5)
To(8) + K5 ()7 (5) — hig(s)ry (5)7y(8))b(s) /14 (8)Tg(5) (K (5) + ig(s)77 (5) + K (5)75(5))/?).

On the other hand kg(s) = ((—1/k4(5)) /14(s)) —T4(5)/ky(s) = (ﬁg(s)ﬁg(s)rg(s)—2/<;;2(s)7'g(3)
—kg(s)kl(8)T)(s) —Ka(s)To () /Ki(s)T7(s) = 0. So sgc = 0 if and only if kg = 0. This completes

the proof. O

4.4 Singularities of lightcone duals of spherical curves

In this section we classify the singularities of E$ and LD, as an application of the
unfolding theory of functions. Let F': (R x R", (sg,29)) — R be a function germ, we call F’
an r-parameter unfolding of f, where f(s) = Fy (s, xo). The discriminant set of F' is defined
by

Dr = {w eR"|dseR, F(s,x) = %—Z(s,m) :O}.

By Propositions 4.3.1, (2) and 4.3.2, (2), the discriminant sets of H and H are
Dy = {7(s) +un(s) +vb(s) £ Vu2+v2+1ley | s € [,u,v € R},

Dy = {(v®+v*—4)7(s)/4+un(s) +vb(s) + (u* + v’ +4)ep/4 | s € I,u,v € R}.

These are the lightcone dual surfaces of & and the lightcone dual surface of ~ respectively.
Moreover, the both assertions (4) of Propositions 4.3.1 and 4.3.2 describe the singularities of

the lightcone focal surfaces of v and 7 respectively.
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Proposition 4.4.1. The critical value sets of LF;E and LF,?E are give as follows:

L (s)

cerg) = {360+ mle) - o) Eelelen | s i}
C’(LF,?E) = {2&3(5)Tg(s)ai(s)7(s) + Qlig(S)Tg(S)O'i(S)’n(S)
20 (5) (5)b(5) + (242(5)7, () () + D | s €T .
Then we have the following theorem as a corollary.

Theorem 4.4.2. Both of the projections of the critical value sets C’(LF%) and C(LFY) in the

unit 3-sphere S5 are the images of the spherical evolutes of 7, that is
T(C(LFZ)) =7(C(LFy)) ={ex(s) | se1 }.

Proof. We know that

stcwnpy - { (T4 m0 n;<s>b<s>(s)) e

and

sc(Lry = { BRI Ol nie) - SOl | )

K2(s5)Ty(s)ot(s) + 1
By straightforward calculations, we have

Kg(s)7g(s)0*(s)

)
rig(5)7g(5) (15 (5)7(5) & \/ Rg(s) + g (s)75(5) + hg(s)73(s))

Rg(8) + r5(s)T3(s) + ()73 (s) + RE(S)TQ(S)\/%?(S) +r5(s)T3(s) + ()77 (s)

Kg(8)Ty(s)o% () _ *l
Rg(s)Tg(s)o*(s) + 1 p(s)rg(s)’
ky(s)o*(s) _ +ry(s)




So we have
T(C(LFZ)) =7(C(LFy)) ={ex(s) | se 1 }.
In order to understand the geometric properties of the discriminant set of order ¢, we introduce

an equivalence relation among the unfoldings of functions. This completes the proof. O

Inspired by Propositions 4.3.1, 4.3.2 and Theorem 4.4.2, we define the following set:

oF O'F
DL = {mGRT | ds € R, F(s,x) = %(s,m) == W(s,m) :O},
which is called a discriminant set of order . Of course, D}. = Dp. Let F and G be r-

parameter unfoldings of f(s) and g¢(s), respectively. We say that F' and G are P-R-equivalent
if there exists a diffeomorphism germ @ : (R x R", (59, x0)) — (R x R", (55, x;)) of the form
O(s,x) = (Py(s, ), ¢(x)) such that G o & = F. By straightforward calculations, we have the

following proposition.

Proposition 4.4.3. Let F' and G be r-parameter unfoldings of f(s) and g(s), respectively. If F
and G are P-R-equivalent by a diffeomorphism germ ® : (R xR", (59, o)) — (RXR", (s5, x())
of the form ®(s,x) = (®,(s, ), d(x)), then ¢(D%) = DY, as set germs.
By Propositions 4.3.1 and 4.3.2, we have the following proposition.
Proposition 4.4.4. Under the same notations as in the previous paragraphs, we have
Dy = Di; = Images ﬁi, D2 = Images LF-, 7(D3;) = Images ez,

Dy = Dy = Image LD, D}, = Images LF, 7(Dj;) = Imagesex.

For a function f(s), we say that f has Ag-singularity at s if f®)(sg) =0forall1 <p <k
and f*+1)(s5) # 0. Let F be an r-parameter unfolding of f and f has Ag-singularity (k > 1)
at so. We denote the (k — 1)-jet of the partial derivative F/0z; at s as

OF — '
5 <8xi(8,fvo)) (s0) = ;O‘jz‘(s —so)s (@=1,--7).

If the rank of k£ X r matrix (o, i) is k (K < r), then F is called a versal unfolding of f,

where ap; = 0F/0z;(s0, xp). We have the following classification theorem of versal unfoldings

(3, Page 149, 6.6].
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Theorem 4.4.5. Let F': (R x R", (s9, o)) — R be an r-parameter unfolding of f which has
Ap-singularity at sg. Suppose F' is a versal unfolding of f, then F' is P-R-equivalent to one of
the following unfoldings:

(a) k=1, s> + x4,

(b) k=2, s*+ 21 + sxa,

(c) k=3, &5+ x1 + swq + s2a3,

(d) k=4, 8 +x1 + sxg + s*w3 + 324,

We have the following classification result as a corollary of the above theorem.

Corollary 4.4.6. Let I : (R xR", (s9, o)) — R be an r-parameter unfolding of f which has
Ag-singularity at sg. Suppose F' is a versal unfolding of f, then we have the following assertions:
(a) If k = 1, then Dy is diffeomorphic to {0} x R~ and D% = .

(b) If k = 2, then Dy is diffeomorphic to C(2,3) x R"2 D% is diffeomorphic to {0} x R"~2
and D% = (.

(c) If k = 3, then Dy is diffeomorphic to SW x R™3, D% is diffeomorphic to C'(2,3,4) x R"~3,
D3 is diffeomorphic to {0} x R"™3 and D% = 0.

(d) If k = 4, then Dp is locally diffeomorphic to BEF x R™™* D2 is diffeomorphic to C'(BF) x
R™*, D3 is diffeomorphic to C'(2,3,4,5) x R4, D% is diffeomorphic to {0} x R"* and D%, = 0.

We remark that all of diffeomorphisms in the above assertions are diffeomorphism germs.

