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GLOBAL REGULARITY AND BREAKDOWN 
OF NONLINEAR HYPERBOLIC WAVES 

Li Ta-tsien 

Abstract: The global existence and the life-span of C 1 solutions to the Cauchy problem 
for general first order quasilinear hyperbolic systems with small decay initial data are con
sidered and some applications with physical interest are given. 

1. Introduction 

Consider the following Cauchy problem for general first order quasilinear hyperbolic 

systems 
au au 
at + A( u) ax = 0, (1.1) 

t=O: u=cp(x), (1.2) 

where u = (U1,' .. , un)T is the unknown vector function of (t, x), A (u) = (aij (u)) is 

an n X n matrix with suitably smooth entries aij (u) (i, j = 1, ... , n), and cp (x) is a C1 

vector function with bounded C1 norm. 

By hyperbolicity, for any given u on the domain under consideration, A (u) has n 

real eigenvalues Al (u), ... , An (u) and a complete set of left (resp. right) eigenvectors 

li(u) = (li1 (u), .. · ,lin(u)) (resp. ri(u) (ri1(u), .. · ,rin(U))T) (i=l, .. · ,n): 

Our aim is to study the following two kinds of problems which are of great importance 

in the propagation of nonlinear waves: 
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GLOBAL REGULARITY AND BREAKDOWN OF NONLINEAR HYPERBOLIC WAVES 

(1) Under what conditions does Cauchy problem (1.1)-(1.2) admit a unique global 

0 1 solution u = u (t, x) on t 2: O? 

(2) Under what conditons does the 0 1 solution u = u (t, x) to Cauchy problem (1.1)

(1.2) blow up in a finite time? Can we get a sharp estimate on the life-span of 0 1 

solutions? 

When n 1 or 2, through the efforts of many authors these two problems have been 

almost completely solved (see Li Ta-tsien [6]). 

For the general quasilinear hyperbolic system of n (2: 1) equations, the first result 

was given by F.John [5]. Suppose that in a neighbourhood of u = 0, A (u) E 0 2
, system 

(1.1) is strictly hyperbolic: 

Al (u) < A2 (u) < ... < An (u) (1.4) 

and genuinely nonlinear in the sense of P.D.Lax: for i = 1,2"" ,n, 

\7Ai (u)n (u) =I- 0. (1.5) 

Suppose furthermore that cp (x) E 0 2 have a compact support: 

supp cp ~ [ao, PoJ . (1.6) 

F.John proved that if 

e b. (Po - ao)2. sup Icp" (x) I (1.7) 
xER 

is small enough, then the first order derivatives of the 0 2 solution u = u (t, x) to Cauchy 

problem (1.1)-(1.2) must blow up in a finite time. 

L.Hormander [4J reproved F.John's result and gave a sharp estimate on the life-span 

of 0 2 solutions. 

T.P.Liu [12J generalized F.John's result to the case that in a neighbourhood of u = 0, 

a part of characteristics is genuinely nonlinear, while the other part of characteristics 

is linearly degenerate in the sense of P.D.Lax. Precisely speaking, let J ~ {l, 2" .. ,n} 

be a nonempty set such that Ai ( u) is genuinely nonlinear if and only if i E J. Suppose 

that for i ~ J, in a neighbourhood of u = 0, Ai (u) is linearly degenerate: 

(1.8) 
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T.P.Liu proved the same result as in F.Jolm [5] for a quite large class of initial data, 

however, in his proof he imposed an additional hypothesis "linear waves do not generate 

nonlinear waves". To illustrate this hypothesis, using the expansion of U x with respect 

to the right eigenvectors: 

we have 
n 

n 

Ux = LWkTk(U), 

k=1 

L 'Yijk (U)WjWk 
j,k=1 

(i = 1 ... n) , , , 

(1.9) 

(1.10) 

where d~t %t +.Ai( u)! denotes the directional derivative along the i-th characteristic 

and 

(1.11) 

The hypothesis "linear waves do not generate nonlinear waves" means that in a neigh

bourhood of U = 0 

'Yijk (u) = 0, \:I i E J, \:I j, k ¢:. J. (1.12) 

T.P.Liu's result can be applied to the system of one-dimensional gas dynamics with 

convexity. 

By means of the concept of weak linear degeneracy, Li Ta-tsien, Zhou Yi & Kong 

De-xing [9] presented a complete result on the global existence and the life-span of C1 

solutions to Cauchy problem (1.1)-(1.2) is which system (1.1) is strictly hyperbolic and 

<P (x) is a small C 1 vector function with compact support. In this talk, as a joint work 

with Zhou Yi and Kong De-xing, the result in [9] will be generalized to the case that 

system (1.1) might be non-strictly hyperbolic .and <P (x) is a small C 1 vector function 

satisfying certain decay properties as Ixl -t +00 (also see Li Ta-tsien, Zhou Yi and Kong 

De-xing [10,11 D. Moreover, these results will be applied to the system of the motion of 

an elastic string and the system of plane elastic waves for hyperelastic materials. This 

application answers the open problem "Investigate shock formation in non-genuinely 

nonlinear systems for initial data of compact support" proposed in A.Majda [13]. 0 

2. Main results 
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Suppose that in a neighbourhood of u = 0, each eigenvalue of A (u) has a constant 

multiplicity. Without loss of generality, we suppose that 

(2.1) 

When p = 1, system (1.1) is strictly hyperbolic; while, when p > 1, (1.1) is a non-strictly 

hyperbolic system. In the case p > 1, for the sake of simplicity we only consider system 

(1.1) with A = Vi, i.e., suppose that (1.1) is a system of conservation laws: 

au ai(u) _ 0 
at + ax - , (2.2) 

where i (u) = (ft (u),' .. ,in (u »T. Thus, by G.Boillat [1] and H.Freistiihler [3], the 

characteristic A(U) with constant multiplicity pC> 1) must be linearly degenerate: 

VA(u)ri(u)=O (i=1,2,···,p). D (2.3) 

As defined in Li Ta-tsien, Zhou Yi & Kong De-xing [9], each simple eigenvalue Ai (u) 

of A (u) is called to be weakly linearly degenerate, if along the i-th characteristic tra

jectory u = u(i) (s) passing through u = 0, defined by 

{ 

du 
ds = ri (u), 

s = 0: u = 0, 
(2.4) 

we have 

VAi (u)ri (u) = 0, V lui small, (2.5) 

namely, 

(2.6) 

Obviously, if Ai is linearly degenerate, then Ai is weakly linearly degenerate. On the 

other hand, if Ai (u) is not weakly linearly degenerate, then either there exists an integer 

ai 2 0 such that 

dlAi (u(i) (s») = 0 
ds1 18=0 but (2.7) 

or 
d1Ai(U(i)(S») --0 ---'---:----=-1 (l = 1,2, ... ), denoted by ai = +00. D (2.8) ds1 8=0 
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Theorem 2.1 (Global existence). Under the assumptions mentioned at the begin

ning of this paragraph, suppose that in a neighbourhood of u = 0, A (u) E 0 2 and all 

simple eigenvalues of A ( u) are weakly linearly degenerate. Suppose furthermore that 

4> ( x) is a 0 1 function satisfying the following decay property: there exists a constant 

Il > 0 such that 

e D. sup { (1 + Ixl)HJL (14) (x) 1 + 14>' (x) I)} < 00. 
xER 

(2.9) 

Then there exists eo > 0 so small that for any given e E [0, eo], Cauchy problem 

(1.1)-(1.2) admits a unique global 0 1 solution u = u (t, x) on t 2: O. 0 

Theorem 2.2 (Blow up phenomenon). Under the assumptions mentioned at the 

beginning of this paragraph, suppose that in a neighbourhood of u = 0, A (u) is suit

ably smooth and there exists a nonempty index set J ~ {1, 2, ... ,n} such that a simple 

eigenvalue Ai ( u) is not weakly linearly degenerate if and only if i E J. Suppose fur

thermore that 

a = min {ai, i E J} < 00, (2.10) 

where ai is defined by (2.7)-(2.8). Suppose finally that 4> (x) = c1jJ (x), where c > 0 is a 

small parameter and 7P (x) is a 0 1 vector function such that 

sup {(1 + Ixl)HJL (11jJ'(x) 1 + 11jJ' (x) I)} < 00, 
xER 

(2.11) 

where Il is a positive constant. Let 

J1 = {i 1 i E J, ai = a} . (2.12) 

If there exists k E J1 such that 

(2.13) 

then there exists co > 0 so small that for any fixed c E (0, co], the first order derivatives 

of the 0 1 solution u u (t, x) to Cauchy problem (1.1)-(1.2) must blow up in a finite 

time, and there exist two positive constants c and 0 independent of c, such that the 

life-span T (c) of u = u (t, x) satisfies 

(2.14) 

-261-
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denoted by 

(2.15) 

3. Applications 

3.1 System of the motion of an elastic string 

Consider the Cauchy problem for the system of the motion of an elastic string (see 

[7]-[8]): 

{:: = ("T;r~'u). = 0, 
(3.1) 

t=O: u=uo+C:UO(x),v=c:vO(x), (3.2) 

where U = (Ub··· ,un)T, v = (Vb··· ,Vn)T, r = lui = .JUT + ... +u~ 
is a suitably smooth function of r > 0 such that 

(n ~ 2), T(r) 

T' (r ) > T (ro) > 0 ° - , ro 
(3.3) 

where ro = /uol = V(un2+ ... +(u~)2 > 1, uO = (u~, ... ,u~) is a constant vector 

and (uO (x), vO (x)) E CI satisfies the same decay property as (2.11). 

In a neighbourhood of (u,v) = (uO,O), (3.1) is a hyperbolic system with the real 

eigenvalues 

b. ~ b. VT(r) b. (T[0" b. ~ 
Al = -yT'(r) < A2 = - -r- < A3 = V ~-r- < A4 = yT'(r), (3.4) 

where both A2 and '\3 are (n - 1) multiple eigenvalues which are linearly degenerate, 

while both Al and A4 are single eigenvalues which are neither genuinely nonlinear nor 

linear degenerate in general. Except n = 2, (3.1) is a non-strictly hyperbolic system of 

conservation laws with constant multiple eigenvalues. Moreover, T.P.Liu's hypothesis 

"linear waves do not generate nonlinear waves" is not satisfied. 

By Theorem 2.2, we get 

Theorem 3.1. Suppose that there exists an integer a ~ 0 such that 

Til (ro) = ... = T(1+a) (ro) = 0 but T(2+a) (ro) =f. O. (3.5) 

-262-



11 TA-TSIEN 

H (t u? u? (x) , t u? v? (X)) is not identically equal to zero, namely, UO is not always 
z=l z=l 

simultaneously orthogonal to uo (x) and Vo (x) for all x E R, then there exists co > 0 

so small that for any £ E (0,60]' the first order derivatives of the C 1 solution (u, v) = 
(u (t, x) , v (t, x)) to Cauchy problem (3.1)-(3.2) must blow up in a finite time and the 

life-span 

(3.6) 

3.2 System of plane elastic waves for hyperelastic materials 

For any given W .= (WI, W2, W3) with Iw I = 1, the solution of plane elastic waves can 

be written as 

Y = 7fX + f(t,x), (3.7) 

where X = (X1 ,X2 ,X3 )T, Y = (y1 ,y2 ,y3 )T, f = (jI,h,h)T, x = wX and 7f is a 

nonsingular matrix of order 3. Without loss of generality, we may suppose that 7f = I. 

f satisfies the following system (see [5]) 

8
2 
f _ V" (1 ) 8

2 
f = 0 

8t2 x 8x2 ' (3.8) 

where V" = (Vij) with 

(3.9) 

and 

V (1]) = W (I + 1]w) (3;10) 

for any given 1] = (1]1,1]2, 1]3)T, where W = W (P) is the stored energy function, in 

which P = (Pik) = (:;~) denotes the strain tensor. 

Let 
8fi 

Ui=-, 
8x 

(i = 1,2,3). (3.11) 

From (3.8) we get 

Ut + A (u) U x = 0, (3.12) 

where U = (UI,··· , U6)T and 

( 
0 -I) 0 

A = -V" 0 . (3.13) 
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As an example, we consider the material of Ciarlet-Geymonat (see P.G.Ciarlet [2]): 

W(p) = a II P 112 +b II CofP 112 +r(detP) + e, (3.14) 

where 

res) = cs2 
- dlogS, V S> 0, (3.15) 

a, b, c, d are positive constants, e is a real number, 

1 

II P 11= (tr pTp) 2 (3.16) 

and 

CofP = (detP) (P-1)T. (3.17) 

The system has six real eigenvalues: 

(3.18) 

where 

(3.19) 

A2,3 and A4,5 are linearly degenerate eigenvalues with constant multiplicity, while Al 

and A6 are genuinely nonlinear. 

Consider the Cauchy problem for system (3.8) with the initial data 

(3.20) 

where JO = (if, n , j~) is a constant vector, e > 0 is a small parameter, I/> (x) E 0 2, 
'IjJ (x) E 0 1 and (if/ (x) , 'IjJ (x)) satisfies the same decay property as (2.11). By Theorem 

2.2 we have 

Theorem 3.2. H (wI/>' (x) ,w'IjJ (x)) is not identically equal to zero, namely, w is not 

always simultaneously ortbogonal to 1/>' (x) and 'IjJ (x) for all x E R, tben tbere exists 

eo > 0 so small tbat for anye E (0, eo], tbe second order derivatives of tbe 0 2 solution 

f f(t,x) to Caucbyproblem (3.8) and (3.20) must blow up in a finite time and tbe 

life-span 
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For some other classical hyperelastic materials such as the neo-Hookean material 

W(P) = a II P 112 +r(detP) (a> 0), (3.21 ) 

the material of Burgess and Levinson 

W(P) =! II P 112 +.!..(detp)-a (<1 > 0), 
2 <1 

(3.22) 

the material of Hadamard-Green 

(3.23) 

etc. (see [2]), the conclusion of Theorem 3.3 still holds. 0 
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ON THE INCOMPRESSIBLE LIMIT 
OF 

THE SLIGHTLY COMPRESSIBLE VISCOUS FLUID FLOWS 

Chi-Kun Lin 

Abstract: In this article we study the weak solutions of the compressible viscous fluid 
dynamics equations and its incompressible limito Using the concept of entropy we prove 
the singular limit system for the viscous compressible fluid dynamics equations is a system 
resembling the incompressible nonhomogeneous viscous fluid equationso 

§1 Preliminaries 

The nondimensional unsteady anisentropic viscous flow of a polytropic gas neglecting 
the effect of conduction and radiation is represented by the following equations 

where 

€ 8t pf. + \7 0 P£ = 0 

€ 8t Jt£ + \7 0 (P,£ : pf. ) + \7 P(Pf.' Sf.) = € \7 0 (v:LJ 
€8tSf. + ttf. 0 \7Sf. = 0, 

Pf. 

The equation of state is given by 

P(p, S) = [p<I>' (p) - <I> (p)] eA(S) 0 

(L1) 

(L2) 

(L3) 

(104) 

(L5) 

which will be reduced to the barotropic gas when the exponent A is a constant, Leo, 
A'(S) = 00 The parameter € is definitely related to the Mach numbero Here, PE, /-t£) Sf., Pf. 
represent the nondimensional· density, momentum, specific entropy, and pressure of the 
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gas, respectively. To avoid complications at the boundary, we concentrate below on the 
case where x E TD, the D-dimensional torus. 

It is obvious that (1,0,1) is a trivial solution of (1.1) - (1.5). We consider the 
perturbation near (1,0,1), i.e., looking at data near the equilibrium (p, IL, S) = (1,0,1). 
Let 

(1.6) 

where Pf. , fif. , Sf. play the roles of the density fluctuation, velocity fluctuation and entropy 
fluctuation, respectively. Then the formal asymptotic expansion suggests that formally 
letting t -T ° in (1.1) - (1.5) produces the incompressible stratified fluid equations given 
below 

V·v = 0, II = II(p) 
p[8t v + (v· V)v] + VII = vAv 

8t p + (v· V)p = 0. 

(1.7) 

(1.8) 

(1.9) 

Note that equation (1.9) follows from 8tS + I:jVS = 0, since p = p(S) in the limit t -T 0. 

§2 Entrupy and energy estimate 

For our system, a natural entropy is given by the mechanical energy function 

H(p, /-t, S) = ~ 1~12 + U(p, S) = ~ 1~12 + <I>(p) eA(S) 

which will be shown to be convex. We assume 

8pP(p ,S) = p8ppU(p, S) = p<I>" (p )eA(S) > ° , 
i.e., no phase transition, then we have 

(2.1) 

(2.2) 

(2.1) Lemma For strict convex functions <I>(p) = P' and A(S) with A"(S) ~ ,2.1 (A'(S))2 
then the mechanical energy function H(p, /-t, S) defined by (2.1) is a strict convex entropy 
of (1.1) - (1.5). 

Proof: It follows immediately the fact that the Hessian matrix of H is positive definite. 

Furthermore, let 

V(t) = (p(t), JL(t), S(t)) t , 

then the standard energy estimate gives 

d 
dt 1i(V(t)) + R(V(t)) = 0, 

where 

1i(V(t)) = in H(V(t)) dx, 

is the entropy functional and 

R(V(t)) = v k 1 L 12 dx = v k L : L dx, 
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(2.4) 

(2.5) 

(2.6) 



is the entropy dissipation rate functional. However, for weak solutions we only have the 
energy inequality. 

(2.2) Theorem Let (p, IL, S) be a weak solution of (1.1) - (1.5) then we have the energy 
inequality 

1i (V(T)) + foT n (V(t» dt :::; 1i (V(O» . (2.7) 

From (2.2) Theorem it is nature to consider a sequence of solutions ~ indexed by 
a vanishing positive sequence E such that for some constant C > 0, the initial data 

~in = (Pf(O), ILf(O), Sf(O») t satisfies the entropy bound 

f iI (vin) dx < C E2 0 < E ~ 1. in f - , 
(2.8) 

Since iI is strictly ~onvex then we have (see [6,7]) 

(2.3) Lemma For (Pc, ~,Sf) satifying the same hypothesis as (2.2) Theorem then 

(2.9) 

for all t fixed but arbitrary. 

Moreover, applying the Arzela-Ascoli theorem yields 

(2.4) Theorem (Pf' ~,Sf) is compact in C ([0,00), w_Ll(O»). 

It follows directly from the strict convexity of \I1 and the entropy bound (2.9) that 

(2.5) Lemma "Pe{-;;)-lIILl(n) and II Se(~~)-lllL1(n) are uniformly bounded for all t E 

R+ fixed but arbitrary. Hence, Pf --7 1 in s-L1(0). By passing to subsequence we also 
have Pf --7 1 a.e. in O. Similar result is also true for Sf' 

Moreover, by the energy estimate, Young's inequality and the gtructure ofthe entropy 
we can show that 

{Pf h:
2
)-1}&, {S£h~2)-1}£ 

L. c L. are equiintegrable. (2.10) 

Therefore, by Dunford-Pettis theorem we deduce 

(2.6) Theorem For all t E (0,00) fixed but arbitrary one has 

{ Pf(":2) - l}&, {S€("~2) - l}& 1 
L. c L. c are compact in w-L (0). (2.11) 
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§3 Incompressible Limit 

The scaled time discretized viscous compressible fluid dynamics equations are given 
by 

(3.1) 

(3.2) 

(3.3) 

It is an implicit time discretization of the scaled compressible viscous fluid dynamics 
equations (1.1) -'- (1.3). Throughout this article, we shall always set the time step ~t = L 
The theory in section 2 can be transposed to this new problem without any significant 
change. The form of the the entropy inequality is however somewhat different; 

il(~) + J(~in,~) + n(~) ::; il(~in) (3.4) 

where J(~in, ~) is the relative entropy of ~in = (p~n j p,~n, s~n)t with respect to ~ = 
(Pf, Jtf' Sf)t which is given by 

J(~in,~) = f [( _211Jtt12 + w(p~n)eA(s~n)) _ (_21IJtfI2 + W(Pf)eA(se)) 
10, Pf Pf. 

_ ( _ ~ IJt~12 + W'(Pf)eA(se)) (p~n _ Pf) (3.5) 
Pf 

- (Jtf) . (p,!n _ Jtf) - W(Pf)A'(Sf)eA(Se)(s;n - Sf)]dx, 
Pf 

with 

W(p) = <J.>(p) - <1>(1) - <1>'(1)(p - 1). (3.6) 

The integrand of (3.5) is easily understood to be a convex function of ~in. In fact, it is 
a jointly convex function of both of its arguments, ~in and "V;;. 

(3.1) Theorem ([7]) For, > ~, the following is true 

and {Sf -1 J-tf} are compact in w-L1(fl) . 
€2 €Pf 

(3.7) 

Now we are in a position to discuss the incompressible limit. From the equation of 
continuity and (2.6) Theorem we can conclude 

(3.2) Lemma ([6,7]) v is weakly divergence free, i.e., \7. v = 0 in the sense of 
distribution. 

From the weak formulation of the momentumn equation (3.2) 

{ (Jtf _ Jt~n) .1f;dx= { \11f; : ~(lLf 0 Jtf.)dx 
10, € E in P€ € € (3.8) 

+ f \l.1jJ ~ P(Pf' Sf) dx - ~ f \71jJ : L dx , 10, E E 10, f 
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for all1j; E C~(n; RD), if we choose the test function 1j; in the space of divergence free, 
I.e., 

v = {1j; E C~ (n; R D) , V·1j; = 0 } 

then the second term of the ·RHS of (3.8) will eliminate. Since 

Pf. -+ 1 a.e. in n , 
I-tf. - . £) - -+ v a.e. In ~ L • 

€ 

So we have 

1 eLf ® J-tf) -+ V ® V 
Pf € € 

a.e. in n. 

But {;€ (Lt- ® Lt-)} is compact in w-Ll(n). Thus 

1 (J.tf to. J1.€) - to. -
- -IClJ- ->'VIClJV 
Pf € € 

therefore we derive the convergence of the nonlinear term 

f V"p : .!.(J-tf ® J-tf) dx -+ r V1j; : v ® v dx. 
in Pf € € in 

Taking all the convergence results into account we obtain 

k 1j; . v dx - k"p . vindx - 10 V1j;: (v ® v) dx = v k v· tl1f; dx. 

Note that the vector field 1j; is of divergence free. Hence by (3.13) we have 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

p(v-vin+v.Vv-vtlv)=O inn, (3.14) 

where P is the orthogonal projection. We shall refer to it as the Leray Projector. From 
Helmholtz Decomposition theorem and (3.14) it follows that there exists II such that 

v - vin + (v . V)v + VII = vtlv. (3.15) 

Moreover, due to the special structure of the equation of state .;.zP(Pf' Sf), we see that 
the limit of the entropy is a function of the density P only hence II is also a function of P 
only. It follows from (3.1) Theorem that there exists S such that 

(3.16) 

On the other hand, from the equation of state, .;.zP(P.f' Sf) , we see that S = S(p), i.e., 
S is a function of p only. Therefore the equation of entropy (3.16) is equivalent to the 
equation of continuity 

(3.17) 

in the limiting case. 
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Esthuates of spherical derivative 

MAKHMUTOV SHAMIL, MAKHMUTOVA MARINA 

Abstract. vVe estimate the growth of spherical derivative of meromorphic solutions 
of algebraic. differential equations of t.he first order. It. essentially improve earlier known 
results. For meromorphic flmctions with given growth of spherical derivative we es
tablish new results about distribution and mutual arrangement of a- and b- points of 
functions. 

Consider algebraic differential equation of the first order 

(1) 

,,,here 

Our goals are: 

n 

Cw')1! + L Pk(Z, 10) (w,)n-k = 0 
k=l 

rn'k 

Pk(z,W) = Lakj(Z),Wj, 1:S k:S T/. • 

. i=O 

- to estimate the growth of the spherical derivative of meromorphic solutions of the 
diffrential equation (1); 

- to desc.ribe value distribution of meromorphic functions with given growth of spher
ical derivative in the unit dise D and in the complex plane C. 

There are several approaches to study this problem: Wiman-Valiron's method (e.g. 
IVlalmquist); from the position of Ncvanlinna's theory of meromorphic functions (see 
[1], I.Laine, K.Yosida); from the point of view Ahlfors's theory of covering surfaces (e.g. 
[2] ). 

Wiman-Valiron's method gives good results in the case of integer solutions and can
not be used in the case of meromorphie solutions. Approach from the position of the 
Ahlfors-Nevanlinna's theory gives sufficiently big information about value distribution 
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of meromorphic solutions of equation (1), about the growth of the N evanlinna' s char
acteristic. function T( '1', 'W) of meromorphic function w( z) 

where 1.0#(z) = Iw'(::)I(l + Iw(z)1 2 )-1 is a spherical derivative of meromorphic function 
11'(.::). 

Here we note that for any two meromorphic in C (or in D) functions J(z) and g(z) 

T(1',f + g)::; T(r,f) + T(1',g) 

T(r,fg)::; T(r,.f) +T(r,g) 

but there is not the same in the c.ase of spherical derivative. 
We also know that eac.h meromorphic function J (z) with growth of spherical derivative 

f#(::;) = 0((1 - Izl)-P), Izl ~ 1, has the growth of Nevanlinna characteristic function 
T(r, f) = 0((1 - 1')P-l) as r ~ 1 and converse is not true. There exist such functions 
that T(1', f) = 0((1 - l' )p-l) as T' ~ 1 but lim sup (1 - Izl)-Pf#(z) = 00 and the set 

Izl-+l 
of "explosion" of the growth of spherical derivative must be very small. Thus we can 
see the importance of estimate of the growth of spheric.al derivative of meromorphic 
solutions of equation (1). 

Consider the differential equation (1). Let lvI = max ~k - 1. Transform equation 
l::;k::;n 

(1) 

[( wNJ+l )'r + ... + Pdz, w) [( wAHl ),]n-k + ... + Pn{Z, w) = 0 

where Pk(z, 10) = (Ai + l)k Pdz, w) w kM . Then 

I(W llHl )'\ ::; C'max \Pk\llkl'l.ollH. 

Let \u\+ = max{l, luI}. Then \Pk(Z, '1.0)1 ::; I:,j;;o lakj{z)l(lw\+)j. 

l(w M +l )'1 '. '~llk IwMI 
1 + Iw2M+21 ::; C'max \Pk\ 1 + \'1.021\'1+21 

mk 11k I M I 
::; C'max (~lakj(z)l) (Iwl+)-sf 1 + 1~:)2NJ+21 

mk 11k 

::; C'1 l11aX (I: lakj{z)l) 
.i=O 
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Thus we obtain 

(2) 

1. If (/.k.i( z) me polynomials or rational functions 

Iz I ---+ 00, 

then meromorphic solutions of equation (1) satisfy to condition 

1 a.' wwre p = 2 + Illax max ~ 
1 $k$n O$j$mk k 

The last inequality is equivalent to 

(3) lim 1=12-P,w#(z):::; c. 
Izl~= 

It is known that for any function f( z) which satisfy to condition (3) family of functions 
{f(an + lanI2- Pz)}, lim lanl = 00, (p > 1) is normal in the sense of Montel in C, 

n-oo 
i.e. in any sequence of functions {fn(.:;)} there is some subsequence {fnk(Z)} which 
convergence uniformly on compact subsets of C in chordal metric to some meromorphic 
function including infinity. In the case p = 1 condition (3) is equivalent to normality of 
family of functions {.f(a n =)} in C \ {O}. 

By the formula of Ahlfors-Shimizu we can estimate the growrh of Nevanlinna char
acteristic function T(r-, n. 

If p = 1 and the constant C\ < ~ then meromorphic solution w( z) is a rational 
function (see [3]). 

2. If ak.i( z) are holomorphic functions in the unit disk D and belong to the Hardy 
1 

classes H pki , respectively, then Jakje.::)I:::; ckj(l-lzl)-Pk j and hence 

where p = max ITlaX -. -' -. 
l<k<n O<.i<mh- kpkJ 

Now we describe the value distribution and mutual arrangement of 0.- and b- points 
of meromorphie functions with given growth of spherical derivative. 
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Theorem 1. NleromOlphic in C function f (z) has the growth of spherical derivative 

lim Izl:l-Jlf#(::) < 00 
\z\-oc 

p 2: 1, 

if' and only if for any two values 0. and b fi'Om C (a and b are not Picard's exceptional 
values of f(z)) 

where {au} and {bp.} are solutions of equations J(::) = a and J(z) = b, respectively. 

Let (j(a, b) be hyperbolic. metric in the unit disk D, f(:::) be meromorphic function in 
D and aj, j = 1,2,3,4 are arbitrary values of C. Let {aj( k)} be roots of of equations 
f(z)=aj. 

Theorem. 2. l'vlel'omol'phic in D function f(z) satisfy to condition 

if and only if 

inf 
nElnj(klJ 
hE[Il./(klf 

(j( a, b) > 0 
(1 - Ibl)p-l 

fOl' any j, l, j =1= I. 
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INSTABILITY OF PIPE-POISEUILLE FLOW AND THE 
GLOBAL NATURE OF DISTURBANCES 

KAZUO MATSUUCHI 

Abstract: According to the stability theory of laminar flows, infinitesimal disturbances 
in a pipe always decay, while the real flows undergo a transition to turbulent ones in a 
certain Reynolds number. We discuss here the arbitrary deformation of disturbances. The 
development is governed by an equation including the Weyl and Riemann-Liouville frac
tional derivatives of order 1/2. Both the fractional derivatives denote non-local properties, 
but the role of the two derivatives is quite different from each other. 

An extended equation with an additional nonlinear dispersion term was solved numer
ically. It was found that the non-local properties described by the fractional derivatives 
combined with the nonlinearity leads to some kind of instability. 

1. Introduction 

In 1883 O. Reynolds found that when a dimensionless parameter called after his name 
exceeds a certain value the flow undergoes a change from laminar to turbulent flows. 
Since then much theoretical attention has been paid to the determination of the value[5]. 
However, up to this time the determination has not yet been made, while for other flows 
such as plane-Poiseuille flow and boundary layer flow it gives successful result. 

As is well known, the disturbances may be divided into two modes called the wall and 
center modes( Corcos and Sellars [1 D. These names originate from the disturbance location. 
We confine ourselves to the center mode, because the deformation due to nonlinearity is 
easier than the wall mode. The complex phase velocity c for the center mode is written 
in the form, 

1 

C = 1 - (Am - iBm)a-2:, (1) 

where the values Am and Bm were already given(see for example, [4]). 
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For an analytical convenience, we divide it into two components such as 

c = 1 + [~( -1 + i) + ~( -1 - i)]a- t . (2) 

This decomposition is made not only for an analytical convenience but also for having 
an insight into the physics included. We refer the first component to as the downstream
diffusion component and the other to as the upstream-diffusion one, although they are 
both dispersive and dissipative. The coefficient of the upstream-diffusion componet IJ._ 
is always positive, while the coefficient .6+ of the downstream-diffusion one allows to 
have both signs. The latter component becomes unstable for .6+ > o. It should be 
noted that the downstream-diffusion component can not appear independently in pysical 
systems. On the other hand, the upstream-diffusion component appears frequently in real 
phenomena[2, 6]. 

We consider the center mode of an arbitrary shape. The form depending on time and 
space 17(X, t) is written as 

17(x, t) = I: A( a)eicx(x-ct)da, (3) 

where A( a) is an arbitrary function of the wavenumber a. The convolution theorem leads 
to 

817 + 817 =.6 1-1/ 217 _ IJ. K-1/ 217 (4) 
fJt fJx + x - x , 

where the two operators on the right-hand side K;1/2 and 1;1/2 are defined as 

K- 1/ 217 ___ 1_ roo 8TJ dx' 1-1/ 2TJ = _1_ jX 8TJ dx' (5) 
x. -.Ji Jx ax' Vx' - x' x .Ji -00 ax' Vx - x'· 

The former is called the Riemann-Liouville and the latter the Weyl integrals of order 
1/2. It is seen from eq.(5) that the downstream-diffusion component is affected from the 
upstream condition while the upstream-diffusion one from the downstream condition. 

2. Asymptotic solution-summary of linear theory 

We first consider the upstream-diffusion component. The initial value problem can easily 
be solved using the Laplace transform. To apply the method, we assume, 

(6) 

where the function TJo( s) is an arbitrary function of s and the integral path L is a vertical 
line lying to the right of all singularities of TJo( s), and the integration is from -ioo and 
ioo. The function a( s) will be found as the dispersion relation. Assuming that there is 
no disturbance when t < 0, and choosing a boundary condition at x = 0 such that 

TJ(O, t) = exp(ifU) for t ~ 0, 
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we will seek the solution. When x and t are large and also m( = x/t) > 1, modification of 
the integration path L to round around the right half plane gives 

"l(x, t) = 0, (7) 

because there are no singularities inside the closed path. When m < 1, the method of 
steepest descent gives the asymptotic solution for 0 ::; m < 1, 

1 1 1J.2 1 
"l(x, t) = J 'f) exp[sot - (so + -2 1 )x] 

27rxhg So -lH - m 

+ exp[iO(t _ x) -1J.(iO + ~2 )1/2X _ ~2 x], (8) 

where So is the saddle point and h~ = 2( 1 - m? / IJ. 2m3
• In the above equation the 

subscript attatched to the diffusion coefficient have been omitted. The second term on 
the right-hand side is valid only for 0 ::; m < me, where me is the smaller root of the 
equation, 

o =1J.
2 
mJ2m - 1. 

2 (l-m)2 

The first term on the right-hand side of eq.(8) is significant only near the wavefront 
m ~ 1 and the second term is the contribution from the residue which describes the wave 
behavior. 

Next, we consider the downstream-diffusion component. In this case the coefficient 
IJ.+ is positive or negative. We first take up the solution of the stable case, IJ.+ < O. The 
solution for m > 1 from the saddle point is written as 

1 1 1J.2 t 
"l(x, t) = J 'f)exp[-4 -1 -]. 

27rhgx So - IH - m 
(9) 

For 0 < m < m e(> 1) we have an additional contribution from the residue, 

"l(x, t) = exp[iO(t - x) _ ilJ.(iO _ ~2 )~x + ~2 xl. (10) 

It is noted that "l(x, t) ::/= 0 even when m > 1. In other words, the disturbance can 
diffuse far downstream. This point is quite diffrent from the case of the upstream
diffusion component. Noting that the argument of exponent function is simply wiritten as 
1J.2/4m(1-m) in eq.(9), we have the diffusion property expanding downstream as 1/y'X. 
This downstrem-diffusion component has never appeared individually in physical systems. 
In this sense it is reasonable that the component may be referred to as the anomalous 
component. On the other hand, the upstream-diffusion component appears frequently in 
usual systems[2, 6]. 

Next, we consider the unstable case, IJ.+ > O. When m < 1 the solution is easily 
obtained, by integrating so as to turn round the left half plane, as 

!l2 1 !l2 
"l(x, t) = exp[iD(t - x) - i!l(iD - ~)2x + TX]' (11) 
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which is due to the residue contribution. The way of integration which has been done 
cannot be applied to the region m > 1. The integration there can be carried out by taking 
two fans in the right half plane and hence it gives 

1 b. 2 1 + m 100 d>' 
7](x,t) = --exp(- x) exp[(l- m)>.t]sinb..JIx >. 'n b.2/4· 

'If' 4 m 0 -1 + (12) 

The final form includes an integral whose integrand oscillates more rapidly as m ~ 1 and 
cannot be described using the well-known functions. 

3. Nonlinear theory 

We extend the linear equation for infinitesimal disturbances to the nonlinear one for finite 
amplitude ones such that 

(13) 

The linear terms are exact but two nonlinear terms are artificial. The nonlinear convection 
term can explain partly a real amplitude effect. The above nonlinear equation was replaced 
by the following finite difference scheme, 

7]i+I,i + 7Ji-I,i = 27Jii + 
k2 k2 

h2(1 -27J~K"i,i+1 - 27Jii + 7Ji,i-d - h27]ii(7]i.i+1 -7]i.i-I? 

k2 

0T(!i.i+1 - Ai-I) + ok(hi - h-I';), (14) 

where we have dropped the nonlinear dissipation term for simplicity. The function [(t,x) 
stands for the integral corresponding to the Weyl or the Riemann-Liouville fraction deriva
tive and 0 = b./ Vi. To investigate the interaction between long and short waves, the 
boundary condition at x = 0 is chosen as 

7](0, t) = -0.3exp( -0.05(t - 5)2) - al sin WIt for t ;::: O. 

This is a simple model for a puff observed in transitional pipe flow[3]. 
We first mention about the result for the upstream-diffusion component. For 0 = 0.02, 

computation was carried out. It was found that when the high frequency disturbance is 
strong, our numerical computation fails even under the influence of the nonlinear dissi
pation. Since this nonlinear diffusion term does not affect critically the development, we 
will not discuss it any more. To see how the computation fails, in Fig.1 we plotted the 
temporal variations of energy defined by 

(15) 

where [=102.4, being the length of pipe. The variations were calculated for five different 
aI's when the frequency WI is fixed, say WI = 5. For al = 0.167, the energy diverges very 
rapidly, hence the computation could not been proceeded. If the amplitude is slightly less 
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than the above value, say al = 0.165, the energy did not diverge indefinitely. It increases 
up to t = 52, and then decreases. The profiles at this time together at t = 60 are shown in 
Fig.2. It was clarified that the bottom of the averaged profile did not move up to t = 52, 
then it travelled at almost the same velocity as unity. It should here be noted that the 
time at which energy has the maximum value is near the breaking time tB predicted in 
the inviscid limit of eq.(13) with the boundary condition without the high frequency part. 
For weaker disturbances the delay is very small or is not almost all discernible. It is thus 
conjectured that when the nonlinear effect balances with or dominates over the non-local 
effect such instability plays an important role. This unstable phenomenon is very sensitive 
to the frequency WI. The energy variation for WI' = 6 and al = 0.14 is also plotted in 
Fig.l. The difference between WI = 5 and 6 is ramarkable. 

Similar computation was also carried out for the downstream-diffusion component, 
setting S = -0.01. The results are shown in Fig.3 for five different aI's. For larger 
amplitude than 0.11, we could not compute the long time development of the disturbance. 
Near t = 52, the energy has its maxi~um when al = 0.108 as well as for the upstream
diffusion component. Contrary to the case of the upstream-diffusion component, an energy 
peak always appears near or after t = 52. Furthermore, there exists another difference 
between the two components. As is shown in Fig.3, the dependence of WI is not so strong 
as the upstream-diffusion component. The solid line denotes the variation for WI =6 and 
al=0.05. 

Concluding remarks 

It was found that non-local properties in terms of the fractional derivatives combined with 
nonlinearity give rise to a certain kind of instability. However, the physical mechanism 
could not be clarified. This problem will be remained in the future. 
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GLOBAL EXISTENCE AND ENERGY DECAY FOR A 
CLASS OF QUASILINEAR WAVE EQUATIONS WITH 

LINEAR DAMPING TERMS 

TOKIO MATSUYAMA 

Abstract. Local existence and energy decay of global solutions are investigated to the 
Cauchy problem for the wave equations of Kirchhoff type with linear damping terms. In 
this paper we present a special method, based on the construction of "potential well" in 
order to estimate the energy decay and improve the results of our previous work [3]. 

1. Introduction. 
In this paper we are concerned with the Cauchy problem 

Utt - M(IIVu(t)II~).6u + OUt = J.llulp-1u, t > 0, x ERN, (1.1) 

u(O,x) = uo(x), Ut(O,x) = U1(X), x ERN, (1.2) 

where 0 > ° and J.l E R are given constants and 

au 2 N ~ au 2 N a2u 
J:l' IIVu(t)1I2- L -;:)(t, x) dx, .6u = L~' 
ut j=l RN UXj j=l UXj 

Here M (r) is a Cl [0, 00 )-class function satisfying M (r) 2: rna > 0 (r 2: 0) with a constant 
mo· 

For the Cauchy problem (1.1) - (1.2) with 0 > ° and f(t) instead of J.llulp-1u, Ya
mada [9] proved the global existence and energy decay for sufficiently small initial data. 
His method of proof in the existence theorems is based on the regularization by the mol
lifiers. In the case of {; = ° and J.l = 0, D'Ancona and Spagnolo [1] proved the global 
existence in the class H1(RN) x L2(RN) with L1 decay conditions. Recently, in [2] they 
constructed the global smooth solutions for small initial data with 0 E Rand J.l E R. If, 
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in particular, M(s) = 1 and f-t < 0, it is known that there exist global classical solutions 
without any smallness conditions on the initial data. See Reed [6], Struwe [7] and the refer
ences therein. With regard to the Cauchy problem with more general power nonlinearities 
Matsuyama and Ikehata [3] obtained the global existence in the class H2(R N) x HI(RN) 
and energy decay under the restricted conditions. 

Our purpose in this paper is to improve the results of the previous work [3J. First 
we discuss the local existence of solutions to the Cauchy problem (1.1) - (1.2) in more 
general space dimensions. Secondly, we obtain the global solvability in the class H2(RN) x 
HI (RN) and energy decay for the typical Cauchy problem of the form 

i> 0, 

u(O,x) uo(x), 

(1.3) 

(1.4) 

where a > 0, f3 ;::: 0, 8 > ° and f-t > ° are given constants. In discussing the global 
existence, we shall construct the modified potential well which comes from the idea of 
Nakao and Ono [4). If f3 = 0, then Nakao and Ono [4] obtained the global weak solutions in 
the class HI(RN) x L2(RN) and energy decay by constructing the modified potential well. 
Roughly speaking, the modified potential well is the extended RN version of Sattinger's 
potential well. 

Throughout this paper the functions considered are all real valued. Let p be a number 
with 1 ~ p ~ 00. Ilulip stands for the usual LP(RN) norm of u E LP(RN). Let k be a 
nonnegative integer and Hk(RN) denote the usual Sobolev space of order k. Then the 

k 

norm lIullHk of u E Hk(RN) is defined by lIull~k = L IIvjull~. 
j=O 

2. Local existence. 
In this section we state the local existence results to the problem (1.1) - (1.2). 
First we impose the assumptions on M (r) and p as follows: 

(A.1) M(r) belongs to GI[O, oo)-class with M(r) ;::: mo > ° for r;::: 0, 

(A.2) 
N-2 

2 ~ p ~ N _ 4 (2 ~ p < 00 if 1 ~ N ~ 4). 

Then we can state the local existence and uniqueness to the problem (1.1) - (1.2). 

Theorem 2.1 (Local existence) Let N be an integer with 1 ~ N ~ 6 , 8 > ° and 
f-t E R. Suppose (A.1) and (A.2) and let (uo, UI) E H2(RN) x HI(RN) be an arbitrary 
initial data. Then there exists a number Tm (0 < Tm ~ +00) such that the problem 
(1.1) - (1.2) admits a unique solution u(i, x) on [0, Tm) which belongs to the class 

where the subscript "w 17 means the weak continuity with respect to t. Furthermore, if 
Tm < +00, then lim [llu(t)IIH2 + IIUt(i)IIHl] = +00. 

t/'Tm 
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Corollary 2.2 (Strong solutions) Let 1 :::; N :::; 3. Then, under the assumptions of 
Theorem 2.1, the solution u to the Cauchy problem (1.1) (1.2) satisfies 

u E C([O, Tm)i H2(RN)) n C1([0, Tm); Hl(RN)) n C2([0, Tm); L2(RN)). 

In order to prove Theorem 2.1 and Corollary 2.2 we need the following lemma con
cerning the local Lipschitz continuity of the nonlinear term. In what follows, we put 
f( u) = pluIP-

1u. 

Lemma 2.3 (i) Lei 2 :::; p :::; (N - 2)/(N - 4) (2 :::; p < 00 if 1 :::; N :::; 4). Then we have 

Ilf( u)IIHI < csilulliI2 (u E H2(RN)) (2.1) 

for some Cs > 0. 

(ii) Lei 1 :::; N :::; 3. Assume 2 :::; p < 00. Then we have 

Ilf(u) - f(v)IIHI :::; L(llulliI-;1 + lIullj;;2l1vllH2 + IIvlliI-;I)lIu - vllHI (u, v E H2(RN)) 
(2.2) 

for some L > 0. 

(iii) Let 1 :::; N :::; 3. Assume 2 :::; p < 00. Then we have 

(2.3) 

for some CK > O. 

Proof. (i) Note that the imbeddings H2(RN) C L2P(RN) and H2(RN) C LN(p-l)(RN) 
hold because of 2 :::; p:::; (N - 2)/(N - 4). Then we have 

11f( u)II;[l 11f( u)/I~ + /IV f( u)lI~ 

< p21Iull~~ + p2p2 JRN luI2(p-l)IVuI2 dx 

< cllull~2 + p2p21Iull~(;~~)IIVull~N/(N_2) 
< cllull~2 + Cllull~~-I)IID.ull~ 
< c~lIull~2' 

Hence we get (2.1). 
(ii) By the mean value theorem and Holder's inequality we have 

IIf(u) f(v)ll~ < C JRN {luI2(p-l) + IvI2(p-l)} lu - V\2 dx 

< C (lIull~(;~l) + IIvll~(;~l)) lIu - VIl~N/(N -2) 

< C(lIull~~-l) + Ilvll~~-l)) IIVu - Vvll~ (2.4) 

and 

IIV feu) - V f(v)1I2 

< plpl\\luIP-1Ivu - Vv\ \\2 + pep - l)lplll (luIP
-

2 + IvIP-
2

) IVvilu vi 112 
< Cllull~ll1Vu - vvll2 + c(lIull~2 + IIvll~2) //Ivvllu - vi 112' (2.5) 
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In the case when N = 1, it follows from (2.5) and the imbedding H2(R) C Wl,OO(R) that 

II\7f(u) - \7f(v) 112 < CliulliI-/liu - VIlHI + C(lIulliI-;:2 + /lvlliI-;:2)II\7v/iool/u -v112 

< C1lu/liI-;:lllu - vllHI + C(lIulliI-;:2 + IlvlliI-;2) IIvllH211u - vllHI 
< C(llulliI-;l + /lulliI-;21IvIIH2 + IIvlliI-;2I1vIlH2) lIu - vIlHI. (2.6) 

In the case when N = 2 or 3, from (2.5) and the imbeddings H2(RN) C LOO(RN), 
H2(RN) C Wl,N(RN) that 

II\7f(u) - \7f(v)112 
< Cllull~;/II\7u - \7v112 + C(lIull~2 + IlvlliI-;2) II\7vIlNllu - vI12N/(N-2) 

< Cllull~lll\7u - \7v1l2 + C(llulliI-;2 + IIvll~2)llvIlH211\7u - \7v112 
< C(lIulliI-;l + IlulliI-;2l1vllH2 + IIvlliI-;l)lIu - vilHI. (2.7) 

Thus, (2.4), (2.6) and (2.7) imply (2.2). 
(iii) Since H2(R N) C LOO(R N) (1 ~ N ~ 3), we get 

IIV' f( u) II, < pl!'1 (JR)ul'(P-l)1 V' ul' dx )'" 

< plplllull:-1 11\7uI12 
< CJ(lIull~111\7u/l2 

for some CJ( > O. The proof of Lemma 2.3 is now completed. Q.E.D. 

(2.1) is used to construct the local solutions to the problem (1.1) - (1.2). (2.2) plays an 
essential role in deriving the strong continuity of solutions with respect to t. Furthermore, 
(2.3) is used to obtain H2 bounds in the proof of global existence. Combining Lemma 2.3 
with the method of [3], we can prove Theorem 2.1 and Corollary 2.2. So we shall omit 
the details. 

3. Global existence and decay. 
In this section we state the global existence theorem and decay property to the problem 

(1.3) - (1.4). To do so we introduce the notion of the modified potential well (see Nakao 
and Ono [4]). Let 

l(u) 

Then we define the modified potential well W by 

Next, let J(u) and E(u, v) be the potential and energy associated with the equation (1.3), 
respectively: 

J( u) = a lI\7ull~ + f311\7ull~ - -P-lIull~ti, 
2 4 p+ 1 
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E( u, v) - ~llvll~ + J( u). 

We further assume that 

(A.3) 
7 4 
- < P < 5 if N = 3 or 1 + - < p < 00 if N = 1, 2. 3 - - N-

In the course of proof, we shall often use the Gagliardo-Nirenberg inequality: 

Setting 

Co 

with e = N(p 1) 
2(p+ 1)' 

pI{ { 2(p + 1) }(NP-N-4)/2 

a a(p - 1) , 

10 {21Iuolll+~(uO,Ull+ :,E(UO'U1l}"', 
we impose the assumption on the initial data {uo, ud as follows: 

(A.4) C 1(2P+2-Np+N)/2E( )(Np-N-4)/4 < 1 o 0 Uo, Ul . 

Now, since Theorem 2.1 assures the local solvability to the problem (1.3) - (1.4), we 
can state our main theorem. 

Theorem 3.1 (Global existence and energy decay) Let 1 S N S 3, 5 > 0 and 
p > O. Let Tm > 0 be a maximal existence time of solutions to the problem (1.3) - (1.4). 
Suppose (A.3) and (A.4). Then there exists a number eo > 0 (depending on IIUoIIH! 
and Iludb) s'U,ch that if the initial data Uo E W n H2(RN) and Ul E Hl(RN) satisfy 
II.6uo112 + II'VUlI12 S eo, it holds that Tm = +00. Furthermore, it follows that 

C 
E(u(t), Ut(t)) S 1 + t 

for some positive constant C. 

on [0,00) 

The proof of Theorem 3.1 is completely analogous to that of Matsuyama and Ike
hata [3] which is treated in three space dimensions. Since we use the imbedding H2(RN) C 
LOO(RN) (1 S N S 3) to obtain H2 bounds, we must restrict the space dimensions to 
1 S N S 3. We shall omit the details. 
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1. Introduction and Results 

Let 0 be a smooth exterior domain in ]Rn, n 2 3, with 0 ¢ O. We discuss decay properties of 

solutions to the exterior stationary problem for the incompressible Navier-8tokes equations 

of the following form : 

-llw + w . \7w = f \7p III 0, 

(8) \7·w=O III 0, 

wlan = w*, lim w = O. 
Ixl-+oo 

Here, 00 is the (smooth) boundary of 0; w* E 0 2 (00) ; and the external force f is assumed 

to be of the form f = (fll"', in) with 

n 

h = (\7 . F)j I.: OkFjk, k = 1 ... n) , , , 
k=l 

where F = (F'.ik) are given smooth functions satisfying 

(1.1 ) 

In this paper we use the standard notation of vector analysis : 

n 

llu = I.: oJu, 
j==l 

n 

\7 . u - "" o·u· - L...J J .1' 
j==l 
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(j=l, ... ,n), 

n 

U . \7u = I.: UjOju. 
j=l 



Leray [18] proved the existence of a solution to (S) with finite Dirichlet integral for an 

arbitrary F and 'l11*. However, the decay properties of solutions given in [18] are not yet 

understood so well. It has recently been proved in [5,25] that if w* and F are small enough 
in an appropriate sense, then problem (S) admits a unique regular solution w such that 

(1.2) Jw(x)J :::; CJxJ2-n, JVw(x)J :::; CJxJl-n. 

Novotny and Padula [25] discussed problem (S) in case n = 3 with w* = 0 and deduced the 
existence of a solution w satisfying (1.2) by finding new estimates for the volume potential 
associated with the Stokes system. Borchers and Miyakawa [5] extended the result of [25] 
to the case n 2:: 3 with nonvanishing w* with the aid of the Schauder estimates for the 
boundary layer potentials as developed by Wiegner [37]. The decay estimate (1.2) improves 

a result of Finn [9,10]. Miyakawa [21] discussed the roles played by conditions like (1.2) in 
the uniqueness question of exterior stationary flows, applying an argument given in [14]. 

Condition (1.2) implies 

( 1.2') 

where and in what follows L~ = LT,oo stands for the weak LT spaces (see [33]). Kozono 

and Yamazaki [16] discussed the existence problem within the framework of weak LT spaces 
under the boundary condition w* = O. On the other hand, we know by [5, Sect. 2] that if 
F E Ln/(n-l)(n) n LOO(n) and if w satisfies the condition 

(1.3) 

which is a little more stringent than (1.2) or (1.2'), then the following vanishing flux condition 

is deduced: 

(1.4) r /J' (T[w,p] - w* ® w* + F) dS = O. 
Jarl. 

Here and in what follows /J is the unit outward normal to an, and T[w,p] = (Tjk[w,p]):t,k=l 

is the stress tensor associated to the flow {w, p}, with components 

In this paper we are mainly interested in the converse of the above statement, as well as in 
some related questions. To be more precise, we shall prove the following results. 

Theorem A. (i). Let n 2:: 4) F E Ln/(n-ll(n)! and let w satisfy (1.2). Then condition 

(1.4) implies (1.3). 

(ii). Let n = 3 and let w satisfy (1.2). rr F E L 3
/

2 (n) and if the functions w*) wand F 

are small in the sense as spec~fied in the proo.f, then condition (1.4) implies (1.3). 
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Theorem B. Let n 2: 3 and F E LT(r!) for all r with 1 < r :::; 00. rr w E L n/(n-2)(r!) 

and \1w E Ln/(n-l)(r!), then \1w E L'r(r!) f01' all 1 < r :::; 00. ft, in addition, F E Ll(r!), 

then \1w E L~(r!). 

Theorem C. Let n 3, F E L 3/2, and let w satisfy (1.2). If \1w is in the closure in 

the norm lI\1cpI13/2,w of the set of smooth solenoidal fields cp with compact support in r!, then 

w satisfies (1.4) j furthermore, (1.4) implies (1.3). Here II . IIT,w is the norm of the space 

L~(r!). 

Theorem D. Let n = 3, F E L3/2(r!), and let w satisfy (1.2). Then w satisfies (1.4) if 

and only if 

(1.5) 2(c( w), c( cp)) = -(F - w ® w, \1cp), 

for all cp with \1cp E L 3,1(r!), \1 . cp = 0 and cplan = o. Here LT,q stands for the Lorentz 

spaces. 

