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Lightlike flat geometry of spacelike
submanifolds in Lorentz-Minkowski space

Shyuichi IZUMIYA and Masaki KASEDOU*

January 24, 2014

Abstract

In this paper we investigate differential geometry on spacelike submanifolds in Lorentz-
Minkowski space from the view point of contact with lightlike hyperplanes. It is called
the lightlike flat geometry which has been well established for the codimension two case.
In order to develop the theory for the general codimension case, we introduce the notion
of codimension two spacelike canal submanifolds which is a main tool in this paper. We
apply the theory of Lagrangian/Legendrian singularities to codimension two spacelike
canal submanifolds and obtain the relation with the previous results on the codimension
two case.

1 Introduction

In this paper we consider differential geometry on general spacelike submanifolds in Lorentz-
Minkowski space. In the previous researches [7, 8 10, 11, 14], it has been recognized that the
codimension two spacelike submanifolds have special meanings in differential geometry of space-
like submanifolds in Lorentz-Minkowski space. The lightlike geometry of spacelike submanifolds
of codimension two has been developed in those articles which is a natural generalization of ex-
trinsic differential geometry of hypersurfaces in Euclidean space and the horospherical geometry
of hypersurfaces in Hyperbolic space [6]. If we consider general submanifolds in Euclidean space
or Hyperbolic space, the canal hypersurface of the manifold is a useful tool for the study of ex-
trinsic differential geometry on the manifold. The situation is rather complicated for spacelike
submanifolds with general codimensions in Lorentz-Minkowski space comparing with the Fu-
clidean space case or the Hyperbolic space case. The main difference from the Euclidean space
case or the Hyperbolic space case is the fiber of the canal hypersurface of a spacelike submanifold
is neither connected nor compact. However, we do not need the canal hypersurfaces for devel-
oping the lightlike geometry of spacelike submanifolds with general codimensions. According to
the results of [11], we need codimension two spacelike canal submanifolds in Lorentz-Minkowski
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space. In order to define the notion of codimension two spacelike canal submanifolds, we arbi-
trary choose a timelike future directed unit normal vector field along a spacelike submanifold
which always exists for an orientable spacelike submanifold (cf, [12, 13]). Then we construct
the unit spherical normal bundle relative to the above timelike unit normal vector field. The
codimension two spacelike canal submanifold is a spacelike embedding of this unit spherical
normal bundle into Lorentz-Minkowski space. Since it is codimension two, we can apply the
previous results for codimension two spacelike submanifolds. In [11], it has been investigated
the lightlike flat geometry of spacelike submanifolds of codimension two in Lorentz-Minkowski
space. The notion of lightcone Gauss maps and lightcone pedals of codimension two spacelike
submanifolds play a principal role in the lightlike flat geometry. The singularities of those
mappings, which are the points with vanishing lightcone Gauss-Kronecker curvatures, describe
the contact of codimension two spacelike submanifolds with lightlike hyperplane.

In this paper we investigate the lightlike geometry of spacelike submanifolds in Lorentz-
Minkowski space with general codimensions from the view point of the contact with lightlike
hyperplanes. The natural connection between geometry and singularities relies on the basic
fact that the contact of a submanifold with the models of the ambient space can be described
by means of the analysis if the singularities of appropriate families of contact functions, or
equivalently, of their associated Lagrangian/Legendrian maps. For the lightlike geometry the
models are lightlike hyperplanes or lightcones. The lightlike flat geometry is the lightlike
geometry which adopts lightlike hyperplanes as model hypersurfaces.

In §3 we briefly review some previous results on lightlike differential geometry of spacelike
submanifolds which have been given in [12, 13]. The lightcone Lipschitz-Killing curvature of
spacelike submanifolds is one of the basic invariants. Lightcone height functions are defined
in §4 and we investigate basic properties. Codimension two spacelike canal submanifolds are
introduced in §5. We introduce the notion of lightcone Gauss maps and lightcone pedal hy-
persurfaces of codimension two spacelike canal submanifolds. Of course, it might depend on
the choice of the future directed timelike unit normal vector field. However, we can show that
these mappings are independent of the choice of the future directed unit normal vector field
(cf., Proposition 5.2). Therefore, we can define suspended lightcone Gauss maps and suspended
lightcone pedal hypersurfaces of the spacelike submanifold. In §6 we investigate the contact
of spacelike submanifolds with lightlike hyperplanes. We investigate the detailed properties of
contact with lightlike hyperplanes from the view point of the theory of Lagrangian/Legendrian
singularities in §7 and §8. Finally, we consider the case that the future directed timelike unit
normal vector field is parallel along the spacelike submanifold in §9. In this case we have more
detailed properties. In §10 we consider spacelike curves in Lorentz-Minkowski 4-space as the
simplest case of spacelike submanifolds with higher codimension. We consider the case of sub-
manifolds lying in Euclidean space or Hyperbolic space in §11. In this case the lightlike flat
geometry is the flat geometry in Euclidean space or the horospherical geometry in Hyperbolic
space.

2 Basic concepts

We introduce in this section some basic notions on Lorentz-Minkowski n + 1-space. For basic
concepts and properties, see [17].

Let R"™ = {(x¢,21,...,2,) | 2 € R (i =0,1,...,n) } be an n + 1-dimensional cartesian
space. For any ® = (20, 21,..-,Zn); Y = Yo, Y1,---,Yn) € R the pseudo scalar product



of  and y is defined by (z,y) = —zoyo + D1 xiyi- We call (R"*1,(,)) Lorentz-Minkowski
n + 1-space. We write R}*! instead of (R™!,(,)). We say that a non-zero vector & € R}t is
spacelike, lightlike or timelike if (x,x) > 0, (x,x) = 0 or (x,x) < 0 respectively. The norm
of the vector & € R is defined to be ||z| = \/|(x,x)|. We have the canonical projection
7 RYTY — R” defined by 7(zg,z1,...,7,) = (z1,...,7,). Here we identify {0} x R™ with
R™ and it is considered as Euclidean n-space whose scalar product is induced from the pseudo
scalar product (,). For a vector v € R}*" and a real number ¢, we define a hyperplane with

pseudo normal v by
HP(v,c) = {x e R | (x,v) =c }.

We call HP(v,c) a spacelike hyperplane, a timelike hyperplane or a lightlike hyperplane if v is
timelike, spacelike or lightlike respectively.
We now define Hyperbolic n-space by

H?(-1) ={z e R [(z,z) = —1,20 > 0}

and de Sitter n-space by
P ={z eR{"(z,2)=1}.

We define
LC* = {Q’} = (l’o,[[‘h v 71:71) € RQH_I |x0 # 0’ <a:,a:> - O}

and we call it the (open) lightcone at the origin.

If € = (xg,21,...,22) is a non-zero lightlike vector, then zy # 0. Therefore we have
~ T X _1
T = (1,—,...,—") e ST ={x = (x0,21,...,2,) | (x, &) =0, 7o =1}
Zo Lo
We call S~ ! the lightcone (or, spacelike) unit n — 1-sphere.
For any a1, s, ..., x, € R we define a vector &1 A €y A --- Az, by
—€y €] €n
Ty ,
2 2 2
i AN AN---ANx,, =| Lo 21 Tn |,
Ty T7 Ty
where e, €1, . . ., e, is the canonical basis of Ri™ and x; = (z}, 2}, ..., 27). We can easily check

that (x, 1 Axa A~ Axy,) = det(x, @1, ..., x,), so that & Axa A--- Az, is pseudo orthogonal
toany x; (i =1,...,n).

3 Differential geometry on spacelike submanifolds

In this section we introduce the basic geometrical framework for the study of spacelike sub-
manifolds in Lorentz-Minkowski n + 1-space analogous to the case of codimension two in [11].
Let R?™ be a timelike oriented space. We choose ey = (1,0,...,0) as the future timelike
vector field. Let X : U — R be a spacelike embedding of codimension k, where U C R®
(s +k =mn+1) is an open subset. We also write M = X (U) and identify M and U through



the embedding X. We say that X is spacelike if the tangent space T, M of M at p consists of
spacelike vectors for any point p € M. For any p = X (u) € M C R}t we have

ToM = (X, (u),..., X, (u)g,

where u = (uy, ..., u,). Let N,(M) be the pseudo-normal space of M at p in R, Since T, M
is a spacelike subspace of T,R}*!, N,(M) is a k-dimensional Lorentzian subspace of T,R}*!
(cf.,[17]). On the pseudo-normal space N,(M), we have two kinds of pseudo spheres:

Np(M;=1) = {v e Ny(M) | (v,0) = -1}
Np(M;1) = {v e Np(M) [ (v,0) =1},

so that we have two unit normal spherical normal bundles over M:

N(M;—1) = | ] Np(M;—1) and N(M;1) = | N,(M;1).

pEM peM

We have the Whitney sum decomposition TR} |M = TM @ N(M). Since M = X (U) is space-
like, e is a transversal future directed timelike vector field along M. For any v € T,R} M,
we have v = v; + vy, where vy € T,M and vy € N,(M). If v is timelike, then v, is timelike. Let
Ty : TRYT M — N(M) be the canonical projection. Then 7y ) (€p) is a future directed
timelike normal vector field along M. So we always have a future directed unit timelike normal
vector field along M (even globally). We now arbitrarily choose a future directed unit timelike
normal vector field n’(u) € N,(M;—1), where p = X (u). Therefore we have the pseudo-
orthonormal compliment ((n”(u))g)* in N,(M) which is a (k — 1)-dimensional spacelike sub-
space of N,(M). We can also choose a pseudo-normal section n®(u) € ((n”(u))g)* N N(M;1),
then we have (n°, n%) =1 and (n°, n’) = 0. We define a (k — 2)-dimensional spacelike unit
sphere in N, (M) by

Ni(M),[n"] = {& € N,(M;1) | (& n(p)) =0 }.

Then we have a spacelike unit (k—2)-spherical normal bundle over M with respect to n” defined
by Ni(M)[n"] = U,eps N1(M),[n"]. Then we have T(, ) Ni(M)[n"] = T,M x TeN (M), [n"].

