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Lightlike flat geometry of spacelike
submanifolds in Lorentz-Minkowski space

Shyuichi IZUMIYA and Masaki KASEDOU∗

January 24, 2014

Abstract

In this paper we investigate differential geometry on spacelike submanifolds in Lorentz-
Minkowski space from the view point of contact with lightlike hyperplanes. It is called
the lightlike flat geometry which has been well established for the codimension two case.
In order to develop the theory for the general codimension case, we introduce the notion
of codimension two spacelike canal submanifolds which is a main tool in this paper. We
apply the theory of Lagrangian/Legendrian singularities to codimension two spacelike
canal submanifolds and obtain the relation with the previous results on the codimension
two case.

1 Introduction

In this paper we consider differential geometry on general spacelike submanifolds in Lorentz-
Minkowski space. In the previous researches [7, 8, 10, 11, 14], it has been recognized that the
codimension two spacelike submanifolds have special meanings in differential geometry of space-
like submanifolds in Lorentz-Minkowski space. The lightlike geometry of spacelike submanifolds
of codimension two has been developed in those articles which is a natural generalization of ex-
trinsic differential geometry of hypersurfaces in Euclidean space and the horospherical geometry
of hypersurfaces in Hyperbolic space [6]. If we consider general submanifolds in Euclidean space
or Hyperbolic space, the canal hypersurface of the manifold is a useful tool for the study of ex-
trinsic differential geometry on the manifold. The situation is rather complicated for spacelike
submanifolds with general codimensions in Lorentz-Minkowski space comparing with the Eu-
clidean space case or the Hyperbolic space case. The main difference from the Euclidean space
case or the Hyperbolic space case is the fiber of the canal hypersurface of a spacelike submanifold
is neither connected nor compact. However, we do not need the canal hypersurfaces for devel-
oping the lightlike geometry of spacelike submanifolds with general codimensions. According to
the results of [11], we need codimension two spacelike canal submanifolds in Lorentz-Minkowski
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space. In order to define the notion of codimension two spacelike canal submanifolds, we arbi-
trary choose a timelike future directed unit normal vector field along a spacelike submanifold
which always exists for an orientable spacelike submanifold (cf, [12, 13]). Then we construct
the unit spherical normal bundle relative to the above timelike unit normal vector field. The
codimension two spacelike canal submanifold is a spacelike embedding of this unit spherical
normal bundle into Lorentz-Minkowski space. Since it is codimension two, we can apply the
previous results for codimension two spacelike submanifolds. In [11], it has been investigated
the lightlike flat geometry of spacelike submanifolds of codimension two in Lorentz-Minkowski
space. The notion of lightcone Gauss maps and lightcone pedals of codimension two spacelike
submanifolds play a principal role in the lightlike flat geometry. The singularities of those
mappings, which are the points with vanishing lightcone Gauss-Kronecker curvatures, describe
the contact of codimension two spacelike submanifolds with lightlike hyperplane.

In this paper we investigate the lightlike geometry of spacelike submanifolds in Lorentz-
Minkowski space with general codimensions from the view point of the contact with lightlike
hyperplanes. The natural connection between geometry and singularities relies on the basic
fact that the contact of a submanifold with the models of the ambient space can be described
by means of the analysis if the singularities of appropriate families of contact functions, or
equivalently, of their associated Lagrangian/Legendrian maps. For the lightlike geometry the
models are lightlike hyperplanes or lightcones. The lightlike flat geometry is the lightlike
geometry which adopts lightlike hyperplanes as model hypersurfaces.

In §3 we briefly review some previous results on lightlike differential geometry of spacelike
submanifolds which have been given in [12, 13]. The lightcone Lipschitz-Killing curvature of
spacelike submanifolds is one of the basic invariants. Lightcone height functions are defined
in §4 and we investigate basic properties. Codimension two spacelike canal submanifolds are
introduced in §5. We introduce the notion of lightcone Gauss maps and lightcone pedal hy-
persurfaces of codimension two spacelike canal submanifolds. Of course, it might depend on
the choice of the future directed timelike unit normal vector field. However, we can show that
these mappings are independent of the choice of the future directed unit normal vector field
(cf., Proposition 5.2). Therefore, we can define suspended lightcone Gauss maps and suspended
lightcone pedal hypersurfaces of the spacelike submanifold. In §6 we investigate the contact
of spacelike submanifolds with lightlike hyperplanes. We investigate the detailed properties of
contact with lightlike hyperplanes from the view point of the theory of Lagrangian/Legendrian
singularities in §7 and §8. Finally, we consider the case that the future directed timelike unit
normal vector field is parallel along the spacelike submanifold in §9. In this case we have more
detailed properties. In §10 we consider spacelike curves in Lorentz-Minkowski 4-space as the
simplest case of spacelike submanifolds with higher codimension. We consider the case of sub-
manifolds lying in Euclidean space or Hyperbolic space in §11. In this case the lightlike flat
geometry is the flat geometry in Euclidean space or the horospherical geometry in Hyperbolic
space.

2 Basic concepts

We introduce in this section some basic notions on Lorentz-Minkowski n + 1-space. For basic
concepts and properties, see [17].

Let Rn+1 = {(x0, x1, . . . , xn) | xi ∈ R (i = 0, 1, . . . , n) } be an n + 1-dimensional cartesian
space. For any x = (x0, x1, . . . , xn), y = (y0, y1, . . . , yn) ∈ Rn+1, the pseudo scalar product
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of x and y is defined by ⟨x,y⟩ = −x0y0 +
∑n

i=1 xiyi. We call (Rn+1, ⟨, ⟩) Lorentz-Minkowski
n + 1-space. We write Rn+1

1 instead of (Rn+1, ⟨, ⟩). We say that a non-zero vector x ∈ Rn+1
1 is

spacelike, lightlike or timelike if ⟨x,x⟩ > 0, ⟨x,x⟩ = 0 or ⟨x,x⟩ < 0 respectively. The norm
of the vector x ∈ Rn+1

1 is defined to be ∥x∥ =
√
|⟨x,x⟩|. We have the canonical projection

π : Rn+1
1 −→ Rn defined by π(x0, x1, . . . , xn) = (x1, . . . , xn). Here we identify {0} × Rn with

Rn and it is considered as Euclidean n-space whose scalar product is induced from the pseudo
scalar product ⟨, ⟩. For a vector v ∈ Rn+1

1 and a real number c, we define a hyperplane with
pseudo normal v by

HP (v, c) = {x ∈ Rn+1
1 | ⟨x,v⟩ = c }.

We call HP (v, c) a spacelike hyperplane, a timelike hyperplane or a lightlike hyperplane if v is
timelike, spacelike or lightlike respectively.

We now define Hyperbolic n-space by

Hn
+(−1) = {x ∈ Rn+1

1 |⟨x,x⟩ = −1, x0 > 0}

and de Sitter n-space by
Sn
1 = {x ∈ Rn+1

1 |⟨x,x⟩ = 1 }.

We define
LC∗ = {x = (x0, x1, . . . , xn) ∈ Rn+1

1 |x0 ̸= 0, ⟨x,x⟩ = 0}

and we call it the (open) lightcone at the origin.

If x = (x0, x1, . . . , x2) is a non-zero lightlike vector, then x0 ̸= 0. Therefore we have

x̃ =

(
1,
x1
x0
, . . . ,

xn
x0

)
∈ Sn−1

+ = {x = (x0, x1, . . . , xn) | ⟨x,x⟩ = 0, x0 = 1}.

We call Sn−1
+ the lightcone (or, spacelike) unit n− 1-sphere.

For any x1,x2, . . . ,xn ∈ Rn+1
1 , we define a vector x1 ∧ x2 ∧ · · · ∧ xn by

x1 ∧ x2 ∧ · · · ∧ xn =

∣∣∣∣∣∣∣∣∣∣∣

−e0 e1 · · · en

x10 x11 · · · x1n
x20 x21 · · · x2n
...

... · · · ...
xn0 xn1 · · · xnn

∣∣∣∣∣∣∣∣∣∣∣
,

where e0, e1, . . . , en is the canonical basis of Rn+1
1 and xi = (xi0, x

i
1, . . . , x

i
n).We can easily check

that ⟨x,x1∧x2∧ · · ·∧xn⟩ = det(x,x1, . . . ,xn), so that x1∧x2∧ · · ·∧xn is pseudo orthogonal
to any xi (i = 1, . . . , n).

3 Differential geometry on spacelike submanifolds

In this section we introduce the basic geometrical framework for the study of spacelike sub-
manifolds in Lorentz-Minkowski n+ 1-space analogous to the case of codimension two in [11].
Let Rn+1

1 be a timelike oriented space. We choose e0 = (1, 0, . . . , 0) as the future timelike
vector field. Let X : U −→ Rn+1

1 be a spacelike embedding of codimension k, where U ⊂ Rs

(s + k = n + 1) is an open subset. We also write M = X(U) and identify M and U through
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the embedding X. We say that X is spacelike if the tangent space TpM of M at p consists of
spacelike vectors for any point p ∈M . For any p = X(u) ∈M ⊂ Rn+1

1 , we have

TpM = ⟨Xu1(u), . . . ,Xus(u)⟩R,

where u = (u1, . . . , us). Let Np(M) be the pseudo-normal space of M at p in Rn+1
1 . Since TpM

is a spacelike subspace of TpRn+1
1 , Np(M) is a k-dimensional Lorentzian subspace of TpRn+1

1

(cf.,[17]). On the pseudo-normal space Np(M), we have two kinds of pseudo spheres:

Np(M ;−1) = {v ∈ Np(M) | ⟨v,v⟩ = −1 }
Np(M ; 1) = {v ∈ Np(M) | ⟨v,v⟩ = 1 },

so that we have two unit normal spherical normal bundles over M :

N(M ;−1) =
∪
p∈M

Np(M ;−1) and N(M ; 1) =
∪
p∈M

Np(M ; 1).

We have the Whitney sum decomposition TRn+1
1 |M = TM⊕N(M). SinceM = X(U) is space-

like, e0 is a transversal future directed timelike vector field along M . For any v ∈ TpRn+1
1 |M,

we have v = v1+v2, where v1 ∈ TpM and v2 ∈ Np(M). If v is timelike, then v2 is timelike. Let
πN(M) : TRn+1

1 |M −→ N(M) be the canonical projection. Then πN(M)(e0) is a future directed
timelike normal vector field along M. So we always have a future directed unit timelike normal
vector field along M (even globally). We now arbitrarily choose a future directed unit timelike
normal vector field nT (u) ∈ Np(M ;−1), where p = X(u). Therefore we have the pseudo-
orthonormal compliment (⟨nT (u)⟩R)⊥ in Np(M) which is a (k − 1)-dimensional spacelike sub-
space of Np(M). We can also choose a pseudo-normal section nS(u) ∈ (⟨nT (u)⟩R)⊥ ∩N(M ; 1),
then we have ⟨nS,nS⟩ = 1 and ⟨nS,nT ⟩ = 0. We define a (k − 2)-dimensional spacelike unit
sphere in Np(M) by

N1(M)p[n
T ] = {ξ ∈ Np(M ; 1) | ⟨ξ,n(p)⟩ = 0 }.

Then we have a spacelike unit (k−2)-spherical normal bundle overM with respect to nT defined
by N1(M)[nT ] =

∪
p∈M N1(M)p[n

T ]. Then we have T(p,ξ)N1(M)[nT ] = TpM × TξN1(M)p[n
T ].

For any future directed unit normal nT along M, we arbitrary choose the unit spacelike
normal vector field nS with nS(u) ∈ N1(M)p[n

T ] (i.e., ⟨nS,nS⟩ = 1, ⟨nS,nT ⟩ = 0), where p =
X(u). We call (nT ,nS) a future directed orthonormal pair. Clearly, the vectors nT (u)±nS(u)
are lightlike. Here we choose nT + nS as a lightlike normal vector field along M. We define
a mapping LG(nT ,nS) : U −→ LC∗ by LG(nT ,nS)(u) = nT (u) + nS(u). We call it the
lightcone Gauss image of M = X(U) with respect to (nT ,nS). We also define a mapping

L̃G(nT ,nS) : U −→ Sn−1
+ by L̃G(nT ,nS)(u) = ˜nT (u) + nS(u) which is called the lightcone

Gauss map of M = X(U) with respect to (nT ,nS). Under the identification of M and U
through X, we have the linear mapping provided by the derivative of the lightcone Gauss
image LG(nT ,nS) at each point p ∈M ,

dpLG(nT ,nS) : TpM −→ TpRn+1
1 = TpM ⊕Np(M).