Corollary E. Let n 3 and let w satisfy (1.2). For each cp with \1cp E L3,1(r!), \1.cp = 0 

and cplan = 0, there is a constant vector Ccp E :IRa such that 

2(c(w),c(cp)) = -(F - w ® w, \1cp) 
(1.6) 

- f 1/. (T[w,p]- w* ® w* + F) . ccpdS. 
Jan 

The constant vector Ccp is characterized by the Sobolev inequality 

In Theorem A, it is of course desirable to remove the smallness assumptions in case n = 3. 

Theorem B with n 3 improves [5, Theorem 2.5 (ii)]. A related result was proved in [15]. 

In Corollary E, the constant vector Ccp can be chosen arbitrarily. Indeed, as will be shown 

in the proof of Theorem C, for any given C E ll~? there is a function cp with \1cp E L 3,1(lR3
), 

\1 . cp = 0, and CPlan 0, such that c = ccp. 

In the case of the stationary problem on the ent'ire space lRn, n 2: 3, condition (1.4) is 
always satisfied, with ar! replaced by an arbitrary sphere, by an arbitrary solution w such 
that w E L n/(n-2) and \1w E L~/(n-l). This fact is effectively applied in [22] to the study 

of decay properties of solutions on lRn. 

We next consider the perturbation problem for an exterior stationary flow w satisfying 
the decay property : 

(1.7) Iwl:::; c/lxl, 

-291-



Let a be an initial perturbation to the stationary flow w. The time-evolution 1£ of a is then 

governed by the equations 

au at + w . "Vu + 1£ • "Vw + 1£ • "Vu = .6.1£ - "Vp (x E 0, t > 0) 

(1.8) 
"V·u=O (x EO, t 2 0) 

ulan = 0, lim u(x, t) = 0 
/x/-+oo 

ult=o = a. 

As in the case of the standard nonstationary Navier-Stokes problem, i.e., the case where 
w = 0, one can consider two notions of solution of (1.8), the weak solution and the strong 

solution. We shall discussr the stability properties of a given stationary flow within the 
frameworks of weak and strong solutions, respectively. To this end, let C~a = C~a(O) be , , 
the set of compactly supported smooth solenoidal vector fields in 0, and for 1 < r < 00 

we denote by L~ = L~(O) the V"-closure of C~a' Then we have the following Helmholtz , 
decomposition ([20,30]) : 

(1.9) 

with 

(1.10) 
L~ {u E L r (0) : "V. 1£ = 0, 1£ • 1/ Ian = O}, 

G T = {"Vp E LT(O) : p E L[oc(O)}. 

Using the (bounded) projection P = PT : LT(O) --+ L~ associated to decomposition (1.8), 

we can rewrite (1.7) in the form 

(1.11) 

where 

du 
-d + Au + Bu = 0, 

t 

Au = -Pilu 

1£(0) = a, 

is the Stokes operator on 0 defined on 

and 

Bu = P(w· "Vu + U· "Vw). 

Problem (1.11) is then rewritten in the form of the integral equation 

(1.11') u(t) = e-tLa - lot e-(t-s)L P(u. "Vu)(s)ds 

where 

L = A+B, D(L) = D(A) 
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and {e- tL h?:o is the semigroup generated by - L. 

Given an a E L;, a weakly continuous function u from [0,(0) to L; is called a weak 

solution of (1.11) if u(O) = a ; 

(1.12) 

and, with 0 ::; s ::; t < 00, 

(1.13) (u(t), 'P(t)) - (u(s), 'P(s)) + It
[(Vu, V'P) + (Bu + u . Vu, 'P)1 dT = l\u, 'P')dT, 

for all 'P E C6([0, (0) ; L; n L~) such that V'P E Co([O, (0) ; L2). The condition 'P E L~ 
is needed for the term (u. Vu, 'P) to be finite. Indeed, the Holder and Sobolev inequalities 
then imply that 

See [17,19] for the details of the theory of weak solutions. Since we are dealing only with 
the case n ~ :3, the uniqueness and the regularity of the weak solutions are open problems. 

To state our L2-stability results, we use the notation : 

Ilwll = sup(lxl'lw(x)I), IIVwl\ sup(lxI2
. IVw(x)\) 

and we write f E L'L(n) for 1 ::; q < 00 if 

IIfllq,w = suptl{x En: If(x)1 > t}11/q < 00, 
t>o 

where lEI is the n-dimensional Lebesgue measure of a measurable set E en. 

Theorem F. Let w be an exterior stationary flow satisfying (1. 7). There is a constant 

Cn with 0 < Cn < (n - 2)/2 such that ~f 

then w is L2 -stable in the following sense : 

(i) For each a E L;, problem (1.11) admits a weak solution u defined for all t ~ 0 such 
that 

(1.13) lim l\u(t)112 = O. 
t-+oo 

(ii) For each 0 < 8 < 1/4 there is a positive number 'T] = 'T]( 8) so that if 

-293-



and if the initial perturbation a satisfies 

as t -+ 00 

for some a > 0, then as t -+ 00, 

(1.14) f3 = min(a,n/4 - 8). 

(iii) Suppose further that Vw E L~ for some n' ::; q < n/2 in case n 2:: 4, and that 

Vw E Lq for some 1 < q < 3/2 in case n = 3. Then there is a f-l = f-l(n) > 0 so that if 

or if 

Ilwll + IIVWll q + IIVwli oo :::; f-l 

then the following results hold: Let a E L; satisfy 

(n 2:: 4) 

(n = 3), 

as t -+ 00 

for some a > O. Then, as t -+ 00, 

(1.15) Ilu(t)lb = O(t-'Y), 'Y = min(a, n/4). 

Observe that (1.15) slightly improves (1.14). This is because the assumptions on w is more 

stringent in (iii) than those in (ii). Indeed, from (1.2) and Theorems A-D and Corollary E, 
we see that if n = 3, the assumptions of (iii) imply the vanishing total flux condition (1.4). 

One can also discuss the time-evolution of the initial perturbation a E L; n L: in the 
Banach space L:, 1 < r :::; n/(n - 1). Namely, as noticed in [5], it is possible to apply the 

techniques given in [2] and show that if a E L: n L;, then the time-evolution u(t) of a 
given in Theorem F belongs to L: for all t 2:: 0 and tends to 0 in LT norm as t -+ 00. In the 

case where r = 1, however, nothing is known on the exterior problem. In order to see what 
happens in this limit case r :::: 1, we finally treat stationary flows w in the whole space Rn, 
with n 2:: 3, satisfying 

(1.16) 

Assuming that F is small, one can construct stationary flows with property (1.16) by means 

of hydrodynamic potentials, as given in [22]. Kozono and Ogawa [13] discusses stability of 
stationary flows satisfying (1.16) in an exterior domain. Note, however, that in the case of 
the exterior problem, (1.16) automatically implies the vanishing flux condition (1.4). In the 
case of the problem in Rn, one can discuss the stability of w in the Hardy space Hl(Rn), 
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by employing the methods as developed in [22]. It is now well known (see [32]) that the 
Hardy space HI (JRn

) is a good substitute for the usual Ll space with respect to the duality 
properties and the action of singular integrals and Riesz potentials. Indeed, we shall show 

that the techniques used in proving Theorem F can be applied with no essential change to 

the stability analysis, in the Hardy space, of stationary flows satisfying (1.6). 

We now recall the definition of the Hardy space Hl(JRn
) ([32]). Let 

with J c.pdx = 1 

and set 

(t > 0). 

A tempered distribution f belongs to the Hardy space HI (JRn
) if and only if 

The space HI(JRn
) is a Banach space with norm IIfllHl Ilf+lh and (see [32]) any change 

of the function c.p gives rise to an equivalent norm. We also know ([32]) that f is in HI(JRn
) 

if and only if 

and 

where Rj (j = 1,···, n) denotes the Riesz transforms ([31,32]). Furthermore, IlfllHl IS 

equivalent to the norm Ilflh + L IIRjflh and 
j 

(1.17) implies J f(x)dx = o. 

Theorem G. Let n ~ 3 and let a stationary flow w on JRn
. 

(i) Suppose w satisfies (1.16). Then, there is a constant Cn > 0 so that if 

then for each a E HI(JRn
) n L;(JRn

), problem (1.11) on the whole space JRn admits a weak 

solution u such that 

(1.18) and lim lIu(t)IIHl = O. 
t--+oo 

(ii) Suppose that 

(1.16') 

where L(p,q) denotes the Lorentz spaces [33, 35]. Then there is a constant C~ > 0 so that if 

Ilwll n ,1 + IIVwlln/2,1 < C~, 
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then for each a E L~(I~n) n L;(IRn), problem (1.11) on the space IRn admits a weak solution 

u such that 

(1.18') and lim Ilu(t)lh = o. 
t->oo 

Theorem G isof course valid when w = O. This case was discussed [22], with the aid of the 

results of [8], and explicit decay rates were deduced for some specific initial perturbations. 

However, in general case we have no results on the decay rates. We shall prove Theorem G, 
applying a perturbation technique to the results given in [22]. The details are given in [23]. 

2. Preliminaries 

Let D be a bounded domain in 1Rn, n 2: 2, with local Lipschitz boundary aD. To prove our 

main results, we frequently need the following, which is due to Bogovski [1]. 

Lemma 2.1. There exists a linear operator SD from C';;(D) to Cr;'(D) such that: 

(i) For m = 0,1,2,···, and 1 < r < 00, 

(2.1) 

with some constant C = C(r, m, D) > o. 
(ii) The vector field SDf satisfies 

(2.2) V· SDf = f 

(iii) rtt =f 0, y E IRn and 

(j E C';;(D)), 

zn D if kfdx = o. 

Dt = {(I - t)y + tx; XED}, 

then C(r, m, Dt ) = C(r, m, D), where C(r, m, D) is the constant in estimate (2.1). 

See [7] for a full proof of Lemma 2.1. We will call SD the Bogovski operator associated to 

the domain D. Applying the real interpolation theory of Banach spaces to Lemma 2.1 gives 

Corollary 2.2. Let 1 < r < 00, 1 ::; q ::; 00 .• and 
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(i) The Bogovski operator SD associated to D maps Lr,g(D) to Xr,q(D), and satisfies the 

estimate 

(2.3) IIV SDfllr,q,D ::; Cllfllr,q,D, 

with some constant C = C(r, q, D) > O. 

(ii) The vector field SDf, f E Lr,g(D), satisfies (2.2). 

(iii) 1ft =J 0, Y ERn and 

Dt = {(I - t)y + tx; xED}, 

then C(r,q,D) = C(r,q,Dt ), where C(r',q,D) is the constant in estimate (2.3). 

In the next section we will systematically apply Corollary 2.2 with n = 3, r 3 and q = 1, 

in order to prove Theorems C, D and Corollary E. 

3. Decay Properties of Exterior Stationary Flows 

This section proves Theorems A-D and Corollary E. To this end we introduce the Stokes 

fundamental solution E = (Ejk), Q = (Qj), on ]Rn, n 2: 3 : 

(3.1) 

where Wn-l is the area of the unit sphere {Ix I = I} in ]Rn. Formula (3.1) is easily deduced via 
simple calculation involving the Fourier transform; see [17,26]. The decay property (1.2) 

allows us for invoking E and Q to represent the solution w in the form 

w 

(3.2) 

E·(V.(F-w0w))+ r E·v.T[w,p]dS 
Jan 

+ r w*. T[E,Q] ·vdS 
Jan 

(VE)· (F - w 0 w) + r E· v· (T[w,p] - w* 0 w* + F)dS 
Jan 

+ r w*. T[E,Q] ·vdS 
Jan 
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Furthermore, without loss of generality we may assume that D c {x ; Ix I > I}. 

Proof of Theorem A. (i) We easily see from the definition of T[E, Q] that 

as Ixl --7 00, 

so 13 E Lr;j(n-1)(D) n LOO(D) and V 13 E L~(D) n LOO(D). We next invoke (1.4) to write the 

single layer potential 12 in the form 

where 

Since 

12 = [ E(x,y)· v y · (T[w,p) w* 0 w* + F) (y)dSy , 
Jan 

- [1 d 
E(x,y) = E(x - y) - E(x) = J

o 
dOE(x - Oy)dO. 

for large Ixl and y E aD, 

with C independent of x and y, we conclude that 12 E Lr;j(n-1)(D) n LOO(D) and V 12 E 

L~(D) n LOO(D). It thus suffices to examine the integrability properties of 

(3.3) 

Here and in what follows we define F = 0 and w 0 outside D, so that the right-hand side 

of (3.3) is the convolution of F - w 0 wand the Calderon-Zygmund kernel V 2 E ([31,32]). 
Now, the assumption (1.2) implies 

if n 2: 4. 

So we see that 

(3.4) provided n 2: 4. 

Since V2 E is the Calderon-Zygmund kernel, it follows from (3.4) that if F E L n/(n-1)(D), 
then 

(V2 E) . (F - w 0 w) E L n/(n-1)(D) provided n 2: 4. 

This implies Vw E Ln/(n-i)(D) and therefore w E Ln/(n-2)(D). The proof of (i) is complete. 

(ii) Suppose n = 3 so that n/(n - 1) = n/2 = 3/2. We again invoke formula (3.2) : 

w (VE)· (F - w 0w) +Wo 

and the corresponding formula for the derivatives: 

(3.2') Vw = (V2E)· (F - w 0 w) + VWo. 
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Recall that (1.4) implies 

as Ixl --t 00, 

and so 

(3.5) 

Consider next the iteration scheme 

(3.6) (k=0,1,2, ... ). 

Since IV EI :; Clxl- 2 if n = 3, the Hardy-Littlewood-Sobolev inequality ([31,32]) for the 

fractional integration yields 

with M > 0 depending only on the fundamental solution E. Thus, if 

(3.7) 

then we get 

(3.8) 

for all k 2: 1. Furthermore, from 

- (VE) . (Wk ® Wk - Wk-l ® Wk-l) 

- (VE)· (Vk-l ® Wk + Wk-l ® vk-d, (Vo = wo), 

we see that if Wo and F satisfy (3.7), then 

so that 

(3.9) (k = 1,2, ... ). 

Since 2I< M < 1 by (3.8), it follows that 

00 

L II V k1l3,n < +00. 
k=O 

Hence, there exists a function v E L3(n) such that, by (3.8) and (:3.9), 

(:3.10) lim IIWk - V1I3,n = 0 
k-+oo 

and IIVI\3,n :; I<. 
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It is easy to verify that 

(3.11) v = (VE) . (F - v ® v) + Wo, 

and 

(3.11') Vv = (V2 E) . (F v ® v) + VWo. 

Subtracting (3.11) from (3.2) gives 

(3.12) w - v = (VE) . (w ® w - v ® v) = (VE) . [(w - v) ® w + v ® (w - v)]. 

Since Ilvlkw,n ::; Ilvll3,n ::; K by (3.10), applying the weak Holder inequality ([3,4]) : 

and the weak Young inequality ([3,4]) : 

we get from (3.12) the estimate 

with another constant Ml > 0 depending only on the fundamental solution E. Thus, if 

then w = v E L3(!1) n LOO(!1). The relation (3.11') and the Calder6n-Zygmund inequality 

then imply Vw E L3/2(!1) n L OO (!1), and this proves (ii). 

Proof of Theorem B. If n ~ 4, the assumption implies 

The proof of Theorem A (i) then shows that 

for all 1 < r < 00. 

This implies the result in case n 2:: 4. 

Suppose next n = 3 and F E LT(!1) for anI < r ::; 00. We take R > 0 to be fixed later 

and consider on the domain D = {x E !1; Ixl > R} with D c !1 the formula (3.2) : 

(3.2/1) w = (V E) . (F - w ® w) + Wo, 

where 

Wo = 1 E . v . (T[w,p] - w ® w + F)dS + r w . T[E, Q] . vdS. 
Ixl=R Jlxl=R 
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Here and in what follows u denotes the zero-extension to ~3 of the function u defined on D. 
Since the divergence theorem and (1.4) together imply 

1 1/' (T[w,p] - w ® w + F)dS = 0, 
Ixl=R 

the same argument as in the proof of Theorem A gives 

and 

Consider now the linear operator 

Twv = -(V E)· (w 0 v). 

Applying the Hardy-Littlewood-Sobolev inequality for the fractional integration gives 

for all 3/2 < q < 00. 

Now fix l' with :3/2 < r' < 3 and take R > ° sufficiently large so that 

(3.13) and 

which is possible since w E L3(n) by assumption. Using (3.13), we can solve the linear 

iteration scheme 

(k = 0,1,2, ... ), 

to get a sequence {wd of functions Wk defined on D, which is bounded and converges in 
L 3(D) n LT(D) to a function v satisfying 

(3.14) v = (V E) . (F - w ® v) + woo 

This, together with (3.2/1), implies w - v = Tw( w - v) and so (3.13) yields 

Hence, v = w on D, and so wELT (n). On the other hand, (3.14) implies 

Vv = (V2 E) . (F - w ® v) + VWo. 

Since F and VWo are in LT(D) for alII < r :::; 00, the Calderon-Zygmund theory on singular 
integrals yields 

with 1/ q = 1/1' + 1/3, 

and therefore 

with 1/ q l/r + 1/3. 
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But 1 < q < 3/2 ; and so '\1w E LT(n) for alII < r ::; 00 as shown in [5, Theorem 2.5 (ii)J. 
Furthermore, jf F E Ll(Sl), then the Hardy-Littlewood-Sobolev inequality implies that 
w E L~2(Sl) and the Calder6n-Zygmund theory shows that '\1w E L~(Sl). This completes 

the proof of Theorem B in case n = 3. 

Proof of Theorem C. We first prove (1.4) =>- (1.3), assuming that '\1w is in the L~2-closure 
of the set of smooth solenoidal fields with compact support in Sl. To do so, we again invoke 
the representation 

(3.2//) w = ('\1 E) . (F - w 0 w) + Wo, 

with 
Wo [ E . v . (T[w,p] - w 0 w + F)dS + [ w . T[E, Q] . vdS. 

J1xl=R J1xI==R 

The assumption on w implies that if we set DR = {x ; Ixl > R}, then 

(3.15) and lim IIwlbwDR = O. 
R-+oo ' 1 

On the other hand, by the weak Young inequality the linear operator 

Twv = ('\1E)· (w 0 v) 

satisfies the estimates 

(l<r<oo) 

with Cr depending only on rand E, and so the Marcinkiewicz interpolation theorem ([31,32]) 
gives 

(3.16) (l<r<oo) 

with another constant C~ depending only on rand E. Choosing R sufficiently large so that 

(3.17) and 

we invoke (3.16) to solve the linear iteration scheme 

(k=O,I,2, ... ), 

to get a sequence {wd which converges in L 3 (DR ) to a function v, satisfying 

v = ('\1 E) . (F - w 0 v) + Wo. 

As in the proof of Theorem B, we conclude from (3.17) that 
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and therefore w v E L 3(D R ). But, since w is a smooth function on 0, it follows that 
w E L3(O). It is now easy to verify that 'ilw E L3/2(O) by applying the Calderon-Zygmund 

inequality to the relation 

'ilw = ('il 2 E) . (F - w 0 w) + 'ilwo 

where 

Wo = r E· v· (T[w,p] - w* 0 w* + F)dS + r w*· T[E, Q] . vdS. 
Jan Jan 

This completes the proof of the implication (1.4) ::::} (1.3). 

We next show that if'ilw is in the L~2-closure of the set of smooth solenoidal fields with 

compact support in 0, then w satisfies (1.4). To do so, let cP be any solenoidal vector field 
such that 'ilcp is in the Lorentz space L 3,1(OY and cplan = O. We then take '1/) E C~(lR3) so 

that '1/) = 1 for Ixl :::; 1 and '1/) = 0 for Ixl 2: 2 and set 'ljJN(X) 'IjJ(x/N). If we set 

CPN = 'ljJNCP - SN(cp' 'il'IjJN) 

by means of the Bogovski operator SN associated to the domain {N < Ixl < 2N}, then 

Corollary 2.2 (ii) ensures 'il . CPN = O. An integration by parts thus gives 

(3.18) 

But, due to (i) and (iii) of Corollary 2.2, we have 

l(c(W),c(CPN -cp))1 :::; l(c(w),(I- 'ljJN)c(cp)) I + I(c(w), cp'il'IjJN) I 

+1(c(W),c(SN(CP' 'il'IjJN))) I 

< I(c(w), (1- 'ljJN)c(cp)) I + Cllc(w)113/2,w,{N<lxl<2N}llcpII0011'il'l/JNIi3,1 

< I(c(w), (1- 'ljJN)c(cp)) I + Clic(w)113/2,w;{lxl>N} -+ 0 

as N -+ 00 ; and similarly (since L 3
/
2 C L;j2) 

I(F - w 0 W, 'il(cpN - cp))1 -+ 0 as N -+ 00. 

Note that we have here used the Sobolev inequality 

(3.19) 

with an appropriate c<p E lR3
, as well as the fact that 

J~ Ilc(w)lb/2,w,{lxl>N} = 0 and 
Nlim IiwI13,w,{lxl>N} = O. 

........ 00 

This last property follows, via the Sobolev-type inequality (see [5, Sect. 5]) : 

Ii w lb,w,{lxl>N} :::; CII'ilw I13/2,w,{lxl>N} 
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with C > 0 independent of N, from the fact that \lw is in the L~2-closure of the set of 

smooth and compactly supported vector fields in D. Passing to the-limit N -t 00 in (3.18) 

now gIVes 

(3.20) 2(c(w),c(<p)) = -(F - w 0 w, \l<p) 

whenever \l<p E L 3,1(D), \l . <p = 0, and <plan = o. 
Now fix an arbitrary c E lR3 and take an R > 0 so that {Ixl 2: R} c D. The argument 

below is borrowed from [5, Sect. 2]. We take 'lj; E C~(lR3) so that 'lj;(x) = 1 for Ixl 2: 2R and 

'lj;(x) 0 for Ixl ::; R, and define 

in terms of the Bogovski operator SR associated to the domain {R < Ixl < 2R}. By 

Corollary 2.2 we have \l<p E L 3 ,1(D), \l . <p = 0, and <Plan = 0, which enables us to insert 

this <p in (3.20). Keeping this fact in mind, we proceed as follows: since 

\l. (T[w,p] - w 0 w + F) = 0, 

applying the divergence theorem and (3.20) gives 

o = r \l. (T[w,p] - w 0 w + F) . <pdx 
lnn{lxl<2R} 

r v.(T[w,p]-w0 w +F).cdS 
llxl=2R 

2(c(w),c(<P))nn{lxl<2R} - (F - w 0 w, \l<p)nn{lxl<2R} 

r v.(T[w,p]-w0 w +F).cdS 
llxl=2R 

-2(c(w),c(<p)) - (F-w0w,\l<p) 

r v.(T[w,p]-w0w+F).cdS. 
llxl=2R 

Since c E lR3 is arbitrary, it follows that 

r v·(T[w,p]-w0w+F)dS o. 
llxl=2R 

Applying again the divergence theorem gives (1.4). This completes the proof of Theorem C. 

Proof of Theorem D. That (1.5) =} (1.4) is shown in the proof of Theorem C ; so we need 

only show (1.4) =} (1.5). We first show that if'lj; is a scalar function satisfying \l'lj; E L 3 ,1(D) 
and 'lj;lan = 0, and if;(; 'lj; in D and;(; 0 outside D, then there is a sequence 'lj;m E C~(lR3) 
so that 

(3.21 ) 
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Here and in what follows II . IIr,q is the norm of the Lorentz space Lr,q(1~?). Indeed, the 

relation -fJ..$ -V· (V-J;) implies 

V-J; = -R[R· (V~)] with 

where R = (Rll R2 , R3 ) are the Riesz transforms ([31,32,33]). We approximate R· (v;j;) in 
L3,1(JR3) by functions hg E C~(1~3) to see that if we set 

then 

(3.22) 

Note that VI'. is smooth, but its support is not compact. It thus suffices to show that each VVI'. 

is approximated in L3,1(l~?) by functions of the form V<p with <p E C~(JR3). Take ( E C~ 
so that ((x) = 1 if Ixl ~ 1 and ((x) 0 if Ixl 2: 2, and set (m(x) = ((x/m). Then for any 
fixed R., the function <pm = (m Vg is in C~ (JR3) and direct calculation gives 

Due to the interpolation inequality ([33]) : 

we need only show that 

(3.23) lim 11(1- (m)Vvgll r = 0 ; 
m-+CX) 

for any fixed r with 1 < r < 00. The first assertion of (3.23) is obvious from the dominated 

convergence theorem. As for the second, take M > 0 so that supp hg C {Ixl ~ M}. Direct 
calculation then gives 

as m -+ 00, since 1 < r < 00. This proves (3.23), and so. (3.21) is proved. 

Now, given <p with V<p E L3,1(n), V . <p = 0 and <Plan 0, we take 'l/Jm E C~(JR3) so that 
V'l/Jm -+ Vr:p in L 3,1(JR3) and so V . 'l/Jm -+ 0 in L3,1(JR3) as m -+ 00. Taking numbers em > 0 
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so that supp ~m C {Ixl < em}, and then employing the Bogovski operator Sm associated to 

the domain {I x I < em}, we define 

Due to Lemma 2.1, we then easily see that rpm E C~lT(lR3) and 

1IY'(<p - rpm) 113,1 < 1IY'(<p - ~m)1I3,l + IIY'Sm(Y'· ~m)1I3,l 

< 1IY'(<p - ~m)1I3,l + CIIY' . ~mlh,l -+ 0 

as m -+ 00. An integration by parts over n gives 

2(c(w),C(rpm)) = f 1/. (T[w,p] - w* 0 w* + F) . rpmdS - (F - w 0 w, Y'rpm). 
Jan 

Since 

and 

as m -+ 00, it suffices to show that 

(3.24) lim f 1/. (T[w,p] - w* 0 w* + F). rpmdS = O. 
m-+ooJan 

To deduce (3.24) we write 

Note that (1.4) implies 

f 1/. (T[w,p] - w* 0 w* + F)· rpmdS = f 1/. (T[w,p] - w* 0 w* + F)· rpmdS. 
Jan Jan 

By the Poincare-Sobolev inequality as given in [5, Sect. 5], we see that, as m -+ 00, 

where II . IIr,q,D is the norm of Lr,q(D). This implies (3.24), and so Theorem D is proved. 

Proof of Corollary E. Let rp and rpm be as in the proof of Theorem D. Since 

and since Ixl-2 E L~2(lR3), the duality relation between L3,l and L~2 = L3/2,oo as given in 
[33] yields 
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It follows that {<Pm} converges uniformly on ~3 to some function <p' satisfying \l<p' = \lrp. 

Hence, rp = <p' + C<p with some C<p E ~3, and so we get the Sobolev inequality (3.19) : 

On the other hand, (3.25) shows that <pm -em -+ 0 in LOO(D) ; so Cm -+ <p' = cp - c<p = -c<p 

as m -+ 00, since cp = 0 on D. The limit in (3.24) therefore equals 

- [ 1/. (T[w,p] - w* (8) w* + F) . c<pdS. 
Jan 

We thus get equality (1.6) in the same way as in the proof of Theorem D. This completes 

the proof of Corollary E. 

4. Large Time Behavior of L2 Perturbations 

In this section we describe an outline of the proof of Theorem F. A detailed proof and 
related results are given in [5]. Let L* = A + B* be the dual of L, which is well defined as a 

closed linear operator on L~ with r' = 7"/(r -1). The associated sernigroups {e-tL}t>o and 
{ e-tL* }t20 are forma.lly defined by means of the Dunford integrals : 

via an appropriate choice of the path r in the complex plane. When B = 0, i.e., in the case 

of the Stokes operator A, it is shown in [6,11] that the semigroup {e- tA h20 is defined to be 

bounded-analytic and satisfies the so-called Lq-r estimates: 

( 4.1) 
(l<q:Sr<oo,l:Sq<r:Soo) 

Applying perturbation techniques to the resolvents (,\ + L )-1 a.nd (,\ + L*)-l, we get 

Lemma 4.1. (i) Under the assumption of Theorem F (ii), the semigroup {e-tL h20 zs 

bounded-analytic and satisfies 

( 4.2) 
(l<q:Sr<oo) 

The same is true of the dual semigroup {e-tL* h20 • 
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(ii) Under the assumption of Theorem F (iii), the semigroup {e-tLh~o is bounded-analytic 

and satisfies 

(4.3) 

The same is true of {e-tL* h>o. 

A proof is given in [5]. Applying Lemma 4.1 and properties of fractional powers of A as 

given in [3], we immediately obtain 

Lemma 4.2. Let A = fooo )'dE).. be the spectral decomposition of the positive self-adjoint 

operator A in L;. 

(i) Under the assumptions of Theorem F (ii), we have 

( 4.4) 

Here, 0 < 0 < 1/4 and the constant C depends on o. 
(ii) Under the assumptions of Theorem F (iii), we have 

(4.5) 

Proof of Theorem F. For simplicity we assume that our solution u satisfies (1.11) or 
(1.11') in the usual sense. We give an outline of the proof of (i) and (ii)j (iii) is proved more 

simply in almost the same way as given in [3J. Now, since (P(u· Vv.v) = (u . Vv, v) = 0, 

we get from (1.11) 
1 d 
2" dt lIull~ + IIVull~ + (u· Vw, u) = o. 

Applying the well-known inequality 

we have 

2 
I(u· Vw, u) 1= I(w, u· Vu) I ::; Ilwll ·lllxl-1 uI121I Vu I12 ::; n _ 2"wll·IIVull~ 

so that 

(4.6) (Lu, u) = (u, L*u) IIVull~ + (u. Vu, u) 2 (1- n ~ 211wll) IIVull~· 
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Thus, if Ilwll < (n -2)/2, then bothL and L* are regularly accretive in the sense of [27,34]; 

N(L) = N(L*) = {O} in L;; so R(L) is dense in L;; and therefore 

( 4.7) for all a E L;. 
Furthermore, from (4.6) we get 

( 4.8) 

for some Co > 0, and so 

( 4.9) 

Here we apply 

lI\7ull~ = IIAI/Zull~ 2: 100 

AdIIE'\ull~ 2: e(lIull~ -IIE/iull~) 

for any fixed e > 0, to get from (4.8) 

d I . z 211ullz dt lIuliz + Coell u Iz ~ CoeIiE/iull z· 

But, since IIE/iu//z ~ //ullz, it follows that 

(4.10) 

On the other hand, applying E/i to (loll') gives 

IIE/iullz ~ Ile-tLallz + fat IIE/ie-(t-r)L P( u . \7u)lI zdT. 

By Lemma 4.2 (i) we have 

IIE/iullz < Ile-tLaliz + Cen/4-1/Z-5 fat(t - T)-1/zllull~-Z511\7ull~+Z5dT 

< lIe-tLaliz + C en/4-1/Z-5 F1(t)1/Z-5 FZ(t)l/ZH 

where 

We thus obtain from (4.10) 

! lIullz + Coellullz ~ Coe(lIe-tLallz + C en/4-1/Z-5 F1
1/Z- 5 Fi/z+5). 

Here we set (} m( Cot)-l with a sufficiently large integer m > 0 to be chosen later and then 

multiply both sides above by t m
, to obtain 

! (tmllullz) ~ mtm-l(lle-tLallz + Ctl/zH-n/4F;/Z-5 Fi/2+5) 

-309-



so that 

Ilu(t)11z < em fat mTm-llle-TLaI12dT 

(1 rt )1/2-5 (1 r )1/2+5 
+Ctl/2

+5-
n

/
4 t Jo Fl dT t Jo F2dT 

Since lI\7ull~ is integrable on [0,(0) by (4.9), we see that t- l f~ F2dT ::.; Ct- l
/

2
; so we get 

(4.11) Ilu(t)1I2 ::.; rm fat mTm-llle-TLaI12dT + Ctl /4+ 5/ 2- n /4 (~ fat FldT) 1/2-8. 

Since IIul12 is bounded on [0, (0) by (4.9), it follows from (4.7) and (4.11) that 

lIu(t)112 ::.; em fat mTm-llle-TLalbdT + Ctl/2
-

n
/
4 ---+ ° 

ast ---+ 00, and this proves (i). Furthermore, (4.11) shows that 

( 4.12) 

provided lIe-tLal12 = O(t-a
), and this proves (ii) in case a ::.; n/4 1/2. In the opposite 

case we have lIu(t)lI~ = O(t-l/2) by (4.12); so Fl is bounded in t ~ 0, and therefore 

t- l f~ FldT ::.; C. It thus follows from (4.11) that 

This proves (ii) in case a ::.; n/4 - 3/8. In the opposite case we have Ilu(t)ll~ = O(t3
/
4

); so 

- F dT < crl /
8+8

/
4 < Ce l / 16 (lit )1/2-8 

t 0 1 - -

and therefore (4.11) gives 

which proves (ii) in case a ::.; n/4 - 5/16. 

Repeating these processes eventually gives 

( 4.13) 

for an arbitrary integer R > 0. Since n/2-(2l-l+1)/2l ~ 1-2-l , we have lIull~ = O(t-Hl/
2l ) 

in the latter case of (4.13), which implies 

(
1 rt )1/2-8 . t Jo Fl dT ::.; Ct(1/2t -l/2)/(1/2-8) 
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and so we have 
lI u (t)112 :::; C(t-a + t8- n /4+J1-) 

where f1 = (1/2 - 8)/2£. We can take.e so that n/4 8 - f1 ::::: 3/4 - 8 f1 > 1/2 ; so we can 
set 

n 1 
--8-11.>-+1\, 4 r - 2 

with I\, > O. We thus obtain 

( 4.14) 

Suppose n ::::: 4. By (4.13) and (4.14) we may assume 

2a > n/2 (2£-1 + 1)/2£ :::; 3/2 - 1/2£ 

for some large.e. Hence Ilull~ is integrable on [0,(0) and so 

(l lot F1dT) 1/2-5 :::; Crl/4+8/2. 

This, together with (4.11), gives 

( 4.15) 

and the proof is complete. Suppose next that n = 3. If 2a > 1 - 1/2£, then (4.13) gives 

lIull~ 0(t-1+1/2£); so the above argument yields Ilu(t)lb = O(t-a) in case a < 1/2. When 

a > 1/2, the same argument as above gives Ilull~ 0(t-1+1/2£) for all .e, so we get (4.14) 
for some I\, > o. This implies lIum = O(t-l- 7I ) for some TJ > 0 since 2a > 1. Hence Ilull~ is 

integrable on [0,(0) and we arrive at the desired result (4.15). Finally, if a = 1/2, then 

Ilu(t)lI~ :::; C((t + 1)-1 + (t + 1)-1-2,,) 

for some I\, > o. This implies that 

and so (4.11) gives 

lI u (t)1I2 :::; C(t-l/2 + r1+5/2(logt)I/2-5 + t5- 3/ 4) = 0(t-l/2). 

The proof is complete. 

Remark. The idea of the above proof goes back to Schonbek [28,29] and Wiegner [36]. 
They treated the case of the Cauchy problem for the Navier-Stokes equations and directly 

applied the Fourier transformation instead of the spectral measures associated to the Stokes 
operator. The operator-theoretic reformulation of their idea, based on Lemmas 4.1 and 4.2, 
was carried out in [2,3,4,12]. 
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We now consider the stationary flows w on lRn
, n 2: 3, satisfying (1.16) or (1.16'), and give 

an outline of the proof of Theorem G. The idea is almost the same as in Section 4, but in 
this case the linearized operator will be analyzed in the Hardy spaces by applying the result 

of [8] with slight modification. We begin with 

Lemma 5.1. Let A = -.6. be the Laplacian defined on lRn
, n 2: 3. 

(i) If w satisfies (1.16), then 

(5.1) 

and so 

(5.2) 

(ii) rr w satisfies (1.16'), then for 

(5.3) 

and so 

(5.4) 

We give a detailed proof of Lemma 5.1, which is essentially due to [8]. Take r..p E C~(lRn) 

with supp r..p = {Ixl ~ I} and J r..pdx = 1 ; and set r..pt(x) = t-nr..p(x/t) for t > O. Since 
\7. w = 0, we have w . \7u = \7 . (w @ (u - c)) for any constant vector c ; so 

1 n 

[r..pt * (w· \7u)](x) = n+1 L.:: J(8jr..p)((x - y)jt)Wj(Y)[u(y) - ut]dy, 
t . 1 

J= 

where u denotes the average of u over the open baIl Bt(x) of radius t centered at x. Taking 

1 < 0: < nand 1 < fJ < n/(n - 1) so that 1/0: + 1/ fJ = 1 + l/n, we apply the Holder and 
the Poincare-Sobolev inequality to get 

C ( )l/CI.( )1/(3 
< tn+1 f IwlCl.dy r l\7ul lidy 

JBt(x) .JBt{x) 
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c (I~' I k,(x) Iw I" dy ) 1/" (I ~t I k,(x) IV ulP 
dY) W 

< CM(lwI Ci )l/Ci M(IV'll I,B)l/,B 

where M(lfl) is the Hardy-Littlewood maximal function of f [31]. Using the assumption, 

we estimate the right-hand side as 

But, the Hardy-Littlewood maximal theorem [31] shows 

Applying the Sobolev inequality 

we obtain 

and 

sup l<pt * (w . V'll)1 E L1 
t>O 

IIw· V'llIlHl [[sup l<pt * (w· V'll)1 :::; CllwllnllV
2
'llIIHl. 

t>O 1 

This shows the first estimate of (5.1). The second estimate is deduced similarly; and (5.2) 
follows from (5.1) and the boundedness of P on H1(JRn

). 

(ii) We proceed as above starting from 

sup l<pt * (w . V'll)1 :::; CM(lwICi)l/Ci M(IV'll I,B)l/(3. 
t>o 

This time, we apply the duality relation 

and the interpolated form of the maximal theorem: 

as well as the Sobolev inequality 

IIV'lllln/(n-1),w :::; CIIA'lllk 

The proof is complete. 

Proof of Theorem G. Fix 0 < w < n)2. We first note that, for j 0,1,2, 

(5.5) (Iarg AI:::; 7r w), 
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and 

(5.6) (Iarg AI :::; 11" - w). 

Estimate (5.5) follows from the Mihlin multiplier theorem (see [31]), while (5.6) is obvious. 
Applying this and Lemma 5.1 to the expansion 

00 

(A + L)-1 = (A + A)-1 L:[-B(A + A)-I]k, 
k=O 

we obtain 

Lemma 5.2. (i) If IIwlln + II'Vwlln/2 is small enough, then for j = 0,1,2, 

(5.7) (Iarg AI :::; 11" - w). 

(ii) If IIwlln,1 + II'Vwlln/2,1 is small enough, then for j = 0,1,2, 

(5.8) (Iarg AI :::; 11" - w). 

(iii) Under the assumption of (i) or (ii), the operator L is injective. 

The injectivity asserted in (iii) follows, respectively, from 

which is a consequence of Lemma 5.1 (i) and Lemma 5.2 (i), and 

which is obtained from Lemma 5.1 (ii) and Lemma 5.2 (ii). 

Applying the standard argument, we immediately obtain 

Lemma 5.3. (i) Under the assumption of Lemma 5.2 (i), the semigroup {e-tL}t>o is 

bounded-analytic on H;", and we have 

(5.9) 

for j = 0,1,2. 

(ii) Under the assumption of Lemma 5.2 (ii), the sem'igroup {e-tLh;:::o is bounded-analytic 

on L;", and 

(5.10) 
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for j = 0,1,2. 

(iii) In each of the above two cases, we have 

(5.11 ) for all a E HI!, 

or 

(5.12) lim Ile-tLalh = 0 
t--tOO 

for all a E L!. 

To proceed further, we recall the following duality relations (see [22]) : 

(5.13) 

and consider the integral equation 

(5.14) i t • (u(t),'l/J) = (e-(t-s)Lu(s),'l/J) - s (u· Vu,e-(t-T)L P'l/J)dr, (0 ::; s ::; t). 

Assume first (1.16). Since {e- tL*}t2:0 is bounded on VMOa , taking s = 0 in (5.14) and 

applying (5.13) we get 

I(u(t),'l/J)I < lIe-tLaIlH111'l/JIIBMo + fat Ilu, VullHldr x lI'l/JIIBMO 

< Ile-tLaIlHlIl7j'IIBMo + c (lot Ilul121lVullzdr) 117/)IIBMO' 

Note that we have used the folliwng, which is due to [8] : 

Since C~(T(lRn) is dense in VMOu, it follows from (5.1:3) that u(t) E H! for all t 2: O. The , 
same calculation for general s 2: 0 gives 

Ilu(t)IIHl < lIe-(t-s)Lu(s)IIHl + C lt IlullzllVullzdr 

< Ile-(t-s)Lu(.s)IIHl + C (I t Ilull~dr) 1/2 (100 IIVull~dr) 1/2. 

On the other hand, (5.9) implies 

and 

so, in the same way as in Section 4, we conclude that 
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Hence, 

and the above calculation gives 

for t ~ s. Since the last term can be made as small as we please, (5.11) implies 

lim Ilu(t)IIHl = O. t-+oo 

Assume next (1.16') and let a E L!.. We take this time 't/J E C~(R.n) to get 

I(u(t), 't/J)I < lIe-(t-s)Lu(s)lhIl 7,bll oo + C (it IlullzllVull2dT) IIP't/JIIBMO 

< Ile-(t-s)Lu(s)lhll't/Jlloo + c (it Ilull21lVull2dT) 11't/JIIBMO 

< (lIe-(t-S)Lu (s)111 + c it lIu11211Vu112dT) 11't/Jlloo 

for all 0 :::; s :::; t. Here we have invoked the continuous embedding LOO C BMO as well as 

the boundedness of the operator P on BMO. Setting s = 0, we see that u(t) is a finite Borel 

measure on R.n, so u(t) E L!. for all t, and therefore 

( 
t )1/2 ( roo )1/2 Ilu(t)lh:::; Ile-(t-s)Lu(s)lh + c illull~dT Js IIVull~dT . 

for 0 :::; s :::; t. On the other hand, (5.10) gives 

so by an argument similar to the foregoing case and (5.12), we arrive at 

lim Ilu(t)111 = O. t-+oo 

This completes the proof of Theorem G. 

Remark. It is possible to deduce the decay rate of Ilu(t)lh or Ilu(t)IIHl under some 
assumptions on a. The details are discussed in [23]. 
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The Asymptotic Behavior of Solutions to SOlne Degenerate 
Kirchhoff Type Equations 

TETSU MIZUMACHI 

Abstract: We investigate some degenearate quasilnear wave equations which have their 
origin in nonlinear vibration of a string. In the case when equation describes a vibrating 
string with viscosity, we determine the decay order of all solutions by investigating 
the dynamics near an infinite dimensional center manifold. Moreover, we classify the 
asymptotic behavior of solutions from a dynamical systems point of view. 

We also deal with the case when equation models a vibrating string with the resistece 
proportional to the velocity. 

1. Introduction. 
In this article, we investigate the asymptotic behavior of solutions to the following 

initial-boundary value problems: 

(1.1a) 

(1.1b) 

(1.1c) 

and 

(1.2a) 

(1.2b) 

(1.2c) 

Utt -1/"Vul/E,Z(fl).6u - ou(j.Ut = ° In Q x (0, +(0), 

U = ° on aQ x (0,+00), 

u(x,O)=uo(x), Ut(X,O)=Ul(X) in Q, 

Utt - lI"VullhCfl)L).u + aUt = ° 
u=o 
u(X,O) = uo(x), Ut(x,O) = u}(x) 

In n x (0, +(0), 

on aQ x (0, +(0), 

in Q, 

where a is a positive constant and 51 is a bounded domain in JRn with smooth boundary 
aQ. Equations (1.1) and (1.2) have their origin in the so-called Kirchhoff equation which 
describes transversal oscilations of an elastic string (see [5]). 
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We first consider (1.1). The global existence and the uniqueness have been estab
lished in the energy class (see [14]). Once global existence is known, one easily sees 
that solutions to (1.1) decay as t ---7 00. Much of the efforts have been focused on 
upper estimates of rate fo decay (see, e.g., [8,9]). But it is difficult to obtain the lower 
estimates. In fact, except for some special cases ([10,11]), little has been known about 
the estimates from below. 

In [6], we obtain exact decay estimates of all solutions and study the limiting profiles 
of solutions. By a limiting profile, we mean the limit of a solution divided by its rate of 
decay as t ---7 00. 

It should be noted that, unlike most earlier works, our method makes use of the 
dynamical systems point of view involving the theory of center manifolds. The ad
vantage of such an approach is, that one can obtain the exact decay estimates out of 
relatively simple computations. Moreover, our method also tells us which decay rate 
occurs 'generically'. 

In order to state our results explicitly, let Al < A2 < A3 < '" be the eigenvalues of 
-.6, let {~j }~1 be the corresonding sequence of eigenfunctions normalized to satisfy 
lI~jIlL2(n) = 1, and let {mdk=l be a sequence of integers satisfying 

For each kEN, we put ~k = Amk . Now set Z = {w E HJ(Sl) I II'Vwlli2(n) = fl. One 
of our main results is the following: 

Theorem Al ([6]). The set HJ(n) x L2(n) \ {(O,O)} is decomposed into a disjoint 
union of the two sets 51, 52 satisfying the following: 

(i) 51 is a dense open set and 52 U {CO, O)} is a closed set with no interior. 
(ii) Let C UO, U1) E 51' Then there exists Uoo E Z such that the solution u( t) to (1.1) 

satisfies, as t ---7 00, 

(l.3a) jju(t) - (1 +t)-~uooIIHl = 0((1 +t)-~ log(l +t)), 
o 

(1.3b) II

Ut(t) + ~(1 + t)-~u(X)11 = 0((1 + t)-i 10g(1 + t)), 
2 £2(n) 

(1.3c) 
IIUtt(t) ~(1 + t)-~uooll = 0((1 + t)-; log(l + t)). 

4 £2cn) 

(iii) Let (UO,U1) E 52' Then there exists kEN such that the solution to (1.1) 
satisfies, as t ---7 00, 

( 
:t~1)) - e-CC).k t L c' (-a-; ~k1) ~' = O(e-'Yt) 
Utt(t) mk:S;j:S;mk+l-1 J -~k J 1 ) 2 ) HoCn xL2(n)xL cn 

for every 'Y satisfying a~k < 'Y < min{ a~k+l? 3a~d, where 

Cj = (U1,~j)£2cn) - Aj 100 

eCC,\jSIlV'U(s)lli2cn)('U(s),~j)£2(n)ds. 
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Roughly speaking, solutions lying on 51 decay polynomially, and those on 5z decay 
exponentially. Theorem Al shows that all the limiting profiles of the polynomially 
decaying solutions belong to Z. Conversely, we have the following: 

Theorem A2 ([6]). For every U oo E Z, there exists a solution u(t) of (1.1) that satisfies 
(1.3a)-(1.3c ). 

Relnark 1. Suppose that a solution u(t) to (1.1) satisfies (1.3a)-(1.3c). Then'the term 
Utt decays faster than the other terms of (lola). If the· term Utt is absent in (1.1), then 
the equation can be written as 

(1.4) li
Z dv 

IIv £2(n)v + a dt = 0, 

where v = A! u. Here A is the self-adjoint closure in LZ( fl) of the operator defined on 
Cgo(fl) by A.u = -D.u. Now let fi(t) be a solution to (1.4) satisfying fiCO) = uoo • We 
see from (1.3a) that 

lIu(t) - fi(t)IIHJ = o(!Ifi(t)IIHJ)' 

This tells us that if a solution u( t) of (1.1) decays polynomially, it behaves, asymptoti
cally, like a solution to the ordinary differential equation (1.4). 

On the other hand, if u( t) is an exponentially decaying solution to (1.1), it behaves, 
asymptotically, like a solution to the classical heat equation. 

Next we consider the behavior of solutions to (1.2). For analytic initial data, equation 
(1.2) is globally solvable (see [1]). On the other hand, for non-analytic initial data, [12] 
shows that solutions to (1.2) globally exist when uo(¢: 0) is small and Ul is much smaller 
than Uo in appropriate Sobolev spaces. 

For solutions which exist globally, the upper estimates of rate of decay can be obtained 
by using the method of [8,15]. But to the best of our knowledge, there is no results 
concerning lower estimates. In [7], we obtain an asymptotic expansion of solutions to 
(1.2) for some class of initial data. 

Theorem B ([7]). Suppose (UO,Ul) E (HzC!l) n HJC!l)) x HJ(!l), Uo ¢: 0, and 

II VulIl1 2 (n) Z 2 
(H) II V 112 + IID.U oll£2(n) < a . 

Uo £2(n) 

Then the solution to (1.2) satisfies, as t -jo 00, 

Il ttu(t) - 'PII = 0(1), 
HJ(n) 

where 'P is an eigenfunction of A belonging to Xj and satisfying IIcpllp(n) = 1/( J'fij) 
for some j E N. 

The condition (H) has been used in [12] to show the global existece of solutions to 
(1.2). We find in [7] that (H) with Uo ¢: 0 is a sufficient condition for solutions to (1.2) 
to be approximated by nontrivial solutions to the degenerate parabolic equation 

aUt IIVuII12(n)D.u = O. 

Using this fact, we prove Theorem B in [7]. 
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2. Center manifold analysis of (1.1). 
Making use of the change of variables similar to what is used in [2,13]' namely, 

(2.1) 
1 1 

P = A-'2Ut, q = -aA'2u - p, 

we can rewrite (1.1) into a coupled system of a heat equation and an ordinary differential 
equation: 

(2.2a) 

(2.2b) 

(2.2c) 

(2.2d) 

1 2 
Pt = aLJ.p + 3" lip + qIlL2(f/)(p + q) in n x (0, +(0), 

a 

qt = - ~31Ip+qlli2(f/)(p+q) in n x (0,+00), 

p(x, t) = ° on an x (0, +(0), 
p(x,O) =Po(x), q(x,O) = qo(x) in n, 

We see that (Po, qo) E HJ (n) x L2(n) if and only if (uo, uI) E HJ(n) x L2(n). For 
such a class of initial data, solutions to (1.1) and (2,2) are unique. Hence the formula 
(2,1) gives a one-to-one correspondence between solutions to (1.1) and solutions to (2,2). 
From now on, we will analyze (2,2) instead of (1.1). 

Since (p, q) --l- (0,0) as t --l- 00, it suffices to analyze (1.1) in some neighborhood of 
the origin. Now, let us linearize (2,2) about the origin. Then 

where 

L = (a: ~). 
The spectrum of the linear operator L, a(L), satisfies 

This means that the origin (p, q) = (0,0) is not linearly stable, but simply neutrally 
stable. In our problem, we see that inf {Re 17 I 17 E a( L) \ {O}} > ° and that the 
Lipschitz coefficient of the nonlinear term of (2,2) is small about the origin. Under such 
circumstances, the so-called center manifold theory often proves exceedingly useful in 
determining the nonlinear dynamics around the origin. 

Let X o be an eigensapce belonging to the eigenvalue ° and let X+ be the direct sum 
of eigenspaces belonging to {aAj}~l' Then we have 

Hereafter, we will identify Xo and X+ with L2(n) and HJ(n) ,respectively. 
By applying Theorem 6.1 in [3], we have the following: 
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Lemma 2.1. For some neighborhood U of 0 in HJ(.Q) X LZ(.Q») eq'uation (2,2) has a 
local center manifold Hl/~c(O) satisfying the following: 

(i) 
vV{OC(O) = {(p, q) E U I p = hC( q)}, 

where hC: Xo n U ~ Xl is a C 5 -mapping with hC(O) 0 and DhC(O) = O. 
(ii) For each (Po, qo) E Hl/~c(O») ((pet), q(t» I tl ~ t ~ t 2 } c U implies {(p( t), q(t» I 

t] ~ t ~ i 2} C Vil{oc(O) for any il) i2 with tl < 0 < iz) where (p(t),q(t» is the 
solution to (2,2). 

Moreover, the dynamical systems theory tells us that the center manifold IVI~c(O) 
attracts neighboring orbits (solution curves) exponentially and solutions on it decay 
at most polynomially (see [3]). Thus the asymptotic behavior of solutions near the 
center manifold is much t,he same as that of solutions on the center manifold. So 
except exponentially decaying solutions, we have only to analyze solutions on the center 
manifold to obtain asymptotic expansions of solutions. 

o 

Figure A schematic picture of Hl/~c(O). 

By Lemma 2.1, solutions on the center manifold satisfy 

(2.3) p(i) = hC(q(t» 

Substituting (2,3) into (2,2) and eliminating ql, we obtain 

where DhC(q) stands for the Frechet derivative of hC. So hC must satisfy (2,4), together 
with the condition hC(O) = 0, DhC(O) = O. Now we see from (2,4) that the center 
manifold is approximated as 

(2.5) 
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Hence, solutions on the center manifold are described by 

(2.6) qt = ~lIhC(q) + qII12(o)(hC( q) + q) 
a 

= -~llqIl12(o)q + O(llqllt2(o))' a 

with (2,3). By analyzing (2,6), we can obtain asymptotic expansions of solutions on the 
center manifold. For the details of the proof of Theorems Al and A2, see [8]. 
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ANALYSIS ON LARGE FREE SURFACE DEFORMATION 
OF MAGNETIC FLUID 

Y. MIZUTA 

Abstract. This paper analyzes the free surface deformation of magnetic fluid under 
intense magnetic fields. The analysis in a vertical plane allows for full nonlinearity, multi
valuedness and the inhomogeneous magnetic field which changes in reaction to the free 
surface deformation. The method is based on the conformal mapping as used for the 
analysis of stationary capillary-gravity waves. The source of the magnetic field is assumed 
a dipole as in actual· cases, and the magnetic potential determined in the flat space with 
the straight free surface is mapped onto the real space. The equation for the inclination 
angle of the free surface () is solved numerically by the spectral collocation method, and 
the solution is used to express the free surface shape parametrically. The result shows the 
first bifurcations of the shape with the increase of the magnetic field. 