Here, we respectively call C'(2,3) = {(z1,72) | 71 = u?, 29 = u®} a (2,3)-cusp, C(2,3,4) =
{(x1,29,73) | 11 = u?, 29 = w3, 23 = u'} a (2,3,4)-cusp, C(2,3,4,5) = {(x1, 22,73, 74) | 71 =
u? = ud xy = ulwy = WP} a (2,3,4,5)-cusp, SW = {(x1,29,23) | 1 = 3u? + v?v, 1y =
4ud + 2uv,z3 = v} a swallow tail, BF = {(z1,79,23.74) | 11 = but + 3vu? + 2wu, 2y =
dudS+2vudH+wu?, x5 = u, 1y = v} a butterflyand C(BF) = {(z1, xo, ¥3,14) | 11 = 6u’+usv, 19 =
25ut + 9u?v, 3 = 10u® + 3uv, x4 = v} a c-butterfly (i.e., the critical value set of the butterfly).

We have the following key propositions on H and H.

Proposition 4.4.7. If h,, has A;-singularity (k = 1,2,3,4) at sq, then H is a versal unfolding

of Ay,

0°
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Proof. For v € LC*, we have v = (£(v? + v2 + v2 + v3)Y2, vy, v9,v3,04). We denote that

F(s) = (0,21(s), a(s), 23, (s)2a(5)). Then
H(s,v) = (F(s),v) — 1 = x1(s)v1 + x2(8)ve + x3(8)v3 + 24(5)V4 — 1.

Thus we have

OH oOH OH OH
e (5:0) = @1(5), 5 (5,0) = wa(s), 5 (5,0) = wa(s). 5o- (5.) = (o),

0*H ) O*H , O*H , O?*H ,
D500, (5,v) = 2(s), m(&v) = 74(s), m(&v) = x3(s), m(é‘,v) = xy(s),

P H ; PH ; PH Y PH "
(37’0) = 171(5), 832—8@2(8”0) = 172(5), 832—(%3(8”0> = $3(5)7 M(SW) = 7(s),

88281}1
0'H " 'H 1" 'H " 'H "
08300, (5,v) = 27'(s), 333(%2(&”) = 15'(s), M(&’U) = 25 (s), M(S,’U) =y (s).

For a fixed point vy = (voo, Vo1, Yoz, Vo3, Vos), the 3-jet of IH /Ov;(s,v0)(i = 1,2,3,4) at sq is

OH
i(3)
J Gvi

(5,v0)(50) = 7(50) (5 — 80) + 2 (50) (5 — 50)*/2 + 2" (50) (5 — 50)*/6, (i =1,2,3,4).

It is enough to show that the rank of the matrix A is 4, where

$1(So) 5132(50) -’Es(So) $4(30)
A— z1(s0)  x5(s0)  x5(s0)  @4(s0)
z{(s0) x5(s0) x5(s0) x4(0)
2i'(s0) 3 (s0) x5 (s0) ' (s0)

Then we have
det A = (eg A (s0) A (50) AT (50), 7" (50)) = —r(50)7y(50) # 0.
So the rank of A is 4. This completes the proof. n

Proposition 4.4.8. If h,,, has Ag-singularity (k = 1,2,3,4) at so, then H is a versal unfolding
Of Ay -
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Proof. For v € LC*, we have v = (vg, v1, V2, U3, v4) = (£(v7 + 02 + 02 + 032, vy, v9, v3,v4). We

denote that 7(s) = (1, z1(s), z2(s), 23, (s)z4(s)). Then we have
H(s,v) = (y(s),v)+2= :F(U% + v§ + v§ + vi)l/2 + z1(8)v1 + 22(8)ve + 3(8)v3 + x4(8)V4 + 2.

Thus we have

S (5,9) = =01 oo a(5), 5o (5,0) = —va v+ 22(5),
S (510) =~ + (). 5 (5,0) =~/ + 24(5),
T (s10) = 9, AL (5,0) = ) L (s, w) = (5, AtL(5,) = (),
%(s, v) = 2/(s), %(s, v) = 2}(s), %(S’ v) = af(s), %(&v) = af{(s),

64H n 64[—[ iz 84H n 64H n
—=—(s,v) = 27'(s), m(&’v) =74 (s), m(&v) = T3 (s), M(S,")) =2 (s).

For a fixed vy = (vog, Vo1, Yoz, Vo3, Vo4 ), the 3-jet of OH/0v;(s,vp)(i = 1,2,3,4) at s¢ is

j(g)g_i(s, v9)(s0) = #(50) (s — 50) + 77 (50) (5 = 50)%/2 + " (50) (5 — 50)*/6, (1 =1,2,3,4).

It is enough to show that the rank of the matrix B is 4, where

—v01/Voo + 1(S0)  —vo2/Voo + T2(S0) —vo3/voo + T3(S0) —voa/Voo + 4(S0)

B— 1 (s0) 5 (s0) 5(s0) y(s0)
1 (s0) 5(s0) 5(s0) z4(s0)
z1'(s0) ' (80) 5’ (s0) 2y (s0)

By straightforward calculations, we have
det B = (eg A¥'(s0) A" (s0) A" (50),v0)/vo0 + (€0 AF(80) AT (80) AF"(50), 7" (50))

= <“§(30)Tg(30)7(30)7 o)/ Voo — </€;(30)b(50)’ ) /voo + (g (50) 74 (s0)12(50), Vo) /v00 — “3(30)79(50)-

In this case, hqy,(s) has Ag-singularity, then we have

v = 2k, (50)7y(50) 0™ (50)7(S0) + 2k4(50) T4 (s0)0™ (s0)M(50) — 251, (50) 0™ (50)b(50)
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+(262(50)74(50) 0 (50) + 2)eo.
Moreover we have
Voo = 2/{3(30)7‘9(30)0i(50) + 2.
Therefore by calculation, we have
Ko (s0)72(50) + K22 (S0)
\//{’gQ(so) + K2(s0)72(80) + K3(S0)T2(50) £ K2(50)74(S0)

So the rank of B is 4. This completes the proof. O

det B =+ # 0

We have the following theorem:

Theorem 4.4.9. Let v : [ — S? be a unit speed curve.
(A) For each one of the lightcone duals E$ of 7, we have the following assertions:
(1) Each one of the lightcone duals E$ of 7 is locally diffeomorphic to C(2,3) x R? at
(80, ug, vg) if and only if
1 1\ 1
Kq(S 0, ug = and v )
O i =) K

In this case, each one of LF%i is non-singular and each one of Images a% is empty.

(2) Each one of the lightcone duals E$ of 7 is locally diffeomorphic to SW xR at (so, ug, vo)
if and only if

tig(s0) # 0, Ty(s0) # 0, up = @ v= (,igiso)), Tg(lso)

In this case, each one of L}%jE is locally diffeomorphic to C(2,3,4) xR and each one of Images sfyf

and kg(sg) # 0.

is a regular curve.
(3) Each one of the lightcone duals E; of 7 is locally diffeomorphic to BF' at (s, ug, vo)

if and only if

1 1\ 1 )
Kg(S0) # 0, T4(s0) # 0, up = w, vy = (Fag(so)> syt ks(so) = 0 and Kg(sg) # 0.

In this case, each one of LF7jE is locally diffeomorphic to C(BF) x R and each one of Images e=

7

is locally diffeomorphic to the projection of the C'(2,3,4,5)-cusp.
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(B) For the lightcone dual LD, of 7, we have the following assertions:
(1) The lightcone dual LD., of 4 is locally diffeomorphic to C'(2, 3) x R? at (so, ug, vo) if and

only if

Uy 7 2k4(50)74(50)0(50) and vy = i\/4 + 4k, (s0)ug — ud.