Consider the orthogonal projection πt : TpM ⊕Np(M) → Tp(M) and define

dpLG(nT ,nS)t = πt ◦ dp(nT + nS).
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We call the linear transformation Sp(n
T ,nS) = −dpLG(nT ,nS)t of TpM , the (nT ,nS)-

shape operator of M = X(U) at p = X(u). The eigenvalues of Sp(n
T ,nS), denoted by

{κi(nT ,nS)(p)}si=1, are called the lightcone principal curvatures with respect to (nT ,nS) at
p = X(u). Then the lightcone Lipschitz-Killing curvature with respect to (nT ,nS) at p = X(u)
is defined by

Kℓ(n
T ,nS)(p) = detSp(n

T ,nS).

We say that a point p = X(u) is an (nT ,nS)-umbilical point if all the principal curvatures
coincide at p = X(u) and thus Sp(n

T ,nS) = κ(nT ,nS)(p)1TpM , for some function κ. We say
that M = X(U) is totally (nT ,nS)-umbilic if all points on M are (nT ,nS)-umbilic.

We deduce now the lightcone Weingarten formula. Since Xui
(i = 1, . . . s) are spacelike

vectors, we have a Riemannian metric (the lightcone first fundamental form ) on M = X(U)
defined by ds2 =

∑s
i=1 gijduiduj, where gij(u) = ⟨Xui

(u),Xuj
(u)⟩ for any u ∈ U. We also have

a lightcone second fundamental invariant with respect to the normal vector field (nT ,nS) defined
by hij(n

T ,nS)(u) = ⟨−(nT + nS)ui
(u),Xuj

(u)⟩ for any u ∈ U. By the similar arguments to
those in the proof of [11, Proposition 3.2], we have the following proposition.

Proposition 3.1 We choose a pseudo-orthonormal frame {nT ,nS
1 , . . . ,n

S
k−1} of N(M) with

nS
k−1 = nS. Then we have the following lightcone Weingarten formula with respect to (nT ,nS)

:

(a) LG(nT ,nS)ui
= ⟨nS

ui
,nT ⟩(nT −nS)+

∑k−2
ℓ=1 ⟨(nT +nS)ui

,nS
ℓ ⟩nS

ℓ −
∑s

j=1 h
j
i (n

T ,nS)Xuj

(b) πt ◦ LG(nT ,nS)ui
= −

∑s
j=1 h

j
i (n

T ,nS)Xuj
.

Here
(
hji (n

T ,nS)
)
=
(
hik(n

T ,nS)
) (
gkj
)
and

(
gkj
)
= (gkj)

−1.

As a corollary of the above proposition, we have an explicit expression of the lightcone
curvature in terms of the Riemannian metric and the lightcone second fundamental invariant.

Corollary 3.2 Under the same notations as in the above proposition, the lightcone Lipschitz-
Killing curvature relative to (nT ,nS) is given by

Kℓ(n
T ,nS) =

det
(
hij(n

T ,nS)
)

det (gαβ)
.

Since ⟨−(nT + nS)(u),Xuj
(u)⟩ = 0, we have hij(n

T ,nS)(u) = ⟨nT (u) + nS(u),Xuiuj
(u)⟩.

Therefore the lightcone second fundamental invariant at a point p0 = X(u0) depends only on
the values nT (u0)+nS(u0) andXuiuj

(u0), respectively assumed by the vector fields nT+nS and
Xuiuj

at the point p0. Thus, the lightcone curvature also depends only on nT (u0) + nS(u0),
Xui

(u0) and Xuiuj
(u0), independent of the derivation of the vector fields nT and nS. We

write Kℓ(n
T
0 ,n

S
0 )(u0) as the lightcone curvatures at p0 = X(u0) with respect to (nT

0 ,n
S
0 ) =

(nT (u0),n
S(u0)). We can also say that a point p0 = X(u0) is (nT

0 ,n
S
0 )-umbilic because the

lightcone (nT ,nS)-shape operator at p0 depends only on the normal vectors (nT
0 ,n

S
0 ). So we

denote that hij(n
T , ξ)(u0) = hij(n

T ,nS)(u0) and Kℓ(n
T , ξ)(p0) = Kℓ(n

T
0 ,n

S
0 )(p0), where ξ =

nS(u0) for some local extension nT (u) of ξ. Analogously, we say that a point p0 = X(u0) is an
(nT

0 ,n
S
0 )-parabolic point of X : U −→ Rn+1

1 if Kℓ(n
T
0 ,n

S
0 )(u0) = 0. And we say that a point

p0 = X(u0) is an (nT
0 ,n

S
0 )-flat point if it is an (nT

0 ,n
S
0 )-umbilic point and Kℓ(n

T
0 ,n

S
0 )(u0) = 0.

On the other hand, the lightcone Gauss map L̃G(nT ,nS) with respect to (nT ,nS) also

induces a linear mapping dpL̃G(nT ,nS) : TpM −→ TpRn+1
1 under the identification of U and

M, where p = X(u). We have the following proposition.
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Proposition 3.3 Under the above notations, we have the following normalized lightcone Wein-
garten formula with respect to (nT ,nS):

πt ◦ L̃G(nT ,nS)ui
(u) = −

s∑
j=1

1

ℓ0(u)
hji (n

T ,nS)(u)Xuj
(u),

where LG(nT ,nS)(u) = (ℓ0(u), ℓ1(u), . . . , ℓn(u)).

Proof. By definition, we have ℓ0L̃G(nT ,nS) = LG(nT ,nS). It follows that ℓ0L̃G(nT ,nS)ui
=

LG(nT ,nS)ui
− ℓ0ui

L̃G(nT ,nS). Since L̃G(nT ,nS)(u) ∈ Np(M), we have

πt ◦ L̃G(nT ,nS)ui
=

1

ℓ0
πt ◦ LG(nT ,nS)ui

.

By the lightcone Weingarten formula with respect to (nT ,nS) (Proposition 3.1), we have the
desired formula. 2

We call the linear transformation S̃p = −πt ◦ dpL̃G(nT ,nS) the normalized lightcone shape

operator ofM at p with respect to (nT ,nS). The eigenvalues {κ̃i(nT ,nS)(p)}si=1 of S̃p are called
the normalized lightcone principal curvatures. By the above proposition, we have κ̃i(n

T ,nS)(p) =
(1/ℓ0(u))κi(n

T ,nS)(p). The normalized Lipschitz-Killing curvature ofM with respect to (nT ,nS)

is defined to be K̃ℓ(u) = det S̃p. Then we have the following relation between the normalized
lightcone Lipschitz-Killing curvature and the lightcone Lipschitz-Killing curvature:

K̃ℓ(n
T ,nS)(u) =

(
1

ℓ0(u)

)s

Kℓ(n
T ,nS)(u).

By definition, p0 = X(u0) is the (n
T
0 ,n

S
0 )-umbilical point if and only if S̃p0 = κ̃i(n

T ,nS)(p0)1Tp0M
.

We have the following proposition.

Proposition 3.4 Let nT be a future directed timelike unit normal vector field along M =
X(U). Then the following conditions (1) and (2) are equivalent:

(1) There exists a spacelike unit normal vector field nS alongM = X(U) with ⟨nT ,nS⟩ = 0 such

that the normalized lightcone Gauss map L̃G(nT ,nS) of M = X(U) with respect to (nT ,nS)
is constant.

(2) There exists v ∈ Sn−1
+ and a real number c such that M ⊂ HP (v, c).

Suppose that the above condition holds. Then

(3) M = X(U) is totally (nT ,nS)-flat.

Proof. Suppose that the condition (1) holds. We consider a function F : U −→ R defined by
F (u) = ⟨X(u),v⟩. By definition, we have

∂F

∂ui
(u) = ⟨Xui

(u),v⟩ = ⟨Xui
(u), L̃G(nT ,nS)(u)⟩,

for any i = 1, . . . , s. Therefore, F (u) = ⟨X(u),v⟩ = c is constant. It follows thatM ⊂ HP (v, c)
for v ∈ Sn−1

+ .

Suppose that M is a subset of a lightlike hyperplane H(v, c) for v ∈ SN−1
+ . Since M ⊂

HP (v, c), we have TpM ⊂ H(v, 0). If ⟨nT (u),v⟩ = 0, then nT (u) ∈ HP (v, 0). We remark that
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HP (v, 0) does not include timelike vectors. This is a contradiction. So we have ⟨nT (u),v⟩ ̸= 0.
We now define a normal vector field along M = X(U) by

nS(u) =
−1

⟨nT (u),v⟩
v − nT (u).

We can easily show that ⟨nS(u),nS(u)⟩ = 1 and ⟨nS(u),nT ⟩ = 0. Therefore (nT ,nS) is a

future directed orthonormal pair such that L̃G(nT ,nS)(u) = v.

On the other hand, by Proposition 3.3, if L̃G(nT ,nS) is constant, then (hji (n
T ,nS)(u)) = O,

so that M = X(U) is lightcone (nT ,nS)-flat. 2

Suppose that M = X(U) is a codimension two spacelike submanifold in Rn+1
1 . In this

case the pseudo-normal space Np(M) is a Lorenz plane, so that the lightcone is a set of two
lightlike lines. Therefore, the directions nT±nS are uniquely determined. Thus, the normalized
Gauss map is independent of the choice of nT . We may write L̃G = L̃G(nT ,nS). The detailed

geometric properties related to L̃G were given in [11].

4 Lightcone height functions

In order to investigate the geometric meanings of the normalized lightcone Lipschitz-Killing
curvature K̃ℓ(n

T ,nS) of M = X(U), we introduce a family of functions on M = X(U). We
define the family of lightcone height functions H : U×Sn−1

+ −→ R onM = X(U) by H(u,v) =
⟨X(u),v⟩. We denote the Hessian matrix of the lightcone height function hv0(u) = H(u,v0) at
u0 as Hess(hv0)(u0). The following proposition characterizes the lightlike parabolic points and
lightlike flat points in terms of the family of lightcone height functions.

Proposition 4.1 Let nT be a future directed timelike unit normal vector field alongM = X(U)
and H : U × Sn−1

+ −→ R the family of lightcone height functions on M = X(U). Then

(1) (∂H/∂ui)(u0,v0) = 0 (i = 1, . . . , s) if and only if there exists a spacelike unit normal

vector field nS along M = X(U) with ⟨nT ,nS⟩ = 0 such that v0 = L̃G(nT
0 ,n

S
0 )(u0).

Suppose that p0 = X(u0), v0 = L̃G(nT
0 ,n

S
0 )(u0). Then

(2) p0 is an (nT
0 ,n

S
0 )-parabolic point if and only if detHess(hv0)(u0) = 0,

(3) p0 is a flat (nT
0 ,n

S
0 )-umbilic point if and only if rankHess(hv0)(u0) = 0.

Proof. (1) Since (∂H/∂ui)(u0,v0) = ⟨Xui
(u0),v0), (∂H/∂ui)(u0,v0) = 0 (i = 1, . . . , s) if and

only if v0 ∈ Np0(M) and v0 ∈ Sn−1
+ . By the same construction as in the proof of Proposition

3.4, we have a spacelike unit normal vector field nS along M = X(U) with ⟨nT ,nS⟩ = 0 such

that v0 = L̃G(nT ,nS)(u0) = L̃G(nT
0 ,n

S
0 )(u0). The converse also holds. For the proof of the

assertions (2) and (3), as a consequence of Proposition 3.1, we have

Hess(hv0)(u0) =
(
⟨Xuiuj

(u0), L̃G(nT ,nS)(u0)⟩
)
=

(
1

ℓ0
⟨Xuiuj

(u0),n
T (u0) + nS(u0)⟩

)
=

(
1

ℓ0
⟨Xui

(u0), (n
T + nS)uj

(u0)⟩
)

=

(
1

ℓ0
⟨Xui

(u0),−
s∑

k=1

hkj (n
T ,nS)(u0)Xuk

(u0)⟩

)
=

(
− 1

ℓ0
hij(n

T ,nS)(u0)

)
.
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By definition, Kℓ(n
T ,nS)(u0) = 0 if and only if det (hij(n

T ,nS)(u0)) = 0. The assertion (2)
holds. Moreover, p0 is a flat (nT

0 ,n
S
0 )-umbilical point if and only if (hij(n

T ,nS)(u0)) = O. So
we have the assertion (3). 2

We also define a family of functions H̃ : U ×LC∗ −→ R by H̃(u,v) = ⟨X(u), ṽ⟩−v0, where
v = (v0, v1, . . . , vn). We call H̃ the family of extended lightcone height functions of M = X(U).