1. Introduction 
One of the features peculiar to magnetic fluid is the shape of its free surface. As the 

external magnetic field increases, the surface deforms gradually first, but changes abruptly 
to a stationary shape just like a set of cones. This is the result of the interaction between 
the surface deformation and the magnetic field. The surface is moved by the magnetic 
force acting on it to the position where the magnetic force balances with the capillary and 
gravity forces. However, the magnetic field itself is disturbed by the large deformation of 
the surface, and its effect is reflected back on the magnetic force. 

Since the magnetic fluid of the present type was devised in 1960's, linear and weakly 
nonlinear analyses of this phenomenon has been made. Cowley and Rosensweig t1] investi
gated its linear stability. Malik and Singh [3,4,5, 6J employed the multiple scales method 
to investigate one-dimensional harmonic wave propagation. Gailitis [2] and Twombly 
[8, 9] analyzed statically the two-dimensional surface wave which bifurcates from "trivial 
solution" to rectangles or hexagons under uniform magnetic field normal to the surface. 
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This paper presents an analysis for the free surface deformation of magnetic fluid in 
a vertical plane, allowing for full nonlinearity, multi-valuedness and inhomogeneous mag
netic fields. The formulation is based on the method of conformal mapping as employed 
by Okamoto [7) and the previous authors for the analysis on stationary capillary-gravity 
waves. In both problems, the "flat space" with the straight free surface is mapped onto the 
"real space" with the curved free surface. In the present problem, however, this method is 
especially useful to obtain the harmonic magnetic field which is originally inhomogeneous, 
and changes in reaction to the free surface deformation. 

2. Basic equation - dynamic boundary condition 
On the free surface of magnetic fluid, we consider the Bernoulli equation 

(1 ) 

with the condition for the pressure p = 0, where p, g, TI, Pt are the fluid density, gravity 
acceleration, surface elevation and surface tension, respectively. The terms including the 
velocity potential 1> and the fluid velocity v = -V 1> are dropped in stationary cases. The 
last term of 1.h.s. is the magnetic pressure characteristic of magnetic fluid, where bn is 
the component of the magnetic flux density normal to the surface, hs is the component of 
the magnetic field tangential to the surface, p is the permeability of either magnetic fluid 
or vacuum, and [ ... J is the jump quantity across the surface. 

3. Method - conformal mapping 
Here we consider the conformal mapping z = z( Z) from the fiat space described by 

Z = X + iY to the real space by z = x + iy. When an infinitesimal element on the real 
space dz is inclined by an angle () to its correspondence on the flat space dZ, we find 
dz = ceiB dZ with the real positive constant c. After replacing c by e-r where we call r 
logarithmic contraction rate here, we obtain 

dz = ei[B(Z)+ir(Z)] 
dZ' 

(2) 

The function ()(Z) + ir(Z) is analytic in Z as far as 0 < Idz/dZI < 00, and tends to 0 as 
Z -? 00. These conditions lead to the Hilbert transform between () and r as 

r(X) = -.!.1°O O(X') dX'. 
7l" -00 X' - X 

(3) 

In the limit dz/dZ -? 0 or r -? 00, the free surface has a branch point or cusp, and 0 
changes discontinuously there. 

After 0 and T are obtained, the free surface shape is determined by integrating each 
of the real and imaginary part of eq. (2) on Y = 0, that is, 

ax/ax = e-r cos(), ay/ax = e-r sinO. (4) 

The result x = x(X), y = y(X) expresses the shape parametrically allowing for multi
valuedness. The equation for 0 and r is derived from eq. (1), but we will discuss the 
magnetic field before that. 
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Fig. 1: Method of images to determine 
magnetic potentials in (1) (right) and in 
(2) (left) 

Fig. 2: Interface conditions for magnetic 
flux density with normal component con
tinuous (left) and magnetic field with tan
gential component continuous (right) 

4. Determination of magnetic field - method of images 
We introduce here the complex magnetic potential W = q, - iA where q, and A are 

the scalar potential and (the z-component of) the vector potential. Both of them are 
harmonic, and the ones determined in the flat space can be mapped onto the real space 
conformally. They give the magnetic field as H = (Hx,Hy) = -\7q, = rotA. Then, 
dW/dZ = (8q,/8X) - i(8A/8X) = -(8A/8Y) - i(8q,/8Y) = -Hx + iHy is derived. 

In an infinite medium of the permeability J-l, the potential at Z due to a monopole m 
at Zo is W = mln(Z- ZO)/J-l = m(lnR+ i0)/J-l at Z where Z - Zo = Rei0 • We can 
determine the potential due to a monopole m at Zl near an interface between two media 
with the permeability J-ll and J-l2 through the "method of images" , as Fig. 1 shows. In the 
medium (I), the potential W(l) at Z(1) (1) is the overlap of those due to m at Zl and its 
image ml at Z2. In (2), W(2) at Z(2) is due to m2 at Zl. Therefore, 

{ 

W(l) = mln(Z(l) - Zl) + mlln(Z(l) - Z2) = mlnR + mllnRl + i m8 + m10 l , 

J-ll J-ll J-ll (5) 
W(2) = m2 In(Z(2) - Zl) = m2lnR2 + im202 

J-l2 J-l2 J-l2 

follows, where Z(l)-Zl = Rei0 , Z(2)-Zl = R2ei02 , Z(l)-Z2 = Rl ei01 and -1'1 = 1'2 = H. 
Newly introduced ml and m2 are determined from the interface conditions [-J-lHy] = 0 
and [-Hx] = 0 (Fig. 2), or equivalently, 

{ 
[J-lA] = (m - ml - m2)0 = 0, 
[q,] = {(m + ml)/ J-ll - mzl J-l2} lnR = 0 on Y = 0, (6) 

since Z(1) = Z(2) and Rl = R2 = R, -01 = O2 = 0. They are solved for ml and m2, and 
the scalar potential is obtained as: 

{ 

q,(l) = m + ml In R, 
J-ll 

q,(2) = m2 In R 
J-l2 

with (7) 
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In the case due to a dipole ±m with the separation ~Y between the poles, the potential 
<p(2) is derived easily from eq. (7) as 

<p(2) = ([>(2) = _~Y ~ m2lnR = _ m;~ with m; = m2~Y' (8) 
oY /-l2 /-l2 R2 

The components bn and hs, continuous across the surface, are obtained from <p(2) as 

{ 

_ _ Oc.p(2) _ r * X 2 _ y2 
bn - /-l2 an - e m2 R4 

0<p(2) r m; 2XY 
hs =--- =e ---

Os /-l2 R4 

(9) 

with the normal and tangential derivative 0 Ion = er 01 oY, 01 os = -er 01 oX in mind. 

5. Equation for Band T 

Now that the magnetic field is determined, the equation for Band T can be derived 
from eq. (1). If the both sides of eq. (1) is differentiated by X, 

follows, where, if Ii denotes oAloX, ij = e-rsinB and Pt = ,(xy - iy)/(i2 + y2?/2 
= -,erOb: coefficient of surface tension), due to eq. (4). Equation (10) is to be solved in 
the domain 0 :::; X < 00 with the boundary conditions B(X = 0) - 0 and B(X --t (0) --t O. 

Each term in eq. (10) is characterized by the factor e-r
, which means the contraction 

in the real space as seen from eq. (4). When the space contracts, the first gravity term 
becomes unimportant, but the second tension term grows, and the third magnetic term 
more. The curvature of the free surface increases to compete with the magnetic pressure 
and keep the balance among forces. 

For the advantage of numerical analysis, both sides of eq. (10) is divided by e2r , and 
X is scaled by H, in addition. Then, eq. (10) is rewritten as 

(11) 

where subscripts 1 and 2 are the first and second derivative with respect to the scaled X, 
and G = I/(X2 + 1)2 + dX2 I(X2 + 1)4 with d = -4 [/-l] I /-l2' Equation (11) is characterized 
by the tension factor r =,1 pgH2 and the magnetic factor M = m~[11 /-lJ/2pgH5. 

6. Numerical analysis - Spectral collocation method 
Though the domain of eq. (11) is semi-infinite, we bound the upper limit at I where 

the magnetic field is weak enough, and impose the boundary condition B(X = I) = 0 
there. In 0 :::; X :::; I, we expand B(X) into a Fourier series as 

00 

B(X) = Lan sin(n7rXI1). (12) 
n=l 
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Fig. 3: Calculated angle function () for sev
eral magnetic factors M =0.2 (0), 0..4 (1), 
0.6 (2), 0.8 (3), 1.0 (4), 1.2 (5), 1.4 (6), 
1.6 (7), 1.8 (8), 2.0 (9) and common ten
sion factor r = 0.2 and d = 1.6 

Then, eq. (3) leads us to 

00 

:=r:: 

o 
o 

0 
0 

"<l' 

0 
0 

N 

O. 00 2. 00 

X 
4. 00 

Fig. 4: Free surface shape x = x(X), y = 
y(X) calculated from 0 as shown in Fig. 3 

reX) = - Lancos(mrXjl). (13) 
n=l 

When the terms higher than the N -th are truncated, the coefficients an (1 :::; n :::; N) 
are determined so that eq. (11) is satisfied at the collocation points Xi = it/eN + 1) 
(1 :::; n :::; N) in the domain. The simultaneous nonlinear equations thus obtained were 
solved by the Newton-Raphson method with the deceleration technique. 

Figure 3 shows the angle functions ()(X) as the solution of eq. (10) or (11) for several 
values of M, and common rand d. Numerical parameters are 1= 5.0 and N = 49. The 
convergence in solving eq. (11) was not necessarily slow for large M, but perturbations 
to an's were occasionally given on the way to convergence, if necessary. In all cases, the 
errors in eq. (11) relative to each of its terms reached under the level of 2 percents within 
50 iterations. The angle functions P( X) thus obtained were used for integrating eq. (4) 
by the fourth Runge-Kutta method with the increment fj.X = 0.02. The resultant free 
surface shapes are shown in Fig. 4. 

We observe from Fig. 4 that the waves generated near the center one after another 
shift outwards as M increases, but the extension of the domain containing waves has a 
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tendency of saturation, which means that the wavelength of the waves decreases as M 
increases. The outermost wave som.etimes b-ecomes three-valued or close to a cusp. 

7. Discussions 
For detailed discussions, Fig. 3 will be more convenient rather than Fig. 4. We observe 

the increase of the number of waves and the decrease of their wavelength more clearly on 
the angle function. The amplitude of the outer wave is larger than that of the inner, and 
the free surface shape turns to multi-valued when it exceeds 7r 12. 

Since the magnetic field depends on X now, precise linear analysis on eq. (11) is 
difficult. But near the center where X IV 0 and G IV 1, eq. (11) is linearized as c == 0 -
r02 - 2M 71 = O. Then, if 0 IV sin kX and 7 IV - cos kX is assumed, k = (M ±.J M2 - r) Ir 
follows. There exists real k satisfying c = 0 when M > .Jr (=0.45 now), and it increases 
with M. 

Figures 3 and 4 are the results reached through the iteration from the initial value 
an = 0 for all n. There can be other branches of solution in the nonlinear equation (11), 
and actually do, which has the self-crossing free surface shape. They must be investigated 
in detail on the basis of the bifurcation theory. 

Another problem is the existence of cusps. Since 7 -+ 00 and e--r -+ 0 there, the first 
and second term in eq. (11) vanish, and 7 IV In(X2 + 1) follows. Thus, cusps are unlikely 
to exist as far as X is finite. 
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NORMAL FORMS AND GLOBAL EXISTENCE OF 
SOLUTIONS TO A CLASS OF CUBIC 

NONLINEAR KLEIN-GORDON EQUATIONS 
IN ONE SPACE DIMENSION 

KAZUNORI J\!IORIYATvIA 

Ahustract. We prove that for small initial data there exist the unique global solutions 
to a certain special class of nonlinear Klein-Gordon equations ,yith cubic nonlinearity 
in one space dimension, which asymptotically approach the free solutions of the linear 
Klein-Gordon equation as t -+ +00. 

1. Introduction 
In the present paper we consider the global existence of solution for the Cauchy 

problem of the nonlinear Klein-Gordon equation with cubic nonlinea.rity in one space 
dimension, which asymptotically approaches the free solution of the lineal' Klein-Gordon 
equation as t -+ +00 : 

O;,u - 6.u + u = F(u, 0'1/., 00.1''1/.), t> O. ;1' E JR (1.1 ) 

( 1.2) 

where 'u = u(t,x) is a real valued function and Ot = %t' 0;1' = i:fr . .u = 0;. Vt = OtU, 
U x = oxu, 'Utx = OtOxU, tlxx = o;u, ou = (Ut,U;r). Here. F('I/..v.p) is a SIllooth function 
of (u, v, p) E JR X JR2 X JR2,and 

F(u,v,p) = O(lvr + Ivl:3 + Ipla) nCOT CU.I.'.p) = (0.0.0). ( 1.3a) 

Furthermore, we assume that F is linear with respect to p. 
There are many papers concerning the global existence and the asymptotic behavior of 

solutions for nonlinea.r Klein-Gordon equations (see. e.g .. [1]-[5]. [i}[ll]. [13]). Let N be 
the spatial dimensions. Klainerman and Ponce [3] and Shatah [9] showed that problem 
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(1.1)-(1.2) has the unique global solution for small initial data under t.he following 
condition on the nonlinear function F: \iVhen N = 1, 

F(tl.,v,p) = O(Itl.14 + Ivl4 + Ip14) neaT' (-u,.v,p) = (0.0.0). (1.4) 

When N = 2,3,4, 

When N ~ 5, 

F('U.,v,p) = O(I'U.1 2 + Ivl 2 + Ip12) nWT' (a.t'.p) = (0.0.0). (1.5) 

They also showed that the ahove solution asymptotically approaches the free solution 
of the linear Klein-Gordon equat,ion with F = 0 as t --t +00. \iVhen N = 2.3.4 and F is 
quadratic, and when N 1 and F is cubic. ho"\vever. the usual V' - Vi estimate does not 
provide us with a sufficient time decay estimate. To overcome t.his difficulty, Klainerman 
[4] and Shatah [10] separately developed two new techniques. In (41 Kln.~l1erman uses 
the invariant Sobolev space with res11ect to the generators of the Lorentz group in order 
t.o prove the glohal existence of solut.ion of (1.1)-(1.2) under (1.5) for small initial dat.a, 
when N = 3,4. On t.he other hand, in [9] Shat.ah ext.ends Poincare's t.heory of normal 
forms for the ordinary different.ial equations to the nonlinear Klein-Gordon equations 
and proves t.he global existence of solution of (1.1 H 1.2) under (1.5) fOl' small initial data, 
when N = 3, 4( see also Simon and Taflin [11 J and its references). \iVhen N = 2 and 
the initial data are small, Georgiev and Popivanov [1] and Kosecki [2J prove the global 
existence of solution of (1.1 )-( 1.2) for a certain special form of quadratic nonlinearity by 
using Klainerman's technique and by combining Klainerman's and Shatah's techniques, 
respectively. In [1] and [2] they stud}T a new sufficient condit.ion on the quadratic 
nonlinearity for the global existence of solution of (1.1 )-( 1.2) for small initial data, 
which is a variant of the null condition introduced by Klainerman [5] for the case of the 
nonlinear wave equation. In the t-wo space dimensions, howe"\7e1'. the global existence of 
solution of (1.1 )-( 1.2) for small initial data has been recently pnwed for all quadratic 
nonlinearity satisfying (1.5) by Simon and Taflin [11 J and Ozawa. Tsutaya and Tsutsumi 
[7]. In [11] and [7], it is also showed that the solution constructed in their papers 
approaches a free solution of the lineal' Klein-Gordon equation as t --t +JO. If we 
compare the nonlinear Klein-Gordon equation in N space dimensions with the nonlinear, 
wave equation in N + 1 space dimensions, from the results in [11] and [7] we have to 
say that the nonlinear Klein-Gordon equation is quite different from the nonlinear wave 
equation, although they have the same rate of time decay. In contrast to the t\vo space 
dimensional case, however, in one space dimension we can not expect that for all cubic 
nonlinearity satisfying (1.3a) the non-trivial global solutions of (1.1 ):-( 1.2) approach the 
free solutions of the linear Klein-Gordon equation in a usual sense as t --t +00. In fact, 
although we can show by using energy methods the global existence of solution of the 
following simple example of the Kleill-Gorclon equation with cubic nonlinearity in one 
Sl)ace G.ilnension : 

a;V. - D..u. + u + u3 = O. t > O. .r E R 
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but it is thought that the nontrivial solution of the abo':e equation does not have a 
free profile as t -t +00 (see Strauss [12, Theorem 2 in §6]). For some other nonlinear 
functions F in (1.1), we can also show the global existence of solutions of (1.1)-(1.2) 
by using energy methods (see Concluding Remark). Ho,ve,-er. it seems difficult that 
we investigate by using only energy methods whether such solutions han~ free profiles 
near t = +00 or not. Therefore, in the one space dimensional case ,ye need consider a 
new condition for the global existence of solution of (1.1 )-( 1.:2) under (1.3a) with a free 
profile near t = +00. Recently, Yagi [13] has showed by using Shatah's technique that 
when 

( 1.6) 

in (1.1), there is the unique global solution of (1.1)-(1.2) for smaU initial data. It is easy 
to see that the solution approaches a free solution of the linear E:lein-Gordon equation 
as t -t +00. It is, however, of great interest to look for other nonlinear functions such 
as (1.6), for which (1.1)-(1.2) has a global solution ,,,ith a free profile near t = +00 
for small initial data, and to study the analytical properties of them. In this paper, 
for simplicity of the exposition we assume that the nonlinear function F in (1.1) is a 
homogeneous polynomial of degree three. That is, we assume 

F( u, v, p) is a homogeneous polynomial of degree 3 

with resped to '/I., v and p. ( 1.3b) 

By using the method of normal forms due to Shatah [10] in t.he sanH:' ,,-ay as Yagi [13] 
,Wf;:. find, in addition to (1.6), the follmving six nonlinear functions leading to the global 
existence of solution of (1.1 )-( 1.2) with a free profile near t = +::xJ for small initial data: 

171 3 2 :3 3 2 +6 L~2 = . Uf'l/.;r - V';t: - • 'lI 'lI;1' 'lI'U,(lI.t:r 

171 'J ,) ? 
£3 = 'U.'llx'll;t:l: - u.-u.;l' + 'If.'t'll;r + :_;ll'l/.(Uf:r 

F4 = ('lI7 - 'u.~: - U
2

)U;t:a: - 2u'lI~. 

171 - ('11 2 _ '1,2 '1/2 )'11 ")'li'll 'II £5 - 'f ';t: -, 'f,v - ~ , 'f ';l" 

,3 2 2 F6 = 'lit - 3'lf.;v'lf.t - 3'l1 'If.f - 6V,l!;l'Ut,r 

F7 = U{ll;: + tJ.'Ut'U.;t:;t: + 2U'lf.;1'lJ.t,r 

That is, we prove that when 
7 

F= LCiFi 
i=l 

( 1.7) 

(1.8 ) 

(1.9 ) 

(1.10) 

(1.11) 

( 1.12) 

( 1.13) 

where Ci, i = 1,2" .. ,7, are real constants, for small initial data there exists the unique 
global solution of (1.1 )-( 1.2) which asymptotically approaches the free solution of the 
linear Klein-Gordon equation as t -t +00. ,\Ve note that. F i . i = 1. 2.·· .. 7. are of course 
linearly independent as polynomia.ls \,~ith valuables tI, 'll.t. U,t:. Ut,r and U,l';r' Because 
F2 , F3 are the "odd-deriva.tive-('U,'U.'U" 'U'Ut'Ut)" type. that is. of the form 

(1.14) 
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and Fl,F4 are the "even-derivative-(v.'uu,UU(Ut)'" type, that is. of tlw form (1.14) ,·,.,ith 
al + az + a3 = 0,2,4, and F5 is the "odd-derivative-(vtv·fu/. VVUt f type. that is. of the 
form 

(1.15) 

and F6 , F7 are the "even-derivati,"e-(utUtUt, U1Wt)'" type, that i::;,. of the form (1.15) ,:vith 
al + az + a3 = 0, 2. \i\Then F( u, v, p) is linear with respect to p and satisfies (1.3b), the 
dimensions of the space of cubic polynomials F( 11. t" p) are 22. Our assumption (1.13) 
covers the subspace of 7 dimensions. 

Before we state the main results in the present paper. we giYe sel-eral notations. For 
I,: E Nand 1 ::; P ::; 00, let ltVl.:·]! denote the standard Sobolev space on lR.. \Ve choose a 
as an integer larger than or equal to 4. Y"le put 

Xl = Hll.:+1.Z <+ nrk .2 . 

X z = ,Vk .2 ;fJ Vi7k-1.2, ~: > (20 + 3) + (2a + 6). 

~Ya = W-h,-(Za+l).2 <+ n-k -(2a+2).2. 

Ya = Hi2a+ 3 .= ifi H72a+2 .=, 

Za = TV2a+ 6 .l <+ Hr2a+5.l, 

with norm II . Ilx;, ·i = 1,2, II . 11.\:a ,II . Ih,:, and II . Ilza' respectil-ely. For a matrix B, t B 
denotes the transpose matrix. Vile put u = t(u, atu). Then we can write equation (1.1) 
as a, first order system: 

Ut + Au = F(u). (1.16) 

Uu = ( 1IU) . 
111 

( 1.17) 

where 

( 0) F(u) = ..' 
F(u. au. aa,(:lI) 

\i\Te have the following theorem concerning the global existence and asymptotic behavior 
of solution of (1.1)-(1.2). 

Theorem 1.1. Assume that the nonlinear function F in (1.1) is gin~n h.r (1.13). Let 
Uo E Xl n Z a and 0 < A < t. Let a be an integer not less than.:], T1len. there exists a. 
D > 0 such tila.t if 

II Uo IIx1 + II Uo liz. + II Uu IIYa < b ( 1.18) 

then (1.16)-(1.17) (i,e, (1.1)-(1.2)) has tile unique g10bal solution u .':iNtis·i.·ring 

1 

u(-) E n C i ([0, +(0). X i+l ) (1.19) 
i=O 
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III u II sup ((1 + t)-).. II u(t) Ilxl +(1 + t)~ II u(t) 111-") < +x_ 
t>o 

( 1.20) 

Furthermore,the above solution 'tI has a free profile U+o = t( 11+0.11+1) E -Yr, sud} tha.t 

(1.21 ) 

where u+ = (u+, O{u,+) is a free solution of the linear I\]ein-Gorclcm equation 

with the initial condition 

Remarkl.l. We do not know the algebraic condition representing Fi. i = 1. 2.··· .7 such 
as the null conditi~n (see [5]) and the unit condit.ion (see [2]). 

The uniciue exist.ence of local solutions of (1.1 )-( 1.2) follows from the standard it.er
ation argmnent (see, e;g.,[3] and [9]). The crucial part of the proof of Theorem 1.1 is 
to establish the a priori estimates of the solution for (1.1 )-( 1.2) in order to extend the 
local solution globally in time. The global behavior of the local solution of (1.1 )-( 1.2) 
can not be controlled directly, since the cubic nonlinear term in (1.1) does not provide 
a sufficient decay property for the one dimensional case. Here we use the argument 
of normal forms of Shatah [10] to transform the cubic nonlinearity into the nonlinear
ity of degree five. In general, however, in our problem the transformed nonlinearity is 
represented in terms of the integral operator -with singular kernel. The singularity of 
the integral operator makes it difficult to solve (1.1 )-( 1.2). Therefore. our main task in 
the proof of Theorem 1.1 is to find the dass of the cubic nonlinear function F in (1. 1) 
whose transformed nonlinearity is represented in terms of the integral operator with 
regular kerneL This enables us to apply the usual L= - L1 estimate to the transformed 
equation, which provides us with the sufficient decay properties of solution of (1.1 )-( 1.2) 
for the proof of Theorem 1.1. 

Concluding Relnark. \Ve can show by using the energy method that (1.1 )-( 1.2) has 
the global solution, if the nonlinear function F independent of (/t.!·' 1i.l'.l: satisfies the 
following two conditions (see, e.g., Sattinger [8]): 

There exist positive constants C1 , C2 such that. 

(1) t r F(u, Ut,u;!,)-lltcLrdt Jo JJP~ 

< C' 1( 4 + 2 2 + 2 2 + 3 + 3) 1 _ '1 V. U;rU U t U U;r"U UtV (.;1'. 

lRi 

(2) II F(u,'Ut,U;r) IIH 1 :S C2(lIullHl + II U t 11£2)2 

11 E cg ((O.+:x:;,) x ~), 

x (II'U IIHI + IiUt 11£2 + IiU;r;r 11£2 + IIUt.!·llp),u E C6 ((O.+x) x ~). 

It is easily verified that the following cubic nonlinear function F = (\11:~ + .3u2 u.!. +1'ul + 
AU2 ·U.t satisfies the above two conditions. where a:.:3 E R I · /\ < O. 

-336-



REFERENCES 

[1] V. Georgiev and P. Popivanov, Global sol,lttion to the t'Wo dimensional Klein- Go-rdon eq'u.ation, 
Coml11un. Part. Diff. Eqs. 16 (1991),941-995. 

[2] R. Kosecki, The unit condition and global e:"Cistence fo-r a clas8 of nonlinea:I' Klein- Go-rdon eq'lta
tions, J. Dift'. Eqs. 100 (1992),257-268. 

[3] S. Klainerman and G. Ponce, Globa.l small a:mpld·u.de sol·u.tions to nonline(f:I' e'Uol-u.tion eq·u.a.tions, 
Comm. Pure Appl. IVla.t.h. 36 (198:3), 1:33-14I. 

[4] S. Klainerman, Global e:-cistence of small amplit'u.de sol·u.tions to nonlinea:r Klein- Go-rdon eq'u.ations 
in fo'u.-r space dimensions, Comm. Pure Appl. Tvlath. 38 (1985). G:n -G41. 

[5] S. Klaillerman, The n'ull condition and global e:"Cistence to nonlinea:I' 'Wa:ue eq'ltations, Led.. 111 

Appl. Tvlath, 23 (1986), 293-326. 
[6] S. Nelson, L2 asymptotes fo-r the Klein-Go-rdon eq'u.ation, Proc. A.lVI.S. 27 (19T1). 110-116. 
[7] T. Ozawa, K. Tsutaya and Y. Tsut.sumi, Global e:"Cistence and asymptotic beha.·uioT of sol,lttions 

fo-r the Klein- Go-rdon eq'u,ations 'With q'lI.admtic nonlinea.Tity 1>n t'wo 8pace dimen8ions. (preprint). 
[8] D.H. Sattinger, Stability of nonl?:nea:r hY1Je-r/;ol1:c eq'lta.tions. Arc·h. Rat. j\Iech. AnaL 28 (1968), 

226-244. 
[9] J. Shatah, Global existence of small sol'u.tions to nonlinea:r (;'(lol·u.tion eq·u.l1.tions. J. Dift'. Eqs. 46 

(1982),409-425. 
[10] J. Sha.t.ah, No-rmal fo-rms and q'll.a.rira.tic nonlinea:r Klein-Gonlon eq·u.a.tions. C0111111. Pure Appl. 

Math. 38 (1985),685-696. 
[11] J. C. H. Simon and E. Ta.flin, The Ga.'lI.chy p-roblem fOT non-linea'r Klein- Go-rdon eq'lJ.ations, Com

mun. Math. Phys. 152 (i99:3), 4:3:3-478. 
[12] W. A. Strauss, "Nonlinear Wave Eq'u,ations, .. GEMS Regional Confe-rence Se-ries in Mathematics, 

no, 73, Amer, Math. S~c., Pro'UidenceRI, 1989. 
[1:3] K. Yagi, Normal/onns and nonl1:nea:r Klein-Go-rdon eqlJ.ation8 in one 81}((.ce dimension. lVlaster 

thesis, Waseda Universit.y, rvlarch (1994). 

Ackl1owledgelnel1t. I wish to express my gratitude to Professor y, Tsutsumi for his 
constant encouragement and the interest in my \vork and for ,-ery helpful suggestions. 
I also wish to thank the refree for reading this paper carefully and suggesting the 
concluding remark. 

Kazunori Moriyama 
Department of Mathematical Sciences 
University of Tokyo 
Hongo, Tokyo 113, .J apall. 

-337-



ASYMPTOTICS OF ENERGY FOR WAVE EQUATIONS 
WITH A NONLINEAR DISSIPATIVE TERM IN RN 

T. MOTAI AND K. MOCHIZUKI 

Abstract. We study the asymptotic behavior of solutions to the wave equations 
with a nonlinear dissipative term b(z,t)lwt(t)IP-1Wt(t), where p > 1 and 0 ::::; b(z,t) ::::; 
0(1 + Izl)-c5 with some constants 0 > 0 and 0 ::::; 6 ::::; 1. We obtain sufficient conditions 
on 6 and p under which every solution behaves like a free solution as t -+ 00 in the 
energy space. 

1. I.ntro ductioIll 
We consider the Cauchy problem 

(1.1) 

(1.2) 

for (z,t) E RN x (0,00), where A > O,p > 1 and 

(1.3) 

for a.e. (z, t) E RN x (0,00) with some constants 0 1 > O. As it is well-known, the 
existence of a unique weak global solution is established under a weak condition on b( z, t) 
(See Lions - Strauss (21). It becomes a strong solution if we require (1.3)(See Motai -
Mochizuki [4]). In [3] we have investigated energy decay and nondecay problems to (1.1) 
and (1.2). Here energy to (1.1) is defined by IIW(t)II~, where W(t) = t (w(t), Wt(t» 
and 

1I/11~ = ~{IIVltlli:r + 11/211i:r + Ailltlli:r} 

for I = t (It, 12). We denote by E the space of pairs I offundions such that lilliE < 00 
and by Uo(t) the unitary operator in E which represents the solution of the free wave 
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equations. The following resultsis obtained in [3]: The energy decay ocures provided 
that (1.4) is satisfied; 

(1.4) 
2(1 -6) 6 

A 20, N 21, 1 < P::; 1 + Nand b1 (1 + l:el +t)- ::; b(:e,t)::; b2 

for some 0 ::; 6 < 1 and b1 , b2 > O. H A = 0, we additionally 

require b(:e, t) is nonincreasing in t 2 o. 

On the other hand, the energy does not decay for a class of small initial data provided 
that (1.5) is satisfied; 

(1.5) . 
2(1 - 6) 5 

If A = 0, N 2 2, p> 1 + N -1 and 0::; b(:e,t) ::; ba(1 + \:e\)-

and if A > 0, N 2 1, p> 1 + 2(1; 6) and 0 ::; b(:e, t) ::; ba(1 + 1:e1)-5 
for some 0 ::; 6 ::; 1 and ba > o. 

Our purpose is to investigate the asymptotics of the energy to (1.1) and (1.2) when it 
does not decay as t ~ 00. Then we obtain the following 

Theorem. Let wet) be a strong solution to (1.1) and (1.2). Assume other than (1.5) 
the following (1.6) or (1.7): 

(1.6) 
4(1 - 6) 

if A = 0, N 2 2 and 1 + N _ 1 < P < PN, 

(1.7) 
2(2 - 6) 

if A > 0 N 2 1 and 1 + N < P < PN, 

where PN - 00 (1 ::; N ::; 6), = N/(N - 6) (N 2 7). Then there exists a W+ 
= t (wi, wi) E E such that 

(1.8) IIUo( -t)W(t) - W+ liE ~ 0 as t ~ 00. 

In order to prove this theorem, an weighted Strichartz estimate, which is deduced 
from the interpolation theory, will play an important role. 

2. Outline of Proof 
For simplicity we assume A = 0 and N 2 3. An argument in the case A > 0 is as 

same as the one in the case A = o. 
The following lemma is an extention of the well-known sufficient condition for which 

(1.8) holds. 
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Lem:m.a 2.1. Let w(t) be a solution to (1.1) and (1.2). Assume that there exists an 
'I' ;::: 2 and a Sobolev space Y such that 

(2.1) 

for any 9 = t (gil g2) E E. Here we denote by [Uo(t)gh the second component ofUo(t)g. 
In addition, assume that 

(2.2) 

where 1/1' + 1/1" = 1 and Y' is the dual space of Y with respect to L2. Then there 
exists a W+ = t (wt,wi) E E such that (1.8) holds. 

For a proof see Motai - Mochizuki [4] Proposition 2.1. 

In order to apply Lemma 2.1, we need to show (2.1) a.nd (2.2) hold. For the strong 
solution to (1.1) and (1.2) we can prove that 

(2.3) b( re, t)IWt( t)IP-1wt( t) E L(p+l)/ P«O, 00); Ht;!l)/ P, 5/(P+l»' 

Here H;:; is a weighted Sobolev space with norm 

Especially we denote ~ = H;: ~ and H;' II = H;: ~. As we consider the duality of the 
space in (2.3), it is necessary to established an weighted Stricha.rtz estimate. We have 

Lem:m.a 2.2. Let N ;::: 3. Suppose that 

(2.4) N - 1 <!. <!. II. = Q( N + 1 _ N -1) 
2( N + 1) --- 'I' - 2' r fJ 'I' 2 

. 1 (N + 1) 1 1 
wIth f3 > '2 and e = 2 ('2 - ;). 

Then we have 

(2.5) 

for any gEE. 

Proof: (2.5) can be obtained by the interpolation of the following two well-known esti
mates 

(2.6) II [Uo(· )gh IIL 2(N+1)/(N-1)«O 00)' H O' -1/2 ) :S ClIgllE 
I I 2(N+1)/(N-1) 

and 

(2.7) 

for any gEE. I 
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Now we are ready to apply Lemma 2.1. We put l' = P + 1 and Y = H:+l~ -I" So 
we need to show 

(2.8) b( al, t) IWt(t)IP-1Wt( t) E L(P+1)/ P( (0,00); H(;~l)/ p, 1'). 

Note (2.3), then 0 :s; e :s; 1 and Jt :s; 6/(p + 1) imply (2.8). Calculating (2.4) and 
Jt :s; 6/ (p + 1), we obtain the range 

1 4(1- 6) N + 3 
+ N-l <p:S; N-l' 

Thus we can prove Theorem for this range. The proof in the case ~!~ < p < PN can 
be found in Motai - Mochizuki [4]. 

Finally we mention about the case A > O. As we show the proof of the case A = 0, 
one of the important estimates is (2.7). But in the case A > 0 the estimate of this type 
has not been known yet. If we follow the work of Ben-Artzi - Klainerman [1], we obtain 
the estimate 

(2.9) 

But this only implies (2.9) for f3 = 1. This is the difference between the case A = 0 and 
the case A > O. This is the reason why the infima of P jn Theorem are different form 
between the case A = 0 and the case A > O. For details refer to our forthcoming paper 
[5] . 
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NONLINEAR MATHIEU EQUATIONS I 

Fumio Nakajima 

1. Introduction 

We shall consider the nonlinear Mathieu equation 

Ii + kj; + a(t)x + x3 = 0, (. (1.1) 

where k is a positive constant, a(t) is a continuous, 27r-periodic function and 

a( t) 2: 0 for 0 :::; t :::; 27r. This equation describes the phenomenon of paramet-

ric excitations, and the existence of nontrivial periodic solutions was investigated 

by some sorts of approximation methods ([2],[5]). Then there arises another natural 

question whether every solution is bounded for t 2: o. 
To this problem we may only recall [1, Theorem 4] among many boundedness 

theorems, because the term of restoring force of (1.1) depends not only on x, 

but also on t; by this result every solution x(t) of (1.1) satisfies that x(t) -t 

o as t -t 00 under the additional condition 

k2 > max{a(t);O:::; t:::; 27r} -min{a(t);O:::; t:::; 27r} (1.2) 

(cf.[3]). In Theorem 1 we shall prove the ultimate boundedness of solutions of (1.1) 

for any positive k, and hence (1.2) may be not assumed for the boundedness. Our 
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tool of the proof is M.Struwe's lemmas on the rapid oscillation property [4], whose 

use in the study of boundedness of solutions seems to be new. 

2. Boundedness theorems 

We consider the equation 

x + f(t,x,x)x +a(t)x + g(x) = e(t), (2.1) 

where f(t,x,y) satisfies the Caratheodory condition, i.e., f(t,x,y) is measurable 

in t E R and continuous for (x,y) E R2, aCt) and e(t) are measurable in t E R 

and g( x) is continuous for x E R. Then the solutions are understood in the term 

of absolutely continuous functions. Through this paper we assume the following 

conditions: 

(I) aCt) and e(t) are bounded on R ; 

(II) there exist positive constants k and K, where k < K, such that 

k :::; f ( t, x, y) :::; K for all (t, x, y) E R3 ; 

(III) 

lim g(x) = co. 
Ixl--oo x 

(2.2) 

Clearly (1.1) is a special case of (2.1). Our main theorem is the following 

Theorem 1. Under the situation above the solutions of (1.1) are ultimately 

bounded. Namely there exist a positive constant B and a function T(e) of positive 

number e such that ifx(t) is any solution of(1.1) satisfying x(to) = ~ and x(to) = TJ 

for an arbitrary to E R and for an arbitrary (~, TJ) E R2, where I~I + ITJI :::; e, then 

x( t) is defined for all t E R and satisfies that 

Ix(t)1 + IxU)1 :::; B for t ~ to + T(e). (2.3) 
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For the proof we prepare two lemmas. Let consider a more general equation 

x + F(t,x,x) = 0, (2.4) 

where F(t, x, y) satisfies the Caratheodory condition and there exist a positive 

constant L and a continuous function g(x) with (2.2) such that 

IF(t,x,y) g(x)l:S L(lxl + Iyl + 1) for (t,x,y) E R3. (2.5) 

Clearly equation (2.1) satisfies this condition. Let x( t, to, e, TJ) denote every solution 

x(t) of (2.4) satisfying x(to) = e and x(to) = TJ for an arbitrary to E R and for an 

arbitrary (e, TJ) E R2. We restate [4, Lemmas 1,2,3J as follows: 

Lemma 1. Under the situation above the following facts hold for (2.4) : 

(i) x(t,to,e,TJ) exists for t E R and for (to,e,TJ) E R3 ; 

(ii) for any positive constants C and r there exists a positive constant 

a(C,r) such that iflel + ITJI ~ a(C,r), then 

Ix(t,to,e,TJ)1 + Ix(t,to,~,TJ)1 ~ C for It-tol:S randforto E R; 

(iii) for any positive constant r there exists a positive constant (3( r) such 

that if lei + ITJI ~ (3(r), then x(t, to, e, TJ) has at least one zero point in the interval 

[to, to + r], where to is any number. 

U sing Lemma 1 we shall prove 

Lemma 2. For any positive constants Nand r there exists a positive constant 

'Y(N, r), where 'Y(N, r) > (3( r), such that if lEI + ITJI ~ 'Y(N, r), then for any to E R 

we obtain 

(2.6) 

ProoL By (2.5) we choose a positive constant M such that if Ixl ~ M, then 

F(t,x,O)sgnx > ° for tin R. (2.7) 
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In the following we assume that N ? M and set ,(N,r) = a(max{N,fJ(f)},r). 

Suppose that lei + /17/ ? ,(N, r). Then x(t, to, e, 'f/), or simply x(t), satisfies 

/x(t)1 + Ix(t)/ ? max{N,fJ(i)} for [to, to + r] (2.8) 

by (ii) of Lemma 1. Setting I = [to, to + r1, by (iii) of Lemma 1 we see that x(t) 

has at least three zero points in I, and hence two critical points, say Sl and S2, in 

I. By (2.7) Sl and S2 are locally either minimal or maximal. For the simplicity, we 

may suppose that Sl < S2, that S1 is locally minimal and S2 locally maximal and 

that x(t) > 0 for S1 < t < S2. Therefore the t of x(t) is defined as an increasing 

function of x on the interval J, where J = [X(Sl)' X(S2)], and hence it follows from 

change of integral variaple that 

Since the right-hand side is the area of the set {( x, y) E R2 : x E J, 0 ::s y ::s x( t) } 

and since this area islarger than N 2 by (2.8), we obtain (2.6). The proof of Lemma 

2 is complete. 

We shall prove Theorem 1 by three steps. 

Step 1. Let choose a positive constant r such that r < k / A, where A = 

SUPtER la(t)/, and set No to be the positive root of the quadratic equation of N 

(k - rA)N2 yfiEN -1 = 0, 

where E = SUPtER le(t)l. Furthermore we set 

y2 l x 

V(x,y)=-+ g(s)ds. 
2 0 

Because of (2.2) we see that V(x,y) -t 00 if and only if Ixl + Iyl -t 00 and that 

the set L(G) = ((x,y) E R2 : V(x,y) G}, where G is a positive constant, is a 
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closed, bounded curve in RZ. Therefore we may take positive constants Co such 

that if C ;:: Co, then every point (e, 'rJ) of L( C) satisfies 

(2.9) 

and moreover a constant Cl by (ii) of Lemma 1 such that if Vee, 'rJ) = Cll then 

V(x(t),x(t») ;:: Co for It-tol:::; 7 and for any to E R, (2.10) 

where x(t) is any solution of (2.1) satisfying x(to) = e and x(to) = 'rJ. 

Step 2. Setting vet) = V(x(t),:i:(t)) for each solution x(t) of (2.1) we claim 

that if v( t l ) ;:: Co for some tl E R, then 

V(tl + 7) :::; v(td -1. (2.11) 

To the contrary suppose that there is a tl E R such that v(t2) > v(td - 1, where 

t2 = tl +7. Then multiplying the both sides of (2.1) by x(t) and integrating them 

on the interval [tt, t z] we obtain that 

l t2 lt2 lt2 
V(t2) - V(tl) + J(t, x(t), x(t»x2(t) dt + a(t)x(t)x(t) dt = e(t)x(t) dt 

tt tl tl 

and hence by condition (II) and the assumption above that 

l t2 lt2 
A Ix(t)x(t)1 dt :::; le(t)x(t)1 dt. 

tl tl 

Setting 

II'PII = 

for any continuous function 'P(t) on [tl, t2] and applying Schwartz's inequality to 

the inequality above we see that 

kllxl1 2 
- Allxll . IIxll - Ilell . Ilxll - 1 :::; 0, (2.12) 
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Since v(h) 2: Co, (2.9) implies that 

Ix(tdl + Ix(tdl 2: ,(No, 1'), 

and since ,(No, 1') 2: j3( 1'), there is a So E [tl' t2J such that x( so) = 0 which implies 

x(t) ltx(s)ds. 
80 

Therefore we obtain that Ilxll < 1'llxll, and moreover since lIell < ViE, (2.12) 

implies that 

(k - A1')lIx112 - vrEllxll-1 ::; O. 

Consequently it follows from the definition of No that IIxll ::; No. On the other 

hand Lemma 2 guarantees that Ilxll > No. This contradiction proves (2.11). 

Step 3. Let x(t) be any solution of (2.1) satisfying x(to) = e and x(to) = ry 

for an arbitrary to E R and for an arbitrary ce,ry) E L(C), where C 2: Co. We 

set n to be the least integer larger than C - Co. Then by (2.11) there exists a 

positive constant TI , where TI < n1', such that vet) ::; Co for t = to + TI. Now 

we claim that (x (t), x (t)) cannot meet the curve L( Cd for all t 2: to + TI . In fact; 

if (x(t), x(t)) meets L(CI ) for some t3 2: to + TI , that is V(t3) = Cll then (2.10) 

implies that Co ::; vet) ::; CI for t3 - l' ::; t ::; t3. Since V(t3 - 1') 2: Co, (2.11) 

holds for t1 = t3 - 1', and hence CI = V(t3) ::; V(t3 - 1') 1::; CI - 1, which 

is a contradiction. Therefore (x(t),x(t)) must remain in the inside of L(Cr) for 

t 2: to + TI and hence for t 2: to + n1'. This shows the conclusion (2.3). The proof 

is complete. 

Remark 1. We cannot drop condition (III) from Theorem 1. Indeed we may 

construct a continuous, positive and periodic function a( t) such that the linear 

equation x + kx + a(t)x = 0 has a unbounded solution as t -+ 00. 
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ON NUMERICAL COMPUTATIONS 
TO TilE OIL-RESERVOIR PROBLEMS 

IN TWO-DIMENSIONAL RECTANGULAR REGIONS 

TATSUYUKI NAKAKI 

Abstract. We shall consider a two-phase flow through a porous medium in the region 
fl(l) = (0,1) x (0,1). It is already known that there appears an interface separating the 
two fluids, and that the interface is unstable when a capillary pressure of the two fluids 
is ignored. In this paper, we treat the case where the capillary pressure is effective. From 
the numerical points of view, we shall try to investigate the relation among the stability 
of the interface, the capillary pressure and the aspect ratio 1. In certain situation, the 
existence of a steady-state solution is already known. We shall also suggest that this 
solution is stable. 

1. Introduction 
In order to recover part of remaining oil in a reservoir from wells (called production 

wells), it is used the way that one injects water into another wells (called injection wells), 
which are located around the reservoir, so that water pushes oil toward the production 
wells. In this process, two immiscible fluids - water and oil - flow through the porous 
medium, and can be regarded as separated by ~a sharp interface during penetration of 
water into oil. By laboratory studies, it is already known that the interface is unstable; 
small perturbations given to the interface grow up (see [4], [6] and [7], for examples). 

We consider this problem in the rectangular region fl(l) (0,1) x (0,1), and impose 
boundary conditions which imply the following: {O} x (0,1) is the injection wells; {I} x (0,1) 
is the production wells; (0,1) x {O} and (0,1) x {I} are reflective wells. Under these 
conditions, there appear planar wave solutions (see (2.11)). When capillary pressure 
between the two fluids is ignored, Chorin [1] shows that the interface of the planar wave 
solution is unstable in a linearized sense. He also shows that the growth rate of the 
perturbation given to the interface is proportional to the wave number of the perturbation. 
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In this paper, we treat the case where the capillary pressure is effective. Using numer
ical simulations, we investigate the stability of the interface varying the magnitude of the 
capillary pressure and the aspect ratio l. We also suggest that a steady-state solution, 
which exists under some condition (see Section 5), is stable. Our numerical simulations 
are done by some finite difference method. 

2. Basic equations 
Let si(re, t), vi(re, t) and Pi(re, t) be the fractional amount, velocity and pressure of 

fluid i, respectively (i = water, oil). Then the following equations hold [6]. 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

Swater + Soil = 1; 

{) 
- 'V. (p·v·) = - (np·s·) 

22 {)t 2~' 
i = water, oil; 

i = water, oil; 

Pail - pwater = Pc· 

Here Pi and j.ti are the density and viscosity of fluid i (i = water,oil), n = n(m) and 
f{ = f{ (re) are the porosity and absolute permeability of the medium, kwater = kwater (Soil) 
and koil = koil(Swater) are the relative permeabilities of fluid water and oil, and Pc = 
Pc( Swater) is the capillary pressure between the two fluids. The equations (2.1) and (2.2) 
imply the conservation of the fluids, (2.3) is called the Darcy's law, and (2.4) describes 
the balance law of the pressure. Our numerical computations are done in the region 
re = (x,y) E n(l) = (0,1) x (O,l), t> ° under the boundary conditions 

(2.5) Swater(O, y, t) = s*, Pwater(O, y, t) p* on ° < y < l, t > 0, 

(2.6) Swater (1 , y, t) = 0, PWater (1 , y, t) ° on ° < y < I, t > 0, 
{) {) 

(2.7) {)y Si(X, y, t) = {)yPi(X, y, t) = ° on (x, y) E (0,1) x {a, I}, t > 0, i = water, oil, 

where 1 > 0 is the aspect ratio of the rectangular region n( 1) and s* and p* are constants. 
The initial condition 

(2.8) Swater ( x, y, 0) = So ( x, y) on (x,y) En(l) 

is also imposed. The condition (2.5) describes that fluid of the saturation s* is injected 
into the injection wells with pressure p* . 

Remark 1. It is natural to put s* = I, because s* 1 implies that water is injected 
into the injection wells. However, to compare our numerical simulations with the result 
by Chorin [11, we take s* = 1/..Jl+I:l in Sections 3 and 4, where j.t = j.toi!/ j.twater' In 
Section 5, we put s* = l. 
Remark 2. The value 1/vr+/i in Remark 1 is a typical one appearing our problem; 
Roughly speaking, if Pc = 0, Swater = 1/ vr+/i and Swater = ° are connected by a shock 
wave at the interface (see Theorem 4 in [5]). 
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Following [1], [2], [3] and [5], we assume that Pi, J-li (i - water, oil), nand J{ are 
constants and 
(2.9) 

where e is a constant which describes the magnitude of the capillary pressure. Then, after 
some normalization on t, we find that all constants except for J-l J-lail/ J-lwater, e, I, s* and 
p* can be normalized to unity. The interface at time t is defined by 

(2.10) I(t) = 8{(x,y); Swater(X,y,t) > O} \ 8n(l), 

which separates the region where Swater > 0 and the region where Swater = O. 
Under the boundary conditions (2.5)-(2.7), there are solutions (called planar wave 

solutions) Si(X, y, t), Vi(X, y, t), Pi(X, y, t) of the following form: 

(2.11) 

where Si(X,t), Vi(X,t) and Pi(X,t) (i = water,oil) are solutions to a one-dimensional 
problem of (2.1)-(2.4). 

3. Numerical computations when e = 0 
In this section we treat the case where the capillary pressure is ignored. In this case, 

Chorin[l] shows the following (adapted to our notation). 

Theorem 1 [1]. Assume that e 0, s* = 1/ v'f+Il, p* > 0 and 

(3.1) ( ) _ { 1/ v'f+Il, 0 < x < rJ(Y, 0), 
So X, Y - 0 otherwise' , , 

(3.2) rJ(y, t) = a exp( At) cos( 'Try / I) + b, 

where rJ(y, t) satisfies I(t) {(rJ(Y, t), y); 0 < Y < I}, a is small positive number and 
b > O. Then there exists constant c satisfying 

(3.3) A=c/l+O(a) as a-+O. 

Moreover, if J-l > 3 (resp. J-l < 3) then c> 0 (resp. c < 0). 

This theorem implies that perturbation with small wave length grows up rapidly when 
J-l > 3. To illustrate this result, we give some numerical examples when J-l = 20, s* = 
1/ v'f+Il, p* = 1 and the initial function is given by (3.1)-(3.2) with a 0.05 and b = O.I. 
The mesh points are 200 x 200. 

Lx 

Fig. 1. 1=0.01 Fig. 2. 1= 1 Fig. 3. 1= 100 

Figs. 1-3 shows the numerical interface at t = 0,0.5,1, ... ,4. One can find that the 
instability of the interface is strong for small I. Following figure illustrates this result 
clearly~ 
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4 

Fig. 4. The graph of a(t) with I 0.01,1,100. 

Here we define a(t) by 

(3.4) a(t) = max{x; (x,y) E I(t)} - min{x; (x,y) E I(t)}, 

and we may consider that the derivative of a( t) corresponds to the growth rate of the 
perturbation' a cos( 7ry / I) given to the initial interface x = b. 

4. Numerical computations when c > 0 
When the capillary pressure is effective, as far as we know, there is no theoretical result 

on the stability of the interface. We go on numerical simulations and try to investigate 
the stability. The initial function is same one in Figs. 1-4. The ratio of the viscosities of 
two fluids J-l is fixed to 20, and we use 100 X 100 mesh points and put 1=0.01. Figs. 5-6 
(resp. Figs. 7-8) are the case where c = 0.0001 (resp. c = 0.01). 

Fig. 5. Numerical interfaces with 
e = 0.0001 

Fig. 7. Numerical interfaces with 
e 0.01 

Fig. 6. The graph of a(t) with 
e = 0.0001 

Fig. 8. The graph of a(t) with 
c = 0.01 

When c = 0.0001, a(t) is increasing, and the interface is unstable. However the interface 
turns to be stable for c = 0.01. Hence we can say that the capillary pressure makes the 
interface to he stable. 

Next we show the relation among the stability of the interface, I and c. The following 
figures display the graphs of a(t). 
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1=0.01 1=0.1 1=1 

c = 0.001 

c = 0.01 

c = 0.1 

c 1 

c = 10 

Fig. 9. The graphs of a(t). 

From these figures we can find that the capillary pressure works well for small I. In 
other word, when c > 0, the perturbation with small wave length shall disappear and the 
instability of the interface causes by the perturbation with suitable wave length. This 
result is quite different from the one when c = 0 (see (3.3)). 

5. Steady-state solutions 
When c > 0 and p* < 0, it is already known that the exists a steady-state solution 

of planar wave type (see Theorem 6 in [5]). In this section, by numerical simulations, we 
show the interface of this solution is stable. 

Fig. 10. I = 1 Fig. 11. 1 10 Fig. 12. 1 = 100 

Figs. 10-12 are numerical interfaces at t = 0,0.05,0.1, ... ,1 with fJ = 20, c = 100, s* = 1, 
p* -50 and 50 x 50 mesh points. The initial function is 

(
5.1) () _ { 1- x/rJ(Y), 0 < x < rJ(Y) = 0.2cos(7ry/l) + 0.25, 

So x, Y - 0, otherwise. 
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We also carryon the numerical simulations with another initial functions; In all cases 
numerical interfaces also converge to the flat interface as t -+ 00. Therefore, we can 
expect that the interface of the steady-state solution is stable. However, mathematical 
proof is not succeed yet. 
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ASYMPTOTICS FOR LARGE TIME FOR NONLINEAR 

.. 
SCHRODINGER EQUATION 

P.1. NAUMKIN 

Abstract. We consider asymptotics of the solution to the Cauchy problem for the 
nonlinear Schrodinger (N S) equation. Especially we are interested in the case when 
the nonlinearity decays in time with the same speed as the linear terms in the N S 
equation, and even slower. By suitable change of dependent variable we obtain an 
integral equation with rapidly decaying nonlinearity, so we can apply usual successive 
approximations method and get constructive algorithm for calculating asymptotics of 
the solution of the Cauchy problem for N S equation via the initial data. 

