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THE HYDROSTATIC STOKES SEMIGROUP AND WELL-POSEDNESS OF THE
PRIMITIVE EQUATIONS ON SPACES OF BOUNDED FUNCTIONS

YOSHIKAZU GIGA, MATHIS GRIES, MATTHIAS HIEBER, AMRU HUSSEIN, AND TAKAHITO KASHIWABARA

ABSTRACT. Consider the 3-d primitive equations in a layer domain Q = G x (—h, 0), G = (0, 1)?, subject
to mixed Dirichlet and Neumann boundary conditions at z = —h and z = 0, respectively, and the
periodic lateral boundary condition. It is shown that this equation is globally, strongly well-posed for
arbitrary large data of the form a = aj + a2, where a; € C(G; LP(—h,0)), az € L (G; LP(—h,0)) for
p > 3, and where a; is periodic in the horizontal variables and a2 is sufficiently small. In particular, no
differentiability condition on the data is assumed. The approach relies on L$? LE(£2)-estimates for terms
of the form tl/Q\\azetA?IP’fHL;IOL;;(Q) < Cew”fHL%cL’;(n) for t > 0, where e?4# denotes the hydrostatic
Stokes semigroup. The difficulty in proving estimates of this form is that the hydrostatic Helmholtz
projection P fails to be bounded with respect to the L°°-norm. The global strong well-posedness result is
then obtained by an iteration scheme, splitting the data into a smooth and a rough part and by combining
a reference solution for smooth data with an evolution equation for the rough part.

1. INTRODUCTION

The primitive equations are a model for oceanic and atmospheric dynamics and are derived from the
Navier-Stokes equations by assuming a hydrostatic balance for the pressure term, see [17-19]. These
equations are known to be globally and strongly well-posed in the three dimensional setting for arbitrarily
large data belonging to H! by the celebrated result of Cao and Titi [5]. The latter considers the case of
Neumann boundary conditions and this result also holds true for the case mixed Dirichlet and Neumann
boundary conditions, again for data in H', as shown by Kukavika and Ziane [14].

Several approaches have been developed in the last years aiming for extending the above two results to
the case of rough initial data. One approach is based on the theory of weak solutions, see e.g. [13,16,23,24].
Although the existence of weak solutions to the primitive equations for initial data in L? is known since
the pioneering work by Lions, Temam and Wang [17], its uniqueness remains an open problem until
today. Li and Titi [16] proved uniqueness of weak solutions assuming that the initial data are small L*°-
perturbations of continuous data or data belonging to {v € L5: d,v € L?}, where z denotes the vertical
variable. By a weak-strong uniqueness argument, these unique weak solutions regularize and even become
strong solutions. For a survey of known results, see also [15].

A different approach to the primitive equations is based on a semilinear evolution equation for the
hydrostatic Stokes operator within the LP-setting, see [11]. There, the existence of a unique, global,
strong solution to the primitive equations for initial data belonging to H2/PP was proved for the case of
mixed Dirichlet-Neumann boundary conditions. This approach was transfered in [8,9] to the case of pure
Neumann boundary conditions and global, strong well-posedness of the primitive equations was obtained
for data a of the form a = a; + ag, where a; € C(G; L'(—h,0)) and ay € L*°(G;L'(—h,0)) with ay
being small. These spaces are scaling invariant and represent the anisotropic character of the primitive
equations.

2010 Mathematics Subject Classification. Primary: 35Q35; Secondary: 47D06, 76D03, 86A05.

Key words and phrases. hydrostatic Stokes semigroup, L°°-estimates, primitive equations, global strong well-posedness
This work was partly supported by the DFG International Research Training Group IRTG 1529 and the JSPS Japanese-
German Graduate Externship on Mathematical Fluid Dynamics. The first author is partly supported by JSPS through
grant Kiban S (No. 26220702), Kiban A (No. 17H01091), Kiban B (No. 16H03948), the second and fourth author are
supported by IRTG 1529 at TU Darmstadt, the fifth author is supported by JSPS Grant-in-Aid for Young Scientists B (No.
17K14230).



2 GIGA, GRIES, HIEBER, HUSSEIN, AND KASHIWABARA

Note that the choice of boundary conditions has a severe impact on the linearized primitive equations.
In the setting of layer domains, i.e., 2 = G x (—h,0) C R?® with G = (0,1)? and h > 0, this is illustrated
best by the hydrostatic Stokes operator Az. The latter can be represented formally by the differential
expression

(1.1) Av:Av+%VH(—AH)fldiVH(azv}z:_h),

restricted to hydrostatically solenoidal vector fields, where for z = —h Dirichlet and for z = 0 Neumann
boundary conditions are imposed and periodicity is assumed horizontally, see [7] for details. In partic-
ular, in the case of pure Neumann boundary conditions, the hydrostatic Stokes operator reduces to the
Laplacian, i.e. Azv = Aw.

It is the aim of this article to study properties of the hydrostatic Stokes semigroup and terms of the form
Vet47P on spaces of bounded functions. These properties yield then the global, strong well-posedness
result of the primitive equations in the case of mixed Dirichlet-Neumann boundary conditions. More
precisely, we prove global, strong well-posedness of the primitive equations for initial data of the form

a=aj+ay, a €C(G;LP(—h,0)), and az € L>®(G;LP(~h,0)) for p>3,

where a; is periodic in the horizontal variables and ao is sufficiently small. Our strategy is to introduce
a reference solution for the smoothened part of the initial data and to combine this with an evolution
equation approach for the remaining rough part.

The main difficulty when dealing with the primitive equations on spaces of bounded functions is that
the hydrostatic Helmholtz projection P fails to be bounded with respect to the L*°-norm. This is similar
to the case of the classical Stokes semigroup, for which L>°-theory was developed in [1] and [2].

In Sections 6 and 7 we prove that the combination of the three main players, V, P, e!47, nevertheless
give rise to bounded operators on L L2(€2), which in addition satisfy typical global, second order parabolic
decay estimates of the form

t2)0ie " Pf|| oo 20y < CPIf g L2
2R, £ Ly 2y < Ol g e,
t0:e" 7P, fll Lz Lz () < Ce” | fllog L2

for t > 0, where 0;,0; € {9;,0y,0.}.

Note that the choice of the boundary conditions involved affects to a very great extent the difficulty
in proving these estimates. For the case of mixed Dirichlet-Neumann boundary conditions, our approach
relies on the representation (1.1) of the linearized problem. The constraint p > 3 arises from embedding
properties for the reference solution and estimates for the linearized problem in L*>°(G; LP(—h,0)).

Our approach is based on an iteration scheme, which is inspired by the classical schemes to the Navier-
Stokes equations. Here, the iterative construction of a unique, local solution relies on L$7 LE(€)-estimates
for the crucial terms of the form e*4*Pdiv (u ® v), where u = (v,w) is the full velocity and v its hor-
izontal component. Let us note that the above linear estimates are of independent interest for further
considerations.

The use of a reference solution allows us to obtain the smallness condition on the L% L?-perturbation
as of a; by means of an absolute constant, while for Neumann boundary conditions it is needed that as is
small compared to ay, cf. [8]. Also, Li and Titi assume in [16] that ay is small compared to the L*-norm
of aj.

Comparing our result with the one by Li and Titi in [16], which has been obtained for Neumann
boundary conditions, we observe that the initial data allowed in our approach are of anisotropic nature
and require no conditions on the derivatives of the initial data, such as e.g. 9,v € L? as in [16].

This article is structured as follows: In Section 2 we collect preliminary facts and fix the notation. In
Section 3 we state our main results concerning the global strong well-posedness of the primitive equations
for rough data and the crucial estimates for the linearized problem. The proof of our main results starts
with a discussion of anisotropic LP-spaces in Section 4, which is followed in Section 5 by estimates for
the Laplacian in anisotropic spaces. The subsequent Sections 6 and 7 are devoted to the development
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of an L*®(G; LP(—h,0))-theory for the hydrostatic Stokes equations and its associated resolvent problem.
Finally, in Section 8 we present our iteration scheme yielding the global, strong well-posedness of the
primitive equations for rough initial data.

2. PRELIMINARIES
Let Q = G x (—h,0) where G = (0,1)2%. We consider the primitive equations on © given by

ov—Av+ (u-V)v+Vgr =0 onx(0,00),
d.m =0 onQx(0,00),
divgt =0 on G x (0,00),

v(0) =a onQ,

(2.1)

using the notations div gyv = 9,v1 + 9yv2 and Vym = (9,7, 9,m)T, while v = %f?h v(-,z) dz is the
vertical average, m: G — R denotes the surface pressure, u = (v,w) is the velocity field with horizontal
and vertical components v :  — R? and w :  — R respectively, where w = w(v) is given by the relation

(2.2) w(z,y,z) = —/ divgou(z,y,r)dr.
h
This is supplemented by mixed Dirichlet and Neumann boundary conditions
(2.3) d,v=0o0nT, x (0,00), v periodic onI'; x (0,00), v=0o0nT} x (0,00),

where the boundary is divided into T',, = G x {0}, I'; = G x [—h,0] and T, = G x {0}.

In the following we will be dealing with anisotropic LP-spaces on cylindrical sets of the type U = (2 or
U = R? x R. More precisely, if U = U’ x U3 C R? x R is a product of measurable sets and ¢, p € [1, ]
we define

Ly LE(U) := LYU'; LP(Us)) := {f : U — K measurable, || f[| 2 12y < oo},
for K € {R, C} with norm

(ol My o). g€ 1o0)
U’ ’ Lr(Us) ’ q ) )

Hf||L§IL§(U) = ,
ess sup,s e || f (@', )l Lo (vy), @ = 00

Endowed with this norm, L%, L?(U) is a Banach space for all p, ¢ € [1, co].

