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Abstract

We consider an abstract model which describes an interaction of
non-relativistic particles with a Bose field. We show that the essential
self-adjointness of the generalized spin-boson Hamiltonian with a qua-
dratic boson interaction for all coupling constant and the Hamiltonian
is self-adjoint if it is bounded from below under some conditions. We
consider a unitary transformation of the Hamiltonian. Using the uni-
tary transformation, we give a sufficient condition for the semibound-
edness of the Hamiltonian.

We are also interested in the ground states of the Hamiltonian.
From the Birman-Schwinger principle, one can show that the Hamil-
tonian has no ground states for enough small coupling constants under
a suitable condition. Finally, we apply our theorems to the Pauli-Fierz

type Hamiltonian.
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CHAPTER 1

Introduction

In this paper, we consider an abstract model which describes an
interaction of non-relativistic particles with a Bose field. Arai and
Hirkawa [AH] introduced an abstract non-relativistic quantum field
model which is a generalization of the spin-boson model and it is called
the generalized spin-boson model. Miyao and Sasaki [MS] added ¢?
term to the generalized spin-boson Hamiltonian. They showed that the
Hamiltonian is self-adjoint for small coupling constants by applying the
Kato-Rellich theorem. However these restrictions on the coupling con-
stants could be removed because some other non-relativistic quantum
field Hamiltonians are self-adjoint for arbitrary coupling constants. For
the Nelson models, it is clear since the interaction term is infinitely
small with respect to the free Hamiltonian [Nel]. For the Pauli-Fiertz
models, Arai [Aral] showed that Pauli-Fierz Hamiltonian in the dipole
approximation is slf-adjoint for arbitrary values of coupling constants
by means of the Nelson commutator theorem. Hiroshima [Hir] proved
that the full Pauli-Fierz Hamiltonian is self-adjoint for all coupling con-
stants by using the functional integration. Hasler and Herbst [HH2)]
give another proof of the self-adjointness of the Pauli-Fierz Hamilton-
ian by operator theoretical methods. It is known that the standard
spin-boson Hamiltonian is self-adjoint for any coupling constants.

Arai and Kawano [AK] proved the self-adjointness of the Hamil-
tonian of the generalized spin-boson model for some coupling constants
by using an unitary transformation and strong commutativity of some
operators. However we hope that the strong commutativity should be
removed. Therefore we study the self-adjointness of the Hamiltonian
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of the generalized spin-boson model with a quadratic boson interac-
tion in a more general framework. In particular, we are interested in
when the Hamiltonian is (essentially) self-adjoint without assuming the
commutativity of some operators.

We are also interested in the ground states of the Hamiltonian.
Arai and Hirokawa [AH] proved that, if the particle Hamiltonian has
a compact resolvent, then the total Hamiltonian has a ground state.
However, the condition of compact resolvent is strong, because a self-
adjoint operator which is bounded from below and has a compact re-
solvent has a ground state and its ground energy is in the discrete
spectrum. It is known that a total Hamiltonian may have a ground
state even if the non-perturbative operator has no ground states. A
typical example is a quantum mechanical system whose Hamiltonian
is given by the Schrodinger operator H()\) := —A + AV on L?*(R?).
Indeed, it is known that H(0) has no ground states but H(\) has a
ground state for some class of potential V. We call it the enhanced
binding if such a phenomenon occur.

Hiroshima and Spohn [HS] studied enhanced binding in the case of
the Pauli-Fierz model in the dipole approximation. They showed that
the enhanced binding occurs for large coupling constants under suit-
able assumptions. On the other hand, Hainzl, Vougalter and Vugalter
[HVV] proved that the enhanced binding occurs for small coupling
constants in the Pauli-Fierz model without the dipole approximation.
We are interested in whether the enhanced binding occurs or not in the
GSB model. Arai and Kawano [AK] proved that, in the GSB model, it
occurs under suitable conditions if the coupling constants are in some
interval. But it is not known that whether the enhanced binding occurs
or not for small coupling constants.

We consider a GSB model which is slightly more general than the
GSB model proposed by Arai and Hirokawa [AH]. We prove that,



under some assumptions, enhanced binding does not occur for suffi-
ciently small coupling constants in the GSB model. This is our main
theorem in this paper. In the case where no infrared regular condition
is assumed, we know that the GSB Hamiltonian has no ground states
which satisfy some natural condition [AHH]. However, we prove that
the GSB Hamiltonian has no ground states even if we assume an in-
frared regular condition.

Recently, Hiroshima, Spohn and Suzuki [HSS]| proved that the en-
hanced binding does not occur for sufficiently small coupling constants
in the Nelson model. Their proof is based on an estimate of the number
of non-positive eigenvalues by Birman-Schwinger bound. In this paper,
we prove the absence of ground states by using similar methods to the
GSB model.

The outline of the present paper is as follows. In Section 2, we set
up notation and terminology. In the third section, we define the GSB
model. We first prove the essential self-adjointness of a Hamiltonian
for all coupling constants under some natural conditions. By using
this result, roughly speaking, we also show that semi-boundedness of
the Hamiltonian implies the self-adjointness of it. These results im-
prove the existing ones. We show that the semi-boundedness and some
commutativities imply the (essential) self-adjointness of the Hamilton-
ian. It is also shown that unitary transformation of the Hamiltonian.
This is based on the case that some operators are strong commuting.
In addition we give a condition for semi-boundedness without strong
commutativity. This condition for coupling constants is weaker than
the condition which is obtained by using the Kato-Rellich theorem.

In Section 4, We consider the ground states of the Hamailtonian.
We prove generalization of Birman-Schwinger bound and obtain a es-

timate of the number of non-positive eigenvalues. In the last, we apply



the result to a Pauli-Fierz type model without A%-term in the dipole

approximation.



CHAPTER 2

Preliminaries

1. Operator Theory

Let X be a complex Hilbert space. We denote the inner product
and the norm of the Hilbert space X by (-, - )x and ||-||x respectively.
For simplicity of notation, we may omit the subscript & in (-, -)»
and ||-||x if there is no confusion. In this paper, the inner product is
antilinear in the first variable.

For a linear operator 1" on a Hilbert space X', we denote its domain
by D(T'). In this article, “an operator” means “a linear operator” and
“a subspace” means ”a linear subspace”. We use standard conventions

for the sum and the composition of two operators:

D(T + S) := D(T) N D(S),

D(TS):={¥ eD(S) | SV e D(T)}.
DEFINITION 2.1. Let T be a operator on a Hilbert space X.

(i) T is called a densely (resp. everywhere) defined if the domain
D(T) is a dense set in X' (resp. D(T') = H).

(ii) T is called a bounded operator if the following operator norm ||7||
is finite, i.e,

1Tl

|IT||:= sup —— < o0
ven(r) ||V

(iii) T is called a compact operator if, for all bounded set X C X, TX
is a compact set.

(iv) T is said to be closed if the graph

G(T):={(z,Tz) e X x X |z € D(T)}
9



is closed.
(v) An operator S is said to be a extension of T"if D(7") C D(S) and
S =T for all p € D(T') and we denote T C S.
(vi) T is called a closable operator if there exists a closed operator S
which is a extension of 7'
(vii) The closure T of a closable operator T is the smallest closed ex-
tension of 7.
(viii) A subset D C D(T) is said be a core for closed operator 7' if
T|p =T, here T|p is the restriction of 7' on the subspace D.
(ix) The adjoint 7™ of densely defined operator 7' is defined as follows:

for all ® € D(T'), there exists a vector
D(T*):z{\IJGX‘ 1) A &’}

such that (U, T®) = (&g, )

and T*WV := &y for ¥ € D(T™).
(x) T is called a symmetric operator if 7" C T*.
(xi) A symmetric operator T is said to be bounded from below if there

exists a constant ¢ € R such that for all ) € D(T)

(¥, T) > clp]*.

(xii) T is said to be a self-adjoint operator if T = T™*.
(xiii) T is said to be an essentially self-adjoint if the closure T is self-

adjoint.
We use the following well-known result.

THEOREM 2.2. Let S be a self-adjoint operator on a Hilbert space
X. Then there exists a unique spectral measure Fg on the Borel o-

algebra B(R) on R such that

S:/RACZES()\).

DEFINITION 2.3. Let T be a closed operator on a Hilbert space

X.
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(i) A complex number A belongs to the resolvent set p(T') of T if
the operator T' — X\ has a bounded inverse (7' — A\)~! which is
everywhere defined on X

(ii) The spectrum o(7) of T is the set C\ p(T).

(iii) A complex number A belongs to the essential spectrum eg(7") of
T if the range Ran (7" — A) is not closed or dim Ker (T' — \) = 0o

or codim Ran (T — \) = oo, where
Ker (T) := {¢ € D(T) | T = 0},
Ran (T) :=TX = {¢ € X |there exist a ¢ € D(T') such that ¢» = T'¢}.