For any future directed unit normal n? along M, we arbitrary choose the unit spacelike
normal vector field n® with n(u) € Ny(M),[n”] (ie., (n%,n%) =1,(n% nT) = 0), where p =
X (u). We call (nT,n®) a future directed orthonormal pair. Clearly, the vectors n” (u) £ n®(u)
are lightlike. Here we choose n” 4+ n® as a lightlike normal vector field along M. We define
a mapping LG(n?,n®) : U — LC* by LG(n',n%)(u) = n’(u) + n®(u). We call it the
lightcone Gauss image of M = X (U) with respect to (n’,n%). We also define a mapping
ﬂé(nT,nS) U — S771 by m(nT,ns)(u) = nT(u) + n(u) which is called the lightcone
Gauss map of M = X (U) with respect to (nT,n%). Under the identification of M and U
through X, we have the linear mapping provided by the derivative of the lightcone Gauss
image LG(n”,n®) at each point p € M,

d,LG(n", n%) : T,M — T,RI™ = T,M @ N,(M).
Consider the orthogonal projection 7* : T,M @& N,(M) — T,(M) and define
d,LG(n",n%) = 7' o dy(n” + n”).
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We call the linear transformation S,(n’,n%) = —d,LG(n”,n")" of T,M, the (n”,n®)-
shape operator of M = X(U) at p = X(u). The eigenvalues of S,(n’,n%), denoted by
{ki(nT, n%)(p)}i_,, are called the lightcone principal curvatures with respect to (n’,n®) at
p = X (u). Then the lightcone Lipschitz-Killing curvature with respect to (n”,n%) at p = X (u)
is defined by

Ky(n",n%)(p) = detS,(n”, n%).

We say that a point p = X (u) is an (n”,n®)-umbilical point if all the principal curvatures

coincide at p = X (u) and thus S,(n”,n®) = k(n”,n%)(p)1r ., for some function x. We say
that M = X (U) is totally (n', n®)-umbilic if all points on M are (n’, n®)-umbilic.

We deduce now the lightcone Weingarten formula. Since X,, (i = 1,...s) are spacelike
vectors, we have a Riemannian metric (the lightcone first fundamental form ) on M = X (U)
defined by ds® = "7 | gijdu;duj, where g;;(u) = (X, (u), X, (u)) for any u € U. We also have
a lightcone second fundamental invariant with respect to the normal vector field (n™,n®) defined
by hij(n",n®)(u) = (—(n" + n”),,(u), X,,(u)) for any v € U. By the similar arguments to
those in the proof of [11, Proposition 3.2], we have the following proposition.

Proposition 3.1 We choose a pseudo-orthonormal frame {n*,mn; ... ny |} of N(M) with

n; | = n°. Then we have the following lightcone Weingarten formula with respect to (n®, n”)

() LG(n",n%),, = (nf n")(n" —n®)+ 332 H(n" +n%),, nf)ni =35 b (n",n")X,,

u;? j=1""

(b) 7 o LG(n”, n%),, = = >°_ hl(nT,n")X,,,.

Here (hg(nT,nS)) = (hik<nT7nS>) (gkj) and (gkj) = <9kj)_1-

As a corollary of the above proposition, we have an explicit expression of the lightcone
curvature in terms of the Riemannian metric and the lightcone second fundamental invariant.

Corollary 3.2 Under the same notations as in the above proposition, the lightcone Lipschitz-
Killing curvature relative to (nT,n®) is given by

Kg(nT, nS) _ det (hU (nT7 nS))
det (gap)

Since (—(n” 4+ n%)(u), X, (u)) = 0, we have hy;(n”,n%)(u) = (n” (u) + n°(u), X4, (v)).
Therefore the lightcone second fundamental invariant at a point py = X (ug) depends only on
the values n” (ug)+n(u) and X ., (uo), respectively assumed by the vector fields n” +n® and
X 4, at the point pg. Thus, the lightcone curvature also depends only on nT (up) + n(up),
Xy, (up) and Xy, (uo), independent of the derivation of the vector fields n’ and n®. We
write Ky(nl,ny)(ug) as the lightcone curvatures at py = X (ug) with respect to (ni,nj) =

(nT (up), n%(up)). We can also say that a point py = X (ug) is (nl,ny)-umbilic because the

lightcone (n”,n%)-shape operator at py depends only on the normal vectors (nl,ng). So we

denote that h;;(n”, €)(ug) = hij(nT,n%)(up) and K,(n”,€)(po) = Ki(nl,nf)(po), where £ =
n’(u) for some local extension nT (u) of £€. Analogously, we say that a point py = X (ug) is an
(nd, ng)-parabolic point of X : U — R if Ky(nl ng)(ug) = 0. And we say that a point
po = X (up) is an (nl, ny)-flat point if it is an (nl, ng)-umbilic point and K,(nl, n3)(uy) = 0.

On the other hand, the lightcone Gauss map m(nT,ns) with respect to (n’,n”) also
induces a linear mapping dpiki(nT7 n?) : T,M — T,R7™ under the identification of U and

M, where p = X (u). We have the following proposition.

5



Proposition 3.3 Under the above notations, we have the following normalized lightcone Wein-
garten formula with respect to (n',n®):

WOLG(TL’I’L 250 hl(n” ;1) (1) X, (),

where LG(nT,n%)(u) = (bo(u), €1 (u), ..., 0 (u)).

Proof. By definition, we have (LG (n”,n%) = LG(n”,n®). It follows that (LG (n”, ns),, =
LG(nT,n%),, — Lo, ]LG(n n®). Since LG(n”,n%)(u) € N,(M), we have
1

o ﬂé(nT, n¥),, = g—ﬂt o LG(n",n%).,,.
0

By the lightcone Weingarten formula with respect to (n?,n%) (Proposition 3.1), we have the
desired formula. O
We call the linear transformation S, = —n' o dpﬂé(nT, n¥) the normalized lightcone shape

operator of M at p with respect to (n?, n®). The eigenvalues {%;(n’,n°)(p)}i_, of §p are called
the normalized lightcone principal curvatures. By the above proposition, we have #;(n’, n%)(p) =
(1/6y(w))ki(nT, ns)( ). The normalized Lipschitz-Killing curvature of M with respect to (nT, n¥)
is defined to be K o(u) = det S Then we have the following relation between the normalized
lightcone Lipschitz-Killing curvature and the lightcone Lipschitz-Killing curvature:

1
60 (U)

By definition, py = X (uo) is the (nZ, ns)-umbilical point if and only if S, = #;(n
We have the following proposition.

R 0w = () Kl %))

T,m%) (po) 1z, i

Proposition 3.4 Let n” be a future directed timelike unit normal vector field along M =
X (U). Then the following conditions (1) and (2) are equivalent:
(1) There exists a spacelike unit normal vector field n® along M = X (U) with (nT,n®) = 0 such
that the normalized lightcone Gauss map m(nT,nS) of M = X (U) with respect to (nT,n®)
15 constant.
(2) There exists v € S"* and a real number ¢ such that M C HP(v,c).

Suppose that the above condition holds. Then
(3) M = X (U) is totally (n”,n®)-flat.

Proof. Suppose that the condition (1) holds. We consider a function F': U — R defined by
F(u) = (X (u),v). By definition, we have

oF
ou,;

forany i = 1,...,s. Therefore, F'(u) = (X (u),v) = cis constant. It follows that M C HP(v,¢)
for v e STt

Suppose that M is a subset of a lightlike hyperplane H(v,c) for v € Siv ~! Since M C
HP(v,c), we have T,M C H(v,0). If (n’(u),v) = 0, then n”(u) € HP(v,0). We remark that

(1) = (X, (), v) = (X, (), LG(n",n")(u)),

6



HP(v,0) does not include timelike vectors. This is a contradiction. So we have (n” (u),v) # 0.
We now define a normal vector field along M = X (U) by

-1

) = ) o)

v —n'(u).
We can easily show that (n(u),n”(u)) = 1 and (n®(u), T} = 0. Therefore (n?,n®) is a
future directed orthonormal pair such that LG(n’,n®)(u) =

n®) is constant, then (h! (n”,n%)(u)) = O,

On the other hand, by Proposition 3.3, ifm(n ,n°
so that M = X (U) is lightcone (n”, n®)-flat. O

Suppose that M = X (U) is a codimension two spacelike submanifold in R}, In this
case the pseudo-normal space N,(M) is a Lorenz plane, so that the lightcone is a set of two
lightlike lines. Therefore, the directions n” +n® are uniquely determined. Thus, the normalized
Gauss map is independent of the choice of n?. We may write LG = LG(n”,n”). The detailed
geometric properties related to LG were given in [11].

4 Lightcone height functions

In order to_investigate the geometric meanings of the normalized lightcone Lipschitz-Killing
curvature K,(n’,n®) of M = X (U), we introduce a family of functions on M = X (U). We
define the family of lightcone height functions H : U x ST —s Ron M = X (U) by H(u,v) =
(X (u),v). We denote the Hessian matrix of the lightcone height function h,,(u) = H(u,vg) at
ug as Hess(hy,)(up). The following proposition characterizes the lightlike parabolic points and
lightlike flat points in terms of the family of lightcone height functions.

Proposition 4.1 Letn® be a future directed timelike unit normal vector field along M = X (U)
and H : U x S?' — R the family of lightcone height functions on M = X (U). Then

(1) (0H/0u;)(ug,v9) =0 (i = 1,...,5s) if and only if there exists a spacelike unit normal
vector field n® along M = X (U) with (nT,n®) =0 such that vy = ﬂé(n{, ny)(uo).
Suppose that py = X (ug), v ﬂé(no ,n3)(uo). Then

(2) po is an (nd,ny) pambolzc point if and only if det Hess(hy,)(ug) = 0,

(3) po is a flat (nd, m3)-umbilic point if and only if rank Hess(ha, ) (ug) = 0.

Proof. (1) Since (0H/0u;)(ug,vo) = (X4, (u), vo), (OH/0u;)(ug,v9) =0 (i =1,...,s) if and
only if vy € N, (M) and vy € S7'. By the same construction as in the proof of Proposition
3.4, we have a spacelike unit normal vector field n® along M = X (U) with (n”,n%) = 0 such

that vo = LG(n”,n%)(ue) = LG(nT, n)(ug). The converse also holds. For the proof of the
assertions (2) and (3), as a consequence of Proposition 3.1, we have

Hess(hy, ) (ug) =

(X
(i
i

s (00). G007, %) 00))) = ( (X, () 07 () + () )
), )

é“lH ?IH
|
VRS
S| =
&
.
—~
S
e
S
L
=
N
~~_

X, (up), th n’ n° uo)Xuk(u0)>>
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By definition, K,(n”,n%)(up) = 0 if and only if det (h;;(n”,n%)(up)) = 0. The assertion (2)
holds. Moreover, py is a flat (nl, ng)-umbilical point if and only if (R ( n%)(ug)) = O. So

we have the assertion (3). O

We also define a family of functions H : U x LC* —s R by H(u,v) = (X (u),®) — vy, where
v = (vo, 1, ...,V,). We call H the family of extended lightcone height functions of M = X (U).
Since OH /Ou; = OH/Ou; for i = 1,....s and Hess(h,) = Hess(hz), we have the following
proposition as a corollary of Proposition 4.3.