1. Introduction 
In this paper we concentrate our attention on the asymptotic behavior as t -+ 00 of 

the solution of the Cauchy problem for one-dimensional nonlinear Schrodinger (N S) 
equation 

(1.1 ) Ut - ia\u\2u - iux,x, = 0, u(x,l) = u(x), 

where the solution u(x, t) is a complex valued function of x E R, and x ~ 1, the 
coefficient aCt) is real. In the case of a constant coefficient aCt) asymptotics of the 
solution to the Cauchy problem (1.1) is found by virtue of the 1ST method. If the 
coefficient aCt) "decays" in time aCt) E LT(l, 00), r E [1,00] then the nonlinear term in 
N S equation decays in time faster than linear ones and asymptotics as t -+ 00 of the 
solution has a quasilinear character in the sense, that the main term of the asymptotics 
is of the same form as for the linear Schrodinger equation and only the coefficient at the 
main term of asymptotics is responsible for the contribution of the nonlinearity. The 
following statement is valid. 
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Theorem 1. Let: 1) a(t) E £r(l, 00), r E [1,00) 2) initial data u(x) E HI,O(RI ) n 
HO,I(RI ) be sufficiently small 

(1.2) 

where g > 0 is sufficiently small. 
Then the asymptotics for t ~ 00 of the solution u(x, t) E CO([l, 00); HI,O(RI ) n 

HO,I(RI )) of the Cauchy problem (1.1) has the form 

(1.3) 
1 . 2 1 6 

u(x, t) = ..;;r;it V(x)e~X t + O(C"2- ), 
4?Tzt 

uniformly with respect to x E Rl, where 8 > 0 is some constant, X = ;t' the coefficient 
V(X) is calculated via the reccurence relation. 

If the coefficient a(t) is bounded or grows with respect to time then the nonlinearity 
in equation (1.1) exert more important influence on the character of the asymptotic 
behavior for large time. In paper [1, 2] the modified wave operator is constructed for 
the one dimensional nonlinear Schrodinger equation. In these papers authors "guessed" 
the asymptotic form U(X, t) of the wave u(x, t) as t ~ +00 and subtract it from the 
solution u(x, t). Since the difference u(x, t) U(X, t) decays faster authors successed to 
estimate it via an integral equation and proved that the solutionu(x, t) exists and tends 
to the· asymptotic U(X, t) as t ~ 00 uniformly with respect to x E R I . Unfortunately 
if remains unclear how to calculate constructively the coefficients of the asymptotics 
form U(X, t) via initial data u(x, t) of the Cauchy problem. The method of papers (1,2] 
helps us to understand how to find the asymptotics of the solution of (1.1) in the case 
of non decaying coefficient a(t). First of all we note that the asymptotic form U(X, t) 
appears to be the asymptotics as t ~ 00 of an integral 

Gv(x, t) = 1. f dyv(y, t)ei(x- y)2 /4t 
.J4?Tzt JR 1 

of non decreasing and rapidly oscillating function v(x, t). So we first transform u(x, t) 
to v(x, t) by the formula 

and for the new function v(x, t) we derive an integral equation. The main term of 
asymptotics as t ~ 00 of the nonlinearity in this integral equation is divergent and so 
is responsible for rapid oscillation of the solution. To get rid of this divergent term we 
make suitable change of dependent variable and derive a new integral equation with 
nonlinearity rapidly decaying. Thus we are able to apply usual method of successive 
approximations and obtain a constructive algorithm for evaluating asymptotics U(X, t) 
of the solution via initial data. The following statements are valid. 
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Theorem 2. Let 1) the real function a(t) E Cl([l, 00)) be such that SUPt>1 a(t) < 00, 
and SUPt>1 ta'(t) < 00; 2) the initial data u(x) belong to Hl,0(R1 ) n HO,l(RI) and be 
sufficiently small, so that (1, 2) be fulfilled. 

Then the solution u(x, t) E CO([l, 00); H 1,0(R1 ) n HO,I(RI)) of the Cauchy problem 
(1.1) has asymptotics 

(1.4) 

as t -t 00 uniformly in x E R 1 , where 5 > ° is a constant, X = ;t' b(t) = i:~!). 
The amplitude W(X) and phase <1?(X) are calculated via initial data by virtue of the 
reccurence relations. 

Let us introduce Gevrey class 

where Icpln Icplo,n + Icpln,o, Icplk,l = Ilcpll.c2 (Rd + IIxl ~:~ 1I.c2 (Rd' k, 1 ~ 0, Mn = cOn(n + 
l)un, \In ~ ° the constants T > 1, c E (0,1), (j > 1 are fixed. 

Theorem 3. Let 1) a(t) E CO([l, 00)) be real and such that SUPt>l t- f1 a(t) < 00, 
{J E (0, 116),2) initial datau(x) E ZM with c > ° small enough and (j E-(l, 1~'1). Then 

the solution u(x, t) E 0°([1,00); ZK(t»), (Kn(t) = (ctf1)n M n, c > ° is a constant) of the 
Cauchy problem (1.1) has asymptotics (1.4). 

Remarks. Heuristically the requirement u( x) E Z M seems to be too strong for eval
uating asymptotics for large time, since the change of dependent variable v(x, t)
Bw,w(x, t) which we carry out proving Theorem 3 is successful only in the domain 
Ixl ~ 0. Also it is clear that the restriction {J < 116 is not optimal. For larger values of 
the parameter (J probably we should take in to account the next terms of the asymptotic 
expansion as t -t 00 of the nonlinearity in the integral equation for function v(x, t). 

2.Sketch of proof of Theorem 1. 
Let us make change of variables 

1 1 i(x_y)2 
u(x, t) = Gv(x, t) = .J4;Tt dyv(y, t)e 4t 

47f2t Rl 

then from (1.1) we obtain 

(2.1) . G- 1 ° Vt - 2a f = , v(x, 1) = G-1u(x, 1) 

where f lul 2u = IGv I2 Gv . The nonlinearity in equation (2.1) can be written explicitly 
in the form: 

1 1 fi * i 2 2 2 ( )2)) Gj = - dydzv(y,t)v(z,t)v (y+z-x,t)exp(--(x -y -z + x-y-z , 
47ft R2 4t 
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(the asterisk refers to the complex conjugate function.) Substituting (2.2) in (2.1) and 
'integrating with respect to t we find 

(2.3) v(x, t) = v(x, 1) + it Av(x, r)dr, 

where 

Av(x, t) = b(t) jr ( dydzv(y, t)v(z, t)v*(y+z -x, t) exp( _~(x2 _y2 _z2 +(x-y-z?)), JR2 4t 

b(t) = i:~!). We apply the successive approximations methods to solve (2.3). Let us 
denote vO(x, t) = v(x, 1) = Ci/(x, 1) and the functions v{l+1)(x, t) for alII ~ 0 we define 
by the reccurence relation 

(2.4) 

From (2.4) it is easy to prove estimates 

(2.5) 

Therefore, as I -t 00, the sequence {v{l)} tends to the solution 

of the integral equation (2.3), corresponding to the solution 

of problem (1.1). Now we calculate asymptotics as t -t 00: 

(2.6) 

where X = ;p v E (0, ~), v(p, t) = JR
1 

e-ipxv(x, t)dx is the Fourier transform. We 

denote V(X) limt--+oo v(X, t) then we have estimate IIV - vlLcoo = O(t-~), since 
a(t) E .cr (l, 00). So we get asymptotics (1.3). The coefficient V(X) can be calculated 
as the limit V(X) = limt-+oo liml--+~ v(l)(X, t), i.e. for given accuracy E:l > 0 there exist 
T ~ 1 and I ~ 0 such that V(x) = v{l)(X, T) + O(E:d, where v(l)(X, T) is found from 
reccurence relation (2.4). Theorem 1 is proved. 
3. Sketch of proof of Theorems 2 and 3. 

Now we represent the nonlinear term Av(x, t) of integral equation (2.3) in the form 

Au = Av + b(t) J L2 dydzv(y, t)v(z, t)v*(y + z - x, t)E(x, y, z, t) 
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where 

Av b(t) J L.2 dydzv(y, t)v(z, t)v*(y + z - x, t), 

E(x, y, z, t) = exp( _.!...(x2 - y2 - z2 + (x Y - z?» - l. 
4t 

Now to get rid of the divergent summand .xv from the integral equation (2.3) we make 
change v(x, t) = Bw,w(x, t) where the Fourier multiplier Btp,tp is equal: 

Btp,cp(x, t) = :7f r dpeipx Btp(p, t)~(p, t), JR 1 

Btp(p, t) = exp(i
t 

drb( r )Icp(p, t)12); 

cp(p,r) = r dxe-ipxcp(x,t). 
JR 1 

The inverse transformation 

w(x, t) = B;;'~(x, t) = 1 r dpeipx f3:(p, t)V(p, t) 27f J Rl 

is determined by the conjugate symbol f3~(p,t) = exp(- f1t drb(r)lv(p,r)1 2). Since 

B~(p, 1) = 1 so that w(x, 1) = v(x, 1) we obtain from (2.3) Wt = b(t)B;;'}, where 

f(x, t) = J L.2 dydzv(y, t)v(z, t)v*(y + z - x, t)E(x, y, z, t), v(x, t) = Bw,w(x, t). 

Thus after integration with respect to t we get 

(3.1) w(x,t) = v(x, 1) + it drb(r)B;;~f(x,r). 
We apply the successive approximations method. Denoting w(o)(x, t) = v(x, 1) we define 
w(1) via reccurence relation 

(3.2) 

where 

f(1) = J L2 dydzv(l)(y, t)v(l)(z, t)v(l)*(y + z - x, t)E(x, y, z, t) 

v(l) B w{l),w{l)· 

In the case of Theorem 2 we prove the following estimates for functions w(1) for aUl ~ 1, 

(3.3) IIi w (l) III :::; 5c 
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(3.4) 

where we introduce a norm 

where 1 E (0, {o)' And in the case of Theorem 3 we prove estimate (3.4) and also the 
following estimates for alll ~ 0, n ~ 0, t ~ 1 

(3.5) 

where Ln(t) = M nt{3(n-2) for n 2:: 2, Ln = M n for n = 0,1, M n = 2c:7r(n + 1yn for all 
n ~ 0. B = 20e{), (T > 1, () > 1, c E (0,1) are taken from the conditions of Theorem 3, 
c: > ° is small enough. From estimates (3.3) - (3.5) we conclude that the sequence w(l} 

converges as l -+ 00 in the norm CO([O, T); HI,O(R}) n HO,I(R}» for any fixed T > 1 
to the solution w(x, t) E CO([l, 00); HI,O(Rr) n HO,I(R l » in the case of Theorem 2 and 
w(x, t) E CO([l, 00); Zk(t) in the case of Theorem 3. Now let us prove asymptotics 
(1.4). Since IIvIlHO,l(Rd = IIBw,wIIHO,l = O(t{3 + fr) from (2.8) we get 

(3.6) 
iX2t 

u(x, t) e veX t) + o(rt-O) 
v47rit ' 

as t -+ 00 uniformly with respect to x E R1 , where 8 > 0, X - ;r We denote 
W(x) = limt->oo w(X, t) and estimate the difference w - W 

(3.7) 

Thus, w(X, t) = W(X) + O(t-O) with some 8 > 0 and since veX, t) = Bw(x, t)w(x, t) we 
find from (3.6) 

(3.8) u(x, t) = ~ exp(ix2t + (drb(r)/w(x, t)/2) + O(t-t-O) 
47rzt JI 

Now we denote q}(X) = limt-too w(X, t), w(X, t) = fIt drb(r)(lw(x, r)12 -Iw(x, t)12) and 
represent the phase in (3.8) in the form 

it drb(r)lw(x,r)12 = IW(x) 12it drb(r) + q}(x)+ 

(w(x, t) - <l>(x» + (Iw(x, t)12 - IW(x)12) it b(r )dr. 

Using estimates Illw/2 -/W/211.c"" f}t b(r)dr = O(t-O) and IIw(x, t) - <l>(X)/I.coo = O(t-{3) 
we obtain asymptotics (1.4). Let us make remark on evaluation of the amplitude W(X) 
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and phase If>(X). Due estimate (3.7) we can choose T > 1 so large that W(X) 
w(X, T) + 0(£1)' After that in view of (3.4) we can choose a number 1 so large that 

Thus for given accuracies £1 and £2 we get expression 

Analogously for the phase If>(X) from (3.11) we obtain If>(X) = W(X, T) + 0(£3) if T > 1 
is large enough; and W(X, T) = w{l)(X, T) + 0(£4) if 1 is sufficiently large, where 

Therefore If>(X) = wCl)(X, T) + 0(£3) + 0(£4). Theorems 2 and 3 are proved. 
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Similarity solutions of the Navier-Stokes equations 

HISASHI OKAMOTO 

Abstract 
Leray[5] considered a modified, stationary Navier-Stokes equations in the hope that 

it gives us an example of the finite-time blow-up of the three dimensional nonstationary 
Navier-Stokes equations. However, he showed no example of solutions. We list here some 
particular solutions and discuss their hydrodynamical properties. 

1 Introduction 

Leray[5] considers the following system of equations: 

LO - \7P - 0 + ({ \7)0 + (0· \7)0, 

divO - 0, 

(1) 

(2) 

where, 0 = (Ub U2 , U3 ) and P are functions of ( E R 3 , only. If this system of equations 
are satisfied, then 

--> JV -->( x ) u(t,x) = U , 
V2(T - t) V2v(T - t) 

p(x) pv P ( x ) 
2(T - t) V2v(T - t) 

satisfy the N avier-Stokes equations 

871 (--> 'tI).... A --> 1 'tI -8 + U· v U = VDU - - vp, 
t p 

divu= 0, 

in ° < t < T,x E R 3
, and blows up at t T. 

(3) 

Leray mentioned this scheme but he did not show any solution of (1). Many math
ematicians including the author have quite a negative feeling about Leray's scheme. It 
may be that no solution of (1) with finite energy is possible. In this regard, we would like 
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to draw the reader's attention to Rosen[8], which proves that there is no solution of (1) 
which is smooth and decays sufficiently rapidly at infinity. However, much room seems 
to be left for the existence or non-existence problem, since Rosen assumes a very rapid 
decay at infinity. 

One of the purposes of the present paper is to note that there are many unbounded 
solutions to (1) and (2). Because of (3), the domain in which ( runs must be a cone 
with the origin as its vertex. Whenever boundaries are present, we impose the adherence 
condition 0 = 0 on the boundaries. 

Our method is also applicable to the following scheme: 

aCt, x) (4) 

Here T is a positive constant. If 0 and P satisfy 

b.0 - \1 P = -0 - (( \1)0 + (0 . \1)0, (5) 

and 
div 0 0, (6) 

then (4) defines a solution of the Navier-Stokes equations. This solution is a decaying 
solution, which is interesting when we wish to understand the mechanical relation between 
the viscous dissipation and the nonlinearity. The equations (1), (2), and (5), (6) are 
considered in Foias and Temam [2] in a context different from ours. We would like to 
show these equations admit solutions if some kind of singularities are allowed. However, 
due to the limitation of the size of the paper we omit the analysis and leave it to the 
forthcoming paper. 

Acknowledgment: The author would like to express his thanks to Prof. K. Ohkitani, 
who informed the author of Rosen's paper [8]. The present paper is greatly influenced 
by his paper[7]. He is also delighted to express his deep gratitude to Prof. M. Yamada, 
whose comments improved this manuscript quite a lot. Prof. D. Chae directed the 
author's attention to Foias and Temam's paper [2]. The author is grateful to his advice. 

2 Parallel flows 

We first consider 0 (¢(y), 0, 0), P = -PO~ll where y = 6 and Po is a constant. The 
equation (1) is reduced to 

¢//(y) = -Po + ¢ + y¢'(y). 

General solutions of this equation are represented as follows: 

(7) 

where A and B are constants. 
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We remark that e
y2

/ 2 tends to infinity very rapidly as y -+ ±oo. On the other hand, 
¢(y) = exp (~) Iyoo exp (-f) d7] satisfies the following asymptotic relation: 

exp - exp - - d7] tv - - -(y2) 100 (7]2) 1 1 
2 y 2 Y ~ 

3 
y5 as y -+ +00. 

It diverges very rapidly as y -+ -00. The solution (7) makes a striking difference from 
stationary parallel Navier-Stokes flows, in which only quadratic functions such as the 
Poiseuille flow are permitted. 

If we consider the equation in a half space 6 > 0, then 

(8) 

is a solution satisfying the adherence condition. This solution is bounded in the half space 
and satisfies the following asymptotic expansion: 

{€1 
¢ tv Po - Po - -, 

'Try 

The velocity i1 satisfies 

(y -+ +00) 

as t -+ T. 

This shows that the thickness of the boundary layer is of the order 0 (Jv(T - t) ). 

(9) 

It is possible to obtain solutions of the form: 0 = (¢(r), 0, 0), P = -Po6, where 

r = Je~ + e~· The equation (1) is reduced to 

1 
¢" + -¢' = -Po + ¢ + r¢' 

r 
(O<r<oo). 

Again it suffices to consider the homogeneous equation. 

1 
¢" + -¢' = ¢ + r¢' 

r 

We transform the solution as follows: 

Then (11) is transformed to 

(0 < r < 00). 

1 
u"(z) + -u'(z) - u(z) = 0, 

z 
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where z = r2 14. This is the differential equation for the modified Bessel function of order 
zero. Therefore the general solutions of the equation (11) are represented as 

¢(r) = e
r2

/
4 

[aoIo (r:) + alKo (~) 1 ' 
where ao and al are constants. The case where ao = 0 is particularly interesting. Since 

as r ---7 00, 

and 

Ko(z) rv log (~) as z ---7 0, 

the solution ¢(r) = er2
/
4Ko(r2/4) decays to zero with the order of 1/r near infinity and 

is logarithmically unbounded near zero. 
The velocity obtained by this function through (3) is bounded at r = 00 even as 

t ---7 T. Its velocity near r = 0 becomes unbounded with a factor 10g(T - t)/(T - t). 

3 Stagnation flows 

We consider (1) and (2) in n = {(x, y); -00 < x < 00, 0 < y < 00 }, where x and y 
denote 6 and 6, respectively. We assume the following form of the solution: 

U1 = xf'(y), U2 = - fey), U3 = O. (12) 

This is an analogue from Hiemenz's solution for the 2D stationary Navier-Stokes equations 
(Hiemenz[3]). The divergence-free condition is satisfied automatically by the ansatz (12). 

Substituting (12) into (1), we obtain 

21' + (f,)2 + yf" - f f" - f'" = constant. 

At y = 0, we have the boundary condition: f(O) = f'(0) = O. Since the equation is of 
third order, one more boundary condition is needed. This is supplied by the condition at 
infinity. At infinity, we assume that it converges to an well-known Euler flow. Namely we 
assume that 

as y ---7 +00, 
where k is a constant. We interpret this as f'(oo) = k and f"(oo) = f"'(oo) = o. So, 
we get to the following boundary value problem: 

2f' + (f,)2 + yf" - f f" - f'" = 2k + k2 (13) 

f(O) = f'(O) = 0, f'(oo) = k. (14) 

( In deriving (13), we have tacitly assumed that f"(y) tends to zero faster than 1/Y. ) 
Once f is determined, then the pressure is represented as 

p = _ f'(y) + yf(y) - f(~)2 _ (k + k;) x2. 
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We next consider an axisymmetric version of the above flow. If the domain is the half 
space z = ~3 > 0, we represent the flow in the cylindrical coordinates (r, 0, z). 

Ur 20Uo oP oUr oUr -J U'j 
6.ur - - - -- - - Ur +r- +z-,+(U· \1)Ur --

r2 r2 00 or or OZ r 
(15) 

Uo 2 oUr loP oUo oUo -J UrUo 
6Uo - ;'2 + r2 00 -;: 00 Uo + r or + z OZ ,+(U . \1)Uo + -r- (16) 

o P oUz oUz ( -J ) 

6Uz - OZ Uz + r or + z OZ ,+ U . \1 Uz (17) 

1 orUr 1 oUo oUz 
;:a;:-+;: 00 + oz - O. (18) 

With a constant k, there is an Euler flow 

(Un Uo, Uz ) = k(r, 0, -2z), P = _k2 (~ + 2Z2) . 

Homann [4] considered an axisymmetric stationary solution of the regular Navier-Stokes 
equations which tends to this flow at infinity. We look for the solutions of (15) - (16) 
which tends to this Euler solution. Following Homann, we put 

(Un Uo, Uz ) = (rl'(z),0,-2f(z)) , 

then we see that f satisfies 

21' + (f'Y'" + zf" - 2ff" - flU = 2k + k2 (0 < z < (0). (19) 

With this f, the pressure is represented as 

P = 2 (- f'(z) + zf(z) - fez?) - (k + k;) r2. 

f is required to satisfy f(O) = 1'(0) = 0, 1'(00) = k. The equation (19) is the same 
as (13) except for the coefficient of ff". 

As for the existence of the solution of these boundary value problems, we can prove 
the following theorem: 

Theorem 1 If k > ° and a ::; 2, then 

2f' + (f,)2 + (y - af)f" - fill = 2k + k2 (0 < y < (0) (20) 

f(O) = 1'(0) = 0, 1'(00) = k (21) 
has at least one solution. 

Proof will be given in the forthcoming paper and we give here some comments on this 
theorem: 

1. When k < 0, the boundary value problem does not seem to have a solution, since 
Homann's equation does not have a solution in the corresponding case ( see von 
Mises (91 ). 

2. We do not know whether the solution of (20) and (21) is unique or not. For a small 
k, however, we can prove the uniqueness, see the corollary below. 

Corollary 1 If k > ° is sufficiently small, then the solution satisfying ° ::; f" everywhere 
is unique. 
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4 Miscellaneous solutions 

L,eray's equations in the cylindrical coordinates ( (15) - (18) ) have the following solution 
in R3: 

Un = f(r), Uz = Az + g(r), (22) 

where A, K, and do are constants. f and 9 are determined by 

f" + (~r + 1 - K) f' + (A - 2 _ 1 + K) f = ° 
2 r 2 r2 (23) 

and 

(A- 2 1- K) 
g"+ -2-r + r g'-(l+A)g (24) 

respectively. 
The equation (23) can be solved as follows: 

1 ( r A-2 2 1 K ) f(r) = -;: Bl J
1 

e--4-
Y y + dy + B2 , 

where Bl and B2 are constants. 
We can transform (24) as follows: When A - 2 =1= 0, we substitute 

g(r) = e-(A-2)r2 /4u ( A ~ 2 r2) . 

Putting z (A - 2)r2 /4, we have the following equation for u: 

(
2 - H ) (2 - H 1 + A) 

zu" + 2 - z - 2 + A _ 2 u = 0. 

The solutions of this equations are the confluent hypergeometric functions. Two indepen
dent solutions are denoted by 

(
2-H 

<l> 2 
l+A 2-H ) 
A-2 2 ;z , 

'l1 (2 - H 1 + A 2 - H. ) 
2 + A 2' 2 ,z . 

When A - 2 = 0, we have to solve 

1-H 
g" + g' - 3g = 0, 

r 

We put 

Then u satisfies 
1 (H2) u"(z) + -;u'(z) - 1 + 4Z2 U = 0, 
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where z = v'3r. General solutions of this equations are linear combinations of 

and 

As a particular case, the solution (22) is reduced to 

vK 
U r = , 

Jx~ + x~ 
Uo =0, U z = 0, 

if A = 0 and f = 9 = O. This is a well-known stationary solution of the Navier-Stokes 
equations and Leray' device (1) implies nothing new. If A = K = 0 and f = 0, then the 
solution is reduced to those considered in section 2. 

In the two dimensional sector 0 < r < 00, -a < B < +a, we have the solutions of 
the following form: 

U
r 

= f(B) , 
r 

Uo=O, 

This solution is an analogue to the Jeffery-Hamel flows. A good survey on the Jeffery
Hamel flows is found in Berker[l]. Under this form, the term 

oUr oUr 
Ur +r or + z OZ 

vanishes identically. So, the solutions are nothing but the famous Jeffery-Hamel flows. 
Again the Leray equation in this case does not serve in the way as Leray expected. 
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REMARKS ON THE KLEIN-GORDON EQUATION 

WITH QUADRATIC NONLINEARITY 

IN TWO SPACE DIMENSIONS 

T. OZAWA, K. TSUTAYA AND Y. TSUTSUMI 

ABSTRACT. In this paper, we consider the global existence and the asymptotic behav
ior of solution for the Klein-Gordon equation with quadratic nonlinearity in two sapce 
dimensions. We first state the result concerning the global existence of solution for the 
Cauchy problem of the quasilinear Klein-Gordon equation with quadratic nonlinearity, 
which solves one of the two conjectures by Hormand~r [8]. Second, we show the exis
tence of >yave operators and the asymptotic completeness in a neighborhood of zero for 
the Lorentz invariant quadratic semilinear Klein-Gordon equation, which is an alternative 
proof of the results by Simon and TaRin [18]. 

§1. Introduction 
In the present paper, we consider the global existence and asymptotic behavior of 

small amplitude solution for the following Klein-Gordon equation with quadratic non
linearity in two space dimensions: 

(1.1) 

(1.2) 

where 

and 

(f.1) 

O;u - flu + u = f(u,ou,02 u), t E R, x E R2, 

u(O,x) uo(x), Otu(O,x) Ul(X), x E R2, 

ou = (OtU, \7u), 

02u = (OtOjU, OjOkUi 1:::; j, k :::; 2), 

f(u,p,q) E COO(R x R3 x R 5
), 

f(u,p,q) = O(lul2 + Ipl2 + Iq12) near (u,p,q) = (0,0,0). 

Later we shall additionally assume that 

(f.2) f ( u, p, q) depends linearly on the variables q 
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or that 

(f.3) f(u,p,q) au2 + b(pi - p~ - pn 

for some a, b E R with a2 + b2 =f. O. 

There are many papers concerning the global existence and the asymptotic behavior 
of solution for (1.1)-(1.2) with small initial data (see, e.g., [7], [8J, [9], [10], [11], [13], [14], 
[15], and [18]). For the detailed reviews on these problems, see the introductions in [18] 
and [13], or see the lecture note by Strauss [19] which includes the historical background 
of these problems. In the present paper, we state the two results concerning the global 
existence and the asymptotic behavior of solution for (1.1 )-( 1.2) and illustrate the proofs 
of those results. 

The first result is an extension of the global existence theorems in [18] and [13] to 
the quasilinear case. In [18] and [13], it is shown that if the nonlinear function f is 
semilinear, that is, f = f(u,p) and satisfies (f.l), then (1.1)-(1.2) has a unique global 
solution for small and smooth initial data (see also [7J, [8] and [11]). After the paper 
[13] had been accepted, the authors knew the conjecture of Hormander concerning the 
global existence of solution for (1.1)-(1.2) with small initial data. In [13] the global 
existence result is stated for the semilinear case, but the proof in [13] is also applicable 
to the quasilinear case without any essential change. In Section 2 we state the global 
existence result of (1.1)-(1.2) for small initial data under (f.l)-(f.2). 

The second result is concerned with the construction of the scattering operator under 
(f.3). We first note that if the nonlinear function f is a homogeneous polynomial of 
degree 2 with respect to u and 8u and is Lorentz invariant, then f satisfies (f.3). In 
[18] Simon and Taflin give the proofs of the construction of wave operators and the 
asymptotic completeness in a neighborhood of zero under (f.3) (they also state the 
related results for the more general case in the appendix of [18]). Their proofs in 
[18] are based on the nonlinear representation and the transformation canceling out 
the quadratic terms due to Simon [17]. The nonlinear representation in [18] is a kind 
of transformation of the original unkown functions to the other ones, which seems to 
correspond to the commutation technique between the D' Alembertian operator 0 and 
the generators of the Poincare group in the paper of Kleinerman [9]. In Section 3, we 
describe the alternative proofs for the construction of wave operators and the asymptotic 
completeness around zero without the nonlinear representation used in [18], which are 
based on the combination of the techniques by Klainerman [9] and Shatah [14]. 

We conclude this section by giving several notations. We put 8t 8/ at and 8j / 8x j, 
j = 1,2. Let r = (r j; j = 1"" ,6) denote the generators of the Poincare group 
(8t , 811 82, L1 ,£2,0,12), where 

Lj = Xj8t +t8j , j = 1,2, 

0,12 = X182 - x281. 

For a multi-index Q = (Q1' Q2), we put xO! X~l X~2. For a multi-index Q = (Q1, ... , Q6), 
we put rO! = r~l ... r~6. For 1 ::::; p ::::; 00, let LP denote the standard LP space on R2. 
For mER and s E R, we define the weighted Sobolev space Hm,s on R2 as follows: 

Hm,s = {v E S'(R2); (1 + IxI 2)s/2(1 - ~)m/2v E L2} 
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with the norm 

Let w = (1- ~)1/2. 

§2. Global existence for the quasilinear case 
In this section, we state the global existence theorem for (1.1 )-( 1.2), provided that 

(f.1)-(f.2) are satisfied and the initial data are small and smooth. The global existence 
theorem was proved in [13] for the semilinear case (see also [18]). The proof in [13] is 
based on the normal form argument of Shatah [15} (see also Simon (171) and the time 
decay estimate of the inhomogeneous linear Klein-Gordon equation due to Georgiev [6], 
and the proof in [13] is also applicable to the quasilinear case without any essential 
change. Because the normal form argument of Shatah [15] still works well for the 
quasilinear case (in fact, the fully nonlinear case was treated in [15]). By using the same 
argument as in [13], we have the following theorem concerning the global existence of 
solution for (1.1)-(1.2) under (f.1) and (f.2). 

Theorem 2.1. Assume that f satisfies (f.1) and (f.2). Let k ;::: 40 and let Uo E Hk+l,k, 
Ul E Hk,k. Let 0 < c :s; 1/2. Then, there exists a 8 > 0 such that if 

then (1.1)-(1.2) has the unique global solution u satisfying 

(2.1) 

(2.2) 

k+l 
U E n C j (R; Hk+1-j), 

j=O 

L sup(l + t)-e{lI ot rau(t)ll£2 + IIwrau(t) 11£2 } 
lal=k tER 

+ L sup(l+t)-ellra u(t)lI£2 + L sup{IIOt rau(t)IIL2 + IIwrau(t) 11£2 } 
lal::;k tER lal::;k-8 tER 

+ L sup 1(1+t+lx l)rau(t,x)1 <00. 
tER lal::;k-13 xER2 

Furthermore, the above solution u has the free profiles (u±o, U±l) E H k
-

8 EB H k
-

9 such 
that 

1 

(2.3) L Ilo{{u(t) - U±(t)}IIHk-S-i ---+ 0 
j=o 

as t -7 ±oo, where 

Remark 2.1. (i) Theorem 2.1 answers positively the conjecture of Hormander for n = 2 
(see [8, page 179 in Section 7.5]). Recently, the conjecture of Hormander for n = 1 has 
been solved in the semilinear case (see [20]). 
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(ii) The argument by Simon and Taflin [18] seems to work for the construction of wave 
operators even in the quasilinear case, after some modifications. But their agrument in 
[18] does not seem to lead to the asymptotic completeness in the quasilinear case, which 
is the important part in their paper [18]. 

§3. Scattering operator for the Lorentz invariant case 
In this section, we consider the construction of wave operators and the asymptotic 

completeness around zero in a certain weighted Sobolev space under (f.3). In [18] Simon 
and Taflin treated these problems and gave the proof for the existence of wave operators 
and the asymptotic completeness around zero under (f.3) (they also stated the related 
results for the more general nonlinearity in [18]). Here, we prove the following theorem 
concerning the scattering theory around zero for (1.1) under (f.3) in a different way 
from [18]. 

Theorem 3.1. Assume that the nonlinear function f satisfies (f.3). Let m be an integer 
with m 2:: 13. 

(i) There exists a 8 > 0 with the following propety: if (U+O,U+l) E Hm,m-l EEl 
Hm-l,m-l and 

then there exists the interacting state (uo, Ul) such that (uo, Ul) E Hm,m-l EElHm-l,m-l 
and 

IIU+(t) u(t)lIL2 + IIV(u+(t) - u(t») 11£2 
+ 1I0t(u+(t) - u(t») 11£2 ~ 0 (t -t +00), 

where u+(t) is a solution of the linear problem (1.1)-(1.2) with a = b = o and (u+(O), 
Otu+(O» = (u+o, U+l), and u(t) is a solution of the nonlinear problem (1.1)-(1.2) with 
(u(O),Otu(O» = (UO,Ul). 

(ii) There exists a 8 > 0 with the following propety: if (u-o, U-l) E Hm,m-l EEl 
Hm-l,m-l and 

then there exists the interacting state (uo, Ul) such that (uo, Ul) E Hm,m-l EElHm-l,m-l 
and 

Ilu-(t) - u(t)/lL2 + 1/\7(u_(t) - u(t»)IIL2 

+ IIOt(u-(t) - u(t»)II£2 ~ 0 (t -t -00), 

where u_(t) is a solution of the linear problem (1.1)-(1.2) with a = b = 0 and (u_(O), 
OtU-(O» = (u-o, U-l), and u(t) is a solution of the nonlinear problem (1.1)-(1.2) with 
(u(O),Otu(O» = (UO,Ul). 

(iii) There exists a8 > 0 with thefollowingpropety: if(uo,ul) E Hm,m-1EElHm-1,m-l 
and 
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then there exist the scattered states (u±o, u±d such that (u±o, U±l) E Hm,m-l EEl 
Hm-l,m-l and 

Ilu±(t) - u(t)IIL2 + 11\7(u±(t) - u(t») 11£2 
+ 118t (u±(t) u(t»)IIL2 ---+ 0 (t ~ ±oo), 

where u±(t) are solutions of the linear problems (1.1)-(1.2) with a = b = 0 and 
(u±(O), 8t u±(O») = (u±o, U±l), respectively, and u(t) is a solution of the nonlinear prob
lem (1.1)-(1.2) with (u(O), 8t u(O» = (uo, UI). 

Remark 3.1. (i) Theorem 3.1 holds, even if the cubic nonlinearity dependent only on u 
and its first derivatives is added to the right hand side of (1.1). In that case, the cubic 
n~)lllinearity need not be Lorentz invariant. 

(ii) Our proof of Theorem 3.1 is different from that in [18] in the following two respects: 
First, we do not use the nonlinear representation, while it plays an important role in the 
paper [18]. Second, our estimation of the transfromation canceling out the quadratic 
terms is different from that in [18], although this kind of transformations are crucial in 
both their proof of [18] and our proof. It does not seem clear how much regularity of 
the data is necessary in [18] because of the usage of the L2 boundedness theorem for 
the pseudo differential operator, and our theorem 3.1 seems to require less regularity on 
the data than that in [18]. 

Now we state a sketch of the proof of Theorem 3.1. 

Sketch of Proof of Theorem 3.1. We proceed parallel to the proof of Theorem 1.1 in 
[13], and so we describe only the difference between the proof of Theorem 3.1 and the 
proof of Theorem 1.1 in [13]. 

Let us introduce the new unknown function v to consider the normal form of (1), 
following Shatah [15] (see also Simon [17]): 

v = u - [u,B1,u] - [8t u,B2 ,8t u]' 

ih(p,q) Bl1 (p,q) BI2 (p,q), 

A (2a+b)(1-2p·q) 
Bl1 (p, q) 8{lpI2/q/2 _ (p. q)2 + /p/2 + /q/2 + p' q + ~}' 

A 1 
BI2 (p, q) = "2 b, 

B2(p, q) = 8{ /p/2Iq/2 
2a+ b 

The new function v satisfies the new cubic nonlinear equation: 

(3.1) 

where 
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- [ad, B 2 , atu) ~ 2[j, B 2 ,!:::..u - u) 

- 2[!:::"u - U, B 2 , f]- [atu, B 2 , ad] 

(for (3.1), see [13, §3]). 
The drawback of the result in [13] is that the invariant Sobolev norm of the highest 

order for the solution is not bounded in time (see, e.g., (2.2) in Section 2). This is the 
major reason why it is not shown in [13] that the free profile of the solution belongs 
to the same class as the initial data. But we can prove that when (f.3) is satisfied, the 
invariant Sobolev norm of the higest order for the solution is bounded in time. 

The following proposition concerning the estimates of the bilinear integral operators 
B11 and B2 plays an essential role in our proof. 

Proposition 3.2. Let a and (3 be any two multi-indices. We put 

Then, we have the following estimates for Dn and D2 : 

lI[u, D n , v]ll£2 S; C min{llull£2llvllw4,4 , lI u llw4,41I vll£2}, 

lI[u,D2 ,v]IIL2 S; Cmin{lluIIH- 1 Ilvllw3,4 , Il u llw3,41IvIIH-l}, 

where C is a positive constant dependent only on a and (3. 

In [13] we evaluate the original equation (1.1) to obtain Lemma 3.4 of [13], which is the 
energy estimate of higher order derivatives. Because we encounter the loss of derivative, 
if we use the normal form to obtain the energy estimate of higher order derivatives. But, 
if Proposition 3.2 has been proved, then we can use the normal form (3.1) to obtain 
the energy estimate of higher order derivatives. This implies that Lemma 3.4 in [13] 
holds with 6 = 0 and so Theorem 1.1 in [13] also holds with 6 = O. Therefore, we can 
obtain the boundedness in time of the invariant Sobolev norm of the highest order for 
the solution, which leads to the fact that the scattered data belong to the same class 
as the initial data. Moreover, we do not have to devide the energy estimate into two 
cases of higher order derivatives and lower order derivatives in contrast to [13], and so 
less regularity on the initial data is sufficient for the proof of Theorem 3.1. Since it is 
easily verified, we omit the details. 

Now, it remains only to prove Proposition 3.2. For the proof of Proposition 3.2, we 
need the following three lemmas. . 

Lemma 3.3. Let Dn and D2 be defined as in Proposition 3.2. We have the following 
estimates for Dn and D 2 : 

II[u, Dn , V]IIHl S; C min{lIuIIH21Ivllw3,= , liuliw 3 ,cx> Il v IIH2}, 

lI[u, D2 , v]llHl S; C min{lIullH1 llvll W 2 ,= , lIullw 2 ,cx> Ii VIlHl}, 

where C is a positive constant dependent only on a and (3. 

Proof. We prove Lemma 3.3 only for the case of a = (3 = 0, that is, for B11 and B 2 ) 

since Lemma 3.3 for the general case can be proved in the same way. Here and hereafter, 
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we use the notation (p) (1 + IpI2?/2. A simple calculation yields 

(3.2) 

where 

(Ipl + Iql)l'Y118;8i[(p)-1 (q)-lB l1 (p, q)]1 ::; C, 

, ( + 7], 1,1::; 2, 

For (3.2), see Lemmas 2.2 and 2.5 in [13]. The Fourier multiplier theorem by Coifman 
and Meyer [5, Theorem [5] on page 22J and (3.3) give us 

This shows the desired estimate for B ll , since we have 

Lemma 3.3 for B2 can be proved in the same way as above. 0 

Lemma 3.4. Let u(x, y) E H2(R~ x R~). Then, 

lIu(·, ')lli2(R2) = r lu(x, x)1 2dx JR2 
::; Cllull g~R4) 11\7 yUll£2(R4) IILlyullg~R4) 

Proof. We may assume u E Co(R4) without loss of generality. 
We first have 

u2 (x,x) = [: 8yj u
2 (x, y)dYj 

::; 2 [: lu(x,y)118yj u(x,y)ldYj, j = 1,2. 

On the other hand, 

Therefore, we have 
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Accordingly, integrating the both sides of the above inequality over R2, we obtain by 
Schwarz' inequality 

Lemma 3.5. Let D11 and D2 be defined as in Proposition 3.2. Then, we have the 
following estimates for Dll and D 2 : 

lI[u, D11 , V]IIH-l S Cmin{llu IIH-2I1vIIH4 , Il uIlH4I1 vIlH-2}, 

II[u, D2 , v]IIH-l S C min{lluIlH-sllvIIHs , lI uIlHsilvIIH-s}, 

where G is a positive constant dependent only on Q and f3. 

Proof. We prove Lemma 3.5 only for the case of Q = f3 = 0, that is, for Bll and B2 , 

since Lemma 3.5 for the general case can be proved in the same way. 
We first note that if Ip + ql ;::: tlpl, 

and if \p + q\ s tlp\, 

Therefore, we have 

(3.3) 

( + )-11 I < Ip . q I < 21 I 
p q p. q - (1 + IpI2/4)1/2 - q 

( + )-11 + 1 < 21ql2 < 21 )2 
p q P q - (1 + Ip+ qJ2)1/2 - q . 

Inequality (3.3) and Lemma 3.4 give us 

(3.4) lI[u, Bll ,v]l1L2(R.2) 

s Gil r Bll(X - Zl, Y - Z2)U(Zl)' (1- 6.z2)v(ZZ)dZ1dzzllL2(R4) JR4 
S ClluIIH-2I1vIlH4, 
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where 
Bl1 (p,q) = (p+q)-lB l1 (p,q). 

Since w-1 [u,Bl1 ,v] = [U,B112v] (see [12, Proof of Lemma 2.4(ii)]), inequality (3.4) and 

the symmetry in p and q of B 11 imply that 

which shows the desired inequality for B l1 . 

For the estimate of B 2 , we note that 

By using this inequality, we can show Lemma 3.5 for B2 in the same way as above. D 

We are in a position to prove Proposition 3.2. Interpolationg the two inequalities in 
Lemmas 3.3 and 3.5 for D l1 , we have 

(3.5) ll[u,Dll ,v]llp :::; Cmin{llullpllvliw4 •4 , 

1·lullw4 •4 I1ullp }. 

(for the interpolation theorem of bilinear operator, see, e.g., Exercise 5 of §3.13 and 
Theorem 4.4.1 of §4.4 in [2]). 

We can similarly prove Proposition 3.2 for D2 • 
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ON THE WELL POSEDNESS OF SOME NONLINEAR 

EVOLUTION EQUATIONS 

§1. Introduction. 

Gustavo Ponce 

Department of Mathematics 

University of California 

Santa Barbara, CA 93106, USA 

In this paper we consider the initial value problem (IVP) 

{ 
8tu+Au=F(u), XE;lR, tElR+,(orlR) 

(1.1) u(X, 0) = uo(x), 

where A = A(\7 x) is a linear differential operator and F (. ) represents the 

nonlinearity. 

Our main interest is to study well posedness of the IVP (1.1). Following [Kt2] 

the notion of well posedness used here includes existence, uniqueness, persistence, 

i.e. if Uo EX, with X a function space, then the corresponding solution describes 

a continuous curve in X, and lastly continuous dependence of the solution upon 

the data. As it was remarked in [Kt2] this notion of well posedness is rather strong 

and is not always proved in its full strength in the literature. 

For the IVP (1.1) we will assume that A = A(\7 x) is a homogeneous operator 

of order k with constant coefficients, i.e. the associated symbol A( e) satisfies 

(1.2) 
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and that the nonlinearity F satisfies that 

(1.3) ). E lR+ , 

for some e E R 

This guarantees that the following scaling argument, or dimensional analysis, 

works: if u(x, t) is a solution of the IVP (1.1) then ).Bu().x, ).kt) solves the same 

equation with initial data ).0 uo ().x). 

For the well posedness of the IVP (1.1) we will restrict the function spaces to 

the generalized Sobolev spaces, inhomogeneous and homogeneous, i.e. the function 

space X is 

respectively, and s E lR, p E [1, 00). 

Although these spaces are general enough for our purpose it may be remarked 

that other choices of function spaces are also possible. In particular, we observe that 

"self-similar" solutions of the equation (1.1), i.e. solutions of the form u(x, t) = 

rO/kw(t-1/kx), if they exist do not correspond to data in these generalized Sobolev 

spaces except for the case of zero data. 

As examples of (1.1) we consider equations or systems of parabolic, dispersive 

and hyperbolic type. The cases of systems of mixed type, for example, the equations 

for compressible viscous fluid flows which is a parabolic-hyperbolic system, or the 

Zakharov system [Za] a hyperbolic-dispersive system, will not be studied here. 

In general, we will be concerned with the problem of minimal regularity of the 

data which guarantees well posedness of (1.1). In our setting, one first restricts 

the values of p for which e-A(ie) is an LP multiplier. This guarantees that the 

associated linear proqlem, i.e. (1.1) with F = 0, is well posed in LS,P(lRn ) for any 

S E lR, (thUS in the dispersive and hyperbolic cases one needs p = 2). Then the 

problem reduces to determine the minimal s E lR for which the IVP (1.1) is well 

posed in L S,P (lRn ). 
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We are interested in local well posedness where the properties of the solutions can 

be written as a function of the size of the data, for example, the time of existence 

depends on the size of the data. Thus, one may expect that this type of local 

well posedness together with the existence of conservation laws may imply global 

well posedness for a class of arbitrarily large data. Also in the cases where the 

existence of a global solution is uncertain these results may provide a description 

of the solution near the possible blow up time. These results are useful for other 

qualitative analysis of the problem, for example, in the study of stability of special 

solutions as traveling waves. 

In the case of homogeneous spaces these local results may provide global ones 

for small d1:l,ta, which in many cases are optimal. These global small data results 

cap' be used to obtain further qualitative properties of the solutions, for example, 

to establish small nonlinear scattering. 

In this regard a simple computation will be the starting point of our analysis. 

From our assumptions one finds that 

Thus for e = nip - s the norm of uo,>. is independent of A. 

It should be pointed out that the scaling argument in (1.5) may be too general, 

and does not always recognize the type of equation considered. 

Next we make precise our definition of well posedness. 

Definition 1.1 (local well posedness, sub-critical case). 

The IVP (1.1) is locally well posed, in a sub-critical manner, in the function 

space X if the following properties are satisfied : 

(i)- Given Uo E X there exists T = T(lIuollx) > 0, with T(<5) -+ 00 when 

<5 -+ 0, and a unique solution u of the IVP (1.1) with 

(1.6) u E XT = C([O, T] : X)) n ....... .. 

(ii)-There exists r = r(lluollx) > 0 and a continuous nondecreasing function 

.1'(.) = .1'(-, lIuollx), with .1'(0) = 0, such that the map that takes the data to its 
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solution Uo -+ u(t) from {uo EX: Iluo - uollx < r} into XT satisfies 

(1.7) Ilu(t) - u(t)llxT :S F(lluo - uollx). 

(iii)- If Uo E Y Y X, then the above results hold in yT = C([O,T]: y))n ........ . 

Remarks 

(a) Part (i) only assumes the existence and uniqueness of a weak solution. How

ever, from part (ii)-(iii) it follows that this weak solution is in fact a strong one, 

i.e. it can be achieved as a limit in XT of classical solutions. The definition above 

was stated in this manner due to our interest in non-uniqueness results for weak 

solutions of (1.1) in C([O, T] : X)). 

(b) The solution u E XT must guarantee that the nonlinearity F(u(t)) makes 

sense, or else one might need a smaller class where uniqueness can be established, 

see [Kt7]. 

(c) We are not assuming that the time of existence T is the largest possible. 

(d) Definition 1.1 requires that the time of existence of the solution, and the 

modulus of continuity of the solution upon the data depend only on the size of 

lIuollx. 
(e) In general, when the contraction principle is used to prove the local well 

posedness of the IVP (1.1) in its associated integral form 

one has that F(p) = M(lluollx)p in (1.7), i.e. the map that takes data to 

its solution is locally Lipschitz. In this case, if in addition the nonlinearity F 

is an analytic function of its arguments then the map is analytic, see [Be], [Zh]. 

This follows as a consequence of the proof of the contraction principle and the 

implicit function theorem. In general, continuous dependence upon the data can 

be established by using the arguments in [BoSm] or [Ktl]. 
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Definition 1.2 (local well posedness, critical homogeneous case). 

The IVP (1.1) is locally well posed, in a critical manner, in the function space 

X if the following properties are satisfied: 

(i)-Definition 1.1, part (i)- (ii) hold with T, rand :F depending on v.o itself. 

(ii)- There exists 7} > 0 such that if 

(1.9) IIv.ollx < 7}, 

then the above local results extend, uniformly, to the time interval [0,00). 

As a consequence of the scaling argument in (1.5), and the form of Definitions 

1.1-1.2 we have the following general statements. 

Statement I. 

Let 1:::; p < 00, and s > sp = nip f), with f) defined in (1.3). Then the 

IVP (1.1) is locally well posed in Ls,p(Rn) in a sub-critical manner, as stated in 

Definition 1.1. 

Statement II. 

Let 1:::; p < 00, and sp = nip - f), with f) defined in (1.3). Then the IVP 

(1.1) is locally well posed in the homogeneous Sobolev space LSp,P (Rn) in a critical 

manner, as stated in Definition 1.2. 

Statement III. 

Let 1 :::; p < 00. If s < Sp, (resp. s :::; sp), then some part of Statement 1, (resp. 

Statement II) fails. 

Remarks 

(a) Statement II still holds in the inhomogeneous Sobolev spaces LSp,P(Rn ). 

However, the use of the homogeneous spaces, LSp,P(Rn ), yields the existence of 

global solutions for small data which in many cases is the best possible global 

result. 

-383-



(b) In general to establish persistence properties in the homogeneous Sobolev 

spaces with negative indeces, i.e. LS,P(JRn ), with s < 0, one may need an equation 

in divergence form. In this case, the total mass of the data, J uo(x)dx, which may 

be required to be zero, is preserved. 

Our goal will be to discuss the validity of Statements I-III in particular cases of 

the IVP (1.1). In particular, for fixed values of the parameters n, p, () one finds 

the following three possibilities: 

-(A1) the results in Statement I suggested by the scaling argument in (1.5) hold, 

-(A2) the results in Statement I suggested by the scaling argument in (1.5) cannot 

be achieved or they can be improved, 

-(A3) the results in Statement I suggested by the scaling argument in (1.5) are 

unknown. 

For Statement III we shall see examples in which the notion of well posedness 

fails due to the lack of at least one the following properties existence, uniqueness, 

persistence or the fact that the time of existence and the continuous dependence 

can be expressed as a function on the size of the data. 

The rest of this paper is organized as follows. In section 2 we discuss the validity 

of Statements I-III for some parabolic models. The case of dispersive equations will 

be treated in section 3. Finally, section 4 is concerned with the hyperbolic case. 

§2. Parabolic Equations. 

(i) The semi-linear heat equation. 

Consider the IVP associated to the semi-linear heat equation 

(2.1) {
BtU - tiu = a\u\a-lu , 

u(x, 0) = uo(x). 

t > 0, x E JRn, a = ±1, a > 1 

If u = u(x, t) is a solution of the IVP (2.1) then 

(2.2) 
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satisfies the same equation with initial data 

(2.3) 

Hence, 

and 

(2.5) 
2 

()=--, 
a-I 

n 
p 

2 

a-I 

The following theorem is concenied with the existence of solutions for the IVP 

(2.1) with rough data. 

Theorem 2.1 ([BeFr]). 

If a = -1, and uo(x) = 8(x), then the IVP (2.1) has a (weak) solution if and 

only if 

(2.6) O 
(n + 2) <a< . 

n 

Let us see that in particular Theorem 2.1 implies Statement III for appropriate 

values of the parameters n, a, s, p. More precisely, it shows non local well 

posedness can hold in L8)p(~n) with sp > s > -n(p - l)lp. 

Since 8 E L8)p(~n) for any s = -nip' - €, € > 0, and lip + lip' = 1, in view 

of Statement III, local well posedness for the IVP (2.1) should fail for L8)p(~n) 

where 

(2.7) sp 
n 2 n n 
- - -- > s = -- - € = -n + - - €, i.e., n(a -1) > 2, 
P a-I p' p 

which agrees with (2.6). 

The proof of Theorem 2.1 combines ideas on removable singularities for the 

equation (2.1) with previous results for the associated stationary elliptic problem. 

In the same vain one has the following non-uniqueness result for the IVP (2.1). 
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Theorem 2.2 ([HW]). 

Let a = +1, and 1:::; p < n(a-1)/2 < a+l. Then the IVP (2.1) with Uo - 0 

has a nontrivial positive solution in C([O, T] : LP (lRn)). 

In addition, if 1 :::; p < n(a - l)/(a + 1), (resp. 1:::; P < n(a - 1)/2a) this 

nontrivial solution belongs to C([O,T]: LI,P(lRn )), (resp. C([O,T]: L2 ,P(lRn )). 

We observe that the conditions 1:::; p < n(a l)/(a + 1), and 

1 :::; p < n(a - 1)/2a imply that p < 2, and p < 1 + l/a, respectively. 

Also, since sp = n/p- 2/(a~ 1), Theorem 2.2 implies Statement III for sp > 0 

and s = O. 

The proof of Theorem 2.2 is based on special behavior of self-similar solutions 

of the IVP (2.1), i.e. u(x, t) = t-I/(a-I)w(x/Vi). Assuming that w is radial, i.e. 

w(y) = v(lyl), the main step in the proof is the study of the asymptotic behavior 

of solutions to the IVP for the following differential equation 

(2.8) 
{

VII + (n-I + !E.)v' + !!i3:l + Ivla-Iv = 0 
a; 2 a-I , 

v(O) = Vo, V' (0) = 0, 

x> 0, 

respect to the parameter Vo. 

Combining Theorem 2.2 and the Sobolev embedding theorem we obtain, 

Corollary 2.3. 

Let a = +1, 1 :::; p < n(a - 1)/2 < a + 1, q(2 + sea - 1)) < n(a - 1), and 

p < q. Then in the following cases 

(2.9) 

(i) s < 0, 

a-I 
(ii) 1 :::; p < n a + 1 ' 

( ... ) 1 a-I 
~zz :::;p<n~, 

and 0 < s < 1, 

and 1 < s < 2" 

the IVP (2.1) with Uo = 0 has a nontrivial positive solution in C([O, T] : Ls,q(lRn )). 