(iv) The point spectrum o,(T") of T is the set of all eigenvalues of T,

ie.,
o,(T) := {\ € C|there exists a ¢p € D(T") \ {0} such that Ty = A}

(v) The discrete spectrum ogis(77) of T is o(T') \ 0ess(T).

DEFINITION 2.4. We say that a self-adjoint operator T has a
ground state if inf o(T") € 0,(T) and a vector ¢ € ker(T'—inf o(7))\{0}

is called a ground state of T'.

Let us recall the definition of relatively boundedness and relatively

compactness.

DEFINITION 2.5. Let T, S be closed operators on a Hilbert space
X.

(i) T is said to be relatively bounded with respect to an operator S

or simply S-bounded if D(S) C D(T") and there exist nonnegative
constants a,b € R such that

T < al|ST|| + ][],  for all ¥ € D(S). (2.1)

The greatest lower bound ag of all possible constants a in (2.1)

will be called the relative bound of T with respect to .S or simply
11



S-bound. In particular, if the relative bound of T with respect to
S is equal to 0, T is called infinitesimally small with respect to S.
(i) T is said to be relatively compact with respect to S or simply S-
compact if D(S) C D(T') and T is a compact map of the Hilbert
space (D(S), |||ls) into the Hilbert space X, where ||-||s is the

graph norm of S, i.e.,
[Wlls == [T + |SV]|, for ¥ e D(S).
The next proposition is well-known fact. (see [Sch])

PROPOSITION 2.6. Let T and S be closed operators on a Hilbert
space X.
(1) Suppose that p(T) # (). Then T is S-compact if and only if
D(S) € D(T) and T(S — X\)~! is a compact operator on X for
some (and then for all) A € p(T).
(2) If S is densely defined and 7' is S-compact, then 7' is S-
bounded with S-bound zero.

The next result is the celebrated Kato-Rellich Theorem. It requires

a relative bound strictly less than one.

THEOREM 2.7. Let S be a self-adjoint operator on a Hilbert space
X. Suppose that T is a relatively S-bounded symmetric operator on

X with S-bound a < 1. Then:
(1) The operator S+ T on D(S + T') = D(5) is self-adjoint.
(2) If S is essentially self-adjoint on D C D(S), sois S+ T on D.

The following theorem shows that a stability of essential spectrum.

THEOREM 2.8. Let S be a closed operator on a Hilbert space X.

Suppose that T" is a S-compact operator on X. Then

Uess(S) - Uess(S + T)
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2. Some Facts on an Abstract Boson Fock Space

In this paper, we consider the quantum system interacting with
Bose fields. To describe the Bose fields, one uses the Boson Fock space

over a Hilbert space X
F(X): = Perx
n=0

for all n € N, ™ € @"X

= du= {uye
Vo |t s o < oo

where . X is the n-fold symmetric tensor product of X, i.e., for the

symmetrization operator S, := (1/n!) > U, on ®" X, where &, is

0'6671
the symmetric group of degree n and U, (1, . . ., ¥n) = (Yo1), - - -, Yon))
QI X = S,(®"X) with ®° X = C. Let us define the finite particle

subspace

there exists a number ngeN

Fro(X) =<V € F,(X)
such that @D("):O for all n>ng

=[] erx.
n=0

(I] is the algebraic coproduction) %, o(&X') is dense in %, (X) and a fun-
damental subspace in the Fock space. Similarly, for a linear subspace
D C X, we define a linear subspace %, g,(D) C Fp,0(X);

o0

F.i(D) = [ [ 8.

n=0
(Here, ® is the algebraic tensor product and X = S, (®"X).)
Basic objects on .%,(X) are the creation and annihilation opera-
tors. For any f € X, the creation operator a*(f) is defined to be

a densely defined closed linear operator on .%,(X’) such that all for
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Y ={p™}, e D(a(f)*) D Fuo(X),

(a7 9)™ = vas,(fo v ), forn>1

This creation operator takes the n-particle subspace ®X into the (n+
1)-particle subspace @' X. The adjoint of the creation operator is
called the annihilation operator and denoted by a(g) (¢ € X). The
creation operator a*(f) is the adjoint of annihilation operator a(f).

For all f,g € X, these operators obey the following relations:

[a(f), a*(9)] = {f, g)x, [a(f),alg)] =0, [a*(f),a’(9)] =0 (2.2)

on Fp,o(X), where [X,Y]:= XY - Y X.
The Segal field operator is defined as

a(f) +a*(f)
VA

This operator ¢(f) is known to be essentially self-adjoint on %}, (X))

o(f) = fex.

[RS2, Theorem X.41 (a)]. We denote its closure by the same symbol
#(f). From equalities (2.2), we have the following identity on %, o(X),

[0(f),(9)] =iIm(f, g), f, geX. (2.3)

Moreover, we see that

i(f) pid(9) — ilm (fﬁg)ewﬁ(g)ew(f)’ f.ge X, (2.4)
which is called the Weyl relations of {¢(f)| f € X}. For the proof of
this equality, we refer to [RS2, Theorem X.41 (c)]

DEFINITION 2.9. Let S, T be self-adjoint operators on a Hilbert
space X. We say that S and T strongly commute if their spectral

measure Es and Fr commute, that is, for all I, J € B(R),

ES(])ET(J) = ET(J)ES(I)
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THEOREM 2.10. Let S, T be self-adjoint operators on a Hilbert

space X. The followings are equivalent:

(1) S and T strongly commute.
(2) (S = N)T = p)™ = (T — ) (S = \) for all A € p(S),
e p(T).

(3) eis9etT = eitTeisS for all s,t € R,

REMARK 2.11. From the equation (2.4), we see that ¢(f) and ¢(g)

are strongly commutative if (f, g) € R.

The second quantization of a densely defined closable operator S is

denoted by dI'(S) and defined by
dr(s) .= s,
n=0

where S is defined as follows:

SO .=,

~n

SM=3"I®---@Ie S 9l®---®I . if n> 1.
— (7th) &1D(1)

(I denotes the identity operator.) The domain of the second quantiza-

tion operator dI'(.S) is
{v e A(x) | ¥ € D(s®), SISl < oo},
n=0

It is easy to see that, if S is self-adjoint or nonnegative, then so is
dI'(S). The next lemma describes well known properties of ¢(f) and
dI'(S) (see, e.g., [Ara2, HH1]).

LEMMA 2.12. Let S be a densely defined, injective, nonnegative

self-adjoint operator on a Hilbert space X.
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(i) If f € D(S7/2), then D(dI'(S)"/?) C D(a(f)) N D(a*(f)) and for
all ¢ € D(dI'(5))

la()ll < S~ fIllAT(S) 2],
la(f) ol < 172 AT (S) 20l + [ £

(ii) If f € D(S™/2), then D(dI'(S)"?) C D(é(f)) and

1) (r(S) + 1) < VRAIFI+ IS A). (25)
(iii) If f,g € D(S™Y/2), then D(dI'(S))C D(¢(f)¢(g)) and
16(£)d(9) (AT(S)+1) " || < 4l £+ IS 1) (gl +11S7gll). (2.6)
(iv) If f € D(S), then

[dL(S), o(f)]= —ip(iSf)  on Fio(X)ND(dAL(S)). (2.7)

16



CHAPTER 3

Self-adjointness of the GSB Hamiltonians

1. Definition of a Hamiltonian

Let H and K be Hilbert spaces. We take a Hilbert space
F = H® ﬂb(lC)

Let Aj be a self-adjoint operator on H which is a free Hamiltonian of a
quantum system, A; an Ap-bounded symmetric operator on H, W an
injective, self-adjoint and nonnegative operator on K which is a one-
particle Hamiltonian of the Bose field, B; (j = 1,...,n) be self-adjoint
operators on H such that D(A4qg) N N}, D(B;) is dense in H, f; € K
(j=1,....m), g, € K(j=1,...,n) and A\, € R. We consider the

following operator as the total Hamiltonian of the coupled system:

H(A, 1) = Ag@I+ A @I+IRdT(W)+A Y B;@d(g)+i Y _IR¢(f;)*.
j=1 Jj=1

(3.1)
This Hamiltonian H (A, u) was studied by Miyao and Sasaki [MS]. In
the case of u = 0, it was introduced in [AH] and called the generalized

spin-boson (abbreviated as GSB) Hamiltonian.