Proposition 4.2 Let H:Ux LC* —s R be the extended lightcone height function of M =
X(U). Then

(1) EI('LLO,’U()) = (aﬁ/aui)(uo,vo) =0 (i =1,...,s) if and only if there exists a spacelike
unit normal vector field n® along M = X (U) with (nT,n”) = 0 such that

vo = (X (up), LG(nd, 15 (1)) LG (n , ) (uo).

Suppose that py = X (ug), vy = (X (up), LG(n?, ng>(u0)>m(n0 1) (ug). Then

(2) po is an (nT, ns)-parabolic point if and only if det Hess(f, )(uo) = 0.

(3) po is a flat (nk, m3)-umbilic point if and only if rank Hess (ha, ) (ug) = 0.
Proof. 1t follows from Proposition 4.1, (1) that (8ﬁ/8ul)(u0, vo) =0 (i=1,...,s)if and only
if there exists a spacelike unit normal vector field n° along M = X (U) with (n”,n%) = 0 such
that vy = JLG(nO : no)( o). Moreover, the condition H (ug,vo) = 0 is equivalent the condition
that vg = (X (uo), LG(nOT, ny)(ug)), where vy = (vo, vy, . ..,v,). This means that

vy = (X (1), LG(nd, nd) (u0))LG(ng , nf) (uo).

The assertions (2) and (3) directly follows from the assertion (2) and (3) of Proposition 3.3. O

5 Codimension two spacelike canal submanifolds

In this section we define a codimension two spacelike submanifold in Lorentz-Minkowski space
which has analogous properties with the canal hypersurface of a submanifold in Euclidean
space.

We now consider a spacelike embedding X : W — R?™! from an open subset W C R®.
Moreover, we take an open subset U C W such that U C W is compact, where U is the closure
of U in R®. For any future directed timelike unit normal vector field n? along M = X (U),
there exists a pseudo-orthonormal frame {n” , n?, ..., ny ,} of N(M), so that we have a frame
field

(X, ., Xu,n" nf, ... n} |}

of RI"™ along M = X (U). We define an S*~!-family of the spacelike unit normal vector field

) = 3 wym () € N )



along M = X (U) for pp = (py,. .., ux_1) € S¥72 C RFL. This gives a parametrization of the
spacelike unit (k — 2)-spherical normal bundle over M = X (U) with respect to n’. Under the
canonical identification of T,R}*! with R}*!, we have Ny(M), C Ri™ for any p = X (u). We
define a set

CMy(n";r) = {X(u) +r€ | &€ € Ny(M),[n"], p= X(u), ue U} C R

By an arbitrary chosen psuedo-orthonormal frame {X,,,..., X,.,,nT,ny,...ny_,}, we have a

mapping
X(nT, N%r):Ux S*? — Ry*!

defined by o
X (0T, NS 1), 1) = X () + 7N (u, 1),

We have the following proposition.
Proposition 5.1 For sufficiently small v > 0, X (n™, N7;7) is a spacelike immersion.

Proof. We consider the local coordinate neighborhood of S*~!:

U1+ = {(ul,...,,uk_l) € Gkt | w1 >0 }

Then we have p; = /1 — Zf;; ,u?. Fori=1,...,s,7 = 2,...k — 1, we have the following

calculation:
0X (n",N°:r -
LESARL e ORI
i =1
X (n”, N*; :
CLE () - Bt ).
ou; H1

Since { X, (u),r(n5 (u) — (p;/p)nf(u)) | i=1,...,s,j = 1,...,k—1} is linearly independent,

k—1
{Xuxu) Y s, (), (nf<u> - ﬁnfw)) e R N 1}
j=1

is linearly independent for sufficiently small r > 0. Since X, (u) is spacelike and U is com-

pact, X, (u) +r Zf;ll pin?, (u) is spacelike for sufficiently small 7 > 0 for any u € U (even

E Zf;ll pns, (u) is timelike). By definition, n$(u) — %nf (u) is always spacelike, so that
X (nT n?,...,ny ;r)is a spacelike immersion for sufficiently small r > 0.

For the other local coordinates of S*~!, we can apply the similar calculation to the above
case. This completes the proof. O

We suppose that X (n”, NY;r) is a spacelike immersion. For any & € Ny(M),[n"], there
exists € S such that & = N¥(u, ), where p = X (u). Tt follows that we have

X (n", N®:r)(U x S*2) = CMy(n"; 7).

Therefore, C My(n”;r) is a codimension two spacelike submanifold in R?™. We call C My(n”;r)
a codimension two spacelike canal submanifold of M = X (U) with respect to n’. If we consider

—N¥ instead of N*, we have X (n”, —=N®:r)(U x S¥=2) = CMy(n™;r).
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Inspired by the results of Propositions 4.1 and 4.2, we define mappings
m(nT;r) : CMy(n™;r) — 5771

by m(nT; r) (X (u) + 7€) = nT(u) + € which is called the lightcone Gauss map of CMy(n®;r)
and
LPy(n”;7) : CMy(n”;r) — LO*

by LPy (n”;7) (X (u)+7€) = (X (u), (nT(u) 4 €))(nT (u) + &). We call it the lightcone pedal hy-
persurface of C My(n”; 7). Since the mappings X (n”, £N®: r) are parametrizations of C Ms(n”;r),
we have the following parametrization of the above mappings:

LE(n"sr) o X (n”, =N%r)(u, 1) = n¥(u) = N¥(u, p),
LPy(n":7) o X (0" £N 1) (u, 1) = (X (u), (07 (u) = N(u, p)))(n7 (u) = N (u, 1)),
We respectively define the mappings
LG(n",+N%): U x §¥2 — g7,
LP(n”T,+N°%): U x S*? — LC*

LG(n”, +N%)(u, ) = n7(u) £ N5(u, ),

LP(n", £N%)(u. 1) = (X (u), (0 (u) £ N*(u, 1)) (n7 () £ N(u, ).
We now consider another frame field
{(Xy,..., X, 200, 7,

of RP*! along M = X (U) such that the ordered frames n” ny, ..., ny  and 0’ . ny,... . 7y,
give the same orientation of the normal bundle N (M ). We have the following proposition.

Proposition 5.2 We have
LG(n?,£N%) = LG(@", +N") and LP(n”, £ N°) = LP(n?, +N"),
where N (u, i) = Y471 ;75 (u).

Proof. Since {n”,n{,... . n{ |} and {nT,m,... ,m; ,} are the pseudo-orthonormal normal

frame along M = X (U) and these give the same orientation of the normal bundle N (M), there
exists a smooth mapping A : U — SOy(1,k — 1) such that n”(u) = A(u)n’ (u), n3(u) =
A(u)n? (u) for j =1,...k — 1. Then we have

NS0 = 3 g 0) = 3 iy A5 () = ACw) 3 75 ) = AN ()

Moreover, for any & € Ni(M),[n"], we have A(u)¢ € Ni(M),[nT], where p = X (u). Therefore,
we have the following diffeomorphism

W[A] : OMy(m";r) — CMy(n™;7)
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defined by V[A|(X (u) + &) = X (u) + rA(u)€. By definition, we have
U[A] o X (AT, +N";7) = X(nT, £N%;r) and LG(nT;r) o U[A] = LG(R"; 7).
It follows that
LG(@T,£N") = LG(m";r) o X(RL, £N";7)
= LG(n";r) o U[A] o X(@T,£N";7) = LG(n";r) 0 X(n’, £N%;r) = LG(nT, £N¥).

By the same arguments as the above, we have LP(n”, £N°) = LP(n’, j:NS). O

By the above proposition, we can denote that LG = m(nT, +N¥) and LP* = LP(n”, +N*¥).
We respectively call the suspended lightcone Gauss map and the suspended lightcone pedal hy-
persurface of M = X (U). We denote that LG = LG and LP = LP*.

6 Contact viewpoint

In this section we interpret the results of Propositions 4.1 and 4.2 from the view point of the
contact with lightlike hyperplanes.

Firstly, we consider the relationship between the contact of submanifolds with foliations
and the R*-classification of functions. Let X; (i = 1,2) be submanifolds of R” with dim X; =
dim Xo, g; : (X;,z;) — (R™, 9;) be immersion germs and f; : (R, ;) — (R, 0) be submersion
germs. For a submersion germ f : (R",0) — (R,0), we denote that F; be the regular
foliation defined by f; i.e., Fy = {f'(c)|c € (R,0)}. We say that the contact of X, with the
reqular foliation Fy, —at y; is of the same type as the contact of Xy with the regular foliation
Fy, at g if there is a diffeomorphism germ & : (R™, ;) — (R™, %) such that ®(X;) =
X, and ®(Y;(c)) = Ya(c), where Y;(c) = f;'(c) for each ¢ € (R,0). In this case we write
K(X1,Fpith) = K(Xo, Fpy;92). It is clear that in the definition R™ could be replaced by
any manifold. We apply the method of Goryunov [5] to the case for Rt-equivalences among
function germs, so that we have the following:

Proposition 6.1 ([5, Appendix|) Let X; (i = 1,2) be submanifolds of R™ with dim X; =
dim Xy = n — 1 (i.e. hypersurface), g; : (X;,7;)) — (R",4;) be immersion germs and f; :
(R™,5;) — (R,0) be submersion germs. Then K (X1, Fp;th) = K(Xa, Fp;92) if and only if
fiogi and fs 0 gy are R -equivalent (i.e., there exists a diffeomorphism germ ¢ : (X1,%1) —
(X2, T2) such that (fa0 gs) o= f104g).

On the other hand, Golubitsky and Guillemin [4] have given an algebraic characterization for
the R*-equivalence among function germs. We denote C§°(X) is the set of function germs
(X,0) — R. Let J; be the Jacobian ideal in Cg°(X) (i.e., J; = (0f/0x1,...,0f [0xn)ceo(x))-
Let Ry (f) = C3°(X)/Jf and f be the image of f in this local ring. We say that f satisfies the
Milnor condition if dimgR1(f) < oo.