We will denote the W¥P-closure of C2(2) by WkP(Q), where C2.(Q) denotes the space of smooth

_ per per per
functions v on € that such that dgv and 9v are periodic on I'; with period 1 in the variables z and y

for all & € N, but not necessarily periodic with respect to the vertical direction z. Moreover, by C™*(£2),
C™%(G) we denote the spaces of m-times differentiable functions with Holder-continuous derivatives of
exponents a € (0,1) and the subspaces of functions periodic on I'; and dG will be denoted by Cla ()
and Ct*(G), respectively. For a Banach space E we denote by Cper([0,1]% E) the set of continuous
functions f : [0,1]2 — E such that f(0,y) = f(1,y) and f(y,0) = f(y, 1) for all x,y € [0,1].

In order to include the condition div gy = 0 one defines the hydrostatic Helmholtz projection P as
in [7,11] using the two-dimensional Helmholtz projection @ with periodic boundary conditions given by
Qg = g—Vgn for g: G — R? solving Ay = divgg for 7 periodic on G, where Agg = 02g —i—a;g. The

hydrostatic Helmholtz projection is then defined as
_ 1 R
Pf=f-(1-Q)f =+ EVH(—AH)‘ldef =[f—-Vum

The range of P: LP(2)? — LP(Q)?, p € (1,00), is denoted by LE(2) and is given by

-l o)

{v e Cx,(Q)? : divygw = 0}

Further characterizations of LZ(f2) are given in [11, Proposition 4.3].
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Since P fails to be bounded on L*(£2)? it is not evident which space is a suitable substitute for LZ()
in the case p = oo. In this article, we will be considering the spaces
(2.4) X = Cper ([0, 1% LP(—=h,0))? and Xz:=XNLL(Q), pe (1,00).
The linearization of equation (2.1), called the hydrostatic Stokes equation, is given by
(2.5) Ov—Av+Vyrn=f, divgo=0, v(0)=a

and subject to boundary conditions (2.3). The dynamics of this evolution equation is governed by the

hydrostatic Stokes operator, and its Xz-realization Az is given by
Agv = Av, D(AZ)={veW2P(Q)*N X5 : 8ZU‘F = O,v‘rb =0,Av € Xz},

per

where Av is defined by (1.1). It wil be proved that Az generates a strongly continuous, analytic semigroup
et on X5. Information on the linear theory in LZ(Q) for p € (1,00) can be found in [7].

3. MAIN RESULTS

Our first main result concerns the global well-posedness of the primitive equations for arbitrarily large
initial data in Xz, while the second result extends this situation to the case of small perturbations in
L LE(SY). Here, a strong solution means — as in [11] — a solution v to the primitive equations satisfying

(3.1) v e CH(0,00); LP(2))% N C((0, 00); WP(2))2.

Our third main result concerns L3 L? -estimates for the hydrostatic Stokes semigroup. These estimates
are essential for proving the above two results on the non-linear problem. They are also of independent
interest.

Theorem 3.1. Let p € (3,00). Then for all a € Xz there exists a unique, global, strong solution v to the
primitive equations (2.1) with v(0) = a satisfying

v e C([0,00);X5), t/2V0 € L2((0,00); X), limsup /2| Vo(t)|| g 120y = 0.
t—0+

The corresponding pressure satisfies
7 € C((0,00); C»*([0,1]%)), «a € (0,1—3/p)
and is unique up to an additive constant.

Theorem 3.2. Let p € (3,00). Then there exists a constant Cy > 0 such that if a = a1 +ag with a1 € X7
and as € L3 LE(Q)? N LL(Q) with

laz||Ls L2 (0) < Co,
then there exists a unique, global, strong solution v to the primitive equations (2.1) with v(0) = a satisfying
v € C([0,00); LE(Q)) N L*((0,T); L LE(2))?
as well as
t1/2Vv € L((0,00); X), liggl_‘l_ptl/znvaL?;Li’(Q) < Cllasllzs e,
where C' > 0 does not depend on the data, and the pressure has the same reqularity as in Theorem 3.1.

Taking advantage of the regularization of solutions for ¢ > 0 one passes into the setting discussed in [11]
and [9], and thus we obtain the following corollary.

Corollary 3.3. Fort > 0 the solution v, 7 in Theorem 3.1 and Theorem 3.2 are real analytic in time and
space, and the velocity v decays exponentially as t — oo.

Our main result on the hydrostatic semigroup acting on Xz reads as follows.
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Theorem 3.4. Let p € (3,00). Then the following assertions hold true:

a) Az is the generator of a strongly continuous, analytic and exponentially stable semigroup et4= on Xz
of angle 7/2.

b) There exist constants C > 0, B > 0 such that for 0;,0; € {0x, 0y, 0.}

(i) t1/2||ajetA?fHL§L’z’(Q) < CeﬁtHf”L?L’z’(Q)v t>0, fe Xz,

(i) 12147 PO; £ poe o0y < Ce™|| fllrerey, >0, f € Xz,

(iif) t00:ie"*7P0; fll e 1o () < Ce™M|| fllrs oy, >0, f € Xa
c) Forall f € X7

. 1/2 tAs _

Jim Ve fll L e (o) = 0.

Remarks 3.5. a) We note that when in the situation of Theorem 3.2 the initial data do not belong to
X, i.e. when ag # 0, the solution fails to be continuous at ¢ = 0 with respect to the L% L2-norm.

b) The condition p > 3 is due to the embeddings

vret(to) € 35;2/11(9)2 — CY(Q)? and W?P(Q) — CL*(Q) for p € (3,00),

cf. [25, Section 3.3.1]. Since the two-dimensional Helmholtz projection @ fails to be bounded with respect
to the L>°-norm, we instead estimate it in spaces of Holder continuous functions C9,%([0,1]%) = C%(T?)
for o € (0,1) where T? denotes the two-dimensional torus. In fact Q is bounded with respect to the
C%norm. This follows by the theory of Fourier multipliers on Besov spaces, compare e.g. [3, Theorem
6.2] for the whole space, and the periodic case follows using periodic extension.

¢) In Theorem 3.4 one can even consider f € L3 L2(Q)? for p € (3,00). Then the corresponding semigroup
is still analytic, but it fails to be strongly continuous. The estimates (i) — (¢i¢) still hold, whereas property
¢) in Theorem 3.4 has to be replaced by

lign sup t'/2(| Ve 47| e 1) < Cllvll Lo p2(oy

for some C' > 0, where with a slight abuse of notation e*4=
on LELE(Q).

d ) Some words about our strategy for proving the global well-posedness results are in order:

denotes also the hydrostatic Stokes semigroup

(i) We will first construct a local, mild solution to the problem (2.1), i.e. a function satisfying the
relation

(3.2) v(t) = e'7a + /0 te(t_s)A?PF(v(s))ds, te(0,7)

for some T' > 0, where F'(v) = —(u-V)v. We will then show that v regularizes for ¢ty > 0 and using
the result of [11, Theorem 6.1] or [9, Theorem 3.1], we may take v(fy) as a new initial value to
extend the mild solution to a global, strong solution on (g, c0) and then on (0, c0) by uniqueness.
The additional regularity for ¢ — 04 results form the construction of the mild solutions.

(ii) In order to construct a mild solution we decompose a = aer + ag such that ayer is sufficiently
smooth and ag can be taken to be arbitrarily small.

(iii) Using previously established results concerning the existence of solutions to the primitive equations
for smooth data, we obtain a reference solution v.ef and construct then V' := v—w,¢f via an iteration
scheme using L>-type estimates for terms of the form Ve!4=P given in Theorem 3.4.

4. PROPERTIES OF ANISOTROPIC SPACES

In this section, we will discuss properties of anisotropic Li-LP-spaces. We will write C'(U’; LP(Us)) for
the set of continuous L?(Us)-valued functions on U’ and likewise

LYU";C(Us)) :=={f € LLLZ(U) : f(a',-) € C(Us) for almost all 2’ € U'},
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and C.(U’; L?(U3)) and LY(U’; C.(Us)) for the subsets of functions with compact support in horizontal
and vertical variables, respectively. For p,q € [1,00) the space C2°(U) is dense in these spaces as well as
in L%, L2(U), and furthermore we have

C=@®?) 117t = (R L/(R)), CR@®D) HHEE = LaR?, Gy (R)),

as well as
<ol e o ralllg, Lo
ngr(Q)z = X7 Cper(Q) = L1 (G7 C[_hv OD
Observe thst even C32.([0,1]% Ce°(—h,0))? is dense in X and L LE(€)?. If p = ¢ = oo, then
Il oo oo ——lllleepre
C(®3) 1 — Go(RP), Cpen(@) 7T = Cper([0, 1) C[—h, 0).

Here Co(R?) denotes the set of functions vanishing at infinity. These density results follow from the
fact that if E is a Banach space over K € {R,C}, then the linear space generated by elementary tensor
functions f ® e for measurable f : U’ — K and e € F is dense in L4(U’; E) for ¢ € [1,00), since it contains
the simple E-valued functions. It is also dense in Cy(U’; E), if one only considers continuous functions f,
due to a generalization of the Stone-Weierstrass theorem, see e.g. [12].

In the case that U C R3 is bounded, we also have

LY L2 (U) < LELE ()
whenever ¢ > g2 and p; > pa. See [11, Section 5] for more details.

Another important property of the L}, L?-norm is its behaviour under operations like multiplication
and convolution. For the former one, we obviously obtain

I fallzs Loy < Hf“L‘;}L;’l(U)HQHL;%L?(U)

whenever 1/p; + 1/pa = 1/p and 1/q1 + 1/q2 = 1/q. For the latter one, the following variant of Young’s
inequality holds true.

