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PHYSICAL REVIEW B VOLUME 30, NUMBER 2 15 JULY 1984 

Isotope scattering of large-wave-vector phonons. in GaAs and InSb: 
Deformation-dipole and overlap-shell models 

Shin-ichiro Tamura 
Department of Engineering Science, Hokkaido University, Sapporo 060, Japan 

(Received 23 March 1984) 

Scatterings of near-zone-boundary phonons by isotopic disorder in diatomic GaAs and InSb crys
tals are studied theoretically. In multiatomic lattices the scattering rate depends importantly on the 
vibrational amplitudes of constituent atoms. We find that the wave-vector dependences of these am
plitudes, which are predicted by sortle lattice models, show quite dissimilar behaviors as compared to 
others. The typical examples investigated in this paper are the deformation-dipole model and the 
overlap-shell model. With the use of these models the frequency dependence of the relaxation time 
of phonons is calculated. Both models, however, predict the relaxation time of about 0.1 J1-sec for 1-
THz T A phonons in GaAs, which is at least 1 order of magnitude shorter than the lifetime reported 
by Ulbrich et al. 

I. INTRODUCTION 

There has been a great deal of recent interest in the 
propagation of nonequilibrium, large-wave-vector pho
nons at low temperatures. I•2 For the moment, an impor
tant problem from the theoretical viewpoint may be how 
to understand the anomalously long lifetimes of acoustic 
phonons observed by Ulbrich, Narayanamurti, and Chin.3 

They have reported that the near-zone-edge T A phonons 
generated by e-h recombination in high-purity GaAs pos
sess lifetimes greater than 1 J1-sec and propagate ballisti
cally over millimeter distances at dispersive velocities. 
Theoretical predictions on the anharmonic decay of high
energy phonons satisfying W»kBT ((t) being the angular 
frequency of phonons and T the ambient temperature) 
indeed show very long energy-relaxation times for T A 
phonons.4 - 6 In contrast, high-frequency phonons in iso
topically impure crystals are scattered quite frequently by 
fluctuations in the mass distribution of atoms, leading, in 
general, to very short momentum-relaxation times.1 

Recently, Lax et al.s have shown theoretically that the 
isotope-scattering rate of phonons in diatomic crystals 
such as GaAs which have one element (As) isotopically 
pure depends strongly on the amplitude of vibration of the 
impure element (Ga). Based on the bond-change model9 

(BCM) they demonstrated the wavelength dependence of 
the amplitude of Ga motion associated with acoustic 
modes and then suggested the existence of some frequency 
window over which the isotope scattering may be weaker 
than that expected from the theory valid for the mono- . 
atomic case. 

Here we remark that, as pointed out by Lax et al.,s the 
isotope scattering in multiatomic lattices depends explicit
lyon the eigenvectors of atomic displacements (see next 
section), and hence it will, in principle, provide a stringent 
test for lattice models. This is because for a complete 
description of lattice dynamics, the model in question 
should not only satisfy the experimental eigenfrequencies, 
but also reproduce the correct eigenvectors of atomic 
motions in the entire Brillouin zone. 10 
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The purpose of this paper is to closely investigate the 
isotope scattering of large-wave-vector phonons in GaAs 
and InSb in connection with the experiment by Ulbrich 
et al.3 as well as with the validity of some lattice models. 
We consider InSb since it is much more dispersive than 
GaAs and is characterized by the lowest zone-boundary 
frequency, of about 1.0 THz,u whereas this frequency 
amounts to about 1.9 THz (Ref. 12) for GaAs. 
Throughout this work we employ two distinct models, i.e., 
the deformation-dipole model 13. 14 (DDM) and the 
valence-overlap-shell mode115 - 17 (VOSM), for which par
tial trend analyses of the lattice dynamics of many com
pounds with zinc-blende structure exist. As we shall see 
later these two models show quite dissimilar behaviors to 
each other regarding the wavelength dependence of atom
ic displacements, which should yield large differences in 
the isotope-scattering rates of near-zone-boundary pho
nons. The resulting relaxation times predicted by the 
DDM and VOSM indeed differ remarkably near the zone 
boundaries, which, in principle, could be discriminated 
from one another by experiments. 