Proposition 6.2 ([4, Proposition 4.1)) Let f and g be germs of functions at 0 in X satisfying

the Milnor condition with df (0) = dg(0) = 0. Then f and g are R" -equivalent if
(1) The rank and signature of the Hessians Hess(f)(0) and Hess(¢)(0) are equal, and

(2) There is an isomorphism v : Ra(f) — Ra(g) such that v(f) = g.
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For vy = ﬂé(uo, fo), we consider a function b, : Ri™ — R defined by by, (z) = (z, vp).
It is easy to show that b,, is a submersion. Moreover we have b,, o X (u) = H(u,vq). By

Proposition 3.2, we have
OBy, 0 X OH
bao—ui(uO> = a—(uO,’Uo) = 0

for i = 1,...,s. This means that the lightlike hyperplane b, ' (c) = HP(vy,c) is tangent to
M = X(U) at pp = X (up), where ¢ = (X (up), vo). In this case, we call HP(vy,c) a tangent
lightlike hyperplane with the pseudo-normal vy.

Since we have infinitely many lightlike directions in the pseudo-normal space, we have
infinitely many tangent hyperplanes at each point py = X (ug) depending on uo € S*2 (i.e.,
the direction of N* (o, p1o). Let € be a sufficiently small positive real number. For any ¢ €
I. = (¢ —&,c+¢), we have a lightlike hyperplane HP(vo,t) = b, (t). In this case Fy,, is
a family of parallel lightlike hyperplanes around p = X (ug) such that b, !(c) is the tangent
lightlike hyperplane of M at p = X(ug) with respect to the pseudo-normal wvy. Let X; :
(U, u;) — (RY Xi(uy)) (i = 1,2) be spacelike embedding germs from U C R?, then we have
hiw;(u) = by, o X;(u). Then we have the following proposition as a corollary of Propositions
6.1 and 6.2.

Proposition 6.3 Let X; : (U,u;) — (R py) (i = 1,2) be spacelike embedding germs such
that h; ., satisfy the Milnor condition, where v; = LG(u;, p;) are pseudo-normals of the tangent
lightlike hyperplanes of X;(U) at p; = X;(u;). Then the following conditions are equivalent:

(1) K(X1(U), Fy,,ip) = K(X2(U), Foy,; P2)-

(2) hiw, and ho,, are R*-equivalent.

(3) (a) The rank and signature of the Hess(hyy,)(u1) and Hess(hg v, )(us2) are equal,
(b) There is an isomorphism v : Ra(h1v,) — Ra(haw,) such that y(hiv,) = ho,-

Secondary, we consider the theory of contact with a single submanifold due to Montaldi[16].
Let X;,Y; (i = 1,2) be submanifolds of R” with dim X; = dim X, and dim Y; = dim Y. We say
that the contact of X; and Y] at y; is the same type as the contact of Xs and Y5 at y, if there
is a diffeomorphism germ & : (R",y;) — (R", y2) such that ®(X;) = X5 and &(Y]) = Ys. In
this case we write K (X1,Y1;11) = K(Xa,Y2;92). It is clear that in the definition R"™ could be
replaced by any manifold. In his paper [16] Montaldi gives a characterization of the notion of
contact by using the terminology of singularity theory.

Theorem 6.4 Let X;,Y; (i = 1,2) be submanifolds of R™ with dim X; = dim X, and dimY; =
dimYs. Let g; : (X, 2;) — (R™,y;) be immersion germs and f; : (R™,y;) — (RP,0) be
submersion germs with (Yi,y;) = (f;1(0),y:). Then K(X1,Y1;y1) = K(Xy, Ya; ) if and only
if fiog1 and fy 0 gy are K-equivalent (i.e., there exist a diffeomorphism germ ¢ : (Xy1,7Z1) —
(X2, Z2) and a non-zero function germ X : (X1,Z1) — R such that X+ (fa 0 g2) o = f1091).

We now consider a function b, : Rf*' — R defined by by(u) = (u,®) — vy, where
v = (vg,v1,...,0,). For any v, € LC* and py = X (ug), we have a lightlike hyperplane h,*(0) =
HP(v,,v). Moreover, we consider the lightlike vector v, = LP(ug, 1), then we have

bv* o X(UO) = H(Uo, L]P)(Uo, Mo)) =0.
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By Proposition 4.2, we also have relations that

by, 0 X OH
D02 % (o) = 5o (o, Lo, o)) = 0.

aui

for © = 1,...,s. This means that the lightlike hyperplane 6;*1(0) = HP(v., 1) is tangent
to M = X(U) at pp = X (ug). The lightlike hypersurface HP(v,,vy) is a tangent lightlike
hyperplane of M = X (U) at py = X (up), which we write T"H P(M, LP(ug, pt)). Then we have
the following simple lemma.

Lemma 6.5 Let X : U — R be a spacelike submanifold with dimension s. Consider two
points (uy, pn), (ug, pz) € U x S¥72. Then LP(uy, py) = LIP(us, po) if and only if

,T’I{.P(]\47 (Ul, ,ul)) = THP(M, (’LLQ, /,LQ))

Eventually, we have tools for the study of the contact between spacelike hypersurfaces and
lightlike hyperplane. Since we have h,(u) = b, o X (u), we have the following proposition as a
corollary of Theorem 6.4.

Proposition 6.6 Let X; : (U ,u;) — (RY p;) (i = 1,2) be spacelike embedding germs and
v; = LP(uy, p;). We write that M; = X ;(U). Then the following conditions are equivalent:
(1) K(My, THP(M, (u1, 1)); pr) = K (Mo, THP(M, (uz, f12)); p2),

(2) E1,v1 and 7L271,2 are K-equivalent.

7 The view point from Lagrangian singularity theory

In order to apply the theory of Lagrangian singularities to our situation, we give a brief re-
view on the theory of Lagrangian singularities due to [1]. We consider the cotangent bundle
7 T*R"™ — R over R" L. Let (¢,7) = (21,...,Zn_1,D1,---,Pn_1) be the canonical coor-
dinate on T*R"~!. Then the canonical symplectic structure on T*R"~! is given by the canonical
two form w = Z?;ll dp; A dz;. Let i : L — T*R"! be an immersion. We say that i(L) is a
Lagrangian submanifold if dim L = n — 1 and *w = 0. In this case the critical value of 7o
is called the caustic of i : L — T*R"! and it is denoted by Cp. The main result in the
theory of Lagrangian singularities is to describe Lagrangian immersion germs by using families
of function germs. Let F : (R* x R"™! (0,0)) — (R,0) be an n + 1-parameter unfolding of
function germs. We call

or oF
F) = RF x R (0,0))|-— == =
C(F) {(qw"v)é( x R",(0,0)) aql(q,ﬂc’) aqk(cm) 0},
the catastrophe set of F' and

PF
Bp = {x € (R”*I,O)’ there exist (¢, z) € C(F) such that rank (W(q,xD < k}
4i0J;
the bifurcation set of F. Let m,_1 : (R¥ x R*~1 0) — (R""!,0) be the canonical projection,
then we can easily show that the bifurcation set of F is the critical value set of 7,_1|C(F'). We
say that F'is a Morse family of functions if the map germ

OF OF
AF =—, ..., =— | :(R* xR 0) — (R*,0
(Goi) o ) — (R*,0)
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is non-singular, where (¢, ) = (q1, ..., Qx> Z1, - - -, Tn_1) € (R¥ x R*71 0). In this case we have a
smooth submanifold germ C(F) C (R¥ x R*~1,0) and a map germ Lp : (C(F),0) — T*R"!
defined by

oF oF
LF(q7x) - (ZE, 8_'%((]7‘7;)7 R ax—H<Q7x)) :

We can show that Lg(C(F)) is a Lagrangian submanifold germ. Then we have the following
fundamental theorem ([1], page 300).

Proposition 7.1 All Lagrangian submanifold germs in T*R™™! are constructed by the above
method.

Under the above notation, we call F' a generating family of Lr(C(F)).

We define an equivalence relation among Lagrangian submanifold germs. Let i : (L,p) C
(T*R™ . p) and ' : (L',p') C (T*R"',p') be Lagrangian submanifold germs. Then we say
that ¢ and i’ are Lagrangian equivalent if there exist a symplectic diffeomorphism germ 7 :
(T*R" 1, p) — (T*R"1,p) and a diffeomorphism germ 7 : (R* ! 7(p)) — (R* ! 7(p))
such that 7(L) = L' and w o7 = 7 o, where 7 : (T*R""! p) — (R"!, 7(p)) is the canonical
projection. In this case the caustic (', is diffeomorphic to the caustic Cp, by the diffeomorphism
germ 7. We can define the notion of Lagrangian stability for Lagrangian submanifold germs,
but we omit the detail here (cf., [1]). We can interpret the Lagrangian equivalence by using
the notion of generating families. We denote &,, the local ring of function germs (R™,0) — R
with the unique maximal ideal M, = {h € &,|h(0) = 0}. Let F,G : (R* x R""! 0) — (RR,0)
be function germs. We say that F' and G are P-R™"-equivalent if there exists a diffeomorphism
germ @ : (RF x R 0) — (R* x R"71,0) of the form ®(g,z) = (®,(q, x), ¢(x)) and a function
germ h : (R"1 0) — R such that G(q,z) = F(®(q,)) + h(z). For any F; € My, 1 and
Fy € Myinir, Fi, Fy are said to be stably P-R" -equivalent if they become P-R*-equivalent
after the addition to the arguments to ¢; of new arguments ¢, and to the functions F; of
non-degenerate quadratic forms @); in the new arguments (i.e., F1 + @1 and F, + @)y are P-
R*-equivalent). Let F: (R* x R"1 0) — (R,0) be a function germ. We say that F is an
infinitesimally R*-versal deformation of f = F|gry oy if

oF oF
= —R* R* 1
6= Iy + ( GEIRE x (0L, o R x 0}) -+ (s

R
J _<ﬁ ﬁ>
f aql,...,aqk gk.

We have the following fundamental theorem (cf., [1], page 304 and 325).

where

Theorem 7.2 Let F|, € My, 1 and Fy € My, 1 be Morse families of functions. Then we
have the following:

(1) Lp,(CF1)) and Lg,(C(Fy)) are Lagrangian equivalent if and only if Fy, Fy are stably P-R™"-
equivalent.

(2) Lp(C(F)) is Lagrangian stable if and only if F is an infinitesimally R -versal deformation
of F|R* x {0}.