Lemma 4.1. [10, Theorem 3.1]. Let f € L% LP(R®) for p,q € [1,00] and g € L*(R3). Then
g * fllca Lewsy < lgllzr@s)ll flle, L2 (ms)-
5. LINEAR ESTIMATES FOR THE LAPLACE OPERATOR

In this section we establish resolvent and semigroup estimates for Laplace operators with a focus on
anisotropic L, L?-spaces, where p,q € [1,00].
First, we consider the resolvent problem for the Laplacian on the full space for

AeXy={AeC\{0}:|arg(N)| <8}, 0¢€(0,7),

ie.

(5.1) Av— o= fonR? fec O (R?,
and for 9; € {0;,0y,0,}

(5.2) Aw— A w=09;f on R* feC>(R?).

It is well known that the solution to problem (5.1) is given by the convolution v = K * f and the one to
problem (5.2) by v = 0; Ky * f, where K is explicitly given by
1 e_>‘1/2‘“cl
K =——, € R3\ {0}.
"o = - TR ()
Using this representation one easily obtains the following uniform L!(R?)-estimates.
Lemma 5.1. For all 0 € (0,7) there exists Cyp > 0 such that for all A € ¥y one has

AL Bl L1 gsy + A2 VEA |2 sy < Co
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Proof. Set 1 := arg(X\) € (—0,0). Since K is radially symmetric we use spherical coordinates to obtain

/|K,\ |dx*/ e~V cos(/2)r gy

[ VEs@dz < [ e et gy
R3 0

So, || - [| Kxllp1 sy = sec(1/2)? and |A[Y/2(|VE||p1gs) < sec(ih/2) + sec(1/2)?, and thus we obtain the
desired result. 0

as well as

From this and Young’s inequality for convolutions in anisotropic spaces, cf. Lemma 4.1, one immediately
obtains suitable L%, LP-estimates for the resolvent problems (5.1) and (5.2) for ¢,p € [1, 00].
Corollary 5.2. Let A € Xy for some 0 € (0,7). Assume one of the following cases:

(i) p,q € [1,00) and f € LLLE(R?), or
(ii) p € [1,00), ¢ = 00, and f € L% LE(R3) with compact support in horizontal direction, or
(iii) p= o0, g € [1,00), and f € L% L2(R?) with compact support in vertical direction.

Then the functions

v=K)yxf and w=0;K\xf

are the unique solutions to the problems (5.1) and (5.2) in L% LE(R3), respectively, and there exists a
constant Cy > 0 such that

(5.3) AL Mvllze, Lo sy + |>\|1/2||VU||L;,L§(R3) + 1AvLe, 2 (rsy < CollfllLe, Lz (ms)
(5.4) MY lwll g, ey < Collfllzs, 2 (re)-

Remark 5.3. In the case ¢,p € [1,00) we have that C2°(R?) is dense in L% LE(R3), so we may assume
that f is essentially bounded and has compact support, yielding 9;(Ky * f) = (0;K,) * f. In the cases
where ¢ and/or p is infinite we add this as an assumption.

We now investigate for the Laplacian on © with boundary conditions (2.3) the resolvent problems

(5.5) Av— Av = f on Q,
and for 0; € {0,,0,,0.}
(5.6) Aw — Aw = 9; f on .

Lemma 5.4. Let § € (0,7) and f € LY LE(Q) for ¢ € [1,00],p € [1,00). Then there exists Ao > 0
such that for X € g with [X| > Ao the problems (5.5) and (5.6) have unique solutions v € L, LP(Q) and
w e LY, L2(Q), respectively, and there exists a constant Cy > 0 such that

(5.7) AL Nvllze, Loy + |/\|1/2||V'U||L§1L§(Q) +1Av e, r20) < Coll fllLe L2 (@),
(5.8) M2 wll s, z2cey < Coll fllLg, za)-
In particular for ¢ = 0o and p € (2,00) one can chose A\g = 0.

To prove this lemma, we will need some facts concerning isotropic LP-spaces. So, for p € (1, 00) denote
by A, the Laplace operator on LP(2) defined by

Apo=Av, D(A,) ={veW2E(Q): d.v], =0,v], =0}

per

One has p(—A,) C C\ [§,00), for some § > 0, i.e. 0 € p(—A,), cf. [21, Remark 8.23], and the resolvent
satisfies for some Cy j, > 0 the estimate

(5.9) AL 1A = N7 fllri@) + 185(Ap = N7 fllzee) < Copll flie), fe€ L),
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where A € Xy, 6 € (0,7). Furthermore, —A, possesses a bounded H>-calculus of angle 0, see e.g. [21],
and therefore

(5.10) D((=4,)") = [L7(Q), D(Ap)]s € W2P(Q), 9 € [0,1],

where [+, -] denotes the complex interpolation functor. In particular 9;(—A,) /2 is bounded on LP(Q) for
0; € {0;,0y, 0.} and by taking adjoints the same holds true for the closure of (pr)*Waj. This yields
the estimates

2105 (Ap = N7 ey + N2, = )70 flln) < Copllflir), | € LP(9),

(5.11) B
10;(Ap = XN) " 0ifllLr) < Copllfllizr), f € LP(R)

for A € ¥y, 6 € (0,7), and some Cy, > 0.

Proof of Lemma 5.4. First, we apply the following density arguments:
(i) For ¢,p € [1,00) and f € L} L2(Q) we assume that f € C32,([0,1]%; C2°(—h,0)) since
C22.([0,1]%;Ce°(—h,0)) is a dense subspace of L, LE(€2).
(ii) For g = co and f € L*(G; L?(—h,0)), we assume that f € L>°(G;C>(—h,0)), as the latter space
is dense in L L2(Q).
In particular, in either case we may assume that f =0 on ', UT, and f € L>®°(Q). The existence of a
unique solution to the problems (5.5) and (5.6) in L%, L2(Q) for such smooth f follows from the properties
of the mappings (A — A)~! and (A — A)719; in L"(Q) for A € A € 3y since

vEW?(Q) — L¥(Q) — LLLP(Q) and we W' (Q) — L¥(Q) — LLLP(Q), 7> 3.
It therefore suffices to prove the estimates (5.7) and (5.8). This is done in the following by localizing the

results of Lemma 5.2.
For this purpose we first make use of the extension operator

n,odd
E = EJ¥emocC o BT
where E¥™ is the periodic extension operator from G to R? in horizontal direction and ESV™°4d extends
from (—h,0) to (—2h, h) in vertical direction via even and odd reflexion at the top and bottom part of
the boundary respectively.

Second, we utilize a family of cut-off-functions x,, € C(R3) for r € (0,00) of the form y,(z,y,2) =
or(z,y)r(2) where @, € C°(R?) and 1, € C>°(R) satisfy

or=1 on[-1/4,5/42 ¢, =0 on ((—oo,—r—1/4]U[5/4+ r,c0))*,
Y.=1 on[-bh/4,h/4], ©.=0 on (—oo,—r—5h/4U[h/4+ r 00),

and there is a constant M > 0 independent of r such that
||§0THOO + ||1/}TH00 +r (”VH‘PTHOO + ||azz/1'r”oo) +7? (HAH‘PTHOO + HagerOO) <M.

Here, we consider 0 < 4r < 3min{l,h} which implies that ¢, and v, are supported on (—1,2) and
(—2h, h) respectively. We now define an extension of v from Q onto the whole space R? via

w(z,y, 2) = xr(z, ¥, 2) (Ev)(2,y, 2)
for a suitable value of r which we will specify later on. If v solves problem (5.5) then u solves the problem
M—Au=FonR F:=y,Ef—2(Vx,) E(Vv) - (Ax,)Ewv.

Here we made use of the fact that £ commutes with derivatives of v.

Note that not only does F' have compact support, but we also have F' € L>(R3) since we may assume
that f € L>®(Q2) and v € W1°(Q2) by the above approximation argument. Thus we may now apply
Lemma 5.2, and estimate (5.3) yields

AL Null e, Lz msy + |)‘|1/2”VUHL‘}{L§(R?’) < CollF'l|La £ (ms)-
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To estimate F' we use that v, is supported on (—1,2)% x (—2h, h), and therefore
IXrEfllLe, 2 rs) < 27M2||f||LqHL§(Q)>
1(Vxr) - B(V0) L3, Lr ey < 2TMr Y[Vl 1o,
[(Ax) Bl pg, e sy < 27TM2r 20|l Lg, L2 (q)-
Next, we set 7 = n|A|~1/? to obtain
I F Nl e, e gsy < 27M? (”f”LqHLi’(Q) + 277_1|>\|1/2||VU||L‘;IL§(Q) + 072 Al- ||v||L‘;IL§(Q)> .

Now assume that 7 > 0 is sufficiently large enough such that 54CyM?n~! < 1/2, 271CyM?n=2 < 1/2 and

then assume that Ag > 0 is large enough such that 477/\51/2 < 3min{l, h}. This and the fact that u is an
extension of v then yields

AL Nlollps, ey + Y21Vl Ls ooy < BACoMP|| fllzs rray  for  |A[ > Ao,
In the case ¢ = oo, p € (2,00) we obtain the estimate for the full range of A € ¥y by setting A; := ﬁ)\
for 0 < |A| < Ag. Then f € LELE(QY) — LP(Q) yields
AL ol o) + 21Vl Loy + A0 o) < CopllfllLe o)
by (5.9) and since \jv — Av = f + (A — A)v we obtain

1/2

Al vl zse ey + M7V Lo o) + [AV[ Lo re0) < Coyp (||f||L;§L§(Q) + A1 = Al ||UHL;;L§(Q))

where we can further estimate |\ — A| < Ag, and p € (1, 00) yields
||U||L;,°L§(Q) < Cp”vHWfI*PLg(Q) < Cp”UHW?vp(Q) < Cp”AUHLP(Q) < Op“fHLP(Q) < Cp||f||L;;>L§(Q)

where we used W2P(G) — L°°(G) and that A, is invertible on LP(Q). Since |A;| = A\¢ > |A|, this yields
the desired result for the full range of A € 3y, 6 € (0, 7).
If v instead solves problem (5.6) with 9; = 9, then u solves the problem

M—Au=GonR3 G:=x,.E0.f)—2(Vx,) E(Vv)— (Ax,)FEv.
We rewrite
—2(Vxr) - E(Vv) = (Axp) Ev = =2div(Vx, Ev) + (Axr ) Ev,  xrE(0:f) = 0:(xrsEf) — (0:xr)sEf
where
1, z € (—2h,0),
5(2) = {—1, x € <(0,h). )
Here, by the density argument above, we may assume f =0 on I';, UT,. This yields u = uy + us where

Aup — Auy = 0.Gy +divgGy  on R®, Gy :=x,.sEf, Go:=-2(Vx,)Ewv,
Aug — Aus = G3 on R Gg:=—(0.x,)sEf + (Ax,)Ev.

