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Nomenclature

A = Richardson constant, A/(m·K)2

d = sheath length, m
e = elementary electric charge, C
E = electric field, V/m or energy flux, W/m2

j = current density, A/m2

k = Boltzmann constant, J/K
m = species mass, kg
n = number density, 1/m3

T = temperature, K
β = field intensification coefficient
γi = secondary-electron emission coefficient
ε = emissivity
εion = ionization potential, eV
ε0 = vacuum permeability, F/m
λ = thermal conductivity, W/(K·m)
σ = Stefan-Boltzmann constant, J/K
ϕ0 = potential drop, V
ϕw = work function, eV

Subscripts
amb = ambipolar flux
d = sheath edge
e = electron
ele = electron flux
fe = field-electron emission
i = ion
rad = radiation
se = secondary-electron emission
te = thermionic-electron emission
tot = total flux
w = wall　
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1 Introduction

An arc-heated wind tunnel is very useful for ground-based experiments of the planet-entry
environment. Its applications include performance tests of thermal protection systems. To
perform such experiments with high accuracy, it is essential to understand the physical prop-
erties of the free jets discharged from the nozzle. However, the flow field in an arc heater
is very complicated due to the complex phenomena associated with the arc discharge in the
constrictor as well as the strong thermochemical nonequilibrium in the nozzle. Consequently,
it is extremely difficult to simultaneously measure all the properties of the free jets. On the
other hand, due to the development of high-performance computers, numerical simulation
has become a powerful tool for investigating the details of complex flow fields.

So far, several research groups [1–3] have investigated arc-heated flow fields by computa-
tional fluid dynamics (CFD). To achieve accurate predictions, it is indispensable to properly
model the heating process in the constrictor section and the expansion phenomena in the
nozzle section. In our previous works [4–6], numerical simulations were performed for var-
ious arc-heated flows. Included are the Kyushu University 20 kW arc-heated wind tunnel
(KUWT) [7], the JAXA 750 kW arc-heated wind tunnel (JXWT) [8] and the NASA 20
MW Aerodynamic Heating Facility (AHF) [9]. Note that the first one is categorized as a
constrictor-type arc heater (CAH) and the last two are categorized as segmented-type arc
heaters (SAH). As is summarized in Refs. [10,11], the cathode configuration of the former is
rod-shaped, while that of the latter is ring-shaped.

Considering the computational results of the mass-averaged enthalpy, the Pitot pressure
and the heat flux, we expect that our analysis models properly predicted the net energy input
into the flow fields in the facilities. On the other hand, however, the calculated arc voltage
was considerably underestimated for all the cases. As reported in Refs. [5, 6], the predicted
voltages are about 15 volt for CAH and several hundred volt for SAH lower than the measured
ones. Moreover, for SAH, the test gas was assumed to be air in these references, while an
air-argon mix model is expected to be more realistic. However, an argon-gas mixture may
cause further underprediction of the arc voltage as reported in Ref. [12]. We believe that
these discrepancies between the computed and measured arc voltages are caused mainly by
the potential drop in sheath.

The sheath is formed near the wall surface of an electrode in an arc-heating facility due to
the difference between the mobility of ions and electrons. The electrons with high mobility
immediately reach the wall and then create a negative wall potential (a drop in the electric
potential). In the sheath envelop between the plasma region and the wall surface, there are
steep gradients of physical properties, such as electron temperature, electric potential and
number density. In general, the thickness of a sheath is on the order of micrometers and
roughly corresponds to the order of the Debye length [13]. Therefore, the sheath is very thin
and the physical properties there are expected to be distributed one-dimensionally.

When we operate an arc-heating facility, the arc voltage measured may include the poten-
tial drop generated by sheath on the electrodes. It is thought that the potential drop never
contributes to the energy input into the flow field and just results in energy loss. Therefore,
in order to predict the performance of an arc-heated wind tunnel more accurately, it is im-
portant to investigate sheath phenomena. Needless to say, such a high-accuracy prediction
technique is definitely useful for designing a new arc-heating facility in the future.

