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Abstract 
A method for estimating the rebar force crossing a crack under model I loading in RC beams using the crack mouth 
opening displacement (CMOD) is proposed based on fracture mechanics accounting for bond slip at rebar-concrete in-
terface. In the method, a CMOD is regarded as a consequence of the combined action of applied loads, rebar bridging 
forces and the bond slip. The CMOD due to these three contributors are estimated through an integral transformation 
based on fracture mechanics and a bond slip model. Since the CMOD due to bond slip is included, the tension stiffness 
effect is considered implicitly. Theoretically, the rebar force is estimated through the proposed method and the inverse 
analysis of COD profile using the same noisy synthetic COD profile. The smaller error of the proposed method in most 
cases demonstrates its reliability. The proposed method is further investigated through estimating the rebar force of an RC 
beam subjected to four-point bending load in laboratory, where acceptable accuracy is achieved. Conclusively, as the 
proposed method is dedicated to rebar force estimation of an RC member using CMOD, it provides a potential NDT&E 
approach for existing structures where the COD profile cannot be measured. 
 

 
1. Introduction 

In reinforced concrete (RC) structures, by incorporating 
ductile steel rebars into brittle concrete matrix allows to 
improve several mechanical properties, such as cracking 
resistance, ductility, impact resistance and fatigue resis-
tance. Therefore, stress level in the rebars is an important 
indicator of the structural performance, and rebar force 
estimation plays an important role in structural health 
monitoring (SHM) and maintenance of RC structures. 
Unfortunately, the rebar force cannot be measured di-
rectly in existing structures, unless embedded sensors 
have been installed during construction. Nevertheless, 
the rebar force that is responsible for crack bridging has 
inherent connection with structural surface cracks. This 
connection provides a possibility of estimating rebar 
force through an indirect approach. 

Generally, in concrete structures, the effect of crack 
bridging forces due to a variety of elements (rebars, 
aggregates and fibers) is effectively modelled by a con-
tinuous distribution of stresses acting on crack faces. The 
integral transformation relating crack opening dis-
placements (COD profile) with crack opening stresses 
due to applied loads and crack bridging forces for various 
geometries and load conditions have been proposed in 
(Cox and Marshall 1991; Fett et al. 1996; Marshall et al. 
1985; Marshall and Cox 1987; McMeeking and Evans 
1990) based on fracture mechanics. Inversely, the esti-

mation of crack bridging forces acting on the crack faces 
using the measured COD profile has been successfully 
applied in (Buchanan et al. 1997; Cox and Marshall 
1991). By assuming rebar forces as a step function and 
following a weight function method for determining the 
stress intensity factor (SIF), a transformation between the 
rebar force crossing a crack under model I loading and 
the COD profile has been derived in Nazmul and Ma-
tsumoto 2003. This transformation has been applied 
successfully in estimating the rebar force in cracked RC 
beams under four-point bending load through inverse 
analysis of the experimental COD profile in (Nazmul and 
Matsumoto 2008a, 2008b), where Tikhonov regulariza-
tion method and linear filter method were employed in 
addressing the ill-posed problem and the randomness due 
to noisy COD data, respectively. However, for many 
concrete structures, such as slabs, the COD profile is 
difficult to be measured, or it is even unmeasurable. Also 
complicated mathematical methods are necessary in 
addressing the noise in measurement data. Therefore, a 
convenient, reliable and sophisticated technique using 
easily accessible data deserves great attention in infra-
structure maintenance. 

In this paper, an estimation method of rebar forces 
crossing a crack under Model I loading conditions in RC 
structures is proposed through using only the crack 
mouth opening displacement (CMOD) based on fracture 
mechanics and local bond slip model. As a result, the 
complicated process of measuring and optimizing COD 
profiles is obviated. Thus, this method is a potential 
non-destructive test and evaluation method for RC 
members where the COD profile is difficult to be meas-
ured. In addition, this method is superior to some other 
simpler rebar force estimation methods, e.g. sectional 
analysis method, because the contribution of bond slip 
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in the rebar-concrete interface on the CMOD is consid-
ered through employing a bond slip model. As a result, 
the corresponding influence of bond slip on the rebar 
force, which is known as the tension stiffness effect, can 
be captured. Since this method is dedicated to providing 
a potential non-destructive test and evaluation approach 
of existing RC members, no crack propagation maybe 
assumed in all computations. 

 
2. Problem formulation 

Consider a crack in an RC structure under external load, 
the crack opening is governed by two mechanisms: the 
activation of bond forces at the rebar-concrete interface 
and the bridging effect of rebars crossing the crack. 
Over the last few decades, both mechanisms have been 
extensively studied in different fields and through dif-
ferent approaches (Ben Romdhane and Ulm 2002; 
Eligehausen et al. 1982; Harajli et al. 2002; Li and Liang 
1986; Li and Matsumoto 1998; Okamura et al. 1985; 
Salem and Maekawa 2004). 

