Title

Author(s)

Citation

Issue Date

DOI

Doc URL

Paramagnetic Meissner effect of small topological superconductors

鈴木, 修

北海道大学. 博士(工学) 甲第12754号

2017-03-23

10.14943/doctoral.k12754

http://hdl.handle.net/2115/65580

Type

theses (doctoral)

File Information

Shu̲Suzuki.pdf

Instructions for use

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP

Paramagnetic Meissner effect of small
topological superconductors
Shu-Ichiro Suzuki
February 10, 2017

Paramagnetic Meissner effect of
small topological superconductors
Shu-Ichiro Suzuki
Abstract
The perfect diamagnetism is the most fundamental property of all superconductors. In
the presence of an external magnetic field, the coherent motion of Cooper pairs generates
the electric current along a surface of a superconductor and screens the magnetic field.
Consequently, the superconducting condensate deep inside the superconductor can keep
its phase coherence and minimize the free energy. Every standard textbook explains this
phenomenon is called the Meissner effect. Several experiments, however, have reported
the paramagnetic response of small superconductors and mesoscopic proximity structures.
At present, the mechanism of the paramagnetic property is an open question in physics
of superconductivity.
Recent theoretical investigations have suggested the existence of novel types of Cooper
pairs called odd-frequency pairs in a spatially inhomogeneous superconductor. In the
mean-field theory of superconductivity, an odd-frequency pair appears as the local pairing
correlation induced by the spatial variation of the pair potential. For instance, an oddfrequency Cooper pair exists at surfaces of a superconductor, in vortex cores, at interfaces
between a superconductor and another material. Surprisingly, to our knowledge, an oddfrequency pair would exhibit the paramagnetic response to an external magnetic field.
Such paramagnetic pairs are thermodynamically unstable because they attract a magnetic
field. Unfortunately, only a few experimental studies have caught the signs of an oddfrequency pair.
In this thesis, on the contrary to the description in standard textbooks, we theoretically
demonstrate that a small unconventional superconductor can be paramagnetic at low
temperature. On the basis of the quasiclassical Green function formalism, we calculate
magnetic susceptibility of a small superconductor which belongs to unconventional pairing
symmetry classes such as spin-singlet d -wave and spin-triplet p -wave. The magnetic
response at low temperature is dominated by odd-frequency Cooper pairs appearing at a
surface of the superconductor. Our numerical results show that a small superconductor
changes its magnetic response from the usual diamagnetic response at high temperatures
near the transition temperature to the unusual paramagnetic one at low temperature. In
addition, we discuss the effects of surface roughness on the paramagnetic Meissner effect
and the stability of the paramagnetic phase. We also discuss a role of an odd-frequency
pair in the topological edge current in chiral superconductors.
Supervisor: Yasuhiro Asano
Title: Associate Professor of Applied Physics
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Chapter 1
General introduction
The perfect diamagnetism is a fundamental property of all superconductors [1–5]. When
a superconductor is located in a weak magnetic field, the coherent motion of Cooper
pairs generates an electric current along a surface and screens the external field. This
phenomenon is called the Meissner effect. In the presence of weak electron-electron attractive interactions, two electrons near the Fermi level try to form a Cooper pair to
decrease their energy. Quantum mechanically, electron number in Cooper pairing condensate must be unfixed. As a consequence, the superconducting ground state gain the
condensation energy and the phase coherence. The phase coherence is of the essence
in the superconducting phenomena. Generally speaking, a weak external magnetic field
disturbs the phase coherence through the vector potential. The superconducting state,
however, keeps its phase coherence because the energy of a phase-fluctuating state is higher
than the energy of the phase-coherent ground state. Therefore a magnetic field cannot
penetrate deeply into a superconductor, which is observed as a perfect diamagnetism of
the superconductor. The superconducting state is stable as far as the superconductor is
diamagnetic as explained in every standard textbook on superconductivity.
Several experiments, however, have reported the paramagnetic response of small superconductors and mesoscopic proximity structures. H. Walter et al. investigated experimentally the magnetic response of thin films of a high-Tc superconductor [6, 7]. They
fabricated two types of samples. One is a wide thin film, the other is a large thin film
cut into narrow bars by heavy-ion irradiations. The London penetration depths of the
thin films were measured in the experiment. They found at very low temperature that
the penetration depth of the narrow bars increases slightly with decreasing temperature.
The increasing of the penetration depth means the decreasing of the Meissner diamagnetic current [8]. Namely the diamagnetic response becomes weaker by reducing their
sizes. Such anomalous magnetic response has been confirmed also in a superconducting
nanowire covered by a normal metal [9–12], mesoscopic superconducting disks with giant
7
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vortices [13,14], granular high-Tc superconductors [15–18], and Au/Ho/Nb junctions [19].
At present, the mechanisms of the paramagnetic property have been an open question in
physics of superconductivity [20–30].
Recent several theories have suggested the existence of novel types of Cooper pairs
called odd-frequency pairs [31–35] in spatially inhomogeneous superconductors [36–57].
So far, properties of odd-frequency Cooper pairs have been partially clarified. Unfortunately, the superconductivity by the odd-frequency pairing order have never been confirmed in any experiments. Basically, odd-frequency Cooper pairs are absent when an
even-frequency superconductor is spatially uniform A . However, odd-frequency Cooper
pairs appear in usual even-frequency superconductors such as spin-singlet even-parity
superconductors and spin-triplet odd-parity superconductors. The spatial inhomogeneity (e.g., surfaces, junction interfaces, and vertex cores) induces odd-frequency Cooper
pairs as a local pairing correlation. In a realistic finite-size superconducting sample, there
must be boundaries such as surfaces and interfaces. In the vicinity of such boundaries,
odd-frequency Cooper pairs should exist.
The most significant difference between even- and odd-frequency Cooper pairs is their
response to an electromagnetic field [48–51,53–58]. Y. Asano et al. have theoretically studied the response of Cooper pairs to a low-frequency electromagnetic wave in the diffusivenormal-metal/superconductor junctions in terms of the surface impedance [48, 49]. They
have discussed an anomalous behavior of the surface impedance in the presence of oddfrequency Cooper pairs. It was concluded that the anomalous magnetic response would be
a direct experimental evidence of the emergence of odd-frequency Cooper pairs. In addition, they also discussed the origin of the anomalous magnetic response of odd-frequency
Cooper pairs. The linear response kernel to electromagnetic filed is called “pair density”
because it is proportional to the density of Cooper pairs in a homogeneous superconductor.
Surprisingly, odd-frequency Cooper pairs have “negative pair densities” according to their
discussion. When Cooper pair has such a negative density, the supercurrent flows in the
opposite direction the conventional Meissner screening current. Namely, odd-frequency
Cooper pairs would be rather paramagnetic than diamagnetic. When the amplitude of
odd-frequency Cooper pairs becomes comparable to that of even-frequency Cooper pairs in
a superconductor, the superconductor could indicate anomalous paramagnetic response.
Since a paramagnetic superconductor attracts magnetic field, it is unclear whether the
paramagnetic superconducting state is thermodynamically stable or not.
In this thesis, on the contrary to the description in standard textbooks, we theoretically demonstrate that small unconventional superconductors can be paramagnetic at low
A

In this thesis, we do not discuss the odd-frequency Cooper pairs in multiband superconductors as
discussed in Refs. [59–61].
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temperature. On the basis of the quasiclassical Green function formalism, we calculate the
magnetic susceptibility of a small superconductor with unconventional pairing symmetry
such as spin-singlet d -wave and spin-triplet p -wave. Our numerical results show that a
small superconductor changes its magnetic response from the usual diamagnetic response
at rather-high temperatures near the transition temperature to the unusual paramagnetic
one at low temperature. We also show that odd- frequency Cooper pairs are responsible
for the paramagnetic response. In these small superconductors, the magnetic response at
low temperature is dominated by odd-frequency Cooper pairs appearing at their surfaces.
In addition, we discuss the effects of surface roughness on the paramagnetic Meissner
effect and the stability of the paramagnetic phase. We also discuss an important role of
an odd-frequency pair in the topological edge current in chiral superconductors.
This thesis is organised as follows. In chapter 2, we explain the symmetry classification
of Cooper pairs and define the odd-frequency symmetry. In addition, we discuss unusual
properties of odd-frequency pairs and how to detect them experimentally. In chapter 3, we
demonstrate that a small superconductor with an unconventional pairing symmetry can
be paramagnetic because of the paramagnetic current carried by odd-frequency Cooper
pairs. In chapter 4, we discuss the stability of the paramagnetic superconducting state. In
chapter 5, we study the effects of surface roughness on the paramagnetic Meissner effect.
In chapter 6, we expand our knowledge on odd-frequency Cooper pairs to the issue on
spontaneous edge currents in a small chiral superconductor.

9
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Chapter 2
Odd-frequency Cooper pairs
In this chapter, we introduce odd-frequency Cooper pairs and their properties. We first
explain the symmetry classification of Cooper pairs, and introduce odd-frequency Cooper
pairs. Such odd-frequency pairings do not appear in the conventional classification based
on the equal-time pairing. The odd-frequency Cooper pairs appear only in inhomogeneous
systems, and show anomalous magnetic response due to their “negative pair density”.

2.1

Classification of Cooper pairs

The presence of Cooper pairs are described by the so-called anomalous Green’s function
in the Bogoliubov mean-field theory [62]. We refer to the anomalous Green’s function as
the pair function. The pair function is defined in terms of the product of two annihilation
operators of electron as
D
E
Fσ1 σ2 (r 1 , r2 ) = − Ψσ1 (r 1 )Ψσ2 (r 2 )

(2.1)

because a Cooper pair consists of tow electrons, where the operator Ψσ (r) annihilate the
electron at r with a spin σ. The angle brackets h· · · i means the quantum and statistical
average value. The field operator Ψ satisfies the anticommutation relation
n

Ψσ1 (r1 ), Ψσ2 (r2 )

o

+

=0

(2.2)

because the electron is a fermionic particle. Substituting Eq. (2.2) into Eq. (2.1), we
obtain the relation
Fσ1 σ2 (r 1 , r 2 ) = −Fσ2 σ1 (r 2 , r 1 ).
11
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This relation means that the pair function must be antisymmetric under the exchange of
the two electrons [i.e., (r 1 , σ1 ) ↔ (r 2 , σ2 )]. Here the electrons have two degrees of freedom;
coordinate and spin. Thus the Cooper pairs are classified into the two symmetry classes.
One is the spin-singlet even-parity symmetry class as
(

Fσ1 σ2 (r 1 , r 2 ) = −Fσ2 σ1 (r 1 , r 2 )
,
Fσ1 σ2 (r 1 , r 2 ) = +Fσ1 σ2 (r 2 , r1 )

(2.4)

the other is the spin-triplet odd-parity symmetry class as
(

Fσ1 σ2 (r 1 , r 2 ) = +Fσ2 σ1 (r 1 , r2 )
.
Fσ1 σ2 (r 1 , r 2 ) = −Fσ1 σ2 (r 2 , r 1 )

(2.5)

Superconductors discovered so far always belong to these two symmetry classes. For
instance, the Cooper pairs causing the conventional superconductors such as aluminum
and niobium belong to the spin-singlet s-wave pairing symmetry. The pairs in the cuprate
superconductors (i.e., compounds of copper and oxygen) is the spin-singlet d -wave pairing
symmetry. The strontium ruthenate Sr2 RuO4 has been widely believed to be realized by
the spin-triplet chiral-p -wave pairings [89–91]. In the heavy-fermion compounds such as
UPt3 is realised by the spin-triplet p - or f -wave pairings [103–106].
The classification above is true only when a system is completely homogeneous. Spatial
inhomogeneity such as the presences of surfaces and junction interfaces induces the Cooper
pairs with novel symmetry classes [36–57]. To describe these novel pairs, We first expand
the pair function into the general expression as
D
E
Fσ1 σ2 (r1 t1 , r 2 t2 ) = − Tτ Ψσ1 (r 1 τ1 )Ψσ2 (r2 τ2 ) ,

(2.6)

where we explicitly introduce the imaginary time of the electron τ . The operator Tτ is
the time-ordering operator which act upon the operators including imaginary time τ as
Tτ Ψσ1 (r1 τ1 )Ψσ2 (r 2 τ2 ) =Θ(τ1 − τ2 )Ψσ1 (r 1 τ1 )Ψσ2 (r2 τ2 )
− Θ(τ2 − τ1 )Ψσ2 (r 2 τ2 )Ψσ1 (r1 τ1 ),

(2.7)

where the negative sign in front of the second term in the right-hand side comes from the
anticommutation relation of the fermionic particles. In other words, the operator Tτ reorders operators with respect to imaginary times. We can find that the pair function must
satisfy the following relation under the exchange of the two electrons [i.e., (σ1 , r1 , τ1 ) ↔
12
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Table 2.1: Expanded symmetry classification of Cooper pairs. In this classification, the relative
imaginary time of the two electrons consisting a Cooper pair is took into account. Thus the
pair function has three degrees of freedom: spin, orbital, and Matsubara frequency. The four
symmetry classes below can satisfy the antisymmetricity relation in Eq. 2.9.

(σ2 , r 2 , τ2 )] as
Fσ1 σ2 (r 1 , r 2 , τ1 , τ2 ) = −Fσ2 σ1 (r 2 , r 1 , τ2 , τ1 ).

(2.8)

Exactly speaking, the anticommutation relation including the time degree of freedom has
not been defined in quantum mechanics. However, in the Green function method, we can
consider the antisymmetric property of pair functions through the time-ordering. The
symmetry of Cooper pairs is usually discussed in terms of the Matsubara frequency ωn
with n being integers, which is conjugate of relative imaginary time τ1 − τ2 . Thus we
adopt the frequency representation. In this case, the pair function satisfies
Fσ1 σ2 (r1 , r2 , ωn ) = −Fσ2 σ1 (r 2 , r 1 , −ωn )

(2.9)

Here a Cooper pair has the three degrees of freedom; coordinates, spins, and Matsubara
frequencies. The rule restricting the combination of these degrees of freedom is only
the antisymmetric relation in Eq. (2.9). Therefore, as summarized in Table (2.1), the
pair functions are classified into the four symmetry classesA : (i) even-frequency spinsinglet even-parity, (ii) even-frequency spin-triplet odd-parity, (iii) odd-frequency spinsinglet odd-parity, and (iv) odd-frequency spin-triplet even-parity symmetry classes. In
Table 2.1, the red-colored components account for antisymmetricity under the exchange
A

Recently, several theoretical groups expanded the classification of Cooper pairs to multiband superconductors [59–61]. They confirmed the emergence of odd-band odd-frequency spin-singlet s-wave Cooper
pairs in the presence of band hybridizations. However we focus only on single-band superconductors for
simplicity.
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of the two electrons sharing a Cooper pair. In the conventional classification, there are
only two symmetry classed, whereas there are four classes in the generalized classification.
The symmetry classes in the third and fourth lines from the top of Table 2.1 have the
odd-frequency symmetry. Such Cooper pairs are so-called odd-frequency Cooper pairs.

2.2

Emergence of odd-frequency Cooper pairs

2.2.1

Superconductor/diffusive-normal-metal junction

We first consider superconductor/diffusive-normal-metal junctions as shown in Fig. (2.1).
When a non-superconducting material is attached to a superconductor, the Cooper pairs
causing the superconductivity penetrate into the attached material. As a result, the
attached material also shows the qualitatively-similar properties to the superconductor
(e.g., diamagnetic response and resistivity decreasing). These phenomena are called the
superconducting proximity effects. The proximity effects have been so far observed in
various types of superconducting junctions [See, for example, A. A. Golubov et al., Phys.
Rev. B 51, 1073 (1995)]. The Cooper pairs appearing in a non-superconducting material could have different pairing symmetry from that of the Cooper pairs staying in the
superconductor. We first assume the superconductor consisting the junction is a d -wave
superconductor, which is realized in cuprate superconductors such as YBCO. In this case,
Cooper pairs are induce in the diffusive normal metal attached to the superconductor by
the proximity effect. However the orbital symmetry of such Cooper pairs is restricted to
be the s-wave. In the disordered system as ℓ/ξ0 ≪ 1, the phenomena occurring there are
basically isotropic because the isotropic impurity scatterings prohibit anisotropy. In terms
of Cooper pairs, only the s-wave pairing correlation can survive under such a strong disorder. Thus, even if the attached superconductor is realized by anisotropic Cooper pairs,
pairing symmetry induced in the diffusive normal metal is always the s-wave. In the diffusive metal attached to the d -wave superconductor, we can find the spin-singlet s-wave
Cooper pairs because the superconductor is the spin-singlet one and we do not consider
spin-dependent potentials here. According Table. (2.1), the induced Cooper pairs belong
to the ESE class. Namely they are the conventional even-frequency Cooper pairs.
When one employs a spin-triplet superconductor instead of the spin-singlet one, the
story above is changed. Here we assume the superconductor is a spin-triplet chiral-p wave one as realized in strontium ruthenate Sr2 RuO4 [89–91]. In this junction, the spintriplet s-wave Cooper pairs nucleate in the diffusive normal metal as shown in Fig. (2.2).
However both of the orbital and the spin parts of their pair function are symmetric under
the exchange of two electrons. Although such a pairing seems to violate the Pauli rule in
14
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Figure 2.1: Schematic of the superconductor/diffusive-normal-metal junction. When a diffusive normal metal is attached to a superconductor, the Cooper pairs penetrate into the normal
metal from the superconductor (the superconducting proximity effect). In the diffusive normal
metal, Cooper pairs with a different symmetry class from those in the superconductor can be
induced due to the impurity scattering.

Normal

oddtriplet
s-wave

Figure 2.2: Pairing symmetries of the Cooper pairs in the superconductor/diffusive-normalmetal junction. Only the s-wave Cooper pairs can survive in the diffusive normal metal. When
a spin-triplet superconductor such as Sr2 RuO4 is employed in a junction, odd-frequency Cooper
pairs are induced in the attached normal metal.

15

Shu-Ichiro Suzuki

Chapter 2

Figure 2.3: Schematic of a superconductor/diffusive-normal-metal junction with a spin-active
interface. The superconductor is limited to be the conventional s-wave superconductor. The
Cooper pairs appear in the diffusive normal metal because of the proximity effect. The spinactive interface affects on the symmetry of the Cooper pairs induced there through the spindependent scattering at the surface.