For the case of Statement I we gather the results in [Gi], [KoYa], [W] as follows. 
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Theorem 2.4, ( [Gi], [KoYa], fWD. 
For a ±1, and s:s [a -1] if a is not an odd integer, the IVP (2.1) satisfies 

Statement 1. 

The sharpness of the above theorem can be deduced in part from the following 

blow up result (see (F]), if a = +1 there exists data Uo E S (JRn ), and p E [1, 00 ) 

such that the corresponding solution u = u(x, t) of the IVP (2.1) provided by 

Theorem 2.4 blows up in the LP-norm in a finite time T*. Defining 

(2.10) 

the solution of (2.1) corresponding to the data uA(x,O) = A2/(a-l)uO(AX), one has 

that 

(2.11) 

and U A has a life span TA given by TA = T* / A2. This proves that Theorem 2.4 

is the best possible for a = +1, s 2: o. 
In the case a = -lone has that local solutions of (2.1) satisfy 

(2.12) lIu(t)IJLP ~ //uoIlLP, t E [0, T), p 2: 2. 

This a priori estimate combined with Theorem 2.4 gives, 

Theorem 2.5. 

For a = -1, s:s 0, S> sp, and p 2: 2 local solutions of the IVP (2.1) provided 

by Theorem 2.4 extend globally in LS'P (JRn). 

Concerning Statement II for s = 0 we have the following global small data 

results in LP(JRn). 

Theorem 2.6, ([F], fWD. 
The IVP (2.1) with a = ±1, and small data in LP(JRn) has a unique global 

solution in 0([0,00): LP(JRn )) if 

(2.13) 
n 

p = -(a - 1) > l. 
2 
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For a = +1 the condition (2.13) is also necessary. 

Theorem 2.6 affirms that Statement II holds for a = +1, 8 p 0 if and only if 

p > 1. Thus, p = 1 appears as an exceptional case. 

The above results depend on the values of the parameters a, n, 8, p, and a. To 

illustrate them we consider the case a 3, p = 2, i.e. 

(2.14) {
BtU - .D..u = au3, t > 0, x E JRn

, a = ±1, 

U(x, 0) = uo(x) E H8(JRn). 

Hence, 82 = (n - 2)/2, and the previous results tell us that, 

If a = -1, then for s < -n/2 the IVP (2.14) has no solution. 

If a = +1, then the IVP (2.14) with Uo 0 has at least two solutions in 

C([O, TJ : H8(JRn )), with 8 < 0 if n = 2, and 8 < 1/2 if n = 3. 

· If a = ±1, the IVP (2.14) is locally well posed in HS(JRn), for 8 ~ (n-2)/2. 

Solutions corresponding to large data and the case a + 1 may blow up in finite 

time. For a = -I, 8 ~ 0, 8 > (n - 2)/2, these local solutions extend globally in 

time in the same class. 

· If a = ±1, the IVP (2.14) has a unique global solution in £2 (JR2) for any 

small data ,in £2 (JR2). 

· If a = +1, the IVP (2.14) has local solutions corresponding to arbitrarily 

small data in £2(JR), which blow up in finite time. 

Thus the ill posedness of the IVP (2.14) in H8(JRn) with a = -1 and 

8 E (-n/2, (n - 2)/2), or a = +1, and 8 < (n - 2)/2, n = 1,4,5 ... remains open. 

Finally, one can say that the IVP (2.1) belongs to the class (A.l) defined at the 

end of the introduction. 

(ii) The generalized Burgers equation. 

Consider the IVP 

{
BtU - B;u = -ox(Uk+1

), 

U(x, 0) = uo(x). 

t > 0, x E JR, k = 1,2, .... 
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In this case we have 

(2.16) 
1 1 

sp = - --. 
p k 

The following result is concerned with the well posedness of the IVP for Burgers' 

equation, i.e. k = 1 in (2.15), and for data in HS(lR). 

Theorem 2.7 ([D]). 

-If s > -1/2, then the IVP (2.14) with k = 1 is locally well posed in HS (lR). 

-If s < -1/2, then the IVP (2.14) with k 1 and Uo = 0 has infinitely many 

solutions in C([O, T] : HS(lR)). 

From (2.16) with k = 1 we have that S2 -1/2, therefore Theorem 2.7 tells 

us that for p = 2, and k = 1 Statements I, III (uniqueness fails) hold. 

The proof in [D] is based on the Hopf-Cole transformation, which affirms that if 

v = vex, t) is a solution of the one dimensional heat equation then u = -2Bx ln(v) 

solves Burgers' equation. Applying this transformation to explicit solutions of the 

heat equation, va(x, t) = 1 + vafi exp( -x2 /4t), a > 0 corresponding to data 

va (x, 0) = 1 + cao one obtains the non-uniqueness result. 

In [Be] the well posedness result in Theorem 2.7 was extended to all 1 < p < 00, 

and k 1,2, ... , including the critical case sP. = l/p - l/k. In other words, 

Statement I and II for the IVP (2.15) were proven in [Be]. As it was remarked 

there Statement III remains open except for the case n = 1, k = 1, and p;::: 2. 

We observe that solutions of the IVP (2.15) satisfy 

(2.17) Ilu(t)IILp < lI'uoIILP, for any t> 0, 

where the case p = 00 corresponds to the maximum principle. Hence, in the case 

s > 0 > sp the Ls'P-local solutions extend globally. 

Related to the IVP (2.15) we consider the problem 

(2.18) {
Btu - Au = a· V'(lula-1u), t> 0, x E lRn , a E lRn - {O}, ex> 1 

u(x, 0) = uo(x). 
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In this case sp = n / p - 1/ (a - 1). In particular, for p = 1 the scaling argument 

suggests that the IVP (2.18) is well posed in Ll(~) when n(a -1) :S l. 

The following result provides an example where the conditions of Statement I 

suggested by the scaling can be improved. 

Theorem 2.8 ([EsZu]). 

For any n;::: 1, and any a> 1 the IVP (2.18) is globally well posed in Ll(JRn). 

Moreover, the results in Statement I hold with 

for any p E (1, (0). 

The main idea in the proof of Theorem 2.8 is the fact that solutions u(t), vet) 

of (2.18) with initial data Uo, Vo, in addition to (2.17), satisfy the inequality 

(2.20) lIu(t) - v(t)ll£1 :S Iluo - VoliLl. 

Thus the IVP (2.18) with p 1 is of type (A.2). 

(iii) The Navier-Stokes equation. 

Consider the initial value problem for Navier-Stokes equation 

(2.21) 
{

BtU - Au + PV· (u ® u) = 0, x E JRn , n;::: 2, t;::: 0 

u(x,O) = PUo(x), 

where U = u(t) : JRn -+ JRn is the velocity field, A = P ~, P denotes the 

projection operator onto divergence free vectors along gradients, an homogeneous 

operator of order zero, u ® U is the tensor with jk-components UjUk and 

\! . (u ® u) is the vector with j-component Bk(ujUk). 

As in (2.16) with k 1, if U = u(x, t) is a solution of the IVP (2.21) then 

(2.22) u>.(x, t) = >.u(>.x, >.2t), >. > 0 
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satisfies the same system with initial data 

(2.23) U>.(X,O) AUO(AX). 

Therefore sp = n/p - l. 

In [KtPo] it was shown that the IVP (2.21) is well posed in all Ls,p(1l:~n) spaces 

dictated by the dimensional analysis in (2.22)-(2.23). 

Theorem 2.9 ([KtPo]). 

Statements I-II with 1 < p < ex:> hold for the IVP (2.21). 

In particular, the IVP (2.21) is of type (A.1). 

The cases p = 2 and p n were previously proven in [KtF], [Kt3] respectively. 

Similar results in spaces of Besov type and Morrey spaces have been obtained in 

[Ca] , [KoYa],[GiMi], [Kt5] , [Ta]. 

In [KtP01, two proofs of Theorem 2.9 were given. The first one covering all values 

1 < p < ex:> is based on the weighted time norm method introduced in [KtF]. This 

method basically provides the proof of all positive results discussed above. The 

second one uses the so called Lr Ls,q-(time-space) estimates [Gi), and is restricted 

to p E [n, n+ 2]. The homogeneous version of these Lr LS,q-(time-space) estimates 

can be written as 

(2.24) 

with 

(2.25) s E [0,2), 0 < l/r = (n/q' - n/q")/2 + s/2 ::; l/q'. 

Let us briefly consider the problem of global existence of strong solutions for the 

Navier-Stokes system. In any dimension, strong solutions of the IVP (2.21) satisfy 

the identity 

(2.26) 
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In dimension 2-D (n = 2) one has that the vorticity of the velocity field 

w(t) = \l x u(t) is a scalar, and satisfies the equation 

(2.27) OtW - llw + (u . \l)w = o. 

From the equation (2.27) and the Biot-Savart law, u = \l x (_ll)-Iw, one has that 

strong solutions of the 2-D Navier-Stokes equations satisfy the a priori estimate 

(2.28) for p E (1, (0). 

Thus in 2-D the a priori estimates in (2.26), (2.28) and the local results guarantee 

the existence of a global strong solution for sufIiciently regular data. 

The situation in 3-D is quite different. In this case the vorticity is a vector field 

and its evolution is described by a system, for which the estimates in (2.28) do not 

hold. In fact, the existence of a global strong solution in 3-D for sufIiciently regular 

data is unknown and remains an outstanding open problem. 

In this direction one has the following remark found in [Cal as a consequence of 

Theorem 2.9 for the IVP (2.20). Since 

(2.29) 

the global small data result in Ln/p-I,p (JR3) implies the existence of arbitrarily 

large data in PHI (JR3), PL3(JR3), and in any PL3/P-I,P(JR3), where 1 < p < 00, 

for which the existence of global 3-D strong solutions can be established. 

§2. Dispersive Equations. 

For this type of equation we shall restrict to the case p = 2. 

(i) The semi-linear Schrodinger equation. 

Consider the IVP for the semilinear Schr6dinger equation 

(3.1) { 

iOtu + Au = F(u, u), 

v(x,O) = vo(x), 
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where the nonlinearity F(·) satisfies 

(3.2) F()..z, )..2) =)..D! F(z, 2), a>l. 

Thus the scaling argument in (2.2)-(2.5) gives S2 n/2 - 2/(a -1). The following 

theorem tells us for which values of the parameters n, s, a Statements I and II are 

known. 

Theorem 3.1 ([CzW1],[CzW2],(Ts1],[Ts2],[Cz] ). 

(i}-For a ~ (n + 4)/n and s > S2 = n/2 - 2/(a - 1), with [s] < j if 

F(·) E cj ,j E z,+, the results in Statement I holds in HB(:j[~n). 

(ii}-For a ~ (n+4)/n, the results in Statement II hold in HB2(JRn) = LB212(JRn ). 

(iii}-For a < (n+4)/n, the IVP (3.1) is well posed, in a subcritical manner, in 

L2(JRn ). 

(iv}-For a < (n + 2)/(n - 2), if n > 2 the IVP (3.1) is well posed, in a 

subcritical manner, in HI (JRn ) . 

The hypothesis a ~ (n + 4)/n guarantees that S2 = n/2 - 2/(a - 1) ~ O. 

In other words, the results in Theorem 3.1 require nonnegative Sobolev exponents. 

Also for a more general statement of Theorem 3.1, (iii)-(iv), with s ~ 0, we refer 

to [CzW2]. 

The proof of Theorem 3.1 is based on the version of the Strichartz estimates [Sc] 

for the free Schrodinger group {eitA}~CX) found in [GnV13], I.e. 

(3.3) 

with 2/q=n/2-n/p, and 2~p<2n/(n-2), ifn~2, 2~p~ooifn=1. 

In fact, since the estimate (3.3) holds for £, 8;1 + .,. + 8;j - 8;;+1 - ... 8;n 

Theorem 3.1 holds for the IVP (3.1) with £, instead of the laplacian A. 

Well-posedness results for the IVP (3.1) in Sobolev spaces with negative index 

seem to depend not only on the order of the nonlinearity a considered, but also on 

the structure of the nonlinearity F(·). In this regard one has the following results. 
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Theorem 3.2 ([KePoVe5],[KePoVe6],[Sa]). 

(i)-If n = 1, and F = N 1(u, u) = UU, or F = N 2(u, u) = UU, then the IVP 

(3.1) is locally well posed in H S (JR) for s > -3/4. 

(ii)-If n = 1, and F = N 3 (u, u) = UU, then the IVP (3.1) is locally well posed 

in HS(JR) for s> -1/4. 

(iii)-If n = 1, and F = F(u, u) = UU, then the IVP (3.1) is locally well posed 

in HS(JR) for s > -5/12. 

(iv)-If n = 2, and F = F(u, u) = UU, then the IVP (3.1) is locally well posed 

in HS(JR2) for s> -1/2. 

Following our classification at the end of the introduction we have that the IVP 

(3.1) with a ~ (n + 4)/n is (A.l), while for a < (n + 4)/n it is (A.3). 

More precisely, for 82 = n/2 - 2/(a - 1) < 0 there is a gap between the result 

in Theorem 3.2 and that suggested by the scaling. In particular, for the case of 

the integrable model, Le. the I-D cubic Schrodinger equation, F = ±lul2u (see 

[ZaSb]), the arguments in [KePoVe5], [KePoVe6] seem to indicate that the L2(JR) 

result provided by Theorem 3.1 is the best possible. A proof of it will provide an 

example were the value suggested for the scaling can not be achieved. 

The proof of Theorem 3.2 is based on the relationship between bi-linear and 

tri-linear forms, and two parameter families of function spaces Xs,b introduced in 

[Bu]. For 8, b E JR, Xs,b denotes the completion of the Schwartz space S(JRn+l) 

with respect to the norm 

The definition of Xs,b. uses the symbol of the operator of the associated linear 

problem. In particular, since the Fourier transform in space and time of eit~uo is 

supported in the parabola T _1~12 = 0 one has that for 8 E 1R, b> 1/2, 

(3.5) 
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In the cases Nl, N2 in Theorem 3.2 (i) the use of the space Xs,b guarantees 

that the nonlinear term makes sense, and does not follow from the smoothing 

effects which only provides a "gain" of 1/2 derivative, see [CoSa], [Sj], [Ve]. The 

work [KePo Ve5] was motivated by [KIMa1] on the nonlinear wave equation, see the 

comments after (4.14). 

Next we restrict our attention to a special form of the IVP (3.1) 

(3.6) 
{ 

i8tu + llu J.Llula-1u, 

u(x,O) = uo(x). 

Solutions of the IVP (3.6) satisfy, at least, two conservation laws 

(3.7) 

and 

(3.8) f (l\7x uI 2 + 2J.L 1Iu1a+l)(x,t)dx = II\7uolli2 + 2J.L11Iuoll~t!1. 
jlRn a + a + 

These conservations laws combined with the result in Theorem 3.1 give the fol-

lowing global results 

Theorem 3.3 ([Cz],[GnVll],[Ts1]). 

-If a < (n + 4)/n, then the result in Theorem 3.1 (iii) extends globally in time. 

-If J.L > 0, then the result in Theorem 3.1 (iv) extends globally in time. 

This global theorem is complemented with the following blow up result. 

Theorem 3.4 ([GI]). 

If J.L < 0, and a ~ 1 + 4/n, then there exist Uo E Hl(Jlin ) for which the 

corresponding local solution of the IVP (3.5) provided by Theorem 3.1 blows up in 

finite time T*, i. e. 

(3.9) lim II\7u(t)llL2 = 00. 
ttT* 

The IVP (3.5) has the following version of Statement III. 
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Theorem 3.5 ([BiKePoSvVe]). 

-Statement I fails for the IVP {3.5} with 8 82 = n/2 - 2/(0'. - 1) ~ 0 and 

Il < O. 

-Statement II fails for the IVP {3.5} for any T > 0, Il < 0 and T} > C(Il, 0'., n). 

The proof of Theorem 3.5 for s::; 1 uses the following blow up result in (3.9). 

There exists a data Uo E Hl(JR.n ) such that the corresponding solution u(x, t) of 

the IVP (3.5) blows up in finite time T*, defining 

(3.10) 

the solution corresponding to the initial data u>.(x,O) = A2/(a-l)uo(AX), one has 

that 

(3.11) 

and u>.(x, t) has a life span T>. given by T>. = T* /A2. 

The proof of Theorem 3.5 for the case 0::; 8 ::; 1 uses the form of the solitary 

wave solution (n = 1), and the ground state solutions (n> 1) (see (BrLiJ and [Sr]) 

to contradict the continuous dependence. 

Finally, we comment on the case in Hl(JR.n) , 0'. = (n + 2)/(n - 2), n> 2 with 

Il > O. From Theorem 3.1 (ii) and the conservation laws (3.6)-(3.7) we have that 

the IVP (3.5) has a unique local solution for any Uo E Hl(JR.n), which extends 

globally in the case of small data. In fact, in the later case, small Hl data, 

if Uo E H8(JRn) , 8 > 1, n = 3,4, then the corresponding solution is a global 

H8-solution. A similar result for large Hl data is unknown. 

(ii) The generalized Benjamin-Ono equation. 

Consider the IVP 

(3.12) { 
&tU - &a;Da;u = -&a;(uk+1), 

U(x, 0) = uo(x). 
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The case k = 1 for equation (3.12) was deduced in [Bn] and (0] as a model in 

internal-wave theory and later was proven to be completely integrable. 

For the equation in (3.12) the scaling is similar to that deduced in (2.13) for 

the case of the generalized Burgers equation, i.e. () = l/k, and S2 = 1/2 - l/k. 

However, we may remark that although the scaling argument does not differenti

ate between the parabolic equation in (2.15) and the dispersive one in (3.12), the 

arguments and consequently the results for the former one are more complete than 

those of the later. 

The best well posedness results for the IVP (3.12) can be gathered in the follow

ing Theorem. 

Theorem 3.6 ([I],[KePoVe3],[Po]). 

(i)-For k = 1 the IVP (3.11) is globally well posed in HSCJR) with s 2: 3/2. 

(ii)-For k > 2 the IVP (3.11) is locally well posed in HS (:Ill) with s > 3/2 . 

(iii)-For s > 1 if k = 2, s > 5/6 if k = 3, and s 2: 3/4 if k 2: 4 there 

exists 6 = 6(k) > 0 such that for a'fl,y Uo E HS(R) with II Uo Ils,2 ~ 6 the IVP 

(3.11) is locally well posed in HS(R). 

Part (i) of Theorem 3.6 uses the form of the conservation lawsfor the BO equa

tion. They provide an a priori estimate of the solution in the H k / 2-norm for 

k E Z+. 

The result in Theorem 3.6 (ii) has a hyperbolic character in the sense that its 

proof does not use the dispersive part of the equation in (3.12). In fact, it is based 

on the same energy method which gives a similar result for the Burgers equation 

without viscosity, i.e. the equation in (3.12) without the second order term. 

On the other hand, the result in Theorem 3.6 (iii) requires a smallness assumption 

on the data. This is due to the application of the inhomogeneous local smoothing 

effect in the associated integral problem (3.12). This inhomogeneous smoothing 

effect can be written as 

(3.13) 

t 

II Dx J e<t-t' )8x D x F(·, t') dt' IIL~ L; ~ ell F IIL1 L;' 
o 
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In [KePoVe1] (3.13) was used to overcome the loss of one derivative introduce 

by the nonlinear term when problem (3.12) is written in the corresponding integral 

form. The estimate (3.13) has to be complemented with those for the maximal 

function (see [KeRu)), i.e. Ilet8",D"'voIIL~ Lr'([O,T]) which can not be made small by 

taking T tend to zero. This is the reason for the condition on the size of the data. 

There are large gaps between the results in Theorem 3.6 and those suggested 

by the scaling argument. Thus for all powers k the IVP (3.12) is (A.3). Thus, 

for s E ((k - 2)/2k, 3/2), with k E Z+, no well posedness result for large data in 

HS(JR) is known. For the case s < (k - 2)/2k one expects that the argument in 

[BiKePoSvVe] would give an ill posedness result (Statement III). The stability and 

instability of traveling wave solutions of (3.11) is deduced by using the conservation 

law 

00 

(3.14) q>(u) = J ((D~/2U)2 - Ck uk+2)(x, t)dx. 
-00 

However, a complete analysis requires that an a priori bound of the Hl/2 norm 

allows control of the strong solution, but this requires a local well posedness result 

in HS (JR) , with s :::; 1/2, which as we remark it is unknown. 

(iii) The generalized Korteweg-de Vries equation. 

Consider the IVP 

(3.15) 
{ 

8tu + 8!u = -8x (U
k+1

), 

u(x, 0) = uo(x). 

t, x E JR., k E Z+ 

In this case the scaling argument tells us that 82 = 1/2 - 2/k. 

In the direction of Statement I-III one finds the following well posedness results. 

Theorem 3.7 ([KePoVe2], [KePoVe4]). 

(i}-For k ~ 4 the IVP (3:15) satisfies Statements I, II with p = 2. 

(ii)- For s > -3/4 if k = 1,. s > 1/4 if k = 2, and s > 1/12 if k = 3 the 

IVP {3.15} is locally well posed in HS{JR). 
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Therefore, for k = 1,2,3 the IVP (3.15) is of type (A.3), and for k = 4,5, .. is 

of type (A.1). 

Theorem 3.8 ([BiKePoSvVe]). 

(i)-For the IVP (3.15) Statement I fails for k ~ 4, and s = 1/2 - 2/k. 

(ii)-For the IVP (3.15) with k ~ 4, and T > 0 Statement II fails for Ok ~ ak, 

where ak is defined in (3.19). 

First we observe that the results in Theorem 3.6 for the IVP (3.14) with k = 1,2 

are consistent with the Miura transformation [Mu] which affirms that if v(·) solves 

the modified KdV ,Le. k 2 in (3.15), then 

(3.16) 

for an appropriate value of the complex constant Co solves the KdV equation, 

k 1 in (3.15). 

The proof of Theorem 3.8 uses the form of the traveling waves solutions of (3.15) 

(3.17) Uk,c(X, t) = ¢k,c(X - ct), c> 0, 

where 

(3.18) {
(k+2) (k )}l/k 

¢k,c(X) = 2 c sech2 -iJC x 

By the scaling argument 

(3.19) IID1/ 2- 2/k ,t.. 112 - a2 
x ~k,c 2 - k' for any c> O. 

A simple computation shows that 

(3.20) 

and that for any t > 0 

(3.21) 

which contradicts the continuous dependence. 

The following result shows that for k = lone can not expect to have persistence 

properties in the critical homogeneous case. 
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Theorem 3.9. 

FOT the IVP (3.15) with k = 1 Statement II fails even locally. 

Proof. 

We shall show that for any Uo E il-3/2(~) n S(~), Uo =f. 0 the corresponding 

solution u(·) of the IVP (3.15) with k = 1 verifies that 

(3.22) u(t) ¢:. il-3/2(~), for. any t =f. o. 

First, we observe that if f E il-3/2(~) n S(~) then leO) = 8eleO) = O. 

From the results in [Kt2] it follows that for any Uo E il-3/2(~) n S(~) the IVP 

(3.14) with k = 1 has a unique global solution u E C(~ : S(~». 

Now multiplying the equation in (3.15) with k 1 by x, and integrating in 

the space variable we get 

d 100 100 

(3.23) dt -00 xu(x, t)dx = -00 u
2
(x, t)dx = Ilu(t)112 =f. O. 

Thus, our solution satisfies 

(3.24) [: xu(x, t)dx = c8eu(0, t) =f. 0, for any t =f. 0, 

which yields the result. 

Solutions of (3.15) satisfy, at least, three conservation laws 

00 00 

(3.25) h(u) = J u(x, t)dx, 12(u) = J u2(x, t)dx, 
-00 -00 

and 

00 

(3.26) 13(u) = J ((8a;u)2 - Ckuk+2)(x, t)dx. 
-00 

From the conservation laws (3.25)-(3.26), and the local results it follows that for 

k = 2,3 and any real valued Uo E H8(~) = (1 - ,6.)-8/2 L2(~) with s 2:: 1 the 
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IVP (3.15) possesses a unique global solution. For k = 1, s 2: 0 suffices, see [Bu]. 

A similar result for the higher nonlinearities k 2: 4 is only known under smallness 

assumptions on the data Uo. In other words, the existence of global strong solution 

for the IVP (3.15) with k 2: 4 for any Uo E Hl(JR) remains open. 

The case k 4 illustrates the difference between the time of existence as a 

function of the size of the data or as a function of the data itself. Theorem 3.7 (i) 

guarante~s a local solution u E C([O, T] : L2(JR» n , .. , with T = T(uo). On the 

other hand, the conservation law tells us that lIu(t) 112 = lIuol/2' t E [O,T]. 

Following our classification at the end of the introduction we have that for k = 

1,2,3 the IVP (3.15) is (A.3), and for kgeq4 is (A.l). 

Finally, we remark that the known local wellposedness results for the IVP (3.15) 

in [KePo Ve2] , [KePo Ve4] do not reach the values of the Sobolev exponent suggested 

by the scaling when k = 1,2,3. Although, they are better, for all k E Z+ except 

for the case k = 2, than those deduced in [Be], which agrees with the scaling, for 

p 2 for the parabolic IVP (2.15). 

§3. Hyperbolic Equations. 

As in the case of dispersive equations we shall restrict to the case p = 2. 

(i) Nonlinear wave equation. 

Consider the IVP of the form 

(4.1) 
{ 

8'fu-Au F(u,'\lxu,8t u), 
u(x,O) = f(x), 

8tu(x,0) = g(x), 

where F: Rn +2 -7 JR satisfies (1.3). 

To simplify the exposition we shall restrict ourselves to the case n = 3, and first 

consider IVP's of the form 

(4.2) 
{ 

8'fu - Au = auk('\l xu, 8t u)a, 

u(x, 0) = f(x) E H 8(JR3), 
8t u(x,0) = g(x) E H8-1(JR3), 
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where a E R - {OJ, k E Z+, a E (Z+)4. 

For this problem the energy method establishes local well posedness for 

s > 5/2 if j ~ 2, and for s > 3/2 if j = 0, l. 

The scaling argument suggests that (4.2) is locally well posed for 

(4.3) 
. 3k + 5j-7 

s>s(kiJ)= 2(k+j-1)' with lal = j. 

In this regard we collect the following results concerning local well posedness for 

the IVP (4.2). 

Theorem 4.1 ([LnSo], [PoSi]). 

(i}-Ij j = 0, and k = 2, then the IVP (4.2) is locally well posed in 

HS(R3 ) x HS-1(R3) jor s> 0. 

(ii}-Ij j = 0, and k ~ 3, then the IVP (4.2) is locally well posed in a sub-critical 

manner, i.e. jor j 0, and k ~ 3 Statement I holds with p = 2. 

(iii}-Ij j = 0, and k ~ 4, then Statement II holds with p 2 jor the IVP 

(4·2). 

(iv}-Ij j = 1, and k = 1, then the IVP (4.2) is locally well posed in 

HS(1R3 ) X HS-1(R3) jor s> l. 

(v}-Ij j = 2, and k E Z+, then the IVP (4.2) is locally well posed in 

HS(R3 ) X HS-1(R3) jor s> 2. 

(vi}-Ij j ~ 3, and k = 0, then the IVP (4.2) is locally well posed in a sub-critical 

manner, i.e. jor j ~ 3, and k = ° Statement I holds with p = 2. 

We observe that in the cases (j, k) = (0,2), (1,1), and j = 2, k E Z+, Theorem 

4.1 (part (i), (iv), (v» does not reach the values suggested in (4.3) by the scaling 

argument. The following result shows that this is not a failure. In fact, it shows 

that in general Theorem 4.1, (i), (iv)-(v) is sharp, except for the limiting cases. 

Theorem 4.2 ([Ln1]). 

For Fl = u2, F2 = u8tu, F3 = (8t u)2, the IVP (4.3) is in general ill posed in 

HS(R3 ) x HS-1(R3) jor s < 0, s < 1, s < 2 respectively. 
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The nonlinearities F1 , F2 , F3 are particular cases of (j, k) = (0,2), (1,1), (2,0) 

for which the scaling argument in (4.3) suggests local well posedness for s > 

-1/2, s> 1/2, s> 3/2 respectively. Thus, in those cases the IVP (4.3) is (A.2). 

The ill posedness is due to the fact that the time of existence can not be expressed 

as a function on the size of the data in HS(JIl3) x HS-l(JIl3). 

Similarly, the sharpness of Theorem 4.1, (ii)-(iv) follows by using the blow up 

result in [J], [Si) as in (3.10)-(3.11). This also shows that the time of existence can 

not be expressed as a function of the size of the data in HS(JIl3) x HS-1(JIl3). 

For some values of j, k one can strengthen this result. For example, it was 

shown in [Ln2), see also [ShTa], that the IVP 

(4.4) { 
8;u - D..u u3 , t E JIl, x E JIl3, 

u(x, 0) = 0, 8t u(x, 0) = 0 

has a nontrivial solution of the form 

(4.5) u(x, t) = 2 H(t ~ Ixl) , where H(x) = 1, x > 0, H(x) = 0, x ~ o. 

We observe that 

with 

(4.7) lim Ilu(t) IIHB = 0, for s < 1/2. 
t.!.O 

Since j = 0, k = 3, the scaling (4.3) tells us that s(3; 0) 1/2. 

The following examples provide a stronger version of Theorem 4.2 which also 

shows that, in general, for the IVP (4.2) the well posedness result suggested by 

scaling cannot always be achieved. 

Theorem 4.3 ([Ln2]). 

(i}-For any € > 0 there exists (j,g) E L2(JIl3) x H-l(JIl3) with 

(4.8) 
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for which the IVP (4.2) with F = u2 does not have distributional solution in 

u E L2((O, T] x ~a). 

(ii}-There exists (j,9) E H I (JR3) x L2(JR3) for which the IVP (4.2) with 

F = (Vu?, V = aXl - at, does not have a weak solution or the uniqueness fails. 

The idea in Theorems 4.2-4.3 is to construct explicit solutions that concentrate 

in one direction. Following (LnSo] we explain the situation in the n-dimensional 

semilinear case 

(4.9) t E lR, x E, k 2,3, .. Rn. 

First we look for solutions of (4.9) independent of x. Solving the o.d.e. one has 

that 

(4.10) 
Ck 

u(x, t) = t 2/(k'--I) 

for t > o. A combination of the Lorentz transformation and scaling provides the 

family of solutions 

(4.11) 
Ck (1- rP)I/(k--l) 

ua,f3(x, t) = (a _ (t _ (3XI))2/(k-I)' a, (3 E lR+, 

which blows up at t - (3xI a. One can cut off the initial data outside Ixl 2': a 

in a way that ua,f3(x,O) fa,f3(x) , at ua,f3(x,O) = 9a,f3(X) satisfies 

(4.12) 
(1 - (3)(n+I)/4--1/(k-I)-s 

Ilfa,f3lliIs + 119a,f3lliIs - 1 ~ Ck as+2/(k-I)-n/2 

Hence, for s < (n + 1)/4 1/(k - 1) there are sequences am -t 0, (3m -t 1, for 

which the solutions uam ,f3m have a lifespan bounded by am and data whose norm 

tends to zero. Therefore the IVP associated to the equation (4.9) with F(u) = lulk 

is ill posed for s < (n + 1)/4 - 1/(k -1). Also from the scaling argument and the 

blow up results in (J], [Si] one also obtains ill posedness for the same equation for 

s < nl2 - 2/(k - 1). 
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Well posedness results of the kind described in Statements I-II for most of the 

values k, and 82: max{(n+1)/4-1/(k-1) : n/2-2/(k-1)} has been established 

in [LnSo], see also [Ka]. 

The main ingredient in the proof of the positive results commented on above are 

the different versions of the Strichartz estimates for the linear wave equation found 

in [Pe], [Ka]. 

To complete our study of semilinear wave equations we consider the IVP (4.2) 

with k = 5, j = lad = O. Thus from (4.3) 8(5,0) = 1, and from Theorem 4.1 

part (iii) one yields critical local well posedness for (j, g) E H 1(JR3) X L2(JR3), 

which extends globally if the data is small enough. On the other hand, for the case 

a = -1, k = 5, j lad = 0 in (4.2), the local strong solutions satisfy the identity 

(4.13) 

for t E [0, T] which allows the construction of global weak solutions. 

Thus it does not follow from the previous results that for data with further 

regularity, for example, (j, g) E C3 (JR3) X C2 (JR3) , the corresponding local solution 

given in Theorem 4.1 part (iii) extends globally or that there exists a weak global 

solution in C2(JR3 x [0,00)), which will imply that this is unique in this class. This 

result was established in 1St), for radial data, and in [Gr] for the general case, see 

also [ShSt]. As it was commented at the end of section 3 (i) a similar result for the 

IVP (3.5) with (X = (n + 2)/(n - 2), n > 2 with J-L> 0 is unknown. 

In view of Theorems 4.1-4.3 the following question presents itself: for what 

kind of nonlinearities does the value of the Sobolev exponent suggested in (4.3) is 

achieved? 

For the case j = I(XI = 2, it was proven in [KIMa1], [KIMa2] that for a special 

form of the nonlinearity this can be accomplished. More precisely, in [KIMa1] the 

authors considered IVP's of the form 

(4.14) 
{ 

8;u1 - t:::..u1 = N1(u, \1xu,8t ) 

u1(x, 0) = f1(x)'E H S (JR3) 

8t u1 (x, 0) = g1 (x) E HS-1(JR3), 
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where u = uI is a vector valued function, and the nonlinear terms NI have the 

form 

(4.15) NI(U, "Vu,Otu ) = 'L.,rf,k(u)Bf,k("VUj,Otuj , "Vuk,OtUk), 
j,k 

where BJ,k is any of the "null forms": 

(4.16) 

3 

Qo("Vuj , Otuj, \1uk, OtUk) = 'L., OXiujox ;uk - OtujOtUk 
i=l 

Qa,(3(\1Uj,Otuj, "Vu\OtUk) = OX",ujOX{3uk - OX{3ujOx ", uk, 

with 0:::; a :::; f3:::; 3, oxo = at, and rJ,k(U) is a polynomial in u. 

Such equations arise in the study of "wave maps" (for Qo) and Yang-Mills 

systems. in a Coulomb gauge form for the general case. 

In [KIMal] it was shown that the IVP (4.14) is locally well posed for s ~ 2. 

This was done by studying the bilinear operators QOl Qa,(3 in (4.16) evaluated 

at (\1 <p, Ot<P, "V'I/J, Ot'I/J) where <p, 'I/J are homogeneous solutions to the linear wave 

equation, and then extended to the inhomogeneous wave equation via Duhamel's 

formula. This result motivated those in [KePoVe5], [KePoVe6], [Lnl], [Ln2], [LnSo], 

[PoSi]. In this context, the idea of bilinear estimates, also appeared, simultaneous 

in [Bu]. 

In this regard one finds the following result. 

Theorem 4.4 ([KlMa2],[Kl]). 

The IVP (4.14) is local well posedness for s > 3/2, the value suggested by the 

scaling argument (4.3) with j = 2. 

The proof of Theorem 4.4 uses some of the ideas in [KePo Ve4] , to obtain better 

estimates for solutions of the wave equation with inhomogeneous terms Qo, Qa,(3. 

They use function spaces somewhat similar to those described in (3.3), but adapted 

to the wave operator, and allowed to obtain the theorem above. 
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Let us see that Theorem 4.4 is optimal. Consider the following IPV for a scalar 

wave equation 

3 

(4.17) 

B;u - D..xu = ?= (BXj u)2 - (BtU)2, t> 0, x E JR3 
3=1 

u(x,O) 0, 

Btu(x, O) = g(x). 

Since w(x, t) = eu(x,t) -1 solves the linear wave equation we can write the solution 

of (4.17) as 

(4.18) u(x, t) = log (1 + w(x, t) ) = log (1 + -4
t 

( g(x + tW)dSw ) • 
7r J1wl=1 

A simple calculation shows that the expression in (4.18) makes sense for initial data 

g E H8(JR3), with s > 3/2, which proves the sharpness of Theorem 4.4. 
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TWO-PARAMETER NONLINEAR EIGENVALUE 
PROBLEMS 

TETSUTAIlO SIllBATA 

Abstract: We consider the following nonlinear two-parameter eigenvalue problem 

u"(x) + /-£f(u(x)) = ),g(u(x)), x E 1= (0, I), 

u(O) = u(l) = 0, 

where /-£,)' E R are parameters. We shall establish asymptotic formulas of the n-th 
variational eigencurves ), = ),n(IL, a) obtained by Ljusternik-Schnirelman theory on 
general level set. 

1. Introduction 
We consider the following nonlinear two-parameter eigenvalue problem 

(1.1 ) 
u"(x) + ILf(u(x)) = ),g(u(x)), x E 1= (0,1), 

u(O) = u(l) = 0, 

where IL, ), E R are parameters. The purpose of this paper is to study asymptotic behav
ior of the n-th variational eigencurves ), = ),n(IL, a) obtained by Ljusternik-Schnirelman 
theory on the general level set 

where F( u) := Iou f( s )ds and a > 0 is a normalizing parameter. The typical examples 
of the nonlinearities f and g are as follows: 

Examples 
(1) feu) = u, g(u) = u + lulp-1u (p> 1), 
(2) feu) = u, g(u) = \u\P-1u (p> 1), 

-411-



(3) f(u) = lul p
-

1u, g(1£) = lul Q
-

1u (1 < q < p < q + 2), 
(4) f(u) = lul p

-
1u+ lul r

-
1u, g(u) = lul Q-

1u + lul s
-

1u (1 < q < p < q + 2, q < s < 
P < r < s + 2). 

The motivation of the problem (1.1) is the following two-parameter linear equation 

(1.3) u"(x) + f..Lr(x)u(x) = AS(X)U(x), x E I. 

Many authors have been studying the properties of n-th eigenvalue A = An(/t) of (1.3) 
for given f..L E R. One of the main problems there is to investigate asymptotic properties 
of An(f..L) as f..L -t 00. Our problem (1.1) is a nonlinear version of (1.3). However, there 
are some differences between (1.1) and (1.3) and one of the most important facts is that, 
since (1.1) is nonlinear, we need an additional parameter a for A, that is, A = An(f..L, a). 
We apply the variational method on general level set N /L,ex due to Zeidler [7] to (1.1) 
and establish asymptotic formulas of An(f..L, a) as f..L -t 00, (mr)2, 0, a -t 00. 

2. Main Results for f(u) = u 
We expalin notations before stating our result.s. Let X := Wi,2(I) be the usual real 

Sobolev space. Let 

lIull3c = l lu'(x) 12 dx, Ilull s := l lu(x) IS dx, 

G(u):= 1u 

g(s)ds, w(u):= 11 G(u(x))dx. 

For n E Nand f..L, a > 0, An(f..L, a) is called n-th variational eigenvalue of (1.1) if there 
exists un(f..L,a,x) E X satisfying the following conditions (2.1)-(2.3): 

(2.1) 

(2.2) 

(2.3) 

where 

(un(f..L,a,x),f..L,An(f..L,a)) E N/L,ex X R+ x R+ satisfies (1.1). 

d
d un(f..L, a, x)1 > O. 
x :c=o 

W(un(f..L,a,x)) = (3n(f..L,a):= inf sup W(u), 
KEAn uEK 

An := {K C N/L,ex : K is compact, u E K implies - u E K, 0 rf- K, ,(K) ;:::: n}, 

,(K) := inf{ kEN: there exists h: K -t Rk \ {O}, h: continuous and odd}. 

We first introduce the results for the case f(u) = u, g(u) = u + lul p
-

1u (p> 1). The 
existence result of the n-th variational eigenvalue is due to Zeidler [7J. 

Theorem 2.1 ([2, Theorem 2.1]). Let a > 0 be fixed. Tllen An(f..L, a) is a continuous 
function of f..L > (mr)2. Furthermore, 

(2.4) lim An(f..L, a) = 1. 
/L"-.... = f..L 
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Moreover, as /L -t (mr)2 

(2.5) An(IL,a) = Cl(lt - (n1f)2)E.:}l + o((/L - (n1f?)E.:}l), 

wbere C1 := r (p; 3) / {fo2pa~r (p; 2) }. 
Theorem 2.2 ([4, Theorem]). Let /L > (n1f)2 be fixed. Then the following asymptotic 
formula holds as a -t 00: 

(2.6) 

where 
(p+l) 

C ~ = 2 ( ~ ) 2 + 0 (/L ~ ) as /L -t 00. 

Secondly, we introduce the results for the case feu) = u, g(u) = lulp-Iu (p > 1). 
Since the asymptotic behavior of An(/L, a) as /L -t (n1f)2 is the same as that mentioned 
in Theorem 2.1, we restrict our attention to the case /L -t 00: 

Theorem 2.3 ([3, Theorem]). Let a > 0 be fixed. Then the following formula bolds 
as /L -t 00: 

(2.7) 

3. Main Results for General Nonlinearities 
We begin with the existence result. We assume the following conditions: 
(A.1) f, 9 are real-valued, odd, increasing function on R. Furthermore, 9 is locally 

Holder continuous and f is locally Lipschitz continuous. 

(A.2) Let II(s) := f(s). Then II(s) is a increasing function of s ?: 0 and II(s) -t 00 
S as s -t 00. 

(A.3) {u E N~ : W('ll) < C} C X is bounded for any C> O. 

Theorem 3.1 ([5, Theorem 2.1]). Assume (A.l)-(A.3). Tben there exists An(/L, a) 
for IL, a > 0 and n EN. 

Theorem 3.1 is proved by an application of the existence results of Zeidler [7J. 
Next, we consider two special cases. At first, let feu) = luIP- 1u, g(u) = \u\q-Iu, 

where 1 < q < p < q + 2. We consider positive solutions of (1.1). We write A(/L) = 
Al ("" a) and u~ = u("" a, x) for simplicity. Then we have 

p -1 II II PH 
2a + +1"'" u~ p+1 

(3.1) A(/L) = ~I IIq+1 
u~ q+l 

(3.1) is obtained as follows. Multiplying (1.1) by u~ and integration by parts we obtain 

(3.2) -Ilu/LII~ + /Lllu/L\~ti = A(/L)\\u/L\\:tij 
this along with the fact that u/L E N/L,a implies (3.1). 
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Theorem 3.2 ([6, Theorem 1.1]). Tllere uniquely exists a variational eigenvalue for 
fixed f-L,ex > 0, that is, if (f-L,Al(f-L),u/L,d and (f-L,A2(f-L),U/L,2) satisfy (2.1) - (2.3) for the 
same f-L, ex > 0, then Al(f-L) = A2(f-L). FurtlJermore, A(f-L) is continuous in f-L > 0 for a 
fixed ex> O. 

Theorem 3.3 ([5, Theorem 2.2]). Let ex > 0 (f-L > 0) be fixed. TlJen the following 
asymptotic formula holds as /-l --4 00 (a --4 00): 

(3.3) 

where 

(3.4) 

r( p+3 ) C
2 

= (q + 1) 2(!-3q
) (p + 3)(q + l)(p q) f2 2(p - q) 

p + 1 2(2q - p + 3) V ~ r ( q + 3 ). 
2(p - q) 

Theorem 3.4 ([6, Theorem 1.2]). Let ex > 0 be fixed. Tllen as f-L --4 0, tIle following 
asymptotic formula llOlds: 

(3.5) 

problem 

(3.6) 

(3.7) 

A(f-L) = C3 f-L(q-l)/(P-l) + 0 (f-L(q-l)/(P-l») , 

(p - 1)lIv=lI;ti 
--------'--:-:- and V= is a unique positive solution of the minimizing 
(p + l)lIv=lI~ti 

Minimize -1-lIwll~ti under the constraint 
q+l 

'- { . 111 12 _ 1 II p+l } w E Vo . - w EX. 2" w I x - p + 1 w II pH' w '1= 0 . 

Finally, we consider Example (4) in Section l. 

Theorem 3.5. Let f(u) = lulp-1u + lulr-1u, g(u) = lulq-1u + luls-1u (1 < q < p < 
q + 2, q < s < p < r < s + 2). Then as f-L --4 00 the asymptotic formula (3.3) llOlds for a 
fixed ex > O. 

4. Scketch of the proof of Theorem 3.3 and 3.5 
Theorem 3.3 and Theorem 3.5 can be proved by using the same arguments. Hence, 

we only treat Theorem 3.3 for simplicity. In what follows, we fix ex > O. Let v/L = 
_1_ _ !L::.l . 

f-Lp-1U/L,v/L = Af-L p-1. Then v/L satIsfies 

-V~(x) = v/L(x)P - v/Lv/L(x)q, x E I, 

( 4.1) v/L(x) > 0, x E I, 

v/L(O) = v/L(I) = o. 
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.....E.=-L 1 

Furthermore, we put ~p. = V~(p-q) ,t = ~p.(X - ~),yp.(t) = v;:p-qvp.(x). Then it follows 
from (4.1) that Yp.(t) satisfies 

-y~(t) = Yp.(t)P - Yp.(t)q, t E Ip.:= (-~~p., ~~p.) , 

(4.2) Yp.(t) > 0, t E Ip., 

Yp. ( -~~p.) = Yp. (~~p.) = O. 

In connection with (4.2), we consider the nonlinear scalar field equation: 

yl/(t) + y(t)P = y(t)q, t E R, 

( 4.3) yet) > 0, t E R, 

lim yet) = O. t-+±<Xl 
Since 1 < q < p, we can apply Berestycki and Lions [1] to (4.3) and obtain that there 
uniquely exists a solution y of (4.3), which is called the ground state of (4.3). The key 
lemmas to prove our theorems are as follows: 

Lemma 4.1. yp. ---7 Y in Lq+l (R) as fL ---7 00. 

Lemma 4.2 ([5, Lemma 4.6]). Let y be the ground state of (4.3). Tllen 

r( q+3 ) 
(4.4) 1<Xl y(x)q+ldx = _2_V 7r(q + 1) (:f 2(p - q) . 

-<Xl P - q . 2 r ( p + 3 ) 
2(p - q) 

Proof. We see from [1] that for x > 0 

( 4.5) y'(x) = -y(x)V-2_ y(x)q-l _ _ 2_ y(X)P-l. 
q+I p+1 

Put s = y(x), t = (;;}s and sin () = tT to obtain 

{<Xl (<Xl y' (x) 
io y(x)q+ldx = io y(x)q - dx 

o 0 1_2_y(x)q-l _ _ 2_Y(X)P-l 
V q+I p+1 

=Vq +' 1 {(oo s~ dS=Vq+I(:f t t~ dt 
2 io V q + 1 2 io VI - tp-q 1- --sp-q 

p+1 

2 fi¥+1 !!Hit ~ = -- __ (=2 sin p-q OdO 
p-q 2 0 

( 4.6) 

r( q+3 ) 
__ I_V7r(q + 1) (~ 2(p - q) 
-p-q 2 <Xl r( P+3)' 

2(p - q) 
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o 
By combining (3.1) with these two lemmas, we can obtain Theorem 3.3 and Theorem 

3.5. 

References 

[1] H. Berestycki and P. L. Lions, Nonlinear scalar field equations, I existence of a ground 
state, Arch. Rational Mech. Analysis 82 (1983), 313-345. 
[2] T. Shibata, Spectral properties of two parameter nonlinear Sturm-Liouville problem, 
Proc. Roy. Soc. Edinburgh 123A (1993), 1041-1058. 
[3] T. Shibata, Spectral asymptotics oj two parameter nonlinear Sturn-liouville problem, 
Results in Math. 24 (1993), 308-317. 
[4] T. Shibata, Asymptotics of variational eigenvalues of non-linear Sturm-Liouville 
problems with two parameters on general level sets, Asymptotic Analysis 10 (1995), 49-
6l. 
[5] T. Shibata, Asymptotic behavior of eigenvalues of two-parameter nonlinear Sturm
Liouville problems, to appear. 
[6] T. Shibata, Variational eigencurve and bifurcation for two parameter nonlinear 
Sturm-Liouville equations, submitted. 
[7] E. Zeidler, Ljusternik-Schnirelman theory on general level sets, Math. Nachr. 129 
(1986), 235-259. 

Department of Mathematics, 
.Aichi Prefectural University, 
Nagoya, 467, Japan. 

-416-



NAVIER-STOKES EQUATION 

3rd step. Using a solution w of (2.3) and putting vet, x) = w(x) +z(t, x), then (2.1) 
is reduced to the problem of finding z( t, x) satisfying the following equation: 

OtZ ~z + (uoo ' V)z + £[w]z +N[z] + VI' = 0, V· z = 0 in noo, 

(2.4) z = 0 on onoo , 

z(O,x) = b(x) in [2, 

where £[w]z = (w . V)z + (z· V)w, N[z] = (z . V)z and b(x) = a(x) - U oo - w(x). 
Instead of (2.4), employing the idea due to Kato [16] I solved the corresponding integral 
equation: 

(2.5) z(t) = Tuoo(t)b-itTuoo(t-S)IP[£[W]Z(S)+N[Z(s)]]dS, 'v't>O. 

And then, the following theorem is my main result obtained in Shibata [22] concerning 
a unique existence of solutions to (1.1) or (2.1) globally in time in the L3 framework. 

Theorem 3. Let 3 < p < 00 , 0 < f3 < 1 and 0 < /'i, < f3 /3 be given numbers. Let 
a(x) and b(x) be the same as in (1.1) and (2.4), respectively. Then, there exists a 
constant € > 0 depending on p, f3 and /'i, such that if 0 < luool ~ €, b E .]"3(n) and 
Iia - uoolla ~ ·luoo l,8, then (2.5) admits a unique solution z(t,x) E 8([O,00);$3(n)) n 
CoCCO, (0); JLpcn) n W!C[2)) possessing the following properties: 

[z]a,O,t + [z]p,JL(p)/2,t + [VZh,1/2,t ~ luool,8-2~, J-l(p) = 1 - 3/p, 

t~~\ (\lz(t,.) - bll3 + [zlp,JL(p)/2,t + [VZh,1/2,t) = O. 

Here and hereafter, we put [v]p,p,t = sup sPllvCs, ·)llp. 
O<s<t 

3. Comments on proofs 

3.1 A proof of Theorem 3. In order to prove Theorem 3, I used Theorems 1 and 
2. The most important point is the estimation of the linear term: 

L[z] = it Tuoo(t - s)£[w]z(s, .)ds = it Tuoo(t - s)IP[(w. V)z(s,·) + (z(s,·)· V)w]ds. 

To handle with the term: (z(s,.). \7)w I used the following generalized Poincare's 
inequality. 

Lemma 1. Let 0 ~ O! < 1/3 and put dO!(x) = sex )0!IxI1-0! log Ixl. THen, there exists a 
constant CO! such that 
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AN EXTERIOR INITIAL BOUNDARY VALUE PROBLEM 
FOR 

THE NAVIER-STOKES EQUATION 

YOSHIHIRO SHIBATA 

Abstract. In this note, we study a unique existence of strong solutions globally in 
time to the N avier-Stokes equation in a three dimensional exterior domain with non
zero constant speed of fluid at the far field. The asymptotic behaviour of solutions is 
also addressed. 

1. Introduction 

The motion of nonstationary flow of an incompressible viscous fluid past an isolated 
rigid body is formulated by the following initial boundary value problem of the N avier
Stokes equation: 

atU ~u + (u. V)u + Vp = 0, V·u=O in nT, 
u=o on anT, 

(1.1) u(O, x) = a(x) in 0" 
lim u(t, x) = U oo "It E (0, T), 

Ix 1-+00 

where 0 T(O,O,O), TM means the transposed M and for simplicity, the mass density 
and the viscosity coefficient are assumed to be 1. Throughout the paper 0, represents a 
spatial region filled with fluid and is taken to be a domain of 1R3 having the Coo boundary 
an, with a bounded complement 0 = 1R3 

- 0, which is corresponding to the obstacle. 
Spatial points are denoted by x = (Xl,X2,X3) and the time variable by t. Space-time 
cylinder (0, T) x 0, is denoted by nT, and also (0, T) x an = anT. My problem is to find 
a three dimensional row vector of functions u(t, x) = T( Ul (t, x), U2(t, x), U3(t, x)) which 
represents the velocity vector of the fluid and a scalar function p( t, x) which represents 
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the pressure. U oo = T(U OOl,U oo2,Uoo3) is a given constant vector which represents a 
velocity of the fluid at infinity. 

After works due to Finn [6-10] (cf. Galdi [12] and references therein) concern
ing the asymptotic behaviour of the stationary problem of the N avier-Stokes equation, 
J. G. Heywood [13, 14] treated the stability globally in time of Finn's physically reason
able solutions in the L2 framework (further works in the same line as in Hoywood [13, 
14] were done by Masuda [19] and references therein). Concerning the unique existence 
of strong solutions to the N avier- Stokes equation and their asymptotic behaviour in L3 
framework, the case when U oo = 0 has been investigated very well for small solutions. 
In fact, Kato [16] proved the unique existence of small strong solutions of (1.1) globally 
in time in the Ln framework when n = ]Rn and their properties of time decay. He 
employed various Lp norms and Lp-Lq estimates for the evolutions of the Stokes oper
ator. Iwashita [15] extended Kato's work [16] to the case where 0 is non-empty, that 
is he showed the Lp-Lq estimates for the semigroup of the Stokes operator in n with 
Dirichlet zero condition and proved the unique existence of small strong solutions of 
(1.1) globally in time in the Ln framework ( n ~ 3 ). Moreover, Borchers and Miyakawa 
[3J and Kozono and Yamazaki [18] proved the stability of small stationary solutions in 
the strong sense. But, the case when U oo #- 0 has not studied well compared with the 
case when U oo = 0, although the importance of the mathematical investigation of so 
called wake region is recognized very well. An unique existence of even small strong 
solutions of (1.1) globally in time in the L3 framework has been remained open for long 
time. 