Since ∂H̃/∂ui = ∂H/∂ui for i = 1, . . . , s and Hess(h̃v) = Hess(hṽ), we have the following
proposition as a corollary of Proposition 4.3.

Proposition 4.2 Let H̃ : U × LC∗ −→ R be the extended lightcone height function of M =
X(U). Then

(1) H̃(u0,v0) = (∂H̃/∂ui)(u0,v0) = 0 (i = 1, . . . , s) if and only if there exists a spacelike
unit normal vector field nS along M = X(U) with ⟨nT ,nS⟩ = 0 such that

v0 = ⟨X(u0), L̃G(nT
0 ,n

S
0 )(u0)⟩L̃G(nT

0 ,n
S
0 )(u0).

Suppose that p0 = X(u0), v0 = ⟨X(u0), L̃G(nT
0 ,n

S
0 )(u0)⟩L̃G(nT

0 ,n
S
0 )(u0). Then

(2) p0 is an (nT
0 ,n

S
0 )-parabolic point if and only if detHess(h̃v0)(u0) = 0.

(3) p0 is a flat (nT
0 ,n

S
0 )-umbilic point if and only if rankHess(h̃v0)(u0) = 0.

Proof. It follows from Proposition 4.1, (1) that (∂H̃/∂ui)(u0,v0) = 0 (i = 1, . . . , s) if and only
if there exists a spacelike unit normal vector field nS along M = X(U) with ⟨nT ,nS⟩ = 0 such

that v0 = L̃G(nT
0 ,n

S
0 )(u0). Moreover, the condition H̃(u0,v0) = 0 is equivalent the condition

that v0 = ⟨X(u0), L̃G(nT
0 ,n

S
0 )(u0)⟩, where v0 = (v0, v1, . . . , vn). This means that

v0 = ⟨X(u0), L̃G(nT
0 ,n

S
0 )(u0)⟩L̃G(nT

0 ,n
S
0 )(u0).

The assertions (2) and (3) directly follows from the assertion (2) and (3) of Proposition 3.3. 2

5 Codimension two spacelike canal submanifolds

In this section we define a codimension two spacelike submanifold in Lorentz-Minkowski space
which has analogous properties with the canal hypersurface of a submanifold in Euclidean
space.

We now consider a spacelike embedding X : W −→ Rn+1
1 from an open subset W ⊂ Rs.

Moreover, we take an open subset U ⊂ W such that U ⊂ W is compact, where U is the closure
of U in Rs. For any future directed timelike unit normal vector field nT along M = X(U),
there exists a pseudo-orthonormal frame {nT ,nS

1 , . . . ,n
S
k−1} of N(M), so that we have a frame

field
{Xu1 , . . . ,Xus ,n

T ,nS
1 , . . . ,n

S
k−1}

of Rn+1
1 along M = X(U). We define an Sk−1-family of the spacelike unit normal vector field

NS(u, µ) =
k−1∑
j=1

µjn
S
j (u) ∈ N(M)1[n

T ]
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along M = X(U) for µ = (µ1, . . . , µk−1) ∈ Sk−2 ⊂ Rk−1. This gives a parametrization of the
spacelike unit (k − 2)-spherical normal bundle over M = X(U) with respect to nT . Under the
canonical identification of TpRn+1

1 with Rn+1
1 , we have N1(M)p ⊂ Rn+1

1 for any p = X(u). We
define a set

CM2(n
T ; r) = {X(u) + rξ | ξ ∈ N1(M)p[n

T ], p = X(u), u ∈ U } ⊂ Rn+1
1 .

By an arbitrary chosen psuedo-orthonormal frame {Xu1 , . . . ,Xus ,n
T ,nS

1 , . . .n
S
k−1}, we have a

mapping
X(nT ,NS; r) : U × Sk−2 −→ Rn+1

1

defined by
X(nT ,NS; r)(u, µ) = X(u) + rNS(u, µ).

We have the following proposition.

Proposition 5.1 For sufficiently small r > 0, X(nT ,NS
1 ; r) is a spacelike immersion.

Proof. We consider the local coordinate neighborhood of Sk−1:

U+
1 = {(µ1, . . . , µk−1) ∈ Sk−1 | µ1 > 0 }.

Then we have µ1 =
√

1−
∑k−1

j=2 µ
2
j . For i = 1, . . . , s, j = 2, . . . k − 1, we have the following

calculation:

∂X(nT ,NS; r)

∂ui
= Xui

(u) + r
k−1∑
j=1

µjn
S
j,ui

(u)

∂X(nT ,NS; r)

∂µj

= r

(
nS

j (u)−
µj

µ1

nS
1 (u)

)
.

Since {Xui
(u), r(nS

j (u)− (µj/µ1)n
S
1 (u)) | i = 1, . . . , s, j = 1, . . . , k−1} is linearly independent,{

Xui
(u) + r

k−1∑
j=1

µjn
S
j,ui

(u), r

(
nS

j (u)−
µj

µ1

nS
1 (u)

)
| i = 1, . . . , s, j = 1, . . . , k − 1

}

is linearly independent for sufficiently small r > 0. Since Xui
(u) is spacelike and U is com-

pact, Xui
(u) + r

∑k−1
j=1 µjn

S
j,ui

(u) is spacelike for sufficiently small r > 0 for any u ∈ U (even

if
∑k−1

j=1 µjn
S
j,ui

(u) is timelike). By definition, nS
j (u) −

µj

µ1
nS

1 (u) is always spacelike, so that

X(nT ,nS
1 , . . . ,n

S
k−1; r) is a spacelike immersion for sufficiently small r > 0.

For the other local coordinates of Sk−1, we can apply the similar calculation to the above
case. This completes the proof. 2

We suppose that X(nT ,NS
1 ; r) is a spacelike immersion. For any ξ ∈ N1(M)p[n

T ], there
exists µ ∈ Sk−1 such that ξ = NS(u, µ), where p = X(u). It follows that we have

X(nT ,NS; r)(U × Sk−2) = CM2(n
T ; r).

Therefore, CM2(n
T ; r) is a codimension two spacelike submanifold in Rn+1

1 . We call CM2(n
T ; r)

a codimension two spacelike canal submanifold ofM = X(U) with respect to nT . If we consider
−NS instead of NS, we have X(nT ,−NS; r)(U × Sk−2) = CM2(n

T ; r).
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Inspired by the results of Propositions 4.1 and 4.2, we define mappings

L̃G(nT ; r) : CM2(n
T ; r) −→ Sn−1

+

by L̃G(nT ; r)(X(u) + rξ) = ˜nT (u) + ξ which is called the lightcone Gauss map of CM2(n
T ; r)

and
LPM(nT ; r) : CM2(n

T ; r) −→ LC∗

by LPM(nT ; r)(X(u)+rξ) = ⟨X(u), ˜(nT (u) + ξ)⟩ ˜(nT (u) + ξ).We call it the lightcone pedal hy-
persurface of CM2(n

T ; r). Since the mappingsX(nT ,±NS; r) are parametrizations of CM2(n
T ; r),

we have the following parametrization of the above mappings:

L̃G(nT ; r) ◦X(nT ,±NS; r)(u, µ) = ˜nT (u)±NS(u, µ),

LPM(nT ; r) ◦X(nT ,±NS; r)(u, µ) = ⟨X(u), ˜(nT (u)±NS(u, µ))⟩ ˜(nT (u)±NS(u, µ)).

We respectively define the mappings

L̃G(nT ,±NS) : U × Sk−2 −→ Sn−1
+ ,

LP(nT ,±NS) : U × Sk−2 −→ LC∗

by

L̃G(nT ,±NS)(u, µ) = ˜nT (u)±NS(u, µ),

LP(nT ,±NS)(u, µ) = ⟨X(u), ˜(nT (u)±NS(u, µ))⟩ ˜(nT (u)±NS(u, µ)).

We now consider another frame field

{Xu1 , . . . ,Xus ,n
T ,nS

1 , . . . ,n
S
k−1}

of Rn+1
1 along M = X(U) such that the ordered frames nT ,nS

1 , . . . ,n
S
k−1 and nT ,nS

1 , . . . ,n
S
k−1

give the same orientation of the normal bundle N(M). We have the following proposition.

Proposition 5.2 We have

L̃G(nT ,±NS) = L̃G(nT ,±N
S
) and LP(nT ,±NS) = LP(nT ,±N

S
),

where N
S
(u, µ) =

∑k−1
j=1 µjn

S(u).

Proof. Since {nT ,nS
1 , . . . ,n

S
k−1} and {nT ,nS

1 , . . . ,n
S
k−1} are the pseudo-orthonormal normal

frame alongM = X(U) and these give the same orientation of the normal bundle N(M), there
exists a smooth mapping A : U −→ SO0(1, k − 1) such that nT (u) = A(u)nT (u),nS

j (u) =

A(u)nS
j (u) for j = 1, . . . k − 1. Then we have

NS(u, µ) =
k−1∑
j=1

µjn
S
j (u) =

k−1∑
j=1

µjA(u)n
S
j (u) = A(u)

k−1∑
j=1

µjn
S
j (u) = A(u)N

S

j (u, µ).

Moreover, for any ξ ∈ N1(M)p[n
T ], we have A(u)ξ ∈ N1(M)p[n

T ], where p = X(u). Therefore,
we have the following diffeomorphism

Ψ[A] : CM2(n
T ; r) −→ CM2(n

T ; r)
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defined by Ψ[A](X(u) + rξ) = X(u) + rA(u)ξ. By definition, we have

Ψ[A] ◦X(nT ,±N
S
; r) = X(nT ,±NS; r) and L̃G(nT ; r) ◦Ψ[A] = L̃G(nT ; r).

It follows that

L̃G(nT ,±N
S
) = L̃G(nT ; r) ◦X(nT ,±N

S
; r)

= L̃G(nT ; r) ◦Ψ[A] ◦X(nT ,±N
S
; r) = L̃G(nT ; r) ◦X(nT ,±NS; r) = L̃G(nT ,±NS).

By the same arguments as the above, we have LP(nT ,±NS) = LP(nT ,±N
S
). 2

By the above proposition, we can denote that L̃G
±
= L̃G(nT ,±NS) and LP± = LP(nT ,±NS).

We respectively call the suspended lightcone Gauss map and the suspended lightcone pedal hy-

persurface of M = X(U). We denote that L̃G = L̃G
+
and LP = LP+.

6 Contact viewpoint

In this section we interpret the results of Propositions 4.1 and 4.2 from the view point of the
contact with lightlike hyperplanes.

Firstly, we consider the relationship between the contact of submanifolds with foliations
and the R+-classification of functions. Let Xi (i = 1, 2) be submanifolds of Rn with dimX1 =
dimX2, gi : (Xi, x̄i) −→ (Rn, ȳi) be immersion germs and fi : (Rn, ȳi) −→ (R, 0) be submersion
germs. For a submersion germ f : (Rn, 0) −→ (R, 0), we denote that Ff be the regular
foliation defined by f ; i.e., Ff = {f−1(c)|c ∈ (R, 0)}. We say that the contact of X1 with the
regular foliation Ff1 at ȳ1 is of the same type as the contact of X2 with the regular foliation
Ff2 at ȳ2 if there is a diffeomorphism germ Φ : (Rn, ȳ1) −→ (Rn, ȳ2) such that Φ(X1) =
X2 and Φ(Y1(c)) = Y2(c), where Yi(c) = f−1

i (c) for each c ∈ (R, 0). In this case we write
K(X1,Ff1 ; ȳ1) = K(X2,Ff2 ; ȳ2). It is clear that in the definition Rn could be replaced by
any manifold. We apply the method of Goryunov [5] to the case for R+-equivalences among
function germs, so that we have the following:

Proposition 6.1 ([5, Appendix]) Let Xi (i = 1, 2) be submanifolds of Rn with dimX1 =
dimX2 = n − 1 (i.e. hypersurface), gi : (Xi, x̄i) −→ (Rn, ȳi) be immersion germs and fi :
(Rn, ȳi) −→ (R, 0) be submersion germs. Then K(X1,Ff1 ; ȳ1) = K(X2,Ff2 ; ȳ2) if and only if
f1 ◦ g1 and f2 ◦ g2 are R+-equivalent (i.e., there exists a diffeomorphism germ ϕ : (X1, x̄1) −→
(X2, x̄2) such that (f2 ◦ g2) ◦ ϕ = f1 ◦ g1).