Spin-active interface

Normal

odd-ω
triplet
s-wave

Figure 2.4: Pairing symmetry of the Cooper pairs in the junction. When there is a spin-active
interface, both of the spin-singlet and spin-triplet Cooper pairs are induced in the diffusive
normal metal due to the spin-dependent scattering at the interface. The spin-triplet component
has the odd-frequency s-wave pairing symmetry.

16
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Eq. (2.9), they can avoid such violation by changing their frequency symmetry. Namely,
we always obtain the odd-frequency spin-triplet s-wave Cooper pairs (OTE class) in the
diffusive normal metal.

2.2.2

Superconductor/diffusive-normal-metal junction with a spinactive interface

Spin-rotational symmetry breaking can locally induce odd-frequency Cooper pairs [36,37,
40,41,43,44,46,47] as well as the translational symmetry breakdown discussed above. Here
we discuss a diffusive-normal-metal/superconductor junction with an spin-active interface
as shown in Fig. 2.3, where we assume the superconductor belongs to the conventional
spin-singlet s-wave symmetry class. The proximity effect generates Cooper pairs in the
diffusive normal metal as discussed above. If there is no spin-dependent potential, all of
the Cooper pairs in the system should have spin-singlet pairing symmetry because the
superconductivity is realized by the spin-singlet pairs. However, in this junction, the spin
mixing is occurred in the vicinity of the spin-active interface [46, 47]. The spin mixing
gives rise to spin-triplet components in the diffusive normal metal. The symmetry of
induced Cooper pairs are the spin-triplet s-wave class because only the s-wave pairing
is allowed in diffusive materials. Namely the Cooper pairs in the diffusive normal metal
should have the odd-frequency pairing symmetry to satisfy the Fermi-Dirac statistics.

2.2.3

Surface of a superconductor

When additional symmetry breaking is occurred, odd-frequency Cooper pairs appear in
systems. This symmetry breaking induces additional Cooper pairs with different symmetry from that deep inside of a superconductor. In what follows, we discuss the pairing
symmetry of Cooper pairs near the surface of a Cooper pairs. We here consider the surface of a d -wave superconductor. The superconductivity is realized by the even-frequency
spin-singlet d -wave Cooper pairs in this case. We find only the d -wave Cooper pairs in
a spatially-homogeneous system. Near a surface, however, the parity mixing occurs in
the vicinity of a surface due to the inversion-symmetry breaking. In other words, the
pairing function of the Fourier components with different orbital symmetry from the d wave have finite amplitudes there. Here we focus on the odd-parity components. These
induced components can not satisfy the Fermi-Dirac statistics Eq. (2.9). Thus they must
have odd-frequency symmetry. The inversion-symmetry breaking due to the presence of
a surface induces odd-frequency Cooper pairs.
However we do not have always sufficiently-large pair amplitude of odd-frequency
17
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Figure 2.5: Pairing symmetries at the surface of a semi-infinite d -wave superconductor. In
the vicinity of the surface, the pair functions with the different orbital symmetry from those in
the bulk region such as s-, p -, f -wave pairings have finite amplitudes due to the local inversionsymmetry breaking. The odd-parity pairs must be the odd-frequency Cooper pairs to satisfy
the Fermi-Dirac statistics.

Figure 2.6: Pair potential in momentum space for dx2 −y2 -wave superconductors. The white
circle represents the Fermi surface in two dimensions. The superconducting gap is opened at
the Fermi level as indicated the red or blue parts. The signs (+ and −) indicate the internal
phase of the pair potential because of the d -wave nature.
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Cooper pairs at surfaces. At the surface of a conventional (s-wave) superconductor, their
amplitudes are usually much smaller compared to those of even-frequency pairings. In
these cases, the presence of odd-frequency Cooper pairs does not affect on the phenomena
which is occurred in a superconductor. Namely the presence of odd-frequency Cooper
pairs is negligible. At surfaces of unconventional (topological) superconductors, on the
other hand, we can obtain sufficiently-large amplitude of odd-frequency Cooper pairs. One
of the most remarkable characters of unconventional superconductors is that their pair
potentials changes their signs on the Fermi surface as shown in Fig. 2.6. It is well known
these sign changes result in the emergence of the Andreev bound states [63–65, 68, 69]
(ABSs) at their surfaces.
The Andreev bound states are quasiparticle bound states which appear at surfaces and
junction interfaces. Here we focus on the ABSs appearing at the surface of a topological
superconductor such as d -wave and chiral-p-wave one. The ABSs and odd-frequency
Cooper pairs are deeply related to each other. When the ABSs emerge at a surface
of a superconductor, the pair potential is strongly suppressed close to the surface. In
other words, the spatial gradient of the pair potential ∇r ∆(r) becomes non-zero there.
This spatial variation gives rise to odd-frequency Cooper pairs as subdominant pairing
components [58]. Namely condition for the emergence of the ABSs is completely equivalent
to the condition for the emergence of odd frequency Cooper pairs.
The surface ABSs are the results of quasiparticle interference near the surface, and
are deeply related to the reflection of a quasiparticle at a surface. Here we consider the
quasiparticle reflection at a surface of a topological d -wave superconductor in two dimensions as shown in Fig. 2.7. One of the most representative properties of topological
superconductors is the sign change of pair potentials on the Fermi surface. This sign
changes are play important roles for forming ABSs. In a superconducting state, quasiparticles propagate under the pair potential depending on their momentum ∆(kx , ky ). When
a quasiparticle is reflected by a surface, the pair potential for this quasiparticle suddenly
changes from ∆(kx , ky ) to ∆(−kx , ky ) because the momentum is changed by the surface
reflection. If the sign of the pair potential changes while the quasiparticle is reflected, the
surface ABS always appears. In the case of a dx2 −y2 -wave superconductor, even though
the pair potential is anisotropic and its sign changes on the Fermi surface, the sign of ∆
is not changed while the quasiparticle reflection as shown in Fig. 2.7(a). On the other
hand, in the case of a dxy -wave superconductor as shown in Fig. 2.7(b), the sign of the
pair potential changes from minus to plus. In this case, the surface ABSs appear at the
surface as indicated red region.
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2.3

Magnetic response of odd-frequency Cooper pairs

2.3.1

Anomalous surface impedance and negative pair density

Odd-frequency Cooper pairs induced in inhomogeneous systems shows qualitatively-different
properties from those of conventional even-frequency pairs. In 2012, Y. Asano et al. studied theoretically the response of a semi-infinite superconductor covered by a thin diffusive
normal metal to an electromagnetic wave in terms of the surface impedance Z = R − iX.
The surface resistance R represents the electric resistance due to the electrons. The surface
reactance X represents the power loss due to the Cooper pairs. The surface impedance
is calculated from the complex conductivity within the linear response theory.
The typical behavior of the surface impedance can be obtained when a semi-infinite
conventional s-wave superconductor (e.g., Nb and Al) is employed in a junction, and
is shown in Fig. 2.8(a), where the energy of the electromagnetic wave is set to ~ω =
0.01∆0 with ∆0 being the amplitude of the pair potential. Throughout this chapter, Z
is normalized to Z0 = 2π∆0 /σN ~c2 with σN and c being the Drude conductivity and
the speed of light. When the superconducting transition is occurred, both of the surface
resistance and the reactance decrease suddenly. At low temperature, the surface resistance
and reactance converge at certain values, respectively. Most importantly, in whole of the
temperature range below Tc , the relation R < X is always satisfied. It is well known that
this relation is satisfied in most superconducting systems.
The surface impedance of the bilayer with spin-singlet dx2 −y2 -wave superconductor is
shown in Fig. 2.9(a). In this junction, the even-frequency s-wave Cooper pairs are induced
in the diffusive normal metal. The results are not qualitatively-different from the result in
an s-wave superconducting junction as shown in Fig. 2.8(b) because the induced Cooper
pairs have the same frequency symmetry as those stay in the superconductor. In this
spin-singlet junction, the typical behavior R < X is always satisfied below the critical
temperature.
In the spin-triplet junction, on the other hand, the surface impedance breaks this relation. The temperature dependence of the surface impedance of the spin-triplet junction
is shown in Fig. 2.9(b), where the authors employed a chiral p-wave superconductor as a
spin-triplet superconductor. The surface impedance satisfies the typical relation R < X
almost all temperature regime 0.3Tc < T < Tc . However a peak appears in the surface
resistance R at T ∼ 0.2Tc and the surface reactance X changes its sign at that temperature. The typical relation R < X is partially broken around T ∼ 0.2Tc . When a triplet
superconductor is employed as a superconductor and the proximity effect is occurred,
the typical relation R < X is broken at a certain temperature regime. In this junction,
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the Cooper pairs in the superconductor have the even-frequency spin-triplet chiral-p-wave
symmetry, whereas those in the diffusive normal metal have the odd-frequency spin-singlet
s-wave symmetry as discussed above.
The authors attempted to understand the anomalous surface impedance by analyzing
the contribution from the diffusive normal metal ZN to the total surface impedance of the
junction ZN S . The result of ZN in the spin-singlet junctions are shown in Fig. 2.10(a).
In the results, the typical relation R < X is satisfied. Thus the total surface impedance
of the spin-singlet junctions also satisfies the typical relation. The contributions from
the diffusive normal metal in a spin-triplet junction are shown in Fig. 2.10(b). The
surface resistance R is larger than the surface reactance X for the spin-triplet chiral-pwave case. The difference between the spin-singlet and spin-triplet junctions is only the
frequency symmetry of Cooper pairs induced in the diffusive normal metal because spindependent potentials are not take into account in their theory. Thus they concluded that
the anomalous surface impedance a direct evidence of the emergence of the odd-frequency
Cooper pairs in the diffusive normal metal.
The authors further considered the origin of the anomalous surface impedance. They
focused on the quantity Ks (ε) which is called the spectral pair density. It is connected to
the pair density through the relation as
Z ∞
ns ∼
dεKs (ε) tanh(ε/2T )
(2.10)
−∞
Z ∞
=
dεKs (ε) tanh(ε/2T ),
(2.11)
0

where the relation Ks (ε) = −Ks (−ε) is used. The spectral pair densities calculated at
the diffusive normal metals attached to spin-singlet s-wave and spin-triplet chiral-p-wave
superconductors are shown in Figs. 2.11(a) and 2.11(b), respectively. In the spin-singlet
s-wave junction, Ks (ε) is positive for almost all temperatures and there is a positive peak
around T = 0.3Tc . The pair density obtained from the integration in Eq. (2.11) is clearly
positive for the s-wave case. In the spin-triplet chiral-p-wave junction, on the other hand,
there is a large negative peak at ε = 0. The authors have concluded the anomalous
response to electromagnetic fields stems from their negative pair density.

2.3.2

Phenomenological theory for odd-frequency Cooper pairs

According to basic textbooks on superconductivity [1–4], all superconductors should be
diamagnetic. Superconductivity is caused by the electrons condensation into Cooper
pairs. In the superconducting states the electron wave functions can be described by only
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one macroscopic wave function because the superconductivity is a result of a coherent
motions of condensed electrons. When a superconductor is located in a weak magnetic
field, the Cooper pairs screen the external magnetic field by driving diamagnetic supercurrents to preserve the phase coherence of the superconducting condensate. Therefore
the diamagnetic property is an essential property of all superconductors.
The diamagnetism of superconductors can easily be shown by using the London equation [1–3]. The diamagnetic supercurrent is phenomenologically described by this London
equation as
j s (r) = −

ns e2
A(r),
mc

(2.12)

where ns is the superfluid density, e and m is the charge and the mass of an electron
respectively, c is the speed of light. Here let us consider a semi-infinite s-wave superconductor occupying the region x > 0. Its surface is located at x = 0. An external magnetic
field is applied in the z-direction H(x) = Hz (x)ẑ. The magnetic field is obtained from
the vector potential as ∂x Ay (x) = Hz (x), where we employ the gauge A(x) = Ay (x)ŷ. In
this situation, the supercurrent flows only in the y-direction j(x) = jy (x)ŷ. The magnetic
field is connected to the Meissner screening current through the Maxwell equation as
−∂x H(x) =

4π
jy (x).
c

(2.13)

Combining the London and Maxwell equations, we can obtain the differential equation


∂x2


1
− 2 Hz = 0,
λL

(2.14)

p
where λL = mc2 /4πns e2 is the London depth. The spatial profile of the magnetic field
can be obtained by solving this equation under the two conditions: H(x)|x=0 = H ext
and H(x)|x→∞ = 0. In a superconductor, the magnetic field decays exponentially with
increasing the distance from the surface as
H(x) = H ext exp(−x/λL ).

(2.15)

The equation above means that the external magnetic field can penetrate only into the
region near the surface characterized by the magnetic penetration depth λL . Thus superconductors are regarded as perfectly-diamagnetic materials. The conventional evenfrequency Cooper pairs generate a magnetic field in the opposite direction of the external
field as shown in Fig. 2.12(a).
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Odd-frequency Cooper pairs, on the other hand, show qualitatively-different magnetic
response. As discussed in the previous section, odd-frequency Cooper pairs have the
negative pair density. This sign change results in a significant difference of magnetic
response. We hare discuss the magnetic response of odd-frequency Cooper pairs just by
introducing the negative pair density n′s = −|ns |. Substituting the negative pair density
into Eq. (2.12), we can obtain the “London equation” for odd-frequency Cooper pairs as
j s (r) = +

n′s e2
A(r).
mc

(2.16)

The equation above means that the odd-frequency Cooper pairs carry the magnetic current in the opposite direction compared with the case for conventional even-frequency
Cooper pairs. The supercurrents carried by the odd-frequency pairs would enhance the
magnetic field in a superconductor because they flow in the opposite direction of the diamagnetic current as illustrated schematically in Fig. 2.12(b). In fact, by combining the
“London equation” Eq. (2.16) and the Maxwell equation, we can find that the magnetic
field in a superconductor is not screened, and can penetrate deep inside a superconductor with an oscillating behavior. Since odd-frequency Cooper pairs appear at surfaces,
sufficiently-small superconductor, in which odd-frequency Cooper pairs would dominate
its magnetic response, would show the paramagnetic response. As discussed above, on
the basis of the phenomenological theory, we can find that odd-frequency Cooper pairs
do not show the diamagnetic Meissner response. However, within the phenomenological
theory, we can not conclude whether the odd-frequency Cooper pairs alter the magnetic
response of a small superconductor from the usual diamagnetic to unusual paramagnetic
response.

2.4

Experiments on the magnetic response of small
superconductors

The sings of anomalous magnetic response of odd-frequency Cooper pairs have already
been observed in several experiments [6–19]. H. Walter et al. studied experimentally
the magnetic response of narrow thin d -wave superconductors [6,7]. They first fabricated
thin films of YBa2 Cu3 O7 (YBCO) superconductors (i.e., unconventional superconductors)
[Fig. 2.13(a)], and irradiated an heavy-ion beam to the films with a sufficiently-low incident angle about 15◦ as shown in Fig. 2.14(a). As a results, long but narrow elliptic
holes are created on the films [Fig. 2.13(b)] whose length and width are about 2 µm
and about 20 nm, respectively. In other words, the wide superconducting films are cut
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into fractions of superconductors. The superconducting film with the long holes can be
regarded as a collection of narrow superconductors [Fig. 2.13(c)]. They measured the
temperature dependence of the screening factor S −1 (T ) obtained from the inductance of
superconducting film. The screening factor corresponds directly to the magnetic penetration depth λL (T ). The experiments are carried out with several choices of the angle
between the long holes and the a-axis of the crystal of YBCO high-Tc superconductors
[Fig 2.14(b)]. The results are shown in Fig. 2.15, where the screening factors are normalized to their values at 18K. The typical temperature dependence of the penetration depth
is monotonic decreasing with decreasing temperature. In their experiments, the screening
factors decrease monotonically above 10K as the typical behavior. However they increase
slightly at low temperature. The increasing of the screening factors depend on the angle
between the major axis of holes and the a axis. When the angle is 45◦ the increasing of
the screening factor is maximized. The increasing of the screening factors imply that the
diamagnetic response of the superconductors becomes weaker at low temperature.
The anomalous magnetic response has been confirmed also in the superconducting
nanowire covered by gold [9–12], mesoscopic superconducting disks with giant vortices
[13, 14], and granular high-Tc superconductors [15–18], in the Au/Ho/Nb junction [19].
At present, the mechanism of the paramagnetic property is an open question in physics
of superconductivity [20–30].
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Figure 2.7: Schematics of quasiparticle reflections at surface of (a) dx2 −y2 - and (b) dxy -wave
superconductors. While a quasiparticle is reflected by a surface, its momentum changes discontinuously from k = (kx , ky ) to k′ = (−kx , ky ). Simultaneously, the momentum-dependent
pair potential for the quasiparticle is also changes suddenly. If the signs of the pair potential is
changed by a reflection at a surface, the surface Andreev bound states appear as shown in the
panel (b).

N

Figure 2.8: (a) Schematic of the system considered by Y. Asano et al. [48]. A sufficiently weak
electromagnetic wave ~ω = 0.01∆0 is irradiated to a semi-infinite superconductor covered by a
thin diffusive normal metal, where ω and ∆0 are the frequency of the electromagnetic wave and
the amplitude of the pair potential. The thickness of a diffusive normal metal is the order of the
coherence length at the zero temperature. (b) Typical temperature dependence of the surface
impedance Z = R − iX. The surfaced impedance Z is normalized to Z0 = 2π∆0 /σN ~c2 with
σN and c being the Drude conductivity and the speed of light. The robust relation R < X is
always satisfied below the superconducting transition temperature.
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Figure 2.9: Surface impedance of the superconductor/diffusive-normal-metal junction ZNS [48].
The results for the spin-singlet s-wave and the spin-triplet chiral-p-wave junctions are shown in
the panel (a) and (b), respectively. In the former case, the Cooper pairs in the diffusive normal
metal have the even-frequency symmetry, whereas those have the odd-frequency symmetry in
the latter case. In case that the even-frequency Cooper pairs, the typical relation RNS < XNS
is always satisfied below Tc . On the other hand, in case that the odd-frequency Cooper pairs
appear in the normal metal, a peak appears in the surface resistance RNS at T ∼ 0.2Tc and the
surface reactance XNS changes its sign at that temperature. In addition, the typical relation
RNS > XNS is broken at certain temperature regions.
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Figure 2.10: Contributions from the diffusive normal metal to the total surface impedance ZN
in each junction [48]. The results for the spin-singlet s-wave and the spin-triplet chiral-p-wave
junctions are shown in the panel (a) and (b), respectively. When the Cooper pairs in the normal
metal have the even-frequency symmetry, the typical relation RN < XN is alway satisfied. On
the other hand, when the odd-frequency Cooper pairs appear in the normal metal, the surface
impedance shows the anomalous behavior as RN > XN .
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(a)

(b)

Figure 2.11: Spectral pair densities at the surface of the junction. The results with s-wave
and chiral-p-wave superconducting junction are shown in the panels (a) and (b), respectively.
In the result with a s-wave superconductor, there is a positive peak at about T = 0.2Tc . The
resultant pair density ns obtained by Eq. (2.11) should be positive. On the other hand, in the
junction with a chiral p-wave superconductor, there is a negative peak at low-energy regime.
The resultant pair density for odd-frequency Cooper pairs should be negative.