To better understand the concrete crack opening 
process, this process is interpreted as consisting of two 
steps. Step 1: Perfect bond is assumed. The crack opens 
under applied loads and rebar bridging forces. The re-
sulting crack profile is shown in Fig. 1 marked as Line 1. 
Step 2: Bond slip occurs at rebar location and then 
transfers to the other positions along the crack. Corre-
spondingly, the COD profile shifts to Line 2 in Fig. 1. In 
Step 2, the rebar bridging force changes as a consequence 
of the shift due to bond slip. In previous studies dealing 
with the inverse analysis of COD profiles, the crack 
bridging force along the crack can be estimated without 
considering bond slip because the COD profile shift due 
to bond slip can be captured and then reflected on the 
basis of the change of the crack bridging force estimated 
through inverse analysis. Therefore, the actual bond slip 
is implicitly included and the result of inverse analysis of 
COD profile is the bridging force distribution along the 
crack regardless of where the bridging force comes from. 
On the contrary, the COD utilized in this study is only 
CMOD, which means that only the change of COD due 

to bond slip at crack mouth can be captured, while the 
bond slip has a more significant contribution to the COD 
profile shift at the region close to rebar. This local COD 
profile shift is a manifestation of the popular tension 
stiffening effect of concrete which reflects the ability of 
concrete to tension between cracks. Due to the existence 
of tension stiffening effect, the rebar force decrease by a 
certain extent according to the bond strength between 
concrete and reabrs. Thus, rebar force estimation of ex-
isting RC members cannot be successfully conduced if 
the tension stiffening effect is not considered appropri-
ately.  

Therefore, this study establishes the rebar force esti-
mation method by calculating the bond slip related 
CMOD separately through introducing local bond slip 
model and then eliminates it from the experimental 
CMOD. The remaining CMOD due to rebar bridging 
forces and applied loads is calculated based on fracture 
mechanics by using the weight function method in de-
termining the stress intensity factor. Since the method is 
based on the general cracking mechanisms of RC struc-
tures, theoretically, this method can be applied for force 
estimation of rebars crossing cracks if the corresponding 
weight function and bond slip model are available. To 
verify the applicability of this method, this study is fo-
cused on relative simple crack problems, i.e. the cracking 
problems of RC beams under Mode I load conditions, 
which can be achieved by a RC beam with a crack at the 
midspan under pure flexure as shown in Fig. 1. Accord-
ing to the method used for the calculation, the CMOD is 
divided into two: CMOD due to applied loads and re-
bars and CMOD due to bond slip, which will be intro-
duced separately. 

 
2.1 CMOD due to applied load and rebar bridg-
ing forces 
For the crack geometry shown in Fig. 1, such a single 
dominate crack at the midspan resembles a single edge 
notch (SEN) fracture specimen, and a zero or negligible 
shear at the crack plane ensures Mode I fracture. A 
two-dimensional bridged crack model is exploited for the 
through-the-thickness cracked RC beam. Therefore, the 

σ(x) 

Total load 

b

a

h 

σ(x)

x

y

Line 1

Line 2

Fig. 1 Schematic diagram for the understanding of cracking process. 
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relevant quantities are applicable to unit thickness of the 
beam.  

Linear elastic behavior of rebar and concrete is as-
sumed after the crack has passed the rebars. Since this 
method is dedicated to the non-destructive test and 
evaluation of a cracked RC member, no crack propaga-
tion is assumed. Correspondingly, the nonlinear effect 
due to the fracture process zone is out of the research 
scope. Therefore, the CMOD due to applied loads and 
rebar bridging forces is calculated following the integral 
transformation for a bridged crack in an elastic medium 
(Cox and Marshall 1991) based on fracture mechanics. 
Consider an existing crack in a RC beam, in order to 
calculate the COD at any location along the crack, a 
virtual line load P is applied at that location. Following 
Castigliano's theorem (Sokolnikoff and Specht 1956), the 
displacement at that position is given by 

0
( ) lim

P

Wu x
P→

∂
=

∂
 (1) 

where x is the distance between the target position and 
the bottom face of the beam as shown in Fig. 1. W is the 
total strain energy of the system per unit width of crack 
front. Thus the derivation is valid only if the system is 
linear-elastic, apart from the nonlinearity in the action of 
crack bridging stress. The strain energy may be written as 
an integral of the strain energy release rate per width of 
crack front, which is denoted as G  

2

0 0
G

a a tipK
W da da

E
′ ′= =

′∫ ∫  (2) 

where a is the crack length which can be identified fol-
lowing the procedure described in (Nazmul and Ma-
tsumoto 2008a), a’ is the dummy variable for a. E’ is a 
combination of elastic constants, which depends on 
whether the problem is in plane stress or plane strain 
conditions and also on whether the material is isotropic 
or orthotropic. For isotropic materials 

2

for plane stress

for plane strain
1

c

c

E
E E

ν

⎧
⎪′ = ⎨
⎪ −⎩

 (3) 

where ν is Posson’s ratio of concrete, Ec is the Young’s 
modulus of concrete, Ktip is the superposed effect of 
applied loads, bridging forces and the virtual load P.  

tip a b PK K K K= + +  (4) 

where Ka and Kb are SIF owing to applied loads and 
bridging forces, respectively. KP is SIF due to the virtual 
load P.  

To facilitate the derivation of a transformation be-
tween bridging force and COD, the stress intensity fac-
tors are determined according to the weight function 
method proposed by (Bueckner 1970; Rice 1972) be-
cause once the weight function for a particular crack is 
determined, the stress intensity factor for any loading 

system can be calculated. Based on the weight function 
method, the SIF due to the virtual load P is  

0P

G P x a
K

x a
⋅ <⎧

= ⎨ ≥⎩
 (5) 

where G is a weight function which depends on the crack 
geometry only. The weight functions for a variety of 
significant geometries can be found in handbooks for 
crack analysis [e.g. (Tada et al. 2000)]. For the SEN 
specimen under Mode I load conditions, the weight 
function is given as 

( ) ( )
( )

