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ABSTRACT 

 

The safety of construction in the long-term performance is the main goal of structural 

designers. An example is seen in reinforced concrete (RC) bridge deck slabs that have been 

subjected to a large number of load repetitions. Therefore, many numerical and experimental 

studies have been conducted to predict the fatigue life of these slabs. Most of these studies 

focused on the modeling of fatigue behaviors of RC slabs reinforced with deformed bars. Until 

1965, plain bars were used for reinforcing RC bridge slabs in a part of Japan. The fatigue 

damage of those slabs is more significantly observed than that of slabs reinforced with deformed 

bars. Moreover, old slabs were economically designed by small thickness without considering 

the fatigue resistance. Until 1965, plain bars were used for reinforcing RC bridge slabs in a part 

of Japan. The fatigue damage of those slabs is more significantly observed than that of slabs 

reinforced with deformed bars. Therefore, it is important to predict the fatigue behaviors of 

these slabs to decide a suitable repairing method. 

For the main goal of this research, a numerical method based on the bridging stress 

degradation concept is presented in this study to simulate the fatigue behaviors of RC slabs 

reinforced with plain bars under a moving load. Moreover, this study provides a numerical 

investigation to understand the fatigue failure and the improvement mechanism of fiber 

reinforced polymer (FRP) strengthening.  

Finite element method (FEM) is used to solve a slab model of smeared crack elements. The 

cracked elements are modified according to the bridging stress degradation concept. This 

concept can be defined as the reduction of transferred stress across a crack plane under repetitive 

loading due to crack opening and closing process. Reinforcing bars are modeled as a smeared 

reinforcement according to its ratio in all directions. For plain reinforcing bars, the bond-slip 

effect between a reinforcing bar and its surrounding concrete is taken into consideration by 

adding equivalent bond strain to plain bar strain. To verify the numerical method, this study 

will be divided to three parts as follows. 

In the first part, plain concrete beam is analyzed under static and fixed pulsating load. 

Moreover, RC beams are analyzed using this numerical method under fixed pulsating and 

moving load. The numerical method succeeded in describing the propagation of cracked 

elements for fixed pulsating and moving load. The numerical results are compared with the 

experimental results to examine the applicability of this method for plain and reinforced 

concrete beams.  

In the second part, three RC slabs reinforced with plain bars are conducted using the 

proposed numerical method. Moreover, one RC slab reinforced with deformed bars is analyzed 

to compare with that reinforced with plain bars. The numerical model is verified using previous 

experimental data. This model is also able to capture the cracking pattern, change in 

displacement and rebar strain. The numerical results provide a good agreement with the 

experimental ones. In this part, a successful explanation of fatigue failure mechanism is existed. 

The effect of plain reinforcing bars on the fatigue behaviors is described. 

In the last, three full scale RC slabs reinforced with plain bars under moving load are 

analyzed using a proposed numerical method to simulate their fatigue behaviors. two of them 

were strengthened with externally bonded FRP sheets in longitudinal and transverse directions 

on slab bottom surface. The interfacial bond behavior between FRP sheet and concrete surface 
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with its degradation due to fatigue loading are integrated to obtain appropriate numerical results. 

The propagation of cracked elements, center displacement evolution, cracking pattern and FRP 

strain are presented in this study. According to the results, FRP sheets play an important role to 

restrict the major crack opening. This leads to a slow degradation, longer fatigue life and smaller 

deformations for the strengthened RC slab. These numerical results are compared with the 

experimental results, and this comparison provides a good agreement. 
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CHAPTER 1 

GENERAL INTRODUCTION 

1.1 Background and motivation 

Researchers and structural designers are concerned about the safety of construction in the 

long-term. Reinforced concrete (RC) bridge-deck slabs are subjected to a repetition of moving 

loads. These structures are required to avoid the fatigue failure. Therefore, there is a growing 

necessity to know fatigue life and performance of RC slabs. Accurate modeling of the fatigue 

behaviors of RC slabs is considered to be essential for the prediction of fatigue life. 

Until 1965, the plain bars (Fig. 1.1) are used for reinforcing RC bridge slabs. These slabs 

have been serviced more than 50 years. An example of RC slab reinforced with plain bars is 

seen in Shuen-Bridge (National Highway Route 334, Shari, Hokkaido, Japan) which was built 

in 1964 as shown in Fig. 1.2. This bridge is suffering from fatigue damage due to a huge number 

of moving load repetitions and also from environmental damage. The fatigue damage is more 

significantly observed in the RC slab reinforced with plain bars than that reinforced with 

deformed bars. Therefore, it is essential to find a method for prediction of fatigue life and 

choosing a repairing strategy for RC slabs reinforced with plain bars. 

 

  

Fig. 1.1 Deformed and plain bar 

 

 

Fig. 1.2 Shuen-Bridge (National Highway Route 334, Shari, Hokkaido, Japan) 

 

Deformed bar Plain bar 
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Fig. 1.3 CFRP strengthening 

In recent years, carbon fiber-reinforced polymer (CFRP) sheets have been widely used for 

repairing and strengthening RC structures. This material is lightweight, bendable and high 

tensile strength. One of the common CFRP strengthening methods is using an externally bonded 

CFRP sheets technique. In this strengthening technique, CFRP sheets are bonded to the bottom 

concrete surface of RC slab with an epoxy resin. Fig. 1.3 shows an example of strengthened 

RC slabs by using CFRP sheets in longitudinal and transverse directions.  

Most of the previous studies focused on the modeling of fatigue behaviors of RC slabs 

reinforced with deformed bars. However, many RC slabs in use today are reinforced with plain 

bars, and they are suffering from fatigue damages. Moreover, it is beneficial to predict the 

improvement on fatigue life and performance of RC slabs reinforced with plain bars due to 

CFRP strengthening. 

1.2 Brief review of previous studies  

Many research groups have conducted experiments to investigate the fatigue behaviors of 

RC slabs. Previous studies [1, 2] found that the fatigue life of RC slabs under a moving load is 

lower than that under a fixed pulsating load. In these experimental studies, the most common 

mode of fatigue failure was by punching shear mode as shown in Fig. 1.4. Recently, numerical 

studies have been presented regarding RC structures subjected to repetitive loading to predict 

fatigue behaviors. 

Ueda et al. [3] analyzed the fatigue strength of steel-concrete sandwich beams using the 

finite element method. Tailored constitutive models were employed according to fatigue effects 

by reducing stiffness and strength of material models. This reduction is mainly based on the 

empirical formulations from previous experimental analyses. This investigation indicated that 

the effect of reduction in compressive stiffness was found to be negligible.  

Maekawa et al. [4] presented a numerical fatigue simulation of RC slabs under a moving 

load. This numerical method used a direct path-integral scheme with fatigue constitutive models 

for concrete tension, compression and crack surfaces shear. The fatigue deterioration of RC 

slabs under moving load is significant when the concrete fatigue modeling based on a reduction 

of shear transfer and tension stiffness is considered.  
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Fig. 1.4 Cracking pattern for RC slab under moving load showing a punching shear failure [2] 

 

 

Fig. 1.5 Moving load test 

The above-mentioned works concluded that the tension fatigue modeling for concrete plays 

an important role in predicting the fatigue behaviors of RC slabs. Therefore, understanding a 

mechanism of fatigue crack propagation is essential to evaluate concrete fatigue representation 

in tension. The bridging stress degradation concept was introduced for the first time by Li and 

Matsumoto [5] as a principal cause of fatigue crack propagation in concrete and fiber reinforced 

concrete beams. Suthiwarapirak and Matsumoto [6] used this concept in their numerical model 

to predict the fatigue behaviors of RC slabs. This study successfully provided a fatigue analysis 

of RC slabs under moving and fixed pulsating loads. 

For RC slabs reinforced with plain bars, an experimental study on the fatigue durability was 

conducted by Shakushiro et al. [7] to propose an empirical formula for the fatigue life evaluation 

of these slabs. Although many existing RC slabs in use are reinforced with plain bars, analytical 

study for the fatigue life of these slabs has been rarely conducted. Therefore, it is necessary to 

accurately simulate fatigue behaviors numerically and develop the method of fatigue life 

prediction for the RC slabs reinforced with plain bars. 

Punching shear 

failure 
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An experimental [8] study was conducted by Civil Engineering Research Institute for Cold 

Region (CERI) to evaluate the fatigue life of strengthened RC slabs with CFRP sheets under a 

moving load as shown in Fig. 1.5. The experimental study provided a significant improvement 

in fatigue life and deformations for repaired RC slabs.  

1.3 Objectives and scope of study 

The objectives of this thesis can be listed as follows. 

1. This study mainly presents a numerical method to simulate the fatigue behaviors of the RC 

slabs reinforced with plain bars under a moving load. This method will be verified using the 

experimental results. 

2. The bond-slip effect between a plain reinforcing bar and its surrounding concrete is 

carefully taken into consideration. 

3. This method examines the applicability of the bridging stress degradation concept to 

analyze the fatigue behaviors of plain and reinforced concrete beams under pulsating and 

moving load. 

4. This study presents a proposed method to numerically evaluate the CFRP strengthening on 

RC slabs reinforced with plain bars. Moreover, this study provides a numerical investigation 

to understand the fatigue failure and strengthening improvement mechanism. 

1.4 Organization of the thesis 

The thesis contents are organized in six chapters, which are further divided into several 

sections and subsections. The chapters have individual introduction, which give brief 

orientations of the subject under investigation. For a detailed discussion of various aspects of 

the subject, many references have been included in each chapter. The specific objectives of 

each chapter are as follows: 

Chapter 1 provides the general introduction, review of previous studies and motivating 

objectives of this research. 

Chapter 2 presents the numerical method of fatigue analysis based on bridging stress 

degradation. This chapter shows the constitutive laws of concrete and reinforcement. In the 

fatigue analysis, the bridging stress degradation of concrete leads to the propagation of cracked 

elements resulting a deterioration of structural stiffness. The bond-slip effect between a plain 

reinforcing bar and its surrounding concrete is employed in this method. 

In Chapter 3, the investigation of flexural fatigue analysis is presented to analyze the 

fatigue behavior of plain and reinforced concrete beams under pulsating and moving load. The 

numerical results are compared with the experimental ones. 

Chapter 4 presents the fatigue analysis of RC slabs reinforced with plain bars under 

different moving load levels. This chapter focus on the effect of bond-slip between a plain 

reinforcing bar and its surrounding concrete for fatigue behaviors. The obtained results are 

discussed and verified with the experimental results. 
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In Chapter 5, RC slabs with plain bars strengthened by externally bonded CFRP sheets are 

analyzed using a proposed numerical method to simulate their fatigue behaviors. The interfacial 

bond behavior between FRP sheet and concrete surface with its degradation due to fatigue 

loading are integrated to obtain accurate numerical results. The propagation of cracked elements, 

center displacement evolution, cracking pattern and FRP strain are presented in this chapter. 

These results are compared with the experimental results for verification. 

All of these chapters lead to the conclusions and further developments in the final chapter, 

Chapter 6. 
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CHAPTER 2 

FATIGUE ANALYSIS METHOD BASED ON BRIDGING STRESS 

DEGRADATION 

2.1 Introduction 

Using finite elements method (FEM) has been the preferred method to study the behavior 

of concrete. This method is economic way than the experimental tests. Many previous studies 

developed this method according the material behaviors of concrete to present an accurate static 

analysis. 

To provide a numerical method for predicting fatigue behaviors, these studies can be used 

as a starting point for this research. The main goal of this study is numerical studying of the 

fatigue behaviors of RC slabs reinforced with plain bars. Therefore, the bridging stress 

degradation of concrete is integrated in this numerical method to simulate the deterioration 

effect due to fatigue loading. Moreover, the bond-slip effect between plain reinforcing bar and 

its surrounding concrete is considered in this numerical method. The numerical results are 

significantly influenced with this effect in the RC structures reinforced with plain bars. 

In this chapter, the description of the proposed numerical method is presented. This chapter 

divided to two parts; concrete model and reinforcing bar model. 

2.2 Concrete 

Concrete is different than other homogenous materials because it contains a mixture of 

different components with different stiffness. Therefore, it exhibits a large number of micro 

cracks at the interface between the aggregates and mortar. The propagation of these cracks 

during loading contributes to the nonlinear behavior due to the difference in stiffness between 

aggregates and mortar. Moreover, the aggregate-mortar interface is the weakest link in the 

composite system. This is the primary reason for the low tensile strength of concrete. 

The concrete material includes the flowing effects of its behavior: 

 non-linear behavior in compression including hardening and softening, 

 fracture of concrete in tension based on the nonlinear fracture mechanics, 

 biaxial strength failure criterion, 

 reduction of compressive strength after cracking, 

 tension stiffening effect, 

 reduction of the shear stiffness after cracking, 

 and fixed crack direction model. 

 

2.2.1 Nonlinear constitutive laws for concrete 

In describing the uniaxial stress-strain behavior of concrete, many empirical formulas have 

been proposed. Fig. 2.1 shows the most familiar nonlinear model by Maekawa et al. [9]. This 

relationship can be divided to 4 parts to indicate the damage state of concrete.  

In this section, the stress-strain function (σ, ε) for each part will be described as the 

following. The modulus of elasticity and compressive strength of concrete can be assumed as 

Ec and fc
’, respectively.  
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Fig. 2.1 Uniaxial stress-strain relation for concrete  

 

First part is compression before peak stress. The following formula has been adopted for 

the ascending branch of the concrete stress-strain law in compression as shown in Fig. 2.1. This 

formula enables wide range of curve forms, from linear to curved, and is appropriate for normal 

as well as high strength concrete. 
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where εm is concrete strain corresponding fc
’. 

Second part is compression after peak stress. In this part, the softening law in compression 

is linearly descending based on local strain softening. The stress-strain relationship in this part 

can be adopted as the following equation. The slope of the softening part of the stress-strain 

diagram is defined by two points: a peak of the diagram at the maximal stress and a limit 

compressive strain u at the zero stress. 
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Third part is tension before cracking. In this part, the behavior of concrete in tension without 

cracks is assumed linear elastic as shown in the following equation. This behavior continues 

until the effective tensile strength, ft. The equation of the effective tensile strength is adopted 

from Japanese standard specifications for concrete structures. 

  cE , at      0  t  (2.5) 

c

t
t

E

f
 , (2.6) 

3
2

'
23.0 ct ff   

(2.7) 

where εt is cracking strain of concrete. 

Fourth part is tension after cracking. The following formula simulates the cracking behavior 

of concrete. In smeared crack model, strain is derived from the crack opening displacement 

according to the crack band theory as shown in equation (2.9). The crack formation takes place 

in the process zone of a potential crack with decreasing tensile stress on a crack face due to a 

bridging effect of the aggregate. This function is adopted using an exponential relationship by 

Maekawa et al. [9]. 