Figure 2.12: Direction of the supercurrent carried by (a) even-frequency and (b) odd-frequency
Cooper pairs. The supercurrent by even-frequency Cooper pairs generates a magnetic field which
cancels the external field. In the case odd-frequency Cooper pairs, the supercurrent flows in the
opposite direction and the magnetic field enhances the external field.
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Figure 2.13: Schematic figures of thin films of a high-Tc superconductor as studied in Ref. [6].
They first fabricated thin films of a cuprate superconductor YBCO (a). After that, they irradiate
heavy-ion beam on the films and create long but narrow holes (b). These samples can be regarded
the collection of narrow superconductors (c).

Figure 2.14: Irradiation angles of heavy-ion beams. In their experiments, the angle between
the direction of a beam and the surface of the samples are set to 15◦ as shown in (a). (b) Top
view of the sample. In cuprate superconductor, the quasi-two-dimensional superconductivity is
realized the CuO2 plain whose crystal structure is a square lattice. The authors tuned the angle
between the direction of the irradiation in the xy plain and the a axis of the samples.
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Figure 2.15: Temperature dependences of the screening factors S −1 (T ) which correspond to
the magnetic penetration depth λL (T ). The screening factors are normalized to their values at
18K. The results ware measured in the samples which are irradiated ion beams from different
angles in xy plain. The typical behaviour of the penetration depth is monotonic decreasing with
decreasing temperature. However S −1 (T ) increase slightly at low temperature.
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Paramagnetic response of small
topological superconductors
3.1

Abstract

The diamagnetism is an essential property of all superconductors. However,
we will show that small topological (or unconventional) superconductors can
be intrinsically paramagnetic by solving the quasiclassical Eilenberger equation and the Maxwell equation self-consistently on two-dimensional superconducting disks in weak magnetic fields. Because of the topologically nontrivial
character of the wave function, the unconventional superconductors host the
zero-energy surface Andreev bound states, which always accompany so-called
odd-frequency Cooper pairs. The paramagnetic property of the odd-frequency
pairs explains the paramagnetic response of the disks at low temperature.

3.2

Introduction

The Meissner effect is a fundamental property of superconductors as shown in standard
textbooks [1]. The response of superconductors is usually diamagnetic because a superconductor excludes weak enough magnetic fields from its interior. The anomalous paramagnetic response, however, has been observed in small disks of metallic superconductor [13,14], small high-Tc compounds [15–18], and mesoscopic proximity structures [9–12].
The spatial inhomogeneity of the magnetic property is a key feature to realize the paramagnetic phase. In metallic superconductors, the inhomogeneous distribution of magnetic
fields [20] and the formation of giant vortex are responsible for the paramagnetic Meissner
effect (PME) [21]. The presence of the π junctions is also pointed out as an origin of
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PME in a network of Josephson junction [22]. In unconventional superconductors (USs),
on the other hand, an experiment [6, 7] has shown the decrease of the pair density with
decreasing temperature, which suggests a peculiar mechanism of the PME unique to the
USs. As a result of the topological nature in the wave function, the USs have the topologically protected surface Andreev bound states (ABSs) at the zero-energy [63–65, 68, 69].
So far theoretical studies have shown that the magnetic response at the (110) surface of
high-Tc superconductor is nonlinear [25, 30] and paramagnetic [26–29] due to the ABSs.
The paramagnetic response has been mainly explained in terms of the energetics of the
ABSs. Weak magnetic fields shift the energy of the surface ABSs away from the Fermi
level and decrease the total energy of superconductor, which leads to the paramagnetic
response or the paramagnetic instability. However, there is an important open question:
what carries the large paramagnetic supercurrent? By addressing this issue, we will conclude that the magnetic properties of USs are intrinsically inhomogeneous and that small
USs can be paramagnetic at low temperature.
The electric current in equilibrium has two contributions, (i.e., j = j pq + j A ). The
quasiparticle current j pq due to the spatial phase gradient of the wave function is paramagnetic, whereas j A = −ne2 A/mc is diamagnetic. In a normal metal, j pq cancels j A because
the phase of an electron is not rigid at all [4]. In a superconductor, on the other hand,
the phase rigidity of superconductivity drastically suppress the spatial gradient of phase,
which leads to j qp = 0. As a result, a superconductor shows the perfect diamagnetism. In
contrast to excited quasiparticles above the superconducting gap, the quasiparticles below
the gap have the phase rigidity because they are the shadow of Cooper pairs. In fact,
a normal metal attaching to a metallic superconductor shows the diamagnetic Meissner
effect [23]. This phenomenon is explained by two different but equivalent pictures: the
penetration of a Cooper pair into the normal metal (proximity effect) and the Andreev
reflection of a quasiparticle below the gap. The appearance of the surface ABSs is a
direct result of the coherent Andreev reflections of a quasiparticle at the Fermi level [69].
Therefore such phase-rigid quasiparticles at the ABS cannot carry the large paramagnetic
current.
In this paper, we theoretically study the spatial distribution of magnetic fields and
that of electric currents on small two-dimensional superconducting disks with unconventional pairing symmetry such as spin-singlet d wave and spin-triplet p wave. There are
several d -wave superconductors in organic compounds and heavy fermionic materials in
addition to high-Tc cuprates. Recently, the effective Hamiltonian for superconducting
states in nanowires [70, 71] has shown to be unitary equivalent to that for px wave superconducting states [52]. The simulation at least two-dimensional system is necessary to
evaluate the magnetic susceptibility quantitatively because the d and p wave pair poten32
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tials are anisotropic in real space. We solve the Eilenberger equation for the quasiclassical
Green function and the Maxwell equation for magnetic fields self-consistently. The selfconsistency of pair potential and magnetic field is necessary to regularize the nonlinear
property in the magnetic response [25, 30]. The solution of the Green function near the
disk edge shows the presence of the odd-frequency Cooper pairs. The odd-frequency pairs
have paramagnetic property [48, 50, 51] because of their negative pair density. The calculated results of the magnetic susceptibility suggest the PME in small USs. We conclude
that the odd-frequency Cooper pairs carry the large paramagnetic current and causes the
paramagnetic response of small superconducting disks.

3.3

Formulation

Let us consider a superconducting disk in two-dimension as shown in Fig. 3.1, where R
is the radius of the disk. We assume that the disk is in the clean limit and its surface
is specular enough. To analyze the superconducting states in equilibrium, we solve the
Eilenberger equation [72],


i~vF k̂ · ∇r ǧ + Ȟ, ǧ = 0,
"
#
ˆ k, iωn )
ˆ
ξ(r,
∆(r,
k)
Ȟ(r, k, iωn ) =
,
ˆ (r, k)
∆
ξˆ(r, k, iωn )
e
"
#
e
ĝ(r, k, iωn )
fˆ(r, k, iωn )
ǧ(r, k, iωn ) =
,
−fˆ(r, k, iωn ) −ĝ (r, k, iωn )
e
e
ˆ k, iωn ) = iωn + (evF /c)k · A(r),
ξ(r,

(3.1)
(3.2)
(3.3)
(3.4)

where k is the unit vector on the Fermi surface, vF is the Fermi velocity, ωn = (2n + 1)πT
is the Matsubara frequency, n is an integer number, and T is a temperature. In this paper,

Figure 3.1: (a) Schematic figure of a superconducting disk. The pair potentials in momentum
space are illustrated for the d wave symmetry in (b) and for the p wave symmetry in (c).
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the symbol · ˆ· · represents 2 × 2 matrix structure in spin space and σ̂j for j = 1-3 are the
Pauli matrices. The vector potential is denoted by A and the magnetic field H = ∇ × A
is in the z direction. We introduced a definition X (r, k, iωn ) ≡ X ∗ (r, −k, iωn ) for all
e
functions X. The electric current is given by
Z

πevF N0 X dk 
T
Tr Ť3 k ǧ(r, k, ωn ) ,
(3.5)
j(r) =
2i
2π
ω
n

with Ť3 = diag[σ̂0 , −σ̂0 ], where σ̂0 is the identity matrix in spin space and N0 is the density
of state per spin at the Fermi level. We mainly consider the two equal-time pairing order
ˆ
parameters in two dimension: spin-singlet d-wave symmetry ∆(r,
θ) = ∆(r) cos(2θ)iσ̂2
ˆ
and spin-triplet p-wave symmetry ∆(r,
θ) = ∆(r) cos(θ)σ̂1 , where θ is a directional angle
with kx = cos θ and ky = sin θ. The pair potentials are determined self-consistently from
the gap equation
∆(r)iσ̂ν σ̂2 = πN0 gT

XZ
ωn

0

2π

dθ ˆ
f (r, θ, iωn )Vx (θ),
2π

(3.6)

where x = s, p and d indicate the pairing symmetry, ν = 0 and 3 for the spin-singlet
and the spin-triplet order parameters, respectively. The coupling constant g satisfies
P
{N0 g}−1 = ln(T /Tc ) + 0≤n<ωc /2πT (n + 1/2)−1 with Tc and ωc being the transition temperature and the cut-off energy, respectively. The attractive potentials depends on the
pairing symmetry Vx (θ) = sx φx (θ) with ss = 1 and φs (θ) = 1 for s wave symmetry, sp = 2
and φp (θ) = cos θ for p wave symmetry, and sd = 2 and φd (θ) = cos(2θ) for d wave
symmetry. The local magnetic susceptibility is defined by

χm (r) = H(r) − H ext /(4πH ext ),

(3.7)

where H ext is the uniform external magnetic field in the z direction. The susceptibility of
R
the whole disk is calculated to be χ = drχm (r)/(πR2 ). In the absence of spin-dependent
ˆ and that of fˆ are always the same with each other.
potential, the spin structure of ∆
We use the standard Riccati parametrization [74–76] to solve the Eilenberger equation
Eq. (3.1). To obtain numerical solutions of the Riccati type differential equation in closed
disks, we apply a method discussed in Ref. [77]. An initial value at a certain place in the
closed system is necessary to solve the Riccati equation. The obtained solution usually
depends on the initial condition. However, when we solve the equation along the long
enough classical trajectory, the effects of the initial condition is eliminated. In numerical
simulation, we increase the length of the trajectory until solutions do not depend on the
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Figure 3.2: (a) The local susceptibility and (b) the current density of the d -wave superconductor, where R = 3 ξ0 , λL = 3 ξ0 , ωc = 10 ∆0 , and H ext = 0.001Hc1 . (c) The d-wave and (d)
the p -wave components of the anomalous Green function.
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initial conditions. The vector potential A is obtained by solving the Maxwell equation
∇ × H = (4π/c)j with Eq. (3.5). We calculate self-consistent solutions of the vector
potential and pair potential by solving the Maxwell equation and the Eilenberger equation
simultaneously. The anomalous Green function fˆ(r, θ, iωn ) is originally defined by the two
annihilation operators of two electrons consisting of a Cooper pair. Therefore fˆ(r, θ, iωn )
must be antisymmetric under the interchange of the two electrons, which stems from the
Fermi-Dirac statistics of electrons. Such fundamental relation is represented by
fˆ(r, θ, iωn ) = −[fˆ(r, θ + π, −iωn )]T ,

(3.8)

where T represents the transpose of matrices.

3.4

Results

The external magnetic field and the cut-off energy are fixed at H ext = 0.001Hc1 and
ωc = 10∆0 , respectively. Here Hc1 = ~c/|e|ξ02 is the first critical magnetic field. The
length is measured in units of ξ0 = ~vF /∆0 with ∆0 being the amplitude of the pair
potential at T = 0. The current density is normalized to J0 = ~c/|e|ξ03. The characteristic
length scale of the Maxwell equation is λL = (4πne2 /mc2 )−1/2 and is a parameter in the
numerical simulation. Throughout this paper, we use a unit of kB = 1.
In Fig. 3.2, we first show the calculated results of the local susceptibility (a) and the
current density (b) for the d -wave superconducting disk, where we fix the parameters as
R = 3 ξ0, λL = 3 ξ0 , and T = 0.3 Tc . We set +x and +y axes to be identical to (100) and
(010) directions of the high-Tc crystal. The central region of the disk is diamagnetic as
usual, whereas the surfaces in the (110) and (11̄0) directions are paramagnetic as shown
in (a). The current density has the complex structure near the surface as shown in (b),
where the arrow indicates the direction of current and its length represents the amplitude
of current. Here we present the picture only for x > 0 and y > 0 in (b) because the results
are fourfold symmetric due to the d -wave character of order parameter. The diamagnetic
current flows at the edges in the (100) and (010) directions, whereas the paramagnetic
current flows at the edges in the (110) direction. The vortex-like current profile can
be seen near the surfaces because the two currents flow the opposite directions to each
other. At the central region, on the other hand, only the diamagnetic current flows. Such
magnetic properties are unique to unconventional superconductors. In s -wave case, the
susceptibility is diamagnetic everywhere in the disk as show in the Appendix A.
The anomalous paramagnetic response is well explained by appearing the odd-frequency
Cooper pairs. The anomalous Green function can be decomposed into s -, p -, and d -wave
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Figure 3.3: (a) The local susceptibility and (b) the current density of the p -wave superconductor, where R = 3 ξ0 , λL = 3 ξ0 . (c) The p -wave and (d) the s -wave component of the anomalous
Green function.
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components by
fx (r, iωn )iσ̂ν σ̂2 =

Z

2π
0

dθ
Vx (θ)fˆ(r, θ, iωn ),
2π

(3.9)

for x = s, p, and d. Figure 3.2(c) shows the amplitude of the d -wave component at
ω0 = πT . The spatial profile of the order parameter is almost similar to that of (c). The d wave component drastically suppresses in (110) and (11̄0) directions, which has been well
known as a result of appearing of topologically protected Andreev surface bound states
at the zero-energy [65, 66]. At the same time, the p -wave component of the anomalous
Green function grows at the corresponding edges as shown in (d). The spin-singlet p -wave
Cooper pairs must have the odd-frequency symmetry to satisfy Eq. (3.8). The breakdown
of the translational symmetry at the surface mixes the even- and odd-parity components.
The appearance of the Andreev surface bound states and that of the odd-frequency pairs
are the two different faces of the same phenomenon. To have the zero-energy peak in the
density of states, the frequency symmetry of Cooper pair must be odd [36,38,48]. The oddfrequency pairs have so called negative pair density [48], which leads to the paramagnetic
instability as shown in Appendix B. Therefore we conclude that the paramagnetic current
is carried by the induced odd-frequency Cooper pairs. Comparing the Figs. 2(b) with 2(d),
the paramagnetic current flows at the regions where the odd-frequency Cooper pairs stay.
We have also obtained qualitatively the same results for a spin-triplet p -wave superconducting disk at T = 0.2Tc as shown in Fig. 3.3, where the local magnetic susceptibility
(a), the current density (b), the p -wave component of fˆ (c), and s -wave component of fˆ
(d) are presented in the same manner as Fig. 2. The results in Fig. 3.3 show the twofold
symmetry reflecting the p -wave order parameter. The surface bound states are appear
at the (100) surfaces at which the p -wave component of the anomalous Green function
is suppressed. Correspondingly, the s -wave component becomes large at the surfaces of
(100) directions. The spin-triplet s -wave component belongs to the odd-frequency symmetry class according to Eq. (3.8). The main difference between Figs. 2 and 3 is the
property of the surface ABS at the zero-energy. In the spin-triplet p -wave disk, Majorana
fermions appear at the surface [52]. From Figs. 2 and 3, we conclude that the magnetic
property of unconventional superconductors are intrinsically inhomogeneous and can be
paramagnetic because of the odd-frequency Cooper pairs at the surface.
The magnetic properties of superconductors strongly depends on the disk size because
the odd-frequency pairs spatially localize near the surface limited by ξ0 from the edge.
Next, therefore, we discuss the relation between the magnetic property and the disk
size. Figure 3.4 is the paramagnetic-diamagnetic phase diagram of the d- and p -wave
superconducting disks, where the vertical axis is the paramagnetic-diamagnetic crossover
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Figure 3.4: (a) The diamagnetic-paramagnetic phase diagram of superconducting disks for
the d -wave (square) and p -wave (circle) pairing symmetry, where λL = 3 ξ0 , ωc = 10∆0 . (b)
The penetration length dependencies of the paramagnetic-diamagnetic crossover temperatures,
where the square and circle symbols are the results for the d -wave and p -wave pairings, and the
open and closed symbols are the results for the R = 3 ξ0 and R = 5 ξ0 superconducting disks,
respectively.
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temperature Tp and the horizontal one is the radius of superconducting disk R. The disk is
paramagnetic χ > 0 at the temperatures below Tp . The results show that Tp decrease with
increasing the radius of the superconductor. As shown in Figs. 2 and 3, the paramagnetic
area is limited to ξ0 from the surface because odd-frequency pairs are confined there. On
the other hand, the bulk area are diamagnetic because even-frequency pairs stay there.
Roughly speaking, the relative area of staying the odd-frequency pairs to the whole area
of disk qualitatively determines the magnetic response of the disk. Thus the paramagnetic
phase disappears in large disks with R ≫ ξ0 because the contribution from the surface
is negligible in large enough disks. This argument is supported by the λL dependence
of Tp shown in the inset of Fig. 4, where open (filled) symbols represent the results for
R/ξ0 = 3 (5) and the circles (squares) are the results for p (d) wave disks. The crossover
temperature is totally insensitive to λL . To be paramagnetic, the larger disks require the
stronger contribution from the odd-frequency Cooper pairs. The odd-frequency Cooper
pairs energetically localize around the zero-energy [48]. The temperature smears effects
of them on the magnetic response. Therefore Tp decreases with increasing the disk size
as shown in Fig. 4.
Finally, we discuss the susceptibility of whole superconducting disk as a function of
temperature as shown in Fig. 5, where we fix the penetration depth at λL = 3 ξ0 . The
results for d - and p - wave symmetries are presented in (a) and (b), respectively. The
magnetic susceptibility just below Tc is negative as usual. With decreasing temperature,
the paramagnetic current due to the odd-frequency Cooper pairs increases. As a consequence, the susceptibility upturns at low temperature, which is qualitatively different from
the susceptibility in the s wave case as shown in Appendix A. Below Tp , the paramagnetic odd-frequency Cooper pairs dominate the magnetic response of the superconductor.
Therefore the dependence of the susceptibility on temperature shows the reentrant behavior as demonstrated in Fig. 5. In experiments, it is possible to measure the susceptibility
as a function of temperature.