1
1 22 2

,1, ,
1

h x a a b
G x a b

a x aπ
=

−
 (6) 

where b is the beam depth, and 

( ) ( )
( )1 3 2

,
,

1

g x a a b
h x a a b

a b
=

−
 (7) 

assuming a/b=ξ, then  

( ) ( ), ,g x a a b g x a ξ=  (8) 

and 

( ) ( ) ( ) ( ) ( )
2 3

1 2 3 42 3
,

x x x
g x a g g g g

a a a
ξ ξ ξ ξ ξ= + + +  (9a) 

( ) ( ) ( )5 22
1 0 46 3 06 0 84 1 0 66 1g . . ξ . ξ . ξ ξξ = + + − + −  (9b) 

( ) 2
2 -3.52g ξ ξ=  (9c) 

( ) ( )
( ) ( )

3 22 3
3

5 22

6 17 28 22 34 54 14 39 1
            5 88 1 2.64 1
g . . ξ . ξ . ξ ξ

. ξ ξ ξ
ξ = − + − − −

− − − −
 (9d) 

( )
( ) ( ) ( )

2 3
4

3 2 5 22

6.63 25.16 31.04 14 41
            2 1 5 04 1 1.98 1
g ξ ξ . ξ

ξ . ξ ξ ξ
ξ = − + − +

+ − + − + −
 (9e) 

Substituting Eqs. 5 and 6 into Eq. 1, the following 
equation is derived. 

( ) ( )2( ) , ,
a

a bx
u x K K G x a b da

E
′ ′= +

′ ∫  (10) 

Furthermore, Ka and Kb can be also computed through 
weight function method. Considering stresses are acting 
on two opposite faces of the crack, then 

( ) ( ) ( ) ( )[ ] ( )
0

4
, , , ,

a a

x
u x G x a b x f x dx G x a b da

E
σ

′

′ ′ ′ ′ ′ ′ ′= −
′

⎡ ⎤⎣ ⎦∫ ∫ (11) 

where σ(x) is the stress that would exist on the crack 
faces in the absence of a crack and f(x) is the stress on 
crack faces due to rebar force per unit length along the 
crack. x’ is the dummy variable of x. Correspondingly, 
defining ua(x) and ub(x) as the crack opening and crack 
closing due to applied load and rebar bridging, separately, 
then the complete forms of these two components of 
COD are 
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( ) ( ) ( ) ( )
0

4
, , , ,

a a

a x
u x G x a b x dx G x a b da

E
σ

′
′ ′ ′ ′ ′ ′=

′
⎡ ⎤
⎣ ⎦∫ ∫  (12) 

( ) ( ) ( ) ( )
0

4
, , , ,

a a

b x
u x G x a b f x dx G x a b da

E

′
′ ′ ′ ′ ′ ′=−

′
⎡ ⎤
⎣ ⎦∫ ∫  (13) 

For the cracked RC beam under pure bending loads 
as shown in Fig. 1, linearly distributed bending stresses 
would exist on the crack face in the absence of the crack 
according to the widely-approved plane cross-section 
assumption for a linear elastic system. Thus, the stress 
distribution due to applied load should be: 

( ) 21 xx
b

σ σ ⎛ ⎞= −⎜ ⎟
⎝ ⎠

 (14) 

where σ is the maximum stress at the extreme concrete 
fibers. 

The linear elastic behavior is assumed until rebar 
yielding. The post-yielding behaviors do not need to be 
considered because the focus of this study is existing 
structures under service loads. 

The term f(x) is assumed as a step function following 
(Nazmul and Matsumoto 2008a). 

MF
jd

=  (15) 

( ) ( ) ( )bf x f H x h H x h d= ⋅ − − − −⎡ ⎤⎣ ⎦  (16) 

where M is the acting bending moment, jd is the internal 
lever arm between the tension force of rebars and the 
resultant compression force of concrete, where d is the 
effective beam depth. h and db are clear distance of re-
bar from the bottom face and rebar diameter. H is Unit 
Step Function. f(x) in kN/mm is the force acting on per 
unit length along both crack faces due to rebar force, 
which is obtained according to the principle that the 
integration of f(x) over the cracked domain is equal to 
the total rebar force F. Correspondingly, f=F/db is the 
value of f(x). 

With the COD calculation equations derived in this 
section, the crack mouth opening displacements 
(CMODs) due to applied load, uma, and rebar bridging 
force, umb, are obtained if the virtual load P acts on the 
crack mouth. Thus 

( ) ( ) ( )
0 0

4 2
0 , , 1 , ,

a a

a a

x
um u G x a b dx G x a b da

E b
σ

′ ′
′ ′ ′ ′ ′= = −

′
⎡ ⎤⎛ ⎞

⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦∫ ∫ (17) 

( )
( ) ( ) ( ) ( )

0 0

0
4 , , , ,

 

b b
a a

b

bunit

um u

G x a b f H x h H x h d dx G x a b da
E
f um
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⎣ ⎦⎢ ⎥⎣ ⎦

=

′ ′ ′ ′ ′ ′ ′= − − − − −
′

= − ⋅
∫ ∫

 (18) 
where umbunit is CMOD due to unit linear rebar force. 
 
2.2 CMOD due to bond slip 
For RC structures, bond effect is the resistance to the 
relative movement between rebars and concrete. It is 
one of the fundamental structural behaviors because the 

bond slip relationship controls several phenomena, such 
as the collapse and the tension stiffening contribution in 
ultimate conditions, the crack width and spacing, and 
the deformability in service conditions. Thus, an ade-
quate level of bond is required to ensure structural ser-
viceability and safety. As for the influence of bond slip 
on rebar forces of cracked RC members, one of the most 
popular phenomenon illustrating this influence is the 
tension stiffening effect. Therefore, to accurately esti-
mate rebar force of RC members, the bond effect should 
be taken into account.  