4.0














 t

tf , at      t   (2.8) 

l

cr
  , (2.9) 

where δcr is crack opening displacement and l is element size. 

2.2.2 Crack formation of concrete 

Crack propagation characteristics of concrete are adapted by 8-node 3D smeared crack 

elements with multiple fixed crack concepts (Rots and Blaauwendraad 1989). For cracked 

elements, the first crack is assumed to start perpendicular to the direction of the maximum 

principal strain in the concrete matrix when tensile strain is larger than the cracking strain as 

shown in Fig. 2.2 (a).  

 

Fig. 2.2 Crack formation: (a) initiation of a first crack; (b) three perpendicular crack 

formations 
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Fig. 2.3 Shear transfer model for one-directional crack 

After the first crack appears, the second crack can propagate perpendicular to the first crack 

when the second tensile strain component exceeds the cracking strain. In addition, the third 

crack can form perpendicularly to the existing two cracks as shown in Fig. 2.2 (b). 

2.2.3 Shear transfer for cracked concrete 

When the generation of a crack in concrete is determined by the maximum principal stress, 

shear stress and strain are zero at the crack plane perpendicular to the maximum principal stress 

direction at the moment of cracking. At increasing of applied load, the principal axes of stress 

and strain rotate and eventually lead to the formation of a new crack. At the same time, the 

existing crack is subjected to shear strain since it is no longer normal to the current principal 

direction. Therefore, the fixed crack approach needs to explicitly address shear transfer along 

crack interface. The solution of contact density model between cracks surface can be derived 

for monotonic loading path using an envelope curve as shown in Fig. 2.4. The simplified shear 

transfer model can be expressed as following. 

a) Loading at β ≤ βmax 

2
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0
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Fig. 2.4 Biaxial failure criterion of concrete 

b) Unloading/reloading at 0.9 βmax ≤ β < βmax 
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 st , (2.13) 

max0max   , (2.14) 

c) Unloading/reloading at β < 0.9 βmax 
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 st

, (2.15) 

max0max   , (2.16) 

where τ0 is the shear transfer strength, γcr is the shear strain due to crack, εt1 is the 

tensile strain normal to crack and β is normalized shear strain. 

2.2.4 Biaxial stress failure criterion of concrete 

A biaxial stress failure criterion according to Kupfer et al. [10] is used as shown in Fig. 2.4. 

In the compression-compression stress state the failure function, fc
’ef, is 
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where σc1 and σc2 are the principal stresses in concrete. In the biaxial stress state, the strength 

of concrete is predicted under the assumption of a proportional stress path.  
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In the tension- compression state, the failure function continues linearly from the point σ1 

= 0 and σ2 =  fc
’ into the tension-compression region with the linearly decreasing strength: 

ecc

ef

c rff
''

 , (2.18) 
















'

13278.51
c

c
ec

f
r


, at 9.00.1  ecr  (2.19) 

where rec is the reduction factor of the compressive strength in the principal direction 2 due to 

the tensile stress in the principal direction 1. 

2.2.5 Bridging stress degradation and concrete behavior under cyclic loading 

The bridging stress degradation characteristic of concrete under a repetitive load is the most 

important part in the current fatigue analysis. A crack starts with length, a, and width, w, due 

to the first loading as shown in Fig. 2.5 (a). Repetitive loading leads to the reduction of bridging 

stress, because the crack is subjected to a process of opening and closing. Therefore, this crack 

propagates with additional length, da, and additional width, dw, as shown in Fig. 2.5 (b). This 

reduction is defined as the bridging stress degradation concept, and it is assumed to depend on 

two parameters: maximum tensile strain, 휀tmax, and number of cycles, N [5]. The equation of 

bridging stress degradation can be expressed as [11]: 

)log()(1 max0 Nlkd
f

f
t

t

tN  , (2.20) 

where l is cracked element size, d0 is stress degradation factor, k is slope of the linear relation 

between the bridging degradation factor and maximum tensile strain, 휀tmax, ftN and ft are bridging 

stress at the Nth and the first cycle, respectively. Zhang et al. [11, 12] analyzed a large number 

of experimental data to conclude that the degradation of crack bridging stress under cyclic load 

is controlled by the number of cycle and the maximum and minimum crack opening. This 

degradation can be fitted by a linear model as a function of the logarithm of the number of 

cycles as shown in equation (2.20). As Zhang et al. [11, 12], this factor can be approximately 

related to the maximum crack opening. Through their studies, it is found that d0 = 0.08 and k = 

4 mm-1 when the crack opening ≤ 0.016 mm and d0 = 0.014 and k = 0.12 mm-1 when the crack 

opening > 0.016 mm. For smeared crack elements, the bridging stress degradation occurs by 

multiple cracks. Therefore, first range (the crack opening ≤ 0.016 mm) is applicable in this 

study [6]. 

The bridging stress in concrete is mainly influenced by the maximum particle size and 

surface texture of aggregate. The effect of aggregate size on bridging stress was studied by 

Wolinski et al. [13]. This study found that the maximum bridging stress and fracture energy are 

almost the same for concrete comprising mixes with maximum aggregate particle size of 8 mm, 

16 mm and 32 mm. Therefore, this equation can be used to verify the experimental results by 

Shakushiro et al. [14] which used aggregate of maximum aggregate particle size of 20 mm. 

Fig. 2.6 shows concrete behaviors under cyclic loading. The nonlinear path-dependency is 

considered in modeling the unloading and reloading paths to account for energy absorption 

under cyclic loading. The loading curve, indicated with black line, is adopted according to 

previous description in section 2.2.1. The unloading curve is expressed as a polynomial 

connecting the point where unloading starts (εmax, σmax) to point (εmin, σmin). This function  
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Fig. 2.5 Crack propagation due to bridging stress: (a) the first cycle; (b) after N cycles 

 

 

Fig. 2.6 Concrete behavior under cyclic loading 

is indicated by red in Fig. 2.6 following equation (2.21). The reloading curve 

is specified as the straight line connecting the point where reloading starts to the 

point of maximum stress–strain at further cycle (εNmax, σNmax). The reloading function is 

indicated by blue in Fig. 2.6 following equation (2.22). The point of (εNmax, σNmax) is the 

deteriorated stress and strain at the number of cycles equaling N according to bridging stress 

degradation concept. Thus, the cracking behavior of concrete follows the deteriorated stress-

strain relationship as shown in equation (2.23). These equations can be expressed as: 
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4.0














 t

tNf , (2.23) 

2.2.6 Concrete stiffness matrices 

2.2.6.1 Uncracked concrete 

The material stiffness matrix for the uncracked concrete has the form of an elastic matrix of 

the isotropic material. Its components can be expressed in terms of the elastic modulus, Ec, and 

Poisson’s ratio, vc. It is written in the global coordinate system. The formulation is established 

in total form, in accordance with the following equations: 

       D , (2.24) 
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where [σ] is stress vector and [ε] is strain vector. 

2.2.6.2 Cracked concrete 

For the cracked concrete, the matrix has the form of the elastic matrix for the orthotropic 

material. The matrix is formulated in a principal coordinate system in Fig. 2.7, which is 

coincident with the crack direction. The direction 1 is normal to the crack and the direction 2 is 

parallel with the crack. On each crack plane, there are one normal stress component, σ, and two 

shear stress components, τ. The relationships between stresses, 𝜎, and strains, 휀, on the crack 

plane are shown by the following equation. It is assumed that there is no dilatancy between 

normal and shear terms. 
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 , (2.26) 

Herein dcr is tangential slope of the normal stress–strain relationship after cracking and dτ
cr  

is tangential slope of shear stress–strain relationship. The overall stress–strain relationship of 

the smeared cracked elements of concrete with respect to the global coordinate system can be 

written as follows [15]. 

 cocrD , (2.27) 

  cot

t

cot

t

cr

t

cocococr DNNDNDNDDD
1

 , (2.28) 

where Dcocr = stiffness matrix of cracked concrete element formulated from the stiffness matrix 

of crack, Dcr, and stiffness matrix of concrete in elastic, Dco. Nt is a transformation matrix 

reflecting the orientation of the crack in Fig. 2.2 (b). The off-diagonal terms of the crack 

stiffness matrix, Dcr, are negligible. 
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Fig. 2.7 Principal and global stress-strain directions 

 

2.3 Reinforcing bar 

Reinforcement can be modeled in two distinct forms: discrete and smeared. Discrete 

reinforcement is in form of reinforcing bars and is modeled by truss elements. The smeared 

reinforcement is a component of composite material and can be considered either as a single 

(only one-constituent) material in the element under consideration or as one of the more such 

constituents. The former case can be a special mesh element, while the later can be an element 

with concrete containing one or more reinforcements. In both cases the state of uniaxial stress 

is assumed and the same formulation of stress-strain law is used in all types of reinforcement. 

In this study, the reinforcement of RC slabs is modeled as a smeared rebar with its reinforcement 

ratio distributed in any desired direction as shown in Fig. 2.8. The total stress of RC elements 

can be calculated according to the following equations; 

  scRC   1 , (2.29) 

c

s

A

A
 , (2.30) 

where σRC, σc and σs are numerical stress for reinforced concrete element, concrete and 

reinforcing bar. ρ is the reinforcement ratio equaling the ratio of reinforcing bar area, As, to 

concrete area, Ac. 

 

Fig. 2.8 Smeared reinforced concrete elements 
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2.3.1 Modified stress-strain relationship according to bond-slip effect 

The stress-strain relationship of reinforcement is represented by a bilinear curve with 

explicit yield stress, fy. For RC elements reinforced with plain bars, the bond effect between a 

plain reinforcing bar and its surrounding concrete is considered as the most influential factor to 

obtain a reliable simulation [16]. Therefore, it is important to consider the bond-slip effect 

during analysis. The modified steel bar model by Dehestani and Mousavi [17] is employed in 

this method to simulate the bond-slip effect on the stress-strain (𝜎-휀) relationship under a 

monotonic loading. This modification contains the addition of equivalent bond strain to 

reinforcing bar strain as shown in Fig. 2.9. This leads to a decrease in the effective stiffness of 

the rebar model and an increase in its deformations. To describe the assumption of this method, 

an RC element in bending is considered as shown in Fig. 2.10. There is no tensile stress in 

concrete at cracked section and the reinforcing bar transfers the tension force. However, the 

concrete between cracks participates in the tensile strength of the overall RC cross section. The 

concrete located between cracks can be divided to three main parts as shown in Fig. 2.10. In 

cracked section, there is no bond stress between the reinforcement and its surrounding concrete. 

The transmission length of bond stress, ld, is located between the cracked section and the perfect 

bond zone. This method can be tailored for plain bars to obtain the effective stiffness, Es
*, as 

follows. 
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, (2.35) 

where fy
* is the effective yield stress [18], Sy is the slip displacement of a steel bar at yield point 

[19], db is the rebar diameter, fc
’ is the concrete compressive strength, α is a tuning parameter 

used for adjusting the local bond stress-slip relationship = 0.5 for plain bar [20], τb is the average 

bond stress, 휀y and 휀y
*

 are the explicit and effective yield strain, respectively. 

The effective stiffness degradation of plain bar due to a repetitive load is not taken into 

consideration in this study. Therefore, the reduction of rebar stiffness due to an applied load is 

the major effect on the RC element behaviors at first cycle. While, the bridging stress 

degradation in concrete plays the most important role in other cycles.  
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Fig. 2.9 Modified stress-strain relationship for reinforcing bar 

 

 

Fig. 2.10 Stress and strain distribution of a cracked RC element in bending  
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For RC elements reinforced with deformed bars, the bond between a non-yielded deformed 

bar and its surrounding concrete is assumed to be perfect. In other words, the slip displacement 

of a deformed bar at yielding is considered as zero (Sy ≈ 0). Moreover, its bond degradation due 

to a repetitive load is not considered in this study. Since there is no report of RC slab failure 

due to fatigue rupture of reinforcing bar, this study focused on the concrete deterioration due to 

repetitive loading. For plain bar, the stiffness reduction at first cycle results in an increasing of 

concrete strain. According to equation (2.20), this leads to a significant concrete degradation 

than that in deformed bar.  

2.3.3  Cyclic behavior of reinforcing bar 

The Giuffré-Menegotto-Pinto model [21] is employed to represent the hysteretic behavior 

of a rebar under repetitive load as following: 
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(2.36) 
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a
RR , (2.37) 

where H is the strain hardening parameter, R0, and R are the transition parameter between elastic 

and hardening for the first and Nth cycle (R0 =20), 𝜉max is the maximum excursion in plastic 

range, a1 and a2 are the parameters for the change of R with repetitive load history, equal to 

18.5 and 0.00015, respectively. Fig. 2.11 shows the cyclic behavior on the stress-strain 

relationship for reinforcing bar. 

 

Fig. 2.11 Giuffre-Menegotto-Pinto model [21] 
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2.3.2 Smeared reinforcement stiffness matrix 

The used stiffeness matrix of the ith smeared reinforcement is; 
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The angle  is between the global axis x and the ith reinforcement direction, and Es
* is the 

modified elastic modulus of reinforcement. 

The total material stiffness of the reinforced concrete, Dt, is the sum of material stiffness of 

concrete and smeared reinforcement: 





n

i

sict DDD
1

. (2.39) 

where Dc is the concrete stiffness. The summation is over n smeared reinforcing components in 

global directions.  

2.4 FRP and interfacial bond element 

Fiber-reinforced polymer (FRP) have been extensively used for external strengthening of 

RC structures as shown in Fig. 2.12 (a). The effectiveness of this strengthening technique is 

intrinsically dependent on the bond performance between FRP and the concrete surface. Epoxy 

resin adhesive was used to bond these sheets with the bottom surface of RC slab as shown in 

Fig. 2.12 (b). The bond mechanism is considered as a key for transferring the stresses from 

structural elements to the composite material. Therefore, its failure results in deterioration of 

the premature debonding. The mechanical behavior for FRP sheets and interfacial bond element 

will be presented in this section. The components of this composite structures are shown in Fig. 

2.13. 

(a)      (b)  

 

Fig. 2.12 (a) FRP sheets and (b) Epoxy resin adhesive   
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Fig. 2.13 FRP installation 

 

Fig. 2.14 Stress-strain relationship for FRP 

2.4.1 FRP 

A linear elastic constitutive relation is assumed for the FRP composites as shown in Fig. 

2.14. The elastic modulus is assumed to be Efrp. The maximum tensile strength of the FRP is 

much larger than other materials. Therefore, reaching to this limit is assumed to be very difficult. 