As for the cathode material in CAH, two-percent thoriated tungsten is commonly used.
Hot cathode materials such as tungsten and graphite have a higher melting point. Moreover,
thoriated tungsten is a good emitter because of its lower work function. When the wall
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temperature becomes very high in the discharge region, the thermionic-electron emission is
one of the dominant mechanisms to emit electrons from the wall surface. So far, sheath
behaviors for CAH, an arcjet thruster and a discharge lamp, which focus on the thermionic
mechanism, have been investigated by some research groups [14–16]. On the other hand,
there are few studies for SAH, in which copper is used for the cathode material. Since cold
cathode materials such as copper have lower values for both melting and boiling points, their
maximum allowable temperature is relatively low such that thermionic emission is too small
to maintain a discharge in the plasma. In this case, it is thought that the field-electron
emission becomes dominant. This emission mechanism may cause a large potential drop
near the cathode and thus it greatly influences the prediction accuracy of CFD. To increase
the reliability of the sheath models introduced into a CFD code, it is desirable that the
developed model is applicable to various types of arc heaters such as CAH and SAH cases.
Hence, further detailed study is required for the discharge mechanism in both CAH and SAH
cases.

The main objective of the present study is to clarify the potential drop near the electrode
surface, in order to calculate the arc voltage for various arc heaters more accurately. We focus
particularly on the sheath phenomena near the cathode wall surface. To discharge the arc
current, large amounts of electrons need to be generated near the cathode surface, for which
high temperature on the wall surface and/or strong electric field in sheath are necessary.
On the other hand, these factors are not needed for absorption of electrons near the anode
surface because electrons in the discharge region easily drift toward the anode surface. It is
thus thought that the potential drop on the anode is relatively small compared with that
on the cathode. To investigate these phenomena in detail, we consider two representative
arc-heating facilities (i.e., CAH and SAH).

2 Physical and Mathematical Models for Sheath

2.1 Electron-Emission Models

In the present study, for the electron-generation mechanisms near the cathode surface, we con-
sider the electron (jele) and ion (jamb) fluxes drifting toward the cathode wall from the plasma
region. On the other hand, from the cathode wall to the plasma region, the thermionic-
electron (jte), secondary (jse) and field (jfe) emissions are taken into account. Note that it is
assumed that no collisions between particles occurs in the sheath layer and the electron flux
generated by ionization reactions can be neglected in the present model. These electron/ion
fluxes are balanced in the sheath layer (current continuity). The flux balance is expressed as
follows:

jtot = −jele − jamb + jte + jse + jfe, (1)

where jtot represents the total current density in the plasma. Each current density is described
in detail later. Equation (1) is numerically solved with respect to the potential drop (ϕ0) by
the Newton-Raphson method.

The electric field (E) is obtained by solving the following Poisson’s equation:

ε0
d2ϕ (x)

dx2
= e {ne (x)− ni (x)} . (2)

Distribution of the number density of electrons in sheath is given by the Boltzmann relation

3



as,

ne (x) = nedexp

(
eϕ (x)

kTe

)
. (3)

Then, the equation for the number density of ions is derived from the equation of continuity
and the energy conservations of ions in sheath as follows:

ni (x) =
nid√

1− 2eϕ (x)

kTe

. (4)

Note that the number densities of ions and electrons are assumed to be equal at the sheath
edge (ned = nid). Equations (2), (3) and (4) are analytically solved with regard to the
potential drop, and the distributions of the electric field and the number densities in sheath
are obtained.

2.1.1 Electron and ion fluxes

When electrons drift to the sheath layer, only those electrons having energy higher than the
potential barrier of the sheath can reach the cathode wall surface. Such an electron flux is
given by

jele = ened

√
kTe

2πme

exp

(
eϕ0

kTe

)
. (5)

The ion flux at the sheath edge corresponds to the ambipolar current drifting from the plasma,
which is given by

jamb = −enid

√
kTe

mi

. (6)

As described in Eq. (6), the ion velocity is given by the Bohm velocity at the sheath edge.