3.5

Discussion

Our theoretical results may correlate to the measurement of the pair density at low temperature [6, 7]. They measured the penetration depth λL = (4πns e2 /mc2 )−1/2 of a YBCO
film on which (110) oriented internal surfaces are introduced by heavy-ion bombardment.
They found that λ first decreases with decreasing temperature from Tc then increases
at very low temperature. This results can be interpreted as a result of decreasing the
pair density ns at low temperature. The odd-frequency pairs have the negative pair density. Thus the decrease of ns may suggest the increase of odd-frequency pair fraction.
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Figure 3.5: Temperature dependencies of the magnetic susceptibility for the (a) spin-singlet d wave and (b) spin-triplet p -wave superconducting disks. The open and closed symbols indicate
the results for the larger disk (R = 5ξ0 ) and for the smaller disk (R = 3ξ0 ).
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The experimental results on a high-Tc superconductor are consistent with our theoretical
results.
In real materials, the inelastic scatterings dephase the Cooper pairs and broaden the
energy profile of the pairing functions. The inelastic mean free path also limits the size
of disks in the phase diagram shown in Fig. 4. In d -wave superconductors, it has been
shown that the surface roughness also broadens the zero-energy peak at the surface. In
such situation, we infer that the roughness would suppress the paramagnetic effect. On
the other hand in p -wave superconductors, the surface zero-energy peak is robust under
the disordered potential. Therefore effects of surface roughness on the paramagnetic effect
would be different in the two pairing symmetries. This is an important future issue.
The diamagnetism of superconductor is a result of gaining the condensation energy
below the transition temperature. Therefore the paramagnetic superconducting states
may be impossible in uniform thermodynamic limit. The paramagnetic phase in Fig. 4
can be considered as an unstable state and should disappear for large R/ξ0 . As shown
in Fig. 2. and 3, the magnetic inhomogeneity is an intrinsic feature of unconventional
superconductors. Such inhomogeneous property assists the appearance of the paramagnetic phase in small disks. Indeed we confirm that the paramagnetic phase appears in
two cooling processes: field cool and zero-field cool.
The spontaneously time-reversal symmetry (TRS) breaking states has been discussed
in high-Tc grains [82]. The subdominant component of order parameter near the surface
breaks TRS. The results in Fig. 2 also indicates the TRS breaking superconducting state
even when we simply assume the pure d wave order parameter. We are thinking that
the symmetry crossover from d wave to TRS breaking d + is might be possible in small
samples. To prove this, however, we need to compare the free-energy among possible
symmetry states. This issue goes beyond the scope of this paper.
Odd-frequency pairs appear also in superconductor/ferromagnet proximity structures [36].
When odd-frequency pairs are dominant in the ferromagnet [40, 41, 44], the paramagnetic
instability may lead to spontaneous current there [51].

3.6

Conclusion

In conclusion, we have theoretically studied the magnetic response of small unconventional
superconducting disks by using the quasiclassical Green function method. We conclude
that small unconventional superconductors can be paramagnetic at low temperature due
to the appearance of odd-frequency Cooper pairs at their surface. The magnetic properties of unconventional superconductors are intrinsically inhomogeneous as a result of
their topologically nontrivial nature. Our results show up such universal property of
42
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Stability of Paramagnetic
Superconducting States
Generally speaking, a superconducting phase is more stable than a normal one as far as
a superconductor is diamagnetic and homogeneous [1]. Therefore a homogeneous paramagnetic superconducting phase is usually unstable. The calculated results in Sec. III,
however, show that the paramagnetic phase on a small superconducting disk is spatially
inhomogeneous. In such situation, it would be worthy to check if the paramagnetic phase
is a stable state at a free-energy minimum or a metastable state corresponding to a freeenergy local minimum. In this section, we discuss the stability of paramagnetic phase in
small unconventional superconductors by calculating the free-energy in clean superconducting disks.
The free-energy is calculated from the quasiclassical Green functions [73],
FS − FN =

Z

dr F (r),

(4.1)

F (r) = F∆ (r) + FH (r),

(4.2)
2

{H(r) − H ext }
,
8π
F∆ (r) = Ff (r) + Fg (r),
Z
dθ X ∗
∆ (r, θ)f (r, θ, iωn ),
T
Ff (r) = πN0
2π ω
n
Z
ωc
X
dθ
Fg (r) = 4πN0
T
2π ω >0
n
Z ωc2
dω Re {g(r, θ, iω) − 1} ,
×
FH (r) =

ωn
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where F∆ (r) is the condensation energy density of electron system and FH (r) is the energy
density of a magnetic field. We introduce an additional energy cut-off ωc2 to evaluate the
R
integration in Eq. (4.6). In this paper, we set ωc2 = 400∆0 so that drF (r) reaches to
a converged value. The free-energy densities normalized to F0 = N0 |∆0 |2 /2 which is the
condensation energy density in a homogeneous s -wave superconductor. A temperature
is set to be sufficiently low at T = 0.1Tc so that a superconductor is in the paramagnetic
phase.
The calculated results of the free-energy density for a d -wave disk and those for a
p -wave one are shown in Fig. 4.1(a) and (b), respectively. The free-energy density is
calculated along a trajectory ρα oriented by an angle α which is measured from the x
axis as shown in Fig. 4.1. In a d -wave disk, the results in Fig. 4.1(a) show that F (r)
is negative around the disk center. However it becomes positive near the surfaces at
α = 0. On the other hand, F (r) at α = π/4 is almost flat and is always negative along
the trajectory because odd-frequency pairs are absent in this direction. The results for
α = π/2 are identical to those for α = 0 due to the four-fold symmetry. The free-energy
density varies gradually from the line with α = 0 to that with α = π/4 as increasing α
R
from α = 0. The free-energy of whole disk drF (r) can be negative even though the
disk is in the paramagnetic phase. In a p -wave disk, the increasing of F (r) occur only
in two surfaces due to its p -wave symmetry. Therefore, we can conclude that both d and p -wave superconducting states are more stable than a normal state even in their
paramagnetic phase.
To analyse the details of the free-energy density further, we decompose the free-energy
density at α = 0 into FH and F∆ as shown in Fig. 4.2(a). When a superconductor shows
perfect Meissner effect, the energy of a magnetic field becomes FH = (H ext )2 /8π. In a
small superconductor (i.e., R ∼ λL ), an external magnetic field penetrates into whole the
disk. This suppresses FH from (H ext )2 /8π at the center of the disk. Near the surface,
on the other hand, paramagnetic odd-frequency Cooper pairs attract a magnetic field,
which increases FH locally. The appearance of odd-frequency pairs also increases F∆ as
discussed in Appendix. As a result, F (r) becomes positive at the disk surface in both
Fig. 4.2(a) and (b). The condensation energy F∆ is negative at the disk center. While,
near the surface, F∆ increases due to the suppression of the pair potential there in both
Fig. 4.2(a) and (b). In appendix, we analytically calculate the Green functions and the
free-energy density near the surface of a semi-infinite px -wave superconductor. The nuR
merical results in Fig. 4.2(a) and (b) show that the free-energy of whole disk drF (r)
remains negative because odd-frequency pairs are confined only near the surface. Therefore the paramagnetic superconducting state on d - and p -wave disks is more stable than
the normal state.
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Next, we study energetic properties of odd-frequency pairs. In our simulation, it is
possible to obtain two superconducting states: a superconducting state in the absence of a
magnetic field H ext = 0 and that in the presence of a magnetic field H ext 6= 0. At H ext = 0,
there is no electric current everywhere. Superconducting states at H ext 6= 0, on the other
hand, carry electric currents as shown in Fig. 5(a)-(d). Here we compare condensation
energies of such two different superconducting states as shown in Fig. 4.3, where we plot
F∆ on a p -wave disk for α = 0. The solid line and the broken line indicate results for
H ext 6= 0 and those for H ext = 0, respectively. As shown in Fig. 4.3, F∆ near surfaces for
H ext 6= 0 is lower than that for H ext = 0. Odd-frequency pairing state in the presence
of electric currents is more stable than that in the absence of electric currents. This
energetic property explains the paramagnetic property of odd-frequency Cooper pairs.
The argument above is valid also for a d -wave disk. In Appendix, we present analytical
expression of difference between free-energy at H ext = 0 and that at H ext 6= 0. The
results show that a magnetic field decreases the free-energy at low temperature because
odd-frequency Cooper pairs have the paramagnetic property.
We have confirmed that the paramagnetic superconducting phase are more stable than
the normal state by calculating the free-energy.
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Figure 4.1: Free-energy densities on a trajectory ρα of a d -wave disk (a) and a p -wave disk (b),
where F(r) is normalized to F0 = N0 ∆20 /2. The angle α is measured from the x axis as shown
in schematics in the figures. The temperature is set to T = 0.1Tc so that the superconducting
disks show the paramagnetic response. The second energy cut-off is set to ωc2 = 400∆0 . The
other parameters are fixed as R = 10ξ0 , λL = 5ξ0 , ωc = 10∆0 , H ext = 0.01Hc1 .
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Figure 4.2: Condensation energy density and energy density of a magnetic field for α = 0.
The results of a d -wave disk and those of a p -wave disk are plotted in (a) and (b), respectively.
F, F∆ , and FH are indicated in solid lines, broken lines, and dotted lines, respectively. All of
the energy densities are normalized to F0 = N0 ∆20 /2, which is the condensation energy density
of a homogeneous s -wave superconductor. The all parameters are set to be the same as those
of Fig. 4.1.
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Figure 4.3: Condensation energy density F∆ obtained with a external field (solid line) and
without a external field (dotted line). Calculations are carried out for a p -wave superconducting
disk. The all parameters are set to be the same as those of Fig. 4.1.
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Effects of surface roughness on the
paramagnetic Meissner effect
5.1

Abstract

We theoretically study effects of surface roughness on the magnetic response
of small unconventional superconductors by solving the Eilenberger equation
for the quassiclassical Green function and the Maxwell equation for the vector potential simultaneously and self-consistently. The paramagnetic phase
of spin-singlet d -wave superconducting disks is drastically suppressed by the
surface roughness, whereas that of spin-triplet p -wave disks is robust even in
the presence of the roughness. Such difference derives from the orbital symmetry of paramagnetic odd-frequency Cooper pairs appearing at the surface
of disks. The orbital part of the paramagnetic pairing correlation is p -wave
symmetry in the d -wave disks, whereas it is s -wave symmetry in the p -wave
ones. Our results are consistent with an experimental finding on high-Tc thin
films.

5.2

Introduction

Diamagnetic response to an external magnetic field is a fundamental property of all superconductors [1]. The Meissner current (coherent motion of the Cooper pairs) screens a
weak magnetic field at a surface of a superconductor. As a result, the phase coherence
of superconducting condensate is well preserved far away from the surface. A number of
experiments, however, have reported the paramagnetic response of small superconductors
and mesoscopic proximity structures [9, 10, 13–15, 17].
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Recent theoretical studies have suggested the existence of paramagnetic Cooper pairs
in inhomogeneous superconductors [48–51, 56]. A spatial gradient of the superconducting order parameter induces subdominant pairing correlations. The pairing symmetry
of such induced Cooper pairs is different from that of principal Cooper pairs in bulk
superconducting state [38, 39, 56]. For example, the principal Cooper pairs in high-Tc
superconductors belong to the spin-singlet d -wave (even parity) class. In (110) direction
of a high-Tc cuprate, a surface acts as a pair breaker and suppresses the pair potential
drastically. Simultaneously, the spin-singlet odd-parity pairs are locally induced at the
surface as a subdominant correlation. A surface generates odd-parity pairing correlations
from the d -wave even-parity correlation because the surface breaks inversion symmetry
locally. Since the pairing correlation function must be antisymmetric under the permutation of two electrons, the induced pairs have the odd-frequency symmetry [31]. To our
knowledge, such induced odd-frequency pairs indicate the paramagnetic response to an
external magnetic field. Odd-frequency Cooper pairs can be generated also from conventional superconductors in the presence of spin-dependent potentials [36].
In a previous paper [54], we have shown that magnetic susceptibility of small enough
unconventional superconducting disks can be paramagnetic at a sufficiently low temperature. Odd-frequency Cooper pairs induced by a surface are responsible for the unusual
paramagnetic Meissner effect. The magnetic response of Cooper pair is well characterized
by so called “pair density” which is defined by diagonal elements of the response function
to a magnetic field. Even-frequency Cooper pairs have a positive pair density, whereas
induced odd-frequency pairs have a negative pair density. So far an experiment has reported the decrease of pair density at low temperature in high-Tc superconducting films
on which internal surfaces are introduced by the heavy-ion irradiation [6]. Thus our theoretical results are consistent with the experiment at least qualitatively. However, signs of
the paramagnetic effect in the experiment [6] is much weaker than our theoretical prediction. The discrepancy may come from sample quality at surfaces. Artificially introduced
internal surfaces can be very rough in the experiment, whereas surfaces are specular in
the theory. Actually, several theories have pointed out that the surface roughness affects
properties of the surface Andreev bound states of a high-Tc superconductor [78–82].
The purpose of this paper is to clarify effects of surface roughness on the paramagnetic Meissner response of small unconventional superconductors. We consider a twodimensional superconducting disk with spin-singlet d -wave symmetry or spin-triplet p wave one. In numerical simulation, we solve the Eilenberger equation and the Maxwell
equation simultaneously and self-consistently. Surface roughness is considered through an
impurity self-energy within the self-consistent Born approximation. We find that the surface roughness suppresses drastically the paramagnetic response of a spin-singlet d -wave
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Figure 5.1: (a) Schematic figure of a superconducting disk with rough surface, with R and
w are the radius of the disk and the width of the disordered region, respectively. An external
magnetic field is applied in the z direction. The origin of a spatial coordinate is located at the
center of the disk. The pair potential in momentum space for the d -wave superconductor and
that for p -wave one are illustrated in (b) and (c), respectively.

superconducting disk. On the other hand in a spin-triplet p -wave disk, the paramagnetic
property is robust even in the presence of surface roughness. The induced odd-frequency
pairing correlation has p -wave symmetry in the former, whereas it has s -wave symmetry
in the latter. In addition, we also confirm that the paramagnetic superconducting states
are more stable than the normal state by calculating free-energies.
This paper is organized as follows. In Sec. II, we explain the theoretical method to
analyze the magnetic response of small superconducting disks. In Sec. III, we discuss
the magnetic response of small superconducting disks with a rough surface. In Sec. IV,
we discuss the stability of a paramagnetic state by calculating the free-energies of a
superconducting state. We summarize this paper in Sec. V.

5.3

Formulation

Let us consider a superconducting disk in two-dimension as shown in Fig. 5.1(a), where
R is the radius of the disk. To describe rough surfaces, we introduce random impurity
potentials near the surface. The width of the disordered region w is measured from the
surface as shown in Fig. 5.1(a). An external magnetic field H ext is applied in the z
direction. Throughout this paper, we use a unit of ~ = c = kB = 1 with kB and c being
the Boltzmann constant and the speed of light, respectively.
Superconducting states in equilibrium are described by solutions of the quasiclassical
Eilenberger equation [72],


ivF k · ∇r ǧ + Ȟ + Σ̌ , ǧ = 0,

(5.1)

where vF is the Fermi velocity, k is the unit vector on the Fermi surface. ǧ and Ȟ are
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Figure 5.2: Local susceptibilities of the small superconducting disks. The results of a d -wave
and those of a p -wave superconductor with a clean surface (i.e., w = 0, ξ/ℓ = 0) are presented
in (a) and (b), respectively. The results of a d -wave and those of a p -wave superconductor
with rough surface (w = 3ξ0 , ξ0 /ℓ = 1.0) are demonstrated in (c) and (d), respectively. The
parameters used in the simulation are R = 10ξ0 , λL = 5ξ0 , ωc = 10∆0 , H ext = 0.01Hc1 and
T = 0.1Tc .
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defined as follows,
"

ĝ(r, k, iωn )
fˆ(r, k, iωn )
ǧ(r, k, iωn ) =
−fˆ(r, k, iωn ) −ĝ (r, k, iωn )
e
" e
#
ˆ
ˆ
ξ(r, k, iωn )
∆(r, k)
Ȟ(r, k, iωn ) =
,
ˆ (r, k)
∆
ξˆ(r, k, iωn )
e
e
ˆ
ξ(r, k, iωn ) = (iωn + evF k · A(r)) σ̂0 ,

#

,

(5.2)

(5.3)
(5.4)

where ωn = (2n + 1)πT is the fermionic Matsubara frequency, n is an integer number,
and T is a temperature. In this paper, the symbol · ˇ· · represents a 4 × 4 matrix structure,
· ˆ· · represents a 2 × 2 matrix structure in spin space and σ̂0 is the identity matrix in spin
space. A vector potential is denoted by A(r). We introduced a definition K (r, k, iωn ) ≡
e
K ∗ (r, −k, iωn ) for all functions K(r, k, iωn ). Effects of rough surfaces are taken into
account through an impurity self-energy of a quasiparticle defined by,
Z
dk
i
ǧ(r, k, iωn ),
(5.5)
Σ̌(r, iωn ) = Θ (|r| − R + w)
2τ0
2π
where τ0 is the life time of a quasiparticle and Θ(x) is the Heviside step function. The mean
free path of a quasiparticle is defined by ℓ = vF τ0 in the disordered region. The anomalous
Green function fˆ(r, k, iωn ) is originally defined by an average of two annihilation operators
of an electron. The relation
fˆ(r, k, iωn ) = −fˆT (r, −k, −iωn ),

(5.6)

represents the antisymmetric property of the anomalous Green function under the permutation of two electrons, where T represents the transpose of a matrix.