According to this, the assumption of linear elastic relation is good enough to simulate FRP 

behavior. Moreover, the authors assumed that there is no strength degradation due to fatigue 

loading. 

2.4.2 Interfacial bond element 

Strengthening two-way slabs by using fiber-reinforced polymer (FRP) under moving load 

is numerically evaluated in Chapter 5 as shown in Fig. 2.15. Adhesive material such as epoxy 

resin was used to bond these sheets with the bottom surface of RC slab. Therefore, the bond 

mechanism between FRP sheets and concrete surface is important to obtain an accurate 

numerical simulation. 

Significant progress has been achieved in the last years in the development of refined 

computational approaches to investigate the debonding mechanism and damage in FRP-

strengthened concrete elements or analysis of full-scale strengthened structures. Numerical  





Max. tensile strength 
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Fig. 2.15 Strengthened RC slab 

 

 

Fig. 2.16 Comparison between springs and 8-node interfacial element approaches 

 

 

Fig. 2.17 Interfacial bond-slip model 
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models usually follow two main approaches. In the first approach, the bond behavior is modeled 

using a horizontal spring elements at all connected nodes between concrete and FRP elements 

as shown in Fig. 2.16. The constative law of these springs represents the interfacial bond-slip 

displacement relation. 

The second approach, adopted in the following, involves a very thin layer of elements 

specially designed for large shear deformation. This layer can be modeled by 8-nodes 

continuous interface element. This type can simulate the vertical and horizontal deformations 

as opening and sliding between composite material. Moreover, this approach is recommended 

for simulating interfaces under large shear deformations. 

According to previous description, 8-node interfacial element approach is suitable in this 

study. The reason is that interfacial bond element subjected to repetitive loading leads to large 

deformations in horizontal direction. Therefore, this approach can be employed for simulating 

interfacial bond in horizontal direction and adhesive material in vertical direction. 

The mechanical behavior of the interfacial bond element is modeled by can be simulated as 

a relationship between the local shear stress, τ, and the relative slip displacement, S, between 

the FRP laminate and the concrete. The area under the τ −S curve represents the interfacial 

fracture energy, Gf, which corresponds to the energy per unit bond area required for complete 

debonding. A bilinear bond-slip relation proposed by Lu et al. [22, 23] is employed in the 

present study as shown in Fig. 2.17. This relationship can be divided to three parts; (1) before 

debonding, continuum, (2) debonding initiation, and (3) complete debonding. 

The maximum bond strength, τmax, the corresponding slip, S0, and the total fracture energy, 

Gf, are governed by the tensile strength of the concrete, ft, and a width ratio parameter, β, as 

follows; 

tf  5.1max , (2.40) 

tfS  0195.00 , (2.41) 

tf fG  2308.0 
, (2.42) 
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(2.43) 

where bf / bc is the ratio of total FRP laminate width, bf, to the total slab width, bc. 

The total fracture energy, Gf, corresponds the area under the τ −S curve. Therefore, the 

maximum slip displacement, Su, can be calculated by the following equation; 

max
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Fig. 2.18 8-ndoe interface element 

 

To simulate the interfacial bond element, 8-node orthotropic element is employed as shown 

in Fig. 2.18. In this element, the upper and bottom faces are connected to slab surface and FRP 

laminate, respectively. Therefore, the vertical displacement in local axis 3 is influenced by the 

normal stress of adhesive material. The horizontal displacement in local axes 2 and 3 are 

influenced by the interfacial bond stress.  

The following assumptions are considered in the numerical analysis. 

 Young’s modulus of adhesive material is used in all directions. 

 Element thickness, t, is assumed as the same as CFRP sheet thickness. 

 Shear modulus, G31 and G23, are enrolled to simulate interfacial bond stiffness, Eb, 

and can be calculated by the following equations. 

t

E

tS
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, (2.45) 

where γ is the shear strain due to relative bond displacement, S. Eb is the ratio of bond stress to 

corresponding slip displacement in continuum stage as shown in Fig. 2.17. 

2.4.3 Interfacial bond behavior under cyclic loading. 

According to previous studies, the material bond strength was obtained from single shear 

or double-shear bond tests by Dai et al. and Yun et al. [24, 25]. In the case of cyclic fatigue 

loading, the average bond stress, τave, versus slip, S, relationships reported by Dai et al. [24] in 

their FRP-to-concrete lap joint tests shows a decreasing of interfacial bond stiffness and an 

increasing of the slip displacement as shown in Fig. 2.19. This relationship is similar to that 

developed by Holmen et al. [26].  

According to these studies, the model by Loo et al. [27] is employed in this study by 

reducing of the interfacial bond stiffness according to the following equation. Fig. 2.20 shows 

the degradation of interfacial bond stiffness due to cyclic loading. 
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Fig. 2. 19 Bond stress versus slip displacement relationships under cyclic loading for 

Specimen S1-3 of Dai et al. [24] 

 

 

 

Fig. 2.20 The degradation of interfacial bond stiffness due to cyclic loading 

 



























 











f

bb NEE )(log10 , (2.46) 

where Eb is the interfacial bond stiffness at cycle N, Eb0 is the interfacial bond stiffness at the 

first cycle; Nf = number of cycles at failure; Δτ is the bond stress range, τf is the bond stress at 

failure, and the constants α, β and γ are parameters to fit the experimental data. For verification, 

this equation are compared with the limited available test data of Dai et al. and Yun et al. [24, 

25]. α, β and γ equal to -190.3, 0.990 and 8,797, respectively. 
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 For simplicity, uniform interfacial bond stiffness, Eb, is used for all bond elements 

according to the biggest average bond stress rang, Δτ. 
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CHAPTER 3 

FATIGUE ANALYSIS OF PLAIN AND REINFORCED CONCRETE 

BEAMS 

3.1 Introduction 

To examine the applicability of the numerical method explained in the previous chapter, 

fatigue analysis of plain and reinforced concrete beams under pulsating and moving load is 

conducted in this chapter. According to previous studies [5, 12, 28], researchers have succeeded 

in providing a good conception of fatigue failure mechanism. But, dealing with the large 

structural elements requires the use of a numerical computational method such as finite element 

method. Therefore, it is the time to improve a well-established numerical method that will be 

used for predicting fatigue behaviors. 

In the present chapter, a proposed numerical method is used to simulate the fatigue 

behaviors of plain and reinforced concrete beams under pulsating and moving load regarding 

distributed cracks, and their bridging stress degradation characteristics. Fatigue life, crack 

propagation characteristics, and failure mechanism of these beam under fixed pulsating and 

moving load will be numerically obtained by this method and will be compared by the 

experimental results. Furthermore, the effect of cyclic, i.e. pulsating and moving loading type 

on the deformation and fatigue behavior is studied. 

3.2 Plain concrete beam 

3-point bending static and fatigue analysis of plain concrete beams are carried out for the 

dimensions of 100 x 100 x 420 mm and the span of 400 mm to compare with experimental 

results by Zhang et al. [11] (Fig. 3.1). For fatigue analysis, these beams are subjected to constant 

amplitude between maximum and minimum load levels. Maximum load level is changed to 

obtain S-N relationship. The concrete properties of these beams are the same as those used in 

the experimental study. The tensile strength, ft, compressive strength, fc, and modulus of 

elasticity, Ec, of used concrete are 5.20 N/mm2, 53.22 N/mm2 and 30000 N/mm2, respectively.  

 

Fig. 3.1 Three-point bending beam (all dimensions in mm) 

 

200 200
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Midspan point
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3.2.1 Static analysis of plain concrete beam 

Fig. 3.2 shows the load-midspan displacement relationships for numerical result and hand 

calculation. This figure shows the almost same initial stiffness. The numerical result shows an 

acceptable agreement with the ultimate load level by Zhang et al. [11]. For hand calculation, a 

short segment of a simply supported rectangular beam is considered width, b, depth, t, and span, 

L, and external load, P, at the middle. Flexural stress, 𝜎, and midspan displacement, 𝛿, are 

calculated according to simple beam theory given by the following equations.  
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Beam theory shows the smallest strength value because it was not taken into the account 

the bridging stress for cracked concrete. 

Fig. 3.3 shows stress and strain distributions along beam section at midspan for different 

loading points (A: pre-peak loading, B: peak loading, and C: post-peak loading). This figure 

shows that the crack tip is gradually extended up with increasing of static loading. The stress 

and strain distribution of the loading point (A) shows a linear relationship and significant 

agreement with the hand calculation. Increasing load to a point (B) leads to an increasing of 

tensile stress and generating the crack that expands from the lower-center of the beam to crack 

tip. While, the crack tip located when the tensile strain is just larger than cracking strain, 휀t, to 

show a bilinear strain and bridging stress distributions along the crack length. According to this 

procedure, for loading point (C), the crack propagation leads to generate of new fracture zone 

that showing larger strain value and smaller bridging stress at its crack mouth. 

As shown in Fig. 3.4, the cracking pattern of the numerical result at maximum load (Point 

B) shows that vertical crack formed in the maximum moment region. 

   

Fig. 3.2 Load-midspan displacement relationships 
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Fig. 3.3 Stress and strain distributions at midspan section 

 

 

Fig. 3.4 Cracking pattern at maximum load (point B) 

 

3.2.2 Fatigue analysis of plain concrete beam 

Fatigue strength is generally defined as a friction of the static strength that can be supported 

repeatedly for a given number of cycles. The beams were tested under different maximum loads. 

Every beam has a constant amplitude fatigue loading between maximum and minimum load 

levels. 

As an example, a specific fatigue loading procedure with maximum load equal to 8.98 kN 

leads to generate a cracked zone at first cycle as shown in Fig. 3.5 (N=1). The bridging formula 

without stress degradation was used in this area. By increasing number of cycles, the fatigue 

crack bridging degradation will occur in the cracked zone because it is subjected to crack 

closing and opening processes. The load capacity cannot reach the maximum load level with 

this already formed cracked area. Therefore, a new cracked area is needed, in order to reach the 

maximum load level as shown in Fig. 3.5 (N=100). The bridging formula with different cycle 

numbers will be used in the old fracture zones (N=2, 3~Ni) and the newly developed fracture 

zone (N=1). This progressive crack propagation proceeds until the final failure occurs as shown 

CL
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in Fig. 3.5 (N=10,000). The explanation of bridging-stress degradation procedure along 

midspan section for different number of cycles under a constant maximum load equaling 8.98 

kN are shown in Fig. 3.6. This figure shows the crack bridging stress tip gradually extended up 

with increasing of number of cycles. Moreover, increasing number of cycles leads to decrease 

the bridging stress in the cracked zone. This leads to the loss of sectional moment balance in 

the end. Hence, its overall stiffness gradually decreases resulting to a fatigue failure. 

By applying this procedure for different maximum load levels, the fatigue life is predictable. 

The numerical result of the relationship between fatigue life and maximum load level compared 

to experimental results of Zhang et al. [11] is shown in Fig. 3.7 Increasing maximum fatigue 

load level leads to a decreasing of the fatigue life. The numerical results show satisfactory 

agreement compared with the experimental results by Zhang et al. [11]. One of the benefits of 

this developed numerical model simulation is that it can capture much more crack in the 

material elements compared with the theoretical proposal of Zhang et al. [11] which considers 

only single crack at midspan. 

 

Fig. 3.5 Cracked elements propagation 

 

 

Fig. 3.6 Stress distributions at midspan of the beam at different number of cycles 
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Fig. 3.7 Relationships of maximum load level and fatigue life for numerical and experimental 

results 

 

3.3 Reinforced concrete beam 

In this section, 3-point and 4-point bending static and fatigue analysis of the RC beams were 

carried out for a beam dimension of 150×300×3000 mm and their span is 2850 mm to compare 

with experimental results of P. J. Heffernan and M. A. Erki [29]. Fig. 3.8 (a) and (b) show the 

tested beam with reinforcement details and the analytical model with boundary conditions and 

dimensions, respectively. The concrete and steel reinforcement properties of these beams are 

the same as those used in the experimental study. The concrete and main reinforcement 

properties used in the analytical model are shown in Table 3.1.  

 Static and fatigue analysis of 4-point bending beams (Fig. 3.8 (a)) have been used to 

verify the proposed numerical method. In order to study the effect of cyclic loading type (fixed 

pulsating and moving loads) on fatigue behavior, the 3-point bending beam analysis are used 

as shown in Fig. 3.8 (b). 

Table 3.1 Material properties [29] 

 Concrete 
Reinforcement 

(Deformed) 

Elasticity (GPa) 27 200 

Poisson's ratio 0.2 0.3 

Strength (MPa) 
32 (Compression) 

512 (Yield) 
3 (Tension) 



30 
 

 

Fig. 3.8 Beam details and numerical model 

 

3.3.1 Static analysis of RC beam 

The experimental results of the 4-point bending beam by P. J. Heffernan and M. A. Erki 

[29] are compared to numerical model results. As shown in Fig. 3.9, load-midspan displacement 

relationships of numerical results (the 3-point and 4-point bending beam) and the experimental 

results almost show the same initial stiffness. The 4-point bending numerical model shows an 

acceptable agreement with the experiment [29], and it continued to resist an increasing load as 

the main reinforcement carried increasing tensile load to yielding of steel. Finally, these beams 

are failed by a bending failure mode. The 3-point bending beam shows a smaller strength value 

than the 4-point bending beam because it causes larger bending moment.  
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Fig. 3.9 Load-midspan displacement relationships for numerical and experimental results 
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3.3.2 Fatigue analysis of RC beam 

The 4-point bending beam was analyzed under a constant amplitude fatigue loading 

between maximum and minimum load level, where maximum and minimum loads are equal to 

80% and 20% of the ultimate static load, respectively. Two same beams were tested by P. J. 

Heffernan and M. A. Erki [29] under the previously fatigue loading scheme to verify the 

numerical method. 

As shown in Fig. 3.10, a fatigue loading procedure with a maximum load equal to 112 kN 

(80% of the ultimate load) leads to generate a cracked zone at the first cycle (N=1). Increasing 

number of cycles leads to a degradation of the cracked elements according to the bridging stress 

degradation concept. This leads to propagate new cracked elements to exceed the maximum 

load level. This progressive cracks propagation would be proceeded until the final failure occurs. 

There are no experimental crack pattern data [29] to compare with the numerical cracked 

element propagation. But, experimental results of midspan displacement evolution can be used 

for verification. 

Fig. 3.11 shows strain and stress distribution along beam section at midspan, from the 

bottom to 200 mm height, at midspan for different cycle numbers. According to the previously 

described fatigue procedure, increasing number of cycles leads to a degradation of concrete 

bridging stress and an increasing of its strain. This observation is significant from cracking tip 

to non-reinforced part. For reinforced part, increasing of strain at crack mouse leads to an 

increasing of the RC stress due to increasing of reinforcing bar force. This numerical method 

assumed that there is no degradation of deformed reinforcing bar due to fatigue loading. 