Since G;, @ € {1,2,3}, are bounded and have compact support, we may apply Lemma 5.2 to obtain the
estimate

A2 lull s o gsy < Co (||G1||L‘1HL’;(R3) + 1G2llLe, Lo(msy + |)\|_1/2||G3||L‘;,L§(R3)) :
Proceeding as above we obtain
1G1lle, Lemsy < 27M2||f||L§1L§(Q)7
1G2lle Lomsy < 54M27]_1|)\|1/2||UHL§;L§(Q),
1G3ll L Lz (m3) < 27M27]_1|)‘|1/2||f||L}’jL§(Q) +27TM?n Al - vl L L (@)-

The above assumptions on 1 and Ao then yield the desired result for |A\| > Ag. The case 0; € {0;,0,}
is analogous where for f € L*°(G;C2°(—h,0)) horizontal derivatives are understood in the sense of
distributions, and otherwise derivatives can be treated using smooth approximations as above.
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For the case ¢ = 0o and p € (2,00), to extend this estimate to the full range of A € Xy one proceeds as
above to obtain

A2 ol e @) + 1V0lle() < Copll fllzrie)
from (5.11), as well as

IAg|'/2 - [vllzee rz @) + IVl Lo L2 ) < Co (||f||L;;>L§(Q) + A2 = A ||UHL§;L§(Q)) .
Since we have |A;|~1/2|A; — A| < Ab/? and p € (2, 00) this yields
[0l o) < Cpllvllwrr ey < Cpllvllwrr@) < CollVullze) < Cpllfllr@) < Collfllnsg ooy,
where we used the embedding W'?(G) < L>(G) and the Poincaré inequality [|v]|r»0) < Cpl| Vol Le()
for v with v’Fb =0. O

Remark 5.5. The results of Lemma 5.4 also hold true if the condition 8ZU|F = 0 is replaced by v|r, =0

or if L% L?(€) is replaced by Cper ([0, 1]%; LP(—h, 0)). For pure Dirichlet boundary conditions one extends
by an odd reflexion at both z = 0 and 2z = —h replacing E¢vem0dd by poddodd and setting s(2) = 1 in the
proof.

Since 2 = G x (—h,0) is a cylindrical domain the semigroup generated by the Laplacian with the above
boundary conditions satisfies

A (fog)=ePifePyg, f:G R g:(—h,0) =R,

where (f @ g)(x,y,2) := f(x,y)g(z) is an elementary tensor, Ay = 0% + 613 is the Laplacian on G with
periodic boundary conditions and A, is defined by

Av:=02v, D(A.)={f € W*P(=h,0): f(~h) = 0. f(0) = 0}.
We now investigate these operators separately, starting with the vertical one, cf. [6,21].

Lemma 5.6. Let p € (1,00). Then the operator A, generates a strongly continuous, exponentially stable,
analytic semigroup on LP(—h,0).

Lemma 5.7. Let § € (0,7/2). Then there exists a constant Cy > 0 such that for all T € Xy we have
1712V e ™" Qf | L=(c) < CollfllL=(c), [ €L®(G).

Remark 5.8. Note that although the two-dimensional Helmholtz projector with periodic boundary con-
ditions @ is unbounded on L> (@), the composition Vze™ # Q defines a bounded operator for 7 € .

Proof of Lemma 5.7. Let Qg2 and @ be the Helmholtz projection on R? and T?, respectively, and E¥™
be the periodic extension operator from G onto R?. Then EY Qf = Qr2EY" f for all f: G — R? and

ES e[\ PV pem 2 Qf = |72V e 2 EYQf = |72V e Qra Bl £

Since [|EY” fl| Lo r2) = |l L(c) it therefore suffices to consider the operator Ay on the full space R?.
Recall that 1 — Qg2 is given by (R;Ry)1<j k<2 where R; is the Riesz transform in the j-th direction. We
therefore investigate the family of Fourier multipliers

712, (5 — S5 ) e, £ e R2\ {0},
0, £=0,

M j k() = for 1<j k<2

Using the invariance under rescaling and replacing ¢ with |7|71/2¢, we may assume that 7 = ¢ where
|| < 6. We show that for each of these symbols we have m = § for some g € L'(R?) such that

llgllz1(r2) < Cp. The desired estimate then follows from Young’s inequality. Since this family of symbols
belongs to C(R?) N C>°(R?\ {0}) we verify the Mikhlin condition

(5.12) max sup |€|lMFDYm(E)| < M < oo,
ol <2 ger2\ {0}
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for some § > 0. Elementary calculations using the homogeneity of the first factor show that for an
arbitrary multi-index a € N? we have

sup €] DO‘% < M, < 0, sup |geto D‘)‘fle_eiwlgl2 < Mysyp < Mo <00
¢eR2\{0} €] €eR2\{0}

for § € (0,1) which together with the product rule yield that (5.12) is satisfied. Analogously we verify the
condition

(5.13) €]l Dem(€)| < Cule], ¢l <1,6#0
for 0 < |a] < 2 by noting that

1! [ < calel, el < 1.6 20
and
|§||a\ Dae—em’\&\z + |£‘|a\ Dafle—ew\f\z‘ < Ca,é,w < Ca,&,@ |§| <1,£+#0.

We now split the symbol into m = pm + (1 — ¢)m where ¢ € C°(R?) is a cut-off function satisfying
0(&) =1 for [€] < 2. Applying [4, Lemma 8.2.3 and 8.2.4] to the terms (1 — ¢)m and @m respectively
then yields the desired results. U

6. LINEAR ESTIMATES FOR THE HYDROSTATIC STOKES OPERATOR: PART 1

A key element in the proof of our global existence results are the estimates for the hydrostatic Stokes
semigroup in Xz. To this end, we prove first estimates in the larger space X, where we make use of
representation (1.1). We thus define the operator A by

Av:=Av, D(A)={veW3P(Q)?nX: 82U|F/ = O,U|Fb =0,Av € X}.

per
It is the aim of this section to prove the following claim.
Claim 6.1. Let p € (3,00). Then

a) A is the generator of a strongly continuous, analytic semigroup on X.
b) There exist constants C > 0, 8 € R such that for 0; € {0;,0,,0.}, t >0 and f € X one has that

(i) t12)10:e" fll e pogay < CP N fllpsroy, t>0, f € X,
for 0; € {05,04}

(ii) t1/2||3j€tAPfHL§;L§(Q) < CeﬁtHf”L?L’z’(Q)v t>0, feX,
(iii) t1/2||€tAP5ijL§;L§(Q) < Ce”||fllrerr), t>0, f€X,
(iv) t||3i€tAP5ijL§;L§(Q) < Ce™(|fllpe o)y, t>0, feX.

¢) Xz is an invariant subspace of A, and its restriction is Az. The semigroup etA restricts to an expo-
nentially stable, strongly continuous, analytic semigroup of angle w/2 on Xz.
d) Furthermore, for allv € X&

s L1/2) o tA _
tgf(l)}rt Ve v Lo Le(o) = 0.

In order to solve equation (2.5) in X, we collect first several facts concerning the corresponding theory
in LZ(2). To this end, let p € (1,00), and define A, z: D(A,z) — LE(Q) by
Apgv:=PAv, D(Ay5) ={ve WiE(Q)* : divyv = 0,00, =0,v|, =0.}.

per

Consider furthermore A,: D(A,) — LP(£2)? defined by

Apvi= A+ Bu, D(A,):=D(A,)?, Bv:i=—(1- Q)@ZU|Fb,

S| =
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where A, denotes the Laplacian in LP(£2)? as in the last section. By [7], the operator A, is an extension of
Apz. The idea is that the pressure term may be recovered by applying the vertical average and horizontal
divergence to (2.5), yielding

o= 1
(6.1) AHﬁ:dlva—dlngazv“b,

or equivalently since 1 — Q agrees with Vg (—Ag)~tdivyg one has Vgm = (1 — Q)f — Bw.
Note that the following inclusions hold

(6.2) ACA, and Az C Apz,
and that et4»7 et4r ¢4 and e?47 are consistent semigroups.

Proof of Claim 6.1. Let Ao > 0 with Ag € p(A4,), 6 € (0,7/2), and
AE Eg+ﬂ./2 N B)\U(O)C C p(Ap).

By (6.2) it follows that A — A is injective for A € p(A,) and likewise X — Az is injective for X € p(AT).
Since X < LP(Q2)? the existence of a unique v € D(A,) for p € (1,00) follows from the LP-theory for
Ay, cf. [7], and since W2P(Q)* < X for p € (3/2,00) it follows that v € D(A). Since (4, — )" further

leaves LZ(Q2) invariant, f € Xz implies v € D(Az). Hence,
(63 p(A,) C p(A) and  p(Ayz) C p(Az).

In particular the resolvent sets are non-empty and thus the operators are closed.