EXAMPLE 3.1. (Spin-Boson Model) Let H = C?, K = L*(R?),
J=N=1,0; (i =1,2,3) be Pauli matrices, A = po3/2 (x>0 is
constant), W be the multiplication operator w(k) = |k|, By = o1. In

this case, the GSB Hamiltonian becomes

Hsp(\) = ggg ®1+1®dl(w)+ Aoy @ d(g).
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This Hamiltonian is called the spin-boson Hamiltonian. It is the model
of a two-level atom interacting with neutral scalar fields. There are so
many mathematical and physical researches on this type of Hamiltoni-
ans that we know many properties of this Hamiltonian. For a deeper

discussion of spin boson models, we refer the reader to [AH, Spo] .

In this section, we need the following conditions.

(Hy) Ap is a nonnegative self-adjoint operator on H and By, ..., B, are
Aé/ *-bounded symmetric operators.

(Hy) W is a nonnegative, injective and self-adjoint operator.

(H3) There exists a core D for Ag such that D C [, (D(4B;) N
D(B;Ay)) and [Ag, Bj]|p is Aé/z—bounded for each j.

(Hy) f; and g; € D(IW—Y2) A D(W) for all j

Conditions (H;), (Hs), and (H4) are standard condition in the GSB

model.

2. (Essential) Self-Adjointness

In this section, we study the self-adjointness of the operator H(\, ).

For simplicity, we set
Hy(A, p) i= Ao@I + I0dT(W) + A Y B;@d(g;) + 1 Y 106(f;)?,
j=1 j=1

In what follows, we may write an operator 1" (resp. S) for T'® I (resp.
I ®S). Let us first prove that the essential self-ajointness of Ho(A, p).
First, we study the self-adjointness of the operator Hy(\, i) instead of
the full Hamiltonian Hy(A\, ).

PRrROPOSITION 3.2. Suppose that (H;)-(H4) hold. Then Hy(A\, )
is essentially self-adjoint on any core for Hyy.

18



PROOF. Let D’ be a core for W and Dy := D& Fb.in(D'). Then Dy
is a core for Hyg. To prove this proposition we use Nelson’s commutator
theorem [RS2, Theorem X.37]. We verify that Hy(\, 1) and Hyg satisfy
the condition of the commutator theorem. In the following inequalities,
C denotes a constant which may change from one inequality to the next.

By using (i) and (ii) in Lemma 2.12, we have the following inequalities

for all ¥ € Dy,

1HoO\ ) ¥ < || (Ao ® T+ 1@ dD(W))T|| + A ||B; ® é(g,)¥]|

j=1
+lul Y 1@ o(f) 0|
j=1

<|[(Aoy® I+ I®dD(W)+1)T|

1/2

+ Czn:H(Ao + D)Y@ (dD(W) + 1) ||

+ci|u® (dT (W) + 1) ||

j=1

< |[HooW|| +C{(Ag+ 1)@ T ¥, [ @ (dT(W) 4 1)¥)"”
+ || Hoo ¥

< C[Hoo V||
+C|(Ag+1) @ I V|3 T @ (AT(W) + 1)¥]||*/?

< C|[Hoo ¥
+C(I(A0+1) @ 1 W) + |1 & (@dr(w) + 1))

< C|Hoo V||
Similarly,
[(Ho(A, 1)V, HooW) — (HooW , Ho(A, 1) V)]
< Al i ‘<Bj ® ¢(g;)¥, HooW) — (Hoo¥ , B; ® ¢(9j)‘1’>‘

j=1

19



1l Y- (o), dr o)) — (e v)e, o(f,)2w)|
<\ Z (12 6(g)0 . [B;, AW) + (B;w, 1 [o(g;), AT(W)]D)]
+|u|2\< OF,), AD(W) W, 6(f;) W) — (6(f;) ¥, [dT(W), 6(1;)] ¥),

< WIS (1 9 0(a) U1 1B, A¥] + 1B, 1 @ 6(i1Vg,) v

j=1

1LY [(@EW )Y o(£)0) + (0(£)0 , 6V £;)0)]

< MO YN @ (drw) +1) | (1185, Adw| + [ B;v])

j=1
+ O I @ (drw) + 1) w2
j=1

< 2n|AC|IT & (AT(W) + 1)) [|(A4g + D> @ T 0|
+mlulCIIT © (AT(W) + 1) w2

1/2
< (2n|A| + m|p|)C|| Hop* W ||

By Nelson’s commutator theorem, the operator Hy(A, i) is essentially

self-adjoint on the subspace D and any core for Hyg. ]

The next corollary follows immediately from the last proposition,

COROLLARY 3.3. Suppose that (H;)-(Hy) hold. If A is an in-
finitesimall small with respect ot Ay, then H (A, p) is essentially self-

adjoint on any core for Hyg.

We next show the self-adjointness of Hy(A, ). From the previous
proposition, we see that Hy(\, pt) is essentially self-adjoint on the do-
main D(Hyg) for any coupling constant under some condition. We infer
that Ho(A, ) is self-adjoint for any coupling constant under suitable

condition even if Ay and B; are not commutative. Here we do not show
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that the self-adjontness of the Hamiltonian for all coupling constant.
However, in the next theorem, we prove that the self-adjointness of
Ho(A, p) follows from the semi-boundedness of Hy(A,0) under natural

conditions.

THEOREM 3.4. Suppose that (H;)-(Hy) hold. Assume, in addition,
the following conditions hold:
(i) the core D C (), D(A¢B;) N D(Af) and (A%, B;]|p is bounded:;
(ii) g; € D(W~Y2) N D(W?) for all j.
If Hy(A,0) is bounded from below for some A, then for all X with |N| <
Al and p > 0, Ho(X, p) is a self-adjoint operator and D(Ho(N, 1)) =
D(Hgp).

Proor. Without loss of generality, we can assume that 0 < X' < \.

It follows from Proposition 3.2 that Ho(N, i) is essentially self-adjoint
on D(Hyy) and D(Hyg) € D(Ho(N, ).

Hence we only have to verify that D(m) C D(Hgp). Since 0 <

A < A, there exists a positive number 7 < 1 such that A = X' /(1 — 7).

Let D' be a core for W2, Dy := D® %y, au(D'), i’ := pu/(1 —1n), c the

infimum of the spectrum of Hy(A,0), that is, ¢ := infcr(Ho()\, 0)), and
= Suij[A(l)/z, Bj||. For all ¥ € Dy,

2
U
I (HoX ) + ) P = 2| Hoo W]

2
U
> <[ Hoo[” + (1= )| Ho(A, )"

(1= ) ((Hao® , Ho(\ 1)) + (Ho(A, 1)¥ , Hoo))
2
> || Hoo |
+n(1—n) <2<A(1)/2\I/, Ho(A, 0)Ay/*U)+2 Re (AW, [A)? Hy(X, 0)]0)

1/2 1/2

+2((dD(W) + 1), Hy(X, 0)(dD(W) + 1) W)

1/2

+2Re ((dD(W)+1) ", [(d0(W)+1) 7 H(2,0)] ¥))

21



+(1 = S 2Re (dT(W) + 1) W, 6(f;)2W).

J=1

By the semi-boundedness of Hy(A,0), we have

(AW, Ho(X,0)Ay W) > || Ay > w2,

1/2 1/2

(AT(W)+1) 20, Ho(A, 0)(dT(W)+1)*W) > of| (dT (W) +1) V> w2,

Hence we get the following inequality.

2
n
I (HoX ) + ) W11 = - Ho ]

2
> || Hoo ¥

+ (1 =) (2e] AG>W I + 26 (ar (W) + 1) ?)
= 29(1 =) A Y| [[[H(A,0), Ag*]¥|

+ (1 =) (¥, [(dP(W> + )Y (e + 1), o, 0)]] w)

o1 — g Z W)+ 1)o(f;) )
o1 — ZRe< W, $(/;)%¥)
> 7||HOO\I/H2

s 2en(1 = ) (45207 + [ (arw) + 1))

—2n(1 = )AL _IA2 0 1A%, Bj] @ é(g;)¥]| (3.2)
j=1

=0l =m)AY_[|B;Y|
j=1

x| [(arowy + 1) [(arow) + 1) o

sa)v] 63

n(1—mn) |M|Z||‘I’H [T[r(W), o(f;)], ¢(f;)] ]| (3.4)
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In the following arguments, we show that each term of (3.2)—(3.4) is
greater than or equal to —C(||AY* 0|2 + || ® (dr(W) + 1)1/2\IJ||2) for
some positive constant C'.

First, we estimate the term (3.2). Since [Aé/Q, B;] is bounded,

1A 1145, By ® ¢(g;)¥|
<A AP 1T @ o(g;) ¥
< C|| AW || (dr (W) + 1) ||

< C(1 4w + || (arw) + 1) ).