In this case, each one of LF’,YjE is non-singular and each one of Images a% is empty.
(2) The lightcone dual LD, of v is locally diffeomorphic to SW x R at (so, ug, vo) if and

only if
5;2(30) + 55(30)73(50) # 0, uy = 2k4(50)7,(50)0(50), vo = —Qm;(so)ai(so) and kg(sg) # 0.

In this case, each one of LF,?E is locally diffeomorphic to C(2,3,4) xR and each one of Images €$
is a regular curve.

(3) The lightcone dual LD., of = is locally diffeomorphic to BF at (sg, ug, vo) if and only if

IQ;Q(SO) + /13(30)792(30) #0, ug = 2k,(50)7,(50)0%(50), vo = —QRQ(So)O’i(So),

ks(so) = 0 and Kg(sg) # 0.

In this case, each one of LFf is locally diffeomorphic to C'(BF') x R and each one of Images E:%

is locally diffeomorphic to the projection of the C'(2,3,4,5)-cusp.

Proof. By Propositions 4.3.1 and 4.3.2, the discriminant sets of H and H are the lightcone
duals of & and ~ respectively. By Propositions 4.3.1 and 4.3.2, both of h,, and h,, have A
singularities (k = 1,2,3,4) respectively if and only if the above conditions on the geodesic
curvatures and geodesic torsion hold. By Propositions 4.4.7 and 4.4.8, H and H are versal
unfoldings of Evo and h,, at any point sy € I respectively. We apply Corollary 4.4.6, so that

we have the above assertions. This completes the proof. O]
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5 Lightcone dualities for hypersurfaces in the sphere

5.1 The hypersurfaces in the unit n-sphere

Let @ : U — S% be an embedding from an open set U C R*'. We identify M = z(U)
with U through the embedding . Obviously, the tangent space T,M are all spacelike (i.e.,
consists only spacelike vectors), so M is a spacelike hypersuface in S7 C R7*2. We have a map
¢ : 5% — Si defined by ®(v) = v — ey, which is an isometry. Then we have a hypersurface
x : U — S§ defined by T(u) = ¢(x(u)) = x(u) — ey, so that  and  have the same geometric
properties as spherical hypersurfaces. For any p = x(u), we can construct a unit normal vector

n(u) as
_ T(u) Neg Axy, (W) A ... ANz, (u)
|Z(u) ANeg Ay, (W) A ... Ay, (u)]]

We have (n(u),n(u)) = 1, (eg,e9) = —1 and (eg,n) = (n,x,,) = (n,x) = 0. The system

n(u)

{eo,n(u), Z(u),x,, (u),..., o, ,(u)}is a basis of T,R}". We define a map G : U — S§ by
G(u) = n(u). We call it the Gauss map of the hypersurface M = x(U). We have a linear
mapping provided by the derivation of the Gauss map at p € M, dG(u) : T,M — T,M.
We call the linear transformation S, = —dG(u) the shape operator of M at p = x(u). The
eigenvalues of S, denoted by {r;(p)}i= are called the principal curvatures of M at p. The
Gauss-Kronecker curvature of M at p is defined to be K(p) = det.S,. A point p is called an
umbilic point if all the principal curvatures coincide at p and thus we have S, = k(p)idr,as for
some k(p) € R. We say that M is totally umbilic if all the points on M are umbilic. Since x
is a spacelike embedding, we have a Riemannian metric (or the first fundamental form) on M
given by ds? = Z:L;:ll gijdu;duj, where g;j(u) = (T, (u), z,;(u)) for any w € U. The second
fundamental form on M is given by h;j(u) = —(n,(u),z,(u)) at any w € U. Under the

above notations, we have the following Weingarten formula [16]:
n—1 4
Gu, ==Y ha,(i=1,...,n-1),
j=1

where (h]) = (hi)(¢") and (¢") = (gi;)~". This formula induces an explicit expression of

the Gauss-Kronecker curvature in terms of the Riemannian metric and the second fundamental
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invariant given by K = det(h;;/det(gns). A point p is a parabolic point if K (p) = 0. A point p
is a flat point if it is an umbilic point and K (p) = 0.
In [17] the spherical evolute of a hypersurface has been introduced and investigated the

singularities. Then each spherical evolute of M = Z(U) is defined to be

eiﬁ— { <”1—|—n ”1%—/1 )‘p:w(u)EM:az(U)}.

5.2 The lightcone dual hypersurfaces and the lightcone height func-

tions

We now define hypersurfaces in LC* associated with the hypersurfaces in S} or Sg. Let

x : U — ST be a hypersurface. We define E% U xR — LC* by
LD (u, 1) = T(u) + pn(u) £ /12 + Leo.
We also define LDy, : U x R — LC* by
LDag(u, 1) = (524 — V& (u) + pm(w) + (42/4+ e
Then we have the following proposition.

Proposition 5.2.1. Under the above notations, we have the followings:
(1) T and ﬁ% are Az-dual to each other.
(2) & and LD, are Ay-dual to each other.

Proof. Consider the mapping L3 : U x R — Ag defined by L3(u, ) = (E%(u,u),f(u)).

Then we have

and
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The assertion (1) holds. We also consider the mapping £, : U xR — A, defined by L4(u, 1) =
(LDp(w, ), z(w)). Since (x(u), e9) = —1 and (x(u), T(u)) = 1, we have (LDy(u, p), x(u)) =
p?/4—1— (u?/4+ 1) = —2. Moreover, we have

n—1

L3012 = (LD (w, ), da(w)) =Y (LDy(uw, 1), ., )du; = 0.

i=1

This completes the proof. O

We call each one of ﬁ% the lightcone dual hypersurface along M C S§ and LD, the
lightcone dual hypersurface along M C S”. Then we have two mappings WOE% UXR — S
and mo LDy : U x R — S defined by

o Eiﬁ(u, ) = + €,

S — (u) — (u)
+ - 1a:u—|— - 1nu
p? —4

et

() +

mo LDy(u,p) = n(u) + ep.

4p
p* +4
Let £ : U — S% be a hypersurface in the lightcone unit sphere. Then we define two

families of functions as follows:

H:Ux LC* — R, H(u,v) = (x(u),v) — 1,

H:Ux LC* — R, H(u,v) = (z(u),v) + 2.

We call H a lightcone height function of the de Sitter spherical hypersurface M. For any fixed
vy € LC*, we denote hy,(u) = H(u,®,). We also call H a lightcone height function of the

lightlike spherical hypersurface M. For any fixed vg € LC*, we denote h,,(u) = H(u,vy).