The numerical and experimental midspan displacement evolution for RC beam under fixed 

pulsating load equaling 80% of ultimate static load is shown in Fig. 3.12. This figure shows a 

slightly increasing of maximum and minimum midspan displacement with increasing of the 

number of cycles, until the midspan displacement began to increase rapidly at the imminent 

failure. One of the reasons is that the reinforcement can propagate small cracks beside the main 

crack in the maximum moment region. For an imminent failure stage, the accelerated reduction 

in stress transfer was attended by further extension of the main crack according to the stress 

distributions in Fig. 3.11. 

3.3.3 Comparison between fixed pulsating and moving load 

Two reinforced concrete beams were analyzed under fixed pulsating and moving load. 

These beams were analyzed to provide a comparison between the fatigue behavior of both RC 

beams subjected to fixed pulsating and moving load. The same steel reinforcement arrangement 

and material properties were used for two previously described beams. The first beam was 

cycled under a fixed pulsating loading at midspan, 3-point bending loading, between a 

minimum, Pmin, and maximum, Pmax, load level equaling 33% and 63% of the ultimate load, 

Pult, which was obtained by the 3-point bending static analysis, respectively. These load 

percentages were adopted based on the safety factors proposed by AASHTO [30] which were 

simulated common service conditions.  

The second beam was subjected to a constant moving load, Pmov, equal to 63% of the 

ultimate load. For each analysis cycle, this moving load was simulated by moving the applied 

load from midspan, point 1, to several points, 2, 3, and 1 again, along the longitudinal direction 

of the beam as shown in Fig. 3.13. In order to provide accurate comparison, this moving path 

was chosen to decrease the shear effect by keeping shear span-to-depth ratio more than 2.58. 
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Fig. 3.10 Propagation of cracked elements due to fixed pulsating load equaling 80% 
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Fig. 3.11 Strain and stress distribution curves along the beam section at midspan (0~200 mm) 
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Fig. 3.12 Midspan displacement evolution of RC beam under fixed pulsating load equaling 

80% 
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Fig. 3.13 Schematic moving load path on numerical model 

The propagation of the cracked elements at a different number of cycles of the RC beam 

under fixed pulsating and that under the moving load is shown in Fig. 3.14, and it is considered 

in comparison. The cracked zone at the first cycle, N=1, of the RC beam under the fixed 

pulsating load case is smaller than that under moving load. The RC beam under fixed pulsating 

shows the cracked area that distributed from the loading point at midspan. On the other hand, 

the RC beam under moving load shows the cracked area that expands all over the tension side 

due to the effect of load movement. Increasing number of cycles leads to an increasing of the 

cracked zone for RC beam under fixed pulsating load and that under moving load. In the case 

of fixed pulsating load, the propagated cracked elements are extended from loading point 

resulting a trapezoidal shape after million cycles. In the case of moving load, the new cracked 

elements are propagated with increasing number of cycles resulting a rectangular shape.  

According to Table 3.2, the percentage of cracked elements volume for RC beam under 

fixed pulsating load is smaller than that under moving load at 1st cycle and million cycles. This 

table shows the average degradation ratio for both beams. This ratio can be defined by the ratio 

of the difference between the cracked elements volume after million cycles and 1st cycle by 

mm3 to the number of cycles. RC beam under fixed pulsating load leads to higher degradation 

ratio than that under moving load.  

The maximum and minimum midspan displacement evolutions of the RC beam under fixed 

pulsating load compared with that under the moving load are shown in Fig. 3.15. According to 

previously described part of the propagation of cracked elements, RC beam under moving load 

shows higher maximum midspan displacement than that under fixed moving load due to its  

Table 3.2 Percentages of cracked element volume and average degradation ratio 

Loading 

type 

The cracked elements 

volume% Average degradation 

ratio (mm3/Cycle) 

1st cycle 106 cycles 

Fixed 

pulsating 
34.17% 48.33% 7.31 

Moving 

load 
45% 53.75% 3.66 

 

2850
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1300
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Fig. 3. 14 Comparison between the propagation of cracked elements for RC beam under fixed 

pulsating load and that under the moving load 
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Fig. 3.15 Maximum and minimum midspan displacement evolution for RC beam under fixed 

pulsating load and that under moving load 
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wide propagation of cracked elements. This wide propagation leads to a significant decreasing 

of the beam stiffness resulting a higher deformation.  The minimum midspan displacement of 

the RC beam under fixed pulsating load and that under the moving load correspond to the 

minimum fatigue load level, Pmin, at midspan and the moving load, Pmov, which locating at 650 

mm from midspan respectively. It is noticed that, the minimum midspan displacement of the 

RC beam under moving load is larger than that under the fixed pulsating load. The reason is 

that the moving load is more than the minimum load level of RC beam under fixed pulsating 

load. Maximum displacement evolution of RC beam under fixed pulsating load shows as 

slightly higher slope than that under moving load due to its higher average degradation ratio as 

shown in Table 3.2. 

In this chapter, the amplitude of the midspan displacement of RC beams is regarded as an 

indicator for the progress of damage. According to the mentioned results, the RC beam under 

moving load shows a larger midspan displacement and wide propagation of cracked elements 

than that under fixed pulsating load. Therefore, RC beam under moving load shows a significant 

damage than that under fixed pulsating load. There is no fatigue failure for both beam during 

one million cycles. But, according to previous results discussions, the fatigue life of RC beam 

under moving load will be predicted to be shorter than that under fixed pulsating load. 

3.4 Deciding a reinforcing model technique 

In this section, RC beam subjected to static loading under 4-points bending was selected for 

verification and deciding analysis techniques of reinforcing bar modeling. This analysis is 

conducted using three techniques of modeling steel reinforcement in finite element models for 

reinforced concrete; the discrete model, the embedded model, and the smeared model [31] to 

compare with experimental data. Fig. 3.16 shows the numerical technique for modeling of 

reinforcement.  

 

Fig. 3. 16 Models for Reinforcement: (a) discrete; (b) embedded; and (c) smeared [31] 
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For the discrete reinforcement model in Fig. 2.16 (a), link bars or beam elements are 

connected to concrete mesh nodes. Therefore, the reinforcement and concrete mesh use the 

same nodes. This leads to assuming a perfect bond between concrete and reinforcement. 

Moreover, the concrete elements are restricted by the location of the reinforcement and bar 

meshing nodes. 

In the embedded model in Fig. 2.16 (b), the reinforcement overcomes the concrete mesh 

restrictions because the stiffens of the reinforcing bar is evaluated separately from the concrete 

elements. This model keeps the displacements of reinforcing bars compatible with the 

surrounding concrete elements. This model leads to increasing of the number of nodes and 

degree of freedom in the composite. Therefore, using this model leads to an increasing of the 

run time and computational cost. 

In Fig. 2.16 (c), the smeared model assumes that the reinforcement is uniformly distributed 

in the concrete element. The reinforcement and concrete will be combined to generate RC 

element according to the reinforcement ratio in concrete element. Therefore, there are no 

generated nodes for reinforcement. This model is suitable for large-scale models and uniformly 

reinforcing bars distributions such as RC slabs and shear walls. 

3.4.1 Analytical model of the tested RC beam 

Buckhouse et al. [32] studied a strengthening RC beam for flexure using external structural 

steel channels. This study included experimental testing of control beam without strengthening. 

This beam can be used for calibration of the different finite element model types. The width 

and height of the tested beams were 254 mm and 457.2 mm, respectively. As shown in Fig. 

2.17, the length of the beam was 4724.4 mm with supports located 76.2 mm from each end of 

the beam allowing a simply supported span of 4572 mm. The main reinforcements used were 

16 mm diameter bars and shear reinforcements included 10 mm bars U-stirrups. The layout of 

the reinforcements is detailed in Fig. 2.17. The properties of steel reinforcements and concrete 

are included in Table 1. 

Anthony et al. [33] studied a flexural behavior of reinforced and prestressed concrete beams 

using finite element analysis. This study included a numerical result which obtaining from 

analysis of the previous experimental beam using ANSYS. A quarter of the beam was analyzed 

due to symmetry. This analysis used a discrete reinforcement model approach. The beam, plates, 

and supports were modeled as volumes. Link8 elements were used to create the flexural and 

shear reinforcement as shown in Fig. 2.18, which illustrates that the rebar shares the same nodes 

at the points that it intersects the shear stirrups and divided nodes of concrete volume. 

Table 3.3 materials properties of tested beam [32] 

 Concrete Reinforcement  

Elasticity (GPa) 27.23 200 

Poisson's ratio 0.2 0.3 

Strength (MPa) 
32.73 (Compression) 

320 (Yield) 
2.73 (Tension) 
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Fig. 3.17 detail for control beam reinforcement (all dimensions in mm) [32] 

(a)   

(b)  

Fig. 3.18 (a) Volumes created in ANSYS; (b) Reinforcement configuration [33]  
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Fig. 3.19 Finite element meshing of a beam in embedded model by ATENA 

 

 

Fig. 3.20 Numerical model using smeared reinforcement approach 

 

In the embedded reinforcement model, ATENA 2D software was used to analyze this beam. 

SBETA was chosen to simulate concrete element. To take advantage of the symmetry of the 

beam and saving processing time, only one half of the model was conducted and the horizontal 

freedom degree of the nodes in the beam medium center line was restricted by applying 

horizontal roller support. In order to reduce some stress concentration due to concentrated loads 

and avoiding a local failure in the elements near the loading point, linear elastic steel plates 

were added at loading and supporting points. The concrete of the beam was meshed as shown 

in Fig. 2.19. 

Fig. 2.20 shows the model of smeared reinforcement with the boundary conditions. The 

reinforcement can be modeled in smeared rebar according to the dimensions of reinforced 

elements and the reinforcement ratio. Smeared rebar may be placed in each element based on a 

reinforcement ratio in any direction desired., MSC Marc-Mentat was employed for mesh 

generation, graphics, and post processing only. 8-Nodes 3D solid elements were utilized for 

reinforced concrete. 254 mm thickness steel plates were used at the supports and load 

application location. A vertical constraint was applied at the bottom of the support plate along 

its center line. Applied load was distributed to central line nodes on the top of the loading plate 

as shown in Fig. 2.20. 

3.4.2 Results and discussions 

This section presents the results of RC beam obtained from the finite element analysis and 

the comparison between the experiment and the analysis. 
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Fig. 3.21 Load-displacement relationships for analyzed beam 

 

Table 3.4 Cracking load and displacement for analyzed beam 

Calculation method Cracking load (kN) 
Displacement 

(mm) 

Experimental [32] 20 1.65 

Hand calculation 22.77 1.34 

Discrete model 

[33] (ANSYS) 
23.2 1.36 

Embedded model 

(ATENA) 
20 1.07 

Smeared model 

(Marc) 
19 1.31 

 

Fig. 3.21 shows the load-displacement relationships for experimental and numerical results. 

Generally, all numerical results show a good agreement with the experiment. This figure shows 

that the best modeling strategy is the discrete reinforcement model (which analyzed by ANSYS). 

The reason is that the smeared model assumes that reinforcement is uniformly spread 

throughout the concrete elements in a defined region of the FE mesh. In RC beams, the 

reinforcing bars are not uniformly distributed in all concrete elements. But, there are two 

advantages in the smeared reinforcement model. First one is decreasing of processing cost due 

to a decreasing of used elements comparing with other models, discrete and embedded 
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reinforcement model. Second one is applicability for modelling bond-slip effect between 

reinforcing bar and its surrounding concrete without modeling additional springs. 

The initial cracking load in the analyzed beam can be defined as that a load causes stress 

just larger than the rupture strength of concrete. In all analyzed beams, the first crack occurs in 

the constant moment region. These cracks are flexural cracks in every analyzed beam. The 

cracking load and corresponding displacement for all results are listed in Table 3.4. The 

cracking load of smeared reinforcement model shows a smaller value than those in the discrete 

and embedded reinforcement models. The reason is that the smeared reinforcement model leads 

to distribute the contribution of the reinforcing bar in the concrete element. This results in a 

faster cracking load. In the case of the smeared reinforcement model, the reinforcing bar 

restricts the concrete deformations and crack opening. Therefore, its cracking load is larger. 

Smeared reinforcement model shows a best agreement for cracking load comparing with the 

experimental results than those in the discrete and embedded reinforcement models. Therefore, 

the smeared reinforcement model successfully simulates the cracking behaviors of the 

reinforced concrete elements. 

3.5 Summary and conclusions 

The fatigue life and fatigue behaviors of the plain and reinforced concrete beam under fixed 

pulsating and moving load can be simulated through this numerical method by knowing the 

relation of bridging stress degradation of concrete. 

Applying fatigue load results in a propagating of the cracked element due to the degradation 

of their bridging stress. This leads to a significant decreasing of beam stiffness and an increasing 

of its deformations. 

RC beam under moving load leads to a higher midspan displacement evolution and wide 

propagation of cracked elements than that under fixed pulsating load due to the effect of load 

movement. 

Increasing number of cycles results in an increasing of strain distribution and decreasing of 

bridging stress distribution at critical section for plain concrete beam. In the case of RC beam, 

increasing or strain distribution leads to an increasing of stress distribution in the reinforced 

zone.  

Generally, RC beam shows a longer fatigue life and wide propagation of cracked elements 

than plain concrete beam. One of the reason is that the participation of bridging stress in 

concrete is very small in the resistance bending moment comparing with the effect of 

reinforcing bars. Moreover, the plain concrete beam under fatigue loading leads to a localized 

crack zone at critical section. 

The numerical results show some agreement with the experimental results for plain and 

reinforced concrete beams.  

This Chapter focused on the flexural fatigue analysis for plain and reinforced concrete. 

Many beams are suffering from the shear failure mode at fatigue failure. Therefore, it is 

recommended to examine the fatigue behaviors of theses beams. This failure mode is mainly 

affected with concrete properties than reinforcing bar. Therefore, considering the bridging 

stress degradation in concrete is very important. 
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For perfect verification, many experimental data are required to compare with the numerical 

results such as cracking pattern, reinforcing bar strain, displacement distribution and S-N 

relationship. 

The discrete reinforcement model shows a good agreement with experimental for RC beams 

than smeared model. The smeared reinforcement model is suitable for uniformly reinforcing 

bars distributions such as RC slabs. Moreover, the smeared reinforcement model can simulate 

the bond-slip effect between reinforcing bar and its surrounding concrete without modeling 

additional springs. 
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CHAPTER 4 

FATIGUE ANALYSIS OF RC SLABS REINFORCED WITH PLAIN 

BARS 

4.1 Introduction 

In Chapter 2, the bridging stress degradation concept is employed in the finite element 

method to predict fatigue behaviors. The modified reinforcing bar stress-strain relation based 

on the bond-slip effect between plain reinforcing bar and its surrounding concrete was proposed 

in this numerical method. The previous chapter extended the validation of this method for the 

case of plain and reinforced concrete beams and it discussed the cracked element propagation 

due to fixed pulsating and moving load.  