In the next section we give the expression for the 
scattering rate of phonons by isotopes. Comparing it with 
the formula obtained in the low-frequency limit we stress 
the finite-frequency effects (dispersive effects) on the 
scattering. In Sec. III the properties of phonons in GaAs 
and InSb predicted by the DDM and VOSM are 
described. The emphasis is placed on elucidating the 
characteristic behaviors of polarization vectors predicted 
by these models. The numerical results on the relaxation 
time of phonons are given in Sec. IV and their implica
tions to the experiment by Ulbrich et al.3 are also dis
cussed. 

II. SCATTERING RATE 

In a crystal in which isotopic atoms are distributed ran
domly on the lattice sites, the scattering rate, or the re
ciprocalof the relaxation time r of a phonon (q,j) (q is 
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the wave vector and j specifies the phonon mode) scat
tered by isotopes, is given byl8 

-1(..... ) 1T 2( ..... ) 
'T q,j;a> = 2Na> q,j 

x l: 8(a>-a>(q',j'» 
q',j' 

xl:g(u) 1 e*(u 1 q ',j')'e(u I q,j) 12, 
q 

(1) 

where N is the number of unit cells in the crystal and e is 
the unit amplitude (polarization vector) of the lattice, 
which is determined by solving the eigenvalue equationsl9 

l: [a>28apeSqq,-Gap(u,u' I q)]ep(u')=O 
/J,u' 

for a = 1,2,3, U= 1,2, ... ,r. (2) 

Here, GaP is the so-called dynamical matrix of the lattice 
and r denotes the number of atoms in a unit cell. In Eq. 
(1), g(u) is the constant which represents the strength of 
isotope effects; it can be expressed in terms of mass M/ (u ) 
and its fraction Ii (u) in the ith isotope of u atom as 

M/(u) 
g(u)= l:li(u) I--=- , [ ]

2 

i M(u) 

where M(u) is the average mass of u atom defined by 

M(u)= l:/i(U)Mi(u) . 

In a crystal of cubic symmetry we have 

l: F(q,j)e~(u I q,j)ep(u I q,j) 
q,j 

(3) 

(4) 

=+8ap l:F(q,j) 1 e(u I q,j) 12 , (5) 
q,j 

where F is an arbitrary function which depends on q and 
j through a>(q,j). Accordingly, Eq. (1) is simplified to 

-1(..... ) 1T 2( ..... ) 
'T q,j;a> = 6N a> q,j 

x l:g(u) 1 e(u I q,j) 12 
q 

x l: 8(a>-a>(q ',j'» 1 e(u I q ',j') 12 . 
q',j' 

(6) 

Thus the scattering rate is described by the squared ampli
tudes of the atomic vibration associated with the initial 
phonon multiplied by the one-phonon density of states 
which is also weighted by the square of polarization vec
tors of the final phonon. 

In the following we apply formula (6) to the scatterings 
in GaAs and InSb. In these cases the sum over u runs to 
u=l and 2, and the values of g(u) take g(1) 
=gGa= 1.97x 10-4 and g(2)=gAs=O for GaAs, and 
g(1)=gIn = 1.23x 10-5 and g(2)=gsb=6.61 X 10-5 for 

InSb. Hence, the atomic vibration of the heavier element, 
As, does not contribute to the scattering of phonons in 
GaAs, but phonons may be scattered predominantly by 
the heavier element, Sb, in InSb. 