The following proposition describes the well-known relationship between bifurcation sets and
equivalence among unfoldings of function germs:
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Proposition 7.3 Let F,G : (R* x R"71 0) — (R,0) be function germs. If F and G are
P-R*-equivalent then there exist a diffeomorphism germ ¢ : (R"™1 0) — (R™™1,0) such that
¢(Br) = Bg.

We now apply the above theory of Lagrangian singularities to our situation. Firstly, we
have the following proposition.

Proposition 7.4 The lightcone height function H : U x ST — R of M = X (U) is a Morse
family of functions.

Proof. Let X = (Xo,...,X,) and v = (vy,...,v,) € ST ', without loss of the generality,
we assume that v, > 0, then we may take a local coordinate (vi,...,v,_1) on Si_l and
vy =+/1—0v}—---—v2 . Let AH = (H,,,...,H,,), we now prove a map AH is submersive
at (up,vo) € C(H). Its Jacobian matrix JAH is

JAH = ((Huwy),

J

..........

It is sufficient show that the rank of a matrix B(u,v) := (Hy, (4, ’v))ij is s. By calculation,
components of B(u,v) are
/l) .
Hui’vj (u> ’l)) = (Xj)uz<u> - U_j(Xn)uz(u)
Let eg = (1,0,...,0) be a timelike vector, then e, v, X, (u), ..., X, (u) are linearly inde-
pendent at (ug,vp). This means that the rank of the matrix

1 0 - 0
1 vy e vy,
C = (Xo)m (Xl)m e (Xn)u1
(K)o (X)us - (Xa)u

is s + 2 at (ug,vo). We now show that rankC' = rankB + 2. We subtract the second raw
multiplied by (X,,)y, /v, from the (24 4)-th raw for i = 1,...,s. And we also subtract the first
law multiplied by (2 4 ¢,1) component from the (2 + i)-th raw for i = 1,...,s. Then we have

1 0---0 0
I v vp_1 | vy
C'=] 0 0
. | B(u,v) | :
0 0

Therefore rank B(ug, vo) = s, this completes the proof. O

Corollary 7.5 Under the above notations, Ly (C(H)) is a Lagrangian submanifold in T*(S™ 1)
such that the lightcone height function H : U x ST™" — R is a generating family of Ly (C(H))
at least locally.
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By Proposition 4.1 and the arguments in §5, we have
C(H) = {(u,LG(u, 1)) | (u,p) € U x 5}
and mo Ly = ﬂé, where 7 : T*Sﬁ_1 — Si_l is the projection of the cotangent bundle.

Theorem 7.6 Let X; : (U,u;) — (RY*! p;) be embedding germs of codimension k (i = 1,2).
Suppose that the Lagrangian lift germs Ly, : (C(H;), (;,v;)) — (T*S%1, %) of the suspended
lightcone Gauss map germs ﬁG} are Lagrangian stable, where v; = mi(ﬁi,ﬂl). We write
M; = X;(U) and Fy,_ is the family of parallel lightlike hyperplane around p; = X (u;). Then
the following conditions are equivalent:

1
2

K(My, Fop ;1) = K(Mz, Fyy,; p2)-

hiw, and hg., are R*-equivalent.

H, and Hy are P-R"-equivalent.

Ly, (C(Hy)) and Ly, (C(Hs)) are Lagrangian equivalent.

(a) The rank and signature of the Hess(hy, )(u1) and Hess(ha.v,)(U2) are equal,

W

N N /N /N A/
t w
~— — — ~—— ~—

(b) There is an isomorphism v : Ro(h1v,) — Ra(haw,) such that y(hiv,) = ho,-

Proof. 'We remark that if Ly, (C(H;)) is Lagrangian stable, then Theorem 7.2, (2) implies that
h; ., satisfies the Milnor condition. Therefore, by Proposition 6.3, the conditions (1), (2) and
(5) are equivalent. By the uniqueness of R"-versal deformation, the condition (2) implies the
condition (3). By definition, the condition (3) implies the condition (2). By Theorem 7.2, (1),
the conditions (3) and (4) are equivalent. This completes the proof. O

In the above proof, we only need the assumption of the Lagrangian stability for the proof
that the condition (2) implies the condition (3).

8 The view point from Legendrian singularity theory

In order to apply the theory of Legendrian singularities to our situation, we give a quick
review on the Legendrian singularity theory mainly due to Arnol’d-Zakalyukin [1]. Let 7 :
PT*(M) — M be the projective cotangent bundle over an n-dimensional manifold M. This
fibration can be considered as a Legendrian fibration with the canonical contact structure K
on PT*(M). We now review geometric properties of this space. Consider the tangent bundle
T : TPT*(M) — PT*(M) and the differential map dr : TPT*(M) — N of w. For any
X € TPT*(M), there exists an element o € T*(M) such that 7(X) = [a]. For an element
V € T, (M), the property a(V') = 0 does not depend on the choice of representative of the class
[a]. Thus we can define the canonical contact structure on PT*(M) by

K = {X € TPT*(M)|r(X)(dr(X)) = 0}.
For a local coordinate neighborhood (U, (1, . .., x,)) on M, we have a trivialization PT*(U) =

U x PR Y)* and we call ((z1,...,2,),[&1: - : &) homogeneous coordinates, where [£; @ -+
&,] are homogeneous coordinates of the dual projective space P(R"™1)*.
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It is easy to show that X € K, ) if and only if Y " | 1;,§; = 0, where d7(X) =37, “ia%i'
An immersion ¢ : L — PT*(M) is said to be a Legendrian immersion if dimL = n and
dig(TyL) C Kyq for any ¢ € L. We also call the map 7 o i the Legendrian map and the
set W (i) = imager o ¢ the wave front of i. Moreover, i (or, the image of i) is called the
Legendrian lift of W (7). The main tool of the theory of Legendrian singularities is the notion
of generating families. Here we only consider local properties, we may assume that M = R".
Let F: (R x R",0) — (R,0) be a function germ. We say that F is a Morse family of
hypersurfaces if the mapping

OF oF
A*F = <F——) : (R* x R",0) — (R x R*,0)
oq gy
is non-singular, where (¢,7) = (q1,...,qx, 1, ..., Tn) € (R¥ x R" 0). In this case we have a

smooth (n — 1)-dimensional submanifold

oF oF
Z* F - Rk Rn F = — = e e e T4 —/— f—
(F) = {(0:0) € (B x R".0) | Flgwo) = 5o () =+ = 5o-(0.) =0 |
and the map germ Lp : (3.(F),0) — PT*R™ defined by
oF oF
£ra.0) = (G ta.a) o0 St

is a Legendrian immersion germ. Then we have the following fundamental theorem of Arnol’d-
Zakalyukin [1].

Proposition 8.1 All Legendrian submanifold germs in PT*R"™ are constructed by the above
method.

We call F a generating family of Lp(X.(F)). Therefore the wave front is

W(EF):{x € R" |3¢ € R* such that F(q,z) = a—F(q,:c) == 6—F(q,x) =0 } .
Oq1 gk

We now introduce an equivalence relation among Legendrian immersion germs. Let ¢ :
(L,p) C (PT*R™,p) and ¢ : (L',p') C (PT*R™,p’) be Legendrian immersion germs. Then
we say that ¢ and ¢ are Legendrian equivalent if there exists a contact diffeomorphism germ
H : (PT*R",p) — (PT*R™,p') such that H preserves fibers of m and that H(L) = L. We
can also define the notion of Legendrian stable map-germs analogous to Lagrangian stable
map-germs. However, we do not use the definition, so that we omit it.

Since the Legendrian lift i : (L, p) C (PT*R™,p) is uniquely determined on the regular part
of the wave front W (i), we have the following significant property of Legendrian immersion
germs:

Proposition 8.2 ([?]) Leti: (L,p) C (PT*R™,p) andi' : (L',p') C (PT*R",p') be Legendrian
immersion germs such that reqular sets of o i,m o i are dense respectively. Then i, are
Legendrian equivalent if and only if wave front sets W (i), W (i') are diffeomorphic as set germs.

The assumption in the above proposition is a generic condition for i,4'. Specially, if 4,7 are
Legendrian stable, then these satisfy the assumption. We can interpret the Legendrian equiv-
alence by using the notion of generating families. We denote &, the local ring of func-
tion germs (R™,0) — R with the unique maximal ideal M, = {h € &, | A(0) = 0 }.
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Let F,G : (R* x R",0) — (R,0) be function germs. We say that F and G are P-K-
equivalent if there exists a diffeomorphism germ ¥ : (R¥ x R",0) — (R* x R", 0) of the
form U(z,u) = (Y1(q, z),¥2(z)) for (¢,z) € (R¥ x R",0) such that U*((F)g,,,.) = (G)e,,, -
Here ¥* : &, — Eryp is the pull back R-algebra isomorphism defined by ¥*(h) = ho U . If
n = 0, we simply say these germs are K-equivalent.

Let F': (R*xR3,0) — (R, 0) be a function germ. We say that F is a K-versal deformation
of f = F|R* x {0} if

& = T.K)(f) + <§—£!R’“ (0} g TR {°}>R’
where
1)) = (G 5T )
(See [15].)

The main result in Arnol’d-Zakalyukin’s theory [1, 18] is the following:

Theorem 8.3 Let F € My, G € M1, be Morse families of hypersurfaces. Then

(1) Lrp(Z4(F)) and Lo(X4(G)) are Legendrian equivalent if and only if F, G are stably P-K-
equivalent.

(2) Lr(3.(F)) is Legendrian stable if and only if F is a K-versal deformation of F'| RF x {0}.

The definition of the stably P-K-equivalence is similar to that of the stably P-R"-equivalence.
By the uniqueness result of the K-versal deformation of a function germ, Proposition 8.2 and
Theorem 8.3, we have the following classification result of Legendrian stable germs (cf., [6,
Proposition A.4]). For any map germ f : (R",0) — (R?,0), we define the local ring of f by
Qo) = Eu [ (I,)E, + M.

Proposition 8.4 Let F,G : (R* x R",0) — (R,0) be Morse families of hypersurfaces. Sup-
pose that L(F), L(G) are Legendrian stable. The the following conditions are equivalent:

(1) (W(LF),0) and (W(Lg),0) are diffeomorphic as germs,

(2) Lr(E.(F)) and L&(24(G)) are Legendrian equivalent,

(3) Quni1(f) and Qni1(g) are isomorphic as R-algebras,
where f = F|R* x {0}, g = G|R* x {0}.

We now apply the above theory of Legendrian singularities to our case. Firstly, we show
the following.

