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Abstract

Considered is a family of irreducible Weyl representations of canonical commu-
tation relations with infinite degrees of freedom on the abstract boson Fock space
over a complex Hilbert space. Theorems on equivalence or inequivalence of the
representations are established. As a simple application of one of these theorems,
the well known inequivalence of the time-zero field and conjugate momentum for
different masses in a quantum scalar field theory is rederived with space dimension
d > 1 arbitrary. Also a generalization of representations of the time-zero field and
conjugate momentum is presented. Comparison is made with a quantum scalar field
in a bounded region in R?. It is shown that, in the case of a bounded space region
with d = 1,2, 3, the representations for different masses turn out to be mutually
equivalent.
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1 Introduction

As is well known, in the Fock space formalism of quantum field theory (see, e.g., [6,
§X.7]), the time-zero field ¢,,(f) and conjugate momentum 7,,(f) of a free scalar field
on the four-dimensional space-time R® x R with mass m > 0 and f € Sg(R3) (the
Schwartz space of rapidly decreasing real-valued C*°-functions on R?) give an irreducible
Weyl representation of the canonical commutations relations (CCR) over Sg(R?) (see
Definition 2.4-(ii) and Example 2.6). Namely ¢,,(f) and 7, (f) are self-adjoint operators
on the boson Fock space F,(L?(R3)) over L?(R3) (see Section 2 for the definition of the



abstract boson Fock space over a complex Hilbert space) satisfying the Weyl relations
(e.g., [6, Appendix to X.7]):

ezd)m(f) eiﬂm (9) — €_i<f’9> eiﬂ'm (9) eld)m(f) ,

eiom (D eiom(9) — ¢idm(@)giom(f)  imm(F)eimm(e) — gimm(@)itm() £ o e Sp(RP),

where 4 is the imaginary unit and (f, g) denotes the inner product of f and g in L*(R?).
The set {dm(f), Tm(f)|f € Sr(R?)} is also a Heisenberg representaion of the CCR over
Sr(R?) (see Definition 2.4-(i) as well as Remark 2.5) :

[P (f), Tm(g)] =i (f. 9),
[¢m(f)7 ¢m(9)] =0, [Wm(f)aﬁm(g] =0, f,g¢€ SR(R?))

on a dense subspace in F,(L*(R?)), where [A, B] := AB — BA, the commutator of A and
B. As for this representation, the following interesting fact is known:

Theorem 1.1 [6, Theorem X.46] If my # ma (my,mg > 0), then the Weyl representa-
tions {e®m ) ¢mmi(N|f € Sp(R¥)} and {e¥m) emma(N)|f € Sp(R*)} are inequivalent,
i.e., there exists no unitary operator U on F,(L*(R?)) such that, for all f € Sg(R3),
U, (U™ = s (f) and Uy, (fYUT! = mny ().

The proof of this theorem in [6] uses the Euclidean invariance of the operators ¢,,(f)
and 7,,(f). This comes from “the idea that Euclidean invariance is deeply connected
with questions of inequivalence of representations of the CCR” [6, p.329]. But we want to
point out that there exists a general abstract structure which, in a concrete realization,
makes the representations {¢,.(f), 7n(f)|f € Sr(R*)},m > 0 mutually inequivalent.
One of the motivations for the present work is to show this by establishing an abstract
theorem on inequivalence of representations of CCR on the abstract boson Fock space
(Theorem 5.1) and deriving Theorem 1.1 as an application of the abstract theorem. We see
that, from this view-point, the translation invariance in space is connected with the non-
Hilbert-Schmidtness of an operator which is a necessary and sufficient condition for the
representations {¢m, (f), Tm, (f)|f € S(R®)} and {dmy(f), T, (f)|f € Sr(R?)} (ma #
ms) to be inequivalent. Schematically speaking, the translation invariance in space implies
the continuity of the energy spectrum of one free boson, which, in turn, implies the non-
Hilbert-Schmidtness of the relevant operator.

We also present a generalization of the representation {¢,,(f), 7 (f)|f € Sr(R?)} in
such a way that the energy function w,, of a free relativistic boson with mass m is replaced
by a general function and the space R3 is replaced by R? with d € N (the set of natural
numbers) arbitrary. We prove a theorem on equivalence of the representations in the
generalized family (Theorem 6.10). Since infinity in space may give rise to inequivalence of
representations {¢., (f), Tm(f)|f € Sr(R?)}, we also discuss a quantum field in a bounded
space region in R?. In this case, we find that, in the case d = 1,2, 3, representations of
time-zero fields for different masses are mutually equivalent, in contrast to the case of the
infinite space R?. This may be an interesting phenomenon to note.

The present paper is organized as follows. In Section 2, we recall the definition of the
boson Fock space Fi,(H) over a complex Hilbert space H and describe some facts. Also
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concepts of representations of CCR over a real inner product space are reviewed. Some
details of the above mentioned representation of CCR are given as an example, where
the space dimension d is taken to be arbitrary (not necessarily d = 3). In Section 3, we
describe the Fock representation of CCR over a real subspace V in ‘H. We prove a key fact
in considering inequivalence of representations of CCR (Proposition 3.3). In Section 4,
we introduce a family W of irreducible Weyl representation of CCR over a real subspace
V in ‘H. This family is parameterized by a set Sy(H) consisting of injective self-adjoint
operators with some additional properties. We prove a theorem on inequivalence of a
representation in W to the Fock representation (Theorem 4.6). In Section 5, we state
and prove the main theorems in the present paper (Theorems 5.1 and 5.6), which are
concerned with equivalence or inequivalence of two representations in YW. A basic idea
for proof of Theorem 5.1 is to reduce the problem to that of Bogoliubov transformations
on the creation and annihilation operators on F,(H). As for Theorem 5.6, we apply
Proposition 3.3 mentioned above. In the last section, we first show that Theorem 1.1
can be obtained by an application of Theorem 5.1. Moreover, as mentioned above, we
define a generalized version of the representations {¢,,(f), T (f)|f € Sr(R?)} and prove
a theorem on inequivalence of them (Theorem 6.10). Finally, for comparison, we discuss
a scalar quantum field with mass m in a bounded region M C R?. We show that, in the
case d = 1,2, 3, representations for different masses are equivalent, opposite to the case
where the space under consideration is R

2 Preliminaries

2.1 The abstract boson Fock space and basic facts

Let ‘H be a complex Hilbert space with inner product (-,-) (linear in the second variable)
and norm || - ||, and, for each non-negative integer n = 0,1,2,..., ®"H be the n-fold
symmetric tensor product Hilbert space of H with convention ®’H := C (the complex
number field). Then the boson Fock space over H is defined by

Fo(H) = @2, @ H. (2.1)

For a linear operator A on a Hilbert space, we denote its domain by D(A).