For the sake of comparison we shall explicitly write the 
scattering rate (6) for monoatomic lattices. In this case 
g (u) does not depend on u, and then setting g (u) =g we 
obtain 

-I (--+. ) 1T 2(--+.) ~ "( (--+' "» 'Tmono q,j;a> = 12Nga> q,j ~ u a>-a> q,j . 
q',j' 

(7) 

Important features observed from Eqs. (6) and (7) may 
be summarized as follows. First, the isotope scattering of 
phonons in monoatomic crystals is governed by the ordi
nary one-phonon density of states and has no spatial an
isotropy and polarization-vector dependence. Second, in 
multiatomic crystals it is the weighted one-phonon density 
of states which serves as available density of terminal 
states for scattered phonons and the scattering rate de
pends strongly on the polarization vector of initial pho
nons. Taking these results into account together with the 
fact that As is an isotopically pure element, Lax et al.8 

have suggested the presence of some frequency window 
for the isotope scattering in GaAs. 

In order to evaluate the dispersive effects on the isotope 
scattering, here we deduce the expression for the scatter
ing rate in the low-frequency limit. In this limit the 
amplitudes of vibration for acoustic branches 
[a>(q-O,j)-O,j=1,2,3] are characterized by the rela
tions l9 

Then Eq, (6) is reduced to 

'T-1(q_O,j;a»= 6~g l:' 8(a>-a>(q',j'», 
q',j' 

(8) 

j = 1,2,3 , (9) 

where 

g= l:g(u)M 2(u) / l:M 2(u) , (10) 
q q 

and the summation over j' of Eq. (9) should be taken over 
the acoustic branches (this is indicated by the "prime" on 
the summation sign). Thus the apparent polarization
vector dependence of the scattering rate of Eq .. (6) disap
pears and spatial isotropy is recovered for the scattering 
of acoustic phonons in the long-wavelength limit. 

Now, the one-phonon density of states D(a» per unit 
cell defined by 

D(a»= ~ l:' 8(a>-a>(q',j'» 
q',j' 

(11) 

can be calculated in the low-frequency limit by the formu
la 
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Vo 2~'f --+ D(w-+O)=--3 w ~ dO(q ',j') 
(21T) }' 

X 1 I (12) 
V 3(--+q ',j") , 

",Cq',},)=", 

with the published values of elastic constants20,21 and 
mass density, where Vo is the volume of a unit cell and v 
is the phase velocity of the phonons. After numerical in
tegrations of Eq. (12) we find, for V=W/21T-+O, 

TO;As=7.38X 1O-42v4, Tb;Jb= 1.62x 1O-41V4 , (13) 

in units of sec-I, which should be compared with the 
scattering rate TOe1=3.67X 1O-41 V4 sec- I obtained for Ge 
in the same limit.22 

The calculation of the scattering rate for finite w, espe
cially, for near-zone-boundary frequencies, requires 
knowledge of the frequency spectrum as well as of the po
larization vectors over the entire Brillouin zone of crys
tals. It can be obtained on the basis of some specific lat
tice models and will be described in the next section. 

III. PHONON PROPERTIES IN GaAs AND InSb 

So far, a number of phenomenological approaches to 
the lattice vibrations of 111-V compounds have been pro
posed.23 Physically, the most appealing model for these 
compounds may be the BCM (Ref. 9), which contained, 
originally, six disposal parameters. Some results on the 
lattice vibrations in GaAs have been given by Lax and co
workers5,24 based on the eight-parameter version of the 
BCM. 

More traditional, well-known models exploited for the 
description of lattice vibrations may be the DDM (Refs. 
25 and 26) and shell mode127,28 (SM), although they re
quire, to some extent, more adjustable parameters to give 
an excellent fit to the experimental dispersion curves. 
However, in order to obtain a quantitative fit to phonon 
frequencies, as well as elastic constants, piezoelectric con
stants, and dielectric constants, etc., we need to increase 
the number of parameters, e.g., short-range force con
stants, even in the framework of the BCM. In this respect 
we believe that the DDM and SM are as appealing as the 
BCM. 