The bond slip relation is very complicated because it 
is influenced by many factors, such as the concrete 
strength, rebar surface characteristics and embedment 
length. Many experimental and theoretical investiga-
tions have been carried out on rebar/concrete bond ef-
fect under various load conditions, such as monotonic 
load and cyclic load for various bond conditions. Sev-
eral models are available in literatures (Achenbach et al. 
1992; Doyle and Scala 1978; Nazmul and Matsumoto 
2008a; Shima et al. 1987). By employing bond slip 
models for different loads and bond conditions, CMOD 
due to bond slip in the corresponding conditions can be 
obtained. 

In this paper, the method is employed in analyzing a 
beam in (Nazmul and Matsumoto 2008a), where a 
newly cast beam was cracked under the monotonic load. 
Therefore, bond slip model for non-deteriorated condi-
tions should be employed. Based on several bond tests 
conducted under various boundary conditions, 
(Maekawa et al. 2003) reported that the unique bond slip 
relation would not exist unless the strain of rebar is in-
troduced into the relation because the strain is thought 
to be an indicator of damage concrete around rebars. 
Based on these considerations, a unique bond-slip-strain 
relation for non-deteriorated condition is proposed in 
the literature, which is expressed as  

( )( )3

5

0.73 ln 1 5
1 10c

s
f
τ

ε

′+
=

+ ×
 (19) 

where In is natural logarithm, ε is the rebar strain, 
s’=1000S/db, τ and S are bond stress and slip at any 
point along rebar, respectively, fc is concrete strength in 
MPa. The unit of slip (S) and rebar diameter (db) should 
be the same. 

To ensure a crack under Mode I loading, a notch was 
set in the midspan of the RC beam in (Nazmul and Ma-
tsumoto 2008a). As a result, a major crack was formed 
in the midspan as shown in Fig. 1 and long embedment 
condition was satisfied. For long embedment condition, 
the local bond slip relations can be well predicted too by 
the following simple equation in (Maekawa et al. 2003) 
as: 

( )0.62 / 3 400.9 1 s
cf eτ −= −  (20) 

where s=S/db is the normalized slip referred to the rebar 
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diameter. This model is employed in this study because 
the boundary condition of the model and the employed 
test identify with each other.  

In addition, there are some general relations among 
bond stress, slip and rebar strain. As illustrated in Fig. 2, 
defining the point on rebar where both rebar strain and 
bond slip are equaling zero as the origin of z coordinate, 
the slip at point (z) is the integration of rebar strain from 
z to the origin. With the concept, the slip is defined as 
the displacement of the rebar at the point concerned 
measured relative to a fixed point in the concrete, and 
also the relative displacement between the rebar and 
concrete as for the long embedment condition. Ls is 
debonding length. This relation is simply expressed as 

( ) ( )
0

z
S z t dtε= ∫  (21) 

where ε(z) is rebar strain at any point and t is the 
dummy variable for the integration.  

The local bond stress at any location along a rebar is 
proportional to the slope of the strain distribution curve 
at that point. Fig. 3 shows the stresses acting on dz rebar 
element. The equilibrium equation of the rebar element is 
as 

2

4
s b

b
d d

d dz dz
dz
σ π

τ π⋅ ⋅ = ⋅ ⋅  (22) 

thus 
2

24 4
s b s bE d E dd d S

dz dz
ετ

⋅ ⋅
= =  (23) 

Where Es is the elastic modulus of rebar, σs(z) is rebar 
stress at any point. dε/dz is the slope of strain distribu-
tion curve. The relations between rebar strain, bond 
stress and bond slip are shown in Fig. 4. 

Equations 21 and 23 are valid under the following 
assumptions: 
(1) Rebar has a linear elastic constitutive law in the lon-
gitudinal direction; 
(2) For any point along the rebar in the debonding re-
gion, the concrete strain is negligible compared with the 
rebar strain. 

Substituting Eq. 23 into Eq. 20, the differential equa-
tion of the normalized slip with respect to location is 
obtained. 

( )0.6
2 2

2 / 3 40
2 0.9 1

4
ss b

c
E d d s f e

dz
−⋅

= −  (24) 

For long enough embedment condition, the boundary 
conditions (Fig. 2) are: 

s b

s s b

s s

s S d
z L f d A

E
σ
ε σ

=⎧
⎪= ⇒ = ⋅⎨
⎪ =⎩

    
0

0 0
0

s

s
z σ

ε

=⎧
⎪= ⇒ =⎨
⎪ =⎩

 (25) 

where A is rebar sectional area; Ls is the debonding 
length which is unknown. Obviously, Eq. 24 has no 

theoretical solution and should be solved numerically. 
The procedure of numerical solving is:  

Step 1: Calculate ε(Ls)=f·db/Es·A and assume S(Ls)=Ss 
arbitrarily;  

Step 2: Substitute S(Ls) into Eq. 20, τ(Ls) is obtained. 
For the region from z=Ls to z=Ls-ΔLs, bond stress τ can 
be considered as equaling τ(Ls) if ΔLs is small enough. 
Following Eq. 23 and the relations illustrated in Fig. 4, 

( )zsσ ( ) ( )dz
dz

zdz s
s

σσ +

( )zsτ

( )zsτ

dz
Fig. 3 Stresses acting on rebar element. 