We denote by A(f) the annihilation operator with test vector f € H on F,(H), which
is the unique densely defined closed operator on JF,(H) such that its adjoint A(f)* takes
the following form: For all ¥ € D(A(f)*), (A(f)*¥)® =0 and

(A 0™ = /nS,(f ¥ D) n>1,

where S,, is the symmetrization operator on the n-fold tensor product ®"H of H (see,
e.g., [9, §IL.4] and [6, §X.7]). It is well known that the subspace of finite particle vectors

Fo(H) = {¥ = {1 | ¥ e @"H, n > 0and there exists an ng € N such that
for all n > ng, ¥™ =0} (2.2)

is dense in Fy,(H).



For all f € H, Fo(H) C D(A(f)) N D(A(f)*) and A(f) and A(f)* leave Fo(H)

invariant. Moreover, {A(f), A(f)*|f € H} satisfies the following commutation relations:

[A), Alg) 1= L), TAU), Alg)] =0, [A(N)" Alg)' =0 (figeH)  (23)

on Fo(H).
We denote by A(f)# either A(f) or A(f)*.
Let
Qr ={1,0,0,...} € F,(H) (2.4)
be the Fock vacuum. Then
A(f)Qr =0, feH. (2.5)

Let Ny, be the number operator on Fy,(H):

where I, is the identity on ®@H.
It is well known (e.g., [1, Proposition 4.25], [2, Theorem 3.51]) that, for all f € H,
D(N,*) € D(A(f)) N D(A(f)7) and

HACH®] < IFIINZ®, A ] < TN, + DY20, @ e DN
Hence we have the following fact:

Lemma 2.1 (strong continuity of A(-)# on D(N1/2)) Let U € D(Nl/z) and f,,f € H
(n € N) satisfying lim, .o, fn = f. Then lim, .. A(f,)*¥ = A(f)# V.

For each f € H, (A(f)* + A(f))/V?2 is essentially self-adjoint on Fy(H) [6, Theorem
X.41]. Hence its closure

O(f) = E(A(f)* +A(f) (feH) (2.7)

is self-adjoint, where, for a closable operator T, T denotes the closure of 7. The operator
O (f) is called the Segal field operator.
It follows from (2.3) that, for all f, g € H,

[@(f), ®(g)] =i (/. 9) (2.8)
on Fo(H). Moreover, {®(f)|f € H} obeys the following relations:
() i®(9) — —i3(f,9) i®(9) i®(f) f.geH. (2.9)
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For each f € 'H, the operator
1(f) = a(if) (2.10)

is called the conjugate momentum of ®(f). We have from (2.8)
[@(f), W(g)] = iR (f,9), [(f),I(g)] =iS(f,9), frgeH. — (211)



Lemma 2.2 Let D be a dense subspace in H and V € F,(H) such that, for all f € D,
U e D(A(f)) and

A(f)T =0, feD. (2.12)
Then U = UOOn where Qp is the Fock vacuum.

Proof. Equation (2.12) implies that (A(f)¥)™ =0, n > 0.
(D, A(f)¥) = 0 (we identify ®,, with {0,...,,,0,. } Fo(H)). Since ®,, € D(A(f)*),
it follows that (A(f)*®,,¥) = 0. Since {A( )P |f €D, ®, € ®H} is dense in @ TH,
we have W) = 0 for all n > 0. Hence ¥ = {W¥(©) } VOO, ]

Hence, for all ®,, € ®I'H,

Lemma 2.3 Assume that H is separable and {e,}>> | be a complete orthonormal system

(CONS) of H. Then, for all ¥ € D(Nl/Q), >0 INA(en) Y| converges and
Z JAGen) ¥ = | N0 (2.13)

Proof. This fact may be Well known, but, for completeness, we give a proof for it.
Since H is separable, there exists a unitary operator U from H to L*(R). Then I'(U) :=
1@ (@52, ®"U) is a unitary operator from JF,(H) to F,(L*(R)) such that

POANTU) ™ =a(Uf), feH,
D(U)NT(U) ™ = my,

where a(-) (resp. my,) denotes the annihilation (resp. number) operator on F,(L*(R)).
Hence (2.13) is equivalent to

Z la(fa)l2 = [Ini?6]2, o € D(nY?), (2.14)

where f, = Ue,, n € N. We prove this formula. It is well known or easy to see (e.g., [6,
p.209, Example 1]) that, for all ¢» € D(a(f)) with f € L*(R) and £ > 0

(a(f)) O (xy, ..., z0) = VI+1 /f PV (@ 2y, xg)da
for a.e.(z1,...,7,) € RY, where, for z € C, 2* denotes the complex conjugate of z. Hence,

for all ¢ € D( 1/2),
2

/fn VY (2,2, xg)de

By the completeness of { fn}n, we have

2
)Y (2, 2 = / W(Hl)(x, x1,. .. ,.Tg)‘Q dx.
R

Hence, by Fubini’s theorem,

> llaCfa)ul® =Y (@ + DI P = flny ).
n=1 {=0
Thus (2.14) holds. ]



2.2 Representations of CCR over a real inner product space

We recall concepts of representation of the CCR over a real inner product space.

Definition 2.4 Let F be a complex Hilbert space, Fy be a dense subspace in F and V
be a real inner product space. Suppose that, for each f € V), closed symmetric operators
q(f) and p(f) on F are given.

(i) The triple (F, Fo,{q(f),p(f)|f € V}) is called a Heisenberg representation of the
CCR over V if, for all f € V, Fy C D(q(f)) N D(p(f)) and ¢(f) and p(f) leave Fy
invariant, satisfying the CCR

q(f), ()] =i{f,9), la(f),a(g)] =0, I[p(f),p(9))=0, fgeV, (2.15)
on Fy.

(ii) Assume that, for each f € V, q(f) and p(f) are self-adjoint. Then (F,{e'f)
)| f € V}) is called a Weyl representation of the CCR over V if the Weyl relations

(N eipl9) — =ilf.9)ip(9) gia(F) (2.16)
et ein) = cia@)eiaf) i eirle) = @)D f 6P, (2.17)

hold.

(iii) Let p := (F, Fo, {a(f).p(f)|f € V}) and g = (F, Fp{a(f)'.p(f)|f € V}) be
Heisenberg representations of the CCR over V. Then p and p’ are equivalent if there
exists a unitary operator U : F — F’ such that Uq(f) U~ = q(f), Up(f)U! =
p(f) forall f e V.

(iv) Let p := (F,{e ) PN f € V}) and p’ = (F', {40 ePF)|f € V}) be Weyl
representations of the CCR over V. Then p and p’ are equivalent if there exists a
unitary operator U : F — F’ such that Uq(f)U~! = q(f), Up(f)U™! = p(f)" for
all feV.

Remark 2.5 (i) In our definition, the operators forming a Heisenberg representation are
not necessarily self-adjoint.

(ii) A Weyl representation (F,{e'¥) ¢?)|f € V}) is a Heisenberg representation
(F, Fo, {a(f),p(f)|f € V}) for a suitable Fy. But the converse is not true. This situation
already occurs in the case where V is finite dimensional (cf., e.g., [4]).