Proposition 8.5 The extended lightcone height function H:UxLC* —» R is a Morse family
of hypersurfaces.

Proof. Let X = (Xo,...,X,) and v = (v, ...,v,) € LC*, without loss of the generality, we
assume that v, > 0, then vy = \/v? +---+v2. Let A*H = (H,H,,,..., H,,), we now prove

s

that a map AH is submersive at (ug, vo) € A*H~1(0). Its Jacobian matrix JA*H is

TINH - (Nﬁ[uj>j=1 s <ﬁv‘j>i=1 ,,,,, n-1 = (x| B).

.....

e =1,..,8,5=1,...,



It is sufficient show that the rank of the matrix B(ug, v) is s+1. By straightforward calculation,
we have

J

v X " uv

~ ) ) LU
H, (uv)=—-24+2L 3" Eix,

3

Vo Vo 1 Vo

~ (X)), " 0
Hui’l}j (u7 ’U) - _U;)u - ’U3] ( k)um
0 k=1 0

fori=1,...,sand j = 1,...,n. By the condition that H(ug,vo) = H,, (up, vo) = 0 for i, we

i

have relations Y, ZZ—:ﬁXk = Xo+vopand >y, Zz—ﬁ(Xk)u = (Xo)u, where vo = (vop,- -, Von)-

Therefore, the above formula is

1 .
ij(U(),'Uo) = — (X] — 2Uj — XOUO—J> s

Vo0 V0,0
Pl (1,00) = = () = (600 22).

fori=1,...;sand j=1,...,n.

Since (vg, vg) = (vg, Xy,) =0for i =1,...,s, vy and X, (ug) are belongs to HP(vy,0).
On the other hand, we have (X (ug) — 2vg + 2vg o€0, Vo) = —21}870 # 0 where g = (1,0,...,0).
So that vectors X (ug) —2v¢+2vg €0, vo and X, (ug) (fori = 1,...,s) are linearly independent.
Therefore the rank of following matrix

Vo V0,0 Vo,1 ce Vo,n
X — 2’00 -+ 2’007060 XO X1 - 2U1 s Xn - 2Un
C = Xm = (XO)M (Xl)m e (Xn)ul
Xus (X())us (Xl)us U (Xn)us

is s+ 2 at (ug, vg). We subtract the first law by multiplied by X, /v o from the second raw, and
we also subtract the first raw multiplied by (Xg)., /voo from the (24 i)-th raw fori = 1,...,s.
Then we have

Vo0 ‘ Vo1 Von

y 0
C=1 . | Blug, vy)
0

Therefore rank B(ug, vg) = s + 1, this completes the proof. O

It follows that we have the Legendrian submanifold germ (£ f](Z*(fNI )),Z) C (PT*LC*,Z2)

such that W(Lg(E*(PNI))) = LP(U x S*72), which is called the Legendrian lift germ of the
suspended lightcone pedal hypersurface germ LP(U x S*=2).

Theorem 8.6 Let X; : (U, ;) — (R7™ p;) be spacelike embedding germs of codimension k
(i = 1,2) and we write M; = X;(U). Suppose that both the Legendrian lift germs (L (X.(H;)), Zi) C
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(PT*LC*, %) of the suspended lightcone pedal hypersurface germs (LP;(U; x S*=2),v;) are Leg-
endrian stable, where v; = LIP;(u;, ju;) and THP(M;, (u;, [i;)) is the tangent lightlike hyperplane
of M; at p; = X (u;). Then the following conditions are equivalent:

(1) KM, THP(My, (a1, n));p1) = K(Ma, THP(My, (s, fiz) ); p2)-

(2) %l,vl and EQM are K-equivalent.

(3) H, and H, are P-K-equivalent.

(4) (ﬁgl(z*(ﬁl))@) and (EHZ(E*(ﬁQ)),EQ) are Legendrian equivalent.

(5) (LP (U, x S*72),v1) and (LPy(Uy x S*72),v5) are diffeomorphic as set germs.

Proof. By Proposition 6.6, the conditions (1) and (2) are equivalent. By definition, the
condition (3) implies the condition (2). By the uniqueness on the infinitesimally K-versal
deformation and Theorem 7.2, the condition (2) implies the condition (3). By the assertion
(1) of Theorem 7.2, the conditions (3) and (4) are equivalent. The conditions (4) and (5) are
equivalent as a consequence of Proposition 8.4. This completes the proof. O

9 Spacelike submanifolds with a parallel timelike normal
vector field

In this section we consider a special class of spacelike submanifolds with a parallel future
directed timelike normal vector field, which contains several important examples. We say that
n' is parallel if n (i = 1,...,s) are tangent to M = X (U). Under this assumption, we can
clarify the local geometric meaning of the lightcone curvature. For general 7 > 0, C My(nT;r)
is not necessarily spacelike even if it is a submanifold.

Proposition 9.1 Suppose that n” is parallel along M. If CMy(n”;r) is a submanifold,then it
18 spacelike.

Proof. Since (n",n?) =0(j =1,...,s), we have (n!  n?) = —(n” ,n? ). By the assumption,
n is tangent to M = X (U), so that we have (n”,n?, ) = 0. It follows that nf (j =1,...,s)
are spacelike. By the proof of Proposition 5.1, we have

0X (n",N¥;r) -
NS X )4 S ()
(2 ]:1

~ /T NS
0X(n',N”;r) 7“<'I’L$
O,

on the local coordinate neighborhood U;". These are all spacelike vectors.
On the other local coordinate neighborhoods, we have the similar calculations to the above.
This completes the proof. O

We also have the following good properties for a parallel future directed timelike unit normal
vector field n”.
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Proposition 9.2 Let n” be a future directed timelike unit normal vector field along M = X (U)
and {nT ny ... .n7 |} a pseudo-orthonormal frame of the normal bundle N(M). Then N is

a unit normal vector field along CMy(nT;r) if and only if n” is parallel, where Ns(u,,u) =

Zf 11HJ ()

Proof. We consider the local coordinate U;". Then we have

0X (n”,N%:r
PNET X u) +r Yy, o)
0X(n",N%r) (s L s )
6,”] r ](u) m l(u)

_ By a straightforward calculation, we can show that N S is always pseudo-orthogonal to
0X (n™, N®;r)/0u;. Moreover, we have the following calculations:

<N5(u IU/ "’TZNJnJuZ

(kZ 7y, ( Zum Zu; 7y, ( )
2 in

( Juz(u»)

On the other hand, r <Zf_11 pi(n’ (u),nf, (u ))) =0 for any p = (p1,...,px1) € S*2
if and only if (nT(u),n?, (u)) = 0 for j = 1,

J,Uq
to the condition (n] (u),n7(u)) = 0 for j = 1,...,k — 1. Since {n",n{,...,n;_,} a pseudo-
orthonormal frame of the normal bundle N (M), the last condition is equivalent to the condition

that n” is parallel. This completes the proof. 0

.,k — 1. The last condition is equivalent

We have the following corollary.

Corollary 9.3 Under the same notations as the above proposition, n” + N° are lightlike
normal vector fields along C My(n™;r) if and only if n™ is parallel.

Thus, we have the suspended normalized Gauss map LG: UxSF2 — Sfl and the suspended
lightcone pedal hypersurface LP : U x S*~2 — LC* are respectively the lightcone Gauss map
and the lightcone pedal of CMy(n”;r) as a spacelike submanifold of codimension two defined
n [11]. In this case we consider the family of lightcone height functions (cf., [11])

HOM: U x SF2 x 8171 — R

defined by HM (u, p,w) = (X(nT, N®;r)(u,p),w). We also have the family of extended
lightcone height functions

HOM . 7 x S 2 x LC* — R

defined by HM (u, p, v) = (X (0", N*;r)(u, 1), D) —vy. Since CMy(nT;r) is codimension two,
we can apply the results in [11]. Especially, by Propositions 4.2 and 5.1 in [11], we have the
following proposition.
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Proposition 9.4 Suppose that n' is parallel. Then we have the following:
(1) (8HCM/8ui)(§0v,/io,wo) = (OHM JOu;) (T, g, wo) =0 (1 = 1,...,8,j=1,...k—1) if
and only if wog = LG (uy, fio)-
(2) HOM (t1g, fio, vo) = (OHM [Qu;) (tio, o, va) = (OHM [Op;) (o, fio, v9) = 0 (i =1,...,5,j =
1,...k—1) if and only if vy = LP*(ay, fig).
(3) We denote that hSM (tiy, fig) = HM (itg, i, w) and hS™ (g, jig) = HM (@ig, fig,v). Then
the following conditions are equivalent:
(a) (po, &) = X (0T, N*;7) (1o, fio) € CM(n"; 1) is a lightlike parabolic point of CM (n™;r).
(b) det Hess(hgoM)(ﬂo,ﬂo) =0,
(c) det Hess(hSM) (g, fig) = 0,
where vy = ﬂéi(ao, fio) and vy = LP* (i, fig).

The assertions (1) and (2) of the above proposition describe that

CHM) = {((u, 1), LG (u, 1)) | (u, 1) € U x 552},
W(Lgew) = {LP=(u,p) | (u,1) € U x 52},

—~+
Moreover, the assertion (3) means that the both of the singularities of LG, LP* are the set
of lightlike parabolic points of CM (n”;r). As a consequence, we have the following theorem.