Since the semigroup estimates follow from resolvent estimates by arguments involving the inverse
Laplace transform, it now remains to prove suitable resolvent estimates in X. To this end we observe first
that v = (A — A)~1f is equivalent to

(6.4 0= (A=)} (f + Bu),
and second, using the fact that @ is continuous on CD:%([0,1]?) for a € (0,1), that

1Bvll L 20y < hYPIIBol poe () < BYP(|Bollcowponzy < ClO:0lp, lcow(o2) < Clvllgrag)-

Assuming p € (3,00) we have W2P(Q) — C1*(Q) for some o = v, € (0,1 — 3/p). Using the resolvent
estimate for A, in LP(Q2)? we obtain

[ollcra@y < Cpllollwar@) < Cp (I0llr@) + 1A0] o)) < Cp(1+ ATl (9)-

This and [A[ > Ao yield || Bv||pe () < Cp(1 + )\al)HfHL%oLg(Q). So, using Lemma 5.4 we obtain

(6.5) ML ol ooy + NIVl Lo o) + 1401 L (@) < Copnolf Lo L2():
where we used that for A as above and p € (3,00) one has
[Av|| Lo e () < [[AV][Lee ey + ([ BUll e rz() < Coporoll fllLssLz(a)-

Note that if one instead considers f € Xz, then Ay > 0 can be taken to be arbitrarily small and 6
arbitrarily close to m/2 by [7, Theorem 3.1]. Since 0 € p(A4,7) C p(Az), compare [11, Theorem 3.1] and
(6.3) it follows that the spectral bound

B :=sup{Re(\) : A € 0(A7)}

is negative implying exponential decay, and estimate (6.5) is valid for all A € Xy, 6 € (0,7) and f € X7.
To verify that D(A) and D(Az) are dense in X and X7 respectively, observe that the space

Che ([07 1]2§ CSO((—Z”% 0)))2

per
is contained in D(A) and dense in X, so the semigroup generated by A is strongly continuous on X. Since
it leaves LZ(Q) invariant, the restriction of the semigroup on X N L2(Q2) = X7 is strongly continuous as
well and generated by the restriction of A onto D(A)NLE(Q) = D(Az), i.e. Az, which is therefore densely
defined on Xz. Thus we have proven a), ¢) and estimate (i) in b).
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To prove the remaining semigroup estimates in b) we consider the corresponding resolvent estimates.

Since X < LP(Q)? and P is bounded on LP()? the existence of
vi=(A—Ayz) "Pf € D(Apz) = WE(Q)? — X

per

for f € X follows from the LP-theory for A, 7, and it suffices to extend the LP-estimate

6.6)  INY210:(A = Ap) " fllei) + AP = Ap2) T 0if e () < Copllfllie),  f € L),
where 0; € {05,0y}, 0 € (0,7), Cpp > 0, to X, i.e. to prove the estimate

(6.7) NV IV gl o) < Copllflliz iz, A€ Do

Recall that Pf = f — (1 — Q)f = f + QF, and that if f € X then f € Cper([0,1]?)? satisfies || flloo <
Cll fll L £z (@) for any p € [1,00]. Using (6.4) we rewrite

v=(A-A7)""Pf = (A= 2)7(f+ Bv+QJf),
and since the term f + Bv can be dealt with as before, it suffices to show the estimate
(6.8) A2V = A) 7' QF s o) < Coll fllz=(a)-

Since Q f does not depend on z we can write Qf = Qf®1, and so for A = ||[e?¥ with ) € (—7/2+4¢,7/2—¢)
for small € > 0 we have

N2V (A= A)TH(QF @ 1) = [A]M/? / e M (Ve Qf @ e'+1) dt,
0

where e?®: denotes the semigroup from Lemma 5.6. Applying the estimates in Lemma 5.7 and 5.6 yields

o0
A2 IVEN = A) Q@ 1) |l 1r(o) < |)\|1/2/ e MV e QF || L (o) lle"* Ul Lo (—n.0) dt
0

< O|/\‘1/2 (/ ef|>\\cos(w)tt71/2 dt) H?”L“’(G)
0

\/7? _
m“fHLOO(G)-

To include the full range of angles v one simply replaces Ay and A, with e?? Ay and e A, respectively
where 0 € (—7/2,7/2) is a suitable angle.
Since an elementary calculation shows that Vg commutes with A and P we obtain

A=A =A=A710f, aA-A)TPf=(\—A)POf
for horizontal derivatives ; € {0, 9,} and f € C32.([0,1]*; C°[—h,0])*. Note that for any v € W32(Q)

per
the horizontal derivatives d,v and J,v are periodic on I'; as well. This yields suitable estimates for the

right-hand sides.
To verify d), we first make use of the density of the domains of the generators. So, let ¢ > 0 and
v" € D(Az) such that [[v —v'|| L () < £/2Cy. By b) (i) we have

tl/ZHVBMUHL;;LQ(Q) < CollvllLee Lz
for all v € X and ¢ > 0. Then
t1/2||vetAv||L%ch(Q) < % + tl/ZHVetAv/”L%OLg(Q)
and we can further estimate
1940 | gy < BY21e40 ey < Colle™ v, -
This and the invertibility of A,z on LZ(Q) yield
2|V e o || o) < Cpt' || A et e v || 1o (q) = Cyt' 2 |e 77 A5/ || 120y < Cpt'?|| 450|120

and since A, zv" € LZ(Q) the claim follows. O
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7. LINEAR ESTIMATES FOR THE HYDROSTATIC STOKES OPERATOR: PART 2

This section is devoted to prove that the estimates of Claim 6.1 in the case of vertical derivatives, i.e.
that the estimates (ii), (iii) and (iv) in Claim 6.1 are valid even for 9; = 0..

Claim 7.1. Under the assumptions of Claim 6.1 there exist constants C' > 0 and f € R such that

(7.1) t1/2||8zetAPf”L§§L§(Q) < Cetﬁ”f”L;?L’z’(Q)a
(7.2) t1/2||etAP32f||L7;L§(Q) < CetﬂHf”LgL’;(Q)a
(7.3) t||3i€tAP3jf||L;§L§(Q) < Ce&”f”Lg;Lf;(Qy

where 0;,0; € {05,0y,0.}, for allt >0 and f € X.

As in the last section, these semigroup estimates follow from suitable resolvent estimates and standard
arguments involving the inverse Laplace transform.

Before investigating the estimate for 9,(A — A)P we present an anisotropic version of an interpolation
inequality. We use the notation (z,y, z) =: (2/,2) and let B(z);r) = {2’ € R? : |2/ — x{| < r} denote a
disk in R2.

Lemma 7.2. Let p € (2,00), ¢ € [1,00], 7 > 0, and x), € R%.  Then, for v € WLP(B(z);r); L1),
L1 = L9(—h,0) we have

2 (Jlo

V]| Lo (B(apir):ay < CT e (BayyLy) + IV HV Lo (Bayr);L2))s

where the constant C = Cq 4 > 0 is independent of r and xj,.

Proof. We put w(x') := ( LO y lv(@, 2)|? dz)'/? and apply a two-dimensional interpolation inequality, com-
pare [20, Lemma 3.1.4] to have

(7.4) [wll L By < Cr~*P(|lwll Loy + IV EW] Lo (B@y))-

One sees that ||w[|re(B(ayr)) = Vlor(Bayr);Le)- To estimate the second term we compute d;w for
0; € {0z,0y} as follows:

diw(z’) = </_Oh v(xxz)wdz)

Using Holder’s inquality we obtain

1/q—1

0
/_h lv(z’, 2)|972(0v(a, 2) - v(a, 2)) dz.

1/¢q—1

0 0 0 1/q
|0;w(x")] < (/ |v(x’,z)|qdz> / lo(a’, 2)|97 o (e, 2)| dz < (/ |0;v(2’, 2)]9 dz)
—h —h —h
and substituting this into (7.4) proves the estimate for ¢ < co. The case ¢ = o0 is a straightforward result
of (7.4). |

It is well known that 1 - Q = —Vy(—Ag) divy = VHAlflldivH with periodic boundary conditions is
a singular integral operator which fails to be bounded in L>°(G)?. However, if one allows for a logarithmic
(and therefore divergent) factor, some L*-type estimate are still available. In this spirit we give a local
LP-estimate for the operator Vy(—Ag)~tdivy corresponding to the scale of the L®-norm.

Proposition 7.3. Let p € (1,00), x, € G. Then there exists o > 0 such that for all r € (0,7¢) the weak
solution of

(7.5) Agm =divgF in G, 7lag : periodic, / mdx' =0,
G
for F € L*(G)? satisfies

IV a7l Lo By )y < CTP(1+ [log )| Fll o (c)-

Here the constant C = Cg j > 0 is independent of xj, and r.
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Proof. By applying a periodic extension we may assume that (7.5) holds in a larger square G’ := (-2, 3)2.
We choose rg < 1/8 to obtain B(zf;4r) C (—=1/2,3/2)? and utilize two cut-off functions w, § € C°(R?),
0 = 0,., satisfying the following properties:

w=1lon[-1,2)%, supp(w)C &, |V wl| oo w2y < C,
0 =1 on B(z{;2r), supp(0) C B(zy;4r), |[[V50||pege < Cr=*F

for k = 0,1,2; compare the proof of Lemma 5.4. From (7.5) we see that wm satisfies
Ap(wr) =divyg(wF) — Vyw - F + 2divy (Vgw)r) — (Agw)r  in R

Then, letting ¥(a',y’) := 5= log |z’ — 3| be the Green’s function for the Laplacian in R?, we obtain

(wm)(z') = —/Rz (Vy0)(a',y') - [wF +2(Vyw)r|(y) dy’ — /]Rz (', ) [(Vaw) - F + (Agw)r] (y) dy'.