(iii) In the case where V is finite dimensional, all irreducible Weyl representations of
the CCR over V are mutually equivalent (von Neumann’s uniqueness theorem [4]). But,
as for Heisenberg representations, von Neumann’s uniqueness theorem does not hold in
general.

Example 2.6 For each d € N, there exists a d-dimensional version of the time-zero field
¢m(f) and conjugate momentum 7,,(f) mentioned in Introduction. Here we describe it
briefly. Let A be the generalized Laplacian acting in L?(R?). Then, for a constant m > 0,

hm = (—A+ m2)1/2
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is a non-negative self-adjoint operator on L?(R?), denoting physically the Hamiltonian of
a free relativistic particle with mass m in the coordinate representation, where we use the
physical unit system such that A (the Planck constant divided by 27) and ¢ (the speed of
light) are 1.

We denote by R™ := {k = (ky,...,ka)lk; € R,j = 1,...,d} the dual space of R?
and by kx := Z?:l kiz; (k € R™ z = (z1,...,24) € R?) the natural bilinear form:
R¥* x RY — R.

The function w,, on R% given by

wm(k) == V]k]2+m?2, k&R,

represents the energy function of a free relativistic particle with mass m.
Let Fy: L*(RY) — L%*(R%) be the Fourier transform:

1

—ik:z d*
W o (ZE)C dl’, (kER )

(Faf)(k) = f(k) =

in the L?-sense. Then
D(hw) = {f € L*(RY)|w,f € L*(R™)}

and - )
hi (k) = win (k) f(K),  f € D(hm), a.e.k € R™.

We denote by S(R?) (resp. Sg(R%)) the Schwartz space of (resp. real-valued) rapidly
decreasing C*-functions on R? and by L2(R?) the real Hilbert space of real-valued L2-
functions on RY. We introduce a dense subspace in Vg, of Lg(R?):

Vo Sr(RY) for m > 0,
dm = {f € Sp(RY)|supp f € R\ {0}}  for m =0, ’

where supp f denotes the support of f . It follows that, for all & € R, V,,,, C D(hS,).
We now consider the Fock space F,(L?(RY)) over L*(R?). For each f € V;,,, we define

On(f) = (h,2f),  mu(f) = (A% f),

where ®(-) and II(-) are respectively the Segal field operator and its conjugate momentum
on F,(L3(R%)). Tt is shown that (F,(L2(R?)), {en() eimn(D|f € V;,,}) is an irreducible
Weyl representation of the CCR over Vg, (see [6, Appendix to X.7]). This representation
with d = 3 is the representation mentioned in Introduction.

3 Fock representation of CCR and Basic Facts

Let ‘H be a complex Hilbert space and C' be a conjugation on H (i.e., C' is an anti-linear,
norm-preserving map: H — H satisfying C? = I (identity)). Then the subset

He:={feH|Cf =/}
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is a real Hilbert space with the inner product of H. We call H¢ the real Hilbert space
associated with C.
For each f € 'H, the vectors

_I+Cer L, _f=Cf
Rf="=— SI="5
are elements in H¢ satisfying

f=Rf+:Sf. (3.1)

We call Rf (resp. If) the real (imaginary) part of f. We have
H=Hc+iHec := {f+ig|f,g S Hc} (32)

We define

o(f) =(f), =(f)=1I(f), feHec. (3.3)

Let V be a dense subspace in Hg. Then (Fy(H), {eW) ™| f € V}) is an irreducible
Weyl representation of the CCR over V (cf. [6, p.232, Lemma 1]). This representation is
called the Fock representation of the CCR over V.

Equation (2.5) gives

(@(f) +im(f))e =0, f€He. (3-4)

By an analogy with this fact, for a Heisenberg representation py := (F, Fo, {q(f), p(f)
|f € V}) (resp. a Weyl representation pyw := (F, {e¥), )| f € V1)), a non-zero vector
Q) € F is called a vacuum of py (resp. pw) if Q € D(q(f)) N D(p(f)) for all f €V and

(q(f) +ip(f))2=0, feV. (3.5)

Lemma 3.1 Let (F,Fo,{q(f),p(f)|f € V}) be a Heisenberg representation of the CCR
over V. Suppose that (F, Fo,{q(f),p(f)|f € V}) is equivalent to the Fock representation
(Fo(H), Fo(H), {&(f), 7(/)|f € V}). Then the representation (F, Fo,{q(f),p(f)|f € V})

has a vacuum.

Proof. By the present assumption, there exists a unitary operator U : F — F,(H)
such that

Ug(HU " =¢(f), Up(HU ==(f), [feV.
Hence
Ulq(f) +ip(FU = ¢(f) +in(f).

Hence it follows from (3.4) that Q := U~'Qr € D(q(f)) N D(p(f)) and (3.5) holds. Thus
this © is a vacuum of (F, Fo, {q(f),p(f)|f € V}). ]

Remark 3.2 The converse of the statement of (3.1) is true under some additional con-
ditions (see, e.g., [1, Proposition 4.61]).



We denote by B(H) the Banach space of everywhere defined bounded linear operators
on H.
The following proposition is a key fact in considering inequivalence of representations

of CCR.

Proposition 3.3 Assume that H is separable. Let L € B(H) and D be a dense subspace
in 'H. Suppose that there exists a non-zero vector Q € F,(H) such that, for all ¥V € Fy(H)
and f € D,

(A(f)" U, Q) = (A(CLf)¥, Q). (3.6)

Then L is Hilbert-Schmidt.

Proof. For each n > 0, we define a vector €2,, in the n-particle space ®@H by o =
QM and QY == 0, m # n. Let U € @"H. Then, for all f € D, A(f)*¥ € @"'H
and A(CLf)V € @ 'H (®;'H := {0}). Hence we have from (3.6) (A(f)*¥,Q, 1) =
(A(CLf)WU,y,—1). Therefore (¥, A(f)Qpi1) = (¥, A(CLf)*Qy,—1). Thus

A(f) st = A(CLF)* Qu_1, n>0, f €D, (3.7)

where Q_; := 0. In particular, A(f); = 0. Hence, by Lemma 2.2, Q; = (Qp, Q) QF = 0.
Then, by (3.7), A(f)Q; = 0 for all f € D. Hence, by Lemma 2.2 again, 23 = 0. By
repeating this process with (3.7), we can show by induction in n that Q9,1 = 0 for all
n>1.

By (3.7), we have A(f)Qy = cA(CLf)*Qp, where ¢ := Q© € C. If ¢ = 0, then
A(f)2 = 0 for all f € D. Hence, by Lemma 2.2 again, {25 = 0. Then, in the same way as
above, we obtain €2, = 0 for all n > 0. Thus 2 = 0. But this is a contradiction. Hence
¢ # 0. Therefore ||A(CLf)*Qr|]? = ||A(f)Q0]]?/|c|?. Hence ||Lf|* = [|A(f)Q2|?/]c>. Let
{en}22, be a CONS of ‘H. Then, by Lemma 2.3,

> 1 — 1 1/2
> MEeall = 1 D Al = N0 < oo
n=1 n=1

|ef?