The direction of k in two-dimensional momentum space is represented by an angle θ
measured from the x axis, (i.e., kx = cos θ and ky = sin θ). In what follows, we consider
two unconventional superconductors with different pairing symmetries. One is spin-singlet
ˆ
d -wave symmetry ∆(r,
θ) = ∆(r) sin(2θ) iσ̂2 . The other is spin-triplet p -wave symmetry
ˆ
∆(r, θ) = ∆(r) cos(θ) σ̂1 , where σ̂j for j = 1-3 are the Pauli matrices in spin space. A
d -wave and a p -wave pair potentials in momentum space are shown schematically in
Fig. 5.1(b) and (c), respectively. We do not consider any spin-dependent potentials in
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this paper. The matrix structure of Green function is represented by
ĝ(r, θ, iωn ) =g(r, θ, iωn )σ̂0 ,
fˆ(r, θ, iωn ) =f (r, θ, iωn ) ×

(

(5.7)
σ̂2 for spin-singlet
,
−iσ̂1 for spin-triplet

(5.8)

with scalar Green functions g(r, θ, iωn ) and f (r, θ, iωn ). Spatial dependence of ∆(r) is
determined self-consistently from the gap equation
X Z dθ
f (r, θ, iωn )Vx (θ),
(5.9)
∆(r) = πN0 g0 T
2π
ω
n

where N0 is the density of states per spin of normal metal at the Fermi level, g0 is the
coupling constant, and Vx represents attractive electron-electron interactions with x = p wave or d -wave indicating pairing symmetries. The interaction kernel Vx depends upon
pairing symmetries as
Vx (θ) =

(

2 cos θ for x = p -wave
.
2 sin(2θ) for x = d -wave

(5.10)

The constant N0 g0 is determined by
(N0 g)

−1

= ln



T
Tc



+

X

0≤n<ωc /2πT

1
,
n + 1/2

(5.11)

with Tc and ωc being the transition temperature and the cut-off energy, respectively.

In a type-II superconductor, an electric current is represented by
Z

πevF N0 X dθ 
j(r) =
T
Tr Ť3 k ǧ(r, θ, ωn ) ,
2i
2π
ω

(5.12)

n

with Ť3 = diag[σ̂0 , −σ̂0 ]. From Eq. (6.13) and the Maxwell equation ∇ × H(r) = 4πj(r),
we obtain spatial profiles of a vector potential A(r) and a local magnetic field H(r). A
local magnetic susceptibility is defined by
1 H(r) − H ext
,
χ(r) =
4π
H ext

(5.13)

where H ext is an amplitude of external magnetic field applied in the z direction. By
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integrating the local susceptibility, we obtain a susceptibility of a whole disk X as
Z
1
X=
dr χ(r).
(5.14)
πR2 |r|≤R
To solve the Eilenberger equation Eq. (6.1) in a disk geometry, we use a Riccati
parametrization [74–76] and a numerical method discussed in Ref. [77]. Using the parametrization, the Eilenberger equation can be separated into two Riccati type differential equations. When we solve the Riccati type equation along a long enough quasiclassical trajectory, solutions of the equation do not depend on initial conditions [77]. In this paper,
the length of classical trajectories is more than 30 times of the coherence length. Solving
the Eilenberger equation and the Maxwell equation, we determine the pair potential, the
vector potential, and the self-energy self-consistently with one another. At surfaces, we
consider specular classical trajectories for calculating the Green functions [77]. The vector
potential out side of the superconducting disk is A(r) = (H ext /2)(−y x̂ + xŷ) which gives
a uniform magnetic field in the z direction, where x and y are the unit vector in the x
and y direction, respectively.

5.4

Results

Throughout this paper, we fix several parameters as R = 10ξ0 and ωc = 10∆0 , where
∆0 is the amplitude of the pair potential at the zero temperature, and ξ0 = ~vF /2πTc is
the coherence length. Strength of the disorder is tuned by changing a parameter ξ0 /ℓ.
Width of disordered region is w = 3ξ0 because odd-frequency pairs induced by a surface
localize within this range. All lengths are measured in units of ξ0 . The current density
is normalized to J0 = ~c2 /4π|e|ξ03. Here we express ~ and c explicitly to avoid misunderstandings. The characteristic length scale of the Maxwell equation is the penetration
depth defined as λL = (4πne2 /mc2 )−1/2 and is a parameter in numerical simulations. In
this paper, we choose λL = 5ξ0 to realize type-II superconductors and fix H ext = 0.01Hc2 .
Here Hc2 = ~c/|e|ξ02 is the second critical magnetic field. The first critical magnetic field
at low temperature is estimated as Hc1 = Hc2 (ξ0 /λL )2 log(λL /ξ0 ) ≈ 0.03Hc2 > H ext at
λL = 5ξ0. Thus vortices are not expected at low temperature. We start numerical simulations with initial conditions of a spatially uniform pair potential ∆(r) = |∆Bulk (T )| and
a homogeneous magnetic field A(r) = (H ext /2)(−y x̂ + xŷ), where ∆Bulk (T ) is the pair
potential obtained in a homogeneous superconductor at a temperature T . If we choose
an alternative initial condition hosting a vortex in a superconductor, a vortex state might
be realized in numerical simulations [84] even for H ext < Hc1 . Such vortex issue, however,
goes beyond the scope of this paper.
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Figure 5.3: Local susceptibilities on the x axis (i.e., y = 0). The results for a d -wave disk and
for a p -wave disk are plotted in (a) and (b), respectively. The all parameters are set to be the
same as those of Fig. 5.2. The solid and the broken lines indicate the result for the disk with
clean surface and those with the rough surface, respectively. The shadowed areas indicate the
disordered regions.
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Figure 5.4: Amplitudes of pair potentials in real space for several azimuthal angle α measured
from the x axis. The results of a d -wave disk with ℓ/ξ0 = 0.0 and ℓ/ξ0 = 1.0 are shown in (a)
and (c), respectively. Since the pair potential is four-fold symmetric, we plot its spatial profile
for α = 0, π/8, and π/4. The results of a p -wave disk with ℓ/ξ0 = 0.0 and ℓ/ξ0 = 1.0 are shown
in (b) and (d), respectively. The pair potential for α = 0, π/8, π/4, 3π/8, π/2 (from bottom to
top) are shown under the two-fold symmetry of results. The pair potentials are normalized to
∆Bulk (T ). The all parameters are set to be the same as those of Fig. 5.2. The shadowed areas
in (c) and (d) indicate the disordered regions.
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Figure 5.5: Spatial dependencies of the decomposed pairing functions at the lowest Matsubara
frequency on the x-axis for (a) a clean d -wave, (b) a clean p -wave, (c) a disordered d -wave, and
(d) a disordered p -wave disk. The parameters are set to be the same values as those in Fig. 5.2.
The shadowed areas indicate the disordered regions.

First we discuss calculated results for a small superconducting disk with a specular
surface (i.e., w = 0, ξ0 /ℓ = 0). Then we discuss effects of surface roughness by comparing
numerical results in a disk with a rough surface with those with a specular one.

5.4.1

Disks with a specular surface

We briefly explain the paramagnetic Meissner effect in a superconducting disk with a
specular surface. Figure 5.2(a) shows the local susceptibility in a d -wave superconductor.
The result are four-fold symmetric reflecting the d -wave pair potential. The magnetic
susceptibility is positive (paramagnetic) near four surfaces in the x and the y directions.
In Fig. 5.3(a), we show a spatial profile of the local susceptibility of Fig. 5.2(a) along the
x axis at y = 0. We also show the amplitudes of pair potential in real space |∆(r)| in
Fig. 5.4(a). The pair potential is calculated along a trajectory ρα oriented by an angle
α measured from the x axis as shown in Fig. 5.4. In a d-wave disk, the pair potential is
four-fold symmetric. The pair potential is strongly suppressed at the four surfaces in x
and y directions as a result of appearing surface Andreev bound states [83], whereas it is
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totally constant in the directions in which the surface Andreev bound states are absent.
In contrast to the pair potential around a vortex core [84], the results in Fig. 5.4(a) are
anisotropic in real space. As shown in Ref. [56], the spatial gradient of pair potential
generates paramagnetic pairing correlations with odd-frequency symmetry. Thus oddfrequency pairs are expected at four surfaces in the x and y directions, which explains
inhomogeneous and angular anisotropic paramagnetic response in Fig. 5.2(a). In this
paper, we analyze the frequency symmetries of Cooper pairs by decomposing pairing
functions into a series of Fourier components. In a d -wave disk, the anomalous Green
function are described by two components
fˆ(r, θ, iωn ) = [fep (r, θ, iωn ) + fop (r, θ, iωn )] σ̂2 ,

(5.15)

where fep is an even-parity (d -wave) function representing the principal pairing correlation
and fop is an odd-parity function representing the induced pairing component at a surface.
To satisfy Eq. (5.6), fop must be an odd function of ωn . We decompose pair functions
f (r, θ, iωn ) as
q
Pl (r, iωn ) = 2 Cl2 + Sl2 ,
Z
dθ
Sl =
Re [f (r, θ, iωn )] sin (lθ) ,
2π
Z
dθ
Re [f (r, θ, iωn )] cos (lθ) ,
Cl =
2π

(5.16)
(5.17)
(5.18)

where l = 0, 1, 2 and 3 correspond to s -, p -, d - and f -wave orbital functions, respectively.
In the presence of a magnetic field, the imaginary part of f (r, θ, iωn ) is induced by the
vector potential as analytically shown in Appendix. We focus only on the real part of
f to analyze pairing symmetries. Figure 5.5(a) indicate the spatial profile of Pl (x, iω0 )
at the lowest Matsubara frequency as a function of x at y = 0. The pairing functions
of induced Cooper pairs have p - and f -wave symmetries and their amplitudes localize
near the surface. Such odd-frequency Cooper pairs shows the paramagnetic response to a
magnetic field. The surface also generates spin-singlet s-wave correlation. Its amplitude,
however, is too small to confirm at a scale of plot in Fig. 5.5(a). Figure 5.6(a) shows the
spatial distribution of electric current on a d -wave disk. The diamagnetic current flows
at the central region because of the usual Meissner effect. Near the surfaces in the x and
y directions, however, the current flows the opposite direction to the Meissner current.
Therefore a small d -wave superconductor can be paramagnetic due to the induced oddfrequency Cooper pairs at its surface.
A spin-triplet p -wave disk also indicates the similar paramagnetic effect as shown the
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results of magnetic susceptibility in Figs. 5.2(b), its spatial profile on the x axis in 5.3(b),
pair potential in 5.4(b) and electric current in 5.6(b). The results are two-fold symmetric
reflecting the p -wave superconducting pair potential. The paramagnetic effect can be
seen near the surface in the x direction because of induced odd-frequency Cooper pairs.
The anomalous Green function is represented by Eq. (5.15) with replacing σ̂2 by −iσ̂1 .
In the p -wave case, fep represents induced pairing correlations and is an odd function of
ωn . As shown in Fig. 5.5(b), fep mainly consists of s - and d -wave pairing correlations.
In the end of this subsection, we summarize an important difference between the paramagnetic effect of a d -wave superconductor and that of a p -wave one. In a d -wave disk,
surface odd-frequency Cooper pairs have a p - or f -wave symmetry [39, 54]. In a p -wave
disk, on the other hand, s - or d -wave odd-frequency Cooper pairs are responsible for the
paramagnetic effect [39, 54]. In the next subsection, we will show that the paramagnetic
response of a disk with rough surface depends sensitively on the orbital symmetry of
induced odd-frequency pairs at the surface.

5.4.2

Disks with a rough surface

Next, we discuss effects of the surface roughness on the magnetic response of a small
superconductor. The calculated results of the local susceptibility for a d -wave superconducting disk with rough surface are shown in Fig. 5.2(c), where we choose ξ0 /ℓ = 1.0.
Comparing Fig. 5.2(a) with (c), we can find that the surface roughness completely suppresses the paramagnetic response at the four surfaces in a d -wave disk. The central
region of the disk with the rough surface recovers the usual diamagnetic response. Such
effect is demonstrated more clearly in a spatial profile of local susceptibilities at y = 0
in Fig. 5.3(a), where the shadowed area indicates the disordered region. The amplitude
of pair potential in real space is shown in Fig. 5.4(c). The pair potential in the disordered region is totally suppressed because the random impurity potential acts as a pair
breaker for d-wave Cooper pairs. Spatial profiles of decomposed pairing functions are
shown in Fig. 5.5(c). In the disordered region, a d -wave pairing function Pd is drastically suppressed due to impurity scatterings. The disordered region can be considered
as a diffusive normal metal because the spatial profile of order parameter is proportional
to Pd . Odd-frequency Cooper pairs are also fragile in the presence of surface roughness
because they have p - or f -wave pairing symmetry. Therefore, both the paramagnetic current and the diamagnetic one disappear in the disordered region as shown in Fig. 5.6(c).
The magnetic property of a disk is determined by that at the clean central region where
even-frequency d -wave Cooper pairs stay and contribute to the diamagnetic response. We
conclude that the paramagnetic effect in a d -wave disk is fragile in the presence of surface
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Figure 5.6: Spatial distribution of current density on a superconducting disk. The results of
a d -wave and a p -wave superconductor with clean surface (w = 0, ξ/ℓ = 0.0) are shown in (a)
and (b), respectively. The results with rough surface are shown in (c) and (d). The outer circles
indicate the edge of the disk and the inner circles in (c) and (d) indicate the effective interface
between the clean region and the disordered region. The parameters are set to be the same
values as those in Fig. 5.2.

roughness because odd-frequency pairs have a p -wave or a f -wave orbital symmetry.
A p -wave disk indicates qualitatively different magnetic response from a d -wave one.
The local susceptibility of a p -wave disk with rough surface is shown in Fig. 5.2(d) and
Fig. 5.3(b) with a broken line. Although the surface is rough enough, a p -wave superconducting disk still show the strong paramagnetic response. The peak of the χ in Fig. 5.3(b)
shifts to inside of the disk in the presence of surface roughness. This suggests that the
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Andreev bound states appear at a boundary between the clean central region and the disordered surface region. Such Andreev bound states always accompany the paramagnetic
odd-frequency Cooper pairs. In addition to this, the paramagnetic response in Fig. 5.3(b)
suggests the penetration of odd-frequency Cooper pairs into the surface disordered region.
The spatial profiles of the electric current in Fig. 5.6(d) shows that the paramagnetic current flows not only in the clean region but also in the disordered one. Odd-frequency
pairs in a p -wave disk survive even in the presence of surface roughness because they
have s -wave orbital symmetry. Therefore, the paramagnetic effect in a p -wave disk is
robust against the surface roughness.

5.4.3

Temperature dependence

Here we discuss the magnetic susceptibility of a whole disk which is a measurable value in
experiments. The disk susceptibility in a d -wave superconductor and that in a p -wave one
are plotted as a function of temperature in Fig. 5.7(a) and (b), respectively. We present
the results for several choices of the disorder ξ0 /ℓ. In simulation, we first calculate the
pair potential and the vector potential self-consistently at a temperature just below Tc
under an external magnetic field H ext = 0.01Hc2 . Then the temperature is decreased
with keeping H ext unchanged. In the clean limit (ξ0 /ℓ = 0.0), both a d -wave disk and
a p -wave one show the usual diamagnetic response just below Tc . With decreasing the
temperature, however, the sign of susceptibility changes around T = Tp ∼ 0.3Tc for both
cases. Here, we define Tp as a diamagnetic-paramagnetic crossover temperature. Blow
Tp , superconducting disks show the anomalous paramagnetic response. The paramagnetic
effect is stronger in lower temperature because odd-frequency Cooper pairs energetically
localize at the Fermi level.
In a d -wave disk, the reentrance is slightly suppressed in the presence of the moderate
surface roughness with ξ0 /ℓ = 0.1 as shown in Fig. 5.7(a). When we increase the degree of
the roughness further, the paramagnetic response gradually becomes weaker. At ξ0 /ℓ =
0.5, the response is diamagnetic and the susceptibility recovers the monotonic temperature
dependence which is usually observed in large enough superconductors in experiments.
In the d -wave superconductors, the specular Andreev reflection is necessary for forming
the surface bound states at the zero-energy [86] and for appearing odd-frequency pairs.
In other wards, odd-frequency pairs have p - or f -wave orbital symmetry. Therefore the
rough surface brakes odd-frequency pairs and suppresses the paramagnetic response. This
conclusion is totally consistent with the experiment [6], where temperature dependences
of the pair density on a high-Tc superconducting film show a small reentrant behavior at
low temperature. But the total pair density remains positive. Actually, the experimental
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Figure 5.7: Temperature dependencies of the whole disk susceptibility X(T ) for the d -wave
disk (a) and the p -wave disk (b).

65

Shu-Ichiro Suzuki

Chapter 5

data are very similar to the results for ξ0 /ℓ = 0.2 in Fig. 5.7(a). The experimental results
can be interpreted as an appearance of a small amount of odd-frequency pairs. In the
experiment, the surface roughness may partially breaks odd-frequency pairs because a
number of the internal surfaces are introduced by the heavy ion irradiation.
On the contrary to a d -wave disks, the susceptibility of a p -wave disk X(T ) shows
the reentrance and the crossover to the paramagnetic phase at low temperature for all
ξ0 /ℓ as shown in Fig. 5.7(b). It has been pointed out that the surface Andreev bound
states of a p -wave superconductor are robust under potential disorder because of the
pure chiral property of surface bound states [85]. In other wards, odd-frequency pairs
accompanied by the Andreev bound states have s -wave orbital symmetry [39, 54]. Since
s -wave pairs is robust under the disordered potential, the paramagnetic effect of the p wave superconductors persists even in the presence of surface roughness. We conclude
that the robust paramagnetic response in a small size sample is a unique property of spintriplet p -wave superconductors. Such property would enable us to identify the spin-triplet
p -wave superconductivity in experiments.

5.5

Conclusion

We have theoretically studied effects of surface roughness on the anomalous paramagnetic
response of small unconventional superconducting disks by using the quasiclassical Green
function method. We conclude that the paramagnetic property of p -wave superconductors
is robust under the surface roughness because the p -wave superconductors host the s wave odd-frequency Cooper pairs at their surface. On the other hand, the paramagnetic
property in d -wave superconductor is fragile in the presence of the surface roughness. In
this case, the odd-frequency pairs at the surface have p -wave orbital symmetry.