Fig. 2 Bond slip and rebar strain along rebar. 

bdf ⋅

sL

0

AE
df

s

b
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⋅
=ε

( )zε

z

0

( )zS
sS

z

St
ra

in
 

0 z 

dz
ddE bs ετ

4
⋅

=

zε

∫= dzS ε

Fig. 4 Relation between rebar strain, bond stress and 
bond slip.
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formulas for both ε(Ls-ΔLs) and S(Ls-ΔLs) calculations 
are obtained, which are expressed as: 

( ) ( ) ( )s
s s s s

s

L
L L L L

E
τ

ε Δ ε Δ− = − ⋅  (26a) 

( ) ( ) ( ) ( )
2

s s s
s s s s

L L L
s L L s L L

ε ε Δ
Δ Δ

+ −
− = − ⋅  (26b) 

Step 3: Repeating Step 2, the slip and rebar strain 
curves are obtained. And then check whether the 
boundary conditions at z=0 are satisfied or not.  

Step 4: Adjusting Ss and repeating Step 2 and Step 3 
to ensure boundary conditions at z=0 satisfied. Conse-
quently, the numerical result of strain to slip relation is 
obtained, and the debonding length Ls is obtained si-
multaneously.  

Taking ε(Ls)=0.0035 as example and employing pa-
rameter values of the RC beam in (Nazmul and Matsu-
moto 2008a),  
(1) S(Ls)=0.250mm is assumed;  
(2) Following the Step 2, the slip and rebar strain curves 
corresponding to S(Ls)=0.250mm are obtained, which 
are shown in Fig. 5. It is found that the boundary condi-
tion, slip and rebar strain equaling zero at a same point, 
cannot be satisfied.  
(3) Adjusting S(Ls) to ensure that the boundary condition 
can be satisfied at a certain point. This point is the ori-
gin of z coordinate. It is found that the boundary condi-
tion is satisfied when S(Ls) equals 0.278mm. The rebar 
strain and slip distribution curves corresponding to 
S(Ls)=0.278mm are shown in Fig. 5 as well.  
To facilitate application, the numerical result of strain to 
slip relation is fitted by a polynomial function. The fit-
ting result of the strain to slip relation is simply ex-
pressed as 

( ) ( )( )S z S zε=  (27) 

Both the numerical and fitting strain to slip relations 
are shown in Fig. 6. 

Regarding the slip as the COD of the center point of 

rebars, the CMOD can be obtained by assuming the COD 
due to bond slip increasing linearly from rebars to the 
crack mouth with a slope of  

a
a h r

ψ =
− −

 (28) 

where r is the rebar radius. Then the CMOD due to bond 
slip, ums(εs), is given as 

( ) ( )s s sum Sε ε ψ= ⋅  (29) 

where εs= f·db/Es·A is rebar strain at crack location. 
 
2.3 Formula for rebar force estimation 
According to previous sections, the calculation formulas 
for CMOD due to the aforementioned three main con-
tributions have been established. Then, the formula for 
rebar force estimation using CMOD is derived following 
the idea that the total CMOD is the summation of CMOD 
due to each contribution, which is expressed as 

( )a b s a bunit s sum um um um um f um um ε ψ= + + = − ⋅ + ⋅  (30) 

where um is the total CMOD. The only unknown variable 
for Eq. 30 is the rebar force f which can be obtained by 
solving the equation. 
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Fig. 5 Strain and slip distribution curves. 
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Fig. 6 Strain vs slip relation. 
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3. Cracked RC beam model 

In this study, to facilitate the comparison with the ex-
perimental results in (Nazmul and Matsumoto 2008a), 
both analytical and experimental study are conducted to 
simulate the crack opening of the reference beam. The 
static crack opening experiment is briefly summarized 
here. The dimensions, boundary and load conditions of 
the specimen are shown in Fig. 7. To set the major crack 
initiation position, a notch with 3 mm width and 1 cm 
depth was cut at the mid-span on the bottom surface of 
the beam. Basic material properties and specimen di-
mensions are listed in Table 1.  

4. Method inverstigation through 
theoretical approach 

With a measuring COD profile, the rebar force can be 
estimated through inverse analysis of COD profile and 
CMOD analysis method proposed in this paper. Since 
the applicability and accuracy of rebar force estimation 
based on inverse analysis of COD profile have been 
accepted, the accuracy of the CMOD analysis method 
can be investigated by comparing the results from these 
two approaches in the analytical scope. 

For RC beams, the sectional tension contribution of 
concrete is generally negligible compared with that of 
rebars. Neglecting the tensile strength of concrete, the 
rebar force is calculated based on the cracked RC beam 
section analysis using Eq. 15. Thus, the rebar force from 
Eq. 15 is on the safe side. With the rebar force from Eq. 
15, the crack length, a, is determined following the cri-
terion for crack advance in the bridged crack model 
under monotonic loading in the current analysis, which is  

tip a b ICK K K K= + =  (31) 

where Ka and Kb are stress intensity factors due to the 
external loads and the rebar forces, respectively, and Ktip 
is net stress intensity factor combining both effects, KIC is 
the fracture toughness of reinforced concrete (see 
(Saouma et al. 1982) for details). 

(a) Experimental set-up
Total load 

Steel rebar 

Notch h+r 

L t 

b

(b) Specimen details
Fig. 7 Experimental set-up and specimen details. 