In the early of 1995, Shibata [22] proved that the problem (1.1) admits a unique 
strong solution globally in time when U oo #- 0 but lliool is very small, V' . a = 0 in 
n and the L3 norm of a - U oo is also very small. But, the smallness assumption on 
a - U oo depends on lioo . More precisely if lioo tends to zero, then the admissible initial 
datum is only zero vector, although Iwashita [15] proved the global existence theorem 
for small Ln initial data. It is the reason that the Lp-Lq estimate of solutions to the 
linear Oseen equation obtained in [17] was not uniform with respect to U oo . In the final 
section of this note, I shall give a lemma concerning the uniform estimate with respect 
to U oo of the fundamental solutions of the Oseen equation and this lemma will enable 
me to improve theorems obtained in [17] regarding the uniformity with respect to U oo , 
and hence the smallness assumption of a-uoo will be independent of U oo . Nevertheless, 
I think that the results obtained in [17] and [22] made great progress in the study of 
asymptotic behaviour of solutions to the 3 dimensional N avier-Stokes equation, so that 
I believe that it is worth while explaining several results in [17] and [22] below, although . 
the estimation is lacking in the uniformity with respect to lioo . 

Before going into detail, I would like to explain the notation used throughout this 
note. Three dimensional row vector-valued functions are denoted with bold-faced let
ter, for example, u = T (Ul, U2, U3)' (aij) means the 3 x 3 matrix whose ith column and 
ph row component is aij. As usual, we put at = a/at, aj = a/ax j, .6. = ar + a~ + a~ , 
ar; = af1a;2a:s, a = (alla2,a3) and lal = al + a2 + a3' For three dimensional row 
vector-valued functions u = T (Ul, U2, U3), V = T (VI, V2, V3) and a scalar-valued func
tion U we put a:;-u = (ar;u,lal = m), &r;:u = (ar;u,lal :::; m), a{ar;u = T(a{ar;Ul' 
a{a~U2,a!ar;U3), a:;-u = (a~u,lal = m), &r;:u = (a':u,lal:::; m), V'u = (ajUi), 
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.6.u = T(.6.UI, .6.u2, .6.U3), (U·V)V = T(2=~=1 Uj8jVI, L:~=I Uj8jV2, L:~=I Uj8jV3), V·u = 
L:~=I 8juj, Vu T(8I u, 82u, 83u) and Vu : Vv = T(Vu. VVI, Vu· VV2, Vu· VV3)' Put 

Bo = {x E IR3 I Ixl ~ b} and nb = n n Bb. Sobolev spaces of vector-valued func
tions are used, as well as of scalar-valued functions. If D is any domain in IR3, Lp(D) 
denotes the usual Lp space of scalar-functions on D and 11·llp,D its usual norm. More
over, we put lIullp,m,D = 118: ullp,D' For vector valued functions, we shall use the 
same symbols. For simplicity, we shall use the following abbreviation: (".) = (', ')n, 
II . lip = II . ilp,n, II . IIp,m II . IIp,m,n, I . Ip = II . II p,R3, I . Ip,m = II . II p,m,R3. V' denotes 
the set of all distributions on IR3

, S' the set of all tempered distributions on IR3 and 
Co(D) the set of all functions of COO(IR3

) whose support is contained in D. More
over, we put Lp,o(D) = {u E Lp(D) I u(x) = 0 'Vx rt. Bd, W~lac(IR3) = {u E S' I 
8~u E Lp(Bb) 'Va : lal :::; m and 'Vb > O}, W~lac(D) {u I 3U E W~lac(IR3) such that 

u = U on D }, Lp,lac(D) = W~,lac(D), W;n(D) = {UE W;,iac(D) I lIullp,m,D < oo}, 
W;(D) = the completion of Co(D) with respect to II . IIp,m,D, W;a(D) = {u E 

W;(D) I JD u(x)dx = O} and W;(D) = {u E W;,iac(D) I 118~ullp,D < oo}. To 
denote function spaces of vector-valued functions, we use the blackboard bold letters. 
For example, ILq(D) = {u = T(UI,U2,U3) I Uj E Lq(D),j = 1,2,3}. Likewise for 

Cgo(D), ILp,b(D), W;'lac(D), ILp,lac(D), W;:(D), W;(D) and W;(D). Moreover, we 
put Jfp(D) = the completion in ILp(D) of the set {u E Cgo(D) I V· U = 0 in D} and 

IGp(D) {Vp I p E W~(D)}. According to Fujiwara and Morimoto [11] and Miyakawa 
[20] (cf. also [12]), the Banach space ILp(D) admits the Helmholtz decomposition: 
ILp(D) = Jfp(D) EB IGp(D), where EB denotes the direct sum. Let JP>D be a continuous 
projection from ILp(D) onto Jfp(D). The Stokes operator AD and the Oseen operator 
0D(Uoo ) are defined by the relations: AD = -JP>D..6. and 0D(Uoo ) = AD + JP>D(Uoo . V) 

with the same domain: Vp(AD) = Vp(OD(Uoo )) = Jfp(D) n W~(D) n W~(D). For sim
plicity, we write: JP> = JP>n, A An and O(uoo ) = On(uoo ). To denote various constants 
we use the same letter C and C A,B, ... denotes the constant depending on the quantities 
A, B, .... C and CA,B, ... will change from line to line. For two Banach spaces X and 
Y, £(X, Y) denotes the set of all bounded linear operators from X into Y with norm 
II . 11.c(x,y), B(l; X) the set of all X-valued bounded continuous functions on I and 
C(l; X) the set of all X-valued continuous functions on I. 

2. Results obtained in Kobayashi and Shibata [17] and Shibata [22] 

To solve (l.1) I put U = U oo + v and then the equation for v is the following Oseen 
equation: 

8t v - .6.v+ (uoo ' V)v + (v· V)v + Vp = 0, V· v = 0 in nT, 
(2.1) v = -Uoo on 8nT, 

v(O,x) a(x) - u oo , in n, 

One interprets that the last condition in (1.1) is satisfied by finding solutions to (2.1) 
in the suitable Sobolev spaces, so that below instead of (1.1), I will treat (1.2). 
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1st step. First, I shall consider the following linear Oseen equation with zero bound
ary condition: 

(2.2) 

atu - ~u + (uoo • V)u + Vp = 0, 

u=O 

u(O, x) = a(x) 

V·u=O in n°o , 
in an°o, 
in n. 

Miyakawa [20] proved that O(uoo) generates an analytic semigroup Tuoo (t) on .1fq(n) for 
any 1 < q < 00. Kobayashi and Shibata [17] proved the following Lp-Lq estimate for 
Tuoo (t). 

Theorem 1. (1) Let 1 < p ~ q < 00 and let K > 0 be any small number. Tben, tbere 
exists a constant 0'0 : 0 < 0'0 ~ 1 depending on p but independent of K, U oo and q sucb 
tbat 

provided tbat 0 < luool ~ 0'0. 

(2) In addition, we assume tbat 1 < p ~ q ~ 3. Tben, 

provided tbat 0 < luool ~ 0'0. 

2nd step. In order to treat the boundary data -Uoo in (2.1), I solved the following 
stationary problem: 

(2.3) -~w+(uoo' V)w+(w· V)w+ Vp = 0, V·w = 0 in nand w = -Uoo on an. 

Concerning the solvability and estimation of solutions, Shibata [22] proved the following 
theorem. 

Theorem 2. Let 3 < p < 00 and let 6 and (3 be any numbers such tbat 0 < 6 < 1/4 
and 0 < 6 < (3 < 1 6. Tben, tbere exists a constant 0'1 : 0 < 0'1 ~ 1 depending o;n p, 
6 and (3 but independent ofuoo sucb tbat iiO < luool ~ 0'1, tben (2.3) admits solutions 
w E W;(n) and p E Wi(n) possessing tbe estimate: 

Here and bereafter, we put s(uoo)(x) = Ixl- U oo ' x/luool and 

IlIwlll o = sup (1 + Ixl)(l + s(uoo)(x))Olw(x)1 
xEn 

+ sup (1 + IxI)3/2(1 + s(uoo)(x))1/2+oIVw(x)l. 
xEn 
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In fact, since by Theorem 2 

Iw(x)1 ~ (1 + Ixl)-l(l + s(uoo)(x ))-6Iuoo lt1 , 

l\7w(x)1 ~ (1 + Ixl)-3/2(1 + s(uoo )(x))-(1/2+6)luoo l.B, 

putting 'Y = 35/4 and € = 1/(1 + 'Y), we have 

lI(w, \7)Z(s, ,)113/(2+,) ~ IIw Il3/(l+,) lI\7zl13 

( 
{ )1/3€ 

~ luoo l.B//\7z(s, ·113 in [(1 + Ixl)-l s(Uoo )(x)-ot€ dx ~ Cluoo l.BII\7z(s, ,)113, 

lI(z(s,·)· \7)w!l3/(2+,) ~ IIz(s, ·)/da 113 IIda \7W!l3/(H,) ~ C!uool.BI/Vz(s, ,)1/3' 

Therefore, we have [L[z]]t ~ Cluoo l t1 [z]t, where [z]t = [zh,o,t + [\7Zh,1/2,t + [z]p,/L(P)/2,t. 
Since the nOJ;llinear term is quadratic, by Theorem 1 we have [z]t ~ C!uool-"(lIbIl3 + 
luool.B[z]t + [z];). If we choose luool so small that Cluoo lt1-" ~ 1/2, we have [z]t :s; 
2Cluoo l-"(lIbIl3 + [z]n, which immediately implies Theorem 3. 

Remark 1. The estimate obtained by Theorem 1 is not uniform with respect to luool, 
so that I have to choose IIbIl3Iuoo/" so small. This is the reason why the smallness 
assumption on a - U oo depends on uoo . If the estimate in Theorem 1 is uniform with 
respect to U oo (that is we can take K, = 0 in Theorem 1), then the smallness assumption 
on IIbll3 is independent of U oo , and hence so is that on lIa - uoo 113. 

3.2 A proof of Theorem 2. In order to solve the exterior problem, in [17, 22] 
we considered it as the perturbation from the whole space. Namely, in principle the 
solution Uext to the exterior problem is represented in the form: 

where r.p is a smooth function which is identically equal to 1 for Ixl ~ R with sufficient 
large Rand 0 in the neighborhood of 0, U~3 and Dint are solutions to the corresponding 
problem in ]R3 and in some bounded domain containing 0, respectively, and moreover 
v is a compensating function to keep the divergence free condition: \7. Uext = O. The 
existence of such v is guaranteed by the following theorem due to Bogovskii [1, 2] (cf. 
also Galdi 112]). 

Bogovskii's lemma. Let D be a bounded domain with smooth boundary. Let 1 < 
p < 00 and let m be an integer ~ O. Then, there exists a linear bounded operator 

• m . m+l 
E : Wp,a(D) --t Wp (D) such that 

\7. E[f] = f in D and /IB[fJllp,m+I,D ~ Cp,m,Dllfllp,m,D. 

By using the symbol E, the v is defined by the formula: 
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Since we may assume that supp V!.p is compact and contained in n, such compensation 
never changes the boundary condition, so that in the case ofthe Navier-Stokes equation 
we can use the usual cut-off technique. From this point of view, the main step of the 
proof of Theorem 2 is the estimation of the convolution of the fundamental solutions 
of the Oseen equation and the right members. Let X( u oo )( x) and p be a system of the 
fundamental solutions to the following linear stationary Oseen equation: 

-.6.w + (uoo ' V)w + VI' = f, V· w = 0 in ~? 

Then, they are given by the following formula: 

Xjk(Uoo)(X) = (8 jk .6. - ojok)3(a)(x), 3(a)(x) = - e da, a = luoo l/2, 1
0"8(UOO)(X) 1 -C\! 

o 87raa 

71"j(X) 4~~13' p = T(7rl, 7r2, 7r3), 

X(uoo)(x) = (Xjk(Uoo)(X)) = 3 X 3 matrix whose i, j component is Xjk(Uoo)(X), 

The following lemma is concerned with the estimations of the X(uoo)(x). 

Lemma 2. Assume that U oo =1= O. Then, for any 8: 0 ~ 8 ~ 1 there exists a constant 
C8 > 0 independent of U oo such that 

The following is the one of the main step of the estimation. 

Lemma 3. Let 0 < 8 < 1/4 and put 

< g >28= sup (1 + IxI)5/2+28 Ig(x)l. 
xEIR3 

for Ixi ~ 1, 

for Ixl ~ 1. 

Farwig [4, 5] proved Lemma 3 essentially by refining the argument due to Finn [6-
10]. Shibata [22] gave another proof of Lemma 3 based on the integration by parts with 
respect to the angular variables. By Lemma 3 and the compact perturbation method, 
Shibata [22] proved the following existence theorem. 
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Lemma 4. Let us consider tbe exterior boundary value problem for tbe linear Oseen 
operator: 

Let 3 < p < 00 and 0 < b < 1/4. Put 

Assume tbat 0 < luool ~ 0'0. Tben, tbere exists a constant 0'1 > 0 depending essentially 
only on p, 0'0 and b sucb tbat if f E L1 ,loc(D) and < f ~28< 00, tben (3.1) admits a 
unique solution u E W; (D) and P E Wi (D) stich tbat 

Let us define the linear operator G by the formula: u == Gf, where u is a solution 
to (3.1). By using the Bogovskii's lemma, we can easily construct a vector vex) of 
functions in coo(l~.a) such that vex) = -uoo on aD, supp v is compact and 

If we put w = v + y to solve (2 . .3), by using the operator G we can rewrite (2.3) in the 
form: 

y = -GIF{(z· \7)y + (v. \7)y + (y. \7)v + (v· \7)v - Av + (uoo . \7)v}. 

Let band (3 be given constants such that 0 < b < 1/2 and b < (3 < 1 - b. Let p be a 
fixed number such that 3 < p < 00. And then, as an invariant space we take 

If we choose I U oo I small enough, then Theorem 2 can be proved by the usual contraction 
mapping principle in view of Lemma 4. 

3.3 A proof of Theorem 1. As stated in the previous paragraph, in order to prove 
Theorem 1 we also used the cut-off technique. Therefore, we need the estimation for the 
semigroup Euoo (t) generated by OlR!3 ( u oo) and the local energy estimation of Tu co (t). 
Since Euco (t) is given by the formula: 

by using the classical Young's inequality we have the following lemma immediately. 
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Lemma 5. Let 0'0 > 0, 1 ~ p ~ q ~ 00 and IUool ~ 0'0' Then, 

for any a E Jfp(R3) and t > 0, where the constant Cj,a,p,q,uO is independent of Uoo 
whenever Iuool ~ 0"0' 

Moreover, 

lajaaE (t) I < C I I 'Va E lTp (1IJ)3) n Wp2i+1a l(1IJ)3), 'Vt >= 0, t x U oo a p = j,a,p,uo a p,2j+lal, .v lL~ J&. 

where the constant Cj,a,p,uo is also independent ofuoo whenever IUool ~ 0"0. 

The following local energy decay estimate was obtained in [17]. 

Lemma 6. (local energy decay) Let 1 <p < 00 and let bo be a fixed number such 
that Rbo :J O. Let 0'0 be any positive number. Assume that 0 < IUool ~ 0"0' Then, for 
any b > bo, integer M ~ 0 and K: 0 < K ~ 1, there exists a constant CM,p,b,K.,uo > 0 
independent of U oo such that 

In order to prove Lemma 6, we use the usual representation formula of the semigroup 
in terms of the inverse operator (AI + O(uoo))-l given by the following formula: 

(3.2) 

To estimate the right-hand side of the above formula, first we have to discuss the 
resolvent set p( O( UOO )) of O( u oo). 

Lemma 7. (resolvent set of O( u oo )) We have the formula: 

where }Juoo = {A E <C IIuoo l2 Re A + (1m A)2 > o}. 
Moreover, for any p : 1 < p < 00, AO > 0 and 0"0 > 0 there exists a constant Cp,>"o,uo 

such that 

provided that Re A ~ 0, IAI ~ Ao and luool ~ 0"0. 

In order to prove Lemma 6, we can use Lemma 7 to estimate (O(uoo ) + AI)-l for 
large IAI, so that the main step is estimation of (O( u oo ) + AI)-l near A = O. To do this, 
the following lemma is the key. 
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Lemma 8. Let 1 < p < 00, 0 < K, ~ 1, 0"0 > 0, 0 < IUool ~ 0"0 and b> bo + 4 where bo 
is a fixed number such that Bbo :> (). Put 

1i = C(Jp,b(fl), Vp(~(uoo))), I-y = {A = ip, I p, E lR, 0 < 1p,1 < minCY, I)}, 

D-y = {A Eel 0 < Re A < min(", 1), 11m AI < minCY, I)}. 

Then, there exists a " > 0 depending on b, p and 0"0 but independent of U oo such that 
there exists an operator Ruoo (A) E A(D-y,1i) U COO(I-y, 1i) such that 

for any A E D-y U I-y and f E Jp,b(fl). 

In fact, combining Lemma 8 and the following lemma concerning the decay rate of 
the Fourier image of the function which are regular up to some fractional order, we 
can treat the low frequency part (that is near A = 0 in (3.2)), and hence we can prove 
Lemma 6. 

Lemma 9. Let 1i be a Banach space with norm I· 11£. Let fer) be a function of 
COO(IR - {O}, 1i) such that fer) = 0 for Irl ~ a with some a > O. Assume that there 
exists a constant C f depending on f such that 

I (d/dr)j f(r)/ ~ Cf lrl-(j+l/2), '<Ir : 0 < Irl ~ a, j = O,l. 

ff we put get) = (l/27r) J~oo f( r)e itT dr, then 

for some constant C > 0 independent of f. 
As stated in the previous paragraph, to prove Lemma 8, the main step is the estima

tion of solutions in IR3
, which is achieved by estimating the low frequency part of the 

fundamental solution EJk (uoo , A)(X) which is defined by the following formula: 

E~ ( A)() = F-1 [(Sjk - ejeklel-
2

)1/1(e)] ( ) 
Jk UCX), x lel2 + iuCX) . e + A x , 

where 1/1 is a smooth function whose support is contained in {e E IR3 Ilel ~ 2}, i = yCI, 
Sjk = 1 for j = k and Sjk = 0 for j :f. k, and F-1 denotes the Fourier inverse transform. 
Note that if we put 
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then E( U OO , A) and p give a system of fundamental solutions of the following stationary 
Oseen equation in 1R3 with a complex parameter A: 

Note that 
lel2 + iuoo . e + A =1= 0 for e E 1R3 and A E ~uoo, 

which plays an important role in order to prove Lemma 7. When Re A ~ 0 and U oo =1= 0, 
by calculating the Fourier transform directly we have 

where 

3 

a = luoo l/2, OJ a/aXj, 6. = L a2/ax;, 
j=l 

Y Sx, S is the orthogonal matrix such 
T(l, 0, 0)), 

F(A, t, y) = Va2 + A .e(t, y) - aCYl - t), the analytic branch of va2 + A IS 

chosen so that Re va2 + A > 0, 

y' = (Y2,Y3), IY'I = VYi +y~. 
U sing this formula, we have the following lemma~ 

Lemma 10. Let ao > 0, Re A ~ 0, 11m AI ~ 1 and luool ~ ao. Then, for any integer 
n ~ 0, K, E 1R: 0 < K, ~ 1, J-l E lR: 0 ~ J-l < 1/2 and x E lR3 we have the following 
estimations: 

I-n 0 I axEjk( u OO , A)( x) ~ Cn; 

(3.3) Ilr(a/aA)m E9 (n A)(x)l S Cm,n,K,uo(l + Ixl)m+l 
x Jk 00, - luoolKllm Alm-1/2 

for any m ~ 1, 1m A =1= 0 and lloo =1= o. 
Remark 2. To prove Lemma 10 is crucial in order to prove Theorem 1. Since the 
estimation (3.3) is not uniform with respect to u oo , the estimation in Theorem 1 is also 
not uniform with respect to U oo . If (3.3) was improved regarding the uniformity with 
respect to U oo , the estimation in Theorem 1 was uniform with respect to U oo . In the 
next section, to get such an improvement I would like to discuss a little bit. 

4. An essay of the uniform Lp-Lq estimate with respect to U oo 

In order to give a lemma concerning the decay rate of the Fourier image of functions 
which is regular up to a fractional order, we introduce the following space. 
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Definition 1. Let 1-£ be a Banach space with norm I . 11i' Let N be a non-negative 
integer and 0 < (]" < 1. Put CN+u(IR;1-£) = {u E CN (IR;1-£) I~ u ~N+u,1i< oo} where 

N 100 

~ u ~N+u,1i= ~ -00 I (d/dr)iu( r)l1i dr 

+ sup Ihl-U 100 

l(d/dr)Nu(r + h) - (d/dr)Nu(r)l1i dr. 
h=l=O -00 

The following lemma is concerning the relationship between the regularity of the 
function and the decay rate of its Fourier image (d. Shibata [21]). 

Lemma 11. Let 1-£ be a Banach space with norm 1·11i. Let N be a non-negative integer 
and 0 < (]" < 1. Assume that f E CN +u (IR;1-£). Put g(t) = (1/27r)J~oof(r)eitTdT. 
Then, 

Ig(t)l1i ~ C(l + t)-(N+u) ~ f ~N+u,1i . 

While the assumption of Lemma 9 is pointwise, that of Lemma 11 is in the Ll sense, 
which is a key of the improvement of our estimate in [17] regarding the uniformity with 
respect to U oo . The following lemma is corresponding to Lemma 10. 

Lemma 12. Put 

Then, 

(4.1) 

(4.2) 

(4.3) 

(4.4) 

sup IFo(uoo,s)loo ~ C, 
8E~ 

sup IFo(uoo, s + h) - Fo(uoo , s)loo ~ cVfh/, 
8E~ i: IFl(Uoo,s)loods ~ c, 

i: IF1(uoo,s + h) - F1(uoo,s)loods ~ cVfh/, 

where C is an independent constant of uoo . 

Proof. Recall the definition of EJk(Uoo , is) (d. after Lemma 9), we have 
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which shows (4.1) and (4.3). 
When Ihl ~ 1, (4.1) and (4.3) immediately implies (4.2) and (4.4), respectively. There

fore, we may assume that 0 < Ihl ~ 1. Observe that 

\FO(Uoo ,8 + h) - FO(Uoo ,8)\oo 
< [ Ihlde 
= J1el 'f:2 IIel2 + i(uoo . e + 8 + h)lllel2 + i(uoo . e + 8)1' 

(4.5) 

Since luoo ' e + 8 + hi ~ Ihl-Iuoo ' e + 81 ~ Ihl/2 when luoo ' e + 81 ~ Ihl/2, studying the 
case when luoo . e + 81 ~ Ihl/2 and the case when luoo . e + 81 ~ Ihl/2, we see that 

which together with (4.5) implies (4.2). Observe that 

l:IFI(uoo,s + h) - FI(Uoo,s)loods 

,,; !"?,, i: I [lei' + i(u= 
1 
e + s + h)]2 - [lei' + i(U~ . e + s)]' I dsde 

s s 

~ L 1 K(e, s, h)deds = L Ij 
j=I Wj j=l 

where 

_ 2\e12 1hl + 2\s\\h\ + Ihl2 
_ < < 

K(e, s, h) - (lel 4 + (s + h)2)(leI4 + s2)' WI - {lei = -/ihT, lsi = Ihl/2}, 

W2 = {lei ~ -/ihT, Ihl/2 ~ lsi ~ 2Ihl}, W3 = {lei ~ -/ihT, lsi ~ 2Ihl}, 
W4 = {lei ~ -/ihT, lsi ~ 2Ihl}, Ws = {lei ~ -/ihT, lsi ~ 2I hl}· 

Since Is + hi ~ Ihl lsi ~ Ihl/2 and 21el21hl + 21sllhl + Ihl2 ~ Clhl2 when (e,s) E WI, 
we have 

Since lel4 + s2 ~ lel4 + (lhl/2)2, 21el21hl + 21sllhl + Ihl2 ~ Clhl2 and Is + hi ~ 31hl when 
(e, s) E W2, we have 
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Since Is + hi ~ Isl-Ihl ~ Isl/2 and 21el2 1hl + 21sllhl + Ihl 2 ~ Clsllhl when ee, s) E W3, 

we have 

When (e,s) E W4, 21el2 1hl +2lsllhl + Ihl 2 ~ Clel 2 lhl, because Ihl ~ lel2 and lsi ~ 21hl ~ 
21e12 . Therefore, we have 

When (e, s) E W5, 21el 2 1hl +2lsllhl + Ihl2 ~ C(lel2 + Isl)lhl and Is + hi ~ Isl-lhl ~ Isl/2, 
because 21hl ~ lsi and lel 2 ~ Ihl. Therefore, we have 

Combining these five estimations, we have the second part of (4.2), which completes the 
proof of the lemma. 

Remark 3. According to the method due to Kobayashi and Shibata [17], I will be able 
to get Theorem 1 with K, = 0 (that is the uniforin estimate with respect to u co ) by 
using Lemma 12 instead of Lemma 10. Therefore, in Theorem 3 instead of assuming 
that lIa- u co ll3 ~ IUex:>I,B, we may assume that lIa-uex:>1I3 ~ €, where € is independent of 
Uex:>' This means that the smallness assumption on a is independent of Uex:>' Therefore, 
we can prove the continuity of solutions to (1.1) with respect to Uex:> near Uco = O. The 
detail will be published elsewhere. 
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AN INITIAL BOUNDARY VALUE PROBLEM 
FOR 

SOME HYPERBOLIC-PARABOLIC COUPLED SYSTEM 

YOSHIHIRO SHIBATA 

Abstract. This note is concerned with a unique existence of small solutions globally 
in time of the initial boundary value problem for some coupled system of nonlinear 
hyperbolic and parabolic equations in a bounded domain. The exponential decay of the 
energy is also addressed. The model equation of our theory is a nonlinear thermovis
coelastic equation and a nonlinear viscoelastic equation describing the elastic motion 
with thermal effect and viscosity. 

1. Introduction 

We usually think that the classical solutions of the initial boundary value problem for 
nonlinear wave equations in a bounded domain develop the singularity within a finite 
time, because there is no dissipation (cf. Klainerman ;:Lnd Majda [5]). On the other 
hand, from the mechanical experiments the motion of the elastic body usually decays 
very quickly by the thermal effects, the viscosity effect, the friction effect and so on. A 
thermoviscoelastic equation is one of good model of explaining such decaying phenom
ena of the motion of the elastic body (cf. Dafermos [1]). Recently, Shibata [7] proved 
an unique existence of small solutions globally in time of nonlinear thermoviscoelastic 
equations in a bounded domain with zero Dirichlet boundary condition and the expo
nential decay of the solutions. In this note I will give more general results including 
Shibata [7] and also Kawashima and Shibata [4]. 

2. Statement of main results 

Let n be a bounded domain in lltn with smooth boundary an. Let x = (Xl,'" ,xn ) 

denote points of lltn and t time. We consider the following initial boundary value 
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problem: 

n 

uff = L {AIT (<I> )OiOjUH + BfJ (<I> )OiOJ ufI 
i,j=l 

n 

+ pl/(<I»OiOjUP} + LPjH(<I»OjUP in nT, 
j=l 

n n 

(HP) AP(<I>')u; - LQf(<I»Oju{i = L {A~(<I»OiOjUP 
j=l iJ=l 

+ Q~(<I»OiOjUH + R~(<I»OiOjufI} in nT, 

u H = 0, uP = 0 on OnT, 

uH(O,x) = u:(x), u{i(O,x) = u:fI(x), uP(O,x) = uf(x) in 0" 

where nT = (0, T) x 0" OnT = (0, T) x on, OJ = 0/ Ox j, the subscript t denotes the 
partial derivative with respect to t, u L = T( Ull ••• ,UNL ) are N L vectors of unknown 
functions for L = Hand P ( T M means the transposed M and the superscripts Hand 
P mean the hyperbolic part and the parabolic part, respectively), AIT(<I» and BfJ(<I» 
are NH X NH matrices P!f(<I» and PjH(<I» are Np X NH matrices, AP(<I>') and A~(<I» 
are Np x Np matrices, Q3(<I», Q~(<I» and R{j(<I» are NH X Np matrices, all the 
matrices are smoothly depending on <I> and <I>', and <I> = ('VuH, 'VufI, uP, 'VuP ) and 
<I>' = ('VuH, uP) ('V = (OIl ... ,On)). 

Now, we introduce the assumptions: 

(A.l) 

(A.2) :38 > 0 such that 
n 

L At(O)eiej ~ 8IeI2INL' L = Hand P, 
i,j=l 

n 

L BfJ(O)eiej ~ 8IeI2INH' AP(O) ~ 8INp 
i,j=l 

for all e = (6, ... ,en) E ~n where INL is the NL x NL identity matrices; 

The first formula in (A.3) is a generalization of a condition from the usual constitutive 
relation of the thermoelastic material. Since we consider only small solutions, all the 
assumptions may be imposed only for <I> = 0 and <I>' = O. Let H S denote the usual 
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Sobolev space of order s on n in the usual L2 sense equipped with norm II . lis. For a 
time interval I and an integer N ~ 2, let us put 

XN (I) = {(UH, uP) I (uH, ur, uP) E 15: Ci(I; HN-i), 

u H E CN(I;L2), of"uH E L2(I;Hl), uP E CN- 1(IjL2), of"-luP E L2(IjHl )}, 

N-2 
111(uH

, uP)(t)IIIJv = L lI(uH
, u{l, uP)(t, ')IIJv-j + lIof"uH(t, ')II~ + lIof"-luP(t, ')II~, 

j=O 

[( u H, uP)(t)]Jv III( u H, uP)(t)IIIJv + II V of" uH (t,. )II~ + IIV of"-luP (t,') II~, 

where at = a/at. 
To explain the compatibility conditions which initial data should satisfy, for a moment 

we assume that (HP) admits a solution (uH, uP) E X N ([0, T]). Put uf(x) = o/uH(O, x) 
and uf(x) = o/uP(O, x), and then uf, j ~ 2, and uf, j ~ 1, are computed by 
recurrence from (HP). To get a solution (uH,uP) E XN([O,T]), it is necessary to 
assume that 

u~(x) E HN n HJ; U,f+l(X) E HN-j n HJ,j = 0,1, ... ,N - 2; u~(x) E L2; 
(A.4) P N-j 1· _ . P 2 Uj (x) E H n Ho ,) - 0, 1, ... ,N - 2, uN_lex) E L , 

where HJ = {u E HI I u = 0 on an}. Given initial data uff, ufl and u[, we put 

N N-l 
D(N, uff, nfl, u[) = L IlufllN-j + L lIufllo. 

j=O j=O 

Then, our main result is the following. 

Main Theorem. Put No = [n/2] + 3. Let N be an integer ~ No and v ~ O. Assume 
that (A.1)-(A.3) hold. Then, there exists an € > 0 depending on n such that if initial 
data uff, ufl and u[ satisfy (A.4) and D(No, uff, ufl, u[) ~ €, then the problem (HP) 
admits a unique solution (uH, uP) E XN([O, oo)) for any T > O. 

Moreover, there exists a , > 0 such that for any L : No ~ L ~ N there exists a 
constant rL depending on L", n and D(L, uff, ufl, nr) such that 

A local existence theorem will be proved in the standard manner (cf. T. Kato [3], T. 
Kobayashi, H. Pecher and Y. Shibata [6] and also W. Dan [2] where the more compli
cated boundary condition is handled with). Thanks to the term: I:~j=l BfJ (O)OiOju{l 
( corresponding to the viscosity) and A P (0) u{l - I:~j =1 Afj (0) Oi OJ uP (corresponding to 
the thermal effect), by using the usual energy method, one can show the exponential 
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decay of the first energy. The method due to Kawashima and Shibata [4] and Shibata [7] 
can be applied to get the estimate of the higher derivatives. And then, using the sharp 
estimations of the nonlinear functions and composite functions, one can prove Main 
Theorem in the usual manner by regarding the nonlinear terms as a small perturbation 
from the linear part. 
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STABILITY, INSTABILITY AND REGULARITY 
OF NONLINEAR WAVES 

WALTER A. STRAUSS 

Abstract: In these expository lectures I discuss stability and regularity theory within 
the context of particular examples. The topics covered are: (1) stability theory with brief 
illustrations of a scalar wave equation, the Boltzmann equation and the KdV equation; 
(2) instability of BGK equilibria in the theory of plasmas; (3) regularity of solutions 
of the Vlasov-Poisson and Vlasov-Maxwell systems; (4) breathers, instability of wave 
maps, and their relationship; (5) gain of regularity of dispersive waves, particularly 
those of KdV type. 

1. Stability of Non Linear Waves. 
Consider 

(1) 
du 
dt = A(u) , u(O) = uo 

where A is a nonlinear operator. We are concerned with equations with a "constant 
energy". (For instance, the energy could be Ilu(t)112.) A key concept of interest to 
scientists is stability. 
Definition. A solution of A( <p) = 0 is called an equilibrium. An equilibrium is called 
stable (or nonlinearly stable) if: VE > 0 :38 > 0 such that if lIuo - <Pill < 8, then there 
exists a unique solution u(·) of (1), defined for all 0 ~t < +00, with values in some 
space X such that 

(2) sup Ilu(t) - <plb < E. 
O:=::;t<oo 

Examples in the plane: a center (stable), a node (stable or unstable), a saddle point 
(unstable). A stable node is asymptotically stable. 

Remarks. (i) This definition is not precise: it requires specification of the norms 
II 111 and II 112 and of the space X. 
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(ii) It must be modified for traveling waves, standing waves, etc. 
(iii) If an equilibrium is stable, is it asymptotically stable? 
(iv) If unstable, what happens to the unstable orbits? Do they converge to a different 

equilibrium? Do they blow up in a finite time? 
(v) Can an equilibrium be stable in one set of norms and unstable in another? 

Linearization. 
It is commonly assumed that stability is governed by the linearized equation 

(3) dv =Lv 
dt 

where L = A' (<.p). 

One looks at whether the solutions v(t) of (3) grow or decay as t -7 +00. This question 
is equivalent to studyingthe spectrum of L. If the spectrum meets the open right half~ 
plane {ReA> a}, then <.p is called linearly unstable. The left half-plane is associated 
with stability. The imaginary axis is associated with marginal stability. 

Linearization can be dangerous, however, as the following example (shown to me by 
J. Goodman) illustrates. Consider the P.D.E. Ut-XUx = u2 and its equilibrium <.p - 0. 
Because solutions blow up at x = 0, <.p must be unstable. Nevertheless, the linearized 
equation is Vt - xVx = 0, whose solutions decay: 

What is wrong with this example? It is that the L2 norm and the behavior at the single 
point x = ° are incompatible. (In fact, the L2 norm of v(t) decays but the Hi norm 
grows exponentially.) 

In general, the passage from the linear to the nonlinear theory is not trivial, and may 
even be false. This is especially true for nonlinear wave equations, where the spectrum 
is typically marginal and continuous. 

A nonlinear hyperbolic wave equation. 

(4) Utt - Au+ f(u) = 0, 

XER n. The equilibrium equation is 

(5) 

For our example we choose f(u) = u-Iulp-iu with p > 1. Then there exists an equilib
rium <.p(x) > 0, with <.p(oo) -7 ° as Ixi -700, provided p < 1 + n~2 (with no restriction 
if n = 1 or 2.) Furthermore we use the energy norm: u E Hi, Ut E L2. 

Theorem 1. This equilibrium <.p is always unstable (in the energy norm). 

One first proves that <.p is linearly unstable. I will only outline this part of the proof. 
The linearized equation is 

(6) Vtt+Mv=o M = -A + 1- p<.pp-i. 
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Notice that from (5) we have J(IV'cpI2 + <p2)dx = J <pp+ldx. Hence 

(M<p,<p) = 1(1V'<P12+<p2 -p<pp+l)dx 

= (1 - p) 1 <pp+ldx < o. 

Now the solution of (6) is a linear combination of e±tv'-M. The operator M is self
adjoint and its continuous spectrum is the interval [1, (0). Because of the inequality just 
proved, M must have at least one negative eigenvalue. Call it A. Then either .J - M 
or -.J - M has the eigenvalue +J - A > O. Furthermore ±.J - M has its continuous 
spectrum entirely on the imaginary axis. Therefore (6) has at least one solution that 
grows exponentially in time. 

Another example is the standing wave <p(x)eiwt for the complex-valued version of (4). 
It turns out to be stable for certain p if <p is the ground state and w is not too small. 
Thus we can say that rotation may stabilize motion. 

Yet another example is (4) with j(u) = u + lulp-1u (with a + sign). This equation 
has no equilibria vanishing at 00. For certain p and n, all its solutions approach linear 
waves as t ---t ±oo. This phenomenon is called scattering. 

Boltzmann equation for a gas. 
Using non-standard notation, we let u(t, x, v) = the density of particles in phase space 

(x, v), x = the position in R 3 , and v = the velocity in R 3 . The Boltzmann equation is 

BtU + v . V' x u = Q( u) 

where the collision term Q is defined by 

Q(u)(t, x, v) = 1 [u(t, x, v')u(t, x, w') - u(t, x, v)u(t, x, w)]dwdO, 

and 0 is the scattering angle. The rules of interaction of a pair of particles are their 
conservation of momentum and energy: 

v+w=v'+w', 

A continuous distribution of particles also inherits the laws of conservation of mass, 
momentum and energy. These invariants are the integrals over phase space of j, v j 
and Ivl2 f. Nevertheless, the entropy increases: 

:t 11 -u logu dv dx:::; O. 

This equation possesses few equilibria. Essentially the only one is the maxwellian <p( v) = 
e-1vI2 . Using the entropy, one proves ([U] et al.) 

Theorem 2. The maxwellian <p is asymptotically stable (in several d(fferent norms). 
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Korteweg-de Vries equation. 
The generalized KdV equation is 

Ut + Uxxx + (uP)x = o. 

The solitary wave <p(x - ct) satisfies an O.D.E. and is given by an explicit formula. 
There is exactly one that is positive, radial and of lowest energy. 

Theorem 3. The solitary wave is stable ~f 1 < p < 5. 

This theorem is due to [B] et al. In the classical cases p = 2 and 3, the solitary waves 
enjoy amazing stability properties. This is the celebrated soliton. Pego and Weinstein 
[PW] recently proved its asymptotic stability in a one-sided weighted norm. For larger 
p, on the other hand, the solitary wave is unstable [SoS]. 

Theorem 4. The solitary wave is unstable ~f p 2: 5. 

An open problem is to prove blow up if p 2: 5. 

Some Other Examples. 

NLS: iUt - ~u + f(lul) I~I = 0 

<p(x)eiwt 

BBM: 

Boussinesq: 

Incompressible Euler: 

Ut - Uxxt - f(u)x = 0 

tp(x - ct) 

Utt + Uxxxx - f( u)xx = 0 

<p(x - ct) 

Ut + (u . \7)u = \7p 

tp(x) 

See [L] and [FSV] for the last two examples. 

2. Instability of BGK Equilibria. 

\7·U=O 

A plasma is a collection of charged particles. Examples: fluorescent bulb, fusion 
reactor, solar wind, comet tail, particle accelerator. We assume that collisions between 
the particles are negligible, that there is no magnetic field, that the space dimension 
is 1, and that both the mass and the charge of an individual particle are 1. We consider 
a collection of electrons and ions. Let 

f±(t,x,v) = density of ions(+) and electrons(-); E(t,x) = electric field. 
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(All quantities are scalars, because the problem is one-dimensional.) The system gov
erning such a continuous distribution of particles is the Vlasov-Poisson system 

(VP) {
at! ± + vax! ± ± E av! ± = 0 

axE - JR (/+ - !-) dv. 

A similar system describes a continuous distribution of particles under gravity (e.g. 
stars in a galaxy). 

Any equilibrium must satisfy (vax ± Eav)f± = O. Thus 

(1) {!±= J.L±(~v2+,8(X)) 
E = ,8'(x) 

satisfies the Vlasov equation for arbitrary J.L+, J.L-,,8. In order to satisfy the Poisson 
equation, we require 

(2) 

Such solutions are called BGK equilibria after the authors of the original paper [BGK]. 
There are hundreds of physics papers about them. Here we assume neutrality: 

(3) I: [J.L+ (~V2) - J.L- (~V2)] dv = O. 

The homogeneous case· (3 = O. 
This case can be studied easily by linearization. The linearized system is 

(4) {
(at + ~ ax) g± = +(avJ.L±) E 
axE - J (g+ - g-) dv. 

We look for exponential solutions of (4): 

E = ei(l;;x-wt) 

from which we easily get the dispersion relation 

(5) e = 100 

av[J.L+ + J.L-] dv = F(z), 
-00 v z 

where z = W /~. We look for real ~ and complex w. Since le-iwtl = et'-'Sw, we ask whether 
there exists 'Sw > 0 or not. Thus the homogeneous equilibrium is linearly unstable if 
and only if the image of {'Sz > O} under F meets the positive real axis. Penrose [P] 
found a nice necessary and sufficient condition on J.L± for this to be true. In particular, if 
J.L+ + J.L- is a decreasing function of lvi, the equilibrium is linearly stable, but if J.L+ + J.L
deviates sufficiently from monotonicity, it is linearly unstable. The following statement 
is a special case. 

(6) If I: _a_v 
=--":'-v--'---=- > 0, then it is linearly unstable. 

Here is an important open problem. If there is a little bump in the graph of J.L+ + J.L
(a small deviation from monotonicity), is the equilibrium nonlinearly stable or unstable? 
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The inhomogeneous case (3 i- O. 
We still must solve equation (2). Now we assume condition (6) as well as (3). Then 

(2) takes the form d2(3/dx2 + H'((3) = 0, where H'(O) = 0 and H"(O) > o. Thus the 
origin is a center. We choose (3(x) to be one of the periodic solutions near the origin, 
of period P {3 , say. 

Theorem. These BGK equilibria are unstable (both linearly and nonlinearly) with re
spect to the norm 

(5') II f± 11>= [Pp I: (11+1 + If-I) dvdx + s~p II: u+ - f-)dVI 
under perturbations of period 2P{3. 

More precisely, assume (3),(6) and 1f.L±(s)I = O(lsl-'Y) for some 'Y > 2. Assume (3(.) 
as above. Then there exist EO > 0 and solutions {fl(t, x, v) : 8 > O} of (VP) of period 
2P{3 in x such that 

(6') 

but 

(7) 

L II f1(O) - f.L±(~V2 =F (3(x))llwl,l < 8 
± 

sup IIf±(t) - f.L±1I1 2:: EO· 
09<00 

For this theorem see [GuS]. We do not know whether the period-doubling is required. 

Proof of linear instability. 
The linearized system around the inhomogeneous equilibrium is 

(VP) lin 
{

[at + vax ± ,6xavl g± _ - ~ avJ.!± (!v2 
'f ,6( x)) 

axE - Loo (g+ - g-) dv. 

Because of the inhomogeneity (3(x), we cannot expect there to be a solution that is an 
exponential in x. We want to perturb from the known case (3 = 0, but the perturbation 
is not lower-order. Nevertheless, we invert the operator &t + vax ± (3x&v by integrating 
along its characteristic curves 

x=v, 

This system has a phase plane portrait just like that of a pendulum. The periodic orbits 
correspond to the trapped particles. We denote by (X± (t; 0, x', v'), v± (t; 0, x', v')) the 
path that passes through the point (x',v') at t = o. Thus from (VP)lin we get an 
equation like 

(8) g± = 1 E &v f.L± . 
characteristics 
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Then we look for solutions 

{ 
E = e-iwt E(x) 

9± = e-iwt 9±(X, v) 
and plug them into the Poisson equation. We obtain 

(9) 8x E(x) = I: k(x,x',w) E(x') dx' , 

where k = k+ - k- and 

(10) k+(x,x',w) = - roo 100 

15(x - X+(t;O,x',v')) 8V'I.1+(~v'2 - (3(x')) e+iwtdv'dt. 
Jo -00 

Integrating (9) from -00 to x, we obtain an equation of the form 

(11) E = C(w,(3) E. 

In case (3 0 we know there exists a solution E =1= 0 with 8'w > O. We want to perturb 
this solution. We prove three statements: 

w ----t C(w, (3) is analytic in {8'w > o}. 

(3 ----t C(w, (3) is continuous in a certain sense near (3 = o. 
E ----t C(w, (3)E is a compact operator in L1. 

Under these conditions it is known that the poles of (1 -C(w, (3))-1 vary continuously as 
a function of (3. (Steinberg's Theorem). Therefore we deduce that (11) has a non-trivial 
solution with 8'w > O. 

Proof of nonlinear instability. 
Let us drop the notation ±, and write (VP)lin as 

(8t + L) 9 = O. 

We have just shown there exists a solution 9 = eAt R(x, v) (where A = -iw). The full 
nonlinear system (VP) is 

(12) (8t + L)(f - JL) = (E - (3') . 8v (f - JL) 

where we have simplified the notation. We choose 

f(O) = JL + 8 R 

where 8 is a small parameter and ReAt is the solution of (VP)lin with the maximum 
~A. Next we write (12) in the integral form 

(13) f(t) - JL = 8 ReM + it e-L(t-r) (E - (3') 8v (f - JL) dT. 

which we estimate crudely as 

(14) Ilf(t) - JL - 15ReAt ll£1 :::; it e~A(t-r) liE - (3'11£00 118v (f - JL)II£1 dT. 

We treat the dangerous factor involving a derivative of f - JL by the 

Lemma. If II! - JLII£1 = O(ent
) and ~f certain norms of f - JL are bounded, then 

118v (f - JL)II£1 = O(ent
). 

Then the instability follows from (14), with a = ~A. 
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3. Regularity of Plasma Waves in Kinetic Theory. 

Vlasov-Poisson system. 
The Vlasov-Poisson system in 3 dimensions is 

(V) 

(P) 

at! + v . \l x f + "(E . Vu f = 0 

E = \l<p b,.<p = j fdv 

b=±l) 

Here f (t, x, v) is the density of particles, E( t, x) is the electric field, x is the position in 
R 3 and v is the velocity in R 3 . The plasma case is "( = 1 and the gravity case is "( = -1. 

Theorem 1. If 0 :::; fo E C~(R3 x R 3), then there exists a unique solution of (VP) in 
Coo with flt=o = fo, that satisfies certain conditions at 00. 

This theorem was proved independently by [Pf] and [LP]. For contrast, in the case 
"( = -1 with v replaced by v / vI + v2 , some solutions "blow up in a finite time" [GS1]. 

For the proof of Theorem 1, PfafIelmoser estimates the finite support of f(t, x, v) in 
the v-variable. Lions and Perthame estimate the moments in v, obtaining the a priori 
bound 

(1) sup Jr ( Ivl m f dv dx < 00 
O~t~T J 

Vm,VT. 

We follow the latter method. There are two easy a priori bounds, the Lq norm and the 
energy: 

j j Ifl q dv dx < 00 Vq and j j Ivl 2 f dv dx + j IEI2 dx < 00. 

Lemma 1. Let Mm(f) = II Ivl m fdvdx. Then 

(2) II! IVI'fdvIILJi'" :S ell/llZi: M=(J)~ 
for 0 :::; .e :::; m. 

Proof. Split 

j lvlifdV= { + ( :::; ellfllooA3+i + eA-m+ijlvlmfdv 
J1vl<A J1vl>A 

and then optimize A. 

Lemma 2. lfsup[o,T] Mm(f) is boundedVm VT, then E(t, x) is bounded and Theorem 1 
follows. 

Proof. Let p = I f dv. Then by the Poisson equation 

1 x-y 1 E(t,x)=e I 13 p(y)dy= 
R3 x - Y Ix-yl>l 

Hence for all q > 3 

IE(t,x)1 < ellpllu + elipliLq 

< ellfllu + ellfllLoo Mm(f)f3 

by Lemma 1, choosing q = mt3
, .e = 0 and m > 6. Thus E is bounded. 
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Lemma 3. 

(3) 

Proof. By the Vlasov equation, dMm/dt = -1 J E (J Iv 1m \lvf dv) dx. Integrating 
by parts and using the HOlder inequality, 

d:
m ~ m IlEI1Lrn+311! IVlm-1fdvIIL~ 

=+2 
~ mllEllun +3 1lfllL oo M;;:+3 

by Lemma 1. By Gronwall, it suffices to prove 

(4) 

Lemma 4. 

(5) IIE(t)IIL~+3 :S c + c r (t - r) II f (Ef)(r, x - (t - r)v, v)dvl.1 dr. 
Jo JR3 L;:+3 

Proof. Write (V) as ( at + v . \l x) f = \l v . [-E f] . Integrate in v, and use the straight 
line characteristics. Let P = J f dv and Po = J fo(x - tv, v) dv. Thus 

P=Po+c\lx' r(t-r) f (Ef)(r,x-(t-r)v,v)dvdr. 
Jo JR3 

Next use the Poisson equation E = \J<.p and D.<p = p in order to estimate E. 

Proof of Theorem 1. We estimate the right side of Lemma 4. The proof is tricky. An 
observation of Bouchut permits the use of the Marcinkiewicz space MP(R3). For fixed 
t, x we estimate 

(6) 

Next, 
IIEIIM;/2 = (t - r)-21IEIIM~/2 ~ c(t - r)-2 IlpllL;, 

by the L1 theory of the Laplacian. The other factor in (6) is estimated in £1;:+3 as 

II IIf(r, x - (t - r)v, v)Il~311 = II! f( r, x - (t - r)v, v)dvll 
'U I L~+3 L~+rn/3 

by Lemma 1. 

Thus (5) together with (6) takes the form 

(7) l t 1 1 

IIE(t)IILrn+3 ~ C + c - [Mm(f)(r)] =+3 dr. 
o t- r 

We insert (7) into (3). This fails to be sufficient because of the non-integrable kernel 
(t - r)-1. So the estimate must be modified near r = t in order to make it work. We 
omit this final part of the proof. 
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Plasma with magnetic field. 
The Relativistic Vlasov-Maxwell System (RVM) is 

(V) 

(M) 8t E = \1 /\ B - j 

8t B = -\1 /\ E 

p= L J ea fa dv 
a 

\1·E=p 

\1·B=O 

j = L J ea Va fa dv 
a 

where position x E R 3 , momentum v E R 3 , velocity Va = vlJJvJ2 +m~ ,mass of one 
particle = ma , charge of one particle = ea , speed of light = 1, density of Q-species of 
particle = fa (t, x, v) (for 1 :::; Q :::; N), electric field = E, magnetic field = B, charge = p 
and current . j. In general, regularity is an open problem for (RVM). But it is known 
in some cases. 

Theorem 2. Let initial data be given in Cr: that satisfies the appropriate constraints. 
If there is an a priori bound on the support, namely, 

sup{lvl : fa(t, x, v) i= 0 for some t E [0, T], x E R 3
, 1 :::; Q :::; N} < 00 

for all T < 00, and the bound is un(form in a certain approximation, then there is a 
unique Coo solution for all time (vanishing at spatial infinity). 

Thus a singularity (if there is any) must come from the particles moving arbitrarily 
near the speed of light. This theorem [GSt] can be used to deduce the regularity of a 
plasma that is "almost neutral" [GS2]. For the proof of the theorem, let us omit the 
subscript Q and ma and ea. Thus we abbreviate (RVM) as 

(V) 8d + V . \1 x f + (E + V /\ B) . \1 v f = 0 

p = J fdv, j = J vfdv, V = vlJl + JVJ2 

together with the Maxwell equations (M). Our main goal is to prove a C1 estimate. 

Lemma 1. Let D = 8/8xk. Then 

A similar estimate holds for D = 8/8 Vk. 

Proof. Differentiate the equation and integrate along the characteristics. 
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Lemma 2. The .field (E,B) and its .first derivatives (DE,DB) can be represented as 
integrals of f itse~f on the backward characteristic cone K. 

Proof. From (M) we have (a; - A)E = - \l xp - ad and a similar equation for 
B. Hence 

E(t,x) = E(O) + { ( ( ... ) Df dv dK 
JK JR3 

where ( ... ) is an explicit kernel depending only on the independent variables, and E(O) 
depends on the initial data. We must get rid of the derivaative D f. Now D f is a 
linear combination of time and space derivatives of f. Split it as a linear combination 
of Sf, Tlf, T2f, T3f, where 

(j = 1,2,3) are the characteristic derivatives and Wj is an angular variable on K. Since 
Ivi < 1, they are linearly independent. The operators T1 , T2 and T3 are tangential along 
the cone K, so an integration by parts makes them act only on the kernel. By (V), we 
may substitute Sf = - \l v . [(E + v /\ B)f) and then we integrate by parts in v. We end 
up with the representation 

(9) E=E(O)+ jj("')fdVdK+ jj( ... )(E+VI\B)f dVdK. 

The new kernels, first derivatives of the old ones, are harmless because v runs over the 
support of f, which is assumed to be bounded. Doing the splitting twice, we obtain a 
similar representation for derivatives, of the form 

(10) DE = DE(O) + j j {( ... )f + ( ... )Ef + ( ... )E2 f + ( ... )(DE)f} dv dK 

(plus similar terms with B instead of E). 

Proof of Theorem 2. From Lemma 2, we estimate 

The last term arises because one of the final kernels leads to a singular integraL Com
bining (1) and (6) leads to the estimate 

This estimate implies that Df is bounded (for bounded t), just as in Gronwall's in
equality. Thus we have the desired C 1 estimate. 
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4. Breathers and Wave Maps. 

Breathers. 
The sine-Gordon equation 

(8G) O'.tt - O'.xx + sin 0'. = 0 

is completely integrable. It has traveling wave solutions called "kinks" that are as
ymptotic to constants at ±oo. A special combination of kinks, traveling in opposite 
directions, is periodic in t and localized in x, but is not a standing wave. It is the 
"breather" and is given by the explicit formula 

(1) { 
b sin(at) } 

0'. (x, t) = 4 arctan a cosh(bx) , 

For years people searched for breather solutions of other equations, without success. In 
recent years it has been proved that the classical breather (1) is unique among various 
classes of equations ([BMW], [Ky], [D]). 