66

Chapter 6
Spontaneous edge current in small
chiral superconductors with rough
surfaces
6.1

Abstract

We study theoretically the spontaneous edge current in a small chiral superconductor with surface roughness. We obtained self-consistent solutions of the
pair potential and the vector potential by solving the quasiclassical Eilenberger
equation and the Maxwell equation simultaneously. We then employed them
to calculate numerically the spatial distribution of the chiral edge current in
a small superconductor. The characteristic behavior of the spontaneous edge
current depends strongly on the symmetries of the order parameters such as
chiral p -, chiral d - and chiral f -wave pairing. The edge current is robust under the surface roughness in the chiral p - and chiral d -wave superconductors.
In the chiral d -wave case, the surface roughness tends to flip the direction of
the chiral current. On the other hand, the edge current in a chiral f -wave
superconductor is fragile when there is surface roughness. We also discuss the
temperature dependence of a spontaneous magnetization, which is a measurable value in standard experiments.

6.2

Introduction

The experimental detection of a spontaneous edge current could be direct evidence of
chiral superconductivity. A number of Cooper pairs sharing a specific angular momen67
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tum carry the spontaneous edge current in chiral superconductors [87, 88] which can be
experimentally measured as spontaneous magnetization. Strontium ruthenate Sr2 RuO4
is a leading candidate for a chiral p -wave superconductor [89–91] whose pair potential is
described by ∆(kx ± iky ) = ∆eiχθ in momentum space. Here kx = cos θ (ky = sin θ) is
the normalized wavenumber in the x (y) direction, and ∆ is the amplitude of the pair
potential. The topological Chern number χ = 1 or −1 corresponds to the angular momentum of a Cooper pair. In addition to chiral p -wave superconductivity, the possibilities
of chiral d -wave (χ = ±2) and chiral f -wave (χ = ±3) superconductivity have been discussed in recent experiments. [92–102] Several theories have suggested that the amount
of edge current become smaller in a chiral superconductor with a larger |χ|. [107, 108]
However, unfortunately, no spontaneous chiral current has yet been experimentally observed. [109, 110]
The absence of spontaneous magnetization in experiments has mainly been attributed
to three effects: (i) the Meissner screening of the edge current by the bulk superconducting condensate, (ii) the reduction of the chiral current by the potential disorder near
the surface of a superconductor, and (iii) the complicated electronic structures of superconductors. The first effect was partially studied by Matsumoto and Sigrist. [87] They
theoretically confirmed a reduction in the edge current caused by the Meissner effect
in a chiral p -wave superconductor. However, the resulting spontaneous magnetization
is large enough to be measured in experiments. The second effect is linked to the issue of the intrinsic angular momentum in the 3 He-A phase. [119, 120] Experimentally it
is difficult to make a superconducting sample with a specular surface. For instance, a
small ruthenate superconductor cluster can be fabricated by using the focused ion beam
technique, [111, 112] which would seriously damage the sample quality near the surface.
Several theoretical papers have already suggested the presence of edge states in a chiral p wave superconductor when there is surface roughness. [113,114] On the other hand, when
a chiral p -wave superconductor is covered by a clean normal metal, the chiral current is
dramatically reduced. [115] The third effect has been discussed specifically in Sr2 RuO4 .
It has been known that the gap anisotropy [116, 117] and the multiband structures [118]
suppress the chiral edge current. Even today, we do not know how the Meissner screening
and the surface roughness reduce the edge current in chiral d - and f -wave superconductors. In previous papers, [54, 58] we studied the Andreev bound states [63–67, 69] (ABSs)
in time-reversal non-chiral superconductors characterized by dx2 −y2 -wave or px -wave pair
potentials. We found that the ABSs in a px -wave superconductor are robust even in
the presence of surface roughness, whereas those in a d -wave superconductor are fragile against surface roughness. This conclusion is well explained by the symmetry of the
Cooper pairs induced near the surface. However, it is unclear if it is possible to generalize
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our conclusions straightforwardly to chiral superconductors. We will address these issues
in the present paper.
In this paper, we theoretically study the spontaneous edge currents and the spontaneous magnetization in a small chiral superconducting disk based on the quasiclassical
Eilenberger formalism. To discuss the relation between the pairing symmetry and the
sensitivity of the chiral edge current to the surface roughness, we consider the simple chiral order parameters on a circular shaped Fermi surface. By solving the Eilenberger and
Maxwell equations self-consistently and simultaneously, we obtain the spatial profiles of
the chiral edge currents and the temperature dependence of a spontaneous magnetization.
The surface roughness is considered in terms of the impurity self-energy of a quasiparticle.
To define the magnetization of a sample, we need to consider a finite-size superconductor
such as disks. Moreover, setting the radius of a disk to be comparable to the coherence
length allows us to justify the assumption that there is no chiral-domain wall in a disk.
We conclude that the robustness of the spontaneous edge current depends strongly on the
paring symmetry. In a chiral p -wave superconductor, the amplitude of the chiral current
in a disk with a rough surface is comparable to that in a disk with a specular surface.
In a chiral d -wave superconductor, there are two edge channels in a disk with a specular
surface. They carry the chiral currents in opposite directions. In the presence of surface
roughness, one channel near the surface disappears and the other channel far from the
surface carries the robust chiral current. We show that the surface roughness changes
the net-current direction in a chiral d -wave disk. The edge current in a chiral f -wave
superconductor is fragile in the presence of surface roughness. The effects of Meissner
screening on the chiral edge current depend on the spatial current distribution near the
surface. When the current decreases monotonically with increases in the distance from
the surface, the Meissner effect always reduces the chiral current. On the other hand,
when the chiral current changes its direction as a function of distance from the surface,
the Meissner screening effect becomes weaker. Such a complicated current distribution
causes the self-screening effect among edge currents flowing in opposite directions.
This paper is organized as follows. In Sec. II, we explain the quasiclassical Eilenberger
formalism and define the spontaneous magnetization of a small superconducting disk.
In Sec. III, we present results obtained using non-self-consistent simulations (i.e., with a
homogeneous pair potential and without a vector potential). In Sec. IV, we discuss the
spontaneous edge current in a superconducting disk with a specular surface. In Sec. V,
we study the effects of surface roughness on the spontaneous edge current. In Sec. VI,
we demonstrate the temperature dependence of a spontaneous magnetization, which is a
measurable value in experiments. In Sec. VII, we summarize this paper.
69

Shu-Ichiro Suzuki

6.3

Chapter 6

Quasiclassical Eilenberger theory

Let us consider a small chiral superconducting disk as shown in Fig. 6.1. We assume
that there is no chiral domains by choosing the radius of the disk R to be comparable
to the coherence length ξ0 = ~vF /2πTc , where vF is the Fermi velocity and Tc is the superconducting transition temperature. We apply the quasiclassical Green function theory
of superconductivity [72] to calculate the edge current of a chiral superconductor. In an
equilibrium superconductor, the Eilenberger equation takes the form


ivF k ·∇r ǧ + Ȟ + Σ̌ , ǧ − = 0,

(6.1)

where vF is the Fermi velocity, k is the unit wave vector on the Fermi surface, and
[α, β]− = αβ − βα. We employ the isotropic cylindrical Fermi surface (i.e., no kz dependence) as studied in Ref. [87] because most chiral superconductors are layered materials.
Throughout this paper, we use the set of units ~ = kB = c = 1, where 2π~ is the Planck
constant, kB is the Boltzmann constant, and c is the speed of light. The matrices ǧ and
Ȟ are defined as follows,
"

ĝ(r, k, iωn )
fˆ(r, k, iωn )
ǧ(r, k, iωn ) =
−fˆ(r, k, iωn ) −ĝ (r, k, iωn )
e
" e
#
ˆ
ˆ
ξ(r, k, iωn )
∆(r, k)
Ȟ(r, k, iωn ) =
,
ˆ (r, k)
∆
ξˆ(r, k, iωn )
e
e

#

,

(6.2)

(6.3)

ˆ k, iωn ) = [iωn + evF k · A(r)] σ̂0 , where ωn = (2n + 1)πT is the Matsubara
with ξ(r,
ˆ represents the pair potential,
frequencies with n being an integer, T is the temperature, ∆
σ̂0 is the 2 × 2 identity matrix in spin space, and A is the vector potential induced by
the chiral edge current. We introduce the definition K (r, k, iωn ) = K ∗ (r, −k, iωn ). The
e
symbol ˇ· represents a 4 × 4 matrix structure in particle-hole space and the symbol ˆ·
represents a 2 × 2 matrix structure in spin space.
We consider three chiral superconductors with different pairing symmetries: spintriplet chiral p -wave, spin-singlet chiral d -wave, and spin-triplet chiral f -wave pairings.
In the spin-triplet superconductor, we assume that the pairing interactions work between
two electrons with opposite spins. This assumption does not loose any generality of the
argument below. The pair potential are described by

 ∆(r, θ)σ̂1 for a spin triplet,
ˆ
∆(r,
θ) =
(6.4)
 ∆(r, θ)iσ̂
for
a
spin
singlet,
2
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(a)

(b)

Figure 6.1: Schematics of superconducting disks. The disk with a specular surface and that
with a rough surface are shown in (a) and (b), respectively. The radius and thickness of a disk
are denoted by R and D, respectively. The width of the disordered region is denoted by W in
(b). The small enough radius allows us to assume that there is no chiral domain in the disk.

where σ̂j for j = 1-3 are the Pauli matrices in spin space. The matrix Green functions in
Eq. (6.2) can be represented by the scaler Green functions as
ĝ(r, θ, iωn ) = g(r, θ, iωn )σ̂0 ,

 f (r, θ, iωn )(−iσ̂1 ) for a triplet
fˆ(r, θ, iωn ) =
 f (r, θ, iω )σ̂
for a singlet.
n 2

(6.5)
(6.6)

The pair potential in a chiral superconductor is described by

∆(r, θ) = ∆1 (r) cos(χθ) + i∆2 (r) sin(χθ),

(6.7)

where θ is the azimuthal angle in the momentum space (i.e., kx = cos θ and ky = sin θ),
and ∆1 and ∆2 are the local amplitudes of two independent components. The topological
numbers χ = ±1, ±2, and ±3 characterize the chiral p -, chiral d -, and chiral f -wave
superconductivity, respectively. The doubly degenerate chiral superconducting states are
indicated by ±χ. In this study, we consider superconducting states with a positive χ. Deep
inside a superconductor (i.e., bulk region), the relation ∆1 = ∆2 is satisfied. Therefore
the pair potentials in the bulk are represented as
¯ )eiχθ ,
∆(θ) = ∆(T

(6.8)

¯ ) is the amplitude of the uniform pair potential at a temperature T . The
where ∆(T
amplitude of the superconducting gap is isotropic in momentum space. In the simulations,
∆1 and ∆2 are self-consistently determined by the gap equation,
"
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∆1 (r)
∆2 (r)

#

"
#
′
X Z dθ′
V
(θ
)
1
f (r, θ′ , iωn )
=N0 g0 πT
2π
V2 (θ′ )
ωn

(6.9)
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where N0 is the density of states per spin at the Fermi level in three-dimension. The
coupling constant g0 is determined by
(N0 g0 )

−1

= ln



T
Tc



+

nc
X
n=0

1
,
n + 1/2

(6.10)

where nc = (ωc /2πT ) with ωc being the cutoff energy. The functions V1 and V2 represent
the attractive interactions as
V1 (θ) = 2 cos(χθ),

V2 (θ) = 2 sin(χθ).

(6.11)

In our model, the Andreev bound states never appear at the surface in the z direction
(i.e., the top and bottom surfaces in Fig. 6.1) because the pair potential does not depend
on kz . [69] As a result, the pair potential is less dependent on z. Thus, by setting the
disk thin enough D . ξ0 < λL , we ignore the z dependence of the quasiclassical Green
functions. However the thickness of the disk need to be larger than the Fermi wavelength
1/kF , so that the quasiclassical theory can be applied. [121, 122]
The effects of the rough surface are taken into account through the impurity selfenergy, which is defined by

Σ̌(r, iωn ) =









i
2τ0

Z

dθ
2π

ǧ(r, θ, iωn )

for r > R − W ,

0

for r < R − W ,

(6.12)

where r = (x2 + y 2 )1/2 and τ0 is the mean free time due to the impurity scatterings. The
self-energy has finite values only near the surface as shown in Fig. 6.1(b), where W is the
width of the disordered region.
The electric current j(r) is calculated from the Green function
Z

πevF N0 X dθ 
T
Tr Ť3 k ǧ(r, θ, iωn ) ,
j(r) =
2i
2π
ω

(6.13)

n

where Ť3 = diag[σ̂0 , −σ̂0 ]. The vector potential is determined by solving the Maxwell
equation,
∇ × A(r) = H(r),

(6.14)

∇ × H(r) = 4πj(r).

(6.15)

In a finite size superconductor, we define the amplitude of a spontaneous magnetization
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M in terms of the spontaneous magnetic field H(r) as
1
M=
ν

Z

drH(r).

(6.16)

where ν = πR2 D is the volume of a small superconducting disk. In this paper, we did not
calculate the magnetic field in the three-dimension. We obtain H by solving the Maxwell
equation in the x-y plane with the boundary condition H(x, y) = 0 outside of the disk, and
assume that the magnetic field is homogeneous in the z direction [i.e., H(r) = H(x, y)ẑ
with ẑ being the unit vector]. We iterate the Eilenberger equation for the Green function
and the Maxwell equation for the vector potential to obtain the self-consistent solutions
of ∆1 (r), ∆2 (r), A(r), and Σ̌(r, iωn ).
¯ )|
We start all of the simulations with the initial condition ∆1 (r) = ∆2 (r) = |∆(T
¯ )| is the amplitude of the pair potential in a homogeneous
and A(r) = 0, where |∆(T
superconductor at a temperature T . Throughout this paper, we fix several parameters:
the radius of a disk R = 10ξ0, the cutoff energy ωc = 6πTc . The magnetic field and the
spontaneous magnetization are measured in units of the second critical magnetic field
Hc2 = ~c/|e|ξ02. The current density is normalized to j0 = 2|e|vF N0 Tc = ~c2 /4π 2 |e|λ2L ξ0 .
In the quasiclassical theory, the London length λL = (mc2 /4πne e2 )1/2 with ne being the
electron density is a parameter characterizing the spatial variation of magnetic fields,
and is fixed at λL = 5ξ0 . In this paragraph, we explicitly denoted ~ and c to avoid
misunderstandings.
To solve the Eilenberger equation in a disk geometry, we apply the Riccati parametrization to the Green function [74–76] and the technique discussed in Ref. [77]. By using the
Riccati parametrization, we can separate the Eilenberger equation into the two Riccatitype differential equations. Solving the Riccati equations along a long enough quasiclassical trajectory (typically 30 times of the coherence length), we can obtain the solutions
of the Eilenberger equation.
As we will demonstrate in the following sections, the edge currents show complicated
spatial profiles depending on the pairing symmetry. To analyze such behaviors, we decompose the electric current into a series of current components in terms of the symmetry
of Cooper pairs. By using the normalization relation g 2 − sν f f = 1 under the assumption
ff ≪ 1, we represent the normal Green function as g ≈ 1 + seν ff /2, where we have used
e Eq. (6.6) and s = 1 (s = −1) for the spin-triplet (spin-singlet)
e
the
pair potential. By
ν
ν
substituting the expression into the current formula in Eq. (6.13), the electric current can
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be expressed as [123]
j(r) =

X

j ωn (r)

ωn >0

j ωn = 4πevF N0 T

Z

(6.17)
dθ 1
sν k Im[ff ],
2π 2
e

(6.18)

where we have used the relation g(r, θ, iωn ) = −g ∗ (r, θ, −iωn ). Generally speaking, the
pairing function f (r, θ, iωn ) can be decomposed into the Fourier series
f (r, θ, iωn ) =

X

fac (r, iωn ) cos(aθ)

a=0

+

X

ifbs (r, iωn ) sin(bθ).

(6.19)

b=1

The surface breaks locally the inversion symmetry and induces subdominant pairing components whose symmetries are different from that of the pair potential. In the absence of
the vector potential, fac and fbs are real functions. When we consider the current profile
at y = 0, the electric current in the y direction becomes
jy (x) =

XX
ωn

jab (iωn )

(6.20)

ab

jab (iωn ) = 4π|e|vF N0 T fac fbs Iab

(6.21)

Iab = sν (−1)b (δb,1−a + δb,a+1 − δb,a−1 )/4

(6.22)

R
where we use the relation f (r, θ, iωn ) = f ∗ (r, θ + π, iωn ), and dθ sin θ cos(aθ) sin(bθ) =
(δb,1−a + δb,a+1 − δb,a−1 )π/2e for a ≥ 0 and b ≥ 1. The Kronecker’s δ functions appearing
in Eq. (6.22) suggest that only the limited combinations of fac and fbs contribute to the
supercurrents, (e.g., a = b ± 1). Moreover, the direction of the decomposed current jab in
Eq. (6.21) depends on the signs of fac fbs and Iab . The signs of Iab mainly determine the
current directions because fac fbs appearing at a certain surface have the same signs in most
cases. We show a chart of sgn[Iab ] in Fig. 6.2. The diagonal lines connecting cos(aθ) and
sin(bθ) mean the possible combinations for carrying the currents. The solid (broken) lines
indicate that Iab is positive (negative). In a chiral p -wave superconductor, for example,
I01 and I21 have the opposite signs to each other. As a result, the decomposed currents
j01 and j21 flow in opposite directions.
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Figure 6.2: Chart of Iab in Eq. (6.22). The diagonal lines connecting cos(aθ) and sin(bθ)
indicate possible combinations of fac and fbs for the chiral currents. The solid (broken) lines
means Iab is positive (negative). The sign of Iab in a spin-singlet superconductor is opposite
to that in a spin-triplet superconductor due to an extra sign factor sν . The double underlines
indicate the principal pairing component linking to the pair potential (i.e., cos(χθ) and sin(χθ)).
At the first line, “1” represents s -wave component.
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Figure 6.3: Current densities in a disk of a chiral superconductor with a constant pair potential
¯ )| at A(r) = 0, where |∆(T
¯ )| is the amplitude of the pair potential at a
∆1(2) (r) = |∆(T
temperature T in a homogeneous superconductor. Here, we show the current distribution at
y = 0. The radius of a superconducting disk, the temperature, and the cutoff energy are set to
R = 10ξ0 , T = 0.2Tc , and ωc = 6πTc .