Table 1 Details of the tested beam. 
Parameters Value 

Concrete cylinder strength 30 MPa 
Critical stress intensity factor KIC 10 N/mm3/2 

Yield strength of steel 345 MPa 
Young’s modulus of steel 200 GPa 

Young’s modulus of concrete 28 GPa 
Possion’s ratio of concrete 0.2 

Possion’s ratio of steel 0.3 
Beam total depth (b) 10 cm 

Beam width (t) 10 cm 
Clear cover (h) 32 mm 

Steel rebar radius (r) 3 mm 
Beam span (L) 24 cm 
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Then, the direct solution of Eq. 11 yields the analytical 
COD profiles in Fig. 8. Substituting the rebar force into 
Eq. 27, the bond slip related COD at rebar location can be 
obtained. Assuming a uniform bond slip related COD 
along the entire boundary of rebars, and assuming that 
this COD increases from rebars towards the crack mouth 
and decreases from rebars towards the crack tip with the 
slope determined by Eq. 28, the COD profile including 
slip is obtained. COD profiles naming slip included in 
Fig. 8 are the summation of the direct analytical COD 
profiles and COD profiles due to bond slip. It is found in 

Fig. 8 that, due to the existence of rebars, each analytical 
COD profile experiences a depression in the region of 
rebars, which is from the value of the horizontal axis 
equaling 32mm to 38mm. These depressions implicitly 
exhibit the influence of rebars on the local deformation. 
Thus, the magnitudes of the depressions depend on the 
rebar bridging force and rebar to concrete interface bond 
slip. However, this local deformation cannot be reflected 
on the CMOD. Only the influence of rebar bridging force 
and rebar to concrete bond slip on CMOD can be cap-
tured. Therefore, the CMOD due to bond slip should be 
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(a) Load=17.64 kN                                (b) Load=19.60 kN 
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(c) Load=21.56 kN                                 (d) Load=23.52 kN 
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(e) Load=25.48 kN 

Fig. 8 Analytical COD profiles of an RC beam under static loads. 
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considered separately by exploiting a bond slip model. 
This is the mainly difference between inverse analysis of 
COD profile and the CMOD analysis method. It can be 
also found that the COD due to bond slip takes up a great 
proportion of the total COD in all cases, even before steel 
yielding, which means the CMOD due to bond slip is not 
negligible.  

In reality, the COD profile collected either from 
laboratory or field experiment contains noise inevitably 
due to instrumental error and human oversight. In this 
study, the noise is simulated by random numbers of 
Gaussian distribution with zero mean and a certain 
standard of deviation (ω). Thus, ω is the only criterion 
for noisy level. The deviation of inputting noise is cal-
culated as  

max[ ]k uω = ⋅  (32) 

where u is the analytical crack mouth opening dis-
placements; k is a dimensionless coefficient.  

The inputted noise may cause many unexpected fluc-
tuations on the COD profile, and the amplitudes of the 
fluctuations increase with the increasing noise content in 
noisy COD profile. The noisy COD profiles with k 
equaling 2% are shown in Fig. 8. It is found that the noise 
can stir up fluctuations of similar amplitudes with that of 
the depression due to the presence of rebars. This simi-
larity leads to the results of inverse analysis of COD 
profile being unreliable, even though the rebar force 
estimation error using the noisy COD profiles may be 
small by coincidence owing to the randomness of noise. 
Therefore, only noisy COD profiles with k less than or 
equal to 2% are employed in analysis.  

With the synthetic noisy COD profiles, rebar forces 
corresponding to COD profiles with different levels of 
noise can be estimated based on the inverse analysis of 
COD profile method in (Nazmul and Matsumoto 2008a) 
and the CMOD analysis model proposed in this study, 
which are shown in Table 2 and Table 3, respectively. 
Since the rebar force from Eq. 15 is employed in deter-
mining the crack depth based on Eq. 31 and calculating 

the theoretical COD profile, the rebar force calculated by 
using Eq. 15 is regarded as theoretical rebar force. The 
errors in rebar force estimation in Table 2 and Table 3 
are calculated by 

( )Estimating  error %
Theoretical  result - Estimating  result

Theoretical  result
=

 (33) 

It can be seen from Table 2 and Table 3 that excellent 
accuracy is achieved for both methods if the COD data is 
noiseless. The rebar forces are estimated with good ac-
curacy within moderate levels of noise. The accuracy 
decreases with increasing error percentages of COD data.  

For almost all cases, the CMOD analysis model has 
better accuracies than the inverse analysis of COD pro-
file and loses accuracy at a lower speed. This can be 
explained as: assuming the bridging forces as a con-
tinuous function p(x), then the COD, u(x), is given by 

( ) ( ) ( ) ( )[ ] ( )
0

4
, , , ,

a a

x
u x G x a b x p x dx G x a b da

E
σ

′
′ ′ ′ ′ ′ ′ ′= −

′
⎡ ⎤
⎣ ⎦∫ ∫  (34) 

For a crack on a structure under applied loads, a and 
G(x, a, b) are invariable. Thus 

( ) ( )
0

a a

x
u x p x dx da

′
′ ′ ′∝ ∫ ∫  (35) 

and  

( ) ( )2

2

d u x
p x

dx
∝  (36) 

which means the bridging force, p(x), is proportional to 
the curvature of the COD profile, u(x). Therefore, the 
error of the inverse analysis of COD profile is mainly 
relevant to the ratio of the fluctuation amplitude caused 
by noise to the depression due to rebars, while the error 
for the CMOD analysis method is proportional to the 
ratio of fluctuation amplitude of noise to the total CMOD. 
As a result, the accuracy of the CMOD analysis model is 
more stable than the inverse analysis of COD profile. 