On the other hand, Golubitsky and Guillemin [4] have given an algebraic characterization for
the R+-equivalence among function germs. We denote C∞

0 (X) is the set of function germs
(X, 0) −→ R. Let Jf be the Jacobian ideal in C∞

0 (X) (i.e., Jf = ⟨∂f/∂x1, . . . , ∂f/∂xn⟩C∞
0 (X)).

Let Rk(f) = C∞
0 (X)/Jk

f and f̄ be the image of f in this local ring. We say that f satisfies the
Milnor condition if dimRR1(f) <∞.

Proposition 6.2 ([4, Proposition 4.1]) Let f and g be germs of functions at 0 in X satisfying
the Milnor condition with df(0) = dg(0) = 0. Then f and g are R+-equivalent if

(1) The rank and signature of the Hessians Hess(f)(0) and Hess(g)(0) are equal, and

(2) There is an isomorphism γ : R2(f) −→ R2(g) such that γ(f̄) = ḡ.
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For v0 = L̃G(u0, µ0), we consider a function hv0 : Rn+1
1 −→ R defined by hv0(x) = ⟨x,v0⟩.

It is easy to show that hv0 is a submersion. Moreover we have hv0 ◦ X(u) = H(u,v0). By
Proposition 3.2, we have

∂hv0 ◦X
∂ui

(u0) =
∂H

∂ui
(u0,v0) = 0.

for i = 1, . . . , s. This means that the lightlike hyperplane hv0

−1(c) = HP (v0, c) is tangent to
M = X(U) at p0 = X(u0), where c = ⟨X(u0),v0⟩. In this case, we call HP (v0, c) a tangent
lightlike hyperplane with the pseudo-normal v0.

Since we have infinitely many lightlike directions in the pseudo-normal space, we have
infinitely many tangent hyperplanes at each point p0 = X(u0) depending on µ0 ∈ Sk−2 (i.e.,
the direction of NS(u0, µ0). Let ε be a sufficiently small positive real number. For any t ∈
Iε = (c − ε, c + ε), we have a lightlike hyperplane HP (v0, t) = h−1

v0
(t). In this case Fhv0

is
a family of parallel lightlike hyperplanes around p = X(u0) such that h−1

v0
(c) is the tangent

lightlike hyperplane of M at p = X(u0) with respect to the pseudo-normal v0. Let X i :
(U, ui) −→ (Rn+1

1 ,X i(ui)) (i = 1, 2) be spacelike embedding germs from U ⊂ R3, then we have
hi,vi

(u) = hvi
◦X i(u). Then we have the following proposition as a corollary of Propositions

6.1 and 6.2.

Proposition 6.3 Let X i : (U, ui) −→ (Rn+1
1 , pi) (i = 1, 2) be spacelike embedding germs such

that hi,vi
satisfy the Milnor condition, where vi = L̃G(ui, µi) are pseudo-normals of the tangent

lightlike hyperplanes of X i(U) at pi = X i(ui). Then the following conditions are equivalent:

(1) K(X1(U),Fhv1
; p1) = K(X2(U),Fhv2

; p2).

(2) h1,v1 and h2,v2 are R+-equivalent.

(3) (a) The rank and signature of the Hess(h1,v1)(u1) and Hess(h2,v2)(u2) are equal,

(b) There is an isomorphism γ : R2(h1,v1) −→ R2(h2,v2) such that γ(h1,v1) = h2,v2 .

Secondary, we consider the theory of contact with a single submanifold due to Montaldi[16].
Let Xi, Yi (i = 1, 2) be submanifolds of Rn with dimX1 = dimX2 and dimY1 = dimY2. We say
that the contact of X1 and Y1 at y1 is the same type as the contact of X2 and Y2 at y2 if there
is a diffeomorphism germ Φ : (Rn, y1) −→ (Rn, y2) such that Φ(X1) = X2 and Φ(Y1) = Y2. In
this case we write K(X1, Y1; y1) = K(X2, Y2; y2). It is clear that in the definition Rn could be
replaced by any manifold. In his paper [16] Montaldi gives a characterization of the notion of
contact by using the terminology of singularity theory.

Theorem 6.4 Let Xi, Yi (i = 1, 2) be submanifolds of Rn with dimX1 = dimX2 and dimY1 =
dimY2. Let gi : (Xi, xi) −→ (Rn, yi) be immersion germs and fi : (Rn, yi) −→ (Rp, 0) be
submersion germs with (Yi, yi) = (f−1

i (0), yi). Then K(X1, Y1; y1) = K(X2, Y2; y2) if and only
if f1 ◦ g1 and f2 ◦ g2 are K-equivalent (i.e., there exist a diffeomorphism germ ϕ : (X1, x̄1) −→
(X2, x̄2) and a non-zero function germ λ : (X1, x̄1) −→ R such that λ · (f2 ◦ g2) ◦ ϕ = f1 ◦ g1).

We now consider a function h̃v : Rn+1
1 −→ R defined by h̃v(u) = ⟨u, ṽ⟩ − v0, where

v = (v0, v1, . . . , vn). For any v∗ ∈ LC∗ and p0 = X(u0), we have a lightlike hyperplane h
−1
v∗ (0) =

HP (v∗, v0). Moreover, we consider the lightlike vector v∗ = LP(u0, µ0), then we have

h̃v∗ ◦X(u0) = H̃(u0,LP(u0, µ0)) = 0.
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By Proposition 4.2, we also have relations that

∂h̃v∗ ◦X
∂ui

(u0) =
∂H̃

∂ui
(u0,LP(u0, µ0)) = 0.

for i = 1, . . . , s. This means that the lightlike hyperplane h̃−1
v∗ (0) = HP (v∗, v0) is tangent

to M = X(U) at p0 = X(u0). The lightlike hypersurface HP (v∗, v0) is a tangent lightlike
hyperplane of M = X(U) at p0 = X(u0), which we write THP (M,LP(u0, µ0)). Then we have
the following simple lemma.

Lemma 6.5 Let X : U −→ Rn+1
1 be a spacelike submanifold with dimension s. Consider two

points (u1, µ1), (u2, µ2) ∈ U × Sk−2. Then LP(u1, µ1) = LP(u2, µ2) if and only if

THP (M, (u1, µ1)) = THP (M, (u2, µ2)).

Eventually, we have tools for the study of the contact between spacelike hypersurfaces and
lightlike hyperplane. Since we have h̃v(u) = h̃v ◦X(u), we have the following proposition as a
corollary of Theorem 6.4.

Proposition 6.6 Let X i : (U, ui) −→ (Rn+1
1 , pi) (i = 1, 2) be spacelike embedding germs and

vi = LP(ui, µi). We write that Mi = X i(U). Then the following conditions are equivalent:

(1) K(M1, THP (M, (u1, µ1)); p1) = K(M2, THP (M, (u2, µ2)); p2),

(2) h̃1,v1 and h̃2,v2 are K-equivalent.

7 The view point from Lagrangian singularity theory

In order to apply the theory of Lagrangian singularities to our situation, we give a brief re-
view on the theory of Lagrangian singularities due to [1]. We consider the cotangent bundle
π : T ∗Rn−1 −→ Rn−1 over Rn−1. Let (q, x) = (x1, . . . , xn−1, p1, . . . , pn−1) be the canonical coor-
dinate on T ∗Rn−1. Then the canonical symplectic structure on T ∗Rn−1 is given by the canonical
two form ω =

∑n−1
i=1 dpi ∧ dxi. Let i : L −→ T ∗Rn−1 be an immersion. We say that i(L) is a

Lagrangian submanifold if dimL = n − 1 and i∗ω = 0. In this case the critical value of π ◦ i
is called the caustic of i : L −→ T ∗Rn−1 and it is denoted by CL. The main result in the
theory of Lagrangian singularities is to describe Lagrangian immersion germs by using families
of function germs. Let F : (Rk × Rn−1, (0,0)) −→ (R, 0) be an n + 1-parameter unfolding of
function germs. We call

C(F ) =
{
(q, x) ∈ (Rk × Rn−1, (0,0))

∣∣∣∂F
∂q1

(q, x) = · · · = ∂F

∂qk
(q, x) = 0

}
,

the catastrophe set of F and

BF =
{
x ∈ (Rn−1, 0)

∣∣∣ there exist (q, x) ∈ C(F ) such that rank
( ∂2F

∂qi∂jj
(q, x)

)
< k
}

the bifurcation set of F . Let πn−1 : (Rk × Rn−1, 0) −→ (Rn−1, 0) be the canonical projection,
then we can easily show that the bifurcation set of F is the critical value set of πn−1|C(F ). We
say that F is a Morse family of functions if the map germ

∆F =

(
∂F

∂q1
, . . . ,

∂F

∂qk

)
: (Rk × Rn−1, 0) −→ (Rk, 0)
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is non-singular, where (q, x) = (q1, . . . , qk, x1, . . . , xn−1) ∈ (Rk×Rn−1, 0). In this case we have a
smooth submanifold germ C(F ) ⊂ (Rk ×Rn−1, 0) and a map germ LF : (C(F ), 0) −→ T ∗Rn−1

defined by

LF (q, x) =

(
x,
∂F

∂x1
(q, x), . . . ,

∂F

∂xn−1

(q, x)

)
.

We can show that LF (C(F )) is a Lagrangian submanifold germ. Then we have the following
fundamental theorem ([1], page 300).

Proposition 7.1 All Lagrangian submanifold germs in T ∗Rn−1 are constructed by the above
method.

Under the above notation, we call F a generating family of LF (C(F )).

We define an equivalence relation among Lagrangian submanifold germs. Let i : (L, p) ⊂
(T ∗Rn−1, p) and i′ : (L′, p′) ⊂ (T ∗Rn−1, p′) be Lagrangian submanifold germs. Then we say
that i and i′ are Lagrangian equivalent if there exist a symplectic diffeomorphism germ τ :
(T ∗Rn−1, p) −→ (T ∗Rn−1, p′) and a diffeomorphism germ τ̄ : (Rn−1, π(p)) −→ (Rn−1, π(p′))
such that τ(L) = L′ and π ◦ τ = τ̄ ◦ π, where π : (T ∗Rn−1, p) −→ (Rn−1, π(p)) is the canonical
projection. In this case the caustic CL is diffeomorphic to the caustic CL′ by the diffeomorphism
germ τ̄ . We can define the notion of Lagrangian stability for Lagrangian submanifold germs,
but we omit the detail here (cf., [1]). We can interpret the Lagrangian equivalence by using
the notion of generating families. We denote Em the local ring of function germs (Rm, 0) −→ R
with the unique maximal ideal Mm = {h ∈ Em|h(0) = 0}. Let F,G : (Rk × Rn−1, 0) −→ (R, 0)
be function germs. We say that F and G are P -R+-equivalent if there exists a diffeomorphism
germ Φ : (Rk×Rn−1, 0) −→ (Rk×Rn−1, 0) of the form Φ(q, x) = (Φ1(q, x), ϕ(x)) and a function
germ h : (Rn−1, 0) −→ R such that G(q, x) = F (Φ(q, x)) + h(x). For any F1 ∈ Mk+n+1 and
F2 ∈ Mk′+n+1, F1, F2 are said to be stably P -R+ -equivalent if they become P -R+-equivalent
after the addition to the arguments to qi of new arguments q′i and to the functions Fi of
non-degenerate quadratic forms Qi in the new arguments (i.e., F1 + Q1 and F2 + Q2 are P -
R+-equivalent). Let F : (Rk × Rn−1, 0) −→ (R, 0) be a function germ. We say that F is an
infinitesimally R+-versal deformation of f = F |Rk×{0} if

Ek = Jf +

⟨
∂F

∂x1
|Rk × {0}, . . . , ∂F

∂xn−1

|Rk × {0}
⟩

R
+ ⟨1⟩R,

where

Jf =

⟨
∂f

∂q1
, . . . ,

∂f

∂qk

⟩
Ek
.

We have the following fundamental theorem (cf., [1], page 304 and 325).

Theorem 7.2 Let F1 ∈ Mk+n−1 and F2 ∈ Mk′+n−1 be Morse families of functions. Then we
have the following:
(1) LF1(CF1)) and LF2(C(F2)) are Lagrangian equivalent if and only if F1, F2 are stably P -R+-
equivalent.
(2) LF (C(F )) is Lagrangian stable if and only if F is an infinitesimally R+-versal deformation
of F |Rk × {0}.