Next, we consider the term (3.3). It is known that for a nonnegative

self-adjoint operator T on a Hilbert space,

TV2y — (1 /OOAW(T + A)*ld)\> T (3.5)

m™Jo
for any ¢ € D(T') (see [RS1, Chapter VIII Problem 50 (c)]). Since
U € Dy and g; € D(W?), it is easy to see that (d['(W) + 1)Y/2¥,
$(9;)¥, ¢(g;)(dT(W) + 1)'/2@, and [(dT(W) + 1)/2, ¢(g;)]¥ are in
D(dI'(W)). Using the formula (3.5), we can calculate as follow.

[(dF(W) + 1) [(drw) + 1) 6(gy)] ]xp

Y N

[(A0(W) +142) " (dr(W) +1), 6(5,)] | ¥

1 o

it / “ds VES(AT(W) + 14 5) " (d0(W) + 14 1)

72 /o

X $(W2g) (AT(W) + 1+ )" (AD(W) + 1 45) " W
Thus we get a bound of the term (3.3) from the following computation:

| [(arwy + 1), [(@arow) + 1), og,)] ||

< /owd’f /omd8$
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x| ow2g) (@rw) + 14+ 0) 7 @row) + 1+ 5) |

o2 [agls ) Jarov) <1y

™ (1+ s)?
Using Lemma 2.12 (iii) and the identity (2.3), we have an inequality
about the term (3.4),

(v, [[arov), 6], o) 0)| < 1w s, fllw)
Hence we see that

2
|(Ho (X' ) + )1 = < Hoo ]

2
U 1/2
> || Hoo||* = € (114512 + || (dr (W) + 1)

w2+ )
2

= S 1 HooU|* = C(¥, Ho®) - C[[ ¥

> —C||w|*.
Since Dy is a core for H(N, i), the above inequality implies

D(H (N, 1)) S D(Hoo).
Thus Ho(X, p) is self-adjoint and D(H (X, p1)) = D(Hoyp). [
3. Unitary Transformation

In this part, we consider the unitary transformation of the following

operator on a Hilbert space H @ .%,(K):
H(\)=A®I+Idl(W)+A> B;®¢(g).
j=1

First, we consider the weak differentiability of a Heisenberg oper-
ator. Let X be a Hilbert sapce, H a self-adjoint operator and S a
symmetric operator on X. We recall that the Heisenberg operator of

S with respect to H is defined

S(t) =: e Se ™t cR.
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PRroOPOSITION 3.5. Let H, S and X be as above. Suppose that
there exist a operator 7" on X such that the followings hold:

(1) D(T) € D(S) and there exist constants a,b > such that

1S9l < al[ TPl +ollell, ¢ e D(T).

(2) e™D(T) C D(T) for all t € R and lim;_,q T'(e™™ — 1)) = 0 for
all v € D(T)ND(H).

Then, for all ¢, ¢ € D(T) N D(H), the function f(t) = (b, S(t)¢) on R

is differentiable and
d
7' = . S(0)0)
— Z’{<H€—itH¢’ Se—itH¢> . <Se—itHw’ He—itH¢>}‘ (3.6)

PROOF. From the assumption (2), we see that e D(T)ND(H) C

D(T) N D(H) for all t € R. We put F, := (e7*# —1)/s and G, =
e~H —1 for s € R\ {0}. Then, for s € R\ {0},

f(t+s)— f(t) _ 1(<e—i(t+s)H¢7 Se—i(t+s)H¢> _ <€—itH1/J’ Se—itH¢>>

S S

= <Fse_“H¢, Se_i(t+s)H¢>
X §(<eitH¢7 Se4(t+s)H¢> _ <67itH¢7 SefitH¢>>
— <Fs€7itHw, SGsefitH¢> + <Fs€7itHw7 Se*itH¢>

+ <S€7itHw, FsefitH¢>.
By the assumption (1), we see that

[(Fee™™, SGoe ™™ g)| < |[Fue ™|[|SGoe~ g
< |Fll (allTG e | + b Ge ).
(3.7)

Since Fyp — —iHv and TG — 0 as s — 0 in norm topology for all

¥ € D(T) N D(H), from the assumption (2) and the inequality (3.7),
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we obtain

hm< —itHy, SG eiZtH(b>

s—0

and equation (3.6). [

REMARK 3.6. In the Proposition 3.5, if the operator T is self-adjoint
and strongly commute with H, then the condition (2) hold.

In this section, we assume that following conditions:

(A1) A is a symmetric operator on a Hilbert space H.

(Ag) W is a nonnegative injective self-adjoint operator on a Hilbert
space .

(A3) By,..., B, are strongly commuting self-adjoint operators on H.

(Ay) g, e DIW3HND(W) and (Wtg;, Wlg) € Rforall 1 < j,1 <
n.

(As) there exists a dense subspace D C (1,5, ;(D(B;A) N D(AB;) N
D(AB;(A +t)~1)) such that [B;, A]|p is bounded for each j.

(Ag) there exists a nonnegative self-adjoint operator V' on H such that
the followings hold:
(1) the set D is a core for V.
(2) Ais V-bounded.

(3) B; is V¥2-bounded for each j.

(4) P29 (D(V @ I)) CD(V ®I) for all t € R.

For simplicity of notation, we set

F:=V®I+I®d(W),

T:=> B;®¢(iW-'g),

Jj=1

R(ga B) = Z <gj) W_lgk>BjBku

g.k=1
SAN) :=UN(A® NU(-\) — A® 1.
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REMARK 3.7. Under the conditions (Az) and (A4), we see that
{B; ® ¢(iW~"g;)}}_, is a family of strongly commuting self-adjoint
operators. Therefore the operator T is self-adjoint and U()\) is an

unitary operator.

Next lemma is well known fact.

LEMMA 3.8. Let X be a Hilbert space, W a nonnegative, injective
self-adjoint operator on X, and g € D(IW). Then

9D (dI'(W)) = D(dI'(W))
and
ip(ig) —ig(ig) _ 1
e dr(We =dl'(W) + o(Wg) + E(g, Wg).

From above lemmas, we have the following theorem.

THEOREM 3.9. Suppose that condition (A;)-(Ag) hold. Then, for
all t € R,

and, for all U € D(F),

UNHMNU(=\)W¥

/\2
= (Al - 7R(g, B)@I+I1®dD(W)+6AN)W.  (3.8)
PRrROOF. By the strong commutativity of the family {B;}, there
exists a m-dimensional spectral measure Eg such that, for all Borel
sets [; CR (j =1,...,n), E(y X --- x I,) = Ep,(I)---Ep,(I,)
and Bj =[5, &dE(E) (€ = (&,...,6) € R"). Let ¥ = v ® ¢ and

®=v®¢eDV)RD(I(W)). Then

(I@dD(W)T,UN®) = [ (dD(W)p, e i@ g)d(u, E(¢)v),
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where Ge(g) = A>70_, §;W'g;. By Lemma 3.8, we see that

<dF(W)w, e*i¢(iG§(9))¢>
— (, e UG (Ar(W) + 9(WGe(g)) + 5 <G5 WGe(9)))9).
Hence

(I ®dT(W)W, UN)®)

- <\1/ U\ (1 ® dD(W) + A ; B, ® 6(g;) + - Rlg, B) @ 1)c1>>.

(3.9)

It is easy to see that above equation (3.9) extends to all vectors ¥, & €

D(V)®D(dT(W)). From Lemma 2.12, for all vector ¢ € D(dT(W))
and f € D(W~Y2), we have

la(f)ll < W2 F|lar (W) 2,
la(f) ol < W2 FIHIAT (W) 20+ (Ll

Since Bj is V1/2_bounded, it follow from the similar argument in Propo-

sition 3.2 that

1B; ® ¢(g;) V||

< V2(W2gl[ By @ AT (W) Y20 + —= gl ]

\/— ||9J
< VW2, (a,VY2 @ AT(W) Y20 + by[| T @ dT(W)2w))
T+ gl
V2
< V2a; | W ||V @ 1|2 T & dF(W)\Pll”Q

+ V20, (W2 g[|[ 1 @ AU (W) 20| + —=lg; 1%

\/— ||gJ

1
(aj + 2¢b)) W g ||| T © AT (W) ¥

W2g |V @ [V]| + —
il | 7

TH
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1
NG
<ON(VeI+I®dl(W))Y|

+ (VI 25+ —= ;1) 1]

By assumptions, we see that Z?k:l B;By, is V-bounded. From this,
we get
2

H <[®dF(W) + Ai B;®¢(g;) + %R(g, B)®1>\1;H < Cll(F + 10

From the fact that D(V) ® D(dI'(W)) is a core for V @ I + I @ dI'(W),
(3.9) extends to all ¥ € D(F). Thus, for all ¥ € D(F), UMV is in
D(I ® dI'(W)) and

I@dAI'(W)U = U(N) <J®dP(W) +A zn: B;®@¢(g;)+ )\;R(g, B) ®I>\If.

j=1
Thus, U(AN)D(F) C D(F). Since U(A) is an unitary operator, it follows
that
D(F) CU(=A)D(F) =U(—A\)D(F)