The main challenge of this study is prediction of the fatigue behavior of RC slabs reinforced 

with plain bars. According to the previous studies as mentioned in Chapter 1, RC slab under 

moving load leads to a shorter fatigue life and widely cracking pattern than that under fixed 

pulsating load. Therefore, the case of RC slab under moving load is chosen. In order to verify 

the proposed numerical method explained in Chapter 2, the fatigue analysis of the RC slabs 

reinforced with plain bars under a moving load is conducted. 

In this chapter, four RC slabs under moving load and one RC slab under static load are 

analyzed. Slab geometry and materials properties are the same as those used in the experimental 

study by Shakushiro et al. [7]. This study is used to verify the analytical results in static [34] 

and fatigue loading. The analytical producers of fatigue analysis were introduced. Furthermore, 

propagation of cracked elements, fatigue life, slab center displacement evolution and rebar 

strain are shown in this study. The comparison of fatigue behaviors between RC slab reinforced 

with plain bars and that reinforced with deformed bars is also provided. 

4.2 RC slab modeling and analytical procedure 

An RC slab model of smeared crack elements is analyzed using the method explained in the 

chapter 2. The loading pattern and load levels are the same as those used in the experiments [7, 

34]. All slabs were supported by steel I-beams and hinged supports along its longitudinal and 

transverse directions, respectively. The concrete and reinforcement properties of these slabs are 

the same as those used in the experimental study. The details of these tested slabs are shown in 

Table 4.1 [7, 34].  

For static analysis, RC slab is analyzed with dimensions of 2650 × 4000 × 160 mm. A 

distributed load with a size of 120 × 300 mm is applied at 780 mm from the slab center to check 

the punching shear behavior as shown in Fig. 4.1 (a). For fatigue analysis, the dimensions of 

the analyzed slabs are 2650 × 3300 × 160 mm. A moving load was simulated by moving a 

constant load level along the longitudinal direction with a distributed size of 125 × 300 mm as 

shown in Fig. 4.1 (b). This figure shows the upper and lower reinforcing layer arrangement. 

The fatigue analysis was conducted as shown in Fig. 4.2. Firstly, a moving load is applied 

at the center of the slab elements. Then, these elements are unloaded, while other elements, 

adjacent to the right side of the loaded elements, are loaded simultaneously with equal 

increments. In this technique, a constant load is made to move along longitudinal directions. 

Due to the geometrical symmetry at longitudinal direction, only half of the model is analyzed. 

This loading leads to the propagation of cracked elements in the first cycle as shown in Fig. 4.2. 
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(b). By increasing the number of cycles, the constitutive laws of cracked elements are modified 

according to the bridging stress degradation concept. This leads to the loss of tensile stress in 

these cracked elements resulting a stress concentration at crack tip. Therefore, new cracked 

elements are propagated around this stress concentration as shown in Fig. 4.2 (c). According to 

this propagation and the bridging stress degradation of these cracked elements, the overall RC 

slab stiffness decreases with an increasing number of cycles. At different moving load locations, 

the output-cracked elements were stored to be used in updating the numerical model for the 

next cycle step. This procedure is repeated in each cycle until fatigue failure occurs, while the 

numerical results are recorded in each cycle. 

According to this technique, a repetition of moving load leads to the loss of sectional 

moment balance. The fatigue failure occurs when the equilibrium cannot be exceeded with the 

deteriorated cracked elements. Hence, the cracked elements are propagated rapidly resulting a 

significant decreasing of slab stiffness. This leads to an accelerated increasing of slab 

displacement indicating to a fatigue failure. 

4.3 Static analysis results 

To verify the bond effect between a plain reinforcing bar and its surrounding concrete on 

its stress-strain relation, static analysis was conducted on the full-scale RC slab to compare with 

the experimental results in Shakushiro et al. [34] as follows. 

4.3.1 Load-maximum displacement relation due to static loading 

The load-maximum displacement relationship of an RC slab under static load for 

experimental and numerical results is shown in Fig. 4.3. This slab was analyzed with and 

without considering the bond-slip effect. The displacement was measured at the loading point. 

The analyzed RC slab with considering the bond-slip effect shows a good agreement with the 

experimental one. At a load more than 75 kN, RC slab stiffness decreased gradually due to the 

propagation of cracks. After the cracking load, the bond-slip effect of plain bar is significant 

due to a rebar slip displacement in between cracks. Finally, the experimentally and numerically 

static ultimate load of this slab equals to 311 and 309 kN, respectively.  

 

Table 4.1 RC slabs details 

Slab ID 
Loading type 

(kN) 

Concrete properties (MPa) Yield strength of 

Reinforcement (MPa) Strength Stiffness 

S Static 39.9 24300 

235 (Plain) 
P110 Moving (110) 43 25900 

P150 Moving (150) 41.7 25400 

P190 Moving (190) 36.6 26000 

D150 Moving (150) 38.6 23900 345 (Deformed) 
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Fig. 4.1 RC slab geometery and reinforcement arrengment 

 

 

Fig. 4.2 Analytical procudure for fatigue analysis 

 

 

(a) RC slab under static load 

(b) RC slab under moving load 
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4.3.2 Maximum principle tensile strain distribution 

The distribution of maximum principal tensile strain on the bottom of the RC slab at failure 

is shown in Fig. 4.4. This figure presents only half of the slab due to symmetry in longitudinal 

direction. This figure shows the strain concentration under the loading point indicating that the 

cracks are localized at this point. This observation can be considered as an indication of 

punching shear failure. This agrees with the experimental results of the RC slabs under static 

loading. 

4.3.3 Longitudinal and transverse displacement distribution 

At different load levels, the displacements of various points were experimentally measured 

by Shakushiro [34]. The comparison of displacement distributions along the longitudinal and 

transverse directions between the experiment and the numerical model at different applied load 

levels is shown in Fig. 4.5. This comparison represents an acceptable agreement between them. 

As shown in this figure, the maximum displacement of the numerical model is located under 

the loading point. 

4.4 Fatigue analysis results 

Four full scale RC slabs under moving load were analyzed to verify the numerical method. 

The obtained numerical results are compared with the experimental results in Shakushiro et al. 

[7]. 

4.3.1 Propagation of cracked elements 

This numerical method considers the fundamental factor that the propagation and 

degradation of cracked elements are the main causes of fatigue failure. Therefore, it is important 

to describe the propagation of cracked elements. The propagation of cracked elements of the 

RC slabs under a moving load at different numbers of cycles is shown in Fig. 4.6. The one 

fourth of a slab model is shown due to the symmetry in both directions. As shown in this figure, 

uncolored elements point to a non-cracked zone. The cracked zone caused by the first cycle of 

the moving load is indicated in blue, while the cracked zones caused by further cycles are 

indicated by other colored elements. In all slabs, the transverse direction (T.D.) shows the 

propagation of cracked elements that extend from the center of the loading area, whereas the 

longitudinal direction (L.D.) shows the cracked elements that distribute all over the movement 

zone. In other words, the cracked zone in the longitudinal direction is larger than that in the 

transverse direction. The reason is that the movement effect of load was transmitted along the 

longitudinal direction. 

 To explicate the propagation effect of these cracked elements on fatigue life, the size of the 

cracked zone after the first cycle (blue color elements) is considered as an indication of the 

fatigue life of these slabs. For example, the cracked zone at the first cycle of P110 is smaller 

than that of other slabs. Therefore, this slab needs more cycles to propagate additional cracked 

zones until fatigue failure occurs compared with the other slabs. Moreover, cracked elements 

at the first cycle were subjected to crack closing and opening processes more than those at the 

additional cycles. According to the bridging stress degradation equation, these cracked elements 

deteriorated more than the cracked elements at later cycles with an increasing number of cycles. 

Therefore, P190, which shows the largest cracked zone at the first cycle, deteriorated more 

quickly than the other slabs. 
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Fig. 4.5 Displacement distribution for longitudinal and transverse direction 

 

According to the percentages of cracked elements volume in Table 4.2, the propagation of 

the cracked elements observed in D150 and P150 show that D150, which was reinforced with 

deformed bars, resulted in a slightly smaller cracked zone at the first cycle than P150, which 

was reinforced with plain bars. However, this observation is significant at the fatigue failure 

indicating a higher average degradation ratio for P150 than that of D150. The average 

degradation ratio is the ratio of the difference between the cracked elements volume at fatigue 

failure and 1st cycle by mm3 to the fatigue life by cycles. The reason is that the bond effect 

between a plain bar and its surrounding concrete leads to larger slab deformations than that 
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between a deformed bar and its surrounding concrete. This leads to a higher maximum tensile 

strain, 휀tmax, for P150 than that of D150. According to the bridging stress degradation equation, 

the concrete bridging stress of P150 deteriorated more than that of D150 causing a larger 

cracked zone and a smaller fatigue life for P150. Shakushiro et al. [7] used the damaged area 

of the bottom slab surface to evaluate the fatigue failure. However, the cracked elements 

propagation in the thickness direction is consider as a primary factor for fatigue failure. 

Therefore, this study considers the percentage of cracked elements volume as a suitable 

comparison tool for these slabs. 

For all slabs, the cracked elements are vertically propagated with an increasing number of 

cycles. At fatigue failure, the non-cracked zones are located at the top of the slab, until one-

sixth of slab thickness. Therefore, a repetition of moving load leads to a decreasing of a 

compression zone. This approaches to an unequal sectional stress distribution resulting a fatigue 

failure. 

4.3.2 Center displacement evolution 

According to the previous section, the propagation of cracked elements and its degradation 

indicate that the RC slab stiffness decreases and slab center displacement increases as the 

number of cycles increases. The center displacement evolution versus the number of cycles for 

all slabs is compared with the experimental results in Fig. 4.7. The slab under a higher moving 

load level shows a larger slab center displacement than that under a lower moving load level 

due to the initial displacement at first cycle. In addition, at a higher moving load level, the center 

displacement evolution shows a larger slope than that at a lower moving load level. The reason 

is that the slab under a higher moving load level deteriorated more quickly than that at lower 

moving load level according to the average degradation ratio in Table 4.2. According to 

reinforcing bars modeling, the center displacement evolution of RC slab reinforced with 

deformed bars, D150, is smaller than that reinforced with plain bars, P150.  

This figure shows the comparison of center displacement evolutions between the 

experimental and analytical results at different moving load levels. It reveals similar values for 

fatigue life and center displacement, indicating an acceptable agreement between them. 

4.3.3 Fatigue life and S-N relationship 

The fatigue life of RC slabs is described as a relationship between fatigue load ratio and the 

number of cycles to failure. The ratio of an applied moving load to the ultimate static load is 

considered as the fatigue load ratio, S. The S-N relationship of RC slabs under a moving load 

is plotted with the experimental results for verification as shown in Fig. 4.8. It suggests a good 

agreement between the analytical results of RC slabs and the fatigue life of those slabs from the 

experiment. Due to the propagation of cracked elements, the RC slab subjected to a higher 

fatigue load ratio shows a shorter fatigue life than that at a lower fatigue load ratio. The fatigue 

life of theses slabs is listed in Table 4.3.  

4.3.4 Cracking patterns 

To examine the crack locations in the numerical model, the cracking pattern on bottom 

surface of RC slabs under a moving load at fatigue failure is compared with the experimental 

results as shown in Fig. 4.9. For all slabs, the main crack started at its center, the first location 

of the moving load, thereafter extending to the supporting corners. As the load began to move, 

diagonal cracks formed between the locations of the moving load in the longitudinal direction  
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Fig. 4.6 Propagation of cracked elements 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4.7 Center displacement evolutions  
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Table 4.2 The percentage of the cracked elements volume 

Slab ID 

The cracked elements 

volume% Average degradation 

ratio (mm3/Cycle) 

1st cycle Failure 

P110 12% 40.8% 91 

P150 33.4% 59.1% 7070 

P190 57.2% 68.6% 23456 

D150 32.6% 51% 2575 

 

Table 4.3 Fatigue life of RC slabs 

Slab ID 

Fatigue life (Cycles) 

Numerical Experimental [7] 

P110 2,200,000 2,160,000 

P150 25,500 29,350 

P190 3,400 3,400 

D150 50,000 48,916 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4.8 S-N relationships for RC slabs reinforced with plain bars 
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and the supporting corner, making the first crack set. At the same time, other cracks formed 

perpendicular to the existing cracks as the second and third crack sets, surrounding the moving 

load zone to create an ellipse shape. An increase in the number of cycles resulted in much more 

extensive cracking. 

As shown in Fig. 4.9, the effect of increasing the moving load level on the cracking pattern 

appears to be wide-ranging. The cracking pattern at fatigue failure contains an initial damage 

at the first cycle and accumulated damage by moving loading. The initial damage at the first 

cycle is influenced by moving load value. Moreover, applying higher moving load level leads 

to an increasing of maximum tensile strain, 휀tmax, in the bridging stress degradation equation. 

By increasing number of cycles, this leads to a significant bridging stress degradation and an 

increasing in degradation ratio as shown in Table 4.2 resulting a wide-ranging in cracking 

pattern. An observation of the cracking patterns for P150 and D150 shows that the RC slab 

reinforced with plain bars suffered more broad-distribution cracking than that reinforced with 

deformed bars. The reason is that the bond effect between a plain bar and its surrounding 

concrete leads to a greater principal strain than that reinforced with deformed bars. However, 

the experimental cracking pattern for the RC slab reinforced with deformed bars shows an 

extensive cracking than that reinforced with plain bars. The reason is that the crack spacing of 

the RC slab reinforced with deformed bars is smaller than that reinforced with plain bars due 

to its shorter bond-deterioration length. On the other hand, the numerical crack spacing is 

controlled by the element size. Therefore, this observation cannot be detected in the numerical 

results. All cracking patterns and cracked elements distribution in the transverse direction 

suggest that these slabs failed with the punching shear mode around the moving area. This 

failure mode can be observed in the experiments. According to this observation, numerical 

cracking patterns show a good agreement with the experiments. 