The following proposition describes the well-known relationship between bifurcation sets and
equivalence among unfoldings of function germs:
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Proposition 7.3 Let F,G : (Rk × Rn−1, 0) −→ (R, 0) be function germs. If F and G are
P -R+-equivalent then there exist a diffeomorphism germ ϕ : (Rn−1, 0) −→ (Rn−1, 0) such that
ϕ(BF ) = BG.

We now apply the above theory of Lagrangian singularities to our situation. Firstly, we
have the following proposition.

Proposition 7.4 The lightcone height function H : U ×Sn−1
+ −→ R of M = X(U) is a Morse

family of functions.

Proof. Let X = (X0, . . . , Xn) and v = (v0, . . . , vn) ∈ Sn−1
+ , without loss of the generality,

we assume that vn > 0, then we may take a local coordinate (v1, . . . , vn−1) on Sn−1
+ and

vn =
√
1− v21 − · · · − v2n−1. Let ∆H = (Hu1 , . . . , Hus), we now prove a map ∆H is submersive

at (u0,v0) ∈ C(H). Its Jacobian matrix J∆H is

J∆H =
( (
Huiuj

)
i,j=1,...,s

(
Huivj

)
i=1,...,s,j=1,...,n−1

)
.

It is sufficient show that the rank of a matrix B(u,v) :=
(
Huivj(u,v)

)
ij
is s. By calculation,

components of B(u,v) are

Huivj(u,v) = (Xj)ui
(u)− vj

vn
(Xn)ui

(u).

Let e0 = (1, 0, . . . , 0) be a timelike vector, then e0,v,Xu1(u), . . . ,Xus(u) are linearly inde-
pendent at (u0,v0). This means that the rank of the matrix

C =


1 0 · · · 0
1 v1 · · · vn

(X0)u1 (X1)u1 · · · (Xn)u1

...
...

. . .
...

(X0)us (X1)us · · · (Xn)us

 .

is s + 2 at (u0,v0). We now show that rankC = rankB + 2. We subtract the second raw
multiplied by (Xn)ui

/vn from the (2 + i)-th raw for i = 1, . . . , s. And we also subtract the first
law multiplied by (2 + i, 1) component from the (2 + i)-th raw for i = 1, . . . , s. Then we have

C’ =


1 0 · · · 0 0
1 v1 · · · vn−1 vn
0
...
0

B(u,v)
0
...
0

 .

Therefore rankB(u0,v0) = s, this completes the proof. 2

Corollary 7.5 Under the above notations, LH(C(H)) is a Lagrangian submanifold in T ∗(Sn−1)
such that the lightcone height function H : U ×Sn−1

+ −→ R is a generating family of LH(C(H))
at least locally.
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By Proposition 4.1 and the arguments in §5, we have

C(H) = {(u, L̃G(u, µ)) | (u, µ) ∈ U × Sk−2 }

and π ◦ LH = L̃G, where π : T ∗Sn−1
+ −→ Sn−1

+ is the projection of the cotangent bundle.

Theorem 7.6 Let X i : (U, ūi) −→ (Rn+1
1 , pi) be embedding germs of codimension k (i = 1, 2).

Suppose that the Lagrangian lift germs LHi
: (C(Hi), (ūi,vi)) −→ (T ∗Sn−1

+ , z̄i) of the suspended

lightcone Gauss map germs L̃Gi are Lagrangian stable, where vi = L̃Gi(ūi, µ̄1). We write
Mi = X i(U) and Fhvi

is the family of parallel lightlike hyperplane around pi = X(ūi). Then
the following conditions are equivalent:

(1) K(M1,Fhv1
; p1) = K(M2,Fhv2

; p2).

(2) h1,v1 and h2,v2 are R+-equivalent.

(3) H1 and H2 are P -R+-equivalent.

(4) LH1(C(H1)) and LH2(C(H2)) are Lagrangian equivalent.

(5) (a) The rank and signature of the Hess(h1,v1)(ū1) and Hess(h2,v2)(ū2) are equal,

(b) There is an isomorphism γ : R2(h1,v1) −→ R2(h2,v2) such that γ(h1,v1) = h2,v2 .

Proof. We remark that if LHi
(C(Hi)) is Lagrangian stable, then Theorem 7.2, (2) implies that

hi,vi
satisfies the Milnor condition. Therefore, by Proposition 6.3, the conditions (1), (2) and

(5) are equivalent. By the uniqueness of R+-versal deformation, the condition (2) implies the
condition (3). By definition, the condition (3) implies the condition (2). By Theorem 7.2, (1),
the conditions (3) and (4) are equivalent. This completes the proof. 2

In the above proof, we only need the assumption of the Lagrangian stability for the proof
that the condition (2) implies the condition (3).

8 The view point from Legendrian singularity theory

In order to apply the theory of Legendrian singularities to our situation, we give a quick
review on the Legendrian singularity theory mainly due to Arnol’d-Zakalyukin [1]. Let π :
PT ∗(M) −→ M be the projective cotangent bundle over an n-dimensional manifold M. This
fibration can be considered as a Legendrian fibration with the canonical contact structure K
on PT ∗(M). We now review geometric properties of this space. Consider the tangent bundle
τ : TPT ∗(M) → PT ∗(M) and the differential map dπ : TPT ∗(M) → N of π. For any
X ∈ TPT ∗(M), there exists an element α ∈ T ∗(M) such that τ(X) = [α]. For an element
V ∈ Tx(M), the property α(V ) = 0 does not depend on the choice of representative of the class
[α]. Thus we can define the canonical contact structure on PT ∗(M) by

K = {X ∈ TPT ∗(M)|τ(X)(dπ(X)) = 0}.

For a local coordinate neighborhood (U, (x1, . . . , xn)) onM, we have a trivialization PT ∗(U) ∼=
U ×P (Rn−1)∗ and we call ((x1, . . . , xn), [ξ1 : · · · : ξn]) homogeneous coordinates, where [ξ1 : · · · :
ξn] are homogeneous coordinates of the dual projective space P (Rn−1)∗.
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It is easy to show that X ∈ K(x,[ξ]) if and only if
∑n

i=1 µiξi = 0, where dπ̃(X) =
∑n

i=1 µi
∂
∂xi
.

An immersion i : L → PT ∗(M) is said to be a Legendrian immersion if dimL = n and
diq(TqL) ⊂ Ki(q) for any q ∈ L. We also call the map π ◦ i the Legendrian map and the
set W (i) = imageπ ◦ i the wave front of i. Moreover, i (or, the image of i) is called the
Legendrian lift of W (i). The main tool of the theory of Legendrian singularities is the notion
of generating families. Here we only consider local properties, we may assume that M = Rn.
Let F : (Rk × Rn,0) −→ (R,0) be a function germ. We say that F is a Morse family of
hypersurfaces if the mapping

∆∗F =

(
F,
∂F

∂q1
, . . . ,

∂F

∂qk

)
: (Rk × Rn,0) −→ (R× Rk,0)

is non-singular, where (q, x) = (q1, . . . , qk, x1, . . . , xn) ∈ (Rk × Rn,0). In this case we have a
smooth (n− 1)-dimensional submanifold

Σ∗(F ) =

{
(q, x) ∈ (Rk × Rn,0) | F (q, x) = ∂F

∂q1
(q, x) = · · · = ∂F

∂qk
(q, x) = 0

}
and the map germ LF : (Σ∗(F ),0) −→ PT ∗Rn defined by

LF (q, x) =

(
x, [

∂F

∂x1
(q, x) : · · · : ∂F

∂xn
(q, x)]

)
is a Legendrian immersion germ. Then we have the following fundamental theorem of Arnol’d-
Zakalyukin [1].

Proposition 8.1 All Legendrian submanifold germs in PT ∗Rn are constructed by the above
method.

We call F a generating family of LF (Σ∗(F )). Therefore the wave front is

W (LF )=

{
x ∈ Rn |∃q ∈ Rk such that F (q, x) =

∂F

∂q1
(q, x) = · · · = ∂F

∂qk
(q, x) = 0

}
.

We now introduce an equivalence relation among Legendrian immersion germs. Let i :
(L, p) ⊂ (PT ∗Rn, p) and i′ : (L′, p′) ⊂ (PT ∗Rn, p′) be Legendrian immersion germs. Then
we say that i and i′ are Legendrian equivalent if there exists a contact diffeomorphism germ
H : (PT ∗Rn, p) −→ (PT ∗Rn, p′) such that H preserves fibers of π and that H(L) = L′. We
can also define the notion of Legendrian stable map-germs analogous to Lagrangian stable
map-germs. However, we do not use the definition, so that we omit it.

Since the Legendrian lift i : (L, p) ⊂ (PT ∗Rn, p) is uniquely determined on the regular part
of the wave front W (i), we have the following significant property of Legendrian immersion
germs:

Proposition 8.2 ([?]) Let i : (L, p) ⊂ (PT ∗Rn, p) and i′ : (L′, p′) ⊂ (PT ∗Rn, p′) be Legendrian
immersion germs such that regular sets of π ◦ i, π ◦ i′ are dense respectively. Then i, i′ are
Legendrian equivalent if and only if wave front sets W (i),W (i′) are diffeomorphic as set germs.

The assumption in the above proposition is a generic condition for i, i′. Specially, if i, i′ are
Legendrian stable, then these satisfy the assumption. We can interpret the Legendrian equiv-
alence by using the notion of generating families. We denote En the local ring of func-
tion germs (Rn,0) −→ R with the unique maximal ideal Mn = {h ∈ En | h(0) = 0 }.
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Let F,G : (Rk × Rn,0) −→ (R,0) be function germs. We say that F and G are P -K-
equivalent if there exists a diffeomorphism germ Ψ : (Rk × Rn,0) −→ (Rk × Rn,0) of the
form Ψ(x, u) = (ψ1(q, x), ψ2(x)) for (q, x) ∈ (Rk × Rn,0) such that Ψ∗(⟨F ⟩Ek+n

) = ⟨G⟩Ek+n
.

Here Ψ∗ : Ek+n −→ Ek+n is the pull back R-algebra isomorphism defined by Ψ∗(h) = h ◦Ψ . If
n = 0, we simply say these germs are K-equivalent.

Let F : (Rk×R3,0) −→ (R,0) be a function germ. We say that F is a K-versal deformation
of f = F |Rk × {0} if

Ek = Te(K)(f) +

⟨
∂F

∂x1
|Rk × {0}, . . . , ∂F

∂xn
|Rk × {0}

⟩
R
,

where

Te(K)(f) =

⟨
∂f

∂q1
, . . . ,

∂f

∂qk
, f

⟩
Ek
.

(See [15].)

The main result in Arnol’d-Zakalyukin’s theory [1, 18] is the following:

Theorem 8.3 Let F ∈ Mk+n, G ∈ Mk′+n be Morse families of hypersurfaces. Then

(1) LF (Σ∗(F )) and LG(Σ∗(G)) are Legendrian equivalent if and only if F, G are stably P -K-
equivalent.

(2) LF (Σ∗(F )) is Legendrian stable if and only if F is a K-versal deformation of F | Rk ×{0}.

The definition of the stably P -K-equivalence is similar to that of the stably P -R+-equivalence.
By the uniqueness result of the K-versal deformation of a function germ, Proposition 8.2 and
Theorem 8.3, we have the following classification result of Legendrian stable germs (cf., [6,
Proposition A.4]). For any map germ f : (Rn,0) −→ (Rp,0), we define the local ring of f by
Qr(f) = En/f∗(Mp)En +Mr+1

n .

Proposition 8.4 Let F,G : (Rk × Rn,0) −→ (R, 0) be Morse families of hypersurfaces. Sup-
pose that L(F ),L(G) are Legendrian stable. The the following conditions are equivalent:

(1) (W (LF ),0) and (W (LG),0) are diffeomorphic as germs,

(2) LF (Σ∗(F )) and LG(Σ∗(G)) are Legendrian equivalent,

(3) Qn+1(f) and Qn+1(g) are isomorphic as R-algebras,
where f = F |Rk × {0}, g = G|Rk × {0}.

We now apply the above theory of Legendrian singularities to our case. Firstly, we show
the following.

Proposition 8.5 The extended lightcone height function H̃ : U×LC∗ −→ R is a Morse family
of hypersurfaces.