Therefore, for 2’ € B(x);r) we have the representation

Vun(z') = - AZ(Vm/Vy/W)(x’,y’)[wF+ 2(Vyw)r](y')dy — /R (Vo ®)(2',y") [(Vaw) - F + (Agw)7| (y') dy’

=- /RQ(Vm/Vy"If)(:vC Y)[OF +w(l - 0)F +2(Vyw)r](y) dy

- [ (@0 ) (Vi) F o+ (A )
=:1I; (.%'/) + 11, (LL'/> + Hg(&?/) + H4($/) + 115 (!L'/)

where in the second step we used wf = 0. We derive LP(B(x{;r))-estimates for each of the above terms
as follows: By the Calderén—Zygmund inequality we have

T || e @2y < ClOF |l Lo g2y < Cl0ll Lo @) | Fllz oy < Cr*/PIIF || Lo (c).
For the second term note that we have |V, V, ¥(z',y")| < C|2’ — /|72 and
supp (w(1 — 6)) = supp (w — 6) C supp(w) \ B(x; 2r)
yields supp (w(1 — 0)) C {r < |2’ — y/| < 4} and therefore

T2l 2o B2y i)y < llLr(Bay:r)) sup / Clz' — |2 dy’ | lw(l = 0)F|| L= (cr
z'e€B(zf;r) Jr<|a’ —y'|<4
< Cr?P(1+ [logr|) | Fll L (c)-

The condition supp (Vgw) C G’ \ [-1,2] yields

I3l 2o (B(2yiry) < Il Lo (B sup  Cle' — /|7 | |2(Vaw)nl ey < Cr*/P|nll ey

1/2<|z"—y'|<3
It follows from Poincaré’s inequality and the L?-theory for (7.5) that
71y < Clirlleze) < ClIVaTlL2 @) < ClF 2@ < ClIF =)

and therefore [|Is|Lr(B(zyr)) < CTQ/pHFHLoo(G). Similarly to II3, we have

1Ty + 5| e (B(ayir)) < ||1HLP(B(;86;T))( sup  Cla’ — y/|71>(HF”L1(G) + 17l )
1/2<]z'—y’|<3

< Cr*P||F| L (c)-
Combining these estimates yields the desired estimate. O

Remark 7.4. Note that the Calderén—Zygmund inequality we have used to estimate II; does not hold
for p € {1, 00} while the arguments of Section 6 can be adapted to cover the case p = co.
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We now turn to prove the estimate |A|'/2(|0.(\ — A) Pl rr) < Copollfllzes Lz for A € S,
[A| > Ao and for 8 € (0,7), p > 3. For this purpose we observe that the solution v to the resolvent
problem

w—Av=Pf on Q

with boundary conditions (2.3) is decomposed as v = v1 + va, where (vy,71) and (vq, 1) solve

(76) Ay —Avy +Vgm = fon§, Agm = 7h71diVH(aZ’U|pb) on G,
and
(7.7) g — Avg +Vgma=00n ), Apgm =divyg f on G,

respectively, both equipped with the boundary conditions (2.3) and periodic boundary conditions for ;
on dG, as m := m + my satisfies (6.1). Since (7.6) is equivalent to v; = (A — A)"!(f + Bv) we obtain

(7.8) N2 110z 01l g £z () < NIV 0Ll £200) < Coponallf g 20

for |A| > Ao by the same argument used to derive (6.5). This, Vyve = Vv — Vv, and estimate (6.7)
yield

(7.9) IANY2IV a2l i) < Copooll sz, A€ Do
In order to prove estimate (7.1) it thus remains to establish the following.

Proposition 7.5. Letp € (3,00) and 0 € (0, 7). Then there exists constants g > 0 and Cg p », > 0 such
that for all A € g with |A| > Ao and f € X the solution ve of (7.7) satisfies

\)\|1/2H5’zv2||L;§L§(Q) < CoprollfllLsre)-

Remark 7.6. The estimate
IAM2]0: (A — A)ilprL?;LZ(Q) < Copllflleerr)y, fe€X
actually holds for the full range of A € ¥y, 6 € (0,7), i.e. one can take Ay = 0. This is obtained by using
that Pf € LL(Q) yields v := (A — A)"'Pf € D(A, ) and therefore
vl e L2() < Cpllvllwzr@) < CpllAvl| Lz ) < CpllPfllrz) < Collfllzz) < Collfllzeerz(o),
so the same argument as in the proof of Lemma 5.4 applies.

Proof of Proposition 7.5. We will simply write (v,7) instead of (vg,m2) for the solution of (7.7). By
applying a periodic extension in the horizontal variables we may assume that (7.7) holds in a larger
domain allowing us to replace 2 and G by Q' := G’ x (—h,0) and G’ = (—2,3)? respectively. We
decompose the boundary of ' into I}, = G’ x {0}, I} :== 0G’ x [—h,0] and I'}, = G x {—h}. For simplicity
we continue to denote the periodic extensions of v, 7 and f in the same manner.

Let n > 1 be a parameter to be fixed later, and let Ay be a positive number such that

(7.10) ro :=n Ay "/ < min{1/8, h/4}.
We fix arbitrary A € Xy, |A| > o, put 7 := n|A\|71/2 < ry, and introduce two cut-off functions o = a,
B = B, satisfying
ae€C®(~h,0)), a=0on|[-h,—h+7], a=1on[-h+2r0]), |0a(z)<Cr*,
BeC®(=h,0)), B=1lon[-h,—h+2r], B=0on[-h+3r0, |0°8(z)<Cr*

for k = 0,1,2, compare the proof of Lemma 5.4. We then split the estimate for d,v into the “upper” and
“lower” parts in €2 as

(7.11) 00l Lee L2 () < 10:(av)| Lo L2 () + 10:(BV)|| 5o L2 (0)-
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Step 1. Let us first focus on 9, (aw). By Lemma 7.2 with radius |\|~'/? and p = ¢ we have
(7.12)

|)\|1/2||5z(av)||L;°L§(sz) < Gyl AP Su%(|)‘|1/2”82(av)|LP(C(I6;)\|1/2)) + ”VHaZ(O"U)lLP(C(x(];M1/2))>7
x( €

where C(z); |\|=*/?) denotes the cylinder B(z}; |A|~'/?) x (=h,0) and we used that

[ fllzee 2y = sup | fllLo(B(ay.r)iL2): R >0.
zo€G

In the following we fix arbitrary z{, € G and introduce a cut-off function 6 = 6, € C2°(R?) such that
0 =11in B(xj;[\=1/2), suppf C B(x(;r), V50 peme) < Crt
for k =0,1,2. Then fav solves
AOaw) — A(faw) = —0aV T — 2V (0a) - Vo — (A(fa))v on €,

9. (0aw)|r,ur; =0, fav periodic on 1.

We further differentiate this equation with respect to z to obtain

M09, (aw)) — A(00,(aw)) = F1 + 0. F>, on Q' 600,(av)

rury = 05 09:(av) periodic on I

where
F:=—0(0,0)(Vun) — (A0)(9,0)v — (Agf)a(0,v),
Fy = —2(Vyh)a - (Vgv) — 20(0.0)(9.v) — 0(0*a)v.
By (5.7) and (5.8) for ' in the case ¢ = p, we obtain the estimate
(7.13) A2010-(800)l| o) + IV0:(600) |0y < Co (NI Billnogry + |12l ooy ) -

and since 6 = 1 on C(xh; |A|71/2) € @ by (7.10), we further have
0= () | L (c(agin)-172y) < 102(0a)|| e (o),

(7.14)
VO (ev) | Le(c@pin-172)) < [IVOz(a)|| Lo (c(ayial-172)) -
Let us estimate each term on this right-hand side of (7.13) as follows: Denoting HHL’;, = ||'||Lp(3(m6;r))
and |||l 2 := |||l Lr(—n,0), We first observe that the cut-off functions satisfy
2/ 2/p—1 2/p—2
100, < Cr/P, [[VyO|pr < CroP77 |Ag0|[pr < Cro/P
as well as

|0-a| e < Cr/P7t 020l e < OFY/PT2
By Proposition 7.3 we then have
168-0)(Vam)l| oy < 18]l llO-all 2|V rrml| s, < Copr® =11+ [log )| fll 3p L2 (0)-
We further have the Poincaré inequality

(7.15) [ fllze (o (—n—htay < A0 fllpeere, 0<d<h, f

and hence using Hélder’s inequality yields

=0

Iy

[(Au0)(Dz)vl Loy < 1ALz 10:0lool[v]| oo (riLr (—n,—ny2ry) < CTP72 (1020l Los (0 -
For the third term in F} we simply have
1(Au0)(0:0) Loy < 1801z @lloo |00 g 2 0) < CT*/P720:0] Las L2(0)-
The first term in F» is estimated via (7.9), yielding

1(Va8)a(Vav)llLr@) < IVabllze [ellsel Vavlre 2@y < Coprer™ P A2 Flles 2oy,
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whereas for the second term in F5 we simply have
[10(0:)(0:0)|| e () < 10lloc[|0:lloc 1020 Loe £2(2) < CTQ/p71||5zU||L;I°L£(Q)7
and by the Poincaré inequality (7.15) we estimate the last term by
10(D2)v] Locary < 16llze, 192 loo 0]l o5 Lo () < CT*/P7H|0:0]|Los L) -

Collecting the above estimates, using (7.12), (7.13) and (7.14), as well as r = n|A\| /2, we obtain that
|A|1/2||az(a1])|‘L?Lg(Q) < Copro (772/%2 +773/P*2|)\|71/2p +n2/p717,1/p‘10g(7q)|> Hf||L;,°L§(Q)

+ CH,p(WQ/p_l +772/p_2)\)\|1/2HazangL’;(Qy

< Copnon™ P (1417 log )1 fl s (o)

+ Co (P! + 772/p_2)\)\|1/2HazUHL?LZ(Qy
Step 2: Now we shall estimate 9,(8v). We apply Lemma 7.2 as in the previous step to obtain
(7.17)