Proposition 5.2.2. Let M be a hypersurface in S§ and H the lightcone height function on
M. For p=x(u) and p = Z(u) # v+, we have the followings:
(1) hy=(w) = Ohy= /Ous(u) = 0(i = 1,...,n — 1) if and only if

vt = Eiﬁ(u, ) for some p € R\{0}.
(2) hyt () = Ohgs /Ou;(u) =0(i = 1,...,n — 1) and det Hess (hy+)(u) = 0 if and only if
vt = Eiﬁ(u, i), 1/ is one of the non-zero principle curvatures x;(p) of M.
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Proof. (1) Since © € LC*, there exist A\, i, &, (i = 1,...,n—1),n € R such that v = \Z(u) +
pm(w) + U Gy, (u) + neg with A2+ 52 + 30 £€5gi5(u) —n? = 0. The condition h,(u) =
@(u), D) — 1 = (®(u), \E(u) + pn(u) + S0 G, (u) +neg) — 1= A — 1 =0 implies A = 1,
so that v = Z(u) + pn(u) + Y07 &y, (w) + neg and 1+ 2 + 301 &&g45(w) — n? = 0.
Therefore, hy(u) = Ohy/Ou;(w) = 0 if and only if Ohy/Ou;(u) = (x4, (u), D) = (x,, (u), T(u) +
pn(u) + S0 G, (u) + nep) = Z;:ll gi;€; = 0. Since g,; is positive definite, we have §; =
0(j = 1,...,n —1). Then we have 1 + u> — 7> = 0, so that 7 = £+/1 + p2. Thus, we have
v* = Z(u) + pun(u) £ /1 + p2ey. The converse direction also holds.

(2) Suppose that A= (w) = Ohyx /Ou;(u) = 0. Then we have Hess (hyx ) (u) = (@0, (u), ) =
(@, (1), T(00) 2 (1) TF 2260)) = (g, (1), T () + (o, (1), (1)) = —(g35(0))+
p(hij(w)). Tt follows that det Hess (hy+)(u) = 0 if and if det Hess (hy+)(w)(gi;(w)) ™t/ p =
det((h!(u)) — I/p) = 0. Thus, det Hess (hy=)(w)=0 if and only if 1/u is one of the non-zero

principle curvatures of M at p. O]

Proposition 5.2.3. Let M be a hypersurface in S and H be the lightcone height function on
M. For p = x(u) # v, we have the followings.
(1) hy(u) = Ohy/Ou;(u) =0, (i=1,...,n—1) if and only if

v = LDy (u, p) for some p € R\{0}.

(2) hy(u) = Oh,/Ou;(u) =0, (i=1,...,n—1) and det Hess (h,)(u) = 0 if and only if
v=LDpy(u,pn), (/4 —1/u) is one the non-zero principle curvatures x;(p) of M.

Proof. (1) Since v € LC*, there exist A\, i, &, (i = 1,...,n—1),n € R such that v = \Z(u) +
pm(w) + S0 i, (w) + ney with A2+ 2 + 27;1 £:€59:5(w) —n* = 0. The condition h,(u) =
(x(u),v)+2 = (F(u)+eg, \E(w)+pn(u) + S0 &xy, (u) +neg) +2 = A—n+2 = 0 means that
1 =2+, so that v = AT(w)+pm(w)+ 317 Gy, (w)+(2+N)eg and N+p2+ 3711 689, (w) —
2+ N2 =p>+ Z?J_:ll &€;0ij(u) — 4N — 4 = 0. Therefore, h,(u) = 0h,/0u;(u) = 0 if and
only if Oh, /0us(w) = (4, (w), v) = (@, (w), B(w) + pmle) + XI5 &, (w) + (2 + Neo) =
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Z;L fgljﬁj = 0. Since g;; is positive definite, we have {; =0 (j = 1,...,n — 1). Then we have
2—4\—4 =0, so that A = 2/4—1. Thus, we have v = (u2/4—1)w(u)+un(u)+(u2/4+1)eo.
The converse direction also holds.

(2) Suppose that h,(u) = 0h,/0u;(u) = 0. Then we have

(@, (), (17 /4 = D) () + pn(u) + (1*/4+ 1)ep))

Therefore, det Hess (h,)(u) = 0 if and if det Hess (h,)(w)(gi;(w)) "/ = det((h])(w) — (/4 —
1/u)I) = 0, so that det Hess (h,)(uw)=0 if and only if (u/4—1/u) is one of the non-zero principle

curvatures of M at p. O
et (u, p) be a singular point of each one of LD . By Proposition 5.2.2, we have 1/u =
ki(p)(1 <i<n-—1), where ;(p) is one of the non-zero principle curvatures of M at p = x(u).

It follows that p = 1/k;(p). Therefore the critical value sets of Eiﬁ are given by

C(EE):U{E(u)+%n(u)i,/%@+leol uelU }

Let (w,u) be a singular point of LDy (u, p). By Proposition 5.2.3, we have p/4 — 1/u =
ki(p)(1 <i < n—1). It follows that we have u = 2(k;(p) £ /1 + 2(p)). For simplification, we
write that o= (k;(p)) = ki(p) & /1 + 2(p). Then the critical value sets of LDy, are given by

C(LDy)* U{ — D& (w) + 205 (ki(p))n(u) + ((6*(ri(p)))* + Ve |u € U }.

We respectively denote that

i—nil T(u Lnu L el u
LFM_iL:Jl{ () + )i,/ng(p)ﬁo‘ GU},

LF5 = {0 ip)? = D(w) + 20 (ri(p)n(u) + (0 (:(p))? + Deo | w e U ).
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We respectively call each one of LF% the lightcone focal hypersurface of the de Sitter spherical
hypersurface & and each one of LEF}; the ligtcone focal hypersurface of the lightcone spherical

hypersurface . Then the projections of these surfaces to S are given as follows:
C(LDy)) = jueu
0 =Ule (gm0 + | rgntn) +ewev |

20* (ki(p))
) +1n(u)+eo|u€U}.

m(C(LDy)*) = U (Ui(ﬁi(p;) 2

=1

By definition, we have E% =don(C (E%)), where eiﬁ is the spherical evolute of M = Z(U).
This means that the spherical evolutes are obtained from the critical value sets of the lightcone
dual hypersurfaces of M = Z(U). Since 0= (k;(p)) = k;i(p) /1 + k2(p), we have(o* (k;(p)))? =
2k;(p)o*(ki(p)) + 1 . By straightforward calculations, we have

((Ui(m(p)))2 - 1) _ K; (p) (0 (i(p)))? __ K;(p)
(*(5:(p))*+1) K (p)(0*(ki(p)))* + (0*(ki(p)))* 1+ ri(p)

and

( 20 (ki(p)) >2: (0™ (ki(p)))? _ 1
(0*(ki(p)))? + 1 ki (p) (0% (ki(p))? + (0*(ri(p)))® 1+ K7(p)

Thus we have the following proposition.

Proposition 5.2.4. Let  : U — S be a hypersurface in 5. Then

- 20% 1, (1)
) R A C ) e (’\/ e T )

We define 7 = ¢ on : LC* — SJ'. Then we have the following theorem as a corollary of

Proposition 5.2.4.