4.3.5 Fatigue failure mechanism 

To demonstrate the fatigue failure mechanism, the maximum principal strain distribution on 

bottom surface and inner cracking pattern at fatigue failure in transverse direction are shown in 

Fig. 4.10. The reason of choosing transverse direction is that the strain concentration can be 

clearly observed in this direction than that in longitudinal direction due to the effect of moving 

load direction. In this figure, the maximum principal strain can be considered as an indication 

of the crack opening. For all slabs, a repetition of moving load leads to an increase of tensile 

strain. This increasing is significant at the punching zone as shown in Fig. 4.10. The punching 

zone on bottom surface is assumed to be as a linear extension of loading zone with a slope 

equaling 45º. In other words, applying moving load leads to a significant increasing of crack 

opening in this zone. Therefore, the cracks are localized in the punching zone at fatigue failure. 

Moreover, the inner cracking pattern shows that the orientation of the distributed cracks in this 

zone almost equals to 45º. According to these observations, all slabs are failed as a punching 

shear failure. This agrees with the experimental results of the RC slabs under moving loading 

in Shakushiro et al. [7]. There are two reasons for strain concentration in the punching zone at 

fatigue failure. Firstly, the maximum tensile strain, 휀tmax, for the cracked elements in this zone 

at 1st cycle is larger than that in other elements. Secondly, the cracked elements in this zone 

suffered from a larger number of crack opening and closing process than other cracked elements. 

According to the bridging stress degradation equation, these two factors lead to a significant 

concrete bridging degradation in this zone. 
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Fig. 4.9 Cracking patterns on bottom surface for analytical and experimental RC slabs at 

fatigue failure 
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4.3.6 Reinforcing bar strain 

It is important to examine the behavior of plain bars under a moving load. To evaluate this 

numerical method, the strain evolutions of longitudinal and transverse lower rebar at slab center 

are compared with the experimental evolutions in Fig. 4.11. In all slabs, increasing number of 

cycles leads to an increasing of a rebar strain relatively. The reason is that the degradation of 

bridging stress of cracked elements with increasing number of cycles leads to an increasing of 

RC elements strain as shown in the bridging stress degradation equation. This numerical 

procedure simulates the cracks opening due to a repetitive of the moving load. This increasing 

of rebar strain is significantly observed in the RC slab under a higher moving load level due to 

its rapid propagation of the cracked elements comparing with that under a lower moving load 

level. For P150 and P190, the reduction in rebar stiffness in the plastic range, characterized by 

pinched hysteretic loops, occurred with an increasing number of cycles based on the transition 

parameter, R, according to the equations (2.36) and (2.37). This process leads to an additional 

increasing of rebar strain accordingly. Therefore, the transverse rebar strain of these slabs rises 

to the yield strain at the fatigue failure. According to the reinforcing bars arrangement and slab 

geometry in Fig. 4.1 (b), the reinforcement ratio in transverse direction (shorter length) is larger 

than that in longitudinal direction. Therefore, the load is distributed more along the transverse 

direction than in the longitudinal direction due to a higher stiffness in the transverse direction. 

This leads to an increasing of the rebar strain in the transverse direction than that in the 

longitudinal direction at the same number of cycles. 

For RC slabs reinforced with plain bars, the rebar strain is calculated by the multiplying 

numerical strain by the explicit, 휀y, to effective, 휀y
*, yield strain ratio as shown in Fig. 2.11. This 

reduction of the rebar strain simulates the slipping action between the plain bar and its 

surrounding concrete. According to the assumptions of rebar modeling in chapter 2, the explicit, 

휀y, and effective, 휀y
*, yield strain of deformed bar are with the similar value. Therefore, there is 

no reduction of the deformed bar strain. This explanation proves the increasing of rebar strain 

of RC slab reinforced with deformed bars, D150, than that reinforced with plain bars, P150, at 

first cycle, even though these slabs show insignificant difference in their center displacement 

at first cycle. By increasing the number of cycles, P150 shows a quick increasing of its rebar 

strain than D150 in the longitudinal and transverse directions. The reason is that the cracked 

elements of P150 are rapidly propagated than D150 with an increasing number of cycles as 

shown in Table 4.2. 

For P110 and D150, the numerical results show an agreement with the experimental ones. 

For other slabs, there is a difference between the numerical and experimental results. Numerical 

rebar strain increases with an increasing number of cycles. However, experimental rebar strain 

decreases with an increasing of number of cycles. The possible reason is that the experimental 

measurement of a rebar strain is influenced by crack locations. Moreover, at a higher fatigue 

load level, the widening of the main crack causes the shrinkage in the other cracks. This leads 

to the decreasing of rebar strain in the experiments. 

Fig. 4.12 shows the comparison of longitudinal and transverse sectional strain distributions 

with the experimental distributions for P110, P150, P190 and D150 at a selected number of 

cycles, N, to the number of cycles to fatigue failure, Nf, giving the ratio 0.946, 0.985, 0.97 and 

0.991, respectively. These ratios are chosen to avoid the overestimated strain values in the 

fatigue failure. This comparison shows a difference between the numerical and experimental 

strain distribution for P150 and P190. Other slabs shows some agreements for numerical results. 

The transverse direction shows a larger strain distribution than that in the longitudinal direction. 

In the longitudinal and transverse directions, the strain distribution of RC slab reinforced with 
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plain bars, P150, is a larger than that reinforced with deformed bars, D150, because this slab is 

degraded rapidly until the fatigue failure. 

 

 

 

 

 

Fig. 4.10 Maximum principal strain distribution on bottom surface and inner cracking pattern 

at fatigue failure in transverse direction for RC slabs under moving load 
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Fig. 4.11 Lower rebar strain evolution at the slab center 

 

 

 

 

 

 

 

 

 

Fig. 4.12 Strain distribution at slab center  
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4.5 Summary and conclusions 

This chapter showed a numerical analysis of RC slabs reinforced with plain bars under static 

and moving load to verify the proposed numerical method and predict the fatigue behaviors of 

these slabs. 

 For static analysis, RC slab reinforced with plain bars was analyzed to compare its 

numerical results with the experimental results by Shakushiro [34]. The modified reinforcing 

bar model according to the bond-slip effect between plain reinforcing bar and its surrounding 

concrete was incorporated in this numerical method. This effect can be briefly accounted for 

by adding equivalent bond strain to plain bar strain in smeared reinforced concrete elements. 

The numerical results confirm that this effect leads to decrease the overall slab stiffens and 

increase its deformations. This observation is noticeable after the beginning of the cracking 

load. This proposed method presented an excellent agreement between the numerical and 

experimental results for the longitudinal and transverse displacement distributions and the load-

maximum displacement relation. 

For fatigue analysis, a numerical method based on the concrete bridging stress degradation 

concept was employed to cause the propagation of the cracked elements during increasing the 

number of cycles. Three RC slabs reinforced with plain bars were analyzed with the modified 

numerical method based on the bond-slip effect between plain reinforcing bar and its 

surrounding concrete under different moving load levels. One RC slab reinforced with 

deformed bars was analyzed with the prefect bond assumption between the reinforcing bar and 

its surrounding concrete. These slabs were compared with the experimental results of 

Shakushiro et al. [7] to verify this method. 

According to the basis of this method, the propagation of cracked elements due to its 

bridging stress degradation is considered as the primary cause of fatigue failure. By increasing 

the number of cycles, the bridging stress degradation of these cracked elements leads to a 

decrease in slab stiffness and an increase in slab deformations. This degradation is significant 

in the punching zone indicating to a crack localization in this zone. This reveals that all analyzed 

RC slabs are failed with the punching shear mode.  

Applying higher moving load level leads to a larger cracked zone and a higher degradation 

ratio. This results in a higher slab deformation and a shorter fatigue life. 

The longitudinal and transverse reinforcing bar strain evolutions at slab center show that 

RC slab under higher moving load level leads to a higher strain with a higher curve slope due 

to its higher degradation ratio. There is a difference between these results and experimental 

ones. The possible reason is that the experimental measurement of reinforcing bar strain may 

be influenced by the location of the surrounded cracks. 

To study the bond-slip effect of plain reinforcing bar and its surrounding concrete on the 

fatigue behaviors, the numerical comparison between RC slabs reinforced with plain and 

deformed bars was conducted in this chapter. RC slab reinforced with plain bars showed a 

higher average degradation ratio than that reinforced with deformed bars resulting a higher 

center displacement with a higher curve slope by increasing number of cycles. The proposed 

model of the bond-slip effect between plain reinforcing bar and its surrounding concrete leads 

to a significant increasing of cracks opening at the punching zone. This results in shorter fatigue 

life and higher strain for longitudinal and transverse reinforcing bar at slab center. 



56 
 

This numerical method was verified in this chapter by using the experimental results. The 

numerical results reveal and confirm a good agreement between the numerical analysis and the 

experimental results. 

For RC slab reinforced with deformed bars, the bond between a deformed bar and its 

surrounding concrete is assumed to be perfect. Moreover, its bond degradation due to a 

repetitive loading is not considered. This leads to a smaller rebar strain evolution than the 

experimental one. Therefore, it is strongly recommended to consider the bond-slip effect and 

its degradation in the fatigue analysis. The modified steel bar model by Dehestani and Mousavi 

[17] can be used to simulate the bond-slip effect by adding an equivalent bond strain to 

reinforcing bar stress-strain relationship. For fatigue analysis, the increasing of slip 

displacement due to a repetitive loading can be calculated by the expressed function of the 

initial slip and number of cycles in Oh and Kim [35]. 

For RC slabs reinforced with plain bars, the bond-slip degradation effect between the 

reinforcing bar and its surrounding concrete is ignored in this method. Even though the 

reduction of rebar stiffness due to the bond-slip effect is considered as the major effect on the 

RC element behaviors at first cycle, the bond-slip degradation effect is required to obtain an 

accurate fatigue behavior. To simulate this degradation, the crack bridging degradation model 

for smooth fiber reinforced concrete by Zhang et al. [12] can be employed in the case of plain 

reinforcing bar. By using the material properties of used plain bar, the bond degradation 

equation can be integrated in this numerical method.  
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CHAPTER 5 

FATIGUE ANALYSIS OF STRENGTHENED RC SLABS WITH FRP 

SHEETS 

5.1 Introduction 

RC slabs is considered as one of the most common structural systems. However, one of the 

major drawbacks of this system is its critical resistance to punching shear. In RC bridge, a slab 

is subjected to repetitive cyclic loading due to heavy traffic. Therefore, to increase their 

punching shear capacity and extended their fatigue life, a suitable strengthening technique is 

required such as externally bonded FRP sheets. Numerical simulation of FRP strengthening is 

a useful tool to predict its improvement. 

This chapter presents a proposed numerical method based on bridging stress degradation 

concept to analyze three full scale RC slabs reinforced with plain bars under moving load. two 

of them are strengthened with externally bonded FRP sheets in longitudinal and transverse 

directions on the slab bottom surface. This numerical method considers the bond-slip effect 

between plain reinforcing bar and its surrounding concrete. For accurate numerical results, the 

interfacial bond behavior between FRP sheet and concrete surface with its degradation due to 

fatigue loading is also implemented. The propagation of cracked elements is used for updating 

the numerical model in further cycles until failure according to bridging stress degradation and 

the degradation of interfacial bond element. 

The propagation of cracked elements, center displacement evolution, cracking pattern and 

FRP strain will be provided in this chapter. The verification of numerical results will be 

conducted using the experimental results. 

5.2 Geometry and numerical model 

Three slabs (S0, S330, S450) reinforced with plain bars are analyzed under repetitive 

moving load using the proposed numerical results. These slabs were simply supported over the 

transverse direction. In the longitudinal direction, these slabs were supported by two steel I-

beam to simulate an elastic reaction behavior. Fig. 5.1 shows slab geometry and reinforcement 

arrangement. 

Slabs S330 and S450 are strengthened with externally bonded FRP sheets in longitudinal 

and transverse directions. The FRP sheets of two different spaces were externally bonded to the 

tension face of the slab in two perpendicular directions, parallel to the internal tension 

reinforcement. The details of the analyzed slabs are listed in Table 5.1. Fig. 5.2 shows the 

numerical model of strengthened RC slabs. 

The loading pattern and load levels are the same as those used in the experiments by 

Mitamura et al. [8]. Concrete was made using Hiroshi Portland cement, fine aggregate (5mm 

or less) and coarse aggregate (up to 20 mm). SR365 round steel was used for reinforcing the 

RC slabs. For FRP sheets, carbon FRP with width of 100 mm and thickness of 1.2 mm were 

used for strengthening. Epoxy resin adhesive was used to bond these sheets with the bottom 

surface of RC slab. Table 5.2 shows the materials properties for concrete, reinforcing bar, FRP 

and adhesive material. 

  



58 
 

 

 

 
 

Fig. 5.1 RC slab geometry, upper and lower reinforcing bars arrangement (all dimensions in 

mm) 

 

 

 

Table 5.1 Details of analyzed RC slabs 

ID 

Slab 

dimensions 

(mm) 

FRP sheets 

Width (mm) 
Thickness 

(mm) 

Longitudinal 

spacing 

(mm) 

Transverse 

spacing 

(mm) 

S0 
3300 × 2650 

× 160 

Without strengthening  

S330 100 1.2 330 330 

S450 100 1.2 450 400 
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Fig. 5.2 FRP configuration (dimensions in mm) 

 

 

Table 5.2 Materials properties [8] 

Material 
Young’s 

modulus (GPa) 
Poisson’s ratio 

Strength (MPa) 

Tension Compression 

Concrete 26.133 0.2 3.3 45.26 

Reinforcing 

steel bar 
187 0.3 235 (Yield) 

FRP 171 0.3 3320 (Tensile) 

Adhesive 2.66 0.3 35 56 
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The measurements contain the applied load magnitude, displacement of the slab at slab 

center, and strain in the reinforcing bars and FRP sheets. The strain in the carbon FRP sheets 

was measured by strain gauges attached at midwidth of the sheets. 

All slabs are analyzed under a moving load by two parallel wheels. This loading was 

simulated by moving a constant load level along the longitudinal direction as shown in Fig. 5.1. 

This load level is constant at every cycle and is applied as a surface load with contact area 

dimensions of 190 × 400 mm. The applied moving load starts at the center of slab elements 

following the moving path as shown in Fig. 5.3. The loading technique is the same as that in 

Chapter 4. After 100,000 cycles, the moving load level increases according to Table 5.3. The 

loading pattern for all slabs is shown in Fig. 5.4. 

For fatigue analysis, the cracked elements were propagated with increasing number of 

cycles due to the degradation of their bridging stress as mentioned in the previous chapter, 

Chapter 4. At different moving load locations, the output-cracked elements were stored to be 

used in updating the numerical model for the next cycle step. Moreover, the output-cracked 

elements were updated before and after increasing the moving load level. 