Hence L is Hilbert-Schmidt. |

4 A Family of Irreducible Weyl Representations of
CCR

Let T be a self-adjoint operator on H (not necessarily bounded) such that
cT CTC. (4.1)

Then T is reduced by H¢ in the sense that, for all f € D(T), Rf in He N D(T) and
R(Tf)=TRf. In particular, D(T) N 'H¢ is dense in He and T(D(T) N He) C He.

Suppose that T is injective. Then it follows from functional calculus that 7! is
reduced by He. We introduce self-adjoint operators

or(f) =@(T'f), feDT)NHe, (4.2)
mr(f):=1(Tf), feD(T)NHe,



acting in JFy,(H).
Let V be a dense subspace in He and Sy (H) be the set of injective self-adjoint operators
T on 'H satisfying the following conditions:

(T.1) (4.1) holds.
(T.2) Vv C D(T)N D(T71) and T*'V are dense in Hec.

Remark 4.1 The set Sy(H) includes the following sets:

Syo(H) := {T|T is injective, self-adjoint, CT' C T'C and V is a core for T*'},
GLsa (He) :={T € B(H)|T is self-adjoint, biijective and TC' = CT'}.

In what follows, we assume that T' € Sy,(H).

Lemma 4.2 The triple (Fv(H), Fo(H), {¢r(f), m7r(f)|f € V}) is a Heisenberg represen-
tation of the CCR over V.

Proof. For all f,g € V, the CCR for ¢r(f) and 7mp(g) on Fo(H) follow from (2.11)
and the elementary fact that (T~1f, Tg) = (f, g). |

Lemma 4.3 Assume that H is separable. Then (Fy,(H), {7 ™D f € V}) is an
wrreducible Weyl representation of the CCR over V.

Proof. The Weyl relations for ¢7() and ¢™7() follow from (2.9) and the fact that
(T=Yf,Tg) = (f,g9),f,g € V. One can show that {®) ¢M)|f € He} is irreducible
(cf. [6, p.232, Lemma 1]). Let B € B(F,(H)) such that, for all f € V, Be¢r()) =
1B ... (x) and Be™r) = ei™r (/) B, Since T~'V is dense in H, for each f € H, there
exists a sequence {g,}, in V such that T'g, — f (n — o0o). By the strong continuity
of the mapping: f + €'*) [6, Theorem X.41-(d)], we have s-1lim,, ., e?79n) = ®(f)
where s-lim means strong limit. By (%), Be7(@n) = ¢i¢1(92) B Taking the strong limit
s-lim, .o, of the both sides, we obtain Be'®*f) = ¢®)B for all f € He. Similarly, using
the density of TV in Hc, we can show that, for all f € He, Be'') = (/) B, Hence,
by the irreducibiliy of {e!®) )| f € Hol, B = cl (I is identity) with some constant
c € C. Thus {e¥7() ¢eimr(H)|f € V} is irreducible. |

It is natural to ask when the Weyl representation (F,(H), {7 ()| f € V}) is
equivalent or inequivalent to the Fock representation (Fy(H), {eV) e™)|f € V1). As

for this problem, we begin with a remark.
We have for all f € D(T)ND(T™)

or(Rf) + 7 (Sf) = P(Rr f),
with Ry f := T7'Rf + ¢T3 f. By direct computation, we have

%<RTf7RTg>:S<fag>v f,gED(T)ﬂD(T_l)
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Hence Rr is a symplectic transformation on the symplectic space (H, S (-, -)) with do-
main D(T) N D(T™') (H is considered as a real inner product space with inner product
R(f,9), f,g€H.

Suppose that H is separable, T' € B(H) and T is bijective. Let Rf. denote the adjoint
of Ry as an operator on the real inner product space (H,R (-,-)). Then one can apply
Shale’s theorem [10] to conclude that (F,(H), {e*T() ™| f € V}) is equivalent to
(Fo(H), {e) e | f € V}) if and only if (RS Ry)'/? — 1 is Hilbert-Schmidt. It is easy
to see that (RY Ry)Y/? — 1 is Hilbert-Schmidt if and only if 72 — 1 is Hilbert-Schmidt.
Thus (F,(H), {7 eimt(N|f € V}) is equivalent to (Fy(H),{eV) ) |f € V}) if
and only if T? — 1 is Hilbert-Schmidt.

In the case where T or T~! is unbounded, however, the situation essentially changes,
because Rr also is unbounded and hence one cannot directly apply Shale’s theorem.
Thus, in this case, we need to take another route to discuss equivalence or inequivalence
of {or(f), mr(f)|f € V} to the Fock representation {¢(f),7(f)|f € V}. Blow are the
details of a theory for the general case where T or T~! is not necessarily bounded.

It is easy to see that T'(7? + 1)~ and (7% — 1)(T?% + 1)~! are in B(H).

Lemma 4.4 The operator T + T~ is bijective and (T +T~1)~1 € B(H) with
(T+THt=T(T?+1)"". (4.4)

Proof. Let f € ker(T +T1). Then Tf = =T~ 'f. Hence Tf € D(T) and T?f = —f,
ie., (T?+1)f =0. Since T? + 1 > 1, it follows that f = 0. Hence T+ T~! is injective.

For each g € H, let f = T(T?+1)"'g. Then f € D(T)ND(T") and (T+T7 1) f = g.
Hence T + T is surjective. Thus 7'+ T is bijective and (4.4) holds. |

We introduce a subspace:
Ve = {(T+THf|f €V} (4.5)

Lemma 4.5 Assume that Vr is dense and that (Fu,(H), {7 e (N|f € VY) has a
vacuum. Then (T? — 1)(T? + 1)~ is Hilbert-Schmidt.

Proof. By the assumption, there exists a non-zero vector Q2 € F,(H) such that Q €
D(or(f))ND(mp(f)) for all f € V and (¢r(f) +imr(f))Q2 = 0. Hence, for all ¥ € Fy(H),

0=<WNﬁ—¢WUWWKD=—%<M«T+T1VY—A«T—T1HD%Q)

Therefore, for all ¢ € Vr, (A(g)*¥,Q) = (A(T?* —1)(T?* +1)"1g)¥, Q). This implies
that, for all f € Vr +iVrp,

(A(F)0,Q) = (AC(T? — 1)(T + 1) )0, Q).