Therefore we obtain U(A)D(F') = D(F') and it is easy to see that the
equation (3.8). [

PROPOSITION 3.10. We assume (A;)-(Ag). Suppose that the com-
mutator [V, B;] is bounded on the core D for each j. Then, D(V ® I +
IT®dl'(W)) € D(6A(N)) and

54 < 14l (es(o)IT © ATW) 20 + Ser(g)0l)  (310)

forall W € D(V®I+1®dl'(W)). Here the constant cx(g) (k =1,2,3)

is defined as follow
cr(g) == V2 ) _II[By, AW *2g,]].
j=1
Before proving above proposition, we give some lemmas.
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LEMMA 3.11. Let A, B be densely defined operators on H and

W a nonnegative injective self-adjoint operator on K. Suppose that
g € D(W=3/2) and there exist a dense subset D C D(AB) N D(BA)
such that [B, A]|p is bounded. Then

D(I @ d(W)"?) € D([B, A] ® ¢(iW ' g;))
and
|[B, A] @ ¢(iW ~"g)¥||

_ 1
< B (V2IW gl @ ar(w) 2w+ W gl ]

(3.11)
for all ¥ € D(I ® dI'(W)'/?).
Proor. By Lemma 2.12, we have
_ 1
o)l < V2W 72 F|[|dD (W) V20| + SIAIIAL (3.12)

for f € D(W=/2) and v € D(dT'(W)). Hence,
I[B, A] @ o(iW ~g)¥|| < ||[B, Al oW " g)|

—_— 1
< B AN (VI =gl 1 © arew) 2wl + gl

for all ¥ € D®@D(dI(W)Y?). Since D@ D(AT(W)'?) is a core for
I ®@dL(W)Y2 the inequality (3.11) holds for all ¥ € D(I @ d['(W)'/?).
It follows from the inequality (3.11) that D(I®@dI'(W)Y/?) € D([B, A]®
P(IW " g;)). u

LEMMA 3.12. Let A be nonnegative self-adjoint operator on H and
B an AY2-bounded operator. Suppose that [4, B] is bounded operator
and there exists a dense set D € D(AB)ND(BA)N(,»; D(AB(A+t)71)
which is a core for A. Then B? is an A-bounded operator.
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PROOF. Since B is an A'/?-bounded operator, there exist positive

constants ¢ and d such that
|BY|| < c||AY2U|| +d|| ||,  for all & € D(AY?).
Hence, for all W € D C D(AB) N D(BA) and € > 0,

|B*¥| < | AV?BY[| + d| BY|
< c|[A(A+ 1D)TV3|(A+ 1)V2BY| + d| BY|
< c([licAa+ D)2, Blw||+ [B(A+ 1) 2v])

+d( AP+ d[w])).

Since A2 is an A-compact operator, for all positive constant e, there

is a positive constant c¢(¢) depending on ¢ which satisfies
(A4 1)20|| <el|AV|| + c(e)|| W], for all U € D(A).
From the formula (3.5), we see that

(A +1)"2, Bly| <

%/mt—l/z[(AJr1+t)‘1(A+1),B}\IfdtH
< l/m\/gH[(AHH)-l,B}podt
<= /JH( F 107 A B(A+ 1+ )70 ar

L[ Vi
< [ G

Hence
| B2V || < (¢ + 2ecd)|| AY||

1 [ Vi
2 2¢d 2 _/—
—l—(d + 2cde(e) + ¢ +e Sne

Since D is a core for A, B? is an A-bounded operator. From this, it

follows that D(A) C D(B?). ]

A Bm) ).
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PROOF OF PROPOSITION 3.10. Let T := 77| B; ® (i ~g;).
For all ¥,® € D(F), by Proposition 3.5, the function R > ¢
(U, UN)(A® I)U(—X)P) is differentiable and

%(@, UM (ARDU(=N)®)

- —z’{<TU(—)\)\If, (A®I)U(—>\)c1>> - <(A®I)U(—)\)\IJ,TU(—)\)<I>>}
(3.13)

It is easy to sce that for all ¥, ® € D& D(dI'(W))

<T\I/, (A® 1)c1>> - <(A ® 1)U, Tc1>> - <x1: Y B A® ¢(iW_1gj)(I)>
j=1

(3.14)

By the assumption and Lemma 3.11, A® 1, 337 | B;®¢(iWW~'g;), and

> i1 [Bj, Al ® ¢(iW~1g;) are F-bounded . Since DD(AT(W)) is a

core for F'; we see that the equation (3.14) holds for all ¥, & € D(F).

Therefore, from the equation (3.13) and Lemma 3.8, we obtain

%(xy, U (A& DU(—N)P)

ZW_lgj)U(—/\)d>>.

Hence,
}(\If,éA(/\)CI)>}§’/Ot<U xpi S(W g, U (~ )<I>>ds
S’/OtHU(_S> Y p(iW g U (—s)q)‘ds

(B, A7 © oW g;)U(~s)|ds

B, Alll[[T @ ¢(iW ™" g;)®|ds
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<)Y NIB;, AJll|| @ o(iW " g;)® ]|,
j=1

where we used the strong commutativity of I ®@ ¢(iW'g;) and U(—N).

From above inequality and (3.12), the conclusion follows. u

4. Semiboundedness of Hy(\)

Our next aim is to prove the semi-boundedness of Hy(A,0). Next
proposition gives us a sufficient condition. To simplify notation, we

write
Hy(\) := Ho(X,0) = Ag + dT'(W) + A >~ B; @ (g;).
j=1

PRrROPOSITION 3.13. Let Ay be a nonnegative self-adjoint operator
on the Hilbert space H, { B;}}_, is a family of self-adjoint operators on
‘H, and W a nonnegative injective self-adjoint operator on the Hilbert
space K. Suppose that Ay has a decomposition Ag C Z;”:l Ay, satis-

fying following conditions:
(i) the operator A ; is a nonnegative self-adjoint operator with
D(Ay) C D(Ay,) for all j;
(ii) each operator B; is A(l),/f—bounded;
(iii) there exists a dense subset

D; € D(Ag;B;) ND(B;Aq;) N D(Ao;Bj(Ao, + 1))

>1
which is a core for Ag; and the commutator [Ag;, B;| on D, is
bounded for each j.

If g; € D(W=32) N D(W), e*Bi®W 9 (D(Ay; @ 1)) C D(Ap,; ® 1)

for all t € R and j, lim, ,o(Ag; ® I)(e*P®0W9) — 1)¢) = 0 for all

Y € D(Ap; ® I) ND(I @ dI'(W)), and there exists a {)\;}7_; such that

0< XA <1,37 A =1,and Ag; — XA W12g,]|? B /2 is bounded

from below for each j, then Hy(\) is bounded from below.
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Proor. By Lemma 3.12, we see that Bf is anA j-bouded operator.
We set

HQj()\) = AO,j + )\de(W) + )\B] ® (b(gj),

Uj(A) == exp(iAX; ' B; @ ¢(iW ™~ g;)).
It follows from Theorem 3.9 that
2 _
U;j(—=N\)Ho;(MU;(N) = Agj — KHW 1/2ngZB]2- + M dT(W) + 8 Ag 5 (N).
J

Here 0 Ay j(A) :== Uj(—\)(Ao; ® I)U;(N) — Ap; ® I. By Lemma 3.10,
we see that d A j() is infinitesimally small with respect to I @ dI'(W).
Since unitary transformation preserve the spectral property, by the
Kato-Rellich theorem, we see that Hy ;(A) is bounded from below for
each j. Hence Hy(A\) = > Hp () is bounded from below. [

COROLLARY 3.14. Suppose that (H;)-(Hz) hold. Assume, in ad-

dition, the following conditions hold:

(i) there exists a dense subset

D c D(ApB;) ND(B;A) N m D(AgB;(Ag +1)7)

t>1

which is a core for Ay and the commutator [Ag, B;| on D is
bounded for each j;

(ii) B, is self-adjoint and e/Bi®o(W " g;) (D(Ao® 1)) € D(Ay ® I) for
all t € R and j;

(iii) limy_o(Ag @ I)(e™Bi®W 9 — 1)4) = 0 for all ¢ € D(Ay ® 1) N
D(I @ dI'(W));

(iv) g; € DOIW=3/2) n D(W) for all j.