6.4

Non-self-consistent simulation

Before turning into the effects of surface roughness and those of the Meissner screening, the
chiral currents in the uniform pair potential at A = 0 should be summarized. The results
presented in this section are qualitatively the same as those obtained by the Bogoliubov-de
Gennes (BdG) formalism in Refs. [107] and [108].
The spatial dependences of the edge current are shown in Fig. 6.3, where we show the
spatial distribution of the current in the y direction jy (x) at y = 0, where the temperature
is set to T = 0.2Tc . The results are circular symmetric on a superconducting disk. In
a chiral p -wave superconductor (χ = 1), the amplitude of the edge current takes its
maximum at r = R and monotonically decreases with increasing the distance from the
surface. When we observe the current from the +z axis, the chiral current flows in the
clockwise direction. The current distributions in chiral d -wave (χ = 2) and chiral f -wave
(χ = 3) superconductors are rather complicated than that in a chiral p -wave case. The
current density is negative (clockwise) around x/ξ0 = 10 and is positive (counterclockwise)
for x/ξ0 < 9 in a chiral d -wave superconductor. In a chiral f -wave case, the current
density is negative for 9.5 < x/ξ0 < 10, positive for 7.8 < x/ξ0 < 9.5, and negative again
RR
for x/ξ0 < 7.8. The net current density J = 0 dx jy (x)|y=0 decreases with increasing the
chiral index χ because there are two (three) current channels in a chiral d -wave (f -wave)
superconductor and they carry the currents in opposite directions.
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Disk with a specular surface

In this section, we discuss the current distribution of a chiral-superconducting disk with
a specular surface under the self-consistent pair potentials and the vector potential. The
results are obtained by solving the Eilenberger and Maxwell equations simultaneously
and self-consistently. In Sec. IV A, we consider only the self-consistent pair potential at
A = 0 in Eq. (6.3) to analyze the complicated spatial distribution of the chiral current.
The results tell us the symmetry of Cooper pairs that carry the chiral current. The effects
of self-induced magnetic fields are briefly discussed in Sec. IV B. The parameters are set
to the same values used in Fig. 6.3.

6.5.1

Results under self-consistent pair potential at A = 0

In Fig. 6.4, we show the spatial dependence of the pair potentials ∆1 and ∆2 . In a chiral p wave superconductor, the pair potential ∆1 is strongly suppressed, whereas ∆2 is slightly
enhanced near the surface as shown in Fig. 6.4(a). These suppression and enhancement
are closely related to the formation of the surface ABSs. Namely, ∆1 changes its sign
while the quasiparticle is reflected by a specular surface. These spatial variations of the
pair potentials affect the edge current. The current density jy (x) at y = 0 in Eq. (6.20)
is shown in Fig. 6.5(a). In a chiral p -wave disk, the edge current monotonically decreases
with increasing the distance from the edge. The edge current under the self-consistent
pair potential in Fig. 6.5(a) flows much wider area than that obtained by the uniform
pair potential in Fig. 6.3. The range of “edge” is determined by the spatial variation of
the pair potential in Fig. 6.4.
The surface breaks locally the inversion symmetry and the spatial variation of the
pair potential breaks the translational symmetry. As a result, the subdominant pairing
correlations are induced near the surface. [124] In Fig. 6.2, we enumerate the orbital
symmetry of such subdominant components. The double underlines indicate the principal
pairing component linked to the pair potential. At the first row, “1” represents s -wave
symmetry. In a chiral p -wave case, the spatial variation of the principal component cos(θ)
induces the subdominant component such as s -wave, d -wave cos(2θ), f -wave cos(3θ), · · · .
In the same way, the principal component sin(θ) induces the subdominant component of
d -wave sin(2θ), f -wave sin(3θ), · · · . The current is decomposed into the series of jab in
Eq. (6.21). The results for a chiral p -wave disk are shown in Fig. 6.5(b), where j01 , j21 , j23
and j43 contribute mainly to the current. Here jab shown in Fig. 6.5(b) are calculated at the
P
lowest Matsubara frequency ω0 . We have confirmed that ab jab (ω0 ) is almost identical
to the current density obtained from the normal Green function j(ω0 ), and that the
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Figure 6.4: Pair potentials in a disk of a chiral superconductor. The results are obtained by
solving self-consistently the Eilenberger equation under the condition A(r) = 0. The supercon¯ )|, the amplitude
ducting disk is in the clean limit. The pair potentials are normalized to |∆(T
of the pair potential in a homogeneous superconductor at a temperature T . The parameters are
set to the same values used in Fig. 6.3.

components at higher Matsubara frequencies have almost the similar spatial distribution
as jab at ω0 . Reflecting the signs of Iab in Fig. 6.2, j01 and j23 flow in the clockwise
direction, whereas j21 and j43 do in the counterclockwise direction. The magnitudes of j01
and j23 are slightly larger than j21 and j43 , respectively. As a consequence, the net edge
current flows in the clockwise direction. We have confirmed that another possible jab are
negligible. The decomposed currents in Fig. 6.5(b) tell us the symmetry of Cooper pairs
that carry the edge current. The partial current j01 represents the current carried by the
combination of s -wave and py -wave Cooper pairs. The current j21 are also understood
as the current carried by dx2 −y2 -wave × py -wave Cooper pairs.
All of the Cooper pairs in a chiral p -wave superconductor belong to the spin-triplet
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Figure 6.5: Results for a chiral p -wave disk with a specular surface obtained by the selfconsistent simulation under A(r) = 0. The chiral current jy (x) in Eq. (6.20) at y = 0 is shown
in (a). The decomposed current jab at the lowest Matsubara frequency in Eq. (6.21) are shown
in (b). All of the currents in (a) and (b) are normalized to j0 = 2|e|vF N0 Tc . The parameters
are set to the same values used in Fig. 6.3.

symmetry class in the absence of spin-dependent potentials. Therefore, even-parity pairs
induced at a surface have the odd-frequency symmetry because of the anti-symmetry
relation derived from the Fermi-Dirac statistics of electrons
fˆ(r, θ, iωn ) = −fˆT (r, θ + π, −iωn ),

(6.23)

where ·T represents the transpose of a matrix and means the commutation of the two spins
of a Cooper pair. The odd-parity symmetry accounts the negative sign on the right-hand
side of Eq. (6.23) in a spin-triplet superconductor. On the other hand, the induced spintriplet even-parity components satisfy Eq. (6.23) by their frequency dependence. They are
so-called odd-frequency Cooper pairs. [125, 126] As shown in Fig. 6.5(b) and Eq. (6.21),
the spontaneous edge current in a chiral superconductor is carried by the combination of
the even- and odd-frequency Cooper pairs staying at a surface.
In a chiral d -wave superconductor, ∆2 is responsible for the formation of the surface
ABSs. Correspondingly, the pair potential ∆1 is slightly enhanced near the surface as
shown in Fig. 6.4(b). The spatial profile of the current is shown in Fig. 6.6(a). As is
the case in the non-self-consistent simulation, there are two edge channels in a chiral
d -wave disk. The current in the clockwise direction flows along the surface and the
current in the counterclockwise flows around x = ±7ξ0 . In Fig. 6.6(b), we decompose the
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Figure 6.6: Results for a chiral d -wave disk with a specular surface obtained by the selfconsistent simulation under A(r) = 0: current density jy (a) and dominant components jab (b).
The results are plotted in the same manner as Fig. 6.5.

current into the series of jab , where we show only dominant components of j21 , j23 and
j01 . We note that j12 and j32 (not shown) have almost the same profile as j01 , and that
another components are negligible. The principal pairing components in a chiral d -wave
superconductor are f2c cos(2θ) and f2s sin(2θ) as shown in Fig. 6.2. The spatial variation
of the pair potential generates the odd-frequency components f1s sin(θ) and f3s sin(3θ).
These induced components carry the spontaneous current indicated by j21 , j23 , j12 and
j32 . As shown in Fig. 6.6(b), j21 and j23 flow in opposite directions because I21 and I23
have opposite signs. As a result, the net edge current becomes smaller than that in a
chiral p -wave disk.
In a chiral f -wave disk, ∆1 is suppressed and ∆2 is slightly enhanced near the surface
due to the emergence of the surface ABSs as shown in Fig. 6.4(c). The current profile and
the decomposed currents jab are shown in Fig. 6.7(a) and 6.7(b), respectively. Although
the spatial profile of the current is greatly modified by the self-consistent pair potentials,
Fig. 6.7(a) suggests that there are three current channels. The current density is negative
for 8 < x/ξ0 , is positive for 6 < x/ξ0 < 8, and is negative again for 0 < x/ξ0 < 6.
Figure. 6.7(b) shows that the spatial dependence of the current components j23 , j43 and
j34 are responsible for such a complicated current profile. We note that j21 and j32 (not
shown) have almost the same profile as j34 .
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Figure 6.7: Results for a chiral f -wave disk with a specular surface obtained by the selfconsistent simulation under A(r) = 0: current density jy (a) and dominant components jab (b).
The results are plotted in the same manner as Fig. 6.5.

6.5.2

Results under self-consistent pair potential and vector potential

We take into account the vector potential A induced by the edge current to investigate the
Meissner screening effect. The pair potential and the vector potential are determined in a
self-consistent way by solving the Eilenberger and Maxwell equations simultaneously. The
spatial profiles of the pair potentials are qualitatively the same as those in Fig. 6.4. The
spatial profiles of the chiral edge currents are shown in Fig. 6.8(a). In Figs. 6.8(b)-6.8(d),
we compare the local magnetic fields obtained under the self-consistent field (SCF) with
that under the non-self-consistent field of the vector potential (non-SCF). The latter is
calculated from the current distribution in Figs. 6.5(a), 6.6(a), and 6.7(a) by using the
relation in Eq. (6.15).
In a chiral p -wave disk, the Meissner screening by the superconducting condensate
suppresses dramatically the spontaneous magnetization as shown in Fig. 6.8(b). As a
result, the amplitude of the current at x = R is less than 0.13j0 under the SCF in
Fig. 6.8(a), whereas it is about 0.27j0 under the non-SCF in Fig. 6.5(a). The magnetic
field near the center of a disk remains at a finite value in both the SCF and non-SCF
simulations. This magnetic-field penetration is a results of the finite-size effects. At the
surface of a semi-infinite sample, we have confirmed the current inversion because of the
Meissner screening current as seen in Fig. 2 in Ref. [87]. Namely, the bulk condensate
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Figure 6.8: (a) Current densities in a disk of a chiral superconductor with a specular surface.
The results are obtained by solving the Eilenberger and Maxwell equations self-consistently and
simultaneously. The penetration depth is fixed at λL = 5ξ0 . The other parameters are set to
the same values used in Fig. 6.3. The current densities are normalized to j0 = 2|e|vF N0 Tc . In
(b)-(d), we compare the spatial distributions of the self-consistent fields (SCF) with those of
the non-self-consistent fields (non-SCF). The former is obtained by the current densities in (a)
by using the relation in Eq. (6.15). The latter is calculated from the current distributions in
Figs. 6.5(a), 6.6(a), and 6.7(a). The magnetic fields are scaled in units of Hc2 = ~c/|e|ξ02 .
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generates the screening current which flows in the opposite direction to the chiral current
at the surface. As a result, the magnetic field in the bulk region vanishes in a semi-infinite
superconductor.
In a chiral d -wave superconductor, the magnetic field is mainly localized around x =
±8ξ0 as shown in Fig. 6.8(c). The results with the SCF is slightly smaller than those with
the non-SCF. Thus the Meissner effect in a chiral d -wave disk is much weaker than that
in a chiral p -wave one. The current profile under the non-SCF in Fig. 6.6(a) shows that
there are two channels for the edge current. One is the outer channel for the clockwise
current and the other is the inner channel for the counterclockwise current. The induced
magnetic field by the inner current well screens that by the outer current intrinsically.
Such a self-screening effect makes the Meissner screening effect weak in a chiral d -wave
disk. Actually such characteristic current profile with the non-SCF in Fig. 6.6(a) are well
preserved in the results with the SCF in Fig. 6.8(a). The current amplitude at the surface
x = R reaches to about 0.18j0 in Fig. 6.8(a) and it is about 0.19j0 in Fig. 6.6(a). Thus, in
a chiral d -wave disk, the Meissner effect modifies the edge current only slightly as shown
in Fig. 6.8(c).
The result of the edge current for a chiral f -wave superconductor in Fig. 6.8(d) can
be explained in the same way. There are three channels for the edge current in a chiral
f -wave case as discussed in Fig. 6.7(a). The self-screening effect works in this case as
well. The characteristic behavior of the edge current with the non-SCF in Fig. 6.7(a)
remain almost unchanged even with the SCF as shown in Fig. 6.8(a). However, because
the self-screening effect does not sufficiently exclude the local field, the magnetic field
around the center of a disk is suppressed by the Meissner effect as shown in Fig. 6.8(d).

6.6

Disk with a rough surface

In this section, we discuss the effects of a rough surface on the chiral edge currents. The
width of the disordered region [shadowed in Fig. 6.1(b)] is set to be W = 3ξ0 because the
chiral edge current in the clean limit mainly flows in such area as shown in Fig. 6.8(a).
The strength of roughness is set to ξ0 /ℓ = 1.0, where ℓ = vF τ0 is the elastic mean free path
of a quasiparticle. The another parameters are set to the same values used in Fig. 6.5.
The rough surface drastically changes the spatial profile of the pair potential and that of
induced subdominant pairing components. Thus we first summarize symmetry of Cooper
pairs appearing near the rough surface in Sec. V A. Then we discuss briefly the Meissner
screening effect by the bulk condensate in Sec. V B.
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Results under self-consistent pair potential at A = 0

Here we discuss the results obtained by solving only the Eilenberger equation under the
condition A = 0 in Eq. (6.3). We obtain the self-consistent solutions of ∆1 (r), ∆2 (r),
and Σ̂(r, iωn ). The pair potentials are presented in Fig. 6.9. The surface roughness
strongly suppresses the pair potentials ∆1 and ∆2 in the disordered region of a chiral
p -wave disk. At the interface between the disordered and clean regions (we refer to
it as the d/c interface in what follows), ∆1 is suppressed more significantly than ∆2 ,
which suggests the formation of the ABSs there. [114] We show the current density jy at
y = 0 and the dominant current components jab in Fig. 6.10. Comparing Fig. 6.5(a) with
6.10(a), one can find that the peak of the edge current moves from the surface to the
d/c interface, and that its maximum value 0.20j0 is comparable to the maximum value
in the clean limit. As shown in Fig. 6.10(b), the edge current in a chiral p -wave disk is
mainly carried by three components; j01 , j21 , and j12 . Among them, the combination of
s -wave × py -wave pairs (j01 ) dominates obviously the chiral current in a disk with a rough
surface. The spatial variation in ∆1 generates the s -wave and dx2 −y2 -wave odd-frequency
pairs. [58] The induced s -wave pairs, in particular, are robust even under the random
potential. Such property supports the robustness of the chiral edge current in a chiral
p -wave superconductor.
The edge current in a chiral d -wave disk shows a qualitatively different behavior from
that in a chiral p -wave case. As shown in Fig. 6.11(a), the chiral current in a disk
with surface roughness flows only in the counterclockwise direction. This behavior can be
understood by comparing the current profile in Fig. 6.6(a) with that in Fig. 6.11(a). In the
clean disk, there are two edge currents: the outer current running flowing in the clockwise
direction and the inner current running in the counterclockwise direction as shown in
Fig. 6.6(a). The surface roughness eliminates the outer current channel. However, the
inner current channel remains even in the presence of the surface roughness and are
responsible for the chiral current in the counterclockwise direction. We have confirmed
that the inner current can survive in the presence of much stronger roughness such as
ξ0 /ℓ ∼ 30. The decomposed components of the current jab are shown in Fig. 6.11(b).
The edge current is mainly carried by five combinations: j01 , j12 , j21 , j23 , and j32 . The
four components j12 , j21 , j23 , and j32 almost cancel one another. As shown in Fig. 6.9(b),
the surface roughness suppresses both ∆1 and ∆2 in the same manner near the shadowed
area, which results in
f2c (x) ≃ f2s (x).

(6.24)

The spatial variation of ∆1 generates mainly f1c cos(θ) and f3c cos(2θ) with f1c (x) ≃ f3c (x).
84

Chapter 6

Shu-Ichiro Suzuki

In the same way, the spatial variation of ∆2 induces f1s sin(θ) and f3s sin(3θ) with f1s (x) ≃
f3s (x). Therefore, the relation
f1c (x) ≃ f3c (x) ≃ f1s (x) ≃ f3s (x),

(6.25)

holds among the four coefficients. By applying the relation in Esq. (6.24) and (6.25) into
Eq. (6.21) with the Iab in Fig. 6.2, we can conclude that j21 cancels j32 , and j12 cancels
j23 . The remaining component j01 , the contribution from the s -wave × py -wave pairs,
dominates the edge current. Because s -wave Cooper pairs are robust against surface
roughness, j01 can exist even under much stronger disordered potential.
As shown in Fig. 6.12(a), the edge current in a chiral f -wave disk with a rough surface
becomes almost zero in this scale of the plot (i.e., |jy | ≪ j0 ). Within the accuracy of our
numerical simulation, the maximum value of the current density is less than 4 × 10−3 j0 .
The dominant components j23 , j32 , j34 , and j43 are shown in Fig. 6.12(b). As shown in
Fig. 6.9(c), the surface roughness suppresses both ∆1 and ∆2 in the same manner near
the shadowed area. By applying the same logic used in a chiral d -wave case, it is possible
to show the relations
f3c (x) ≃ f3s (x),

(6.26)

f2c (x) ≃ f4c (x) ≃ f2s (x) ≃ f4s (x).

(6.27)

These relations and Iab in Fig. 6.2 explain the cancellation among the current components
such as j23 + j34 ≃ 0 and j32 + j43 ≃ 0. As a result, the net edge current totally disappears
as shown in Fig. 6.12(a).
The symmetry of Cooper pairs is determined by the pair potential and the random
impurity potential at a surface. Thus, even if a superconductor is semi-infinitely large
and is realized with a single chiral domain, we can find the similar behavior of the edge
currents against surface roughness as they show in a small superconductor.