In other hand, RC slab without FRP strengthening, S0, and strengthened RC slab, S450, 

were analyzed under static loading to check the improvement of FRP strengthening on the 

ultimate static loading capacity. Static load was located at the center of the slab. A half of slab 

model was analyzed due to its symmetry in the longitudinal direction. The applied load was 

distributed on the area with dimensions of 200 x 190 mm. strengthened RC slab, S450, was 

analyzed considering two cases to evaluate a simplified isotropic material approach for FRP 

sheets as shown in Fig. 5.5. For first case, FRP elements was modeled as an isotropic material 

with linear stress-strain relationship. For second case, Orthotropic was used to define FRP 

sheets. In this case, Young’s modulus of FRP and adhesive material were used for sheet-length 

and sheet-width directions as shown in Fig. 5.5 (b). 

 

 

 

Fig. 5.3 Moving load path 
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Fig. 5.4 Moving load pattern 

 

 

Table 5.3 Applied moving load for all analyzed slabs 

Moving load  

(kN) 

Number of cycles (Cycles) 

S0 and S330 S450 

120 100,000 100,000 

130 200,000 200,000 

150 300,000 300,000 

170 400,000 580,000 

200 780,000 930,000 
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Fig. 5.5 (a) Strengthened RC slab (b) Isotropic and Orthotropic approaches 

 

5.3 Static analysis results 

Fig. 5.6 shows the load-center displacement relation for RC slab without strengthening, S0, 

and strengthened RC slab, S450. RC slab without strengthening shows a larger center 

displacement than that in the strengthened slab. Strengthened RC slab, S450, shows a 

significant improvement in slab strength and stiffens than that without strengthening, S0. The 

reason is that the FRP sheets works as an additional reinforcement to increase slab stiffens 

resulting a small deformation. 

The improvement of FRP strengthening in strengthened RC slab, S450, is significant after 

cracking load due to restricting cracks opening by FRP sheets. For strengthened RC slab, the 

load-center displacement for isotropic and orthotropic approaches are shown in Fig. 5.6. 

Strengthened RC slab considered isotropic approach shows a slight higher stiffness than that 

considered orthotropic approach due to the effect of its higher stiffness in the width direction 

of FRP sheets. 

Finally, according to the comparison between for isotropic and orthotropic approaches, 

modeling FRP sheets with isotropic approach is acceptable as a simplified method in the 

numerical analysis. 

(a) 

(b) 
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Fig. 5.6 Load-center displacement curves 

 

5.4 Fatigue analysis results 

This section presents the numerical fatigue results of al analyzed RC slabs, S0, S330 and 

S450. The following numerical results shows the propagation of cracked elements, center 

displacement evolution, cracking pattern, FRP strain and an explanation of fatigue failure 

mechanism. 

5.4.1 Propagation of cracked elements 

Fig. 5.7 shows the propagation of cracked elements of the RC slabs under a moving load at 

different numbers of cycles. This figure shows the one fourth of a slab model is shown due to 

the geometrical symmetry in both directions. The cracked zone caused by first cycle is indicated 

by blue. The cracked zones caused by further cycles are indicated by other colored elements. 

In the transverse direction (T.D.), the propagation of cracked elements is extended from the 

center of the loading area. For the longitudinal direction (L.D.), the cracked elements are 

distributed over the movement zone due to the movement effect of the applied load along the 

longitudinal direction. 

To explain the effect of the FRP strengthening on the propagation of the cracked elements, 

the size of the cracked elements is observed in Fig. 5.7. At first cycle, strengthened RC slabs 

S330 and S450 show a smaller cracked zone than that in RC slab without strengthening, S0. 

Moreover, the thickness of the cracked zone of strengthened RC slabs is smaller than that in 

RC slab without strengthening. By increasing number of cycles, the cracked elements are 

propagated due to the bridging stress degradation.  

Strengthened RC slab with larger sheets space, S450, shows a localized cracking 

propagation at strengthening zone. For strengthened RC slab with short sheets spaces, intensive 

FRP strengthening leads to a uniformly propagation of the cracked elements. The reason is that 

the concrete strain is effected by close FRP sheet strain. 
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Table 5.4 shows the percentages of cracked elements volume. RC slabs without 

strengthening, S0, shows a smaller percentage than other slabs at first cycles. These percentages 

are increased with increasing number of cycles. At fatigue failure, the percentages of cracked 

elements volume for all slabs are almost same. 

The average degradation ratio can be defined as the ratio of the difference between the 

cracked elements volume at fatigue failure and first cycle by mm3 to the fatigue life by cycles. 

The average degradation ratios for all analyzed slabs are listed in Table 5.4. RC slab without 

FRP strengthening shows a higher degradation ratio than those in strengthened RC slabs. The 

reason is that the FRP strengthening leads to restrict the crack opening resulting a decreasing 

of concrete tensile strain. According to equation (2.20), this leads to a significant decreasing of 

the bridging stress degradation. 

5.4.2 Center displacement evolution 

Fig. 5.8 shows the center displacement evolution versus the number of cycles for all slabs 

compared with the experimental results. According to propagation of cracked elements and its 

degradation, increasing number of cycles leads to a decreasing of slab stiffness and an 

increasing of its deformation. Therefore, center displacement is increased by increasing number 

of cycles.  

Increasing moving load level leads to a significant increasing of concrete and rebar strain. 

This leads to a sharp increasing of center displacement at these load increases.  

RC slabs without FRP strengthening, S0, shows a higher center displacement than those in 

the strengthened slabs, S330 and S450. The reason is that FRP strengthening leads to restrict 

the crack opening resulting a significant decreasing of slab strain and its deformations. 

Moreover, the center displacement evolution of RC slab without FRP strengthening, S0, shows 

a higher slope than those in strengthened RC slabs, S330 and S450. The main reason is that RC 

slab without FRP strengthening shows a higher degradation ratio than those in strengthened RC 

slabs as shown in Table 5.4. 

For RC slab without FRP strengthening, the center displacement evaluations for first part, 

from 1 to 100,000 cycles, and last part, from 300,000 to 400,000 cycles, show a higher slope 

than other parts. The reason can be explained by the bridging stress degradation equations (2.20). 

For the first part, the difference between logarithmic 100,000 and logarithmic 1 is larger than 

other parts. Therefore, the bridging stress degradation of this part is larger than other parts. For 

last part, the tensile strain, εtmax, rapidly increases before fatigue failure due to a significant 

increasing of major crack opening. According to the bridging stress degradation equations 

(2.20), this leads to a decreasing of concrete tensile strength resulting a decreasing of slab 

stiffness. 

This figure shows a good agreement between the experimental and numerical results for 

RC slab without FRP strengthening, S0. For strengthened RC slabs, there is an acceptable 

agreement between the experimental and numerical results at lower number of cycles. The 

difference between experimental and numerical results is significant at higher number of cycles. 

The reason can be explained as the following. The degradation of interfacial bond stiffness, Eb, 

according to equation (2.46) is assumed as a uniformly degradation for all interfacial bond 

elements according to the maximum bond stress rang, Δτ. This leads to an increasing of the 

concrete strain at bottom surface resulting a larger displacement. This assumption not results 

an accurate displacement evolution. But, it is acceptable for predicating a fatigue life.  
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Fig. 5.7 Propagation of cracked elements for analyzed slabs 
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Table 5.4 The percentages of cracked elements volumes of analyzed slabs 

Slab ID 

Cracked elements volume % Average 

degradation 

ratio (mm3 N = 1 N = 400,000 N = 900,000 

S0 22% 49.1% 
 

 
9479.6 

S450 8.33% 32.21% 41.6% 458.7 

S330 10.7% 33.6% 50.5% 618.8 
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Fig. 5.8 Center displacement evolutions 

 

The reason is that the fatigue life is mainly effected by the behavior of the major crack. In most 

cases, a maximum degradation of interfacial bond stiffness locates at the major crack. moreover, 

the predicting of fatigue life according to this assumption is expected to be slight shorter fatigue 

life. 
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5.4.3 Cracking pattern and strain distribution at fatigue failure 

The cracking pattern on bottom surface of RC slabs without strengthening, S0, under a 

moving load at fatigue failure is compared with the experimental results as shown in Fig.5.9 

(a). This figure shows a half slab of experimental cracking pattern in the left side. In the right 

side, the numerical cracking pattern for first and second crack sets are shown respectively in 

the upper and lower slab quarter due to its geometrical symmetry in the longitudinal and 

transverse directions.  

The major crack started at slab center, thereafter extending to the supporting corners. When 

the applied load starts to move in longitudinal direction, other diagonal cracks propagated 

between the moving load locations and the supporting corner. Hence, second crack sets are 

propagated perpendicularly to the existing cracks. Increasing number of cycles leads to cracks 

propagation and increasing of existing cracks opening due to bridging stress degradation of 

cracked concrete according to equation (2.20). 

According to Fig. 5.8 (a), the ordination of numerical cracking pattern shows a similar angle 

to that in the experimental one. Therefore, there is an acceptable agreement between numerical 

and experimental results. 

To examine the crack opening in the numerical model, the maximum principal strain 

distribution at fatigue failure on bottom surface of RC slab S0 is shown in Fig. 5.9 (b). This 

figure shows only a half slab due to the symmetry in longitudinal direction. The maximum 

principal strain can be used as an indication for cracking width. 

According to Fig. 5.9 (b), the higher principal strain locates at the center of slab. This strain 

gradually decreases with closing to surrounding supports. According to experimental cracking 

pattern in Fig. 5.9 (a), the larger cracking width locates at the major cracking which indicated 

by red line. This observation agrees with the numerical result of maximum principal strain 

distribution in Fig. 5.9 (b). 

According to previous explanation, applying moving load leads to propagate diagonal 

cracks. Increasing number of cycles results in an increasing of cracking width for major cracks. 

These major cracks are expected to be a primary reason of fatigue failure. 

Fig. 5.10 shows the numerical and experimental cracking pattern for strengthened RC slabs, 

S450, at fatigue failure due to moving load. In the experimental results, the cracks are widely 

distributed than that without strengthening, S0. This observation is founded in the numerical 

cracking pattern which shows a widely cracked zone. The reason is that the fatigue life of 

strengthened RC slab, S450, is longer than that without strengthening, S0. This leads to 

propagates more cracks due to the effect of bridging stress degradation under higher number of 

cycles. Moreover, adding FRP sheets leads to increase the surrounding concrete strain due to 

its higher tensile strength. The cracks orientation and cracked zones are similar to that in 

experimental results. Therefore, there is an acceptable agreement between numerical and 

experimental cracking pattern. 

In Fig. 5.10, the black colored area indicates to the debonding zone between FRP sheets 

and concrete surface. This figure shows that the debonding zones between the FRP sheets and 

concrete surface are effected with the location of the corresponded major cracks. The reason is 

that the cracking width of the major cracks is larger than that in other cracks. This results a 

separation in adhesive material due to its lower shear strength. 
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(a)  

(b)   

Fig. 5.9 (a) Numerical and experimental [8] cracking pattern (b) maximum principal strain 

distribution at fatigue failure for RC slab S0 

          Crack width more than 1 mm 

L.D.   Longitudinal direction 

T.D.   Transverse direction  
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The maximum principal strain distribution on bottom surface of strengthened RC slab, S450, 

at fatigue failure is shown in Fig. 5.11 (a). The higher concrete strain locates at the major crack 

indicating a higher cracking width in this zone. Concrete strain distribution of strengthened RC 

slab, S450, is smaller than that in RC slab without strengthening, S0. The reason is that the FRP 

sheets works as an additional reinforcement. This leads to decrease the strain and stress of 

reinforced concrete elements. In other words, FRP strengthening leads decrease the major crack 

opening or maximum tensile strain. According to equation (2.20), the decreasing of tensile 

strain of concrete leads to a decreasing of its bridging stress degradation. Therefore, FRP 

strengthening extend the RC slab fatigue life. 

The shear strain distribution for interfacial bond elements at fatigue failure is shown in Fig. 

5.11 (b). Interfacial bond elements simulate the sliding behavior of adhesive material between 

the concrete surface and FRP sheets. According to the proprieties of interfacial bond element 

in Chapter 2, the initial debonding corresponds the shear strain equaling to 0.005. 

In Fig. 5.11 (b), there is no observed debonding zone in the numerical result of shear strain 

distribution of strengthened RC slab, S450. This observation is different than that in the 

experimental one. The possible reason is that the debonding is mainly effected by the cracking 

behavior. The smeared cracks element approach is used in this study to simulate the concrete 

behavior under tension. This approach assumes that the cracking width displacement will be 

uniformly distributed in the concrete element. Therefore, the maximum concrete strain of 

numerical result is smaller than that in the experimental one. This leads to decrease the 

possibility of interfacial debonding. 

 

Fig. 5.10 Numerical and experimental [8] cracking pattern at fatigue failure  for S450 
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(a)   (b)  

Fig. 5.11 (a) maximum principal strain distribution (b) Shear strain distribution for interfacial 

bond elements at fatigue failure for S450 

 

The shear strain distribution of interracial bond elements in Fig. 5.11 (b) can be used as an 

indication of the debonding location between the concrete surface and FRP sheets. This figure 

shows that the higher shear strain is localized at the corresponded zone between FRP sheets and 

the major cracks. This observation agrees with the location of debonding zone in the 

experimental one in Fig. 5.10. 

Fig. 5.12 shows numerical and experimental cracking pattern for strengthened RC slab, 

S330, with extensive FRP sheets at fatigue failure. The orientation of numerical cracking 

pattern is almost similar to the experimental one indicating an acceptable agreement. This figure 

shows an extensive cracking pattern with wide distribution. The reason is that the concrete 

strain is influenced by the surrounding FRP sheet strain. Therefore, strengthened RC slab with 

small-spacing FRP sheets shows a widely distribution of cracking pattern than that with larg-

spacing FRP sheets due to its extensive-FRP-sheets strengthening. This observation can be also 

shown in numerical results for both slabs (S450 and S330). 

For the cracking pattern of numerical and experimental strengthened RC slabs, the 

orientation of the distributed cracks is redirected at strengthened zones to be nearly 

perpendicular to the direction of FRP sheets. The reason is that the higher strain of FRP sheets 

leads to increase the horizontal component of concrete strain, which parallel to FRP sheets. This 

leads to redirect the principal stain direction resulting a changing orientation of crack 

orientation. 

Fig. 5.13 (a) shows the principal strain distribution for strengthened RC slab, S330, of 

bottom concrete surface at fatigue failure. This figure shows that the higher strain distribution   
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Fig. 5.12 Numerical and experimental [8] cracking pattern at fatigue failure for S330 

(a)  (b)  

Fig. 5.13 (a) maximum principal strain distribution (b) Shear strain distribution for interfacial 

bond elements at fatigue failure for S330  
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is localized by the location of FRP sheets. Strengthening FRP sheets leads to increase the 

surrounding concrete zone. Moreover, strengthened RC slab with smaller sheet spacing, S330, 

shows a higher strain distribution at fatigue failure than that with larger sheet spacing, S450, 

due to the effect of higher strain of FRP sheets. 