Theorem 9.5 Let X; : (U, @;) — (RT™, p;) be spacelike embedding germs of codimension k
(1 =1,2) and we write M; = X,;(U). Suppose that both the Legendrian lift germs

(L (3.(H)), z) € (PT*LC*, %)

H;

of the suspended lightcone pedal hypersurface germs (ILP;(U; x S*=2),v;) are Legendrian stable,
where v; = LP;(u;, ;) and THP(M;, (u;, ;) is the tangent lightlike hyperplane of M; at p; =
X (;). Moreover, we assume that nl are parallel and THP(CMy(nT;r), (u;, ii;)); pi + 7€;) is
the tangent lightlike hyperplane of the codimension two spacelike canal submanifold C My(nl';r)
at p; +r€; = X(nT, N%;7)(w;, i;). Then the following conditions are equivalent:
(1) K(Mi, THP(M, (1, fi2)); p1) = K (M2, THP(Ms, (U2, i2)); p2)-
(2) hiw, and he,, are K-equivalent.
(3) H, and H, are P-K-equivalent.
(4) (Eﬁl(E*(ﬁl)),Zl) and (EﬁQ(E*(ﬁQ)),EQ) are Legendrian equivalent.
(5) (LPy(Uy x S¥2),v) and (LPy(Uy x S*72),vy) are diffeomorphic as set germs.
(6) K(CM(ni;r), THP(CMz(ni;r), (un,fu));pr +1&)
= K(CMy(ng;r), THP(CMy(n3;r), (s, fi2)); p2 + 1&5).
(7) REM and h$M2 are K-equivalent.
(8) HOM: and HM2 are P-K-equivalent.
9) (Lzem (S, (HMY), %) and (Lo, (S, (HOM2)), 22) are Legendrian equivalent.
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Proof. 1t has been already shown in Theorem 8.6 that the conditions (1),(2),(3),(4),(5) are
equivalent. As a special case of Theorem 8.6, the conditions (6),(7),(8),(9) are also equivalent.
Since the suspended lightcone pedal hypersurfaces (LP;(U; x S*72),v;) are wavefront sets of
L 7w, , the condition (5) is equivalent to the condition (9). This completes the proof. O

10 Spacelike curves in Lorentz-Minkowski 4-space

In this section we consider spacelike curves in R} as the simplest case of the previous results.
Let v : I — R} be a spacelike curve with ||v”(s)|| # 0. In this case we write C' = ~(I)
instead of M = ~(I). Since ||¥'(s)|| > 0, we can reparameterize it by the arc-length s. So we
have the unit tangent vector t(s) = 4'(s) of v(s). Moreover we have two unit normal vectors
”(8) i (s) + o1k (s)t(s) o "

ni(s) = , Na(s) = T (5) + v (592)] under the conditions that xi(s) = [|[¥"(s)]| # 0,

Ka(s) = Hnl( ) + 0k1(s)t(s)|| # 0, where §; = sign(n;(s)) and sign(n;(s)) is the signature of
n;(s) (¢ = 1, 2,3). Then we have another unit normal vector field n3(s) defined by ns(s) = t(s)A

n1(s)Ana(s ) Therefore we can construct a pseudo-orthogonal frame {t(s), n1(s), na(s), ns(s)},
Wthh satisfies the Frenet-Serret type formulae:

t'(s) = ki(s)na(s),

n(s) = —1k1(8)t(s) + ka(s)na(s),
ny(s) = dzka(s)nu(s) + ka(s)ns(s),
ny(s) = d1k3(s)na(s),

where ro(s) = da(n)(s), na(s)) and k3(s) = dz(n,(s), ns(s)). Since t(s) is spacelike, we distin-
guish the following three cases:

Case 1: my(s) is timelike, that is, ; = —1 and d = 93 = 1.

Case 2: my(s) is timelike, that is, 0o = —1 and 6; = 93 = 1.

Case 3: n3(s) is timelike, that is, 63 = —1 and §; = J, = 1.
We consider the lightlike hypersurface along C, and calculate the Lorentzian distance-squared

function on C' which is useful for the study the singularities of lightlike hypersurfaces in the
each case.

10.1 Case 1
Suppose that m;(s) is timelike. In this case we adopt n’(s) = my(s). Then we have the
pseudo-orthogonal frame

{t(s),n" (), na(s), ns(s)},

01 = —1 and 9, = 93 = 1, which satisfies the following Frenet-Serret type formulae:

t'(s) = k1(s)n’(s),
nT(s) = k1(8)t(s) + Ka(s)na(s),
ny(s) = ra(s)n’ (s) + ra(s)ms(s),

n5(s) = —r3(s)na(s).
Since N;(C)[nT] is parametrized by
N(O)[n"] = {(7(s),&) € Y*'TR] | € = cos Ons(s) +sinOnsz(s) € Ny (C), s € 1,0 € [-m,7) },
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the lightcone Gauss map is given by
LG(s,0) = LG(n", N*)(s.6),

where N®(s,0) = n”(s) + cos Ony(s) + sin fns(s). Moreover, the lightcone pedal is LP(s, §) =
(7(s),LG(s,0))LG(s, 0).

We now consider the lightcone height function H : I x ST — R defined by H(s,v) =
(7(s),v). In the general case, we have shown that

C(H) = {(s,LG(s,0)) |(s,0) € [ x [-m,7) }.

By the Frenet-Serret type formulae, we have hl(s) = (ki(s)ny(s),v). For v = m(s,e), we
have

1(s) = (ri(s)na(s), LG(s,0)) = —Lo(s)k1(s,0) # 0,

where (y(s, 0) is the first component of n”(s) + cos fny(s) +sin Onz(s). Therefore, the lightcone
Gauss map and the lightcone pedal are non-singular.

10.2 Case 2

Suppose that m(s) is timelike. Then we adopt n’(s) = ny(s). We have a pseudo-orthogonal
frame {t(s),n”(s),n1(s),n3(s)}, 6 = —1 and §; = §3 = 1, which satisfies the following Frenet-
Serret type formulae:

t'(s) = ra(s)na(s),

b’( ) = —r1(s)t(s) + ra(s)n”(s),
n"'(s) = ka(s)ni(s) + Ka(s)ns(s),
by(s) = rz(s)n’ (s),

Here, N;(C)[n'] is parametrized by
Ny(C)[nT] = {(7(5),€) € ¥' TR} | € = cos O (s) +sin Bng(s) € Ny (C), 5 € 1,8 € [-m,7) },
so that the lightcone Gauss map and the lightcone pedal are given by

LG(s,0) = LG(nT, N®)(s,0),

where N®(s,0) = n7(s) + cosfny(s) + sinfns(s) and LP(s,0) = (y(s), LG(s,0))LG(s, 0).
We also have C(H) = {(s,LG(s,0)) |(s,0) € I x [0,27) } for the lightcone height function
H :Ix S% — R. Moreover we have the following proposition.

Proposition 10.1 For vy € 5%, we have the following:

(1) A, (s0) = 0 if and only if there exists 0y € [—m.7) such that vy = ﬂé(so, o).

(2) A, (s0) = hy, (s) = 0 if and only if there vy = m(so, +7/2).

(3) Ay, (s0) = hy, (s0) = hyy (s0) = 0 if and only if vy = m<80,:|:ﬂ'/2) and ka(sg) = 0.
)

(4) 1, (s0) = o (s0) = M (50) = B (s0) = O if and omly if v = LG(s0, %7/2), ral(s) = 0
and @(so) 0.
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Proof. By definition and the Frenet-Serret type formulae, we have
(a) hy = (t,v)
(b) hZ = (K1my, V)

(c) hY = (k\mny — K3t + Kikon' V)

(

d) A = (K — K3 + kik2) Ny — 3KL kit + (26 kg + Kikh)NT 4 Kikoksng, ).

By Proposition 4.1, we have the assertion (1). Suppose that vy = ﬂé(so,@o). By the above
formula (b), we have Ay, (so) = 0 if and only if
0 = (k1(80)m1(80), o) = K1(80)lo (s, 0y) cos by,

where £y(s,6) is the first component of n”(s) + cos fmn,(s) + sin fns(s). Since k1(s)lo(s, 0) # 0,
we have cosfly = 0. Therefore, hy (s9) = hy (s) = 0 if and only if vy = LG(SO,:EW/Q)

lo(s0, £m/2)(nT(s0) £ m3(sg)). By the above formula (c), the assertion (3) holds. By the
similar arguments to the above cases we can show that the assertion (4) holds. O

10.3 Case 3

Suppose that n3(s) is timelike. Then we adopt n” (s) = n3(s) and we have a pseudo-orthogonal
frame {t(s),nT(s),n(s),ns(s)} and d3 = —1 and §; = §, = 1,which satisfies the following
Frenet-Serret type formulae:

t'(s

= Ki(s)ni(s)
b ( S
bals

) ( )
s) = —ha(s)t(s) + wals)mals),
s) = —ra(s)ni(s) + rz(s)n’ (s),
'(5) = ra(s)ma(s),
Here, N;(C)[n”] is parametrized by
N(O)[n"] = {(v(s),&) € Y*TR] | € = cos Ony(s) +sinOnsy(s) € Ny (C), s € 1,0 € [-m,7) },
so that the lightcone Gauss map and the lightcone pedal are given by
LG(s,0) = LG(nT, N®)(s,0),

where N”(s,6) = nT(s)\i— cos Ony(s) + sinns(s) and LP(s, ) = (’7(5),@(5, 9))@(5, 0). We

also have C'(H) = {(s,LG(s,0)) |(s,0) € I x [0,27) }. By the similar calculations to the case

2, we have the following proposition.

Proposition 10.2 For vy € 5%, we have the following:

(1) A, (s0) = 0 if and only if there exists Oy € [—m.7) such that vy = m(so, o).

(2) A, (s0) = hy, (s) = 0 if and only if there vy = m(so, +7/2).

(3) hy,(s0) = hy,(s) = hyy (s0) = 0 if and only if there vy = ﬂ(/}(so, +7/2) and k2(sg) = 0.

(4) hiyy (50
A

)
and K4 (o)

h” ( )= hg{)(so) = hs,?(so) = 0 if and only if there vy = m(so, +7/2), ko(sp) =0

Proof. By the calculations of fourth order derivatives of the lightcone height function h,, we
can show the assertions similar way to the proof of Proposition 10.1. O
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10.4 Classifications of singularities

By using the results of the above cases, we classify the singularities of the lightcone pedals as
an application of the unfolding theory of functions. For a function f(s), we say that f has Ag-
singularity at sq if f®)(sq) =0 for all 1 < p < k and f*+V(sy) # 0. Let F be an r-parameter
unfolding of f and f has Aj-singularity (k > 1) at so. We denote the (k — 1)-jet of the partial
derivative OF /Ox; at sq as

OF — :
j(kil) (al'z (S,Q’Jo)) (80) - jzlaji(s - 50>]7 (Z = 17 T 7T>‘

If the rank of k& x r matrix (o, ;) is k& (k < 1), then F is called a R-versal unfolding of f,
where Qo = 8F/al’i(80, 330).
Inspired by the propositions in the previous subsections, we define the following set:

F ‘F
D%:{"’ER’“IHSER, F(s, @) = —- 8’@:”'227(‘5”%):0}’
S

which is called a discriminant set of order £. Then Dy = Dp and D% is the set of singular
points of Dp.

Therefore, Dy = D}; = LP(N,(C)[n']) and D% Let F and G be r-parameter unfoldings of
f(s) and g(s), respectively. We say that I’ and G are P-R-equivalent if there exists a diffeomor-
phism germ @ : (R x R", (sg, o)) — (R x R", (53, xy)) of the form @ (s, x) = (P1(s,x), p(x))
such that G o ® = F. In this case we can easily show that ®(D%) = D%. By definition, the
P-R-equivalence implies the P-K-equivalence. We have the following classification theorem of
R-versal unfoldings [2, Page 149, 6.6].