Theorem 5.2.5. Both of the projections of the critical value sets C (Eiﬁ) and C(LDy)* in

the unit sphere S§ are the images of the spherical evolutes of M.
~ —==* ~
#(C(LDyp)) = #(C(LDy)*) = &5
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5.3 The lightcone dual hypersurfaces as wave fronts

We now naturally interpret the lightcone dual hypersurfaces of the submanifolds in S% as
wave front sets in the theory of Legendrian singularities. Let 7 : PT*(LC*) — LC* be the
projective cotangent bundles with canonical contact structures. Consider the tangent bundle
7 : TPT*(LC*) — PT*(LC*) and the differential map d7 : TPT*(LC*) — T(LC*) of 7.
For any X € TPT*(LC*), there exists an element o € T*(LC*) such that 7(X) = [a]. For an
element V' € T,,(LC*), the property (V') = 0 dose not depend on the choice of representative

of the class [@]. Thus we have the canonical contact structure on PT*(LC*) by
K={X eTPT*(LC") | 7(X)(d7(X))} = 0.

On the other hand, we consider a point v = (vg,v1,...,0,41) € LC* then we have

vg = £y/vi+ ... +v2,,. Soweadopt the coordinate system (vy, ..., v,4+1) of LC*. For the local

coordinate neighborhood (U, (/v + ... +v2,1,v1,...,Un41)) in LC*, we have a trivialization
PT*(LC*) = LC* x P(R")* and we call ((£+/0F + ...+ 02 1,01,...,0p11), [&1 -+ 1 &nra)
homogeneous coordinates of PT*(LC™), where [§; : --- : &,41] are the homogeneous coordi-

nates of the dual projective space P(R")*. It is easy to show that X € K, g if and only if

" g = 0, where di(X) = S0 1,0/0v; € T, LC*. An immersion i : L —s PT*(LC*)
is said to be a Legendrian immersion if dim L = n and dig(T,L) C K,q) for any ¢ € L.
The map 7 o i is also called the Legendrian map and we call the set W (i)=image7 o ¢ the
wave front of i. Moreover, i(or the image of i) is called the Legendrian lift of W (i). Let
F: (RExR", 0) — (R, 0) be a function germ. We say that F is a Morse family of hypersurfaces
if the map germ A*F : (RF x R",0) — (R*™,0) defined by A*F = (F,0F/0uy,--- ,0F/0uy).
is nonsingular. In this case, we have the following smooth (n — 1)-dimensional smooth subman-

ifold.

Y. (F) = {(u,v) € (Rk x R"0) | F(u,v) = g—i(u,v) =...= a—Uk(u,'v) = O} = (A*F)7Y0).
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The map germ Lp : (X,(F),0) — PT*R" defined by

Lr(u,v) = ('v, B—Z(u,v) o g—i(u,v)D .

is a Legendrian immersion germ. Then we have the following fundamental theorem of Arnol’d

and Zakalyukin [1, 23].

Proposition 5.3.1. All Legendrian submanifold germs in PT*R"™ are constructed by the above
method.

We call F a generating family of Lr(3,(F)). Therefore the wave front of Lp is
W(Lp) = {'v € R" | Ju € R* such that F(u,v) = 8—(u,'v) =...= —(u,v) =

We claim here that we have a trivialization as follows:

n+1

®: PT*(LC*) = LC* x P(R")", ®(]D _ &dvi) = (vo, 01, 0ns1), [€1 1 -+ - Ena])
i=1
by using the above coordinate system.

Proposition 5.3.2. The lightcone height function H : U x LC* — R is a Morse family of

the hypersurfaces around (u,v) € ¥,(H).

Proof. Without the loss of the generality, we consider the future component LC? . For any v =

(Vo, V1, +++ , Upy1) € LC*, we have vg = /v] + - -+ + 02, . Forz(u) = (1, z1(u), -+ ,zo1(w)) €

S, we have

H(u,v) = —\/U% ot vp (o + s T (W) + 2,
We have to prove the mapping

A*H:(H oH  OH )

7a_u17 te ’8un,1
is non-singular at any point on (A*H)~1(0). If (u,v) € (A*H)~!(0), then v = LDy;(u, u) by

Proposition 5.2.3. The Jacobian matrix of A*H is given as follows:
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<wu1vv> e <wun717’v> _Ul/vo +x o _Un+1/UO + Tny1

A (Tuyur,v) 0 (Tugu, 1) V) Lluy T Ln+1uy
- )
<xun71u17,v> e <munflun71 ’ U) 'Tlunfl U xn+1u7L71
We now prove that rank A = n. For (0,21, - ,z,41) = T and (0,v1/vg, -, Vps1/00) =

v/vy — ey = (p° — )T/ (> +4) + 4pn/(p® + 4), we have
(O, —?}1/?]0 + X, ,—Un_H/Uo +$n+l) =T — 'U/Uo +ey = 85/(/12 —|—4) — 4un/(u2 —|—4)

Since {8 /(u?+4) —4un/(u* +4),@y,, - , T, , } are linearly independent, rank A = n. This

completes the proof. O
By the similar arguments to the above proof, we have the following proposition.

Proposition 5.3.3. The lightcone height function H : U x LC* — R is a Morse family of

the hypersurfaces around (u,v) € 3,(H).
Here, we consider the Legendrian immersion
Ly (u,p) — Ay La(w, p) = (LDu(w, p), (w)).
We define the following mapping:
U:A;y — LC* x P(R")", ¥ (v,w) = (v, [vowy — v1wp : +*+ 1 VoWpt1 — Upr1Wo))-

For the canonical contact form 6 = 327" &dv; on PT*(LC*), we have ¥*0 = (vow, —vywo)dv, +
A (VoW g1 — Vp1W0 ) AV 1| A, = Vo(—wodvy +widvy + - - - 4+ Wy 1dVp 4 1) — wo(—vodvg +vidvy +

coo A+ Up1dvpi)|a, = vo(w, dv)|a, = vobs2|a,. Thus ¥ is a contact morphism.

Theorem 5.3.4. For any hypersurface  : U — S, the lightcone height function H :

U x LC* — R is a generating family of the Legendrian immersion Ly.
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Proof. Since H is a Morse family of hypersurfaces, we have a Legendrian immersion Ly :
Y.(H) — PT*(LC*) defined by Ly (u,v) = (v, [0H/0vi(u,v) : -+ : O0H/Ovu41(u, v)]), where
v = (Vo,...,Vpy1) and X (H) = {(u,v) € U x LC* | uw € U,v = LDy (u,pn),n € R}. We
observe that H is a generating family of the Legendrian submanifold £y (3.(H)) whose wave

front is the image of LD);. We have

OH ()

EIA i Nern

+z;(w)i=1,--- ,n+1),

where x(u) = (1,z1(uw), -+ ,zp1(w)) and v = LDy (u,p) = (lo(w,p), -+ b1 (w,pm)). It
follows that

Lar(at, LDy (1, 2)) = (LD (at, 1), (1 (0ot ) — by (26, 1) - 1 ()2t 1) — s (1, 12)
Therefore we have W o L4(u, ) = Ly (u, ). This completes the proof. O

Similarly, we consider the Legendrian immersions L3 : (u, 1) — Ag defined by L3 (u, u1) =

(E%(u, 1), Z(w)). Then we have the following theorem.