Proof. Let X = (X0, . . . , Xn) and v = (v0, . . . , vn) ∈ LC∗, without loss of the generality, we

assume that vn > 0, then v0 =
√
v21 + · · ·+ v2n. Let ∆∗H̃ = (H̃, H̃u1 , . . . , H̃us), we now prove

that a map ∆H̃ is submersive at (u0,v0) ∈ ∆∗H̃−1(0). Its Jacobian matrix J∆∗H̃ is

J∆∗H̃ =


(
H̃uj

)
j=1,...,s

(
H̃vj

)
j=1,...,n−1(

H̃uiuj

)
i,j=1,...,s

(
H̃uivj

)
i=1,...,s,j=1,...,n−1

 =: (∗ | B).
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It is sufficient show that the rank of the matrix B(u0,v0) is s+1. By straightforward calculation,
we have

H̃vj(u,v) = −vj
v0

+
Xj

v0
−

n∑
k=1

vkvj
v30

Xk,

H̃uivj(u,v) = −(Xj)ui

v0
−

n∑
k=1

vkvj
v30

(Xk)ui
,

for i = 1, . . . , s and j = 1, . . . , n. By the condition that H̃(u0,v0) = H̃ui
(u0,v0) = 0 for i, we

have relations
∑n

k=1
v0,k
v0,0

Xk = X0+v0,0 and
∑n

k=1
v0,k
v0,0

(Xk)ui
= (X0)ui

where v0 = (v0,0, . . . , v0,n).

Therefore, the above formula is

H̃vj(u0,v0) =
1

v0,0

(
Xj − 2vj −X0

v0,j
v0,0

)
,

H̃uivj(u0,v0) =
1

v0,0

(
(Xj)ui

− (X0)ui

v0,j
v0,0

)
,

for i = 1, . . . , s and j = 1, . . . , n.

Since ⟨v0,v0⟩ = ⟨v0,Xui
⟩ = 0 for i = 1, . . . , s, v0 and Xui

(u0) are belongs to HP (v0, 0).
On the other hand, we have ⟨X(u0)− 2v0 + 2v0,0e0,v0⟩ = −2v20,0 ̸= 0 where e0 = (1, 0, . . . , 0).
So that vectorsX(u0)−2v0+2v0,0e0, v0 andXui

(u0) (for i = 1, . . . , s) are linearly independent.
Therefore the rank of following matrix

C =


v0

X − 2v0 + 2v0,0e0
Xu1

...
Xus

 =


v0,0 v0,1 · · · v0,n
X0 X1 − 2v1 · · · Xn − 2vn

(X0)u1 (X1)u1 · · · (Xn)u1

...
...

. . .
...

(X0)us (X1)us · · · (Xn)us


is s+2 at (u0,v0). We subtract the first law by multiplied by X0/v0,0 from the second raw, and
we also subtract the first raw multiplied by (X0)ui

/v0,0 from the (2 + i)-th raw for i = 1, . . . , s.
Then we have

C’ =


v0,0 v0,1 · · · v0,n
0
...
0

B(u0,v0)

 .

Therefore rankB(u0,v0) = s+ 1, this completes the proof. 2

It follows that we have the Legendrian submanifold germ (LH̃(Σ∗(H̃)), z̄) ⊂ (PT ∗LC∗, z̄)

such that π(LH̃(Σ∗(H̃))) = LP(U × Sk−2), which is called the Legendrian lift germ of the
suspended lightcone pedal hypersurface germ LP(U × Sk−2).

Theorem 8.6 Let X i : (U, ūi) −→ (Rn+1
1 , pi) be spacelike embedding germs of codimension k

(i = 1, 2) and we writeMi = X i(U). Suppose that both the Legendrian lift germs (LH̃i
(Σ∗(H̃i)), z̄i) ⊂
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(PT ∗LC∗, z̄i) of the suspended lightcone pedal hypersurface germs (LPi(Ui ×Sk−2),vi) are Leg-
endrian stable, where vi = LPi(ūi, µ̄i) and THP (Mi, (ūi, µ̄i)) is the tangent lightlike hyperplane
of Mi at pi = X(ūi). Then the following conditions are equivalent:

(1) K(M1, THP (M1, (ū1, µ̄1)); p1) = K(M2, THP (M2, (ū2, µ̄2)); p2).

(2) h̃1,v1 and h̃2,v2 are K-equivalent.

(3) H̃1 and H̃2 are P -K-equivalent.

(4) (LH̃1
(Σ∗(H̃1)), z̄1) and (LH̃2

(Σ∗(H̃2)), z̄2) are Legendrian equivalent.

(5) (LP1(U1 × Sk−2),v1) and (LP2(U2 × Sk−2),v2) are diffeomorphic as set germs.

Proof. By Proposition 6.6, the conditions (1) and (2) are equivalent. By definition, the
condition (3) implies the condition (2). By the uniqueness on the infinitesimally K-versal
deformation and Theorem 7.2, the condition (2) implies the condition (3). By the assertion
(1) of Theorem 7.2, the conditions (3) and (4) are equivalent. The conditions (4) and (5) are
equivalent as a consequence of Proposition 8.4. This completes the proof. 2

9 Spacelike submanifolds with a parallel timelike normal

vector field

In this section we consider a special class of spacelike submanifolds with a parallel future
directed timelike normal vector field, which contains several important examples. We say that
nT is parallel if nT

ui
(i = 1, . . . , s) are tangent to M = X(U). Under this assumption, we can

clarify the local geometric meaning of the lightcone curvature. For general r > 0, CM2(n
T ; r)

is not necessarily spacelike even if it is a submanifold.

Proposition 9.1 Suppose that nT is parallel along M. If CM2(n
T ; r) is a submanifold,then it

is spacelike.

Proof. Since ⟨nT ,nS
j ⟩ = 0 (j = 1, . . . , s), we have ⟨nT

ui
,nS

j ⟩ = −⟨nT ,nS
j,ui

⟩. By the assumption,
nT

ui
is tangent to M = X(U), so that we have ⟨nT ,nS

j,ui
⟩ = 0. It follows that nS

j (j = 1, . . . , s)
are spacelike. By the proof of Proposition 5.1, we have

∂X(nT ,NS; r)

∂ui
= Xui

(u) + r
k−1∑
j=1

µjn
S
j,ui

(u)

∂X(nT ,NS; r)

∂µj

= r

(
nS

j (u)−
µj

µ1

nS
1 (u)

)
on the local coordinate neighborhood U+

1 . These are all spacelike vectors.

On the other local coordinate neighborhoods, we have the similar calculations to the above.
This completes the proof. 2

We also have the following good properties for a parallel future directed timelike unit normal
vector field nT .
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Proposition 9.2 Let nT be a future directed timelike unit normal vector field alongM = X(U)
and {nT ,nS

1 , . . . ,n
S
k−1} a pseudo-orthonormal frame of the normal bundle N(M). Then N is

a unit normal vector field along CM2(n
T ; r) if and only if nT is parallel, where NS(u, µ) =∑k−1

j=1 µjn
S
j (u).

Proof. We consider the local coordinate U+
1 . Then we have

∂X(nT ,NS; r)

∂ui
= Xui

(u) + r
k−1∑
j=1

µjn
S
j,ui

(u)

∂X(nT ,NS; r)

∂µj

= r

(
nS

j (u)−
µj

µ1

nS
1 (u)

)
.

By a straightforward calculation, we can show that NS is always pseudo-orthogonal to
∂X(nT ,NS; r)/∂µj. Moreover, we have the following calculations:

⟨NS(u, µ),Xui
(u) + r

k−1∑
j=1

µjn
S
j,ui

(u)⟩

= r

(
k−1∑
j=1

µj⟨nT (u),nS
j,ui

(u)⟩+ ⟨
k−1∑
j=1

µjn
S
j (u),

k−1∑
j=1

µjn
S
j,ui

(u)⟩

)

= r

(
k−1∑
j=1

µj⟨nT (u),nS
j,ui

(u)⟩

)

On the other hand, r
(∑k−1

j=1 µj⟨nT (u),nS
j,ui

(u)⟩
)

= 0 for any µ = (µ1, . . . , µk−1) ∈ Sk−2

if and only if ⟨nT (u),nS
j,ui

(u)⟩ = 0 for j = 1, . . . , k − 1. The last condition is equivalent
to the condition ⟨nT

ui
(u),nS

j (u)⟩ = 0 for j = 1, . . . , k − 1. Since {nT ,nS
1 , . . . ,n

S
k−1} a pseudo-

orthonormal frame of the normal bundle N(M), the last condition is equivalent to the condition
that nT is parallel. This completes the proof. 2

We have the following corollary.

Corollary 9.3 Under the same notations as the above proposition, nT ± NS are lightlike
normal vector fields along CM2(n

T ; r) if and only if nT is parallel.

Thus, we have the suspended normalized Gauss map L̃G : U×Sk−2 −→ Sn−1
+ and the suspended

lightcone pedal hypersurface LP : U × Sk−2 −→ LC∗ are respectively the lightcone Gauss map
and the lightcone pedal of CM2(n

T ; r) as a spacelike submanifold of codimension two defined
in [11]. In this case we consider the family of lightcone height functions (cf., [11])

HCM : U × Sk−2 × Sn−1
+ −→ R

defined by HCM(u, µ,w) = ⟨X(nT ,NS; r)(u, µ),w⟩. We also have the family of extended
lightcone height functions

H̃CM : U × Sk−2 × LC∗ −→ R
defined by H̃CM(u, µ,v) = ⟨X(nT ,NS; r)(u, µ), ṽ⟩−v0. Since CM2(n

T ; r) is codimension two,
we can apply the results in [11]. Especially, by Propositions 4.2 and 5.1 in [11], we have the
following proposition.
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Proposition 9.4 Suppose that nT is parallel. Then we have the following:

(1) (∂HCM/∂ui)(ū0, µ̄0,w0) = (∂HCM/∂µj)(ū0, µ̄0,w0) = 0 (i = 1, . . . , s, j = 1, . . . k − 1) if

and only if w0 = L̃G
±
(ū0, µ̄0).

(2) H̃CM(ū0, µ̄0,v0) = (∂H̃CM/∂ui)(ū0, µ̄0,v0) = (∂H̃CM/∂µj)(ū0, µ̄0,v0) = 0 (i = 1, . . . , s, j =
1, . . . k − 1) if and only if v0 = LP±(ū0, µ̄0).

(3) We denote that hCM
w (ū0, µ̄0) = HCM(ū0, µ̄0,w) and h̃CM

v (ū0, µ̄0) = H̃CM(ū0, µ̄0,v). Then
the following conditions are equivalent:

(a) (p0, ξ0) = X(nT ,N s; r)(ū0, µ̄0) ∈ CM(nT ; r) is a lightlike parabolic point of CM(nT ; r).

(b) det Hess(hCM
ṽ0

)(ū0, µ̄0) = 0,

(c) det Hess(h̃CM
v0

)(ū0, µ̄0) = 0,

where ṽ0 = L̃G
±
(ū0, µ̄0) and v0 = LP±(ū0, µ̄0).

The assertions (1) and (2) of the above proposition describe that

C(HCM) = {((u, µ), L̃G
±
(u, µ)) | (u, µ) ∈ U × Sk−2 },

W (LH̃CM ) = {LP±(u, µ) | (u, µ) ∈ U × Sk−2 }.

Moreover, the assertion (3) means that the both of the singularities of L̃G
±
, LP± are the set

of lightlike parabolic points of CM(nT ; r). As a consequence, we have the following theorem.

Theorem 9.5 Let X i : (U, ūi) −→ (Rn+1
1 , pi) be spacelike embedding germs of codimension k

(i = 1, 2) and we write Mi = X i(U). Suppose that both the Legendrian lift germs

(LH̃i
(Σ∗(H̃i)), z̄i) ⊂ (PT ∗LC∗, z̄i)

of the suspended lightcone pedal hypersurface germs (LPi(Ui ×Sk−2),vi) are Legendrian stable,
where vi = LPi(ūi, µ̄i) and THP (Mi, (ūi, µ̄i)) is the tangent lightlike hyperplane of Mi at pi =
X(ūi). Moreover, we assume that nT

i are parallel and THP (CM2(n
T
i ; r), (ūi, µ̄i)); pi + rξi) is

the tangent lightlike hyperplane of the codimension two spacelike canal submanifold CM2(n
T
i ; r)

at pi + rξi = X(nT ,NS; r)(ūi, µ̄i). Then the following conditions are equivalent:

(1) K(M1, THP (M1, (ū1, µ̄2)); p1) = K(M2, THP (M2, (ū2, µ̄2)); p2).