2.1.2 Thermionic-electron emission

Electrons can be emitted from the wall surface due to high temperature of the cathode.
The energy difference between the vacuum and Fermi levels for a given material is defined
as the local work function. Thus, if the temperature is high enough, thermionic electron is
easily emitted from the material surface. Moreover, the electric field reduces both the Fermi
level and the work function and thus increases the emission of electrons, a process which
is referred to as the Schottky effect. The thermionic-electron emission is expressed by the
Richardson-Dushman equation with the Schottky effect as follows:

jte = AT 2
wexp

{
−e (ϕw − ϕE)

kTw

}
, (7)

where

ϕE =

√
eE

4πε0
. (8)

The Richardson constant (A) and the work function (ϕw) for thoriated tungsten are respec-
tively set to 3.0× 104 A/(m·K)2 and 2.63 eV, while those for copper are 1.2× 106 A/(m·K)2

and 4.41 eV, respectively.
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2.1.3 Secondary-electron emission

When an ionic species collides with the wall, electrons are emitted from the wall surface, if
the collision energy exceeds the work function of the wall material. The current density of
this secondary emission by ion species is given with the ambipolar current as follows:

jse = −γijamb, (9)

Although the secondary-electron emission coefficient γi changes according to incident angle
and energy, it is reported that the coefficient is almost constant for ion energies below several
hundred electron volt and its value is approximately 0.1 [17]. Therefore, in this study, the
secondary-electron emission coefficient γi is set to 0.1.

2.1.4 Field-electron emission

When there exist strong electric fields, electrons are emitted from the wall material by quan-
tum tunneling. Current density of the field emission can be obtained by the Fowler-Nordheim
equation given by

jfe =
1.54× 10−2 (βE)2

ϕw

exp

{
−6.83× 109ϕ

3/2
w v (y)

βE

}
. (10)

The field intensification factor β, which is a parameter to express local enhancement of
the field by small projections on electrode surface, is set to be 150, following the previous
studies [18,19]. According to Ref. [20], the functions y and v (y) are obtained by

y = 3.79× 10−5

√
βE

ϕw

, (11)

v (y) = (1 + η)−
3
2

{(
a0 + a1η + · · ·+ a5η

5
)
+
(
b1η + · · ·+ b5η

5
)
ln

(
1

η

)}
, (12)

where the constants for the Fowler-Nordheim function are summarized in Table 1 and η is
given by

η =
1−

√
1− y2

1 +
√

1− y2
. (13)

2.2 Energy Fluxes

In the sheath layer, the energy-conservation equation is derived from the balance of the energy
fluxes at the cathode surface. In this study, it is assumed that electrons and ions reaching
the cathode surface are perfectly absorbed at the surface. Note that erosion and evaporation
of the cathode material are neglected. We consider the energy fluxes transported by the
electrons (Eele) and the ions (Eamb) from the plasma region, the thermionic-electron (Ete),
secondary (Ese) and field (Efe) emissions, and the energy fluxes cooling the cathode surface
by the electron emission. Moreover, the radiation power (Erad) emitted from the cathode
surface, the convective heat transfer (qe) into the cathode across the sheath and the heat
conduction (qcond) into the cathode are introduced. Thus, the energy balance is obtained by

qe = Eele + Eamb + Ete + Ese + Efe + Erad + qcond. (14)
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which is expressed in detail as

−λ
∂Te

∂r
= jele

(
ϕw +

2k

e
Te

)
− jamb

(
−ϕ0 + εion − ϕw +

2k

e
Tw

)
− (jte + jse + jfe)

(
ϕw +

2k

e
Tw

)
− εσT 4

w + qcond (15)

where r is the direction orthogonal from the cathode surface to the plasma region and εion is
the ionization potential of the test gas. The emissivity ε is set to be 0.3 for tungsten (CAH)
and 0.1 for copper (SAH) [21], respectively.

3 Results and Discussion

The present test cases are constrictor-type (CAH) and the segmented-type (SAH) arc heaters.
In general, the cathode material of CAH is thoriated tungsten and that for SAH is copper.
The former is referred to as the hot-cathode material and the latter is referred to as a cold-
cathode material. Note that the cathode-surface temperature is kept below the melting point
in all the calculations. As reported in Refs. [5,6], the total and ambipolar current densities for
CAH are much larger than those for SAH. Such a high current density is a common feature
that is seen in CAH because the current is highly concentrated in the vicinity of the cathode.
In the present study, the baseline cases are set to jtot = −109, jamb = −106 and qcond = −107

for CAH and jtot = −107, jamb = −106 and qcond = −107 for SAH, respectively.
Figure 1 shows the profiles of the potential drop and the electron temperature versus the

ambipolar current for three conditions of total current. The wall temperatures are simply set
to be 3600 K for CAH and 1000 K for SAH, respectively. Although these temperatures do
not always correspond to the max allowable temperature of the cathode material, the actual
values are possibly lower due to the water-cooling device for the cathode. As seen in Fig.
1(a), difference of arc voltage for CAH predicted by the sheath model is only several dozen
volt. On the other hand, concerning SAH, it is found from Fig. 1(b) that the sheath model
causes much larger difference in voltage and it becomes several hundred volt. Although the
scale of SAH (e.g., JXWT) is generally much larger than that of CAH (e.g., KUWT), there
may be another reason based on the heating mechanism in each facility. To clarify this, we
investigate the characteristics of the phenomena in more detail.