In the following discussion, we will switch the roles of t and x, so that the breather 
will be periodic in x and vanish as t --+ ±oo. 
Wave Maps. 

Consider a map between two manifolds M ~ N that satisfies the Euler-Lagrange 
equation of the Lagrangian 

£(u) = 1M IIdu11 2
. 

Such a map is called a harmonic map. [The simplest example is the classical Dirichlet 
integral £(u) = J l\7uI 2 dx, where u is a classical harmonic function.] However, we 
shall choose M = Minkowski space = R t x R;:, in which case our map is called a wave 
map by some authors. We shall also choose the target manifold N to be a Riemannian 
manifold and consider N to be embedded in some Rm. The Euler-Lagrange equation 
asserts that at each point Utt -!:lu is a normal vector to N. In fact, 

(WM) U~t - !:lui + r;k(U) (u1 u~ - \7ui . \7uk) = 0 

where the r;k are the Christoffel symbols of N. (WM) is a simpler field theory than 
Yang-Mills and General Relativity but possesses some of the same difficulties. In fact, 
certain special solutions of these other theories are themselves wave maps. 

In this lecture I will make the following choices: 

M = M2 = R t
1 x 8 1 

p x 

N= 8 2 C R3 

(periodic 1 + 1 dim. Minkowski space) 

(ordinary 2-sphere). 

Then Utt - !:lu = Au where A is a scalar function. Hence 

(WM) { Utt - Uxx + (lutl2 -luxI2 ) U = 0 

lu(t,x)1 = 1. 

Relationship between (WM) and (SG). 
If u(t, x) is' a wave map, define its angle function O'.(t, x) as the angle between the 

characteristic derivatives Ut - Ux and Ut + Ux' Let h = ~Iut - uxl and k = ~Iut + uxl. 
The first result is well-known to geometers. 
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Theorem 1. If u satisfies (WM), then a satisfies the generalized sine-Gordon equation 

(CSC) att - a xx - hex - t) k(x + t) sina = O. 

Theorem 2. Conversely, let a(t,x) be a breather solution of 

(GSG) 

for some positive integer £ and some real w, with w2 < £2. Then there exists a family of 
wave maps u : M; -+ S2 where h = ~ (£ - w) , k = ~ (£ + w) and a is the angle function 
ofu. 

The wave maps in Theorem 2 are called the breather wave maps. They are given by 
explicit formulas. We summarize these two theorems as follows. "Each wave map leads 
to a solution of (GSG), and each breather comes from a family of wave maps." 

Relationship with Stability Theory. 
Consider the traveling wave map 

[

COS(£x - wt)] 
M;:3 (t,x) ---+ <p(t,x) = Sin(£xo-wt) E S2 C R3. 

Theorem 3. a is stable ~f w2 > £2, and unstable ~f w2 < £2, in the energy norm. 

For instance, if w = 0 and £ is a positive integer, there exist exactly £ unstable modes. 
That is, £ is the dimension of the unstable manifold of the linearized problem. 

Theorem 4. If w = 0 and £ is a positive integer, then each unstable mode corresponds 
to a wave map u( t, x) such that 

lim Ilu(t,x) - <p(x) II energy = o. 
t-> - CXl 

A mong them, (£ - 1) are breather wave maps (with d~fferent choices of the parameters), 
and the remaining one satisfies a simple D.D.E. 

The breather wave maps also satisfy 

lim Ilu(t,x) - <p(x)llenergy = O. 
t->+ CXl 

Therefore the map t 1-----+ u(t,·) may be called homoclinic. Theorem 3 may be found in 
[GSS] and Theorems 1,2 and 4 in [SS]. 

Non-round target manifold. 
We define a generalized breather as a homo clinic wave map from M; into a compact 

Riemannian manifold N 2 . 
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Theorem 5. There exist generalized breathers whose target man~folds N 2 are 2-spheres 
with non-standard metrics. 

Proof. We only consider the map on the top half cylinder {t < O} because on the 
bottom half {t > O} it is symmetric. The wave map u : (M;, f}) 1----7 (52, h) is factored 
as u = 12 0 !I, thus 

u: (M;,f}) ~ (N,g) ~ (52, h) 

by defining N = M; as sets, and the metric 9 of N as the pulled-back metric of 52. 
Thus N has a singular metric > 0 and 12 is an isometric immersion. This can be done 
so that h is still a wave map. 

Furthermore, N = Nl U N3 U N sing , where 12 is a 1-1 mapping on Nl ,his a 3-1 
mapping on N 3 , and N sing is the curve where the metric 9 is sing.?lar. We perturb the 
metric 9 within Nl to obtain a new metric g in such a way that h is still a wave map. 
We push g forward to get a new (non-round) metric h on the sphere. Thus 

u: II i2-(M, rJ) 1----7 (N, g) 1----7 (5, h) 

is the same as the original map but considered with the new metrics. Since h is a wave 
map and J2 is· an isometric immersion, U is a wave map from (M;, f}) into (5, h). It is 
still homoclinic. 

5. Gain of Regularity of Dispersive Waves. 
Previously (for Vlasov systems) we discussed the regularity problem: do regular initial 

data lead to a regular solution? Now we shall discuss the gain-of-regularity problem: 
do non-regular initial data lead to a regular solution for t > O? 

Example 1. The free Schrodinger equation i8u/8t = flu (x ERn). 
Let u( 0, x) = <pC x) be the initial data. Then <p 1----7 u( t) is unitary on L2 (Rn) so that 
the solution at a fixed time is no more regular than <po Nevertheless, it is true that 

(1) sup ( 100 

jD:!/2U(t)1 2dtdx:::; CII<pIl£2(Rn). 
R J1xl<R -00 

This property is called "local smoothing" ([Sj],[V],[CS]). If we assume <p E Ll(Rn) with 
compact support, then the solution is analytic for t =I- 0, as we see immediately from 
the classical formula 

(2) u( t) = en t- n/2 eilxl2/4t * <po 

Thus rapid decay of <p(x) as Ixl -700 leads to great smoothness for t =I- O. 

Example 2. The KdV equation Ut + Uxxx + U Ux = O. 
This equation, although nonlinear, enjoys a similar property to the previous example, 
as proved in [K]. In fact, if J~oo 1<p(x)12(1 + eX)dx < 00, then U E Coo for t > o. 

The intuition in both examples is as follows. Singularities travel along bicharacteristic 
rays and at infinite speed. If no initial singularities come from spatial infinity, then all 
the singularities. disappear immediately. 

-450-



Generalized bicharacteristics. 
Suppose that, after linearization, the equation takes the form 

(3) i~~ = a(x, D)u 
1 8 

(D·=--) 
J i 8x' J 

with a real symbol a(x, ~). Then the bicharacteristics are the solutions of the O.D.E. 

(4) 
. 8a 
x= 8~ , 

For the l-dimensional Schrodinger equation, a(x,~) = -e and e = -2~. Thus for ~ 
positive the bicharacteristic rays move to the left, while for ~ negative they move to the 
right. So the analysis will require splitting into ~ < 0 and ~ > 0, and therefore the use 
of pseudo-differential operators. 

For the Airy equation (linearized KdV), Ut + U xxx = 0, we have a(x,~) = -e and 
x = -3e· Therefore an singularities move to the left. This is the reason for Kato's 
assumption that <p(x) --70 rapidly as x --7 +00. (The solitons move to the right.) 

Theorem 1. Consider the linear equation (3). Assume 
(i) it is dispersive: j8a/8~j --7 00 un~formly in x as j~1 --700. 

(ii) no rays are trapped: If x(t) is a solution of (4), then jx(t)1 --7 00 un~formly for 
Ix(O) I and I~(O) 1-1 bounded. 

(iii) it is :flat at 00: 

for all a, f3 and for some 8 > O. 
(iv) JRn 1<p(X)j2 jxlkdx < 00, Yk ~ O. 
Then U is a C= ,function for t :f:. O. 

Nonlinear Dispersive Waves. 
If the equation is nonlinear, but the dispersive term dominates, then the gain of 

regularity is still true. KdV -type equations are particularly simple because the singu
larities all move in one direction so that micro local analysis can be avoided. Here is a 
generalization of Kat.o's Theorem. 

Theorem 2. Consider the equation 

(5) Ut + f(uxxx , U xx , U x , u) = 0 

where f E C= and 

(6) 8f /8(uxxx ) 2: c> 0 

If u( t, x) is a solution in any time interval (tl' t2) x Rx such that 

(7) 
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V K 2: 0, then U E Coo in the same time-interval (tl' t2) x Rx. 

Remarks. (a) There is a local-in-time existence and uniqueness theorem in the space 
defined by (7). Thus Theorem 2 says there is regularity up to the (possible) blow-up 
time. 

(b) A more precise version of Theorem 2 assumes (7) for a fixed K and concludes a 
finite gain of regularity. (Similarly for Theorem 1.) 

(c) We require 5 derivatives in L2 because of the strong nonlinearity. 
(d) Both Theorem 1 and Theorem 2 are proved by a generalization of the energy 

method ([CKSl] and [CKS2]). 

Sketch of Proof of Theorem 2. 
For simplicity, consider the equation Ut + j(uxxx ) = 0 where!, 2: c > O. We write 

0= 0/ ox and UN = oN U. We apply the operator oN to the equation and then multiply 
it by pUN where p = p(t,x) is a weight function to be chosen later. Thus 

(8) 

The first term in (8) equals %t (~p uJ.v) - ~ ~~ uJ.v. The second term in (8) has the 
leading part 

p!'(Ug)UN+gUN = -pj'(Ug)UN+2 UN+l - o[pj'(Ug)]UN+2UN + o{-··} 

=~o[pj'(Ug)]UJ.v+l + 02[Pj'(ug)]UN+IUN + o{-··} 

=~o[pj'(Ug)]UJ.v+l - ~og[Pj'(ug)]uJ.v + o{-··}. 

The next part is 

Nj"(ug)U4UN+2 . PUN = -Npf"(ug)U4U~+1 - No[pj"(Ug)U4]UN+lUN + o{···} 

=-Npo[!'(ug)]UJ.v+l + .z;02[pj"(U3)U4]UJ"r + o{-··} 

The succeeding terms do not yielduJ.v+l but only uJ.v, UJ.v-l' etc. Therefore (8) yields 
an identity of the form 

(9) o [2] 2 2 ot PUN + q UN+l + rUN + ... = 0 

where q = 3j'(ug) op + (3 - 2N) o[!,(Ug)]p and the dots represent lower-order terms. 
We choose 

{ 

e-a-Ixl 
0< q(t, x) f'V xk { 

e-a-Ixl as x ---? -00 
and 0 < p(t, x) rv k+l 

x as x ---? +00 

and p(O, x) = O. When (9) is i:ptegrated, it provides the gain of one derivative in L2, 
from the Nth to the (N + l)st. At each induction step, the weight function loses one 
power of x (from xi to x~-l) and gains one power of t (from tk to t k+ 1 ). 
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-Llu = A exp (OI01;J v.s. -Llu = Aeu 

TAKASHI SUZUKI 

Abstract. The problem 

-Au = Aexp (~) in n, 
a+u 

u = 0 in an 

arises in the theory of gas combustion, where n c nn is a bounded domain 
with smooth boundary an, and A > 0 and a > 0 stand for parameters. 
Several works have been devoted to its bifurcation diagram, but not so much 
is known for general domains. Our purpose is to present a theoretical study 
for S-shaped bifurcation and mushroom. 

1. Introduction 

Given a chemical constant a > 0, the modified Gel'fand problem 

- Au = Aexp (~) in n, 
a+u 

u = 0 on an (1) 

describes the steady state of gas combustion subject to the Arhenius law (c.f. 
[13]). Here, n c nn denotes a bounded domain with sufficiently smooth 
boundary an, and ). > 0 a physical parameter. We are concerned with the 
total set of solutions 

s = (()., u(x)) I classical solutions of (I)} C n+ x C(n), 

or more precisely, the effect of domain shape to its connected components. 
We have the following facts on uniqueness and nonuniqueness ([1], [2], [10]' 
[14], [15]). 
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Proposition 1 If a ~ 1, there exists a nonempty bounded open interval 
A C (0 < +00) such that (1) admits an ordered triple of solutions. 

Proposition 2 Given a > 0, the solution u(x) of (1) is unique and stable 
for 0 < ). < 1 and ). ~ 1. 

The nonlinearity f( u) = exp CI!a;,J is uniformly bounded and hence 
Schauder's fixed point theorem assures the existence of a'solution u( x), and 
furthermore, a priori bounds of IluliLco for each ). > O. Combined with 
Proposition 2, those facts imply the following. 

Theorem 3 Let 8 0 C n+ x C(n) be the connected component of 8 con
taining the trivial solution ()., u( x)) = (0, 0) on its boundary. Then, any 
connected component 8 1 =f. 8 0 of 8, if it exists, must be bounded. 

If such 8 1 is a continuum, we call it a mushroom ([7]). Furthermore, any 
subset of 8 homeomorphic to n we call a branch. 

Proposition 2 has been proven by ordered Banach space or the Green 
function, but another way based on Hardy's inequality is proposed ([6]). Fur
thermore, Proposition 1 can be refined to control the component 8 0 , Namely, 
it forms branches for 0 < ). < 1 and ). ~ 1, bending in the" generalized 
sense" unless 8 itself makes up a unified branch parametrized by).. 

2. S-shaped bifurcation 

Proposition 1 indicates two more bendings of 8 0, the S-shaped bifurca
tion, while the following theorem is valid for the general nonlinearity satis
fying f( u) ;::: 0 for u ;::: 0 ([5]). 

Theorem 4 Let n c n2 be symmetric with respect to Xl and X2 axes, where 
x = (XI, X2) E n. Furthermore, let it be convex with respect to both axes, 
which means that any segment parallel to an axis is contained in n if its end 
points are so. Then 8 is a branch. 

Take the case that n has still two axile symmetries, but is convex with 
respect to only one direction, say X2' Such n does not satisfy the assumptions 
of the above theorem, but can express a dumbbell-like region. Let u(x) be 
a solution symmetric with respect to both axes. The following lemma pro
vides some information concerning the secondary bending or the asymmetric 
bifurcation. 

Lemma 5 Under those circumstances, the second eigenfunction 'l/J2(X) of the 
linearized operator can be taken if!, the following forms whenever the second 
eigenvalue is nonnegative. 

1. 'l/J2(X) is symmetric and anti-symmetric with respect to Xl and X2 axes, 
respectively. Its nodal domains are n n {±X1 > OJ. 
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2. 'lj;2(X) is symmetric with respect to both axes and has a nodal domain 
with its closure contained in O. 

3. Gel'fand equation 

S-shaped bifurcation suggested by Proposition 1 is supposed to produce 
mushrooms if parameters change significantly more. Our viewpoint is to take 
into account of the domain perturbation. First, we deform a ball dumbbell
likely, preserving the symmetries on each axis. Then, breaking one of them 
will cause mushrooms. 

We have not got any rigorous proof, but the consideration developed 
below seems to support the procedure. This is performed for two dimensional 
case n = 2 through the study on a = +00, that is, the Gel'fand problem 

- l:l.u = Ae'U in 0, u = 0 on a~. (2) 

Let S be the total set of solutions {().,u(x))} of (2). Justifying the above 
idea, we note the following theorem of [3]. 

Theorem 6 Any bounded branch of S has a homeomorphic copy in S if 
a~l. 

As for (2) we have the following ([8], [12], [11]). 

Proposition 7 Let (()., u(x))} be any family of solutions with A ! 0 and set 

E = in Ae'Udx. 

Then, {E} accumulates to 81rm with some m = 0,1,2, "', +00. Passing to 
a subsequence, {u( x)} behaves as follows. 

1. If m = 0, liuliv'" ~ o. 

2. If m = +00, u(x) ~ +00 fOT any x EO. 

3. If 0 < m < +00, there is a set B = {xi, x2,"', x:n} c 0 of m points 
so that 

m 

u(x) ---+ 811" 2: G(x, xj), (3) 
j=l 

where I< cc 0 \ B and the convergence is locally uniform in 0 \ B. 
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Here and henceforth, G(x, y) denotes the Green function for -A in 0 

with ·Ian = 0 and { xj }:1 are so related as 

-2
1 

V R(xi) + I: V x G (x;, xi) = 0 
i:#:i 

(1 ::; j ::; m), (4) 

where 

R(x) = [G(x, Y) +.J... log Ix - yl] . 
21r y=x 

In the case of m = 1, (4) indicates that xt is a critical point of R(x). Such 
a point is called a core. If it is nondegenerate as a critical point of R( x), we 
call it a non degenerate core. 

Proposition 8 Let 0 c n} be simply connected and xr a nondegenerate 
core. Then, there exists a unique continuous family of solutions of (2), de
noted by 

s* = {()., u(x ))}0<>'«::1 C n+ x 0(0), 

satisfying (3) as'\! O. 

The following are known. Let 0 C n2 be simply connected, a core 
xr E 0 be given, and take a conformal mapping g : B = {Izl < 1} c C --+ 0 
satisfying g(O) = xi. Then we have g"(O) = 0, and the nondegeneracy of 
xr is expressed as (J' = 19'"(O)jg'(O)I =1= 2. Any domain admits a core. It is 
unique if 0 is convex, and furthermore, then (J' < 2 so that is nondegenerate. 

Proposition 9 The connected component So of S, containing (0,0) on the 
boundary, forms a branch bending just once, provided that 

Recently, we have found the following. 

1. A rough estimate for the number of blowup points exists. In particular 
it is finite for any simply connected domain. 

2. Morse indices for solutions created by Proposition 8 are between 1 and 
3. 

Those are utilized effectively to control the global bifurcation diagram for (2) 
([6]). 
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4. Mushroom? 

The theorem [9] is described as follows. Let n c n2 be a domain with two 
axile symmetries, and break its convexity to one axis. Then, the pitchfork 
bifurcation of nondegenerate cores will arise eventually. 

Under those circumstances, Proposition 8 guarantees three families of 
solutions for (2). The argument [6] is described as follows. First, some 
more implicit, but reasonable assumptions for n, bring their connectivity via 
the theory of topological degree. Then, naturally is expected the imperfect 
bifurcation as the domain perturbes asymmetrically for X2 axis ([4], e.g.). 
Finally, thanks to Theorem 6, those components are to be imbedded into S, 
and we can suggest the generation of a mushroom for (1). 
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WEAK SOLUTIONS FOR THE EVOLUTION PROBLEMS 

OF HARMONIC MAPS ON NONDECREASING DOMAINS 

ATSUSHI TACHIKAWA 

Abstract. In this paper we construct a weak solution of an initial and boundary value 
problem on a non decreasing domain nt for the heat flow for harmonic maps into a sphere. 
To construct the weak solution we emply the method that is given by combining Rothe's 
time-discretization method and the direct method of calculus of variations. 

1 Introduction 

Let M = (Mm,g) and N = (NR., h) be Riemannian m- and R-manifolds (m,R 2: 2) 
respectively. Let x (xl, ... , xm) and u = (u\ ... , ul ) be local coordinates on M and N 
respectively. We shall write (ga(3(x)) and (hij(u)) for the metric tensors with respect to 
the local coordinates on M and N respectively. 

For a map u E C1 (M, N) and a bounded domain n c M, we define the energy of u 
on n as 

£(u;n) = ke(u)dfl, 

with the energy density 

and the volume element dfl = Vg(x)dx, g(x) = det(ga(3(x). Here and in the sequel, Da 
denotes 8/ 8xa

. A map U : M --t N is said to be harmonic if it is of class C 2 and is 
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a critical point of the energy functional. The Euler-Lagrange equation for the energy 
functional is given by 

where r~k denote the Christoffel symbols on Nand f}.M denotes the Laplace-Beltrami 
operator on M, i.e. 

(1.2) 

The basic existence problem for harmonic maps is to find a harmonic map in the given 
homotopy class. A natural approach to this problem is to study the evolution equation 

(1.3) ~~ - T( u) = 0, in M x R+. 

For the case that aM = 0, the global existence of the solution to the Cauchy problem 
for the equation (1.3) was shown by Eells-Sampson [7] assuming that the sectional curva
tures of the target manifold N are nonpositive. In case N Sf., the global existence of 
weak solution was shown by Chen [3]. Moreover, for general target manifolds, the global 
existence and partial regularity result was given by Chen-Struwe [4]. 

For the case that aM i= 0, one can consider the initial-boundary value for (1.3). 
Hamilton [10] has shown the global existence of smooth solution to the problem (1.3) 
for the case that the sectional curvatures of the target manifold N are nonpositive. For 
general target manifolds, the global existence and partial regularity result was obtained 
by Chen-Lin [5]. 

In this paper we consider the initial-boundary value problem on a nondecreasing do
main for evolution of harmonic maps into a sphere. Let n be a bounded domain of a 
smooth Riemannian m-manifold M and Sf. a sphere {u: u E R£H, lui 1} c Rf.H. For 
CI-map u = (u1(x),.··, UH1(x)) : n -7 S£ c R£H the energy of u on n is given by 

(1.4) 

Here and in the sequel, lIeli = (Lf~: ga{3e~eb r/2 
for e = (e~) E Rm(Hl), and I . I denote 

the standard Euclidean norms. The Euler-Lagrange equation of the energy functional £ 
is given by 

(1.5) f}.Mu + uliDull2 = 0 III n. 
Let nt be a one-parameter family of bounded domains of M with Lipschitz boundaries 

ant. Let us define Va- r and :EO" r in M x R as follows: , , 

VO",r = {(x,t) I a- < t < T, X E nt }, 

:EO",r = aVO",r \ {(nO" x {a-}) U (nr x {T})}. 
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We construct a weak solution of the following evolution problem of harmonic maps into 
the sphere Sf. on a nondecreasing domain nt . 

(1.6) 
au 2 at - /.:}.M U - ullDull = 0, for (x, t) E Vo,oo, 

(1.7) u(x, t) = w(x), for (x, t) E 2:;0,00' 

(1.8) u(x,O) = uo(x), for x E no. 

Now we can state our main result. 

Theorem 1. Let M be a smooth Riemannian m-manifold and {nt } (0::; t < +00) a 
one-parameter family of bounded domains of M with Lipschitz boundaries. Assume that 
{n t } is monotone nondecreasing i.e. 

(1.9) 

Then for any uo(x) E H l ,2(no, Sf.) and w E Hl~~(M, Sf.) with Uo = w on ano there exists 
a weak solution of the initial-boundary problem (1.6), (1.7) and (1.8). 

In order to prove the above theorem, we use Rothe's time-discretization method ([16]) 
and the direct method of calculus of variations. 

Rothe's time-discretization method has been used to construct solutions of parabolic 
and hyperbolic equations. Moreover, in 1971, Rektorys [15] combined the time-discretiza
tion method and the direct method of calculus of variations to construct solutions of 
parabolic equations. Roughly speaking, their method is summarized as follows: For the 
equation 

(1.10) ~~ - (the Euler-Lagrange equation of k F(x,u,Du)df-l) = 0, 

they consider the auxiliary variational functionals 

(1.11 ) () f {Iu un _11 2 
( )} Gn u = in h +F x,u,Du df-l, 

and define Un successively as the minimizer of G n ( U ). Using the sequence {un}, they 
construct approximate solutions and prove that the approximate solutions converge to 
a solution of (1.10) as h -t O. In [15] existence of weak solutions of linear parabolic 
equations was proved. 

Recently, this method was rediscovered by Kikuchi [11]. In [11] parabolic systems asso
ciated to the variational functionals of harmonic map type are studied. Moreover, several 
authors subsequently use the above method. For instance, Bethuel-Coron-Ghidaglia
Soyeur [2] showed the existence of the weak solutions of evolution problems for harmonic 
maps into Sf. in the same procedure. Our proof is based on the method of [2]. 
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Similar ideas to one above have been applied to the other type of equations. (See, 
for example, [12, 13, 14, 15, 17].) Especially, in [1] and [8], we can find remarkable use 
of them combined with the geometric measure theory. Moreover, these ideas are closely 
related to the notion of minimizing movement which is introduced by De Giorgi [6]. 

2 The outline of the proof of Theorem 1 

To construct a weak solution of (1.6), we proceed as in [14]. 
For fixed h > 0 and given Un-l E Hl~~(M, Rf!.+l), n 2: 1, we consider the following 
functional for U E H 1,2(n{n_l)h, Rf!.+l): 

(2.1) 

The general theories of calculus of variations guarantee the existence of a minimizer of 
F n in the class 

(See, for example, [9].) Let Un be a minimizer of Fn in H1;2(n(n_l)h), then Un satisfies 

[ {u - Un-I. <p _ ~Iu _ un_112u. <p + ga(3 Dau , D(3<p - IIDuII2 U· <p} dJ.l 
(2.3) In(n_l)h h 2h 

o 

for all <p E H~,2(n(n_l)h,Rf!.+1). Here and in the'sequel," "denotes the standard 
Euclidean scalar product in Rf!.+l. We define Un E Hl~~(M, Sf.) by 

(2.4) 

Since Fn(un) 
satisfies 

(2.5) 

u(x) = 
{ 

un( x) 

w(x) 

for x E n(n-l)h 

for x E M\n(n-l)h' 

h 12 
Un-l d C'( h (") ) h J.l + c;, Un; H(n-l)h 

< £(Un-l;n(n-l)h) = £(Un-l;n(n-2)h) + £(un-l;Dn- 1 ) 

Summing up the estimate (2.5) from n = 1 to n N, we get 

(2.6) 

N 11 h h 12 "" [ Un - Un-l ( h ) 

L.,; Jf 2" h dJ.l + £ Un; n(N-l)h 
n=l n(n-l)h 
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Now, let us define 

for t = 0, 

for (n - l)h < t:::; nh, n ~ 1, 

( t) t - (n - l)h A () nh - t A () f ()h h Uh X, = h Un X + h Un-l X or n - 1 < t ::; n , n ~ 1. 

Then, from (2.6), we have the following lemma. 

Lemma 2.1. For any T ~ 0, ih and Uh satisfy 

(2.7) 

(2.8) 

As in [2], Lemma 2.1 implies that 

Dc/uh DatU L2(nT X (0, T); RHl), 

for some U E Hl,2(nT x (0, T); RH1 ). 

Now, let define nt as nt = no for t < 0, and let 

V~,q'T {(x, t)lo- < t < T, X E nt- h}. 

Then, (2.3) implies that Uh and Uh satisfy the following equation 

(2.9) Dtuh - fl.Muh - (~ IDtuhl2 + IIDUhIl2) Uh = ° III V~OT. , , 

Taking wedge product of (2.9) with Uh, we can see that 

(2.10) V;' h,O,T' 

in weak sense. 
Thus, letting h ---+ 0, we can see that U satisfies 

(2.11) Dtu 1\ U ~Df3 (vgg atf3 DatU 1\ u) = ° III Vo,T, 

weakly. This means that u(x, t) is a weak solution of (1.6) (see [3]). On the other 
hand, since Uh(X,O) uo(x) in no, Uh(X, t) = w(x) on 8Vo,T and Uh ~ U in Hl,2(nT x 
(0,T),RH1

), we can see that U satisfies (1.7) and (1.8) also. 
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NONEXISTENCE OF GLOBAL SOLUTIONS 

TO SEMILINEAR WAVE EQUATIONS 

HIROYUKI TAKAMURA 

Abstract: In this talk, I would like to outline the nonexistence of global solutions to 
initial value problems for semilinear wave equations with positive power nonlinearities. 
The initial data is assumed to be sufficiently small. If the support of the data is non
compact, there are blowing-up solutions even for global existence poweI; in compactly 
supported case because of "bad" spatial decay of the data. Moreover, a critical decay 
is conjectured. 

1. Introduction. 
Main result stated here is appeared in H. Takamura [21]. We shall study classical 

solutions to the following initial value problem for semilinear wave equations; 

(1.1) 

(1.2) 

Du = lulP 

Du = IUtJP 

m Rn x [0, (0), or 

m Rn x [0, (0), 

where u is a scalar unknown function, 0 = 82 /8t2 
- .6x is d' Alembertian and p > 1. 

The initial condition: 

(1.3) u(x,O) = j(x), Ut(x,O) = g(x), 

is considered for smooth functions j, g. Throughout this talk, we assume n 2:: 2. 
Positive nonlinearities in (1.1) and (1.2) almost cause blow-up solutions provided the 

initial data is large in some sense. For instance, see R.T. Glassey [5]. Hence, we may 
formulate the question as follows: what is the critical value of p, say po(n), depending 
on n, with the property that (1.1) and (1.2) admit a global solution for all "small" j, g 

if p > po(n), and that there are blowing-up solutions if 1 < p ::; po(n). 

Typeset by AMS-'lEX 
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If the initial data has compact support, it has been conjectured that 

(1.4) 
{ 

n + 1 + vn2 + IOn - 7 

po(n) = 2(n -1) 
n+l 
n-1 

for (1.1 ) 

for (1.2). 

Both numbers are related with some integrability. This conjecture was partially verified 
in several space dimensions. 

For the equation (1.1), the case n = 3 was done by F. John [9] except for p = Po(3) 
and J. Schaeffer [19] for p = Po(3). The case n = 2 was done by R.T. Glassey [6] [7] 
except for p = Po(2) and J. Schaeffer [19] for p = Po(2). In higher space dimensions, 
T.C. Sideris [20] showed its blow-up part 1 < P < po(n). Recently, Y. Zhou [26] proved 
global existence part p > poe n) in the case n = 4. During this conference, I was 
informed of papers by V. Georgiev [4] and H. Lindblad & C.D. Sogge [14]. They solved 
independently global existence part for n ~ 4 by completely diffrent methods. 

For the equation (1.2), the conjecture was verified by F. John [10] for the blow-up 
part and T.C. Sideris [19] for the global existence part in the case n = 3, and both by 
J. Schaeffer [16] in the case n = 5. The blow-up part in the case n = 2 was shown by 
J. Schaeffer [18] for p = Po(2) and by R. Agemi [1] for 1 < p < Po(2). In other space 
dimensions, M.A. Rammaha [15] proved the blow-up in the case n ~ 4 with p = poe n) 
for odd nand 1 < p < po(n) for even: n. Y. Zhou [25] studied the precise upper bound 
of the existence time in low space dimensions. His methods may solve the blow-up part 
in all space dimensions. 

Remarkable results on (1.1) and (1.2) is that, if the support of the initial data is 
noncompact, one can get blowing-up solutions even for the existence p > po(n) because 
of the slow spatial decay of the data. Hence we may formulate the main question as 
follows: what is the critical decay, say KO, with the property that (1.1) and (1.2) admits 
a global solution for all "small" j, 9 satisfying that 

(1.5) 
\l~j(x), \l~g(x) = 0 Cx~") as Ixl-+ 00 

for suitable multi-indices Ct, f3 and K ~ KO, P > po(n), 

and that there are blowing-up solutions if the initial data satisfies some positivity con
dition. For example, 

(1.6) f(x)=O, g(x)~ (l:fxl)" with M>O, O<K<KO' 

We note that KO does not depend on space dimensions n. More pricisely, it has been 
conjectured that 

(1.7) ~o = { 

p+l 
p-l 

1 

p-1 
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For the equation (1.1), this conjecture was verified by F. Asakura [3] except for 
11, = 11,0 and by K. Kubota [13], or K. Tsutaya [24] for 11, = 11,0 in the case n = 3. The 
case n = 2 was done by R. Agemi & H. Takamura [2] for the blow-up part, K. Kubota 
[13] for the global existence part, or both by K. Tsutaya [22] [23]. These all results are 
independently obtained. The global existence under (1.5) will be proved by H. Kubo & 
K. Kubota [12] in the spherically symmetric case for all odd n. 

For the equation (1.2), the blow-up under (1.6) was proved by H. Kubo [11] in the 
case n = 2, 3. The global existence under (1.5) will be proved by H. Kubo & K. Kubota 
[12] in the spherically symmetric case for all odd n. Independently, both parts in the 
case n = 3 will appear in K. Hidano [8]. 

The aim of this talk is to show that the blow-up of (1.1) and (1.2) under (1.6) is valid 
for all n ~ 2. The main difficulty in high space dimensions n ~ 4 lies in the fact that 
the fundamental solution of D contains many time derivatives. Avoiding this situation, 
we consider the spherically symmetric case. But, then, fundamental solution is no 
longer positive for full space. Previous two blow-up results on the compactly supported 
case by T.e. Sideris [19] for (1.1) and M.A. Rammaha [15] for (1.2) required the full 
space integral of a solution and reduced to the blow-up theory for ordinary differential 
inequarities. Such a method is not applicable to the noncompactly supported case. 
Some new ideas are required. Our success is essentially due to making u-closed (which 
means with respect to only u) integral inequalities for both problems, (1.1) and (1.2). 
It is remarkable especially for (1.2). We note that, in low space dimensions n = 2, 3, 
H. Kubo [11] used urclosed integral inequalitiy for (1.2) which follows from a integral 
equation equivalent to (1.2) by differentiation in t. But, such a differentiation yields 
no positivitiy in higher space dimensions. Iterating pointwise estimates of u in u-closed 
integral inequalities, we will get the required blow-up. 

Theorem 1.1. Let n ~ 2. Assume (1.6) and (1.7) in the spherically symmetric case 
g = g(lxl). Then, classical solutions to each initial value problem (1.1) and (1.3), (1.2) 
and (1.3) blow-up in finite time. 

2. Preliminaries. 
We shall start from the representation formula of solutions to the linear problem. 

Let uO be a solution to the following initial value problem: 

Duo = 0 in JRn x [0,00), 
(2.1) 

u~lt=o = g(lxj), 

The following two representations are due to M.A. Rammaha [15]. See (6a) and (6b) in 
[15]. But the even dimensional case is slightly modified here. 

Lemma 2.2 (The representation formula in odd space dimensions). Let n = 
2m + 1, mEN and UO be a solution to (2.1). Then, for r = lxi, we have 

1 lr+t (A2 + r2 - t2) 
(2.2) uO(r, t) = 2 m Amg(A)Pm_1 2 AdA, 

r Ir-tl r 

where Pk denotes Legendre polynomials of degree k. 
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Lemma 2.3 (The representation formula in even space dimensions). Let n = 
2m, mEN and uO be a solution to (2.1). Then, for r = lxI, we have 

(2.3) 

where Tk denotes Tschebyscheff polynomials of degree k. 

Remark 2.4. We note that (..\2 + r2 - t2)j(2r..\) and (..\2 + r2 - p2)j(2r..\) travel from 
-1 to 1 in the above two representation formulas. As is well-known, Pk(z) and Tk(z) 
have k zero points in the region -1 < z < 1. Hence, we need the following lemma to 
gain the positivity. 

Lemma 2.5. There exists a positive constant om, depending only on mEN, such that 

(2.4) for 
1 l>z>--

- - 1 +om 

This lemma follows from well-known facts. Now, we state the key lemma. 

Lemma 2.6. Let n = 2m + 1 or n = 2m, mEN and u be a solution to (1.1), or (1.2), 
and (1.3) with f = 0, g = g(r) ~ 0 for r = lxI, x E ]Rn. Then, we have 

(2.5) 

where H = \u\P, or \Ut\P provided 

(2.6) 
2 

r - t ~ Om t > O. 

Here Om is the one in Lemma 2.5. 

Sketch of proof. By standart Duhamel's principle, we have to show only the second line 
of (2.5). It is easy to see that 

(2.7) 
r-t 
r +t 

for lr - tl S; A S; r + t, (r, t) E (0,00)2. The condition (2.6) is equivalent to 

(2.8) 
r-t 1 
-->---
r +t - 1 +om 
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Hence, by Lemma 2.2 and Lemma 2.5, we get Lemma 2.6 for odd dimensional case. For 
even dimensional cases, more technical calculations are required. 

3. Sketch of proof of Theorem 1.1. 
We shall follow basically F. John [9]'s iterating argument. Let u(r, t) be a global 

solution to our problems, where r = Ixl. If t is larger than some constant, we will get a 
contradiction. For small fixed 8 > 0, we define the "blow-up set" ; 

(3.1) 

and let n = 2m + 1, or n = 2m for mEN. 
Using the assumption (1.6) with g g(r) and Lemma 2.6, we get an estimate 

(3.2) for (r, t) E 2J, 

where Co is a positive constant. 
For the nonlinearity lulP, iterating (3.2) infinitely many times in the first line of (2.5), 

we will find (ro, to) E 2J such that u( ro, to) = 00 provided 0 < K < KO. This is the desired 
contradiction. 

For IUt IP, the same argument as above gives us a requirement of only u-closed integral 
inequarity. It follows from (1.6) with g = g(r) and Lemma 2.6 that, for (r, t) E 2J, 

(3.3) 1 it IT

+
t-r 

u(r,t) ~ -;;: dr Amlut(A,r)IPdA. 
8r 0 T-t+r 

Inverting the order of (A, r)-integral, we find that, for (r, t) E 2J, 

(3.4) 

Holder's inequality yields that 

[T+t->.. P [T+t->.. 
(3.5) Jo Ut(A, r)dr ~ (r + t - A)p-l Jo IUt(A, r)IPdr. 

Since U(A,O) = f(A) = 0 by (1.6), we obtain from (3.4) and (3.5) that, for (r, t) E 2J, 

(3.6) 
1 IT+t 

u(r,t)~ 8rm T Am(r+t-A)l-Plu(A,r+t-A)IPdA. 

This is the required u-closed integral inequality. 
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GEVREY REGULARIZING EFFECT 
FOR A NONLINEAR 

SCHRODINGER EQUATION 

K. TANIGUCHI 

Abstract. Let u( t, x) be a solution of a nonlinear Schrodinger equation iau I at + 6.u = 
J(t,x,u),u(O,x) = <p. In this paper, we study the global Gevrey property for the 
solution u( t, x) with respect to a dilation operator P = 2a I at + x . \7 x, and the local 
Gevrey property with respect to the space variables. 

1. Introduction. 
This is a joint work with Professor Keiichi Kato. We consider the following Cauchy 

problem of a nonlinear Schrodinger equation inn space dimensions, 

(1) { 
Lu . iBtu + 6.u = J(t, x, u), 

u(O,x) <p(x), 

where 6. = 'L..j=l a2 lax] and J(t, x, u) is a complex valued function of Gevrey class in 
(t, x, u) E R t x R n x C. In Hayashi - Kato [2] and De Bouard - Hayashi - Kato [1], they 
proved the following theorems. 

Theorem 1. Suppose that J( t, x, u) _ F( u, il) is a polynomial oj u and its conjugate 
il with F(O, 0) = 0, and set m = [n/2] + 1. Assume 

(2) 

Then, there exists a positive constant T such that the equation (1) has a unique solution 
u(t, x) in CO ([0, T]i Hm(Rn)) n C1([0, T]i Hm-2(Rn)) and it satisfies 

Jor any i!, 
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where P = 2tat + x . V x is a dilation operator. 

Theorem 2. In theorem 1 we assume, furthermore, that n = 1. Then, under the 
condition (2) the solution u(t, x) of (1) satisfies the following property: For any positive 
number R there exist constants C = CR and A = AR such that 

where (J' = max(l, s/2). 

In this paper, we extend their results to the case that nonlinear term f(t,x,u) is a 
general function. We put the following assumptions. 

(A.l) J(t, x, u) is a complex-valued COO-function defined in [0, T] x R~ x C which 
satisfies 

IlplJ(t,x,O)IIHrn(R~) :::; CAl.e!S 

with m = [n/2] + 1 and a dilation operator P = 2tat + x· V x' 

(A.2) For any K > 0 there exist constants C = CK and A = AK such that 

la~pla!a!' J(t, x, u)1 :::; CAHk+k'.e!Sk!Sk'!S 

for x E R~, lui:::; K, 11'1:::; m, k + k' 2:: 1, 

where au = a/au is a differention with respct to the conjugate complex of u. 
(A.3) Let (J' satisfy max(s/2,1) < (J' :::; s. Then, for any fixed R > 0 there exist 
constants C = C R and A = AR such that 

la:a~a!a!' JI :::; C1+Hl a l+k+k' .e!Sa!Uk!Uk'!U 

for Ixl :::; R, lui:::; K. 

Our main theorems are the following: 

Theorem 3. Assume (A.i) and (A.2). Then, the same result of Threorem 1 holds. 

Theorem 4. Let (J' satisfy max(s/2, 1):::; (J':::; s and assume (A.l)-(A.3). Then, under 
the condition (2) the solution u(t, x) of (1) satisfies the following property: For any 
positive number R there exist constants C = CR and A = AR such that 

(3) 

where BR is a ball in R n with the radius R. 

We give several examples of nonlinear terms which satisfy the assumptions (A.l), 
(A.2) and (A.3) and give a example of initial data which satisfies (2). In the following, 
we denote, by GS(x· Vi Hm), the set of functions a(x) satisfing lI(x, V)la(x )IIHm(R~) :::; 
CMl.e!s. 
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1. 

2. 

Examples of nonlinear terms 

f( t, x, u) is a polynomial F( u, u) of u and u with F(O,O) = O. 

a(x) 
f(t,x,u) = I 14 where a(x) E G 8 (x· \7iHm) and a(x) is locally in Gevrey 

1 + u 
class of order 0-. 

3. f( t, x, u) = FC u j ~~ , where F( u, u) is a polynomial of u and u with F(O,O) = o. 
1 + u 

Example of initial data 

Ixla(1 + Ixl2)b with 2b n/2 > a > m - n/2 is in GU(x· \7; Hm(Rn». If a is not even 
integer, Ixla(1 + Ixl2)b has a singularity at the origin. 

2. Outline of the proofs of Theorem 3 and Theorem 4. 

Lemma 2.1. Let k ~ m and let multi-indises 1'1, .. ·I'k satisfy 11'11 + ... + lI'k I ~ m. 
Then, there exists a constant C such that for any Uj E Hm (j = 1, ... ,k) we have 

k 

118I1
u1 8I2 U2 ... 8IkUkll£2(R~) ~ C II Ilujllm 

j=l 

Here and in what follows, we denote Iluli m = IIUIIHm(R~)' 

Lemma 2.2. Let g(x, u) E COO(R~ x C) satisfy for k + k' < m and 11'1 < m 

Then, there exists a constant p and for any K there exists a constant CK such that for 
u, v E H m with Ilullm ~ K we have 

g(x, u(x »v(x) E H m 

and 

We can prove this lemma by using Lemma 2.1. 

Lemma 2.3. Suppose that f(t,x,u) satisfies (A.i) and (A.2). Then, for any K there 
exist constants C and A3 such that for any u E Hm with Ilullm ~ K an inequality 

(4) 

holds for any .e. 
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Proof. Write 

(5) pR.f(t,x,u(t,x)) = pR.f(t,x,O) + 11 8u f(t,x,Bu(t,x))dB· u(t,x) 

+ 11 8uf(t,x,Bu(t,x))dB. u(t,x). 

Then, using Lemma 2.2 with g(x,u) = f01 8u f(t,x,Bu)dB (or g(x,u) = f018uf(t,x, 
Bu)dB) and MK = CAR..e!S for the second and third terms of the right hand side of (5), 
we get (4). 

Outline of the proof of Theorem 9. Consider the linearlized equation with respect to 
(1): 

{ 
i8t u + /:::;, u = f (t, x, v) 

u(O, x) = </J(x), 

and denote the mapping which corresponds v to u by S. Set C«(O, T]; GM(Co)) by 

C([O,T] i GM(Co)) = {u(t,x) E C([o,T]iHm); Ilu i Mil:::; Co} 

with 

Then, using Lemma 2.2, Lemma 2.3 and the differentiation of composite function, we can 
prove, for a small T, that the mapping S maps 0([0, T] i GM(Co)) into C([O, T]; GM( 
Co)) for an appropriate Co, and S is a contaction mapping. Hence, we can obtain the 
desired solution by the fixed point of S. 

Outline of the proof of Theorem 4. Take a positive constant R and take a Coo-function 
r(x) with the property 

{ 
rex) = 1 

rex) = 0 

for Ixl :::; R, 

for Ix I ~ R + 1. 

Let u(x) be a solution of (1). Then, since [L,P] = 2L, we have 

and from 8t = itp - itx, \7 x we have 

. . 
= _.!:..-pH1 u + .!:..-x· \7 xpR.u + (P + 2/{f(t, x, u)}. 

2t 2t 

U sing this equation we can prove first 

for any.e 
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for lal :::; 2 and next 

for any I! 

for I a I 2: 3 by the induction on I a I. This proves (3). 
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ON THE HOMOGENIZATION 

OF NONLINEAR CONVECTION-DIFFUSION EQUATIONS 

WITH OSCILLATORY INITIAL AND FORCING DATA 

TAMIR TASSA 

Abstract 
We study the behavior of oscillatory solutions to convection-diffusion problems, subject 

to initial and forcing data with modulated multi-scale oscillations. We determine the weak 
W-l,OO-limit of the solutions when the small scales of the modulations tend to zero and 
quantify the weak convergence rate. Moreover, in case the solution operator of the equation 
is compact, this weak convergence is translated into a strong one. Examples include nonlinear 
conservation laws and equations with nonlinear degenerate diffusion. 

1 Introduction 

In this manuscript we present the main results of [1] (a joint work with Eitan Tadmor) 
and [2]. The subject of our study is the behavior of oscillatory weak entropy solutions for 
equations of the form 

(x, t) E ~ X ~+ , (1.1 ) 

where K = K(u,p) is nondecreasing in p := U x ' This large family includes equations which 
mix both types hyperbolic equations dominated by purely convective terms (f(p = 0), or, 
parabolic equations dominated by possibly degenerate diffusive terms (Kp ?: 0). 

We are concerned with the initial value problem for (1.1) where the initial data, u~(x), 
and the forcing data, hE:(x, t), are subject to modulated oscillations. Specifically, we are 
interested in the behavior of uE:, the entropy solution of 

(1.2) 

where the modulation of the initial and forcing data takes the form 

x x 
u~(x) = uo(x, -, ... ,-) 

Cl Cn 
(1.3) 
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Here, uo(x,y) and h(x,y,t) (t is a parameter) are functions in BVAn x Tn) - the space of 
bounded functions f = f(x, y), x E ]lx, Y E Tn (the n-dimensional unit torus), which are 
constant outside the bounded interval n c m.x and have a bounded variation with respect to 
x. 

As a first step, one needs to study the behavior of oscillatory functions such as the initial 
condition and the forcing term in the above problem, when the small scales tend to zero. 
Namely, if f(x, y) = f(x, Yl, ... , Yn) E BVx(n x Tn), what is the limit, in some sense, of the 
oscillatory function fe{x) = f(x,.!i.., ... ,..£.) when Cj 1 o. In §2 we answer this question in 

el e:n 
terms of the W-l,oo-norm in n = [a, b], 

We first address the question in the simple one-scale case (n = 1). We then turn to the more 
complex two-scale case and show that the weak limit depends on the relation between the 
two small scales. Finally, we address the question in the general multi-scale case (n ~ 2). 

Now, let uo(x) and h(x, t) denote the W-l,oo weak limits of ug(x) and he:(x, t), respectively. 
Then in §3 we show that the entropy solution, ue:(x, t), approaches the corresponding entropy 
solution of the homogenized problem 

u{x,O) = uo{x) . (1.4) 

We quantify the convergence rate of ue towards u in the weak W-l,oo-topology. Furthermore, 
in case the solution operator is compact, we are able to translate this weak convergence into 
a strong one, with Lp-convergence rate estimates for every t > o. 

Finally, in §4 we give examples of equations with compact solution operators to which 
our analysis applies and provide a graphical demonstration of the convergence to the ho
mogenized solution. 

2 Weak limits of one- and multi-scale homogenization 

2.1 One small scale 

The following fundamental lemma plays a central role in our analysis. For the proof, see [1, 
Lemma 2.1]. 

Lemma 2.1 Assume that g(x, y) E BYx(n x Tl), n being a possibly unbounded interval in 
m.x , and let ge:(x) := g(x,;) and g(x) := f~ g(x, y)dy . Then 

Ilge(x) - g(X)IlW-l.OO ::; Gc, (2.1) 

-479-



2.2 Two small scales 

The case of two small scales is by far more interesting and complex than the simple one small 
scale case. The answer, or, better yet, the array of answers which we reveal here is quite 
interesting, sometimes even surprising. T. Rou has discovered in [3] a part of the picture: he 
found that J(x) depends on the limit ratio a = lime:->o ~ in the following unstable manner: e:2 
If a is 0 (or, equivalently, infinite) or an irrational number, the weak limit is the average of 
f (x, y) over the 2-dimensional torus, 

J(x) = r f(x, y)dy ; JT2 (2.2) 

in case a is a nonzero rational number,:, the weak limit is the average of f(x,y) over the 
projection of the straight line SpanJE. {( n, m)} on T2, 

(2.3) 

The assumption under which these limits where obtained, was that r := fl. - a tends to zero e:2 
faster than C1 and C2' 

In the theorems which follow we complete the task and unveil the entire picture in the 
2-scale case (for proofs, see [2, §2)). If a is zero or irrational, we prove that the weak limit is 
as in (2.2), regardless of the rate in which r vanishes (Theorems 2.1 and 2.2). If, however, 
a is a nonzer.o rational number, the weak limit depends on the value of a and, in addition, 
on the rate in which a is approached by fl., namely - the order of magnitude of r. In . . e:2 
Theorem 2.3 we show that (2.3) holds only when Irl« 0(C1,C2); if Irl = 0(C1,C2)' l(x) 
takes a similar form of an I-average over an affine curve on T2 which is parallel to the linear 
curve along which the integral in (2.3) is taken; however, if Irl » 0(C1,C2)' the weak limit 
switches unexpectedly from a one-dimensional integral to the double integral in (2.2). 

We use below the notations BV(Yi), Lip(x) etc. for the spaces of functions which are 
uniformly BV or Lipschitz continuous in 0 x Tn with respect to the variable in brackets. 

Theorem 2.1 (Case 1: Zero limit). Assume that ~ -+ 0 and that f E Lip(Y2) or f E 

Lip(x) n BV(Y2)' Then 

- ( C1) Ilfe:(x) - f(x)lIw-l.oo(!1) :::; Const· C2 + C2 ' (2·4) 

where 
l(x) = { f(x,y)dy. JT2 (2.5) 

Theorem 2.2 (Case 2: Irrational limit). Assume that ~ -+ a E lR \ Q and that f E 

Loo(O, Hs(T2)), s > 1. Then 

IIfe:(x) -l(x)llw-l.oo(!1) -+ 0 , (2.6) 

where 
l(x) = r f(x,y)dy. JT2 (2.7) 
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Theorem 2.3 (Case 3: Nonzero rational limit). Assume that fl. -l- 111 where m, n E Z* and 
e2 n 

r = fl. - 111. 
e2 n 

(1) If ~ -l- c then 

Ilfe(x) -l(x)llw-l,oo(O) <.5: Const· (C2 + 1:2 - cl) , 
where - h n

2
cx f(x) = f(x, nYl - -2-' mYl)dYl , 

Tl m 
provided that f E Lip(yd. 

(2) If 7- -l- 0 then 

- ( C2) Ilfe(x) - f(x)lIw-l,OO(O) <.5: Const· Irl + R ' 
where 

/(x)= f f(x,y)dy, }T2 
provided that f E Lip(Y2) or f E Lip(x) n BV(Y2)' 

(2.8) 

(2.9) 

(2.10) 

(2.11) 

In Cases 1 and 3 of rational limits, the weak convergence results are accompanied by 
convergence rate estimates. In Case 2 of an irrational limit the task of obtaining convergence 
rate estimates is much more intricate. We refer the reader to [2, §3] for some results in this 
direction. 

2.3 Multiple scales 

Let f(x,y) E BVx(O X Tn), n 2: 2, and fe(x) = f(x, ~, ... , :,,), Cj 1 o. For the sake of 
simplicity, we assume that all scales are proportional (the reader is referred to [2, §4] for a 
more general analysis). Hence, we aim at finding the W-l,oo-weak limit of 

atX anx 
fe(x) = f(x, -, ... , -) , 

C C 

where aj > 0, 1 <.5: i <.5: nand al = 1. 
Let a = (at, ... , an). We let M(a) denote the z-module of vectors in zn which are 

orthogonal to a, Mm(a) denote the JR.-subspace of JR.n spanned by the vectors of M(a), and, 
finally, Mm( a).L be its orthogonal complement in JR.n. Our statement is as follows: 

Theorem 2.4 Under the above assumptions, if f E Loo(O, Hs(Tn)), s > ~, then 

IIfe(x) - /(X)IIW-l,OO(O) -l- 0 , (2.12) 

where 
/(x) = f f(x,y)dy, 

}PMm(a)J.. 
(2.13) 

P being the modulo-1 projection ofJR.n onto Tn. 
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3 Convergence to the homogenized solution 

We return to the problem of determining the limit of uli(x, t), the entropy solution of (1.2), 
(1.3), when Ci ! O. Let uo(x) and h(x, t) denote the W-l,oo weak limits of ug(x) and hli(x, t), 
respectively, with the W-l,oo-error bounds 

lIu~(x) - uo(X)IIW-l,OO $ £(c) , I/hli(x, t) - h(x, t)IIW-l,oo $ F(c, t) . (3.1) 

Then the following holds (consult [1, §2]): 

Theorem 3.1 (W-l,oo-Convergence). Let uli be the entropy solution of (1.2), (1.3) and let 
u be the entropy solution of the corresponding homogenized equation 

u(x,O) = uo(x) . (3.2) 

Then, 

lIuli (., t) - u(·, t)IIW-l,OO $ £(c) + lot F(c, r)dr := Q(c, t) . (3.3) 

Remarks. 
1. Note that in the homogeneous case (where h = 0) the error bound in (3.3), Q(c, t), is 

independent of t. 
2. In the one-scale case, Q(c, t) = O(c) in view of Lemma 2.1. 