Theorem 5.3.5. For any hypersurface € : U — S, the lightcone height function H :

U x LC* — R is a generating family of the Legendrian immersions £ .

5.4 Contact with parabolic (n—1)-spheres and parabolic n-hyperquadrics

Before we start to consider the contact between hypersurfaces in the sphere with parabolic
(n — 1)-sphere and parabolic n-hyperquadrics, we briefly review the theory of contact due to
Montaldi[15]. Let X, Y;(i = 1,2) be submanifolds of R” with dim X;=dim X5 and dimY;=dim
Y;. We say that the contact of X; and Y] at y; is the same type as the contact of Xo and
Yy at yo if there is a diffeomorphism & : (R",y;) — (R",y2) such that &(X;) = X, and
®(Y71) = Ys. In this case, we write K(X1,Y1,y1) = K(Xs, Y2, 92). Of course, in the definition,
R™ can be replaced by any manifold. Two function germs f; : (R",a;) — R(i = 1,2) are called
IC-equivalent if there is a diffeomorphism germ @ : (R™,a;) — (R™, a2), and a function germ

A (R" a1) — R with A(ay) # 0 such that f; = X - (fa 0 ®).
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Theorem 5.4.1 (Montaldi [15]). Let X;, Y;(for i=1,2) be submanifolds of R” with dim X; =dim X5
and dimY;=dimY,. Let ¢; : (X;,z;) — (R™,y;) be immersion germs and f; : (R y;) —
(RP,0) be submersion germs with (i, ) = (f;1(0), ;). Then K (X1, Y1, v1) = K(Xa,Ya, 1) if

and only if f; o g; and f; o g9 are K-equivalent.

Returning to the lightcone dual hypersurface LD, we now consider the function b : ST x
LC* — R defined by h(u,v) = (u,v) + 2 and the function g : LC* x LC* — R defined by
g(u,v) = (u,v)+2 . For a given vy € LC*, we denote b,,(u) = h(u, vg) and g,,(u) = g(u, vo),
then we have b, '(0) = S% N HP(vo, —2) and g,'(0) = LC* N HP(vy,—2). For any u, € U,

to € R, we take the point vy = LDy (ug, f10). Then we have
O, © Z(Ug) = go (x X idpo+) (U, Vo) = by, © (o) = h o (x X idre+)(ug, vy) = H(ug, vy) = 0.

We also have

8(9501: ) (ug) = M = OH (ug, v9) =0

fori =1,--- ,n—1. This means that the (n—1)-sphere b, ' (0) = S? N H P (v, —2) is tangent to

M = x(U) at pg = x(ug). In this case, we call it the lightcone tangent parabolic (n—1)-sphere of
M at po, which is denoted by TPS} " (x, uo). The n-hyperquadric g,'(0) = LC* N HP(vg, —2)
is also tangent to M at py. In this case, we call it the lightcone tangent parabolic n-hyperquadric
of M at pg, which is denoted by TPH"(x,uy). For the lightcone dual surfaces Eiﬁ, we
consider a function h : S x LC* — R defined by h(u,v) = (u,v) — 1 and a function
g S x LC* — R defined by §(u,v) = (u,v) — 1 . For a given vy € LC*, we denote
that b, (u) = h(u,ve) and g, (u) = G(u,vo). Then we have 51701(0) = SN HP(vg,1) and
9, (0) = ST N HP(vg, 1). For any ug € U and the points T; = E%(uo, o), we have

fori =1,--- ,n — 1. It follows that each one of the (n — 1)-sphere 5%(0) = SN HP(v,1)

is tangent to M at P, = Z(ug). In this case, we call each one the de-Sitter tangent parabolic
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(n — 1)-sphere of M at P,, which are denoted by TPS; ¥ (x, uy). Also we have each of the
n-hyperquadric ﬁ% (0) = SP*'NHP(TE, 1) is tangent to M at p,. In this case, we call each one
the de-Sitter tangent parabolic n-hyperquadric of M at T, which are denoted by T PSS (2, uy).

Let «; : (U,u;)) — (S%,p:)(i = 1,2) be hypersurface germs. For v; = LDy, (u;, j1;), we
denote h;,, @ (U,u;)) — (R,0) by h;p,(w;) = H(w;,v;). Then we have h;,,(w) = (i, ©
x;)(u) = (giy, o x;)(u). For v = E%i(ui,ui), We denote Ei@t . (U,u;) — (R,0) by
Ei@i(ui) = H(u;,v5). Then we have Ei@i(u) = (Ei@i ox;)(u) = (§; 7+ © T;)(u). By Theorem

5.4.1, we have the following proposition.

Proposition 5.4.2. Let x; : (U,u;) — (S%,p;)(i = 1,2) be hypersurface germs. For v; =
LDy, (u;, p;), the following conditions are equivalent:
(1) K(z,(U), TPST Hx1,uy),v1) = K(2o(U), TPST @9, uy), v2).
(2) K(x1(U), TPH"(1,u1),v1) = K(22(U), TPH" (2, u3), vs).
(3) hiv, and ho,, are K-equivalent.
Moreover, for T = E%i(ui, 1), the following conditions are equivalent:
(4) K(z,(U), TPSy (21, 1), 0}) = K(xo(U), TPS; % (2, us), 05 ).
(5) K(x1(U), TPS!*(x1,u,),v7) = K(x2(U), TPS!* (22, us),03).

(6) ELE? and 52@[ are K-equivalent.

On the other hand, we return to the review on the theory of Legendrian singularities. We
introduce a natural equivalence relation among Legendrian submanifold germs. Let F,G :
(R* x R",0) — (R,0) be Morse families of hypersurfaces. Then we say that Lr(3.(F))
and Lg(2.(G)) are Legendrian equivalent if there exists a contact diffeomorphism germ H :
(PT*R", z) — (PT*R™,2') such that H preserves fibers of 7 and that H(Lp(X.(F))) =
Le(2.(G)), where z = L£(0), 2/ = L5(0). By using the Legendrian equivalence, we can define
the notion of Legendrian stability for Legendrian submanifold germs by the ordinary way (see,
[1][Part III]). We can interpret the Legendrian equivalence by using the notion of generating
families. We denote by &, the local ring of function germs (R",0) — R with the unique

maximal ideal M, = {h € &, | h(0) = 0 }. Let F,G : (R* x R*,0) — (R, 0) be function

53



germs. We say that F' and G are P-K-equivalent if there exists a diffeomorphism germ U :
(R* x R",0) — (RF x R",0) of the form W(q,x) = (¢1(q,x),Ys(x)) for (g, z) € (RF x

R™,0) such that ¥*((F)¢,,.) = (G) Here ¥* : &y —> Ekin is the pull back R-algebra

gk+n :
isomorphism defined by W*(h) = hoW. We say that F'is an infinitesimally KC-versal deformation
of f = F|R* x {0} if

&0 = T.(K)(f) + <§—QR'“ <0}, o (R {0}>

)
R
where

19) 15)
T.(K)(f) = <%%f> |

The main result in the theory of Legendrian singularities ([1], §20.8 and [23], THEOREM 2) is

the following:

Proposition 5.4.3 (Arnol’d, Zakalyukin). Let F, G : (R* xR",0) — (R, 0) be Morse families
and we denote the corresponding Legendrian immersion germs by Lg, L5. Then

(1) Lr and Lg are Legendrian equivalent if and only if F' and G are P-K-equivalent.