(2) h̃1,v1 and h̃2,v2 are K-equivalent.

(3) H̃1 and H̃2 are P -K-equivalent.

(4) (LH̃1
(Σ∗(H̃1)), z̄1) and (LH̃2

(Σ∗(H̃2)), z̄2) are Legendrian equivalent.

(5) (LP1(U1 × Sk−2),v1) and (LP2(U2 × Sk−2),v2) are diffeomorphic as set germs.

(6) K(CM2(n
T
1 ; r), THP (CM2(n

T
1 ; r), (ū1, µ̄1)); p1 + rξ1)

= K(CM2(n
T
2 ; r), THP (CM2(n

T
2 ; r), (ū2, µ̄2)); p2 + rξ2).

(7) h̃CM1
v1

and h̃CM2
v2

are K-equivalent.

(8) H̃CM1 and H̃CM2 are P -K-equivalent.

(9) (LH̃CM1 (Σ∗(H̃
CM1)), z∗1) and (LH̃CM2 (Σ∗(H̃

CM2)), z∗2) are Legendrian equivalent.
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Proof. It has been already shown in Theorem 8.6 that the conditions (1),(2),(3),(4),(5) are
equivalent. As a special case of Theorem 8.6, the conditions (6),(7),(8),(9) are also equivalent.
Since the suspended lightcone pedal hypersurfaces (LPi(Ui × Sk−2),vi) are wavefront sets of
LH̃CMi , the condition (5) is equivalent to the condition (9). This completes the proof. 2

10 Spacelike curves in Lorentz-Minkowski 4-space

In this section we consider spacelike curves in R4
1 as the simplest case of the previous results.

Let γ : I −→ R4
1 be a spacelike curve with ∥γ ′′(s)∥ ̸= 0. In this case we write C = γ(I)

instead of M = γ(I). Since ∥γ ′(s)∥ > 0, we can reparameterize it by the arc-length s. So we
have the unit tangent vector t(s) = γ ′(s) of γ(s). Moreover we have two unit normal vectors

n1(s) =
γ ′′(s)

κ1(s)
, n2(s) =

n′
1(s) + δ1κ1(s)t(s)

∥n′
1(s) + δ1κ1(s)t(s)∥

under the conditions that κ1(s) = ∥γ ′′(s)∥ ̸= 0,

κ2(s) = ∥n′
1(s) + δk1(s)t(s)∥ ̸= 0, where δi = sign(ni(s)) and sign(ni(s)) is the signature of

ni(s) (i = 1, 2, 3). Then we have another unit normal vector field n3(s) defined by n3(s) = t(s)∧
n1(s)∧n2(s). Therefore we can construct a pseudo-orthogonal frame {t(s),n1(s),n2(s),n3(s)},
which satisfies the Frenet-Serret type formulae:

t′(s) = κ1(s)n1(s),
n′

1(s) = −δ1κ1(s)t(s) + κ2(s)n2(s),
n′

2(s) = δ3κ2(s)n1(s) + κ3(s)n3(s),
n′

3(s) = δ1κ3(s)n2(s),

where κ2(s) = δ2⟨n′
1(s),n2(s)⟩ and κ3(s) = δ3⟨n′

2(s),n3(s)⟩. Since t(s) is spacelike, we distin-
guish the following three cases:

Case 1: n1(s) is timelike, that is, δ1 = −1 and δ2 = δ3 = 1.

Case 2: n2(s) is timelike, that is, δ2 = −1 and δ1 = δ3 = 1.

Case 3: n3(s) is timelike, that is, δ3 = −1 and δ1 = δ2 = 1.

We consider the lightlike hypersurface along C, and calculate the Lorentzian distance-squared
function on C which is useful for the study the singularities of lightlike hypersurfaces in the
each case.

10.1 Case 1

Suppose that n1(s) is timelike. In this case we adopt nT (s) = n1(s). Then we have the
pseudo-orthogonal frame

{t(s),nT (s),n2(s),n3(s)},
δ1 = −1 and δ2 = δ3 = 1, which satisfies the following Frenet-Serret type formulae:

t′(s) = κ1(s)n
T (s),

nT ′
(s) = κ1(s)t(s) + κ2(s)n2(s),

n′
2(s) = κ2(s)n

T (s) + κ3(s)n3(s),
n′

3(s) = −κ3(s)n2(s).

Since N1(C)[n
T ] is parametrized by

N1(C)[n
T ] = {(γ(s), ξ) ∈ γ∗TR4

1 | ξ = cos θn2(s)+sin θn3(s) ∈ Nγ(s)(C), s ∈ I, θ ∈ [−π, π) },
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the lightcone Gauss map is given by

L̃G(s, θ) = L̃G(nT ,NS)(s, θ),

where NS(s, θ) = nT (s) + cos θn2(s) + sin θn3(s). Moreover, the lightcone pedal is LP(s, θ) =
⟨γ(s), L̃G(s, θ)⟩L̃G(s, θ).

We now consider the lightcone height function H : I × S2
+ −→ R defined by H(s,v) =

⟨γ(s),v⟩. In the general case, we have shown that

C(H) = {(s, L̃G(s, θ)) |(s, θ) ∈ I × [−π, π) }.

By the Frenet-Serret type formulae, we have h′′v(s) = ⟨κ1(s)n1(s),v⟩. For v = L̃G(s, θ), we
have

h′′v(s) = ⟨κ1(s)n1(s), L̃G(s, θ)⟩ = −ℓ0(s)κ1(s, θ) ̸= 0,

where ℓ0(s, θ) is the first component of nT (s)+cos θn2(s)+sin θn3(s). Therefore, the lightcone
Gauss map and the lightcone pedal are non-singular.

10.2 Case 2

Suppose that n2(s) is timelike. Then we adopt nT (s) = n2(s). We have a pseudo-orthogonal
frame {t(s),nT (s),n1(s),n3(s)}, δ2 = −1 and δ1 = δ3 = 1, which satisfies the following Frenet-
Serret type formulae: 

t′(s) = κ1(s)n1(s),
b′1(s) = −κ1(s)t(s) + κ2(s)n

T (s),

nT ′
(s) = κ2(s)n1(s) + κ3(s)n3(s),

b′2(s) = κ3(s)n
T (s),

Here, N1(C)[n
T ] is parametrized by

N1(C)[n
T ] = {(γ(s), ξ) ∈ γ∗TR4

1 | ξ = cos θn1(s)+sin θn3(s) ∈ Nγ(s)(C), s ∈ I, θ ∈ [−π, π) },

so that the lightcone Gauss map and the lightcone pedal are given by

L̃G(s, θ) = L̃G(nT ,NS)(s, θ),

where NS(s, θ) = nT (s) + cos θn1(s) + sin θn3(s) and LP(s, θ) = ⟨γ(s), L̃G(s, θ)⟩L̃G(s, θ).

We also have C(H) = {(s, L̃G(s, θ)) |(s, θ) ∈ I × [0, 2π) } for the lightcone height function
H : I × S2

+ −→ R. Moreover we have the following proposition.

Proposition 10.1 For v0 ∈ S2
+, we have the following:

(1) h′v0
(s0) = 0 if and only if there exists θ0 ∈ [−π.π) such that v0 = L̃G(s0, θ0).

(2) h′v0
(s0) = h′′v0

(s) = 0 if and only if there v0 = L̃G(s0,±π/2).
(3) h′v0

(s0) = h′′v0
(s0) = h′′′v0

(s0) = 0 if and only if v0 = L̃G(s0,±π/2) and κ2(s0) = 0.

(4) h′v0
(s0) = h′′v0

(s0) = h′′′v0
(s0) = h

(4)
v0 (s0) = 0 if and only if v0 = L̃G(s0,±π/2), κ2(s0) = 0

and κ′2(s0) = 0.
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Proof. By definition and the Frenet-Serret type formulae, we have

(a) h′v = ⟨t,v⟩
(b) h′′v = ⟨κ1n1,v⟩
(c) h′′′v = ⟨κ′1n1 − κ21t+ κ1κ2n

T ,v⟩
(d) h(4)v = ⟨(κ′′1 − κ31 + κ1κ

2
2)n1 − 3κ′1κ1t+ (2κ′1κ2 + κ1κ

′
2)n

T + κ1κ2κ3n3,v⟩.

By Proposition 4.1, we have the assertion (1). Suppose that v0 = L̃G(s0, θ0). By the above
formula (b), we have h′′v0

(s0) = 0 if and only if

0 = ⟨κ1(s0)n1(s0),v0⟩ = κ1(s0)ℓ0(s, θ0) cos θ0,

where ℓ0(s, θ) is the first component of nT (s) + cos θn1(s) + sin θn3(s). Since κ1(s)ℓ0(s, θ) ̸= 0,

we have cos θ0 = 0. Therefore, h′v0
(s0) = h′′v0

(s) = 0 if and only if v0 = L̃G(s0,±π/2) =
ℓ0(s0,±π/2)(nT (s0) ± n3(s0)). By the above formula (c), the assertion (3) holds. By the
similar arguments to the above cases we can show that the assertion (4) holds. 2

10.3 Case 3

Suppose that n3(s) is timelike. Then we adopt nT (s) = n3(s) and we have a pseudo-orthogonal
frame {t(s),nT (s),n1(s),n2(s)} and δ3 = −1 and δ1 = δ2 = 1,which satisfies the following
Frenet-Serret type formulae:

t′(s) = κ1(s)n1(s),
b′1(s) = −κ1(s)t(s) + κ2(s)n2(s),
b′2(s) = −κ2(s)n1(s) + κ3(s)n

T (s),

nT ′
(s) = κ3(s)n2(s),

Here, N1(C)[n
T ] is parametrized by

N1(C)[n
T ] = {(γ(s), ξ) ∈ γ∗TR4

1 | ξ = cos θn1(s)+sin θn2(s) ∈ Nγ(s)(C), s ∈ I, θ ∈ [−π, π) },

so that the lightcone Gauss map and the lightcone pedal are given by

L̃G(s, θ) = L̃G(nT ,NS)(s, θ),

where NS(s, θ) = nT (s) + cos θn1(s) + sin θn2(s) and LP(s, θ) = ⟨γ(s), L̃G(s, θ)⟩L̃G(s, θ). We

also have C(H) = {(s, L̃G(s, θ)) |(s, θ) ∈ I × [0, 2π) }. By the similar calculations to the case
2, we have the following proposition.

Proposition 10.2 For v0 ∈ S2
+, we have the following:

(1) h′v0
(s0) = 0 if and only if there exists θ0 ∈ [−π.π) such that v0 = L̃G(s0, θ0).

(2) h′v0
(s0) = h′′v0

(s) = 0 if and only if there v0 = L̃G(s0,±π/2).
(3) h′v0

(s0) = h′′v0
(s) = h′′′v0

(s0) = 0 if and only if there v0 = L̃G(s0,±π/2) and κ2(s0) = 0.

(4) h′v0
(s0) = h′′v0

(s) = h′′′v0
(s0) = h

(4)
v0 (s0) = 0 if and only if there v0 = L̃G(s0,±π/2), κ2(s0) = 0

and κ′2(s0) = 0.

Proof. By the calculations of fourth order derivatives of the lightcone height function hv, we
can show the assertions similar way to the proof of Proposition 10.1. 2
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10.4 Classifications of singularities

By using the results of the above cases, we classify the singularities of the lightcone pedals as
an application of the unfolding theory of functions. For a function f(s), we say that f has Ak-
singularity at s0 if f (p)(s0) = 0 for all 1 ≤ p ≤ k and f (k+1)(s0) ̸= 0. Let F be an r-parameter
unfolding of f and f has Ak-singularity (k ≥ 1) at s0. We denote the (k − 1)-jet of the partial
derivative ∂F/∂xi at s0 as

j(k−1)

(
∂F

∂xi
(s,x0)

)
(s0) =

k−1∑
j=1

αji(s− s0)
j, (i = 1, · · · , r).

If the rank of k × r matrix (α0i, αji) is k (k ≤ r), then F is called a R-versal unfolding of f ,
where α0i = ∂F/∂xi(s0,x0).

Inspired by the propositions in the previous subsections, we define the following set:

Dℓ
F =

{
x ∈ Rr | ∃s ∈ R, F (s,x) =

∂F

∂s
(s,x) = · · · = ∂ℓF

∂sℓ
(s,x) = 0

}
,

which is called a discriminant set of order ℓ. Then D1
F = DF and D2

F is the set of singular
points of DF .