A crucial point we have found is that some lattice 
models show quite dissimilar behaviors to others regard
ing to the wavelength dependence of the vibrational am
plitudes of constituent atoms. Typical examples may be 
the DDM with the deformable-bond approximationl3,14 

and the overlap-shell model with the valence-force-field 
concept, i.e., the VOSM. 15 - 17 These models have been ex
tensively applied to fit the experimental dispersion curves 
of crystals of zinc-blende structure. In the following we 
shall study the phonon properties of GaAs and InSb de
rived from these two models. 

The dispersion curves of GaAs and InSb fitted by the 
DDM and VOSM are plotted in Figs. 1(a) and 1(b) togeth
er with the experimental data,u,12 For the DDM we have 
repeated the fitting procedure in order to obtain a better 
agreement of calculations with experiments, especially for 
the lower TA branch of GaAs. In this process, 14 param-

10~----~~---~----~ 
GaAs (a) 

N 

~8 

> 
~6 
lI.J 
::l 

~4 
0: 
LL 

2 

~8~---------.--.-------r----------r 

N InSb (b) 
J: 

!::6 
> ~~~~~~~~~~~~~~ 
u 
~4 
::l 
CI 

~2 
LL 

X K ~ r 1\ L 

FIG. 1. Dispersion curves of (a) GaAs and (b) InSb along 
three principal directions calculated using the DDM (solid lines) 
and the VOSM (dashed lines). Experimental data are from 
Refs. 11 and 12. 

eters have been determined (we have assumed the local 
electric polarizability of the cation to be zero). For the 
VOSM, however, published values for ten parameters are 
employed.29 The agreement of the calculations with ex
perimental results is fairly good though some minor devi
ations are present. For example, the coincidence in the 
lower TA and LO branches in the [~~O] direction of 
GaAs are found to still be insufficient for the DDM, 
whereas some deviation exists for the VOSM in the upper 
T A branch along the same direction. The latter 
discrepancy is also seen in InSb. Here we note that the 
situation for the lower TA branch of GaAs in the [~~O] 
direction observed in the fit made using the DDM is quite 
similar to that made using the 14-parameter SM.12 Ex
cept for unaviodable disagreements which may stem from 
anharmonic effects, most of these are improved by in
creasing the number of parameters describing, for in
stance, the short-range forces.3o 

One-phonon densities of states calculated from these 
models are illustrated in Figs. 2(a) and 2(b). Thick lines 
show the ordinary one-phonon densities of states and thin 
lines represent the densities of states weighted by the 
squared amplitudes of the vibrations of Ga and Sb atoms 
which govern the scattering rates of phonons in GaAs and 
InSb, respectively. As far as the dispersion relations and 
one-phonon densities of states are concerned, both the 
DDM and VOSM yield rather similar results and may be 
discriminated from each other only in the details of their 
structures. However, these two models are distinguished 
critically by the behaviors of the weighted density of 
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FIG. 2. Phonon densities of states of (a) GaAs and (b) InSb 
calculated using the DDM (solid lines) and the VOSM (dashed 
lines). Thick lines display ordinary one-phonon densities of 
states and thin lines represent the densities of states weighted by 
the squared amplitudes of (a) Ga motions and (b) Sb motions. 

states. Compared to the ordinary one-phonon density of 
states, we recognize that in GaAs the weighted density of 
states derived from the DDM is reduced significantly for 
acoustic branches, whereas the corresponding reduction 
for optical branches is conspicuous in the result obtained 
by the VOSM. Just the opposite situation can be seen for 
InSb. From these results we expect, at near-zone-

1.0.---,------=[r.-:r.-:cO]:-O-:[-r.r.-r.-:-] -----(O-)""T 

1./50.5 

0 
1.0 
X 

1.0 

tGJfA 0.5 
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"-"1:,~" '--'\." T1 

, " .,' !. 
J i ;~--~~:~:~~~ 

LA: ~~~--~~~ 
, 

-:OOM 
---: YOSM 

0.5 0 0.5 
K r 

[1,1,0] [m] 