Hence, by Proposition 3.3, (T? — 1)(T? + 1)~! is Hilbert-Schmidt. |
Theorem 4.6 Assume that H is separable. Suppose that (T?—1)(T*+1)"" is not Hilbert-
Schmidt and Vr is dense in Heo. Then (Fy(H), {et() e (D|f € V}) is inequivalent to
the Fock representation (F,(H), {eY) ™| f € V}).
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Proof. Suppose that (F,(H), {e?T) emr(|f € V}) is equivalent to the Fock repre-
sentation (F,(H), {e®P), ™| f € V}). Then, by Lemma 3.1, (Fy,(H), {e?7() e f €
V}) has a vacuum. Hence, by Lemma 4.5, (T% — 1)(T? + 1)~! is Hilbert-Schmidt. Thus
the desired result follows. 1

Remark 4.7 Suppose that T' € B(H). Then, if (T%?—1)(T?+1)~" is not Hilbert-Schmidt,
then 7% —1 is not Hilbert-Schmidt and hence the conclusion in Theorem 4.6 holds (see the
aforementioned application of Shale’s theorem in the case where T is bounded and bijec-
tive). Hence, as for a sufficient condition for inequivalence of (F,(H), {or(f), 7r(f)|f €
V}) to the Fock representation (Fy(H), {o(f), 7(f)|f € V}), Theorem 4.6 is certainly an
extension of the case where 7' is bounded and bijective.

For a linear operator A on a Hilbert space, we denote by o(A) and o,(A)) the spectrum
and the point spectrum of A respectively.

A sufficient condition for that (7% — 1)(T? + 1)~! is not Hilbert-Schmidt is given by
the following lemma (apply it to S = T%):

Lemma 4.8 Assume that H is separable with dimH = oo. Let S be an injective and
non-negative self-adjoint operator on H satisfying (i) 0,(S) = 0 or (i) 1 & o(S). Then
(S —1)(S + 1) is not Hilbert-Schmidt.

Proof. Let K := (S —1)(S+1)7!. Then K is a bounded self-adjoint operator on H
and 1 — K =2(S +1)~!. Hence 1 — K is injective and S = 2(1 — K)~ — 1.

Now suppose that K were Hilbert-Schmidt. Then, by the Hilbert-Schmidt theorem,
there exists a sequence {\,}5°, of real numbers such that (i) {\,|n > 1} = o(K); (ii) for
all A\, # 0, A, € o,(K) with finite multiplicity; (iii) > -, A2 < co. Hence, in particular,
lim,, 0o A, = 0. Note that K # 0. Hence 0,(K) \ {0} # 0. By the spectral mapping
theorem, for A, # 0, the number s, :=2(1 — \,)~! — 1---(x) is an eigenvalue of S

Assume (i). Then the statement just mentioned yields a contradiction. Therefore, in
this case, K is not Hilbert-Schmidt.

Next assume (ii). If o,(K)\ {0} is a finite set, then 0 € o,(K) by dimH = co. Hence
1 € 0,(S5). But this is a contradiction.

If o, (K) \ {0} is an infinite set, then there exists a subsequence {\,, }x of {\,}, such
that, for all & > 1, A,,, # 0 and limg_o Ay, = 0. Taking k& — oo in (x) with n replaced
by ng, we obtain limg_.o s,, = 1. Hence 1 € ¢(S). But this also is a contradiction. Thus
K is not Hilbert-Schmidt. ]

Combining Theorem 4.6 with Lemma 4.8, we obtain the following result:
Corollary 4.9 Assume that H is separable with dim ’H = oo and Vr is dense in He. Sup-
pose that o,(T?) =0 or 1 & o(T?). Then (F,(H),{er) ™| f € V}) is inequivalent
to the Fock representation (F,(H), {®WF), ™| f € V}).

Proof. By Lemma 4.8 with S = T2 (T? —1)(T?+1)"! is not Hilbert-Schmidt. Hence
the desired result follows from Theorem 4.6. ]
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5 Main Theorems

We now state main theorems in the present paper.

Theorem 5.1 Assume that H is separable. Let Ty, Ty € Sy such that the following (a)
and (b) hold:

(a) D(TTIT2TY) N D(TVTy, *Th) and D(Ty YT, 1) N D(TRTy 2 Ty) are dense in H.

(b) Ty 'y and ToTy* are bounded with V C D(T, 'Ty) N D(TT; ') N D(T; ' Ty) N
D(TVT; ).

Then (Fy(H), {e?r D) ()| f € V}) is equivalent to (Fy(H), {4 ™| f € V})
if and only if Ty 'Ty — ToTy* s Hilbert-Schmidt.

Remark 5.2 We want to emphasize that, in Theorem 5.1, 77 and T, are not necessarily
commuting.

Remark 5.3 The contraposition of Theorem 5.1 yields a necessary and sufficient con-
dition for (F,(H),{e¥n) emni(D|f € V}) and (Fy(H), {42 ™| f € V1) to be

mequivalent.

Remark 5.4 The conditions for T} and 75 in Theorem 5.1 are related to an equivalence
relation in a subset of Sy. Let

Sy :=A{T € Sy|T is surjective}.

Then, forall T € S5, T™ € B(H). For T, T» € Sy, we write T} ~ Ty if the following con-
ditions (i) and (ii) are satisfied: (i) 737, ", ThTy ' € B(H); (ii) T, 'Ty — TuTy " is Hilbert-
Schmidt. It is easy to see that the relation ~ is an equivalent relation in S);. Hence Theo-
rem 5.1 implies the following: Let 71,75 € S);. Then pp, := (F,(H), {e"d’Tl ) emn (D] f €
V}) is equivalent to pr, == (Fu(H), {92 ™| f € V}) if and only if T} ~ Tp and
condition (a) holds. Hence, for a subset Sy o of S} such that (a) holds for all T3, 75 € Sy,
pr, is equivalent to pp, if and only if 77 ~ T5. This is an interesting phenomenon to note.

In the case where at least one of T3, 17, and TQT is unbounded, the proof of Theorem
5.1 given below is not valid any more. In this case, we need a separate consideration. To
state a theorem in such a case, we need a lemma.

Lemma 5.5 For all Ty, T5 € Sy,
Ty =Ty + T T (5.1)
18 1njective.
Proof. Let f € kerT,. Then f € D(T, "}) N D(TQT Yoand T, 'Tyf = —TyT7'f.
Hence T\ f = —T2T7 ' f. Therefore f = —T,'T#T; ' f. Taking the inner product of both

sides with f, we have | f||* = — (T7 '/, T;Tf1f> < 0. Hence ||f]|> = 0, implying that
f =0. Thus T is injective. 1

Let
T =T,y — T, (5.2)
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Theorem 5.6 Assume that H is separable. Let Ty, Ty € Sy such that the following (a)
—(c) hold:

(a) (TyV) N (T7'V) is dense in He.
() {Tf|f € (V)N (T7V)} is dense in He.
(¢) T_T;" is bounded and its closure T_T' is not Hilbert-Schmidt.

Then (Fuo(H), {em D) )| f € V1) is inequivalent to (Fy(H),{e¥n) mnf)|f ¢

V).

Remark 5.7 In Theorem 5.6, T, 'Ty and T>T; " are not necessarily bounded.

5.1 Proof of Theorem 5.1

We prove Theorem 5.1 by a series of lemmas.