(2) Lp is Legendrian stable if and only if F' is K-versal deformation of f.

Since I and G are function germs on the common space germ (R* x R™, 0), we do not need
the notion of stably P-K-equivalences under this situation [23, page 27]. For any map germ
[ (R*,0) — (RP,0), we define the local ring of f by Q,(f) = &./(f*(IM,)E, + MI+1). We
have the following classification result of Legendrian stable germs (cf. [9, Proposition A.4])

which is the key for the purpose in this section.

Proposition 5.4.4. Let F,G : (R" x R* 0) — (R,0) be Morse families. Suppose that
Legendrian immersion germs Lr and Ls are Legendrian stable, then the following conditions
are equivalent.

(1) W(LFp) and W(Lg) are diffeomorphic as set germs.

(2) Lr and Lg are Legendrian equivalent.

(3) Qnya1(f) and Qn11(g) are isomorphic as R-algebras, where f = Flgiyqop and g =

G|Rk><{0}~
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Let Qni1(x, ug) be the local ring of the function germ h,, : (U, up) — R defined by

Quar (@, uo) = Co(U)/((huy) e ) + M),

and Qi (T, up) be the local rings of the function germs Eﬁ : (U,up) — R defined by

Qi1 (@, wo) = O (U)/ ((hge hegg 0y + M),

where vg = LDy (ug, o), U2 = — LDy ar(uo, io) and C;2(U) is the local ring of function germs at

uy with the unique maximal ideal 90,,_;.

Theorem 5.4.5. Let x; : (U,u;)) — (S%,p:)(¢ = 1,2) be hypersurface germs such that
the corresponding Legendrian immersion germs are Legendrian stable. Then the following
conditions are equivalent.
(1) The lightcone hypersurface germs LDy, (U x R) and LDy, (U x R) are diffeomorphic.
2) Legendrian immersion germs £} and £3 are Legendrian equivalent.

3) The lightcone height functions germs H; and Hy are P-K-equivalent.

5) K(z1(U), TPSY Hxy,uy),v1) = K(22(U), TPST (22, us), v2).

( ( ) TPH"(wl,ul) ’Ul) = K(CEQ(U),TPH”(QL‘Q,’LLQ),’UQ).

(2)
(3)
(4) ha, and ho,, are K-equivalent.
(5)
(6)
(7)

7) Local rings @Q,+1(x1,u;) and @Q,41(x2, us) are isomorphic as R-algebras.

Proof. By Proposition 5.4.3 and Proposition 5.4.4, the conditions (1)~(3)and (7) are equivalent.
By definition, the condition (3) implies the condition (4). By Proposition 5.4.3, H; is a KC-versal
deformation of h;,,. We can apply the uniqueness result of K-versal deformations (cf., [14]), so
that the condition (4) implies the condition (3). By Theorem 5.4.1, the conditions (4)~(6) are

equivalent. This completes the proof. ]

Theorem 5.4.6. Let @; : (U,u;) — (S§,pi)(i = 1,2) be hypersurface germs such that
the corresponding Legendrian immersion germs are Legendrian stable. Then the following
conditions are equivalent.

(1) The lightcone hypersurface germs E%I(U x R) and E%AU x R) are diffeomorphic.
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(=1 (U), TPSy (T, uy),07) = K(ZT2(U), TPS) (X2, us), 05 ).

)
)
4) El,ﬁf and EQ@t are KC-equivalent.
)
) K (=, (U), TPST™ (%1, u1),0}) = K(®o(U), TPS}™ (T2, us), 0y ).
)

The proof is similar to the proof of the above theorem, so that we omit it.

Lemma 5.4.7. Let © : U — S be a hypersurface germ such that the corresponding Leg-
endrian immersion germs £, and E?jf are Legendrian stable. Then at the singular point vy =
LDy(ug, 20% (ki(po)))(1 < i < n—1) of LDy, and the singular points o3 = Eiﬁ(u[), 1/ki(po))
of ﬁiﬁ, we have the following equivalent assertions:

(1) The lightcone hypersurface germs LDy (U x R) and Eiﬁ(U x R) are diffeomorphic.
(2) Legendrian immersion germs Ei and L, are Legendrian equivalent.

(3) The lightcone height functions germs H and H are P-K-equivalent.

(4) hy, and h, = are K-equivalent.

(5) K(@(U), TPSI™ (@, uo), vo) = K(@(U), TPS3 (&, uy), 7).

(6) K(@(U), TPH" (@, o), v0) = K(@(U), TPS* (@, u), 7).

(

5

)
)
) I
)
6)
)

7) Local rings Q. (T, uo) and Q,11(x, uo) are isomorphic as R-algebras.

Proof. By definition, we have h,,(u) = (z(u), ((6(ki(po)))? — 1)E(uo) + 20 (ki(po))n(uo) +
(0% (ki(po)))? + 1)eg) + 2, so that

Ry, (w)

(CTi(/fi(pO)))Q“‘ 1 = <5('U,) +€0,I|I ( 1_'_/4: 1& 1+/€ po UO ) +60

1
\/1"‘/{ po \/1‘}‘/‘1 po :tﬁlp()

Hz(pO)
+ T n(u +ey) F ——m—t—r
< 1+/£ 1+/€ (po) 0) ’ 1+/€(p0)
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We also have

_ 1 1
hﬁ(j)[ (u> - <£C(’U,), J}(U(]) + K}Z(po)n(UO) + Ii?(pg) + 160) -1
and
/{Z(po)ﬁ%i (u) — (#(u K (po) 1 nlu e Ki(po)
+ K2(po) + 1 = (@ >7i< 14 7 (po) (x) 1+ 7 (po) ( 0)) Teo) F \/1—1—/@?(1)0)'

Therefore, we have
o ++/k3(po) + 1

" = ) (O ()4 D)

This means that the assertion (4) holds. By the uniqueness of the K-versal deformation,

we have the assertion (3). By Proposition 5.4.3, we have the assertion (2). By Proposition

5.4.4, we have the assertions (1) and (7). On the other hand, for g,, o = b,, o = h,, and

8yt O = bz 0T = hgx, by Theorem 5.4.1, we have the assertions (5) and (6). This completes
the proof. n

By Lemma 5.4.7, we have our main result as the following theorem.

Theorem 5.4.8. Let x; : (U,u;) — (S7,p;)(i = 1,2) be hypersurface germs such that the
corresponding Legendrian immersion germs are Legendrian stable. At the singular points E;t =
E%(uo, 1/ki(p))(1 <j<n-—1)of E%, and the singular points v; = LDy (uo, 20% (k;(p)))
of LDy, the conditions (1) ~ (7) in Theorem 5.4.5 and the conditions (1) ~ (7) in Theorem

5.4.6 are all equivalent.