Therefore, DH = D1
H = LP(N1(C)[n

T ]) and D2
H Let F and G be r-parameter unfoldings of

f(s) and g(s), respectively. We say that F and G are P-R-equivalent if there exists a diffeomor-
phism germ Φ : (R× Rr, (s0,x0)) −→ (R× Rr, (s′0,x

′
0)) of the form Φ(s,x) = (Φ1(s,x), ϕ(x))

such that G ◦ Φ = F. In this case we can easily show that Φ(Dℓ
F ) = Dℓ

G. By definition, the
P-R-equivalence implies the P-K-equivalence. We have the following classification theorem of
R-versal unfoldings [2, Page 149, 6.6].

Theorem 10.3 Let F : (R × Rr, (s0,x0)) −→ R be an r-parameter unfolding of f which has
Ak-singularity at s0. Suppose F is an R-versal unfolding of f , then F is P-R-equivalent to one
of the following unfoldings:

(a) k = 1 ; ±s2 + x1,

(b) k = 2 ; s3 + x1 + sx2,

(c) k = 3 ; ±s4 + x1 + sx2 + s2x3,

We have the following classification result as a corollary of the above theorem.

Corollary 10.4 Let F : (R × Rr, (s0,x0)) −→ R be an r-parameter unfolding of f which has
Ak-singularity at s0. Suppose F is a versal unfolding of f , then we have the following assertions:

(a) If k = 1, then DF is diffeomorphic to {0} × Rr−1 and D2
F = ∅.

(b) If k = 2, then DF is diffeomorphic to C(2, 3) × Rr−2, D2
F is diffeomorphic to {0} × Rr−2

and D3
F = ∅.

(c) If k = 3, then DF is diffeomorphic to SW ×Rr−3, D2
F is diffeomorphic to C(2, 3, 4)×Rr−3,

D3
F is diffeomorphic to {0} × Rr−3 and D4

F = ∅.
We remark that all of diffeomorphisms in the above assertions are diffeomorphism germs.

Here, we respectively call C(2, 3) = {(x1, x2) | x1 = u2, x2 = u3} × R a cuspdidaledge,
C(2, 3, 4) = {(x1, x2, x3) | x1 = u2, x2 = u3, x3 = u4} a (2, 3, 4)-cusp, SW = {(x1, x2, x3) |
x1 = 3u4 + u2v, x2 = 4u3 + 2uv, x3 = v} a swallowtail (cf., Fig.1).
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cuspidaledge swallowtail
Fig. 1.

In order to apply the above theorem, we now define a function H : I × S2
+ × R −→ R by

H(s,v, r) = H(s,v)− r. Let us consider the canonical diffeomorphism

Ψ : S2
+ × (R \ {0}) −→ LC∗

defined by Ψ(v, r) = rv. The we have H̃(s,Ψ(v, r)) = ⟨γ(s),v⟩ − r = H(s,v, r). This means

that H̃ and H are P-R-equivalent. Here we have the following key proposition on H.

Proposition 10.5 If hv0(s) has Ak-singularity (k = 1, 2, 3) at s0, then H is a versal unfolding
of hv0 .

Proof. We consider the local coordinate neighborhood U+
1 = {v = (1, v1, v2, v3) ∈ S2

+ | v1 > 0},
where v1 =

√
1− v22 + v23. We denote that γ(s) = (x0(s), x1(s), x2(s), x3(s)) By definition, we

have

H(s,v, r) = −x0(s) + x1(s)
√

1− v22 − v23 + x2(s)v2 + x3(s)v3 − r.

Thus we have
∂H

∂vi
(s,v, r) = − vi

v1
x1(s) + xi(s) for i = 2, 3

and
∂H

∂r
(s,v, r) = −1. Thus, we have

∂2H

∂s∂vi
(s,v, r) = − vi

v1
x′1(s) + x′i(s) and

∂3H

∂s2∂vi
(s,v, r) = − vi

v1
x′′1(s) + x′′i (s)

It is enough to show that the rank of the following matrix is three:

A =

 v2
v1
x1(s0) + x2(s0)

v3
v1
x1(s0) + x3(s0) −1

v2
v1
x′1(s0) + x′2(s0)

v3
v1
x′1(s0) + x′3(s0) 0

v2
v1
x′′1(s0) + x′′2(s0)

v3
v1
x′′1(s0) + x′′3(s0) 0

 .

We now assume that nT = n2 (i.e., the case 2). By a straightforward calculation we can
show that

det

( v2
v1
x′1(s0) + x′2(s0)

v3
v1
x′1(s0) + x′3(s0)

v2
v1
x′′1(s0) + x′′2(s0)

v3
v1
x′′1(s0) + x′′3(s0)

)
= (v1, v2, v3) · (γ ′(s0)× γ ′′(s0)),
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where γ(s) = (x1(s), x2(s), x3(s)) ∈ R3, a · b is the Euclidean scaler product and a × b is
the Euclidean vector product of a, b ∈ R3. Here, (v1, v2, v3) · (γ ′(s0) × γ ′′(s0)) is the first
component of e0 ∧ γ ′(s0) ∧ γ ′′(s0) for e0 = (1, 0, 0, 0). By the proof of Proposition 10.1, v0 =
ℓ0(s0,±π/2)(n1 ± n3)(s0), so that

e0∧γ ′(s0)∧γ ′′(s0) = ℓ0(s0,±π/2)(n1±n3)(s0)∧t(s0)∧(κ1n1)(s0) = ±ℓ0(s0,±π/2)(κ1nT )(s0).

Since nT is timelike, the first component of nT (s0) is not equal to zero. By the similar calcu-
lations to the above, we can show that the rank of the matrix A is three for the case 3 (i.e.,
nT = n3). This completes the proof. 2

Since Ψ(Dℓ
H
) = Dℓ

H̃
, we have the following classification result.

Theorem 10.6 Let γ : I −→ R4
1 be a spacelike curve with κ1(s) ̸= 0.

For the case 1, the lightcone pedal is always non-singular. For the cases 2 or 3, the set of
singular points of the lightcone pedal is {(s,±π/2) | s ∈ I}. Moreover, we have the following
classification:

(1) The germ of the image of the lightcone pedal LP(I×[−π, π]) at LP(s0,±π/2) is diffeomorphic
to the cuspidaledge C(2, 3)× R if κ2(s0) ̸= 0. In this case the critical value set of the lightcone
pedal is locally diffeomorphic to a line.

(2) The germ of the image of the lightcone pedal LP(I×[−π, π]) at LP(s0,±π/2) is diffeomorphic
to the swallowtail SW if κ2(s0) = 0 and κ′2(s0) ̸= 0. In this case the critical value set of the
lightcone pedal is locally diffeomorphic to the (2, 3, 4)-cusp C(2, 3, 4).

Proof. We remark that LP(I × [−π.π]) is the wavefront set of LH̃(Σ∗(H̃)). By definition, we
have LP(I × [−π.π]) = DH̃ = Ψ(DH).

We now consider the cases 2 or 3. By Proposition 10.5, H is an R-versal unfolding of hv0 at s0
if hv0 has Ak-singularity for k = 1, 2, 3. By Propositions 10.1 and 10.2, hv0 has A2-singularity at

s0 for v0 = L̃G(s0,±π/2) if κ2(s0) ̸= 0. In this case, by Corollary 10.4, the germ of the image
of the lightcone pedal LP(I × [−π, π]) at LP(s0,±π/2) is diffeomorphic to the cuspidaledge

C(2, 3) × R. Moreover, hv0 has A3-singularity at s0 for v0 = L̃G(s0,±π/2) if κ2(s0) = 0
and κ′2(s0) ̸= 0. In this case, the germ of the image of the lightcone pedal LP(I × [−π, π])
at LP(s0,±π/2) is diffeomorphic to the swallowtail SW . By Corollary 10.4, the critical value
set of the lightcone pedal is locally diffeomorphic to the line and the (2, 3, 4)-cusp C(2, 3, 4)
respectively. This completes the proof. 2

11 Submanifolds in Euclidean space or

Hyperbolic space

In this section we consider submanifolds in Euclidean space and Hyperbolic space as special
cases as the previous results.

11.1 Submanifolds in Euclidean space

Let Rn
0 be the Euclidean space which is given by x0 = 0 for x = (x0, x1, . . . , xn). Consider

an embedding X : U −→ Rn
0 , where U ⊂ Rs is an open set. In this case we can adopt
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nT = e0 = (1, 0, . . . , 0) as a future directed timelike unit normal vector field along M = X(U)
in Rn+1

1 . In this case N1(M)[nT ] = N1(M)[e0] is the unit normal bundle N e
1 (M) of M in Rn

0 in

the Euclidean sense. Therefore, the lightcone Gauss map L̃G(nT ) is given by L̃G(nT )(p, ξ) =
e0 + ξ = e0 +G(p, ξ), where G : N e

1 (M) −→ Sn−1 is the Gauss map of the unit normal bundle

N e
1 (M) defined by G(p, ξ) = ξ[3]. Since e0 is a constant vector, we have d(p,ξ)L̃G(nT ) = d(p,ξ)G,

so that we have
κi(n

T )(p, ξ) = κi(e0)(p, ξ) = κi(p, ξ),

where κi(p, ξ) (i = 1, . . . , s) are the eigenvalues of −d(p,ξ)G belonging to the eigenvectors on
TpM, which are the principal curvatures of M with respect to ξ in the Euclidean sense. The
intersection of Rn

0 with a lightlike hyperplane in Rn+1
0 is a hyperplane in Rn

0 . Therefore, the
lightlike flat geometry of submanifolds in Rn

0 is a geometry investigating the contact with
hyperplanes of Rn

0 which is called the flat geometry in Euclidean space. For example, let
γ : I −→ R3

0 be a unit speed curve in Euclidean 3-space. It corresponds to the case 3) in §10.
We choose nT (u) = e0 = (1, 0, 0, 0) = n3(u), so that κ1(s) is the curvature of γ and κ2(s) is the
torsion of γ. Thus, Proposition 10.2 asserts that a singular point of the Gauss map corresponds
to the point of the curve which has higher order contact with a plane in R3

0.

11.2 Submanifolds in Hyperbolic space

Let X : U −→ Hn(−1) be an immersion into the hyperbolic space. Then we adopt nT (u) =
X(u). In this case N1(M)[nT ] is the unit normal bundle Nh

1 (M) of M = X(U) in Hn(−1).
Therefore, the lightcone Gauss image LG(nT ) is given by LG(nT )(u, ξ) = X(u) + ξ. We
remember that

CM2(n
T ; r) = X(nT ,NS; r)(U × Sk−2) = {X(u) +NS(u, µ) | (u, µ) ∈ U × Sk−2}.

For sufficiently small 1 > r > 0, there exists θ ∈ R such that tanh θ = r. We now define a
mapping

Ψh : CM2(n
T ; r) −→ Hn(−1)

by Ψh(X(u) + rNS(u, µ)) = cosh θ(X(u) + rNS(u, µ)) = cosh θX(u) + sinh θNS(u, µ). We
remark that Ψh is an embedding and the image is the hyperbolic canal hypersurface Ch(M ; θ)
of M defined in [9]. In [9] the horospherical hypersurface of M was defined to be a mapping

HSX : U × Sk−2 −→ LC∗; HSX(u, µ) = X(u) +NS(u, µ),

which is nothing but the lightcone Gauss image LG : U × Sk−2 −→ LC∗.

We now define a mapping Φ : LC∗ −→ LC∗ by Φ(v) =
−1

v20
v, wehre v = (v0, v1, . . . , vn).

Then we have Φ◦Φ = 1LC∗ , so that Φ is a diffeomorphism. If we denote that X(u)+N (u, µ) =
(ℓ0(u, µ), ℓ1(u, µ), . . . , ℓn(u, µ)), then we have

L̃G(u, µ) =
1

ℓ0(u, µ)
(X(u) +NS(u, µ)) and ⟨X(u), L̃G(u, µ)⟩ = −1

ℓ0(u, µ)
.

It follows that

LP(u, µ) = ⟨X(u), L̃G(u, µ)⟩L̃G(u, µ) = Φ ◦ LG(u, µ) = Φ ◦HSX(u, µ).

Therefore, we have [9, Theorem 5.6] as a special case of Theorem 8.6. In this case, the lightlike
flat geometry is called the horospherical geometry in Hyperbolic space [6, 9].
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