Lemma 5.8 Let T}, Ty € Sy(H) such that D(Ty 'T1) N D(TRT; ") is dense in H. Let
1 Lo -1

Then

St8, — S8 =1,

S*S.=8%S- (5.5)
on D(T'T2T7 1) N D(TV Ty *T7).
(i)
S,Sr —S.5* =1, (5.6)
S St =5,5* (5.7)

on D(Ty ' T2T;Y) N D(TyT2Ty).

Proof. (i) By the present assumption, Sy are densely defined. It follows that
Sljgﬂﬂliﬂlﬂ)
Let U € D(Ty 'T3Ty ') N D(T Ty *Ty). Then W € D(S5%5,) N D(S*S_) and
STV = i(T1T22T1 + 24+ TV TN,
‘Q&W:%EE%}J+Tﬂﬁﬂﬂw
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Hence St S, ¥ —5*S_W = W. Thus (5.4) holds on D(Ty ' T3Ty YN D(TA T, *Ty). Similarly
one can prove (5.5).
(ii) This also can be proved by direct computations as in (i). ]

Relations (5.4)—(5.7) remind us the theory of Bogoliubov transformations (e.g., [7,
Theorem XI.108]). Thus we are led to proceed as follows.

Suppose that the assumption of Theorem 5.1 is satisfied. By conditions (a) and (b) in
Theorem 5.1, Sy are densely defined and bounded. We denote their closure by S;. Then
(5.4)-(5.7) can be extended to the case S. replaced by S..

For each f € H, we introduce a new operator B(f) by

B(f) = A(CS_f)" + A(S+f), [en.

Hence

B(f)* > A(S+f)" + A(CS_f), fen.
Note that {B(f), B(f)*|f € H} satisfy

[B(f), B(9)'] = {f,9),
[B(f),B(9)] =0, [B(f),B(9)]=0, fgeH,

on Fo(H). Hence the correspondence (A(:), A(-)*) — (B(-), B(+)*) is a Bogoliubov trans-
formation.

Lemma 5.9 Under the same assumption as in Theorem 5.1, there exists a unitary oper-

ator U on F,(H) such that
B(f)=UA(f)U™, feH (5.8)
if and only if S_ is Hilbert-Schmidt.

Proof. This follows from an application of [7, Theorem XI.108]. 1

We are now ready to show the sufficiency of the condition that T, Ty — T, " is
Hilbert-Schmidt in Theorem 5.1:

Lemma 5.10 Under the same assumption as in Theorem 5.1, suppose that Ty ' Ty — ToTy "
is Hilbert-Schmidt. Then there exists a unitary operator U on F,(H) such that operator
equations

U(le (f)Uil = ¢T2(f)7 (59>
U7TT1 (f)U_l = 7TTz(f)> f € Vv (510)

hold. Namely, (Fu(H),{en) (DY) is equivalent to (Fy(H),{e¥m) (N},

Proof. By the present assumption S_ is Hilbert-Schmidt. Hence, by Lemma 5.9, there
exists a unitary operator U on J,(H) satisfying (5.8). This implies also

B(f)*=UA(f)*U', feH, (5.11)
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where we have used the fact that, for any closable operator T, T* = (T)*. Hence, for all
f € H, we have

B(f)" £+ B(f) 1 1
— = =U—(A(f)" £ A(f))U
7 \/5( (f) + A(S))
On the other hand, it is easy to see that, for all ¥ € Fy(H) and f € D(T,'Ty) N
D(TyT, )ﬂ He,

1 * _ L * =7 -1
E<B(f> + B(f)V = ¢r, (T1 )V, ﬂ(B(f) B(f)) = mr,(Ty f)¥
Hence, for all f € D(T, 'Ty) N D(TXT; ') N He,
Oor, (T )V = Up(Y U, 7p, (T )V = Un(f U, U € Fy(H), (5.12)

which, by condition (b), imply the following equations:

¢T2 (f)\ll = U¢T1 (f)U_l\Ija
7TT2(f)\I/:U7TT1(f)U71‘If, fEV,\If EJTQ(H)

Hence

¢T2(f) f ( ) - U¢T1(f>U_17 WTZ(f) r]:O(H) - UWTl(f>U_17 f ev.

Recall that Fy(H) is a core for ¢p, (f) and 77, (f). Moreover, Ugz, (f)U! and Uny, (f)U !
are self-adjoint. Hence operator equations (5.9) and (5.10) follow. ]

We next show the necessity of the condition that 7, Ty — T3, " is Hilbert-Schmidt
in Theorem 5.1.
Using (3.1), one can easily prove the following lemma.

Lemma 5.11 Let V be a dense subspace in He. Then {g € H|(f,g) =0, f € V} = {0}.

Lemma 5.12 Under the same assumption as in Theorem 5.1, suppose that there erists a

unitary operator U on Fy(H) satisfying (5.9) and (5.10). Then Ty Ty — ToTy " is Hilbert-
Schmidt.

Proof. 1t is easy to see that, for all ¥ € Fy(H) and f € V,

A(f)V = 7(¢T1(T1 f) +imr (T f) W
Hence
AT = E(U Lor,(LNHUW + iU, (T ))UW),
which implies that
UA(f)¥ = 7(% (TL YUY + i, (Ty f)UT).
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Hence, for all ® € Fy(H),
(U0, A(f)¥) = (U (A(S+f) @+ A(S_f)D), T).

Since Fo(H) is a core for A(f), it follows that U™ '® € D(A(f)*) and A(f)*U'® =
U A(Sf)* + A(S_f))®. By the density of V in H¢ and Lemma 2.1, this equation can
be extended to all f € H¢e with Si replaced by Sy:

A(fy U D = U Y AB,f) + AS_f)®, f€He. (5.13)

By (2.5), we have (A(f)*U~'®,Qg) = 0. Hence, putting Q := UQp, we obtain from
(5.13) B -
(A(S+f)®,Q) =—(A(S_/)®,Q), feHc. (5.14)

It follows from (5.4) that o o

5.5, =1+55_.
This implies that §:§+ is bijective on H¢ (note that S are reduced by Hc). In partic-
ular, S is injective on He. On the other hand, (5.6) gives

This implies that §+§: is bijective on H¢. In particular, S, is surjective on He. Hence

S, is bijective on H¢. Hence, putting K := g_gll, we have for all f € He, (A(f)*®,) =
— (A(K f)®, ). By using (3.1), this equation can be extended to

Hence, by Proposition 3.3, K is Hilbert-Schmidt. Thus S_ = K S, is Hilbert-Schmidt. &

This completes a proof of Theorem 5.1.

5.2 Proof of Theorem 5.6

Suppose that (F,(H), {enD) el |f € V}) were equivalent to (F,(H),{en),
e™n=() |f € V}). Then there exists a unitary operator U on Fy(H) such that (5.9)
and (5.10) hold. Let R := (TyV) N (T 'V). Hence, for all g € R,

U or,(Thig)U = ¢(g), U 'np,(T7'g)U = n(g).