INY2102(B0) | L o0y < Cpl AP sup. (\All/z\|5z(5“)||Lp<c<mg;|xrl/2>> + HVH@(»B“)||Lp<0(mg;wl/2>>)~
To

(7.16)

In the following we fix an arbitrary point z{, € G. With the same cut-off function § € C>°(R?) as in Step
1, we find that 65v solves

AOBv) —A(Bpv) =F3 in Q, 0.(6Bv)|lr, =0, 6pv

r =0, 6pv periodic on T
b
where
Fy:= —0B(Vym) —2(Vgh)s - (Vo) — 20(0.5)(9.v) — (Ah)Bv — 20(026)v.
We apply estimate (5.7) on Q' with ¢ = p to obtain
(7.18) N2V (080) | ooy + IABBY) || Loy < Coll Fi |l Loy
where we further have, compare (7.14), that
0= BV Lo (c(ayi a1 -172) < [IV(0BV) || Lo (o),
IV EO=(BY) | Le(c(aysin-172) S IVEO:(08V)[| o) < [|08v[[w2rr) < CpllA0BY)| e

by the invertibility of the Laplace operator with mixed Neumann and Dirichlet boundary conditions,
compare Section 5.
We now estimate the right-hand side of (7.18) as follows: Note that § satisfies the estimates

1Bllzz < Cri/P, 10:B]lpy < Cr/P=t, ||02B]Ly < Crt/P72

since supp(8) C [—h, —h + 3r]. Tt follows from Proposition 7.3 that

108V am) Loy < N01cllBllLelVamllLy, < Cor®P(1+ [og )| fllLs L2 (o)
The estimate (7.9) implies that

1(Va0)8 - (Vao)lls, < IVablly 1Bl VavllLs Lri) < Copror™ AT fllLs L2 ()

and for the term containing vertical derivatives we have

16(0-8)(0-0)ll o0y < 110112, 19: Bl 001001 s L2 () < Cr*P~H020l| 35 120
By the Poincaré inequality (7.15) we have

(7.19)

2/p1 100 Lo L2 ()

[(Au8)Bv| ey < N1AEO L2 [|BllsollvllLoe (GiLe(—h—hi3r)) < CT
as well as

10(028) vl oy < 101122, 102 Blloc 0]l Lo (Girr (—h—htsry) < CTP7H|020]| Lo 12 (-
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Combining the above estimates with (7.17), (7.18) and (7.19) as well as 7 = | A| /2 then yields

iz PO o) < Com (7 PN (0 [Hom(aN ) W
+ Co P HAM?10:0] Los 20 -

We now substitute (7.16) and (7.20) into (7.11). Since all constants C' > 0 do not depend on the parameter
n > 0, we can take it to be sufficiently large and so similarly to the proof of Lemma 5.4 we obtain

|>‘|1/2”8ZUHL§§L§(Q) < Chp,ro (772/p_1(1 + /P llog(r)|) + 7*/P N T2 (1 + |log(\)\|)|)> [ fllzee L2 ()

Since

sup r'/Pllog(r)| < oo, sup [A|7V2 (1 + [log(|A])]) < oo,
0<r<rog [A]1>Xo

for any 79, Ao > 0 and p € (1,00), this implies the desired estimate [A|"/?[|0.v||pe L2y < CllfllLss L2
for |A] > Ao.

We now turn to the problem

(7.21) A —Av =P0,f on Q

with boundary conditions (2.3) for f € X. Since

(7.22) PO.f =0.f — (1 -Q)0.f = 9./,

whenever f = 0 on I'y UT, and C35,([0,1]%; C2°(—h,0))? is dense in X we may assume without loss of

generality that (7.22) holds. Moreover, in view of periodic extension we may assume that (7.21) holds in
a larger domain Q' := G’ x (—h,0), G’ := (—2,3)%. Since the problem is well-posed in LZ(2) by (6.6),
estimate (7.2) then follows from the following:

Proposition 7.7. Let p € (2,00) and 0 € (0, 7). Then there exists constants g > 0 and Cg p », > 0 such
that for all A € g with |A| > Ao and f € X the solution to the problem (7.21) satisfies

A2l e < Comaolfllziz):

To prove this estimate, we adopt a duality argument combined with the use of a regularized delta
function, which is based on the methodology known in L°°-type error analysis of the finite element
method, cf. [22].

In order to prove this estimate we first introduce some notation. Using periodicity, one sees that for
any € € (0,1) we have B(z(,¢) C G’ for zj € G and

0
00 0y = 50 s [ Jolal 2P
L LE(®) z(€G x'€B(x(e) J—h
where by B(z);e) we continue to denote a disk in R?, compare Lemma 7.2. In the following we fix
arbitrary z( € G, 2’ € B(x(;¢) and choose € = |)\|72(Pp*2> for A as above.
Letting § > 0 be a smooth nonnegative function in the variables (z,y) =: ’ such that suppé C B(0;1)
and fRQ ddz’ = 1, we introduce a rescaled function as

1 '
(7.23) 6 () := 5—2(5 (5) : Oe.ap (') = 0c (2" — xp).
We then obtain
(7.24)

0 0
/_h lv(z’,2)[P dz = /_h /G, (Jv(a’, 2)P — |v(y',z)|p)5€’16(y’) dy'dz + (v,éa’m6|v|p_2v*)gl =: I (2") + Iz,

where v* means the complex conjugate of v and (-,-)o denotes the inner product on L?(€')%. In the
following we estimate the two terms on the right-hand side separately, beginning with ;.
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Lemma 7.8. Under the assumptions of Proposition 7.7 we have for all for all xj, € G and ' € B(x{;¢),
P
e = |\, that

[L(z")] =

/Q (ol P = o5, ) () | < Cop N2 gy a0 s e

Proof. Since [p. ey (y')dy’ =1 and suppd. .y C B(wg;€) we obtain

0
L) < sup / llo(a, 2P — [o(y/, 2)|?| dz
y'€B(zpie) J —h

0
<C swp [ (@ D ety 2Pl — ol ) d
y'€B(xye) J—h
where we have used the elementary inequality
ja” — 7] < pmax{a, b}~ a — b| < p(a+ )" |a — b < p2 (@~} + " )|a - b)

for all a,b > 0, where we used that p € [2,00) implies that = +— 2P~! is a convex function. Holder’s
inequality then implies that

0
/_h(lv(w'» AP oy, )PP u(e, 2) = o(y,2)| dz < (@) + o)1)l = o).

Hence we have

-1 —1
sup  [N(2) <C sup o)l sup lo(e) — o)l < Cllvlle 2”0l

CeLE(Q)
z' € B(z;¢) y' €B(z(;¢e) y'€B(zg3e)

where o :=1-2/p > 0 and [[v||ce 17 (q) denotes the space of LP(—h, 0)-valued Hélder continuous functions
of exponent a on G.

The assumption e = [A\[727=2 then yields e* = IA|7Y/2. We now use the Sobolev embedding
WLP(G) < C%(G) to obtain the estimate [vllce Lz < Cllv[lwrs(q). In addition, the Poincaré inequality
yields

[ollwir) < CpllVollLe) = Coll VA = Apz) ™0 fllLr) < Copll fllr@) < CopllfllLes L2y,
where we used that V(—4,5) 2, A,z(A — A,5)"" and (—A4,5)"'/20, are (uniformly) bounded on
L2(Q) for X € Xy by [7]. Combining these results then gives the desired estimate. O
In order to estimate I, we perform a duality argument. For this purpose we introduce an auxiliary
problem corresponding to (7.21) as follows:
Nw— Aw + Vyll = 557m6|v|p72v* in €,
0.1I=0 in &,
(7.25) . . ,
divgw=0 in G,
d.wlr;, =0, wlp; =0, w,]II periodic on T,

where the upper script * means complex conjugate as before. We establish an L}, Li-estimate to this
problem, where ¢ := p/(p — 1) is the dual index of p.

Proposition 7.9. Let p € (2,00), 1/p+1/q =1 and 6 € (0,7). Then there exists a sufficiently large
Ao > 0 and a constant Cp x,.9 > 0 such that the solution of (7.25) satisfies

|)\|1/2H6Z'LU||L}_ILZ(Q/) S Cg,p (1 + |A|71/2q‘€2/572> ||U||i§;L§(Q),
foralle € (0,1), s € (1,q], z{, € G, A € Zg, |A] > Ao, and v € X.

Remark 7.10. If one even has p € (3,00) then this result can be extended to the full range of A € ¥y by
a similar argument as in the proof of Lemma 5.4, compare Remark 7.6.
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For simplicity, we write L%, L? to refer to LY, L1(Y) = LP(G'; LY(—h,0)) when there is no ambiguity.
First we introduce the following result.

Lemma 7.11. Lete € (0,1), 25 € G, p € (1,00), 1/p+1/qg=1 and v € X be arbitrary. Then, for d
defined as in (7.23) and s € [1,q] we have

18,2 [V =20 ([ Lo (9r) < Cl0e oy [0]P 20|

Lyt < Ce 2ol b g

for a constant C > 0 not depending on €, z{, and v.