If there exists a {)\;}}_; such that 0 < A; < 1, Y77 | A; = 1, and
Ay — N2N2[|[W2g5]|2B? /2 is bounded from below for each j, then
Hy()) is bounded from below.
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Proor. Applying Proposition 3.13 with Ay ; = A; Ay for each j, we

obtain the desired conclusion. n

REMARK 3.15. Under the conditions of Corollary 3.14 except for
existence of the {N;}7_;, if [\| 227 ¢;[[W™2g;| < v/2, then there
exists a {;}7_; such that 0<X; <1, 37 | \;=1, and

Ao = N2 |W 2, 1°B7 /2

is self-adjoint and bounded from below for all j. Here ¢; is an Aé/ %
bound of B;. Indeed, there exists a {A;}}_; such that 0 < \; < 1,
> 1A =1, and IAlej|[[W=12g,| < /2, for all j whenever \ satisfies

ALY llw 2,0 < v2.
j=1

From the proof of Proposition 3.13, we see that relative bound of BJ2-

with respect to Ag is less than or equal to ¢?. Therefore, from the

j-
Kato-Rellich theorem, we have the desired {);}7_;. This condition is

weaker than the condition (A.3) in [AH].

Finally, from the above results, we obtain the following corollary.

COROLLARY 3.16. Suppose that (H;), (Hs) and (Hy) hold. As-

sume, in addition, the following conditions hold:

(i) B; is self-adjoint and e*Pi®0W"'9:)(D(Ay ® I)) C D(4 ® I) for
all t € R and j;
(i) limy_yo(Ap ® I)(e®Bi®o0W19i) _ 1)yp = 0 for all ¢ € D(Ay ® I) N
D(I @ dI'(W));
(ili) there exists a core D for Ag such that D C D(AF)N(); D(A¢B;) N
Nis1/2 D(AB; (Ao +t)7!) and [Ay, B,]|p is a bounded operator for
each 7;
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If g; € D(W*2) N D(W?) for all j, [\ Y7, ¢;|[W2g;]| < v/2, and
p > 0, then Ho(\, p) is a self-adjoint operator with D(Ho(X, p)) =
D(H(0,0)).

PROOF. In the proof of Theorem 3.4, we can replace the term A(l)/ 2
by (Ag +1/2)Y? and (d['(W) 4 1)¥/2 by (d'(W) 4 1/2)%/2. Using the
formlua (3.5), it is easy to see that [(Ay + 1/2)Y2, B;]|p is bounded.
Therefore we see that similar argument in the proof of Theorem 3.4
work. From this and Corollary 3.14 and Remark 3.15, we have the
self-adjointness of Hy(A, 1) and D(Hy(A, p)) = D(H(0,0)). n

COROLLARY 3.17. Suppose that (H;) and (Hy). Assume, in addi-

tion, the following:

1) A; is an infinitesimally small operator with respect to Ay;

3) g; € DIW=*2)ND(W?) and f; € DIW V2 nD(W);

(

(2) B, strongly commutes with A, for each j;

(

(4) Ao — n)\2||W*1/2gj||zBJ2/2 is bounded from below for each j.
Then H (A, p) is self-adjoint operator with D(H (A, 1)) = D(H(0,0)) for

all > 0.

COROLLARY 3.18. Suppose that (H;) and (Hy). Assume, in addi-

tion, the following:

(1) Ay is an infinitesimally small operator with respect to Ay;
(2) Bj strongly commutes with Ay and By, for each j, k;

(3) g € DW= N D(W?) and f; € D(IWV2) nD(W);

(4) (W1 g], W-lg.) € R for all j, k;

(5) A

5 j,k:l (g;, W~tgx) B; By, is bounded from below for each

J
Then H (A, u) is self-adjoint operator with D(H (A, 1)) = D(H(0,0)) for
all up > 0.
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CHAPTER 4

Ground States of the GSB Hamiltonians

1. Absence of the Ground States

In this section, we consider ground states of the GSB Hamiltonian
H(X) in the case where the particle Hamiltonian A has no ground
states. Existence of a ground state of H(\) depends on whether the
mass of the boson m (=inf o(W)) is positive or 0. In each case, under
some conditions, the enhanced binding occurs and there exists a ground
state for large coupling constant A when K = L*(R?) and W is a
multiplication operator of continuous function [AK]. To consider the
ground states of Hamiltonian H(\), we pose the following hypotheses
(cf. [AK]):

(H-I) g, € DW™?) (j = 1,...,J) and (Wlg;, Wlg) €
R (j,l=1,...,n).

(H-IT) Aj is a non-negative self-adjoint operator and A; is an Ag-
bounded symmetric operator, that is, D(Ay) C D(A;) and

there exist constants a,b > 0 such that

[Avull < al|Agull + bllull,  u € D(Ay).

(H-IIT) The operator Ay strongly commutes with each B; (j =
1,...,n) and

D(Ag) C () D(B;By).
jl=1
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Moreover there exist constants c;, d; > 0 such that

IBjull < ¢;| Ay *ull + djllull, (j=1,...,n) forue D(A?).

(H-IV)  The set {B;}}_; is a family of strongly commuting self-

adjoint operators.

(H-V) The domain of A, satisfies

D(4Ao) C ﬁ(D(BjAl) N D(AiBj))

j=1

and [Bj, A1]|p(a,) (7 =1,...n) are bounded.

(H-VI) Let

Ao(X) := Ay — N*R(g, B),
A()\) = AO + Al - )\2R(g, B)

with

1 _ _
R(g,B) := 7. <W V2, W 1/29l>’CBsz
7,l=1
The set

Ag(A) and A(N) are self-adjoint
A= N eR\ {0} 0(A) (A) J

and bounded from below

is not empty.

REMARK 4.1. Assume (H-I)-(H-IIT) and suppose that
J

)\2
a—i-?Z

J,l=1

cje < 1. (4.1)

9 o
V' Vw
Then, Ap(A\) and A(X) are self-adjoint and bounded from below. In-

deed, by (H-III), we obtain

I1B; Brul| < cjerl| Aoull + (cd; + cidy) | Ay *ul| + didi|lull, u € D(Ay).
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Hence

J

/\2
4 - 3Ral <0+ 5

j,l=1

(2% %)

22 <
+(b+7z

J,l=1

cjdz) 1AV

Since A(l)/ ? s infinitesimally small with respect to Ay, the inequal-
ity (4.1) implies that A; — A*Rp has relative bound with respect to
Ag which is less than 1. Therefore the Kato-Rellich theorem implies
A(N) = Ao + A1 — A?Rp is self-adjoint on D(A(X)) = D(Ap) and
bounded from below. In particular, if a < 1, then (H-VI) holds.

Let us state a fact on the self-adjointness of H(\).

THEOREM 4.2. Assume (H-1)-(H-VI). Then, for any A € A, H(\)
is self-adjoint with D(H (X)) = D(Ao®I) N D(I@dI'(W)) and bounded

from below.

PRrROOF. From Theorem 3.9 and Proposition 3.10, we obtain the

conclusion. ]

Under the some condition, it is known that the Hamiltonian has
ground states. Before we state the results on ground states, we intro-

duce assumptions and notations. We pose the following conditions.

(H-VII) The Hilbert space K = L*(R%) and the operator W is the
multiplication operator w on L?(RY).

(H-VIII) The function w(k) is continuous with

lim w(k) = o0
|k|—o00
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and there exist constants v > 0 and C' > 0 such that
w(k) —w(k)| < Clk = K1+ w(k) + w(k)], kK R

(H-IX) Each g; (j =1,...,n) is a continuous function.

We set
cia) = VIR N85 Al 5]
j=1
= inf w(k
"= W

Eo(H(N)) :=info(H(N)),

Yy = Inf e (A()\))

THEOREM 4.3. Suppose that (H-1)-(H-IX) hold, A € A, and Ay +
A; has compact resolvent. Then H(\) has purely discrete spectrum in
[Eo(H (X)), Eo(H(X))+m) for small coupling constants A. In particular,

H()) has a ground state for small coupling constants \.
PROOF. See [AH]. [

THEOREM 4.4. Assume (H-I)-(H-VIII). Suppose that A € A and

2

£y~ By(AO) > m+ 5eslo)” + N er ().

Then H(\) has purely discrete spectrum in [Eo(H(N)), Eo(H(M\)) +m).
In particular, H(\) has a ground states.

PROOF. See [AK] (]

To study absence of ground states for small coupling constant A,

we assume the following conditions.

Assumption I. The operator Ay has no ground states, i.e.,

Eo(Ag) = inf o(A) ¢ 0y(Ao).
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Assumption II.

Assumption III.

Assumption IV.

The operator A; is an Ag-compact self-adjoint non-
positive operator, i.e., Ay < 0, D(Ag) C D(4;)
and A;(Ag — 2)~! is compact operator for some

z € p(Ao).

There exists a A\g € A such that Ag(Ag) — Eo(Ao)

is a non-negative injective operator and
dim Ker (A()()\()) + Al - Eo(Ao)) S No.

Here N is the cardinal number of the set N of
natural numbers.