TA ---

1.0 
L 

(b) 

-,OOM 

O+-r-~~~~~~~+--~--_:~YO_S~M~~~~ln=S~b~-+ 
1.0 0.5 0 0.5 1.0 
X K r L 

FIG. 3. Squared amplitudes of vibration of (a) Ga atoms and 
(b) Sb atoms versus reduced wave vector in the [;~] and [;;;] 
directions. Solid and dashed lines show the results using the 
DDM and VOSM, respectively. T1 (T2) denotes the lower 
(upper) TA branch. 

boundary frequencies of acoustic phonons, that the iso
tope scattering in GaAs (lnSb) predicted by the DDM 
(VOSM) becomes considerably weaker than that predicted 
by the VOSM (DDM). 

The origin of these behaviors of the weighted densities 
of states that we have found can be understood by study
ing the wavelength dependence of the vibrational ampli
tudes of constituent atoms. The squared amplitudes of 
Ga and Sb motions versus wave vector in the principal ["'1 and [,,0] directions of GaAs and InSb are plotted 
in Figs. 3(a) and 3(b), respectively. As the wave vector ap
proaches the zone boundaries of these directions, the 
modulus of the atomic amplitude of the lighter element 
associated with the TA-mode vibrations decreases in the 
DDM but increases in the VOSM. These marked con
trasts are also present in the TA branch of the [,00] 
direction, although the DDM and VOSM provide very 
similar behaviors in regard to the vibrational amplitudes 
of the LA mode in this direction. Note that the scattering 
rates in GaAs and InSb are proportional, respectively, to 
the squared amplitudes of Ga, and mainly to those of Sb, 
atoms associated with the vibrations of initial phonons. 
Ac,.cordingly, Fig. 3 indicates to us that those factors 
describing the vibrations of initial phonons should act to 
enhance the scattering in GaAs (lnSb) if the VOSM 
(DDM) is employed, but to suppress it if the DDM 
(VOSM) is assumed. This is indeed the case, as will be 
seen in the next section. 

IV. NUMERICAL RESULTS ON RELAXATION TIME 

The phonon relaxation times versus frequency in GaAs 
in InSb up to the lowest zone-boundary frequencies of 
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acoustic branches, Le., the TA-phonon frequencies at 
point L are shown in Figs. 4(a) and 4(b), respectively. As 
we see from Eq. (6) the isotope scattering in diatomic 
crystals depends on the propagation direction and the 
phonon mode. Figures 4(a) and 4(b) demonstrate the re
sults for the T A phonons with the wave vector parallel to 
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10-8 

(b) 

DDM 

VOSM 

1~9+---~--~--.-~--r-~~~ 
0.2 0.5 

FREQUENCY (THz) 
1.0 

FIG. 4. Frequency dependence of relaxation time of TA pho
nons (qll[~~~]) up to the lowest zone-boundary frequency. (a) 
GaAs and (b) InSb. Solid and dashed lines represent the results 
using the DDM and VOSM, respectively. Thin lines show the 
contributions to the relaxation time of scattering into each 
acoustic branch. Long-dashed-short-dashed line shows the re
laxation time extrapolated from low-frequency limit which 
shows the w-4 behavior. 

the [~~~] direction. In order to comprehend explicitly the 
dispersive effects on the scattering the relaxation times 
proportional to (i)-4 exptrapolated from the low-frequency 
limit [see Eq. (12)] are also plotted using long
dashed-short-dashed lines. 

Slight deviations from (i) -4 lines of the calculated relax
ation times in the low-frequency regions are due to inac
curacy of the values of elastic constants predicted by the 
employed models. As expected from Figs. 2 and 3 the 
departures of the relaxation times from (i) -4 dependence 
near the zone-boundary frequencies are quite remarkable 
in those derived from the VOSM for GaAs and from the 
DDM for InSb. The ratio of the relaxation times deduced 
from these two models amounts to a factor of about 5 in 
both GaAs and InSb at zone-boundary frequencies. 