Table 3 Estimating results of CMOD analysis. 
 Rebar force (N/mm2) Estimating error (%) k(%)  17.64kN 19.60kN 21.56kN 23.52kN 25.48kN 17.64kN 19.60kN 21.56kN 23.52kN 25.48kN

0.0  217.919 242.075 266.232 290.388 314.544 0.00 0.00 0.00 0.00 0.00 
0.5  212.550 237.232 262.238 283.135 311.329 2.526 2.042 1.523 2.561 1.032 
1.0  209.665 240.020 260.760 284.606 309.030 3.937 0.856 2.098 2.031 1.784 
1.5  216.229 237.557 261.623 288.159 309.780 0.782 1.902 1.761 0.773 1.538 
2.0  210.403 243.894 259.406 281.862 312.641 3.572 -0.746 2.631 3.025 0.609 

 

Table 2 Estimating results of inverse analysis of COD profile. 
 Rebar force (N/mm2) Estimating error (%) k(%)  17.64kN 19.60kN 21.56kN 23.52kN 25.48kN 17.64kN 19.60kN 21.56kN 23.52kN 25.48kN

0.0  217.919 242.075 266.232 290.388 314.544 0.00 0.00 0.00 0.00 0.00 
0.5  228.617 237.229 257.468 298.728 321.081 -4.679 1.968 3.004 -2.792 -2.036 
1.0  207.784 229.710 290.832 276.431 288.248 4.878 5.383 -8.458 5.049 9.123 
1.5  260.498 266.544 307.794 307.108 359.565 -16.345 -9.180 -13.503 -5.444 -12.521
2.0  191.264 348.145 356.196 351.377 367.796 13.936 -30.467 -25.257 -17.357 -14.479
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5. Method application 

The crack width and depth data at different load levels 
were collected by a laboratory apparatus consisting of a 
microscopic digital camera and a three-axis controlled 
system as described in (Nazmul and Matsumoto 2008a). 
Since the focus of this study is a Mode I fracture prob-
lem, a notch was set at the mid-span on the bottom face 
of the beam to ensure the major crack initiates from this 
position. As a result, under four-point bending load, the 
major crack of the RC beam will propagate vertically 
and almost no shear forces will be transferred across the 
crack because the crack remains confined in the pure 
bending region all the time. 

The COD data were collected at points with 1 mm 
spacing along the crack. The experimental COD profiles 
are drawn by collecting the isolated COD data points 
with straight line as shown in Fig. 9. Random fluctua-
tions are observed, which is due to both inherent tough-
ness of the fracture surface, such as aggregates, impuri-
ties and voids, and errors in COD measurement. 

In this study, firstly, the maximum COD, CODmax, is 
treated as the experimental CMOD for rebar force esti-
mation. This treatment seems to be more reasonable 
when considering the adopted assumption that is the 
tensile stresses in the concrete are negligible comparing 
with that of rebars.  

However, due to the existence of the notch, the 
CODmax should be still smaller than the actual experi-
mental CMOD. Thus, another experimental CMOD 
indicated as CODext is employed for rebar force estima-
tion as well. The CODext is determined by extending the 
COD profile to the bottom surface of the beams follow-
ing the linear polynomial fitting function of the experi-
mental COD profile. The reasons for using the linear 
polynomial function are, firstly, to reduce the influence 
of the fitting curve slope in the immediate vicinity of the 
notch, because the slope is determined by the COD data 
closing to the notch; secondly, a strong linear relation is 
observed in crack faces for all conditions, which is ba-
sically abide to a generally accepted assumption for RC 
beam behavior under bending, plane cross-section as-
sumption. The fitting curves and functions for the ex-

perimental COD profiles are shown in Fig. 9. Both of 
these two kinds of CMOD are listed in Table 4. 

Table 5 shows the rebar force estimation results from 
different approaches: (1) Inverse analysis of COD pro-
file by employing Tikhonov regularization method in 
(Nazmul and Matsumoto 2008a); (2) CMOD analysis 
method using CODmax; (3) CMOD analysis method us-
ing CODext; (4) Standard RC cracked beam transformed 
section analysis as stated in Eq. 15, which is regarded as 
theoretical rebar force because for RC beams the sec-
tional tension contribution of concrete is generally con-
sidered as negligible compared with that of rebar. Com-
paring with results from approach (4), the estimating 
errors of each method can be obtained, which are listed 
in Table 5 as well. 

It is found that the accuracy of CMOD analysis 
method, especially using CODext, is generally higher 
than the inverse analysis of COD profile, whereas the 
accuracy difference between these two methods is not as 
obvious as that shown in analytical approach. The rea-
son is: for CMOD analysis method, in analytical study, 
the only source of error is the noise simulating meas-
urement error, while, in experimental study, the local 
bond slip model employed contains error as well; for 
inverse analysis method of COD profile, the actual bond 
slip is included implicitly.  

For a load level equal to 15.68 kN, the estimating er-
ror for inverse analysis of COD profile is very high and 
Eq.(30) has no solution for using either CODmax or CO-
Dext. This is caused by the errors in the experimental 
COD profile where random fluctuations are observed, 
especially at the region close to the crack mouth.  