Using these equations, in the same manner as in the proof of Theorem 4.6, one can show
that, for all g €€ R and ® € Fy(H),

<A(T+g)*®a \IJO> - = <A(T—g)¢7 \IIU> )
where ¥y := UQp. By Lemma 5.5, for all f € T\ R, (A(f)*®, Vo) = — (A(T_T;' f)®, ¥p).
Hence (A(f)*®, o) = — (A(CT-T;' f)®, V) for all f € Ty R+ 4T}, R. By condition (b)
in Theorem 5.6, T, 'R +i1", R is dense in ‘H. Hence, by Proposition 3.3, T_TJ:1 is Hilbert-

Schmidt. But this contradicts the present assumption. Thus (F,(H), {71 (), eimri(f)
|f € V}) is inequivalent to (Fy,(H), {2 ™) | f € V}).
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6 Applications

6.1 Inequivalence of time-zero field and conjugate momentum
for different masses

We now show that Theorem 1.1 is a consequence of an application of Theorem 5.1.
Let
pm = (Fo(L*(RY), {m D) ™D f € Vy,n}) (6.1)

be the Weyl representation of CCR in Example 2.6 with m > 0 and C,; be the complex
conjugation on L?(R%):

(Caf)(z) = f(z)*, fe€L*RY), aexecR?

The Fourier transform of Cy R
Cd = ]—"dCd}" J !

is a conjugation on L?(R%*) with
(Cag)(k) = g(=k)*, g e L*R¥),a.ck e (RY)".
The real Hilbert space associated with Cl is given by
L}(R™)g, = {g € L*(R™)|Cag = g}
We have

FaSe(RY) = S(R™)¢, = {g € S(R™)|Cag = g},
FaLig(RY) = L*(R™)¢,.

Lemma 6.1 Let m > 0. Then:

D) Cyhn C hinCl.

(

(i) Vam C D(hy) 0 D(h, ).

(iii) hpVam and b, Vi, are dense in LE(R?).
(

iv) {(hm + h,) ) fIf € Vam} is dense in LE(RY).

W (K)Caf (k)[?dk =

Proof. (i) Let f € D(h,,). Then @(k’) = f(—k)*. Hence Jga-
Jaan |wm (k) f(K)[2dk < co. Hence Cyf € D(h,y,). Moreover,

(FalhmCaf)) (k) = wn (k) f(=k)" = (wn(=k)f(=k))" = (Fa(Cahm [))(K), a.c.k € R

Hence h,,Cyf = Cyhy, f. Thus Cyh,, C hp,,Cy.

(i) This is obvious from the definition of V.

(iii) It is easy to see that {wE!f|f € Vym} are dense in L*(R™)¢, . Hence hy "Wy are
dense in L3(RY).
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(iv) This follows from the fact that {(wm + w;')f|f € Vam} is dense in L*(R%)¢, . B

By using Lemma 6.1, one can see that p,, is a special case of the Weyl representation
(Fo(H), {7 e f € V}) in Lemma 4.3 with the following choice of (H,C,T,V):

H=L*RY, C=Cy T=0Y2V=Vin
We first note the following fact:
Theorem 6.2 For all m > 0, p,, has no vacuum.

Proof. 1t is easy to see that op,(hy,) = op(wm) = 0. Hence, by Corollary 4.9, p,, has
no vacuum. 1

Lemma 6.3 Let my,my > 0. The following operators are all bounded:

~1/2 —1/2 31/2p-131/2 1 —1/271/2 31/27 —1/2
[ Y TS Sl g Al AN R
Proof. This can be proved by the functional calculus for the self-adjoint operator A
or using the Fourier transform. 1

By Lemma 6.3, conditions (a) and (b) in Theorem 5.1 are satisfied with T} = hy: and

T = h%f . It is easy to see that

hons! By = o hon® = (m2 — m2) (Buny + homy) " hi 2012,

We have
Falhumy + Pny) " hit PR F Y = (g + wimy) "Nt w2,

mi mo
This operator is a non-zero multiplication operator and hence it is not Hilbert-Schmidt.

Hence h:ni/ Qh%f — hi{f h;@i/ ? is Hilbert-Schmidt if and only if m; = my. Thus, by Theorem
5.1, we obtain the following result:

Theorem 6.4 Let my,ms > 0. Then p,,, and p,, are inequivalent if and only if m; #
mo.

We next consider the case where one of m; and my is zero, say, mo = 0. In this case,
hm,hg! is unbounded. Hence we can not immediately apply Theorem 5.1. But the idea
of the proof of Theorem 5.1 is used. We have the following result:

Theorem 6.5 Let m > 0. Then p,, is inequivalent to pg.

Proof. Suppose that p,, were equivalent to py. Then there exists a unitary operator
U on F,(L?(R%)) such that

Ubn([YU = ¢0(f), Urn(HU ' =mo(f), [ € Vao-

Hence
Upr(g)U " =¢(g), Urr(g)U ' =n(g), g€ Dy,

19



where T = h%zh(;lm and
Dy 1= (hy Vi) N (hy*Vao)

It is easy to see that o,(T?) = (. Hence, by Lemma 4.8, (7% —1)(7?+1)"" is not Hilbert-
Schmidt. This contradicts Theorem 4.6. Thus p,, is inequivalent to py. 1

Remark 6.6 An alternative proof of Theorem 6.5 is given by an application of Theorem
5.6.

6.2 A more general family of inequivalent representations of
CCR on F,(L*(RY))

The representation p,, can be regarded as a special case of a more general representation
of CCR on F,(L?(RY)). Let v be a real-valued Borel measurable function on R%* such
that

v(k) =v(—k), 0<|v(k)] <oo, aekeR™

For each j = 1,...,d, we denote by D, the generalized partial differential operator in the
variable z; acting in L?(R?) and set V := (—iDy, ..., —iD,). Let

v(—iV) = F Wy,

where v on the right hand side denotes the multiplication operator by the function v
acting in L2(R%*). By a well known fact on multiplication operators and the unitarity of
Fa, v(—iV) is self-adjoint and injective. Moreover,

Cqv(—iV) C v(=iV)Cy.

Hence v(—iV) is reduced by L2(R%).
Let Dy be a dense subspace in L2 (R?) satisfying the following conditions:

(i) Dy € D(v(—iV)) N D(v(—iV)™).
(i) v(—iV)D, and v(—iV)~'D, are dense in L2(R9).
We introduce operators ¢,(f) and m,(f) (f € D) as follows:
6u(f) = B(u(=iD)'f), m(f) == (v(~iD)f), f €Dy (6.2)

By applying Lemma 4.3 with H = L*(R%) and T = v(—iV), we obtain the following
lemma:

Lemma 6.7 (F,(L*(R%)), {e®) ™| f € Dy}) is an irreducible Weyl representation
of the CCR over Dy.