Incidentally, it should be noted that the effects of the 
atomic amplitudes of initial phonons on the frequency 
dependence of the relaxation times [cf. Eq. (6)] are also 
observed from Fig. 4. They are measured by the amounts 
of deviations from the linearity of the lines representing 
the contribution to the relaxation times of the scattering 
into LA phonons. This is possible because the weighted 
density of terminal states of LA branch times (i)2 is found 
to reveal almost exactly the (i)4 behavior in the frequency 
ranges shown in Fig. 4, owing to the negligibly small 
dispersion of LA phonons at frequencies displayed. 

Although the DDM and VOSM predict the relaxation 
times significantly different at near-zone-edge frequencies, 
they give rather similar magnitudes at frequencies, for in
stance, lower than 1 THz for GaAs. According to these 
models the relaxation times of 1 /Lsec are obtained at fre
quencies as low as 0.55 to 0.6 THz for GaAs, which cor
respond to the wave number I q I =(O.25-0.29)XQL, 
where qL is the wave number at point L of the Brillouin
zone boundary. At 1 THz the relaxation time is about 
10-7 sec or shorter for GaAs. These results suggest that 
long-lived short-wavelength T A phonons reported by 
Ulbrich et al.3 cannot be explained simply in terms of 
phonon lifetimes against isotope scattering. 

In order to complete the analysis on the isotope effects 
we have studied further the anisotropy of the relaxation 
time which arises through 1 e(er I q,j) 12 of Eq. (6). This 
factor for the Ga atom is plotted in the (110) plane to es
timate the anisotropy in the lower T A branch of GaAs. 
In the low-frequency limit no anisotropy exists due to Eq . 
(8). As the frequency increases the anisotropy increases. 
However, we find it rather small, e.g., at 1.5 THz the vari
ation of squared amplitude of Ga motion in GaAs is 
about 10% in the DDM and it is much smaller in the 
VOSM. Then, the anisotropy of the relaxation time is 
practically irrelevant for GaAs as far as the frequencies as 
low as 1.5 THz are concerned. 

V. CONCLUDING REMARKS 

We have studied the isotope scattering of near-zone
boundary acoustic phonons in GaAs and InSb by assum
ing that these compounds are composed of normal ele
ments with naturally occurring distributions of isotopes. 
The scattering rate of phonons depends in an important 
way on the vibrational amplitudes of isotopically impure 
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elements. The wavelength dependence of these amplitudes 
relies sensitively on lattice models and even on the values 
of parameters of the specific model. As a result we expect 
that some models predict the scattering rates with strong 
departure from ro4 behavior near zone boundaries, exhibit
ing large dispersive effects, though others predict a weak 
departure. This remarkable feature reflects the essential 
difference in the nature of interatomic forces characteris
tic of each model. Therefore, the experimental study of 
the isotope scattering of large-wave-vector phonons is also 
of great interest in that it may provide a test of the validi
ty of these lattice models. 

Through this work we have illustrated the results based 
on the DDM and VOSM. At phonon frequencies higher 
than 1 THz these models yield, for GaAs, relaxation times 
much shorter than 1 {Lsec. This implies that it is hard to 
explain the experimentally observed long-lived dispersive 
phonons naively in terms of the isotope scattering incor
porating the dispersion unless the experiment by Ulbrich 
et al.3 has been conducted with an isotopically enriched 
sample of GaAs. At present there seems to be no mecha
nism which may account for the result of 
Ulbrich et al.3 as far as appreciable isotope scattering 
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More recently, using the ballistic-phonon-imaging 
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toproduced heat pulse of GaAs. They have found that the 
dispersive shift in the phonon-focusing pattern which evi
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relaxation times we have obtained for GaAs lead to a 
mean free path of about 300 {Lm for I-THz TA phonons. 
This result may be in accord with the experiment by 
Wolfe and Northrop.32 
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