Next, we translate the weak W-l,oo-convergence rate estimate, (3.3), into strong Lp
convergence rate estimates. To this end we focus our attention on nonlinear equations for 
which the solution operator is compact. Specifically, we concentrate on solution operators, 
S(t) : u(',O) I--l- u(., t), which map bounded sets in Loo into bounded sets in the regularity 
spaces, Wi:';, s > 0, 1 $ r $ 00. This compactness is clearly of a nonlinear nature and it 
implies that the solution operator immediately cancels out oscillations which may have been 
present at t = O. 

Theorem 3.2 If equation (1.2) possesses a Wa,r -regularizing effect then uli converges to u 
- the solution of the homogenized equation (3.2), and the following error estimates hold 

(3·4) 

Here, (),p* and Bs,r are given by 
Ii 

.1... - 1+s 
() = Pi; E [0,1], 

--+s r 

p* := max{p, r(s + I)} , (3.5) 

(3.6) 
1 1 

and C is some constant which depends on p, Inp;-p; and t. 

These strong Lp-convergence rate estimates are obtained by means of interpolation be
tween W-l,oo (in which the error tends to zero) and Wa,r (in which the error is bounded), 
see [1, Theorem 3.1]. 
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4 Examples 

Here, we mention briefly several families of convection-diffusion equations, of both hyperbolic 
and parabolic type, which are equipped with a certain WS,T-regularity. Please see [1, §4,§5] 
for details, proofs and references. For the sake of clarity, we state the Lp-convergence rate 
estimates only in the one small scale case (n = 1), in which the W-l,oo-error bound, g(c:, t), 
is of order O( c:). 

1. Hyperbolic conservation laws 
Convex hyperbolic conservation laws, 

f" ~ a > 0 , 

are equipped with BV-regularity, which we identify with Wl,Cregularity. Hence, error esti
mate (3.4) reads in this case 

Vp E [1,00) p* := max{p,2}. (4.1 ) 

Here, Be(t) abbreviates the BV-size of the difference, 

(4.2) 

I I 

and the constant C depends on p, I!!IP"-p*, and (in the inhomogeneous case) also on t. 
In the homogeneous case, Be(t) is bounded with respect to c: and we get that for any 

fixed t > 0 

I 

Ilue (., t) - u(., t)IILP ::; Const· C: P* p* = max{p,2} Vp E [1,00) . (4.3) 

In the inhomogeneous case, however, Be(t) grows like O(c:-~) and that implies the following 
error estimate: 

p* = max{p,2}. ( 4.4) 

This shows that the nonlinear regularizing effect outpaces the persisting generation of mod
ulated oscillations due to the oscillatory forcing term, and still yields strong convergence, 
though of a slower rate than in the homogeneous case. 

2. Convection-diffusion equations with nonlinear flux 
Consider the viscous conservation law 

(4.5) 

where the flux f is nonlinear in the sense that there exists k 2:: 2 such that f(k) never 
vanishes. This nonlinearity assumption implies Ws,Cregularity with s = 2k~1 which yields 
the error estimate 

{
C:'~I VpE[l,s+l), 

lIue (., t) - u(., t)IILP ::; Const. l-p{1-s) 

C:'P VpE[s+l'l:S)' 

(4.6) 
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3. The porous media equation 
Next, we focus on the regularizing effect due to the nonlinearity of the degenerate diffu

sivity. The porous media equation, 

(4.7) 

serves as a prototype model example for parabolic, 'convection-free' equations with degen
erate diffusion. In this context, we identify m = 2 as a critical exponent: when m > 2 the 
equation is known to posses WS,OO-regularity with s = m~l < 1; however, when m :::; 2, the 
equation is in fact W2,l-regular. These two regularity results, combined, imply that if ue: 
and u are an oscillatory and the corresponding homogenized solutions of (4.7), then for any 
fixed t > 0 it holds that 

(4.8) 

4. Convection-diffusion equations with nonlinear diffusion 
We revisit the viscous conservation law (4.5); this time the C1 flux f could be arbitrary 

and the nonlinearity of the equation is related to the possibly degenerate diffusion. We 
assume that the diffusion term, Q(u), is nonlinear in the sense that 

3a E (0,1) , 00 > 0 : meas{u: 0:::; Q'(u) :::; o} :::; Const· oa, (4.9) 

If (4.9) holds then equation (4.5) is at least Ws,l-regular with s = a
2:4' Hence, Lp-error 

estimate (4.6) holds with this value of s. 

Finally, we give an illustrated example to demonstrate our convergence analysis. To this 
end, let 

(4.10) 

The first part of Theorem 2.3 implies that in case C1 = C2, 

r1 1 
fe:(x) -'" Jo f(Y1'Y1)dY1 = 2" ' ( 4.11) 

r 1 
fe:(x) -'" Jo f(Y1-X,Y1)dY1 = 2"cos(21l"x). ( 4.12) 

We now consider the following initial value problem for the Burgers' equation: 

1 x x x X 
u~+_«ue:)2) =f(-,-) Ue:(X,0)=f(--2'-) , (4.13) 

2 x C C £+£ C 

where f(-,·) is given in (4.10). The weak limits of the forcing term and of the initial value 
are given, respectively, in (4.11) and (4.12). Hence, the entropy solution of (4.13), ue:(·, t), 
tends weakly in W-l,oo to u(., t), the entropy solution of the homogenized problem, 

1 1 1 
Ut + 2" (u2)x = 2" ; u(x,O) = 2"cos(21l"x). (4.14) 

Moreover, apart from an initial layer of width O(c), ue:(·, t) converges strongly to u(., t). In 
the figure next page we plot ue:(·, t), with c = 0.0408, versus u(., t) for four values oft in 
the initial layer (ue: is described by the solid line and u by the dashed one). We see how the 
oscillations diminish in time and that they no longer exist at t = 0.04 ~ c. 
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Global Existence of Small Amplitude Solutions 
for the Klein-Gordon-Zakharov Equations 

KIMITOSHI TSUTAYA 

Abstract 
We study the Cauchy problem for the Klein-Gordon-Zakharov equations in three 

space dimensions. We show the existence of global solutions for small initial data 
using the invariant Sobolev space. 

1 Introduction and Results 

This note is based on the paper [15] and is intended to present a recent developments 

on the Klein-Gordon-Zakharov equations. We consider the Cauchy problem of the Klein-

Gordon-Zakharov equations in three space dimensions: 

8;u - Au + u::::: -nu, t> 0, x E R 3
, 

u(O,x)::::: uo(x), 8tu(0,x) = Ul(X), 

n(O,x)::::: no(x), 8t n(0,x) = nl(x), 

(1) 

(2) 

(3) 

where 8t = 8/8t, and u(t, x) and n(t, x) are functions from R+ x R3 to C3 and from 

R+ x R3 to R, respectively. The system (1)-(2) describes the propagation of strong 

turbulence of the Langmuir wave in a high frequency plasma (see [14]). 
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Many results have been obtained concerning the global existence of small amplitude 

solutions for the coupled systems of the Klein-Gordon and wave equations with quadratic 

nonlinearity (see, e.g., [1-4, 6, 7, 9-11]). Two methods are known to be applicable to solve 

those systems. One is to use the invariant Sobolev space with respect to the generators of 

the Lorentz group. This was developed by Klainerman [7]. He also introduced the notion 

of the null condition to prove the existence of global solutions for the wave equations 

with quadratic nonlinearity. We note that the null condition technique is based on the 

Lorentz invariance of the equations. Recently, Bachelot [1] and Georgiev [3] improved the 

null condition technique to show the global existence result for the Dirac-Klein-Gordon 

equations and the Maxwell-Dirac equations, respectively, which are physically important 

(see also Georgiev [2])'. Another method is based on the theory of normal forms introduced 

by Shatah [10], which is an extension of Poincare's theory of normal forms for the ordinary 

differential equations to the partial differential equations. The idea of this method is to 

transform the original system with quadratic nonlinearity into a new system with cubic 

nonlinearity. See also [12] and its references. Recently, applying the argument of normal 

forms to (1)-(2), Ozawa, Tsutaya and Tsutsumi [9] have proved the existence of global 

solutions to (1)-(3) for small initial data. However, in [9] one needs the high regularity 

assumptions on the data to ensure the global existence. In fact, the assumptions on the 

data in [9] are the following: 

Uo E H52 n W 29,6/(5+2e), 

Moreover, the global solution n of (1)-(3) constructed by [9] must belong to the homo

geneous Sobolev space j[-l of negative index. In this note we show that there exist the 

global solutions of (1)-(3) for small data using the invariant Sobolev space but without 

applying the null condition technique and improve the regularity requirements on the 

initial data. The reason why we do not need the null condition technique is due to the 

nonlinearity of (1)-(2). The nonlinear terms in (1) and (2) do not seem to satisfy the null 
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condition as in [1] or [3]. The main difference between the nonlinear terms in the system 

(1)-(2) and those in the Maxwell-Dirac system or the Dirac-Klein-Gordon system is the 

fact that the system (1)-(2) has the nonlinear term including the Laplacian .6.. Then, we 

can estimate the L2-norm of the solution n of (2) in the following procedure: (i) apply the 

generators of the Poincare group to (2), (ii) rewrite the equation to the integral equation, 

(iii) integrate by parts, (iv) use the Hardy-Littlewood-Sobolev inequality. The point is 

that we do not need the L2 - L2 estimate due to Klainerman [7] used in [1] and [3] to 

evaluate the solution n of 8;n - .6.n = ~lul2 with zero data. Our proof seems simpler 

and shorter than that of [9]. 

Before we state the main results in the present note, we give several notations. We 

put 8j = 8/8xj for j = 1,2,3. Let r = (rjjj = 1"",10) denote the generators of the 

and we put 

Lj =xj8t +t8j , j=1,2,3, 
f2 ij = Xi8j - xj8i, 1 ::; i < j ::; 3, 

For a multi-index a = (aI, a2, C¥3), we put 

For a multi-index a = (a1,"', alO), we put 

r
a - ral ••• ralO 

- 1 10 . 

For 1 ::; p ::; 00, let LP denote the standard LP space on R 3 • For m ~ 0 and s > 0, we 

define the weighted Sobolev space Hm,s on R3 as follows: 
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We put Hm = Hm,O for m 2: o. Let w = (1- bJ.)1/2. 

We have the following theorem concerning the global existence of solutions to (1)-(3) 

for small initial data. 

Theorem 1 Let 0 < e < 1/6 and k 2: 4. Assume that Uo E Hk+5,k+4, Ul E 

Hk+4,k+4, no E Hk+4;k+4 and nl E Hk+3,k+4. Then, there exists a 8 > 0 such that if 

then (1)-(3) has the unique global solutions (u, n) satisfying 

k+5 
U E n Ci([O, 00); H k+5-i) , 

i=O 
k+4 

n E n Ci ([0, 00); Hk+4-i) , 

i=O 

I: sup(l + t)-e{118trau(t)IIL2 + IIwrau(t)IIL2} 
lal=k+4 t~O 

+ I: sup(l + t)-ellrau(t) 11£2 + I: sup IIran(t)"L2 
lal=:;k+4 t~O lal=:;k+4 t~O 

+ I: sup {1(1 + t + IxI)3/2-2e r au(t, x)1 
lal<k t~O 

- :.ceR3 

+1(1 + t + Ixl)ran(t, x)l} < 00. 

(4) 

(5) 

(6) 

(7) 

Remark 1 (i) By (7), we see that the right hand sides of (1)-(2) are integrable 

in time and therefore we find that the solutions (u, n) of (1)-(3) constructed by Theorem 

1 asymptotically approach the free solutions as t ~ 00. See [9]. 

(ii) As compared to [9], we have brought down the regularity assumptions on the data 

significantly. Instead, we need some spatial decay on the data, which is inevitable as far 

as the method depends on the invariant Sobolev norms. 

(iii) The estimate (7) is close to the optimal one as regards the space-time behavior of 

solutions. 

The following corollary follows easily from the proof of Theorem 1. 
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Corollary 1 In addition to all the assumptions in Theorem 1, if Uo, Ul, no, 

nl E nm~l Hm 7 then the solutions (u, n) given by Theorem 1 satisfy 

u(t, x), net, x) E 0 00 «(0,00) x R 3
). 

We can prove Theorem 1 by the contraction argument. The main tools in the proof are 

the decay estimate of the inhomogeneous linear Klein-Gordon equation due to Georgiev 

[4] and the Sobolev inequality in the Minkowski space by Klainerman [6,8] and Hormander 

[5]. We can show the global existence result for (1)-(3) by using these two inequalities 

and adopting the weight function in the norm slightly different from [2,3] and [1]. 
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AN OSCILLATION PROPERTY OF SOLUTIONS OF 
NONLINEAR WAVE EQUATIONS 

HIROSHI UESAKA 

Abstract. We shall consider an oscillation property for solutions of some nonlinear wave 
equations subject to homogeneous Dirichlet boundary conditions in a bounded domain. 
We shall show that there exist some (XI, tl ) and (X2' t2) such that u(xI, t l )U(X2, t2) < 0 
for any solution u. 

1. Introduction. 
Let t be the time variable and x ERn be the space variable. We shall show that if 

u(x, t) is a real-valued solution of some nonlinear wave equation, its sign is not constant, 
i.e. there are at least two points (Xl, t l ) and (X2' t2) such that u(XlJ tdU(X2' t2) < O. 
This property of u is concerned with the oscillation problem of nonlinear wave equations. 
Cazenave and Haraux have deeply studied the oscillation property for semilinear wave 
equations and their results are written in [2). 

Let n( eRn) be a bounded domain and its boundary on be smooth. We shall consider 

{ 

Lu = ot(a(t)otu) + (3(t)OtU - 'Y(t)6(G(x, tj u)u) . 
(1) +g(x, t, u)u = 0 m n x [0,(0), 

u(x, t) = 0 on an. 

As a typical g we give g(x, t, u) = u2p
, where p is a natural number. We suppose 

that c¥, (3, " G and g are real-valued continuous functions, and G is a C2 function on each 
variable, and C¥" are positive and of CI. G(x, tj u) is a function of (x, t) and depends on 
some quantities related to u, e.g. some norms of u. As one of examples of L we give the 
Kirchhoff equation which we shall discuss later 

(2) 
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2. Assumptions and Results. 
We suppose that all functions and solutions are real-valued. We set 

where V = HJ and Viis its dual. When u E W, the regularity of u is sufficient for 
proving our results. 

We shall show the following theorem under some assumptions: 

Theorem 1. Let u be a global unique solution of (1) and u E W. If u does not 
vanish identically, there exist some (X1,t 1) and (X2,t2) En x [0,00) such that 

We set some assumptions: 

Assumption 1. Let Uo and U1 be sufficiently regular. Suppose that u(to) = Uo and 
Otu(to) = U1 are imposed on (1) at any fixed t = to as initial data. Then the problem (1) 
has a unique global solution u E W. 

There are enourmous literature about the results concerning Assumption 1 (cf. [2], 
[5] and the references of [2]). 

Assumption 2. (i) G E C2 on each variable and there exists a constant Go such 
that 0 < Go:S; G(x,tju) for any (x,t) En x [0,00) and for any solution u of (1). 

(ii) g(x,t,u) is nonnegative for any (x,t,u) En x [0,00) x R. 

We shall use the results of the eigenvalue problem: 

(3) { 
-b.~ =),~ in n. 
~ == 0 on an. 

It is well-known tha.t the eigenvalue prbblem (3) has eigenvalues {An} such that 0 < 
),1 < ),2 < ... < ),n < ... --+ 00 and eigenfunctions ~n corresponding to ),n such that 
~n E COO(n) n V and especially ~1 is positive in n. For the proof of this fact we refer to 
[1] and [2]. 

Let us prove Theorem 1. Let u be the solution of (1), and ~1 be the positive 
eigenfunction corresponding to ),1' By applying the Green theorem, we have 

k {b.(G(x, tj u)u)}~l(x)dx 

We put 

k G(x,t;u)ub.~I(x)dx 
-),1 k G(x,t;u)u~l(x)dx. 

U(t) = k u(x, t)~l(X )dx. 

Integrating LU~l = 0 in n, we have 
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(4) (a(t)U')' + f3(t)U' + .A1I'(t) In GU<Pldx + In gU<pl dx = 0, 

where U' = itU. 
Let u(x, to) > 0 for any x E 51. Then there is some time interval I with to as its left 

end point such that u(x, t) > 0 for any (x, t) E 51 x I. We shall show the length of I to 
be finite. It follows from Assumption 2 and the positivity of <Pl that in I 

(5) (a(t)U')' + (3(t)U' + .AlGO'Y(t)U :5 O. 

We consider the ordinary differential equation: 

(6) (a(t)v')' + (3(t)v' + 'Y*(t)v = o. 

Lemma 1. Let 'Y*(t) = .AI GO'Y(t) and let v be a solution of (6) with an initial con
dition v(to) = U(to), v'(to) = U'(to). If v(t) ~ 0 for t ~ to, then U(t) :5 v(t) for t ~ to. 

Proof. From (5) x v - (6) xU, we have 

(aU')'v - (av')'U + j3(U'v - Uv') 

= a(U'v - U v')' + (a' + (3)(U'v - U v') ::; o. 

We can rewrite the above inequality as follows, 

(7) { 
(t a' + j3 }' exp(Jto a ds)(U'v - U v') ::; o. 

From integrating (7) from to to t and by using the initial condition, we have 

U'(t)v(t) ::; U(t)v'(t). 

Integrating once more, we obtain the desired inequality 

U(t) ~ v(t). 

There are many results concerning the distribution of zeros of solutions of ordinary 
differential equations. We refer to [3J and [4J. We apply the following: 

Lemma 2. (Leighton and I<reith). Let a E C I ,j3, "1* E C and a> O. If for any real 
number h, 

rOO _(1 )dt = 00 and lim { (3((t)) + (t ('Y*(s) _ (32((S))) dS} = 00. 
Jh ex t Hoo 2a t Jh 4a S 

Then every nontrivial solution of (6) has an infinite number of zeros in every interval of 
the form [h, 00). 
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For the proof we refer to [4]. 
We continue to show the proof of Theorem 1. 
We suppose (x, f3 and "(* = '\1 Go"( to satisfy the assumptions of Lemma 2. Then it 

follows from Lemma 1 that there exists T(> to) such that U(T) = o. Hence noting 
<Pl(X) > 0 in 0, we have u(x', t') < 0 for some (x', t') E 0 x N(T), or u(x, t) 2: 0 for any 
(x, t) E 0 x N(T), where N(T) is the neighborhood of T. The former case is included 
in the statement of Theorem 1. Let us consider the latter case. If u(x, t) 2: 0 for any 
(x, t) EO x N(T) and U(T) = 0, then we have u(x, T) = 0 in n and we can say that u(x, t) 
for any fixed x E n attains to the minimum value 0 at t = T . Hence atu(x, T) = o. Thus 
it follows from the uniqueness of solutions (Assumption 1) that u(x, t) = 0 identically 
in n x [0,00). Thus the proof of Theorem 1 has completed. 

Now we shall confine our equations to the Kirchhoff equation (2). For the solution u 
of (1) concernig the Kirchhoff equation we put 

(8) U(t) = in u(x, t)<pl(x)dx. 

Then in a similar calculation of the integration by parts in Theorem 1 we have the 
identity 

Since the energy estimate of solutions, we can take the following constant M and m 
such that 0 < m ::; ,\1c2(1 + II'Vu(t)W) ::; Ai. Then we set the following two ordinary 
differential equation with the initial values U (T) = 0 and U'(T), 

(9) y" + my = 0 with yeT) = 0, y'(T) = U'(T), 

and 

(10) z" + Mz = 0 with z(T) = 0, z'(T) = U'(T). 

The solutions of (9) and (10) are respectively 

U'(T) . U'(T) 
yet) = r:::: sinvm(t - T) and z(t) = 17K sinVM(t - T), 

v m vAi 

and their zeros are for n = 1,2, ... , respectively 

Let U'(T) > o. When U'(T) < 0, we have the same conclusion, too. In a simillar 
calculation in Lemma 1 for a.ny t 2: T we have 

z(t) ::; U(t) ::; yet). 

Thus we have 
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Theorem 2. Let u be the solution of (1) for the Kirchhoff equation. Then U{t) 
defined in (8) has countably infinite zeros {Tn} such that 

n1r n1r 
T + ri7 < Tn < T + r::::' yM - - ym 

And then there exist at least countably infinite (xn' tn), (x~, t~) E n x In such that 

where In = the neighborhood of Tn. 
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ASYMPTOTIC BEHAVIOR FOR A QUASILINEAR 

WAVE EQUATION OF KIRCHHOFF TYPE 

TAEKO YAMAZAKI 

Abstract: We prove the global solvability for a quasilinear hyperbolic wave equation 
of Kirchhoff type with small initial data in some function spaces. Then we construct 
the wave operators and the scattering operator in a neighborhood of the origin in the 
function spaces above, and show the continuity of the scattering operator with respect 
to suitable topologies. 

1. Introduction. 
In this paper we show the global solvability and the existence of the scattering operator 

for the equation 

(QE) 
{ 

~:~ (x, t) = m(lI\? xu(·, t)II1,2? ~xu(x, t) 
au 

u(x,O) = <Po (x), at (x,O) = '¢o(x) on JR~. 

Throughout this paper we assume that m E C1([0, 00)) satisfies inf,~~o m('x) = mo > o. 
On the global existence for non-analytic initial data, we know only the results of 

Greenberg and Hu [4], Pokhozhaev [5] and D'Ancona and Spagnolo [1], [2], [3]. Green
berg and Hu [4] first showed the global existence for small initial data satisfying some 
decay conditions when n = 1 and m( x? = x + 1, and obtained some results on the 
asymptotic behavior. In particular, they proved that the function m(lI\?u(t)II~2) con
verges to a number Coo as t -+ ±oo for initial data as above. Pokhozhaev [5] showed 
the global existence for an arbitrary initial data belonging to H2(JRn) x HI (JlRn) in case 
m(x)2 = (alx + a2)-2 with positive constants al and a2. D'Ancona and Spagnolo [1], 
[3] improved and generalized the result on the global solvability of Greenberg and Hu 
[4] for hyperbolic type equations (of more general form in [1]) with general m as above 
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and general n for small initial data satisfying some decay conditions, and D' Ancona 
and Spagnolo [2] showed the global existence for (QE) with perturbation for initial data 
with compact support. 

The purpose of this paper is to show the global solvability, to construct the wave 
operators and the scattering operator on a neighborhood of the origin in some suitable 
space included in 1-{J+l(JRn) X HJ(JRn) for J 2: 1/2, (see Notation 1 for the definition 
of 1-{J,) and to show the continuity of the scattering operator with respect to a suitable 
topology. Conditions on functions data sufficient for belonging to this neighborhood are 
described in terms of the ir(JRn) norm or the HT(JRn) norm with decay condition. 

Details are given in [61. 

2. Function spaces. 

Notation 1. For 8 E JR, let 1-{s(JRn) = {I E 8' I<C; \71 E HS-l(JRn)} with norm 

//fl/n s = //\7 II/HS-I. 
Remark 1. Suppose that s > O. Then the Sobolev imbedding theorem implies 
1-{S(JRn) C L2n/(n-2s)(JRn) for n > 28, but 1-{s(JRn) is not contained in L2(JRn). 

Notation 2. Let p be a non-negative number. Let v be a positively homogeneous 
measurable function of order 0 on JRn such that {v(e); e E JRn} C {1, -1}. For a 
function I E Ll(JRn), we denote 

Notation 3. Let p and e be positive numbers. Let v be a function in Notation 2. We 
define a set Xp,v and a subset Yp,v,e in Xp,v as follows: 

Xp,v = ((cP,¢) E 1-{3/2(JRn) X H1
/
2(JRn); //(cP,¢)II~p,v -

IIcPll~3/2 + //¢11~1/2 + IIleI 3 1¢12!!p,v + Illell~121Ip,v + IlleI2v(e)~(¢J)llp,v < oo}, 

Yp,v,e = {(cP,¢) E 1-{3/2(JRn) X Hl/2(JRn); lI(cP,¢)II~p,v ~ c}. 

For J > 1/2, we put 

X J = X n (1-{J+l(JRn) X HJ(JRn)) yJ = Y. n (1-{J+l(JRn) X HJ(JRn)). p,v p,v , p,v,e p,v,e 

We define the distance dt,v on the set X;'v as follows: 

J II 3 ~ 2 ~ 2 II dp,v((cPb¢1),(cP2,¢2)) =llcPI - cP211nJ+1 + II¢I -1/;2IiHJ + lei (lcPII -lcP21 ) p,v 

+ Illel(I~112 -1~212)llp,v + !!leI2v(e)~(¢lJl - ¢2J2)ll
p

,v' 

Remark 2. We use ~~v,e with p > 1 for the global solvability and p > 2 for the 
existence of the wave operator. 
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Notation 4. Let 8I, 82 E JR. We denote 

In the following, we give some estimates of II( </>, 7,b )llx . 
p,V 

if 81 2: 82, 

if 81 ~ 82. 

The following proposition is essentially the same as Lemma A of D' Ancona-Spagnolo 
[3]' where they treated </>, 'l/J E Cg<'(JRn) with v = 1 and considered the H3

/
2 norm and 

the HI / 2 norm in place of the j{3/2 norm and the j{1/2 norm respectively. But it is 
easy to see that their proof is also applicable to our case for every v in Notation 2, in 
view of the denseness of cgo(JRn) in the function spaces below. 

Proposition A. Let k be an integer such that 0 ~ k ~ n + 1. Then there exists a 
positive constant C = Ck,n such that the following inequality holds for every (</>, 'l/J) E 
1-[3/2(JRn) X HI / 2(JRn) and every v in Notation 2: 

(1) II( </>, 'l/J )11~k,V ~ C {11\7 </>lli2 + 1I'l/Jlli2 + L (1IxO!</>II1-s/2 + IixO!'l/JII1-1/2) } . 
lal:$k 

Here this inequality should be interpreted as follows: If the right-hand side is finite, 
then the left-hand side is finite and dominated by the right-hand side. The conclusions 
of the following three propositions should be interpreted in the same way. 

In view of Remark 2, the above proposition covers the cases needed except for the 
scattering in the case n 1. We give other conditions with no upper bound of k. 

Proposition 1. Let p be a positive number and k be an integer such that k 2: p. Then 
there exists a positive constant C = Cp,k,n such that the following inequality holds for 
every (</>, 'l/J) E 1-[3/2(JRn) X HI/2(JRn) and every v in Notation 2: 

II( </>, 'l/J )1I~p,,, ~ C L (1Ix£x</>II[(3_P)/2+lal,3/2] + Ilxa'l/JIi[(1-p)/2+lal,1/2]). 
lal:$k 

In the case n = 1, we show another sufficient condition, in which we does not use an 
integer k 2: p: 

Proposition 2. Let n = 1 and v(e) = sgn(e) (= e/leJ). Let p be a positive number. 
Then there exists a positive constant C = Cp such that the following inequality holds for 
every (</>,'l/J) E 1-[2(JR) X HI (JR): 

(2) II( 0/, ,p)II~,," s CII(lx IP + 1) (I ::~ I + I:~ I + I:~ 1+ l,pl) IL, 
By using the proof of the above propositions, we see that the distance dJ,v is also 

dominated by the norms which we are familiar with. We only state one sufficient 
condition corresponding to Proposition 2: Other sufficient conditions, which correspond 
to Proposition A and Proposition 1, can be described in the same manner. 
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Proposition 3. Let n, p, vee) and C = Cp be the same as in Proposition 2, and 
assume that J 2: 1. Then the follow.ing inequality holds for every (/JI,'1/JI),(/>2,'lj;2) E 
'J-e+1(JR) X HJ(JR): 

d:,v(((/JI, 'lj;l), (<P2,'lj;2)) :::; lI<Pl - <P2111e+1 + 1I'lj;1 - 'lj;2I1HJ 

+ c (lxlP + 1) t (I ~:! H ':t: H i,: 1 + 1.p;I) 
J-l L2 

X 11(lx1P + 1) W'( ¢~x-; ¢,) 1 + 1 a( ¢la: ¢,) 1 + 1 a(.p~: .p,) 1 + l.p, - .p,I) IL· 

3. Global solvability. 
D' Ancona-Spagnolo [3] showed the global solvability for smooth initial data (<Po, 'lj;o) E 

Y/v,e;, with small c, in case v(e) = 1, although they did not introduce the set ~~v,e;, 
explicitly. Applying their Lemma A with k = 2, they proved the global solvability of 

(QE) for smooth <P and 'lj; with small2:IaI9,1.B19(llxaD.B\7<poll~2 + "xaD.B'lj;oll~J. 
By using the function v, we prove the global solvability of (QE) for initial data 

(<Po, 'lj;o) E ~~v,e; with small c for every v in Notation 2. When n = 1, we obtain 
the global solvability for initial data which makes the right-hand side of the inequality 
(2) with p > 1 sufficiently small, by choosing v(e) = sgne and applying the following 
theorem and Proposition 2. This solvability does not follow from the result for v( e) 1. 

Theorem 1 (Unique global solvability). Let J 2: 1/2 and p > 1. Let v be a 
function in Notation 2. Then there exists a positive constant co depending only on the 
number p and the function m such that, for every (<Po, 'lj;o) E ~~v,eo' the Cauchy prob-

lem (QE) has a unique global solution (u(t),(8u/8t)(t)) E n;=o Ci(JR, 1-tJ+1- i(JRn)) x 
Ci (JR, HJ-i(JRn)). 

Remark 4. In Theorem 1, assume furthermore that <P E L2(JRn). Then the solution 
u(t) belongs to n7=o Ci(JR,HJ+l-i(JRn)). 

Remark 5. There is a positive constant K depending only on p such that if 

then co satisfies the assertion of Theorem 1, where Mj(R) = sUPO~A::;R 1 ::j m(A)1 for 

j = 0, 1 and R E JR. 

4. Scattering. 
Assuming decay order on initial data more than that needed for the global solvability, 

we consider the asymptotic behavior of the solution. 
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Theorem 2 (Asymptotic behavior). Let J ;:::: 1/2, p > 2, v be a function in Nota
tion 2, and co be a constant in Theorem 1. Then there exist positive constants Cl (:::; co) 
and El such that the following holds. Assume that u( t) is the solution of (QE) corre
sponding to (4)0, 'l/Jo) E Yp~v,el' Then we have the equalities limt-+±oo lI'Vu(t)II1,2 = Aoo 

and limt-+±oo II ~~ (t)II1,2 = m(Aoo)Aoo, where Aoo is determined uniquely by the equality 

with M(x) = fox m(z)2dz. That is, the ratio of the potential energy M(II'Vu(t)/l1,2)/2 
to the kinetic energy 118u(t)/8tI12/2 tends to M(Aoo)/m(Aoo)2 Aoo. Put Coo = m(Aoo)' 
Then 

Coo - m(II'Vu(t)/I~2) = O(ltI1-P) as t -? ±oo, 

and there exists a unique global solution (v(t),(8v/8t)(t)) = (v±(t),(8v±/8t)(t)) E 

n~=o Ci (IR; 1tJ+1 - i (IRn)) x Ci (IR; HJ-i(IRn)) of 

(LE,coo ) 

such that 
. ( 8u 8v± ) hm l1'Vu(t) - 'Vv±(t)/IL2 + 11-

8 
(t) - -8 (t)IIL2 = O. 

~±oo t t 

Furthermore it holds that 

(11'Vu(t) - 'Vv±(t)IIHJ-l + II: (t) - 8;: (t)IIHJ-l) = O(ltI2
-

P
) as t -? ±oo. 

The inverse of the wave operator W;l : (4)o,'l/Jo) I-t (4)±,'l/J±) = (v±(0),(8v±/at)(0)) 

maps Y/v,e to ~~v,Ele for every c such that 0 < c :::; Cl, and the following formula holds: 

Theorem 3 (Existence and continuity of the scattering operator). Assume that 
m E C 2([0, 00); [mo, 00 )). Let J ;:::: 1/2 and p > 2. Let v be a function in Notation 2. 
Let Cl and El be constants in Theorem 2. Then there exist a positive constant Ko 
depending only on p, positive constants C2 (::; cl), E2 and E3 such that the following 
holds for every c such that 0 < c :::; C2: 

(i) Let (4), 'l/J) E ~~v,e, and let Coo be the positive number determined by the equality 
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Let v be a solution of (LE,coo ) with v(O) = <p and ~~ (0) = 'IjJ, Then there ex

ists a unique global solution (u±(t),(8u±/8t)(t)) E n~=oCi(JR;1-e+l-i(JRn)) X 

Ci(JR; HJ-i(JRn)) of (QE) such that 

lim (IIvu±(t) - Vv(t)IIL2 + II 88
u

± (t) 
~±oo t 

and that 

It holds furthermore that 

The operator W± maps YpJv g to YpJv E g' , , , , 2 

(ii) The scattering operator S = W+- 1 W _ is continuous from YpJv g to YpJv E E 
, , , , 1 2 e 

with respect to the topology from dJ,v of X;,v to 1-{J+l(JRn) X HJ(JRn), 

, ,. 8u±(0) J 
Remark 6. The conditIOn (3±) can be replaced by (u±(O), 8 ) E Yp v E g' 

t ' , 2 
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Integrability of the long- and short- wave interaction equation 

TAKAO YOSHINAGA 

Abstract: The integrability in the sense of Painleve property is examined in the long
and short- wave interaction equation. The equation described in a coupled form of the 
NLS equation with the K-dV equation has only two parameters in the normalized form. 
·When the equation is reduced to the ODE through the traveling wave transformation, it 
is shown to pass the Painleve test for three cases of the parameters. On the other hand, 
for these parameters, when the test is directly applied to the original PDE, it is found 
that two cases except for one do not pass the test without any restrictions. However, 
the test is found not to be successful in the nearly integrable region. Furthermore, the 
possibility of 'finite time integrability' is discussed for a special case of the parameters. 

l.Introd uction. 

In dispersive media, wave interactions play an important role in energy exchange among 
two or more different wave modes, if resonance conditions with respect to wave frequencies 
(and wave numbers) or wave velocities are satisfied in these wave modes. The long
and short-wave interaction is one of such interactions and can strongly occur under the 
resonance condition that a group velocity of the short wave is nearly equal to a phase 
velocity of the long wave. In this article, we deal with the following model equation to 
describe this interaction, which is expressed in a coupled form ofthe Nonlinear Schrodinger 
(NLS) equation with the Korteweg-de Vries (K-dV) equation: [1] 

(1) 

where Land S denote, respectively, the real long wave andthe complex amplitude of the 
envelope of the short wave, while x and t are spatial and temporal coordinates in a frame 
of reference moving with the phase velocity of the long wave or the group velocity of the 
short wave. 
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In the above equation, which is expressed in the normalized form with only two pa
rameters a and (3, the parameters and the alternative ofthe ± signs in front of 5xx depend 
upon the individual properties of the waves and the media concerned: [1] the gravity and 
capillary waves in a single layer fluid (a,(3 :::; 0 and + sign), the gravity waves in a two
layer fluid ((3 :::; 0 and - sign), the ion acoustic and electron plasma waves (a ~ 0, (3 :::; 0 
and + sign) and so on. However, since the case of - sign can be formally obtained if i, L 
and (3 in eq.(l) are replaced by -i, -L and -(3, we will consider only the case of + sign 
in the followings. 

Depending upon the parameters a and (3, physical meanings and mathematical prop
erties of this equation can be said as follows: When both a and (3 are equal to zero, eq.(l) 
represents the case when the magnitude of the long wave is much less than that of the 
short wave (ILl ~ lSi). For this case, the equation is proved to be integrable or to have 
the n-soliton solution by means of the inverse scattering transform (IST) method. [2, 3] 
On the other hand, when both a and (3 have finite values, the equation. represents the case 
for which the magnitudes ofthe long and short waves are ofthe same order (ILl ,-..J lSi). In 
this case, not only analytic solitary wave (one-soliton) solutions, but also a variety of nu
merical solitary wave solutions including ones with oscillatory damped tails are found. [4] 
It is expected, however, that the long time asymptotic wave behavior may become chaotic 
for general initial waves or soliton interactions, since the equation for (3 = 1 is shown to 
be non-integrable through IST [5]. Additionally, in the Hirota bilinear form for a = -6(3, 
the n-soliton solution has not been found for a, (3 i= O. [5, 6] Nevertheless, for the nearly 
integrable case in the vicinity of a = (3 = 0, it is numerically shown that the wave behavior 
is regular or iiTegular depending upon initial conditions and values of the parameters. [4] 

As is seen in the above, though eq.(l) is shown to be non-integrable for the particular 
a and (3, the integrability has not yet been analytically surveyed for all values of the 
parameters, in particular, in the nearly integrable region. Therefore, in this article, the 
integrability of eq.(l) is examined in the (a, (3) parameter space by means of the Painleve 
test, which is known as one of the useful and practical techniques to test the integrability 
despite some drawbacks. [7, 8] 

The organization of this article is as follows: In section 2, the results of the test are 
shown for the reduced ordinary differential equation (ODE) through a variable transfor
mation (Painleve ODE test). In section 3, for the cases which pass the ODE test, the 
original partial differential equation (PDE) is directly tested (Painleve PDE test). And 
finally, in section 4, we remark the validity of the test in the nearly integrable region and 
the possibility of the (finite time integrability'. 

2. Painleve ODE test. 

For the Painleve ODE test, we first reduce eq.(l) to the ODE through the following 
traveling wave transformation: 

5 = fee) exp[ip/2)(x - Vi)], L = g((), (( = x - '\i) (2) 

where ,\ and V are constants. Substituting (2) into eq.(l) and integrating 9 with respect 
to (, we can easily obtain the reduced ODE 

f(( + P/2)(V - ,\/2)f = fg, (3g(( + (a/2)i -'\g f2 - C2, (:3) 
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where we have imposed the boundary conditions: 1 -+ C (const.), 1(,1((,g,g(,g(( -+ a 
as 1(1 -+ 00, and A = 2V for C O. 

Making use of the following variable transformation into eq.(3) 

(4) 

we can show that our system has Henon-Heiles Hamiltonian 

H = (1/2)[ ( d 1/ d () 2 + (d 9 / d () 2] + 1 (J, g) , (5) 

where 

Since the Painleve properties (P-properties) in the above system have been examined by 
Chang et al. [9] for 13 > 0 and C = 0, it is expected that our ODE has similar singular 
structures. In fact, it is found that eq.(3) has similar P-properties. [4] 

According to the procedure of the test by Ablowitz et aI, [10] the solutions of eq.(3) 
are expanded in the following Laurent series: 

00 00 

1 = (( - (ora L h(( - (o)j, 9 = (( - (o)-b Lgj(( - (o)j. (6) 
j=O j=O 

where (0 denotes an arbitrary movable singularity depending upon initial conditions. Sub
stituting the above expression into eq.(3) and equating coefficients of powers of (, we can 
obtain the leading orders a and b for j = 0, and the recursion relations with respect to 
Ii and gj for j 2: 1. From the recursion relations, we can see that the coefficients Ii 
or/ and gj become arbitrary for particular values of j = i, which is called resonances. 
The resonances for l' and a are, respectively, corresponding to the arbitrariness of 
(0 and 10 (and/or go), though negative resonances for i < -1 are ignored. [12] For the 
P-property, these a, band. i are required, at least, to be integers, which means that the 
solutions should be of the pole type or the single-valued. Then, Table I shows that the 
candidates for the P-property are limited to three significant cases of ex and 13. It is found 
in this table that the case ex 13 = a has only general solution, while the other cases 
have both general and singular solutions in pairs. In these solutions, the general solution 
means that the equation has equal arbitrary parameters to the order of the equation, 
while the singular solution means that the solution has less arbitrariness than the order 
of the equation. However, in order for these three candidates to have the P-property, the 
self-consistency of the resonance must be checked in the recursion relations. Resulting 
from this, it is finally found that the Case I for ex = -13 has the P-property under the 
restrictions that either V - ),/2 + 2/13 = 0 for C = 0 or V = ). = 0 for C =f. 0, while the 
other .cases have P-property without any restrictions. 

3. Painleve PDE test. 

It is known that the test in the reduced ODE gives only necessary conditions for the 
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Table l' Painleve ODE Test 
a = 1,b = 2,f~ = -2)..,90 = 2 

Ct.=j3=0 r = -1,4 (general solution) 
P-property 
a = 2,b = 2,f~ = -72(3,90 = 6 

Case I r = -3, -1,6,8 (singular solution) 
P-property 

Ct. = -6(3 a 1, b = 2,90 = 2, fo: arbitrary 
Case II r = -1,0, :3, 6 (general solution) 

P-property 
a = 2, c = 2, fJ = 18(3, 90 = 6 

Case I r = -1,2,3,6 (general solution) 
P-property for V - ),,/2 + 2/(3 = ° (C = 0) or 
V=)..=O(C:/O) 

Ct. -(3 a = -4, b = 2,90 = 12,!0: arbitrary 
Case II r = -7, -1,0,6 (singular solution) 

P-property 

original PDE to be completely integrable. [10] In other words, a given PDE is not com
pletely integrable when the ODE reduced from the PDE does not have the P-property. 
Therefore, in this section, the integrability of the original PDE is directly examined for 
the three cases that pass the ODE test in the preceding section. 

Let us apply the Painleve PDE test, whose direct procedure was introduced by Weiss 
et al. [11] In this test, a given partial differential equation is said to have the P- property if 
the solutions are single-valued in the neighborhood ofthe arbitrary and analytic (movable) 
singular manifold. Since the singular manifold for the ODE reduces to the singularity with 
respect to a single variable, the PDE test may be considered as a straightforward extention 
of the ODE test with similar procedure. For convenience, rewriting eq.(I) in the following 
form: 

(7) 

the solutions are set as 
ex:> 00 00 

'U = rfy-a ~ 'Ujrfyj, 'U rfy-b ~ 'Uj rfyj , 'W = rfy-c ~ 'Wjrfyj. (8) 
j=O j=O j=O 

Making use of (8) into eq.(7), we can determine the leading order a, band c and the 
resonances r like in the ODE test, whose values are integers for the same three cases of 
a and (3 as in Table 1. The results of the PDE test are shown in Table II, where the 
case Ct. (3 = ° have only general solution, while the other two cases have both singular 
and general solutions. [13] Checking the recursion relations for the self-consistency of the 
resonances, it is finally found that the case of Cl = (3 = ° and the Case II for Cl = -(3 
hold the P-property without any restrictions. The latter case, however, is excluded in the 
present context, since the solutions 'U and 'U are regular to vanish closely near the singular 
manifold rfy = 0. Consequently, the significant solution is only 'W which is nothing but that 
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Table 2· Painleve PDE Test 
a = b = 1, c = 2, Uo'Vo = 2¢x1Yt (uo or 'Vo: arbitrary), Wo = 2¢; 

0'.=/3=0 r = -1,0,2,3,4 (general solution) 
P-property 
a = b = 2, c = 2, Uo'Vo = -72/3¢;, (uo or 'Vo: arbitrary) Wo = 6¢; 

Case I r = -3, -1,0,4,5,6,8 (singular solution) 
Conditional P-property 

0'. = -6/3 a = b = 1, c = 2, Wo = 2¢;, Uo and 'Vo: arbitrary 
Case II r = -1,0,0,3,3,4,6 (general solution) 

Conditional P-property 
a = b = 2, c = 2, 'Uo'Vo = 18/3¢; (uo or 'Vo: arbitrary), Wo = 6¢; 

Case I r = -1,0,2,3,4,5,6 (general solution) 
Conditional P-property 

0'. = -/3 a = b = -4, c = 2, Wo = 12¢;, 'Uo and 'Vo: arbitrary 
Case II r = -7, -7, -1, 0, 0,4,6 (singular solution) 

P-property 

of the K-dV equation, where the resonances occur for r -1,4,6. On the other hand, the 
other cases have the P-property through the traveling wave transformation like ¢ = x - ct 
(c:const.), that is to say, the P-property is conditional. Thus, only the case of 0'. = /3 = ° 
is completely integrable, which is consistent with the result of 1ST method. [2, :3J 

4. Concluding remarks. 

We can see in Table II that the leading orders and some coefficients in the expansions are 
coincident or adjustable between the completely integrable case 0'. /3 = ° and the case 
for 0'. = -6/3 (Case II). Although this suggests that these two cases are closely related to 
each other, the test is found not to be successful in the nearly integrable region 0'., /3 rv ° 
for 0'. = -6/3, since the singular manifold expansions become non-uniformly valid when f3 
tends to zero. This non-uniformity may be due to the small parameter /3 in the highest 
order derivative term in eq.(1). Additionally, since there exists one-soliton solutions which 
are uniformly valid for 0'. = -6/3 including a = /3 0, [4] the usual singular manifold 
expansions (6) and (8) is not appropriate to examine the integrability in this region. 

On the other hand, in the general solution for 0'. == -6/3 (Case II), we should remark 
that the compatibility condition that permits the P-property is found to be relaxed con
siderably for a finite time. That is to say, since the significant compatibility condition for 
the P- property is written as 

at - aax = 0, (9) 

through a = ¢t! ¢x, the general solution of the above wave equation 

a 8(:2: + tel, (10) 

is analytic for a finite time depending upon initial conditions, where 8 denotes an arbitrary 
function. Therefore, for a certain class of ¢ which is given by (10) through a = cPt! ¢x, the 
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compatibility condition (9) can be satisfied for a finite time during which the solution (10) 
is analytic and arbitrary. This means that the equation holds the P-property for the finite 
time and is expected to have the multi-soliton solution for the time. As a special case, 
it is easily seen that the condition (9) is identically satisfied for an infinitely long time 
under the traveling wave transformation cP = x - ct, which is confirmed by the existence 
of one-soliton solution. [4] Thus, for a = -6(3, though one soliton state is valid for an 
infinitely long time, the soliton interactions due to multi-soliton state might be elastic for 
the finite time, that is to say, the possibility of 'finite time integrability' is expected. 
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FINITE-TIME BEHAVIOUR FOR NONLINEAR 
SCHRODINGER EQUATIONS 

.JIAN ZHANG 

Abstract: We study the initial-boundary value problems for a class of Schr()dinger equa
tions. By constructing so called modal integration, the finite-time heha.viour including 
the local estimates and the finite-time blowup of solutions for the problems is shown. In 
addition some complete conclusions on linear equations are given. 

1. Introduction 
Consider nonlinear Schrodinger equations 

i'Ut + .6.'U = f('U). (1) 

So far, the most situation studied for (1) is concerning the classical situa.tion f = ku.I'UIJJ(p > 
0, k E R). For general nonlinearity f('U), Klainerman and Ponce investigated the global 
solutions to the Cauchy problems, Hayashi and Tsutsumi etc. further investigated the 
Cauchy problems to the situation of polynomial. In. this note, we consider the following 
general polynomial situation: 

(2) 

Let n be a bounded domain with smooth boundary an in RTL(n 2: 1). vVe consider 
the initia.l boundary value problems of (1) with the conditions 

'U(O,:r) = tlo(:r), :r Ene R11 

'U(t,:r) = 0, t 2: 0,:1: E an. 
(3) 

(4) 

As is known, the study for the initial boundary value problems to (1) is a.lso less. By 
constructing the modal integration, we may get the local estimates with "vave-sha.pe, then 
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get the finite-time blowup properties. At last applying the modal integra.tion, we obtain 
some complete conclusions on linear equa,tions. 

2. Finite-time Behaviour 
We introduce the linear eigenvalue problem of the Laplace operator on D: 

tJ.¢(:r) + >.¢(:t:) = 0, :r ED, 

¢(:e) = 0, :r E aD. 

(5) 

(6) 

Then there exist the first eigenvalue>. > ° and the corresponding eigenfullction 1>(:r) > 0 
satisfying the problem (5), (6).Furthermore we can take <p(:r) such that In ¢(:r)d:t: = 1. 
Obviously>. and ¢( a:) obtained by this method are uniquely determined by D. 

Let 'U = u(t, :r) be a solution of the problems (1), (3), (4) under the condition (2), and 

We construct the integral including parameter for u: 

J(t) = ei().-p,)t J ¢u(h 

n 

(7) 

(8) 

Where p E C. (8) is called the modal integration of the problems (1). (::3), (4), which 
includes a complex parameter J.L 

For (8), by (1),(:3),(4),(5),(6),(7), we have 

J'(t) 'iei().-J.L)t(-fl ./ ¢ud:r - J <pfda:). (9) 
n n 

As Cj E C(j = 0,1,2) in (2), it includes many cases. Here vve only discuss a typical 
case: 

feu) = (1 + 'i)lull+P + 'U (p> 0) 

The other various cases can be dealt with in the similar way. 
For (10), in (8), take p = -1 , and let J1 (t) = ReJ(t), it follows from (9) that 

J~ (t) = [cos(>. + l)t + s'in(A + 1 )t] J 1> I'Ll IP+1d:r. 
n 

When T :::; 4(f~1)' for t E [0, TJ, it is true that 

C08(A + l)t + .sin(>. + l)t ~ 0. 

From the Holder's inequality and (8), we have 

J <pl u IP+1d:r ~ lJ(t)IP+1 ~ 1J1(t)IP+1 
n 

It follows from (11)'(12),(1:3) that 

J~(t) ~ [co8(A + l)t + sin,(A + l)t]IJdt)l1'+l, t E [0, T]. 
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Let J1 (0) In tP(x)Re'Uod~l: > 0, then by (14), we may get 

J1(t) 2: J1 (0)[1 - A: 1 (.11(0))p(1 + s-in(A + l)t - COS(A + l)t)r}' (15) 

Thus the following estimate theorem of the solution in finite time can be sho\;vn. 
Theorem 1. Let f = (1+'i)\u\p+1 +'tL,p > 0, and 'Uo = 'U.o(:r) satisfy In q)(:t)R.e'uod:r = 

.11(0) > 0. Then when T ~ 4d~1)' the sol'ution of the p'T'Oblems (1),(8),(4) satisfying (7) 
has the following est'imate: 

II'ull£l(n) 2: e/[1 - A: 1 (J1 (0) Y(l + sin(A + l)t - eos(A + l)t)]~, t E [0, T] (16) 

where e is a positive constant. 
For (10) , in (8), take f.1. = -1, andletJ2 (t) = bn.1(t), then the following estimate 

theorem can be shown 
Theorem 2. Let f = (1 + i)lulp+1 + u, (p > 0),'[1,0 = uo(:r) satisflJ J~2 0(:t)Im'llod:r 

.12(0) < O. Then when T ~ 4(.\~1)' the solution of the p'T'Oble'l718 (1),(3),(4) satis/lJing (7) 
has the following estimate 

where e' is a positive constant. 
Remark 1. By (11) It may be seen that ReJ( t) acts a periodical oscillation with the 

period 4(~~1)" From the some reason, Irn.1(t) acts a periodical oscma.bon with the period 
'If . 

4(.\+1) . 

Remark 2. From (16), (17), it may be seen that the estima.tes an-' with wave-shape. 

For (16), it can be seen that when .11(0) 2: [(1~'j.jhJt, for 

1 - ~(J1(0))p(1 + sin(A + l)t - COS(A + l)t), 
/\+1 

there exists zeros in [0, 4(~:1)]' Moreover when 

the zero of (18) is 

T, _ 7r 

o - 2(A + 1) 
1 . A+1 A+1 

2(A + l)arcsm[p(J
1
(0))p(2 - p(JdO))p)}; 

when 

the zero of (18) is 
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For (17), by the similar analyzing and computing, it can be obtained that when 

III [0, 4(:+1)] for 

there exists unique zero: 

Therefore from the estimates (16),(l7),we can show the follovving blowillgup theorem of 
the solution in finite time. 

Theorem 3. Let f('U) = (1 + i)l'ul1+P + 'u, P> O. 
1. Let .II (0) = In </>( x )Re'Uodx, then 
1). when Uo satisfies 

the sol'ution of the pToblems (1)J3).(4) in (7) blows up in some .finite. finn: 

T* < T, = 7r 
- 0 2(A + 1) 

1 . A+1 A+l 
CLTc.sm.[ ( (2 - )]. 

2(A + 1) p .11(0))p P(.11(0))P· 

and the solution on [O,T*) satis.fies the estimate (16'): 
2). when Uo satis.fies 

A + 1 1 

.11(0) > (-2-)];' 
p 

the sol'ution of the pToblems (1), (3)) (4) in (7) blows 'up in some finite hme 

T ** _< T.o' = 1 . [ A + 1 )] . (\ ) (J.Tc.s2n (J ( )) . 2A+l P'lO P 

and the solut'ion on [0, T**) satisfies the estimate (16). 
2. Let .12(0) = In </>(:r;)Irnllod:c: then when 'Uo satisfies 

A + 1 1 

·h(O) :::; -[eV2 _ l)pF 

the solution of the fJTOblems (1):(3),(4) in (7) blows up ·in sO'l1lf'..finitf time 

and the solution on [0, T*) sa.tis.fies the esti·ma.te (17). 
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Remark 3. From Theorem :3, it is seen that the less the init.ial \·a.lue is, the longer 
the estimate of the lifespan of the solution is, and the bigger the initial va.lue is. the more 
easily the blowingup occurs. 

3. Conclusions on Linear Equations 
Consider (1) is linear equations, that is 

where CI and Cz are complex constants. 
Take J.l = el, then from (9) it follows that 

J' (i) _'iczei("+Cl)t 

thus we can obtain the following results. 

( 19) 

(20) 

Theorem 4. Lei feu) = Cl'U' + cz, and Cl =f. -A, then fOT" a.ny T > 0 .thf: solu.tion of 
the pTOblems (1),(3),(4) satisfying (1) has 

i E [0. T). (21) 

Theorem 5. Let f(u) = -A'u + cz, then fO'r any T > 0, the sol'lltio'll of the pTOblems 
(1);(3),(4) satisfying (1) has 

.I qmd:r = .I ¢uod:r - -lCzt t E [0, T). (22) 
n n 
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