Figure 2 shows the potential drops and the current densities versus the wall temperature
for the baseline case. In the figure, some remarkable features can be seen. In the lower
temperature region, the field-emission current (jfe) is dominant, while the thermionic-emission
current (jte) rapidly increases with decrease of jfe as the wall temperature becomes high. The
CAH facility uses a hot-cathode material (i.e., thoriated tungsten) whose melting point is
around Tw ∼ 3600K. As seen in Fig. 2(a), the thermionic-emission current (jte) is comparable
with the field-emission current in this wall-temperature range. On the other hand, the cold-
cathode material (i.e., copper) is used in the SAH facility, where the melting point is around
Tw ∼ 1000K. In this lower-temperature region, the field-emission current (jfe) is dominant,
as seen in Fig. 2(b). Secondary emission (jse) is always relatively low for all the cases.
Although it is difficult to determine an accurate value of the secondary emission coefficient
(γi) in Eq. (9), the ambipolar current is relatively low in this study and thus it is thought
that the uncertainty for this coefficient has a minor influence on the predictive accuracy of
the potential drop. On the other hand, the sensitivity of the potential drop to the field
intensification factor (β) is large in the model, while it is in fact very difficult to determine
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its accurate value. It is expected that the value of β used in this study is reasonable, more
detailed discussion may be needed in the future.

Profiles of the potential drop, the electric field and the number densities of ions and
electrons in the sheath layer are shown in Fig. 3. The sheath length seems to be of the order
of micrometers and very thin compared with the characteristic length of the cathode length
which is typically of the order of centimeters. Since the magnitude of the potential drop
at the cathode surface is small in CAH making the electric field weak, more electrons can
remain in the sheath. Conversely, the sheath layer is almost filled by ions and most electrons
return to the plasma in the sheath for SAH, because the potential drop results in being
large. In the model, if the number density of ions at the sheath edge (i.e., the ambipolar
current) decreases, the strength of the electric field strength also decreases. This causes the
decrease of the field emission (jfe) and, at the same time, the magnitude of the potential
drop must increase to maintain discharge. As seen in Fig. 1(b), the increase of magnitude of
the potential drop with the decrease of the field emission corresponds to the condition below
|jamb| = 105. In the CAH case shown in Fig. 1(a), if the ambipolar current becomes small,
the magnitude of the potential drop moderately decreases or hardly occurs. This is because
the electron-emission mechanism for CAH is mainly due to both the thermionic and field
emissions. Such being the case, there can be seen some notable differences between CAH and
SAH. This is thought to be caused by the difference of the cathode feature between these
facilities, i.e., the cathode material and the max allowable wall temperature.

4 Conclusions

In order to investigate the potential drop due to the sheath for arc-heated wind tunnels, a
simple cathode-sheath model was developed. The present model was applied to two repre-
sentative different types of arc heaters i.e., the constrictor-type arc heater (CAH) and the
segmented-type arc heaters (SAH). By using the computational results, we tried to inves-
tigate the phenomena occurring in the sheath layer. As for CAH, the predicted potential
drops were possibly several dozen volt. In this case, the cathode-surface temperature is very
high and then the thermionic emission plays an important role to emit electrons from such a
hot-cathode material (e.g., tungsten). On the other hand, several hundred volts of potential
drop was obtained for SAH. The wall temperature was relatively low at the cathode and thus
the field emission becomes dominant for such a cold-cathode material (e.g., copper). From
these results, we consider the present sheath model to have the fundamental capability of
reasonably explaining the potential drop appearing in various kinds of arc-heating facilities,
though there still remains some points to be improved in the future.
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Figure 1: Profiles of potential drop and electron temperature versus ambipolar current
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Figure 2: Profiles of potential drop and current densities versus wall temperature
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Figure 3: Profiles of the potential drop, electric field and number densities of ions and
electrons in sheath layer
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