6.6.2

Results under self-consistent pair potential and vector potential

We discuss the effects of the self-induced vector potential on the chiral current in a disk
with surface roughness. By solving simultaneously the Eilenberger and Maxwell equations,
we obtain the self-consistent solutions of ∆1 (r), ∆2 (r), A(r), and Σ̂(r, iωn ). Here we do
not show the pair potentials because they remain unchanged from those in Fig. 6.9 even
quantitatively. The results of the edge currents are shown in Fig. 6.13(a). The spatial
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distributions of the magnetic field are presented in Figs. 6.13(b)-(d). For comparison,
we show the non-SCF calculated from the current profiles of Figs. 6.10(a), 6.11(a) and
6.12(a) by applying the relation in Eq. (6.15).
As shown in Fig. 6.13(b), the Meissner effect suppresses the magnetic field around the
center of a chiral p -wave disk. When we compare the results for a chiral p -wave disk with
the SCF in Fig. 6.13(a) and those with the non-SCF in Fig. 6.10(a), the current profile
in Fig. 6.13(a) is spatially compressed into a narrower region by the Meissner effect.
The similar features are found also in the results of a chiral d -wave disk as shown
in Fig. 6.13(c). In the presence of the surface roughness, the current profile under the
non-SCF has a monotonic spatial dependence between the center of the disk and the d/c
interface as presented in Fig. 6.11(a). Therefore, the self-screening effect observed in a
clean disk does not work at all. In a chiral d -wave disk with a rough surface, the Meissner
effect becomes stronger than that in a disk with a specular surface. The Meissner effect
suppress the magnetization near the center of the disk as shown in Fig. 6.13(c).
In a chiral f -wave disk, the surface roughness strongly suppresses the chiral current.
Thus the magnetic field is much smaller than Hc2 everywhere in the disk as shown in
Fig. 6.13(d). Within the numerical accuracy, the magnetic field is less than 7 × 10−5 Hc2
in our simulation.

6.7

Temperature dependence of spontaneous magnetizations

Finally, we discuss the dependences of the spontaneous magnetization on temperature
which are measurable values in experiments. All of the simulations ware started at T ≃ Tc
¯ )| and without an external
with a homogeneous pair potential ∆1 (r) = ∆2 (r) = |∆(T
magnetic field. The magnitude of a spontaneous magnetization is defined in Eq. (6.16).
In our simulations, the pair potential, the impurity self-energy, and the vector potential
are calculated self-consistently. The results in a disk with a specular surface are shown
in Fig. 6.14. At a low temperature T = 0.1Tc , the magnetization of a chiral p -wave disk
reaches to about 0.009Hc2 . In chiral d - and f -wave disks, the magnetizations are about
0.002Hc2 . Although the magnetization decreases with increasing the radius of a disk by
its definition Eq. (6.16), 0.002Hc2 at R = 10ξ0 would be detectable value in experiments.
The results in a disk with a rough surface are shown in Fig. 6.15, we choose ξ0 /ℓ = 1.0
and W = 3ξ0 . In a chiral p -wave superconductor, the amplitude of the magnetization
is smaller than the results in the clean limit at every temperatures. As we discussed in
Sec. V, however, the amplitude of the current density in a disk with a rough surface is
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comparable to that in a disk with a specular surface. In Eq. (6.16), the magnetization is
normalized by the area of a whole disk. As shown in Fig. 6.9, however, the effective radius
of the superconducting region shrinks down to Reff = R −W in the presence of the surface
roughness. When we renormalize the magnetization by the effective superconducting
area, the renormalized magnetization M̃ = MR2 /(R − W )2 ≈ 2M is comparable to the
magnetization in the clean disk. This fact means the robustness of the chiral current in
the presence of the surface roughness.
In a chiral d -wave disk, the sign of the magnetization in Fig. 6.15 changes from that
in Fig. 6.14 because only the inner chiral edge channel survives in a disk with a rough
surface and flows the current in the counterclockwise direction. We have confirmed that
the magnetization of a chiral d -wave disk becomes small but remains finite even in the
presence of the much stronger disorder (e.g., ξ0 /ℓ = 30). As discussed in Sec. V A, the
combination of s -wave and py -wave Cooper pairs carry the spontaneous current in both
chiral p - and chiral d -wave disks. Therefore, the robust spontaneous edge current and the
robust spontaneous magnetization are common features in these two superconductors. In
the case of a chiral f -wave superconductor, the amplitude of the magnetization is almost
zero in the scale of Fig. 6.15. Within the numerical accuracy, we estimate that the
magnetization is smaller than 4 × 10−5 Hc2 .

6.8

Conclusion

We have studied the effects of surface roughness on the spontaneous edge current in
small chiral superconductors characterized by chiral p -, chiral d - and chiral f -wave pairing symmetries. On the basis of the quasiclassical Eilenberger formalism, we calculated
the chiral current and the spontaneous magnetization of the small superconducting disk
numerically. By solving the Eilenberger and Maxwell equations simultaneously, we obtained self-consistent solutions of the pair potential, the impurity self-energy, and the
vector potential. To understand the physics behind the complicated current distribution
in real space, we decomposed the current into a series of components in terms of the
symmetry of a Cooper pair. The chiral edge current is carried by a combination of two
pairing components: the even-parity component and the odd-parity component. In a
spin-singlet (spin-triplet) superconductor, the odd-parity (even-parity) Cooper pairs have
odd-frequency symmetry.
The effects of the surface roughness depend on the pairing symmetry of the superconductor. The chiral current is robust in the presence of surface roughness in a chiral p and chiral d -wave symmetries. With chiral p -wave symmetry, the characteristic features
of the chiral current are insensitive to the surface roughness. With chiral d -wave symme87
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try, the chiral current changes its direction as a result of the surface roughness. In both
the chiral p -wave and chiral d -wave cases, the chiral current is carried by a combination
consisting of two pairing correlations. One is the correlation with p -wave symmetry and
the other is the correlation with s -wave symmetry. The Meissner screening effect by the
bulk condensate reduces a spontaneous magnetization. However, the resulting amplitude
of the magnetization is still large enough to be detected in experiments. In a chiral f wave superconductor, the surface roughness significantly suppresses the spontaneous edge
current.
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Figure 6.9: Pair potentials in a disk of a chiral superconductor with a rough surface as indicated by the shadowed area. The results are obtained by solving the Eilenberger equation
self-consistently at A = 0. The parameters are set to the same values used in Fig. 6.3. The
magnetic penetration depth is λL = 5ξ0 .

89

Shu-Ichiro Suzuki

Chapter 6

Figure 6.10: Results for a chiral p -wave disk with a rough surface obtained by the selfconsistent simulation at A(r) = 0. The current density jy (x) at y = 0 in Eq. (6.20) is shown in
(a). The dominant components jab at the lowest Matsubara frequency are shown in (b).

Figure 6.11: Results for a chiral d -wave disk with a rough surface obtained by the selfconsistent simulation at A(r) = 0: current density jy (a) and dominant components jab (b).
The results are plotted in the same manner as Fig. 6.10.
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Figure 6.12: Results for a chiral f -wave disk with a rough surface obtained by the selfconsistent simulation at A(r) = 0: current density jy (a) and dominant components jab (b).
The results are plotted in the same manner as Fig. 6.10.
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Figure 6.13: (a) Current densities in a disk of a chiral superconductor with a rough surface.
The results are obtained by solving the Eilenberger and Maxwell equations self-consistently and
simultaneously. (b)-(d) Comparisons of the SCF with the non-SCF. The strength of the disorder
and the width of the disordered region is set to ξ0 /ℓ = 1 and W = 3ξ0 , respectively. The another
parameters are set to the same values used in Fig. 6.8.
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Figure 6.14: Temperature dependences of the spontaneous magnetization of a small chiral superconductor with a clean surface. The magnetization is defined by Eq. (6.16) and is normalized
to the second critical magnetic field Hc2 .
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Figure 6.15: Temperature dependences of the spontaneous magnetization of a small chiral
superconductor with a rough surface. The parameters related to the surface roughness are set
to ξ0 /ℓ = 1.0 and W = 3ξ0 .
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Conclusion
We have theoretically studied the magnetic response of small superconductors by using the
quasiclassical Green function method. The electric current is calculated from the Green
functions that obey the Eilenberger equation and the magnetic field is given by solving
the Maxwell equation. In numerical simulations, the superconducting pair potential and
the vector potential are determined self-consistently to each other.
We calculate magnetic susceptibility in small superconducting disks with unconventional pairing symmetries such as spin-singlet d wave and spin-triplet p wave. The small
unconventional superconductors change their magnetic response depending on temperatures. They indicate the usual diamagnetic response just below the superconducting
transition temperature. At low temperature, however, they show unusual paramagnetic
response while retaining the stable superconducting phase. Cooper pairs belonging to the
odd-frequency symmetry class are responsible for the paramagnetic response. The spatial
variation in the pair potential generates odd-frequency Cooper pairs. In an unconventional superconductor, the pair potential is drastically suppressed at a surface which
hosts the subgap Andreev bound states. Odd-frequency Cooper pairs always appear at
such a surface as local subdominant pairing correlations. The paramagnetic property of
odd-frequency pairs explains well the paramagnetic response of a small unconventional
superconductor at low temperature. The paramagnetic superconducting phase, however,
disappears when the size of the disk is much larger than the superconducting coherence
length.
To make clear the observability of the paramagnetic superconducting phase, we have
studied the effects of surface roughness on the paramagnetic response of small unconventional superconductors. The surface roughness is considered through the impurity
self-energy in the simulations. We conclude that the paramagnetic property of a p -wave
superconductor is robust under the surface roughness because the p -wave superconductor
hosts s -wave odd-frequency Cooper pairs at its surface. On the other hand, the paramag95
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netic property in a d -wave superconductor is fragile in the presence of surface roughness.
In this case, odd-frequency pairs at the surface have p -wave symmetry. It is well known
that the impurities break such Cooper pairs with anisotropic orbital symmetry. Thus we
conclude that the paramagnetic property at low temperature is a robust feature of a small
spin-triplet odd-parity superconductor.
Finally we have analyzed the spontaneous edge currents in a small chiral superconductor based on the obtained knowledge of odd-frequency Cooper pairs. So far, the absence
of the chiral edge current in experiments have been attributed to the roughness at a surface of a superconductor. We have found that the spontaneous chiral current is robust
against surface roughness in a chiral p -wave and a chiral d -wave superconductor. The
surface roughness flips the current direction in a chiral d -wave superconductor. In a chiral f -wave case, the chiral edge current is fragile under the surface roughness. These
differences come from the symmetry of Cooper pairs that carry the edge current. The
obtained current expression indicates that the chiral edge current is carried by a combination of two types of Cooper pairs: an even-parity Cooper pair and an odd-parity one.
Since the spin-configuration is common in the two Copper pairs, one of them belongs to
odd-frequency symmetry. In a chiral p - and d -wave superconductor, the chiral current
is mainly carried by the combination of s -wave and p -wave Cooper pairs. The resulting
amplitude of the spontaneous magnetization of a disk with rough surface is still large
enough to be detected in experiments. On the other hand, in a chiral f -wave superconductor, the combination of d -wave and f -wave Cooper pairs mainly carries the chiral edge
current. Therefore, the surface roughness would wash out the spontaneous magnetization
in a realistic superconductor.
Throughout this study, we have been focusing on a paramagnetic property of oddfrequency Cooper pairs. Our results indicate a way of observing odd-frequency Cooper
pairs in experiments.
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Appendix A
Magnetic response of a conventional
s -wave disk
We supply the calculated results for conventional spin-singlet s -wave superconductors.
Fig. A.1 shows the calculated results of the local susceptibility (a) and the current density
(b) for the s wave superconducting disk, where we fix the parameters as R = 3 ξ0 , λL =
3 ξ0, and T = 0.2 Tc . Because of the isotropic property in the s wave pair potential, the
results are also isotropic in real space. Therefore we plot the results as a function of x
at y = 0. The results in (a) show that the response is diamagnetic everywhere in the
disk. Correspondingly the current profile in (b) suggests the usual Meissner screening
current. The amplitude of the s -wave component of the anomalous Green function is
almost uniform because s wave superconductors are topologically trivial and do not host
any surface states. The amplitude of the p wave component is much smaller than that
of s wave one. The susceptibility of disk is plotted as a function of temperature in (d).
The susceptibility decreases monotonically with decreasing temperature, which is usually
observed in experiments. Since the disk size is not much larger than λL , the perfect
diamagnetism (i.e., 4πχ = −1) is not archived.
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Figure A.1: (a) Local susceptibility and (b) current density of the s -wave superconductor with
R = 3 ξ0 , λL = 3 ξ0 , ωc = 10 ∆0 , H ext = 0.001Hc1 and T = 0.2Tc . (c) Spatial profile of the s
wave component of the anomalous Green function. (d) Susceptibility vs temperature.
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Appendix B
Analysis in a semi-infinite px-wave
superconductor

In a semi-infinite superconductor in two-dimension, it is possible to obtain analytic expression of Green functions in the clean limit. The evaluation of a electric current and
free-energy by using analytical expressions would be helpful to understand numerical results in the text.

We assume that a superconductor occupies x ≥ 0 and uniform in the y direction. An
magnetic field applied in the z direction and its vector potential is given by A = A(x)ŷ.
The Eilenberger equation in 2 × 2 Nambu space reads,
ivF k · ∇ĝ + [Ĥ, ĝ] = 0,
"
#
g
f
ĝ(x, k, iωn ) =
,
sp f −g
(x,k,iωn )
e
"
#
iωn + evF k · A
i∆(x, k)
Ĥ =
,
isp ∆(x, k)
−iωn − evF k · A
e
(
1 even-parity
.
sp =
−1 odd-parity

(B.1)
(B.2)

(B.3)
(B.4)

where a factor sp depends on the parity of order parameter and the Green functions satisfy
g 2 + sp f f = 1. The Green functions can be expanded with respect to the vector potential
e
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as
g =g (0) + (−ievF k · A)∂ωn g (0)
1
+ (−ievF k · A)2 ∂ω2 n g (0) + · · · ,
2
(0)
f =f + (−ievF k · A)∂ωn f (0)
1
+ (−ievF k · A)2 ∂ω2 n f (0) + · · · ,
2

(B.5)

(B.6)

because a vector potential shifts the Matsubara frequency, where g (0) and f (0) are the
Green function in the absence of a vector potential. In what follows, we omit “(0)”
from the Green function for simplicity. We note in Eq. (B.6) that parity and frequency
symmetry of the second term on the right-hand side are opposite to those of the first term
because k is a odd-parity function and ∂ωn f changes a frequency symmetry [56]. The
imaginary part of an anomalous Green function represents a pairing correlation deformed
by a vector potential.
In the case of a px -wave superconductor, it is possible to obtain a reasonable solution
of the Eilenberger equation at A = 0. When we assume the spatial dependence of the
pair potential as
∆(x, θ) = ∆(θ) tanh (x/ξ) ,

(B.7)

with ξ = vF /∆0 , the Green functions are represented by [75]
 
x
ωn ∆2 (θ)
−2
,
+
cosh
g(x, θ, iωn ) =
Ω
2ωn Ω
ξ
 
x
∆(θ)
,
tanh
fP (x, θ, iωn ) =
Ω
ξ
 
∆2 (θ)
x
−2
fI (x, θ, iωn ) = −
,
cosh
2ωn Ω
ξ

(B.8)
(B.9)
(B.10)

where Ω = [ ωn2 + ∆2 (θ) ]1/2 , and ∆(θ) = ∆0 cos(θ). The Green function fP represents the
principal pairing correlation in the bulk state, whereas fI represents the pairing correlation
induced by a surface at x = 0. They are calculated from the anomalous Green function
as
1
(f + sp f )
2
e
1
fI (x, θ, iωn ) = (f − sp f )
2
e

fP (x, θ, iωn ) =

(x,θ,iωn )

(x,θ,iωn )

,

(B.11)

.

(B.12)
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At the deep inside of the supercondcutor (i.e., x ≫ ξ), we obtain fP = f and fI = 0.

Current density
From an expression of electric current in Eq. (6.13), we define a linear response function
Rµ,ν by
e2
Rµ,ν Aν ,
m
X Z dθ
= 4πT
kµ kν ∂ωn g(r, θ, iωn ).
2π
ω

jµ (r) = −

(B.13)

Rµ,ν
ne

(B.14)

n

with k = (cos θ, sin θ) and ne = vF2 N0 m being an electron density in two-dimension. The
diagonal elements of the response function Rµ,µ correspond to so called pair density. In
the present situation, by substituting Eq. (B.8) into Eq. (B.14), we obtain
 
x
Ry,y
∆0
−2
,
= 1 − κ1
cosh
ne
ω0
ξ
Z
2
dθ
sin2 (θ)| cos(θ)| =
,
κ1 =
2π
3π

(B.15)
(B.16)

where ω0 = πT is a low energy cut-off in the Matubara summation. Using the normalization condition, the integrand in Eq. (B.14) can be represented in an alternative
way,
∂ωn g = [−fP ∂ωn fP + fI ∂ωn fI ] /g.

(B.17)

It is possible to confirm that −fP ∂ωn fP /g corresponds to the first term in Eq. (B.15),
whereas fI ∂ωn fI /g contribute to the second term. In this way, we can confirm that induced
odd-frequency Cooper pairs indicate paramagnetic response to an external magnetic field.
Eq. (B.15) suggests that the paramagnetic response is stronger in lower temperature.

Free-energy density
Substituting Eqs. (B.8)-(B.10) into Eqs. (4.4)-(4.6), we find that a free-energy density
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at A = 0


 

2ωc
x
2
log
tanh
,
∆0
ξ
 


x
2ωc
tanh2
Fg = − N0 κ2 ∆20 log
∆0
ξ

 

x
1
+ N0 ∆20 κ2 cosh−2
−
,
ξ
2
Z
dθ
1
κ2 =
cos2 (θ) = .
2π
2

Ff = N0 κ2 ∆20

(B.18)

(B.19)
(B.20)

As a result, we obtain
F∆ =

N0 ∆20 κ2



cosh

−2


 
1
x
−
.
ξ
2

(B.21)

The free-energy density becomes positive at x = 0 due to appearance of odd-frequency
pairs.
Contribution of a magnetic field to the free-energy can be evaluated by applying the
expansion in Eqs. (B.5)-(B.6) onto Eqs. (B.8)-(B.10). Within the second order expansion,
we find that both the pair potential obtained by Eq. (5.9) and Ff remain unchanged. The
second order correction to Fg is given by
Fg(2)

 

1
x
∆0
2
−2
= N0 [evF A(x)] 1 − κ1
cosh
.
2
ω0
ξ

(B.22)

(2)

The results indicate that Fg can be locally negative (paramagnetic) at low enough
temperature. This explains the decrease of the free-energy in a magnetic field shown
in Fig. 4.3. We also obtain the electric current in Eqs. (B.13) and (B.15) by jy (x) =
−∂F /∂Ay .
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