Assuming  

( ) ( )a bunit s sg f um um f um um ε ψ= − + ⋅ − ⋅  (37) 

The differential equation of Eq.(37) with respect to f is 

( )
s

b s
bunit

s

dg f d dum
um

df E A d ε ε

ψ
ε =

= − ⋅ ⋅
⋅

 (38) 

For load equaling 15.68 kN, umbunit=6.39×10-5 mm. 
According to Fig. 1, dums/dε∈{80mm, 110mm}, then 

Table 5 Comparison of results from different approaches. 
 Rebar force (N/mm2) Estimating error (%) Load 

(kN)  (1) Inverse analysis 
of COD profile 

(2) Analysis of 
CODmax 

(3) Analysis of 
CODext 

(4) Section 
analysis [(4)-(1)]/(4) [(4)-(2)]/(4) [(4)-(3)]/(4)

15.68  311.090 No solution No solution 193.763 -60.55 No solution No solution
17.64  304.202 257.861 244.565 217.919 -39.59 -18.33 -12.23 
19.60  257.835 311.024 278.383 242.075 -6.51 -28.48 -15.00 
21.56  318.32 286.786 265.069 266.232 -19.56 -7.72 0.44 
23.52  300.75 318.368 278.009 290.380 -3.57 -9.64 4.26 
25.48  319.266 322.781 287.311 314.544 -1.48 -2.62 8.66 

 

Table 4 CMOD under different loads. 
Load (kN) 15.68 17.64 19.60 21.56 23.52 25.48 

CMODmax (mm) 0.106 0.125 0.144 0.181 0.201 0.228 
CMODext (mm) 0.112 0.132 0.156 0.192 0.221 0.257 
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the second term in the left part of Eq. 38 should belong to 
{8.9×10-5 mm, 1.2×10-4 mm}. As a result 

( )
0

dg f
df

<  (39) 

while g(0) <0. Thus, Eq. 30 has no solution.  
 
6. Sensitivity study 

This study aims at developing a maintenance technique 

for existing structures based on field measurement data. 
The reliability and anti-interference ability deserve great 
attention. Since the result error is mainly from the meas-
urement error of CMOD according to previous analysis, 
result sensitivity study on error in CMOD was also car-
ried out. 

In theoretical scale, the CMOD, the left term of Eq. 30, 
can be calculated through direct analysis. By inputting 
different levels of error into it and solving Eq. 30, the 
corresponding rebar force error vs CMOD error relation 
can be obtained, as shown in Fig. 10. The errors of 
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(a) Load=15.68 kN                                (b) Load=17.64 kN 
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(c) Load=19.60 kN                               (d) Load=21.56 kN 
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(e) Load=23.52 kN                               (f) Load=25.48 kN 

Fig. 9 Experiment COD profiles of an RC beam under static loads. 
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CMOD and rebar force are defined as Eq. 40. 

( ) PRM with- PRM without error
PRM error % 100

PRM without error
= ×  (40) 

where PRM is the abbreviation of parameter. It is found 
that the accuracy loses with the increasing of noise level 
almost linearly. This can be explained by Eq. 37. The 
positive slope means the estimated rebar force increases 
with the decrease of CMOD which really makes sense 
because larger rebar force lead to smaller crack opening 
and can be explained by Eq. 37 as well. 
 
7. Conclusions 

Following the mechanisms of concrete cracking for RC 
structures, the relation between crack mouth opening 
displacement (CMOD) and the rebar forces crossing a 
crack under model I loading is developed based on 
fracture mechanics and bond slip model. Correspond-
ingly, a rebar force estimation method through CMOD 
analysis is established. As the CMOD due to bond slip is 
calculated by employing a bond slip model, the tensile 
stiffness effect which illustrates the influence of bond 
slip on the rebar forces in cracked RC members is taken 
into account. Similarly, the rebar force for an RC struc-
ture maybe estimated if the bond slip model corre-
sponding to the bond slip condition of the structure is 
employed.  

Theoretically, with the same noisy synthetic COD 
profile, rebar forces are estimated by the proposed 
CMOD analysis method and the inverse analysis method 
of COD profile. For the cracked RC beam in (Nazmul 
and Matsumoto 2008a), the applicability and stability of 
the proposed CMOD analysis method are verified by the 
smaller rebar force estimation error compared with the 
error from the inverse analysis method of COD profile. 
Findings show that bond slip of deformed bar is an im-
portant contribution of crack opening even before steel 
yielding occurs, which means the estimated rebar force 
using the tested CMOD should be much smaller than 
the actual rebar force if the CMOD due to bond slip is 
not included. 

The proposed CMOD analysis method is then em-
ployed successfully in rebar force estimation for a RC 
beam cracked under four-point bending tests. Since the 
error for CMOD analysis method is proportional to the 
ratio of fluctuation amplitude due to noise to the ex-
perimental CMOD while the error of inverse analysis of 
COD profile is mainly relevant to the ratio of the fluc-
tuation amplitude due to noise to the depression due to 
rebars, better accuracy and stability of rebar force esti-
mation are observed for CMOD analysis method than the 
inverse analysis of COD profile. This further verifies the 
applicability and stability of the proposed method.  

Since the accuracy of rebar force estimation depends 
on the accuracy of CMOD measurement and the em-
ployed bond slip model, more sophisticated techniques 
of CMOD measurement, such as treating the average 
value of CMODs on the bottom face of the beams as the 
experimental CMOD, should be adopted. Considering 
the primary error source is measurement CMOD, sensi-
tivity study has been conducted on it. It is found that the 
errors of rebar force estimation increased almost linearly 
with the amount of error inputted into the CMOD. This 
result further emphasized the importance of improving 
the accuracy of obtaining it.  

The most important advantage of this method lies in 
the fact with CMOD and crack depth, the imbedded 
rebar force for existing RC structures can be estimated. 
For CMOD, it is easily measurable. In terms of crack 
depth, for many kinds of cracks such as 3D cracks and 
cracks with complex configurations, the crack depth has 
been successfully measured using ultrasonic techniques 
(Chang and Wang 1997; Seher et al. 2013). Therefore, 
this method provides a potential non-destructive test and 
evaluation (NDT & E) approach for structure health 
monitoring of existing RC structures where the COD 
profile is unmeasurable. 
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