Fig. 5.13 (b) shows the shear strain distribution for interfacial bond elements at fatigue 

failure. The higher shear strain can be used as an indication for debonding behaviors. Higher 

shear strain locates at the location of major cracks. The reason is that the major cracks provides 

a larger cracking opening resulting a higher shear strain. 

This figure shows that the shear strain distribution of strengthened RC slab s is significantly 

larger of than that with larger sheet spacing, S450, due to the effect of higher strain of FRP 

sheets.  

5.4.4 Transverse FRP sheet strain 

Fig. 5.14 and 5.15 show numerical and experimental transverse strain distribution of FRP 

sheet at slab center for strengthened RC slabs S330 and S450 at different moving load level, 

respectively.  The horizontal axis shows the transverse length starting from slab center. The 

location of longitudinal FRP sheets is indicated by dashed-green box to observe their effect on 

the center transverse sheet. 

The numerical and experimental maximum strain values locate at the loading position. 

Increasing moving load level leads to increase numerical and experimental FRP sheet strain. 

This increasing is significant at the punching zone than that other parts. The reason is that the 

bridging stress degradation of concrete is influenced by the maximum tensile strain, which 

locates in the punching zone. This leads to crack opening localization at slab center resulting a 

higher strain of surrounding FRP sheets. 

According to these figures, strengthened RC slab with large spacing sheets, S450, shows a 

higher FRP sheet strain than that with smaller sheet spacing, S330, at same moving load level. 

The reason is that the tensile force of FRP sheet is influenced with its spacing. FRP sheets with 

large spacing needs to covers a larger area. 

In the numerical results, transverse FRP strain shows a significant decreasing at overlapping 

location with the longitudinal sheets. The reason is that the tensile force in perpendicular sheet 

leads to strain shrinkage at overlapping location as shown in Fig. 5.16. Therefore, there a 

difference between the numerical and experimental results at overlapping location. This 

observation cannot be founded in the experimental results due to the effect of separated layers 

with different strain. In the numerical analysis, the overlapping element between longitudinal 

and transverse sheets sharing same strain distribution. 

In other parts, the good agreement between numerical and experimental results is provided. 

Moreover, in the overlapping locations, the extension lines between numerical results pass the 

experimental results.  

5.4.5 Fatigue behavior improvement due to FRP strengthening. 

In this section, the improvement of fatigue behavior of strengthened RC slabs due FRP sheet 

is provided. The comparison of concrete strain for RC slab without strengthening and 

strengthened RC slabs is presented.  
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Fig. 5.14 Transverse FRP strain at slab center for S330 
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Fig. 5.15 Transverse FRP strain at slab center for S450 
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Fig. 5.16 Longitudinal and transverse FRP sheets overlapping 

 

Fig. 5.17 shows the transverse strain distribution of concrete on the bottom slab surface at 

slab center for all analyzed slabs. RC slab without strengthening, S0, is indicated by black. 

Strengthened RC slabs S330 and S450 are indicated by red and blue, respectively. The cracking 

strain level is indicated by horizontal green line. Yellow vertical line indicates to the punching 

zone. The punching zone on bottom surface is assumed to be as a linear extension of loading 

zone with a slope equaling 1:1. 

At first cycle (120kN), RC slab without strengthening, S0, shows a higher strain distribution 

than those in strengthened RC slabs at punching zone indicating a localized crack at this zone. 

By increasing number of cycles, RC slab without FRP strengthening, S0, shows a localized 

increasing in transverse strain at punching zone. Strengthened RC slabs, S330 and S450, show 

a smaller concrete strain at higher number of cycles than that without strengthening, S0, 

indicating to the improvement of FRP strengthening on the concrete strain. This improvement 

is significant at punching zone. In other part, Strengthened RC slabs shows a slightly larger 

concrete strain than that without strengthening due to the effect of higher FRP sheet strain for 

RC slabs S330 and S450. 

According to previous explanation, FRP strengthening can extended the fatigue life of RC 

slabs under moving load by restricting the major cracks opening. This leads to decrease the 

maximum concrete strain, εtmax, in equation (2.20) resulting a smaller bridging stress 

degradation of cracked concrete than that without strengthening. Moreover, this strengthening 

type decreases the effect of crack opening localization due to the punching shear at fatigue 

failure. 

 To explain the improvement of FRP strengthening due to other transverse sheets, transverse 

strain of concrete at different sheets location is observed for strengthened RC slab, S450, as 

shown in Fig. 5.18. At the same section locations, concrete strain is present for RC slab without 

strengthening, S0, to check the improvement of these sheets on the concrete strain and crack 

opening. The locations of studied sections are indicated by red, blue and green as shown in Fig. 

5.18. 

  

Longitudinal sheet 

Transverse sheet 
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Fig. 5.17 Transverse strain distribution of concrete on the bottom slab surface at slab center 

 

 

Fig. 5.18 Transverse strain distribution of concrete at different sheet location  for S450 and S0 

at fatigue failure 
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Fig. 5.19 Cracked zone propagation according to separated cracked zones concept for 

strengthened RC slab S450 
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At fatigue failure, RC slab without strengthening, S0, (which indicated by dash lines) shows 

a higher localized concrete strain at the location of major crack. The location of major crack for 

all sections can be shown in Fig. 5.18. For all sections, strengthened RC slab, S450, shows a 

smaller concrete strain than that without FRP strengthening, S0. This reduction of concrete 

strain is significant for the nearest section to the slab center. 

According to this explanation, the improvement of FRP strengthening is significant at slab 

center due to its larger crack opening. FRP sheets can restrict this cracks to extended RC slab 

fatigue life. 

5.5  The separated and uniform cracked zones on fatigue analysis 

To study the effect of cracked zone separation on fatigue analysis, strengthened RC slab, 

S450, is analyzed using an FEM based on bridging stress degradation concept. This slab is 

analyzed according to two cases; uniform cracked zone concept and separated cracked zone 

concept. In the uniform cracked zone concept, the propagated and existing cracked elements 

are modified according to bridging stress degradation concept using a constant number of cycle 

equaling the older one. For the separated cracked zone concept, the propagated cracked 

elements are deteriorated by a different number of cycle than that in the existing cracked 

elements. The number of cycle of is related to its cracking age. The separation is started from 

the number of cycle equaling 100,000. The reason is that the effect of separated cracked zones 

can be neglected in logarithmic scale due to the small changes in the number of cycles. The 

separated cracked zone can be shown in Fig. 5.19. 

Fig. 5.20 shows the center displacement elevation for numerical and experimental results. 

This figure shows that the separated and uniform cracked zone concepts provide almost same 

values. In other words, there is no difference between both concepts. 

The reason can be explained as following. For number of cycles less than 100,000, the 

difference between concrete tensile strength in all cracked zones is very small. Therefore, the 

cracked zones can be used as a one cracked zone. For number of cycles larger than 100,000, 

the difference between concrete tensile strength in all cracked zones is significant. Therefore, 

the separated cracked zone is important to define as a different material. But, the oldest cracked 

zone (at 100,000) is very large comparing with other zones. So, the effect of these zones in the 

degradation calculation is very small. Moreover, the effect of the location of the oldest cracked 

zone on the slab stiffness is significant than that other zones. 

Also, for plain concrete, the effect cracking tip is more important than that at cracking base. 

For reinforced concrete elements as a smeared reinforcement, the effect of the crack base is 

significant as shown in Fig. 5.21. Therefore, the influence of the bridging stress degradation on 

the oldest cracked zone is significant than that in the other propagated zones. Finally, the 

uniform cracked zones concept is acceptable in this loading case. 

5.6 Conclusions and summary 

This chapter presented a numerical analysis of FRP strengthened RC slabs reinforced with 

plain bars moving load to verify the proposed numerical method and predict the fatigue 

improvement of these slabs. One RC slab without strengthening and two strengthened RC slab 

were studied to present the effect of the FRP strengthening on fatigue behavior. The propagation 

of cracked elements, center displacement evolution, cracking pattern and FRP strain were 

provided in this study. 
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Fig. 5.20 Comparison between separated and uniform cracked zones concepts on the center 

displacement evolutions 
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Fig. 5.21 Bridging stress degradation for plain and reinforced cracked concrete elements 
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Static analysis was conducted for RC slab without strengthening, S0, and strengthened RC 

slab, S450. Strengthened RC slab shows an improvement in the slab stiffens and ultimate static 

load. This improvement is significant after cracking load. 

In strengthened RC slab, 450, FRP sheets was modeled by two approaches; simplified 

isotropic and orthotropic. Simplified isotropic provided acceptable results. Therefore, this 

approach can be used in the numerical analysis. 

This study showed a numerical method based on bridging stress degradation concept to 

predict the fatigue behavior of strengthened RC slabs with FRP sheets under an increasing 

moving load. 

The interfacial bond degradation between FRP sheets and its surrounding concrete due to 

fatigue load is considered. Moreover, the bond effect between plain reinforcing bars and its 

surrounding concrete was considered in this study. 

This method showed a good agreement with the experimental results. Therefore, this 

method can be used to evaluate the improvement of FRP strengthening on the fatigue behavior 

of the existing RC slabs reinforced with plain bars. 

This method assumed that the bridging stress degradation of major cracks is considered to 

be the primary cause of fatigue failure. For strengthened slabs, FRP sheets play an important 

role to restrict the crack opening of theses cracks. This leads to a smaller degradation ratio, a 

longer fatigue life and a smaller deformation. 

At fatigue failure, FRP sheets leads to widely cracking distribution. Moreover, the 

orientation of distributed cracks was redirected to be almost perpendicular to the direction of 

FRP sheets. The reason is that FRP sheets leads to increase concrete strain in the sheet direction 

due to its higher strain. 

Extensive FRP strengthening at slab center is predicable to provide a longer fatigue life. 

The major crack opening in slab center is larger than other zone. 

To study the effect of cracked zone separation on fatigue analysis, strengthened RC slab, 

S450, is analyzed according to two cases; uniform cracked zone concept and separated cracked 

zone concept. According to the results, the uniform cracked zones concept is acceptable in this 

loading case. 

To reach an optimum design of FRP strengthening for RC slabs under a moving load, the 

parametric study is required to show the effect of the following parameters on the fatigue 

behavior. 

A. Sheet thickness. 

B. Sheet spacing. 

C. Sheet width. 
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CHAPTER 6 

CONCLUSIONS AND FUTURE WORKS 

6.1 Major conclusions 

This study presented a new proposed numerical method based on bridging stress 

degradation concept for 3D fatigue analysis to predict the fatigue behaviors of RC slabs 

reinforced with plain bars under a moving load. A numerical analysis was conducted for the 

follows. 

 Plain concrete beams under fixed pulsating load. 

 RC beams under static, fixed pulsating and moving load. 

 RC slabs reinforced by plain and deformed bars under a moving load. 

 Strengthened RC slabs with FRP sheets under a moving load. 

For all structures, applying fatigue loading leads to a propagating of the cracked elements 

due to the degradation of their bridging stress. This leads to a significant decreasing of their 

structural stiffness, an increasing of concrete strain and its crack opening, and an increasing of 

their deformations. 

RC beams presents a longer fatigue life and wide propagation of the cracked elements than 

plain concrete beams. The plain concrete beams under fatigue loading lead to a localized crack 

propagation at critical beam sections. 

RC beam under a moving load shows a wide propagation of the cracked elements than that 

under fixed pulsating load due to the effect of load movement. Therefore, this leads to longer 

fatigue life, larger center displacement and higher reinforcing bar strain. 

For RC slab reinforced with plain reinforcing bars, the modified reinforcing bar model 

according to the bond-slip effect between plain reinforcing bar and its surrounding concrete by 

adding equivalent bond strain to plain bar strain in smeared reinforced concrete elements. This 

effect is significant after concrete cracking. 

For RC slab under moving load, the propagation of cracked elements due to its bridging 

stress degradation is considered as the primary cause of fatigue failure. Therefore, applying 

higher moving load level leads to increasing of maximum tensile strain in concrete. According 

to the degradation equation, this leads to a significant bridging stress degradation resulting a 

higher degradation ratio and shorter fatigue life. 

According to plain reinforcing bar model, RC slab reinforced with plain bars leads to higher 

concrete strain and higher crack opening than that reinforced with deformed bars. This leads to 

significant decreasing of bridging stress of concrete. Therefore, this slab shows a higher 

degradation ratio and shorter fatigue life than that reinforced with deformed bars. 

For strengthened RC slabs with FRP sheets, the interfacial bond degradation between FRP 

sheets and its surrounding concrete due to fatigue load is considered. This interfacial bond was 

modeled by 8-node orthotropic thin element to simulate the vertical and horizontal debonding 

as sheet opening and sliding, respectively. 
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For strengthened RC slabs, FRP sheets leads to restrict the crack opening of theses cracks. 

This leads to a decreasing of maximum tensile concrete strain resulting a significant decreasing 

of the effect of bridging stress degradation than that in RC slab without strengthening. Therefore, 

strengthened RC slabs shows a smaller degradation ratio and longer fatigue life than that 

without strengthening. 

At fatigue failure, FRP sheets leads to redirect the orientation of distributed cracks. Higher 

FRP sheet strain results in an increasing of its surrounding concrete strain in sheet direction 

resulting perpendicular cracks on this sheet. 

The improvement of FRP strengthening is significant at slab center due to its larger crack 

opening in this zone. Therefore, extensive FRP strengthening at slab center is predicable to 

provide a longer fatigue life. 

6.2 Future works 

The following ideas can be used as future works or farther improvement. 

 Development the numerical method to predict the fatigue behavior of RC slabs 

under moving load based on the bond degradation between rebar and its surrounding 

concrete. 

 Fatigue life prediction of post degraded RC slabs due to a repetition of moving loads. 

 Monitoring the cracks propagation and opening of existed RC bridge slabs based on 

the bridging stress degradation. 
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Slabs." Journal of Structural Engineering, JSCE, vol. (71) A2, no. 2 (2015): I_805-I_812. 

2. Drar, Ahmed Attia M., and Takashi Matsumoto. "Fatigue Analysis of RC Slabs Reinforced 
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Concrete Technology 14, no. 1 (2016): 21-34. 

3. Drar, Ahmed Attia M., and Takashi Matsumoto. “Fatigue analysis of FRP strengthening 
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journal. (under preparing). 
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6. Drar, A. A. M., Matsumoto, T., Hayashikawa, T., and He, X. (2015). “Development of a 
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reinforced with plain bars under moving load” GeoMEast2017 international conference, 
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