Theorem 6.8 Suppose that, for all X > 0, the set {k € R¥*|v(k)? = A} is a null set with
respect to the d-dimensional Lebesgque measure. Then (Fy,(L*(R?)), {e®() eim(|f ¢
Da4}) has no vacuum.
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Proof. By the assumption, o,(v(—iV)?) = o,(v?) = 0. Hence, by Corollary 4.9, the
desired result follows. |

Two Borel measurable functions v; and v, on R%* are said to be equal and written
vy = vy if v1(k) = vo(k) for a.e.k € R,

Lemma 6.9 Let v and vy be functions on R** having the same properties as those of v
described above. Suppose that vy /vy and ve/vy are essentially bounded. Then

W .= (UQ(—Z'V)ilvl(—Z-V) — Ug(—Z’V)Ul(—Z’V>71>.
1s bounded. Moreover, W is Hilbert-Schmidt if and only if vi = vs.

Proof. Let W := F;WF;'. Then W = (v? — v3) /v1v, which is bounded. Hence W is
bounded.

Suppose that W is Hilbert-Schmidt. Then so is W. If v; =% vy, then 1474 # 0. But a
non-zero multiplication operator on L?(R%*) can not be Hilbert-Schmidt. Hence v; = vy.

Conversely suppose that v; = vy. Then W = 0. Hence W = 0. Therefore W is
Hilbert-Schmidt. 1

Theorem 6.10 Let vy and vy be functions having the same properties as those of v de-
scribed above. Suppose that vy /vy and va/vy are essentially bounded. Then (F,(L*(R?)),
{eion (D) eima(D|f € Dy}) and (Fy(LAH(RY)), {ei?=) e (N|f € Dy}) are inequivalent if
and only if vy # vs.

Proof. By the essential boundedness of v /vy and vy /v1, one can see that conditions
(a) and (b) in Theorem 5.1 are satisfied with 77 = v;(—iV) and Ty = vo(—iV). Then,
combining Theorem 5.1 and Lemma 6.9, we obtain the desired result. 1

In the case where v; /vy and vy /v; are not necessarily essentially bounded, we have the
following theorem.

Theorem 6.11 Let vy and vy be functions having the same properties as those of v de-
scribed above and vy # vy. Let

Dy, = (01(=iV)Dy) N (v1(—=iV) ' Dy)

and
Td,i = ’02<—Z'V)71U1(—Z'V) + UQ(—Z'V)'Ul(—Z'V)il.

Suppose that the following (a) and (b) hold:
(a) Dy, is dense in LE(RY).
(b) Ty +Day, is dense in Li(RY).

Then (Fo(L*(R?)), {en) ™| f € Dy}) is inequivalent to (F,(L*(RY)), {ei=()
™D f € Dy})
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Proof. We apply Theorem 5.6 with the following realization:
H = Lz(Rd), T1 = Ul(—iV), TQ = ’l]g(-’iV), D = Dd.

We need only to prove that
L:=T, T

is bounded and L is not Hilbert-Schmidt. It is easy to see that L is bounded and

— 1 1= (v/n)?
FF = e

where the right hand side is the multiplication operator by the same function. Since
v1 # vz, it follows that the operator on the right hand side is not Hilbert-Schmidt. Hence
L is not Hilbert-Schmidt. 1

6.3 Quantum fields in a bounded region

It may be interesting to compare quantum fields on R? with those on a bounded region
in view of representation of CCR. Let M be a bounded connected open set in R? and
consider a scalar quantum field on M. A Hilbert space for such a quantum field can be
taken to be the boson Fock space F,(L?(M)) over L?(M). As is well known, the Laplacian
ANEES Z;.lzl 0?93 with domain C§°(M) (the set of C*°-functions on M with support in
M) is not essentially self-adjoint. Hence, to determine the one-particle dynamics in M,
we have to fix a self-adjoint extension of Ay.
Let AM be any self-adjoint extension of A such that

(i) AM <0
(i) CMAM c AMCM | where CM is the complex conjugation on L*(M);

(iii) The spectrum of —Aj, is purely discrete. The eigenvalues of —A,, are labeled as
{An}ner with I' = N or ({0} UN)? counting multiplicities, and, for some constants
c1,co > 0 with ¢; < o,

anf* <A\ <cnf’, nel. (6.3)

Examples of AM are the Dirichlet Laplacian AY and the Neumann Laplacian A
with a suitable additional condition on the boundary of M (see, e.g., [3], [8, p.263] and
9, §10.6]). In the case where M is a rectangle (—L1/2,L1/2) X +-+ X (—=Lg/2, Lq/2) with
L; > 0,5 =1,...,d, one can also take AM to be the Laplacian A} with the periodic
boundary condition.

The one-particle Hamiltonian with mass m > 0 in the present context is given by

M = (=AM 4 m?)1/?

acting in L2(M). Tt follows that h? is a strictly positive self-adjoint operator with A >
m > 0 and, for all a > 0, (hM)=> € B(L*(M)).
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By properties (i) and (iii), there exists a CONS { fy }ner of L?*(M) such that
—AMfy=Aafn, mer,
and each f, is a real-valued function. Hence the subspace
Vi = spang{ fu|ln € T'}

algebraically spanned by {fn|n € T'} with real coefficients is dense in the real Hilbert
space L4(M). Tt follows that, for all a > 0,

YV C D((hy)®),  (hy)FVH = VA

Hence conditions (T.1) and (T.2) with T = (hM)'/2 in Section 4 are satisfied.
Let ®(.) be the Segal field operator on JF,(L?(M)) and

O (F) = @Y ((hy) 72 ), ol (f) = @M (k)2 ), f e VM.
Then, by Lemma 4.3,
il = (FULA(D), {0, D] f e py) (64

is an irreducible Weyl representation of the CCR over VM. As for this representation, the
following theorem holds:

Theorem 6.12 Let my, my > 0 and my # mo. Then p%l and pn]‘fQ are equivalent if and
only if d < 3.

Proof. We set h; = h%j,j = 1,2. It is easy to check that conditions (a) and (b) in
Theorem 5.1 with 7; (j = 1,2) replaced by h; and V = VM are satisfied. The spectrum

of hy Y 2hi/ - hé/ 2h;1/ ? is purely discrete and the eigenvalues are given by

2 2
miy — My

fhn = , nel.
(A +mi) Y (Aa +m3)V4[(An + mi)2 + (An + m3)1/]
By (6.3), we have
mi—mj| 1 Imi —mj| 1
< |ptal < , nel)\ {0},
e pgi sl T T g nelMo

where ¢ := max{cy, m?, m3}. . p2 converges if and only if d < 3. Hence hy 'hy — hahy
is Hilbert-Schmidt if and only if d < 3. Thus an application of Theorem 5.1 yields the
desired result. ]

Remark 6.13 Theorem 6.12 suggests that, in the case d = 1,2, 3, the inequivalence of

pm’s for different masses as in Theorem 6.4 comes from “infinity in space”.

Finally we consider the case where m; > 0 and my = 0. In this case, if 0 ¢ o(AM)
(e.g. the case AM = AM) then the proof of Theorem 6.12 works without essential change.
Hence we have the following result:

Theorem 6.14 Let m > 0 and 0 € o(AM). Then p is equivalent to p}! if and only if
d < 3.
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