5.5 Surfaces in the 3-sphere

In this section, we stick to the case n = 3. We consider the surfaces in the 3-sphere as
a special case of the previous sections. First we consider the generic properties of spacelike
submanifolds in the unit sphere S§. We consider the space of embeddings Emb(U, S3) with
Whitney C*®-topology. We also consider the function H : S§ x LC* — R which is given by

H(u,v) = (u,v)—1. We claim that b, is a submersion for any v € LC*, where b, (u) = H(u,v).
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For any & € Emb(U, S3) , we have H = H o (T x idrc-). We have the k-jet extension
J¥H : U x LC* — J*(U,R)

defined by j¥H(u,v) = j*h,(u). We consider the trivialization J*(U,R) = U x R x J*(2,1).
For any submanifold Q C J*(2,1), we denote Q = U x 0 x Q. Then we have the following

proposition as a corollary of [22, Lemma 6].

Proposition 5.5.1. Let @ be a submanifold of J*(2,1). Then the set
To = {& € Emb(U, S3) | ¥H is transversal to Q}
is a residual subset of Emb(U, S§). If @ is a closed set, then Ty is open.
By the previous arguments and the Appendix of [9], we have the following theorem.

Theorem 5.5.2. There exists an open dense subset @ C Emb(U, S3) such that for any = € O,

the corresponding Legendrian immersion germs £F at any point are Legendrian stable.

If we consider H : S3 x LC* — R defined by H(u,v) = (u,v) + 2 instead of H :
S§ x LC* — R, we can show that the corresponding Legendrian immersion germ £, at any
point is Legendrian stable for a generic hypersurface & : U — S7.

We now classify the singularities of the lightcone dual hypersurfaces. Here we only consider
the case for M = Z(U) in S3. By Proposition 5.4.5, a K-invarint for the height function
h, is an invariant for the diffeomorphism class of the singularities of the lightcone duals of a

hypersurface in S5. Let T : U — S be an embedding from an open set U C R?, we define

the K-codimension (or Tyurina number) of the function germ Eﬁ by
H-ord" (T, up) = dimCypy (Eﬂg, 8553: /Oui)cge .-

We call it the order of contact of M with parabolic (n—1)-spheres and parabolic n-hyperquadrics.

We also define the corank of the function germ Eﬁ by

H-corank™ (T, up) = 2 — rank Hess(ﬁﬁgz)(uo).
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By Theorem 5.3.5, Theorem 5.5.2 and Proposition 5.4.3, the lightcone height function H
is a KC-versal deformation of Eﬁ at each point (uo,ﬁgt) € U x LC*. Therefore we can apply
the classification of K-versal deformations of function germs up to 4-parameters[l]. Suppose
that the lightcone height function H is a K-versal deformation of Eﬁoi at each point (ug, 73 ) €

U x LC*. Then it is P-K-equivalent to one of the following germs:

(Ak) F(Ul,UQ, A) = ulfH + ug + )\1 + )\zul + -+ )\ku’f_l, (1 S k S 4),
(D:{) F(ul, Ug, )\) = Ui’ + Ug —+ )\1 -+ )\2’&1 —+ )\3U2 + )\4U1U2,

(DZ) F(Ul, Ua, A) = U? — ulug + )\1 + )\211,1 + >\3U2 + )\4(1@ + U,g)

For any F(uy,us, X), we have

F F
W(Lr) = {)\ € R* | Ju € R? such that F(u,\) = %(u,)\) = %(u,)\) = 0} .
1 2

Let fi : (Ni,z;) — (P, y:)(i = 1,2) be C* map germs. We say that f; and fy are A-
equivalent if there exist diffeomorphism germs ¢ : (N1, 21) — (Ng,x2) and ¢ : (P, y1) —

(Py,ys2) such that ¢ o f; = fy 0 ¢. Then we have the following theorem.

Theorem 5.5.3. There exists an open dense subset O C Embg,(U, S3) such that for any
x € O, we have the following classification:

(a) If H-corank ™ (T, ug) = 1, then there are two distinct principle curvatures k1 and kq. In this
case H-ord® (z,uy) < 4 and we have the following:

(Ay) If H-ord®(z, ug) = 1, then each one of E% is A-equivalent to
fug, ug, uz) = (uq, ug, us, 0).
(Ay) If H-ord™(x, ug) = 2, then each one of Eiﬁ is A-equivalent to
fuy, ug, us) = (3u?, 2u3, uy, us).
The image of f is diffeomorphic to C' x R2.
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3 ) )
(As) If H-ord™ (=, ug) = 3, then each one of LD7; is A-equivalent to
fur, ug, us) = (dus + 2uiug, 3uj + g, ug, us).

The image of f is diffeomorphic to SW x R.

Ay) If H-ord*(x, ug) = 4, then each one of D7 is A-equivalent to
i
fuy, ug, uz) = (5uy + 3ugu? + 2uqus, 4u’ + 2ugu? + usul, ug, us).

The image of f is diffeomorphic to BF'.
(b) If H-corank (T,ug) = 2 and the principle curvature £ # 0, then wg is a non-flat umbilic
point. In this case we have H-ord® (z, u¢) = 4 and the following two cases:

(D}) Each one of LDar is A-equivalent to
fug, ug, uz) = (2(ud + ud) + ugugus, 3u? + ugus, 3us + ugus, us).

(D; ) Each one of Eiﬁ is A-equivalent to

fuy, ug, uz) = (2(ud — wyud) + (uf + uj)us, us — 3ud — 2uiuz, Uty — Ulsz, Us).

2y = u®} is the ordinary cusp, SW = {(z1,79,23) | 1 =

Here, C' = {(z1,22) | ¥1 = u
ut + uv, Ty = 4ud + 2uv, z3 = v} is called a swallowtail and BF = {(z1, %9, 73, 24) | 11 =

Sut + 3vu? + 2wu, o = 4u® + 2vu® + wu?, x5 = u, 1y = v} is called a butterfly.

Proof. By Theorem 5.5.2, there exists an open dense subset O C Embs,(U, Sg) such that for any
x € O, the corresponding Legendrian immersion germs Egt at any point are Legendrian stable.
Therefore, the height function H is P-K-equivalent to one of the germs of (A;) (k = 1,2,3,4)

and DF. If we consider the germ F(u1,ug, A) = u? £ u + A\ + Ayuq, then we have
W(EF) = {(21&137 —SU%, )\3, )\4) | (Ul, )\3, )\4) S ]R3},

so that the corresponding Legendrian map germ is (Ag) f(uy,uz, uz) = (3u?, 2u?, ug, uz). Sup-
pose that H is P-K-equivalent to F of type (A;). By Propositions 5.4.3 and 5.4.4, E% is
A-equivalent to (Ay). Of course, the image of f is C' x R% Moreover, the K-codimension of
fuy, up) = u? £u2 is 2, so that we have H-ord®(x, 1) = 2. The proof of the other assertions

are similar to this case. Therefore, we omit it. O
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By Lemma 5.4.7, the lightcone dual surface LDy of @ : U — 5% is locally diffeomorphic

to the lightcone dual surfaces E% Therefore, we obtain exactly the same assertions as the

above theorem for the lightcone dual surface LD,,.
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