The Birman-Schwinger operator
Kp = A (Ao(No) — E) 7' A/

is bounded for £ < Ey(Ap) and there exists a com-
pact self-adjoint operator K with ||K|| < 1 such
that Kz < K for all E < Ey(A).

REMARK 4.5. It is easy to see that (H-VI) holds under Assump-

tion II, since every relatively compact operator with respect to Ay is

infinitesimally small with respect to Ay and Remark 4.1.

Under the above assumptions, we prove that H(\) has no ground

states for sufficiently small |A|. Before proving the absence of ground

states, we show the following two lemmas.

LEMMA 4.6. Let X be a Hilbert space, A a operator on X, B a

nonpositive closed operator on X'. Suppose that B # 0, A > 0 and
E € p(A). If E € 0,(A+ AB), then A\~ € o,(| B|*/?(A — E)7'|B|'/?).

PROOF. By assumption, D(A + AB) C D(B) C D(|B|*/?). Since

E € 0,(A+ AB), there exists a nonzero vector ¢ € D(A + AB) such
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that (A + AB)Y = E4. From this and nonpositivity of B, we have

Bl =By = L (A~ B)y.

Hence, since F € p(A), we see that A\(A — F)7!|Bl¢) = ¢ € D(B) and
|B|'/% € D(|B|'?(A — E)~'|B|*/?). Therefore we obtain

B4 — B) B (B) = 1B,

Since | B|'/?1) = 0 implies ¢ € Ker (A—E) = {0}, we see that | B|'/?¢ #
0. This completes the proof. ]

Next we give a generalization of Birman-Schwinger bound. This is

a key lemma to prove the absence of the ground states.

LEMMA 4.7. Let X be a Hilbert space, A be a self-adjoint non-
negative operator on X and B be an A-compact symmetric non-positive
operator on X. Suppose that Ey(A) = info(A) ¢ o,(A), K =
|B|'/2(A — E)~1B|'/? is a compact operator for all E < Ey(A) and
dimKer (A + B — Ep(A)) < Ny. If there exists a compact operator
K{ = limg4 gya) | B|'/?2(A — E)~'|B|'/2, then

dim Ran (Eap( (- 00, Bo(4)] ) ) < dim Ran (B, (Rs)),

where R< := (—00,0].

PROOF. We may assume that Ey(A) = 0 and B # 0. Let A be a
real number which is larger than 1. Since B is an A-compact operator,
A+ B is a self-adjoint operator. By the stability theorem, o (A+B) =
Oess(A) C [0,00). Hence every n € o(A) which is less than 0 is in the
discrete spectrum of A + B.

Suppose that dimRan F4, p(R.) < dimRan Eaip(R<) < N,
Here R. := (—00,0). Set n = dimRan E,,\p(R.) and {p;}*! is an
orthonormal system in Ran F 4, g(R<). We see that for all ¢1,..., ¢, €
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Ulpr,....¢n):= inf (4, (A+ AB))

YeD(4), [[¢4]=1

E[PL,eesn ]t
5 i (A+AB)Y), (42
vElpL,--o, meLHWFfw ( ) (4.2)
YE[PL,eson]

wherer [¢1,...,¢0,] ={® € X |® =>""  a;¢;, a; € C}. Let P be the

projection onto the subspace [¢1,. .., @,41] and
Hn+1 = ¢Sup U(¢1a SR 7¢n)

Then, from the min-max principle and (4.2), the p,; is less than or
equal to the (n+ 1)st eigenvalue of P(A+ AB)]j,,
see that P(A+AB)|,,

,,,,, onsi]- HOWever, we

..... ons1] Das no non-negative eigenvalues. Indeed,
if £ € [¢1,...,@nt1] is normalized eigenvector of P(A + AB), then its
eigenvalue p = (£, (A+ B)E) + (A —1)(¢, BE) < 0. But g = 0 implies
¢ € Ker A = {0}, so that £ = 0. This is a contradiction. Hence p < 0.
We thus get P(A + AB)|(s,,...0ns] < 0. This implies that A 4+ AB has

the (n+ 1)st eigenvalue which is less than 0. This is a contradiction to

n = dim Ran E44,p(R.). Therefore we get an inequality
dimRan E4;5(R<) < dimRan F4 4\ p(Ro).

Let k,(p) be the n-th eigenvalue of A + puAB for u € R, counting
from inf o0(A+ pAB) and counting multiplicity. If A+ pAB has only m
eigenvalues below 0, we set k,, (1) = 0 for n > m~+1. Then the k,(u) are
monotone decreasing and continuous with respect to p > 0. Moreover,
once K,(p) > 0, they are strictly monotone. Thus, by Lemma 4.6, we

have an inequality

dim Ran(Ea;xp((—00, E])) < #{neN|for some 0< <1, k,(pn)=E}

< dim U Ker (UAKp — 1)

0<u<1
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< dimRan (Ey_x; (RS))
for all £ < 0. From K}, < K}, we obtain
dim Ran (El_AKE (R<)) < dim Ran (E1—,\K6 (R<)).
Thus we see that
dim Ran (Eaap(R<)) = limdim Ran (Ex4x5((—o0, E]))

E10
< IEHT% dim Ran (El_,\K;E (R ))
< dim Ran (El—AK6 (]R<)) )
Hence we obtain
dim Ran (EA+B (R§>) < E\lf% dim Ran (El_)\Ké (R<))

< dimRan (E1_x;(R<)).

This is the desired conclusion. u
First, we consider the ground state of A(\) (see (H-VI)).

LEMMA 4.8. The operator R(g, B) is a non-negative operator.

PROOF. Let € := (&,...&;) € R7 and E(-) be the joint spectral

measure of {B;}7_,. Then

J
1 _
Rio.B) =5 [ oy Wl Ea(©
it R
1 J J
=3 / < > &g, W Zflgl>dEB(f) > 0.
J l
REMARK 4.9. From Lemma 4.8 and Assumption III, it is easy to see

that for all A € A with |)\| < |/\0|, Eo(AQ) = Eo(Ao()\)) c Uess(AO()\))-
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LEMMA 4.10. Suppose that (H-I)-(H-V) and Assumptions I-IV
hold. Then for all A € A with |A] < |\g|, the operator A()A) has no
ground states and inf o(A(\)) = Ey(Ap).

PROOF. There is no loss of generality in assuming Fy(Ap) = 0.

Since A; is a Ag-compact operator and for any z € C\ R

-1 -1

A1 (Ao(N) —2) = A(Ag — 2) 1 (Ag — 2)(Ao(N) — 2)

we see that A; is Ag(A)-compact. Hence oess(A(N)) = 0ess(Ao(A)) for
all A € A. From Lemma 4.8 and Assumption III, we obtain that, if
Al < | Ao, then A(X) > A(Xg) and inf oess(A(Ng)) = 0. From this, we
need only to prove that A(Ag) has no no non-positive eigenvalues. It is
easy to see that Ey(A) = Ey(Ao(No)) ¢ 0p(Ao(No)). It is known that
a monotone increasing sequence of self-adjoint non-negative compact
operators {7}, } nen Which is less than or equal to a self-adjoint compact
operator have norm limit lim,,_,, 7;, [Kur, problem 11,8-9]. Therefore,

by Assumption IV, there exists a compact operator

Ky = 1,}?01 |A1|V2(Ag(No) — E)~1| Ay V2.
According to the Lemma 4.7, we have
dim Ran (Eay(x)+4; (R<)) < dimRan (E1_g, (R<)).

But dimRan (E_k,(R<)) = 0 since [|Ko|| < 1. Hence we see that

A(\g) has no non-positive eigenvalues. |

Next, we check the ground state of H(0).

PROPOSITION 4.11. Suppose that (H-I)-(H-V) and Assumptions
I-IV hold. Then H(0) = A+ dI'(W) has no ground states.

PROOF. 1t is easily seen that A + d['(IW) has ground states if and
only if A has ground states. Since A is Ag-compact, Tess(A) = Tess(Ao)-

By Lemma 4.8, we obtain A > A(\g). But, from Lemma 4.10, we see
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that A(A\g) > Eo(Ap) and A(\g) has no ground states. Therefore we
see that H(0) has no ground states. [

We define the operator

J
T := Z B;® qb(iW‘lgj).

j=1

By (H-I) and (H-1V), {B; ® ¢(iW~'g;)}/_, is strongly commutative.

Hence T' is a self-adjoint operator. We set

U(N) := e T, (4.3)

We consider the unitary transformation of the GSB Hamiltonian H ()
by U(X). Applying Theorem 3.9 and Proposition 3.10, one can show

the following lemma.

LEMMA 4.12. Assume (H-I)-(H-VI). Let A € R. Then

U(N)D(Hoo) = D(Hoo),

HQy:UuﬂﬂmUQer:QMM®J+I®dNWU+&%u0w
for W € D(Hy), where

SAL ) =UNA DUV - A ® 1
Now, we prove our main theorem.