Theorem 10.3 Let F' : (R x R", (s, @9)) —> R be an r-parameter unfolding of f which has
Ag-singularity at sg. Suppose F' is an R-versal unfolding of f, then F is P-R-equivalent to one
of the following unfoldings:

(a) k=1; +s% + 2y,

(b) k=2 s*+ a1 + sz,

(¢) k=3 ; £s* + 21 + swo + s2u3,

We have the following classification result as a corollary of the above theorem.

Corollary 10.4 Let F': (R x R", (s, o)) —> R be an r-parameter unfolding of f which has
Ag-singularity at sg. Suppose F' is a versal unfolding of f, then we have the following assertions:
(a) If k =1, then Dp is diffeomorphic to {0} x R™™' and D% = ().

(b) If k = 2, then Dp is diffeomorphic to C(2,3) x R"™2 D% is diffeomorphic to {0} x R"~2
and D3} = .

(c) If k = 3, then Dr is diffeomorphic to SW x R"3_ D2 is diffeomorphic to C(2,3,4) x R"~3,
D3, is diffeomorphic to {0} x R"™3 and D} = 0.

We remark that all of diffeomorphisms in the above assertions are diffeomorphism germs.

Here, we respectively call C(2,3) = {(z1,22) | 71 = v? x5 = u’} x R a cuspdidaledge,
C(2,3,4) = {(z1,79,73) | 71 = v’ 1y = v?, 23 = u'} a (2,3,4)-cusp, SW = {(x1, 72, 73) |
71 = 3ut + v, 1y = 4ud + 2uv, 23 = v} a swallowtail (cf., Fig.1).
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>

cuspidaledge swallowtail
Fig. 1.

~In order to apply the above theorem, we now define a function H:Ix 52 xR — R by
H(s,v,r) = H(s,v) — r. Let us consider the canonical diffecomorphism

. S* x (R\ {0}) — LC*

defined by ¥(v,r) = rv. The we have H(s, U(v,7)) = (y(s),v) —r = H(s,v,r). This means
that H and H are P-R-equivalent. Here we have the following key proposition on H.

Proposition 10.5 If h,,(s) has Ag-singularity (k = 1,2,3) at sq, then H is a versal unfolding
of R,

Proof. 'We consider the local coordinate neighborhood Ujf = {v = (1,v1,v2,v3) € S% | v1 > 0},
where v; = /1 — v3 4+ v3. We denote that v(s) = (x¢(s),z1(s), x2(s), 23(s)) By definition, we

have
H(s,v,1) = —xo(8) + x1(s)y/1 — v3 — v3 + z2(s)vg + x3(8)v3 — 1"

Thus we have o
OH

v
o0, (s,v,7) o 11(8) + x4(s) for i = 2,
H
and a_(svvar) = —1. Thus, we have
or
oH ~ T |
S (50:7) = (9 (6) and o r) =~ (5) + 4£()

It is enough to show that the rank of the following matrix is three:

U—QCUl(S()) + (L'Q(So) Z—?(L‘l (So) + l‘g(So) —1
A= | 2ai(s0) +x5(s0) 21(s0) +25(s0) 0
2x7(s0) + 25(s0) 2 (so) +x3(s0) 0

We now assume that n? = n, (i.e., the case 2). By a straightforward calculation we can
show that

2y (so) +a5(s0) 2 (s0) + w5(s0) , "
vl v1 — (=~ ~
e 0 (s0) + a5(s0) Haf(s0) + af(se) ) = ) (T o) 3T )
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where F(s) = (x1(s),z2(s),23(s)) € R a - b is the Euclidean scaler product and a X b is
the Euclidean vector product of a,b € R3. Here, (vy,vs,v3) - (7' (s0) X 7”"(s0)) is the first
component of eqg A v'(s9) Av"(s) for eg = (1,0,0,0). By the proof of Proposition 10.1, vy =
lo(s0, £m/2) (11 £ n3)(s0), so that

eo AY (50) A" (50) = Lo(50, £7/2) (11 £m3)(50) At(s0) A (K111 (50) = Elo(s0, £7/2) (k1) (s0).

Since n” is timelike, the first component of i’ (sg) is not equal to zero. By the similar calcu-
lations to the above, we can show that the rank of the matrix A is three for the case 3 (i.e.,

n’ = n3). This completes the proof. O

Since W(D%) = D%, we have the following classification result.

Theorem 10.6 Let v : [ — R} be a spacelike curve with k(s) # 0.

For the case 1, the lightcone pedal is always non-singular. For the cases 2 or 3, the set of
singular points of the lightcone pedal is {(s,+m/2) | s € I}. Moreover, we have the following
classification:

(1) The germ of the image of the lightcone pedal LP(I X [—m, 7]) at LP(so, £7/2) is diffeomorphic
to the cuspidaledge C(2,3) X R if ka(so) # 0. In this case the critical value set of the lightcone
pedal is locally diffeomorphic to a line.

(2) The germ of the image of the lightcone pedal LP(I X [—7, 7]) at LIP(so, £7/2) is diffeomorphic
to the swallowtail SW if ka(sg) = 0 and r4(so) # 0. In this case the critical value set of the
lightcone pedal is locally diffeomorphic to the (2,3,4)-cusp C(2,3,4).

Proof. 'We remark that LIP(] x [—n.7]) is the wavefront set of .Z5(X,(H)). By definition, we
have LP(I x [—m.7]) = D = U(Dyg).

We now consider the cases 2 or 3. By Proposition 10.5, H is an R-versal unfolding of h,,, at sq
if h,, has Ag-singularity for k = 1,2, 3. By Propositions 10.1 and 10.2, h,,, has As-singularity at
s¢ for vy = m(so, +7/2) if ra(sg) # 0. In this case, by Corollary 10.4, the germ of the image
of the lightcone pedal LP(I x [—m,7]) at LP(so, £7/2) is diffeomorphic to the cuspidaledge
C(2,3) x R. Moreover, h,, has As-singularity at sy for vy = m(so,iﬂ/Z) if ka(so) = 0
and r5(so) # 0. In this case, the germ of the image of the lightcone pedal LP(I x [—7, 7))
at LP(sg, £7/2) is diffeomorphic to the swallowtail SW. By Corollary 10.4, the critical value
set of the lightcone pedal is locally diffeomorphic to the line and the (2,3,4)-cusp C(2,3,4)
respectively. This completes the proof. O

11 Submanifolds in Euclidean space or
Hyperbolic space

In this section we consider submanifolds in Euclidean space and Hyperbolic space as special
cases as the previous results.

11.1 Submanifolds in Euclidean space

Let R} be the Euclidean space which is given by zo = 0 for ¢ = (zo,21,...,2,). Consider
an embedding X : U — R{, where U C R® is an open set. In this case we can adopt
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n’ =¢ey = (1,0,...,0) as a future directed timelike unit normal vector field along M = X (U)
in Rt In this case Ny (M)[n?] = Ny(M)[eo] is the unit normal bundle N§(M) of M in RZ in
the Euclidean sense. Therefore, the lightcone Gauss map ﬂé(nT) is given by ﬂé(nT)(p, £ =
eo+&=eo+G(p &), where G : Nf(M) — S"! is the Gauss map of the unit normal bundle
N{(M) defined by G(p, &) = &[3]. Since ey is a constant vector, we have d(p,g)m(nT) = dpe)G,
so that we have
ffz‘(nT)(%E) = ri(eo)(p, &) = ri(p, ),

where ;(p,§) (i = 1,...,s) are the eigenvalues of —d, ¢ G belonging to the eigenvectors on
T,M, which are the principal curvatures of M with respect to &£ in the Euclidean sense. The
intersection of R with a lightlike hyperplane in Rg“ is a hyperplane in R{}. Therefore, the
lightlike flat geometry of submanifolds in Rj is a geometry investigating the contact with
hyperplanes of Rfj which is called the flat geometry in Euclidean space. For example, let
v : I — R} be a unit speed curve in Euclidean 3-space. It corresponds to the case 3) in §10.
We choose n” (u) = ey = (1,0,0,0) = n3(u), so that 1 (s) is the curvature of v and ks (s) is the
torsion of . Thus, Proposition 10.2 asserts that a singular point of the Gauss map corresponds
to the point of the curve which has higher order contact with a plane in R}.

11.2 Submanifolds in Hyperbolic space

Let X : U — H"(—1) be an immersion into the hyperbolic space. Then we adopt n’ (u) =
X (u). In this case Ni(M)[nT] is the unit normal bundle N*(M) of M = X(U) in H"(—1).
Therefore, the lightcone Gauss image LG(n?) is given by LG(n”)(u,&) = X(u) + & We
remember that

CMy(n";r) = X (n', N*7)(U x $*72) = {X (u) + N*(u, o) | (u, ) € U x $*72}.

For sufficiently small 1 > r > 0, there exists § € R such that tanhf = r. We now define a

mapping
Wy, : CMy(n”;r) — H"(—1)

by U, (X (u) + rN®(u, 1)) = cosh (X (u) + rN(u, 1)) = cosh§X (u) + sinh N (u, u). We
remark that W, is an embedding and the image is the hyperbolic canal hypersurface Cy(M; )
of M defined in [9]. In [9] the horospherical hypersurface of M was defined to be a mapping

HSx : U x S*2% — LC*;, HSx(u, ) = X (u) + N*(u, ),
which is nothing but the lightcone Gauss image LG : U x S¥~2 — LC*.
-1
We now define a mapping ¢ : LC* — LC* by ®(v) = i wehre v = (vg, v1,...,0p).

0
Then we have ®o® = 1,0+, so that ® is a diffeomorphism. If we denote that X (u)+ N (u, p) =
(bo(u, ), € (u, 1), - .., Ln(u, 1)), then we have
—1
g()(uu M) '

LG(u, p) = (X (u) + N¥(u, 1)) and (X (u), LG(u, p)) =

60 (U, M)
It follows that

LP(u, ) = (X (u), LG(u, 1))LG(u, ) = ® 0 LG(u, p) = ® 0 HSx (u, 11).

Therefore, we have [9, Theorem 5.6] as a special case of Theorem 8.6. In this case, the lightlike
flat geometry is called the horospherical geometry in Hyperbolic space [6, 9].
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