THEOREM 4.13. Suppose (H-1)-(H-V)and Assumptions [-IV. Then
H()) has no ground states for all A € A with |A| < |Ag].

ProoOF. Without loss of generality, we can assume that inf o(Ag) =

0. Let Q = (1,0,0,...) € %#,(K) be the Fock vacuum and ¢ be in
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D(Ay).

WWeQ, HNY Q) = (@ Q, (Ag+ A1) @ Q)

= (¥, (Ao + A1)9)

By the min-max principle, we see that inf o (H (X)) < inf o(Ag + A;).
Since A; is a Ag-compact operator, gess(Ag+ A1) = Tess(Ap). Therefore
info(H(A)) < 0. Hence if H(\) has ground states, the eigenvalue is
non-positive. By Lemma 4.12 and positivity of the operator W, we

obtain the following inequality;

H(A) > AN @ T+ UN) (A @ I U(N)*
= U\ ((Ao(N) + A1) @ DU (M)
Thus H(A\) > A(\). However, Lemma 4.10 means A(\) has no non-

positive eigenvalues and negative spectrum. Therefore H(A) has no

non-positive eigenvalues. This prove the theorem. [ ]

2. The Pauli-Fierz Type Model

Now, we consider a ground state in a special case and apply Theo-
rem 4.13. Consider the Hilbert space H = L*(R?), K = &V L*(R?) and
let Ag = —A, A; is the multiplication operator of non-positive rapidly
decreasing function V on R?, B; = p; := —iD;, W is the multiplication
operator of a non-negative continuous real function w(k) on R? which

satisfies the following:

and there exist constants v > 0 and C' > 0 such taht

w(k) —w(k)] < Clk =K' (1+w(k) +w(k)), kK €R,
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and g; € K (j = 1,2,3) satisfying g;/w® € K. In this case H(\)

becomes
3
Hpp(\) = (~A+ V)@ T+ 1@ dT(W) + A p; @ ¢(g;)
j=1

and we easily see that (H-I)-(H-V) hold. Moreover we take {g;}3_, as
in [AK, Example 6.2]. Hence, for all £ = (£;,&,&3) € R3, we can get

1o 9 O B
532 (ﬁa ﬁ)gjgl = G(9)§2,

where G(g) is a constant independent of £. The operators R(g, B) and
A()) are of the following form:

Rl9.B) =5 > (% %)pjpl = —G(g)A,

AN = —(1-NG(g)A+ V.

Therefore it is easily seen that

A= (-ﬁ,o)u(o,ﬁ) #0

and (H-VI) holds.
Assumptions I and IIT hold clearly. In L?(R3), every multiplication
operator of V € L*(R3) + L>(R?) is a A-compact operator, where

L2(R®) + L (RY)

For all € > 0, there exist
=S V:R*— R‘ Vi € L*(R?) and V5 € L*(R?) such that
V=V+V,and |V2|le < €.

Hence Assumption II holds.
We define the Rollnik norm by

Re [T —

y?
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It follows from the Hardy-Littlewood-Sobolev inequality (see [RSZ2,
IX.4 Example 3]) that if V € L3/2(R?), then ||V||r < oc. For any E <
0, the operator (—A — E)~! has an integral kernel e~V=Fl#=¥l /47| —y|.
Thus, for all E <0, f € L*(R3) and X € A,

(f 5 A2 (Ao (N) = B) A2 )

<tim [ F@(VI(-(1 - ¥G@)A - B) VI8 @)

s [T T )
E10 1 — X2G(g Art|x — y|
F@)IVI2@) VIV f) 5
p— d
1—)\2G / 4|z — y| yd'

1n(l _)\QG(Q))<f Ky f).

Here Ky is an integral operator:

VY2 (@) V]2 (y)

R3 |$ - y|

Ky f(r) = f(y)dy.

Thus we see that |A;|Y2(A(N\) — E) YA Y2 < (4n(1 — N2G(g))) 'Ky
and Ky is a self-adjoint Hilbert-Schmidt operator. Since ||Ky| <
IV, if [|[V]r < 4m and |A| < (1 — ||[V||r/(47))/2G(g)/2, then we
get (4m(1 — N2G(g))) 'Ky | < 1. Thus Assumption IV holds when

IV |lr < 47. Hence we have the following theorem by Theorem 4.13.

THEOREM 4.14. Assume that V € (R?) with V < 0. If |V ||r <
47, then there exists a coupling constant A\g € A such that for all

|A] < |Ao|, Hpr(A) has no ground states.

However, from Theorem 4.4, we see that enhanced binding occurs

for large coupling constants. We set

1
Ag) = ,
G(g)
Vo := inf V(x) <0
z€eR3



THEOREM 4.15. Consider the case m > 0. Suppose that
1 2 2
Vol > m + S A(9) ea(9)” + Alg)ea(g).

Then there exists a constant ¢ such that, for all |A\| € (A(g) — J, \(g)),
Hpp()\) has purely discrete spectrum in [Eo(Hpr()), Eo(Hpr(N))+m).

In particular, Hpp(\) has a ground state.

ACKNOWLEDGMENTS
The author is most grateful to Professor Asao Arai for helpful sug-
gestions. I also wish to thank Professor Fumio Hiroshima, Tadahiro

Miyao, Suzuki Akito, and Itaru Sasaki for useful comments.

50



[AHH]

[Aral]

[Ara2)

[HH1]

[HH2]

[Hir]

[HSS]

[HVV]

[Kur]

References

A. Arai and M. Hirokawa, On the existence and uniqueness of ground
states of a generalized spin-boson model, J. Funct. Anal. 151 (1997),
no. 2, 455-503.

A. Arai, M. Hirokawa, and F. Hiroshima, On the absence of eigenvec-
tors of Hamiltonians in a class of massless quantum field models without
infrared cutoff, J. Funct. Anal. 168 (1999), no. 2, 470-497.

A. Arai and H. Kawano, Enhanced binding in a general class of quantum
field models, Rev. Math. Phys. 15 (2003), no. 4, 387-423.

A. Arai, A note on scattering theory in nonrelativistic quantum electro-
dynamics, J. Phys. A 16 (1983), no. 1, 49-69.

A. Arai, Perturbation of embedded eigenvalues: a general class of exactly
soluble models in Fock spaces, Hokkaido Math. J. 19 (1990), no. 1, 1-34.
D. Hasler and I. Herbst, Absence of ground states for a class of transla-
tion invariant models of non-relativistic QED, Comm. Math. Phys. 279
(2008), no. 3, 769-787.

D. Hasler and I. Herbst, On the self-adjointness and domain of Pauli-Fierz
type Hamiltonians, Rev. Math. Phys. 20 (2008), no. 7, 787-800.

F. Hiroshima, Self-adjointness of the Pauli-Fierz Hamiltonian for arbi-
trary values of coupling constants, Ann. Henri Poincaré 3 (2002), no. 1,
171-201.

F. Hiroshima and H. Spohn, Enhanced binding through coupling to a
quantum field, Ann. Henri Poincaré 2 (2001), no. 6, 1159-1187.

F. Hiroshima, H. Spohn, and A. Suzuki, The no-binding regime of the
Pauli-Fierz model, J. Math. Phys. 52 (2011), no. 6, 062104, 12.

C. Hainzl, V. Vougalter, and S. A. Vugalter, Enhanced binding in non-
relativistic QED, Comm. Math. Phys. 233 (2003), no. 1, 13-26.

S. T. Kuroda, Functional Analysis (in Japanese), Kyoritsu Shuppan,
1980.

51



[MS]

[Nel]

[RS1]

[RS2]

[Ter2]

T. Miyao and I. Sasaki, Stability of discrete ground state, Hokkaido Math.
J. 34 (2005), no. 3, 689-717.

E. Nelson, Interaction of nonrelativistic particles with a quantized scalar
field, J. Mathematical Phys. 5 (1964), 1190-1197.

M. Reed and B. Simon, Methods of modern mathematical physics. I, Aca-
demic Press Inc., New York, second edition, 1980. Functional analysis.
M. Reed and B. Simon, Methods of modern mathematical physics. I
Fourier analysis, self-adjointness, Academic Press Inc., New York, 1975.
K. Schmiidgen, Unbounded self-adjoint operators on Hilbert space, Vol.
265 of Graduate Texts in Mathematics, Springer, Dordrecht, 2012.

H. Spohn, Ground state(s) of the spin-boson Hamiltonian, Comm. Math.
Phys. 123 (1989), no. 2, 277-304.

N. Teranishi, Self-adjointness of the generalized spin-boson Hamiltonian
with quadratic boson interaction, accepted for publication in Hokkaido
Math. J.

N. Teranishi, Absence of the ground states of the generalized spin-boson

models, preprint.

52