Proof. We set F := 557$6|v\p_21)*. Noting that |F|? = 67 I6|v|p and that J. ., is independent of z, we

obtain
0 s/q 1/5
I FllLs pa = / (/ 0 (2" — () (2, 2)|P dz) dz’
" ¢ \J-n
1/s 0 1/p7P/4
< </ 8e (2" — xp)® dx/> sup (/ lv(z’, 2) P dz>
’ ' eG’ _h
s— -1
S 062/ 2H’U||I[)/?_I°le’(g)7
where we used the periodicity of v in the last step. This completes the proof. (I

Proof of Proposition 7.9. We set r := 17|)\\*1/27 where > 0 is a large number to be fixed later and

[A] > Ao, where Ay > 0 is sufficiently large such that n)\gl/Q
a = a,, B = [, in the vertical direction as follows:

a€C®([~h,0)), a=0in[-h,—~h+7], a=1in[-h+2r0], [|0a(z)<Cr7F,
BeC®(~h,0)), B=1lin[-h,—h+2r], B=0in[-h+3r0, |0¥6(z)<Cr*

< 1. We introduce two cut-off functions

for k = 0,1,2. Then we may split the estimate for 0,w into the “upper” and “lower” parts in Q' as
(7.26) 10wl e < 19 (w)l s, 1 + 110- (Bl 3, 1.
Step 1. We consider aw, which satisfies
Naw — Alaw) = aF — a(VgIl) — 2(9,a)(0,w) — (92a)w,
d.(aw)=0 on T UTy, aw periodic on T
where F':= 0. 4/ |v[P~2v* as in the proof of Lemma7.11. Differentiating this with respect to z yields
A0, (aw) — A(9.(aw)) = 9. [aF — 2(0.a)(d,w) — (OZc)w| — (9.a)(VyIl) in €,
9.(cw)=0 on I UTy, 9. (aw) periodic on T7.
Applying Lemma 5.4 in L5 L()') we obtain
X210 0wy, 2 <C (@ 1y, 12+ 1| (@-0)(00)]l g 2 + (@20l 2
FOW2) (020) (VT 53 1
We now estimate each term on the right-hand side. By Lemma 7.11 with s = 1 we have
laF|py e < flallool|FllLy, o < C||U||Iz¥y;(g)~
Using the estimate on derivatives of a we obtain
1(020) (0wl Ly, g < CrH|0zwl| s, g,

and by the Poincaré inequality we have

||(5’§04)w||L}ng < 07“72Hw||L;,Lg(G/x(—h,—h+2r)) < CrilHaszL}{Lg-
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Using L*(G’) < L(G") as well as the estimate on the pressure term, cf. [11, Theorem 3.1.], in L*(Q) for
s € (1, ¢], we obtain

1(0-a)(V a3, L2

s(any < CrYITY|F|| e < Crt/arte?lsm 2||U||L°oLP Q)

Collecting the above estimates and plugging in r = n|A|~'/? yields
(7.27) V20 (aw)llny e < OO+ ATV [0l o) + O A2 0:w] 1, e
Step 2. We consider Sw, which satisfies
N pw — A(Bw) = BF — fV gl = 2(9.8)(0.w) — (2w in &,
0.(fw)=0onT!, Bw=0onTy, 9,(Bw) periodic on I}.

Applying Lemma 5.4 in L} L? we obtain

IA2110-(Bw) | £y, 2 < CUIBF I Ly, po + 10=8)(0=w) | £y, g + (02B8)wllzy, g + 1B(V 1D Ly, £e)-
A calculation similar to Step 1 then gives
(7.28) AY210: (Bw)llpy, o < O+ 9N~/ 2) o[, + O~ AT 0wy s

Substituting (7.27) and (7.28) into (7.26) and choosing sufficiently large 7 enable us to absorb the term
|)\|1/2||8Zw||L}ILg from the right-hand side, which leads to

Y20zl g 10 < CCL+ 222 ol

This completes the proof. O
With the preparations above, we are now in the position to prove Proposition 7.7.

Proof of Proposition 7.7. By (7.24) and Lemma 7.8 we have

(7.29) Il2 5 1oy < CINT2 g ey ol gy +

with I5 as defined in (7.24). Substituting (7.25) and integrating by parts, we find that

I = (v, 55’16|v|p_21)*)9/ =, N'w—Aw+Vyll)g = (A — Av+ Vym,w)e = (9, f, w)a
= _(fa 82'11))9/,

where we have used that (v, VgIl)or = 0 = (Vgm,w)go since divyg® = 0 = divgw for the third and
flr,ur, = 0 for the last equality. Using 1/p+ 1/¢ = 1 and applying Proposition 7.9 we obtain

1) < I fll iz 2@ 9=l 0 < CINT21 L ngp ooy 0l 2y (14117216252

We set € = [\ 722 for [A| > 1 and s = min{ 3§£2’ 525} € (1,q]. This yields

1 1\ p 1 1 1\ p 11
SN (SR D Y <S4 <o
m+< >p2 f2ﬁ< >p2 17 S

which implies that 1+ |\ 71/29¢%/5=2 < 2 for |A| > 1 and therefore

(7.30) L] < CINTY2| fll g 2 llo Al > 1.

||LooLP Q)7

The desired estimate then follows from (7.29) and (7.30) after dividing by ||1)HT£§;L§(Q O

)

Proof of Claim 7.1. Estimate (7.1) now follows from (7.8) and Proposition 7.5, whereas estimate (7.2)
follows from Proposition 7.7. Estimate 7.3 follows from (7.1), (7.2) and Claim 6.1. O
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8. PROOF OF THE MAIN RESULTS

Theorem 3.4 is a direct consequence of Claims 6.1 and 7.1.
For the non-linear problem in the space X we will make use of the following estimates.

Lemma 8.1. Let p > 3. Then exists a constant C' > 0 such that for all t > 0 and v; € X5 satisfying

Vv, € X and Ui’rb =0 with u; = (v;,w;) as in (2.2) fori=1,2 we have

(i) ||€tA]P(U1 ‘ V)U2||L§L£ < Ct71/2”vv1”L?L’z’||U2||L§I°L’z’v

(i) IV AP (ur - V)oa s 1o < CU Y2 Vonl| s o | Vool s 1,

(i) Ve AP(ur - V)eall s 1o < CtH[Vunlls o loalls o,

as well as

(iv) le P (ur - V)osll gz e < C (0721903l pellosllegs 2 + 901l 221 Veall s e

where {i,7} = {1,2}.
Proof. We begin by noting that
(w1 - V)va Lo 2 < ([[oal Lo (@) + wrll L= (@) IVl Lo 2
So, using Sobolev embeddings, the Poincaré inequality and X < LP(Q)? we obtain
||Ui||L°°(Q) < CHUiHWIvP(Q) < C||VUiHLP(Q) < C||VUiHL§;L§-
Similarly one has
|willLe (@) < Clldivavillpg e < Cl|Vos|[po e
This allows us to obtain (ii) via Claim 6.1 and 7.1 as well as
IVt APy - V)allps o < CE 2 (1 - V)vallps 1o < CE 2|Vl e 12 ol s 12
To prove (i) we proceed analogously as above to obtain
[v1 ® vallpee e < Cl[Vvillpse collvjllose e, lwivallzere < ClVillpeerellvall e re
where {i,j} = {1, 2} and since divu; = 0 we can write
(up - Vvg =V - (u1 ® v3) = Vg - (v1 ® v2) 4+ 0, (wyv9)
which allows us to apply Claim 6.1 and 7.1 yielding
le" 4P (uy - V)'UQHL;;LQ = [PV - (w1 ® ”UQ)HL;,CLE

<PV - (v1 @ va)| oo e + €4 PO, (w1va) | pos 1o

< C2 (Jlor @ vall g e + lwreal s e )

< Ct_l/QHVUl||L§;L§||U2||L§;L§>
and estimate (iii) is obtained analogously via

Ve AP (s - Vvl gz e < C (Jlor @ wallpg 12 + lwrvall ez ) < O Vol pelleal s e
To prove (iv) we observe that w; = 0 on I', UT', implies that
PO, (wivg) = 0, (wivz) = —(divg vy )ve + w10.v9
and the right-hand side is further estimated via
||(diVHU1)U2||L;>;L§ < C||VU1HL<;;L5H02||L°°(Q) S CHVU1||L<;;L§||VU2||L§7L§,

and
w1002 Lo e < [[willpoe (@) |0:v2llLgere < Cl[Vorllpee e[Vl e e
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Applying Claim 6.1 then yields that for {i,j} = {1,2} we have
[PV 11 - (01 ® va)[| e pr < Ct 2 |Joy @ wa| o pr < Ot V2| Vil Loe Lellv |l Lo 22
as well as
1“4 PA. (w1vs) | g 2 < Cl[VrlLos Lo | V2l s 2
which implies (iv) and completes the proof. a

It has been proven in [7] that the operator A,z possesses maximal L?-regularity. In [9] the authors
applied this to develop a solution theory for initial data

a € Xy = (L), D(4p))1-1/q,4 © Bpg /4(Q)° N LE(Q)
where p, q € (1,00) satisfy 1/p+ 1/q < 1. In particular, one has the following result.

Lemma 8.2. Let a € X,,. Then there exists o unique strong solution to the primitive equations (2.1) with
boundary conditions (2.3) satisfying
v e C([0,00); X,).

This enables a key step in the proof of our main result as it guarantees the existence of smooth reference
solutions v,ef to the primitive equations given sufficiently smooth reference data a,er. In order to construct
v as a solution to problem (2.1) with initial data a we construct V := v — vy by an iterative method
using initial data ag := a — are. Before we do so, we establish an auxiliary lemma.

Lemma 8.3. Let (an)nen be a sequence of positive real numbers such that

am+1 < ag + clafn + coty,  for allm e N

Then an, < —2—aq for all m € N.

1—02

and constants ¢; > 0 and ¢ € (0,1) such that 4ciag < (1 — c2)?.

Proof. Let xy be the smallest solution to the equation x = ag + c122 + cox. Then
(1 — CQ) — \/(1 — 82)2 — 401&0 - 1 401@0 < 2
2¢q 2¢1 (1 —co)+ \/(1 — )% —4dciag 1—c

0<axy= ap,

and since p(z) = ag +c122 + cax is an increasing function on [0, 00) it follows that p(z) < zq for = € [0, z¢].
The condition ¢y € (0,1) further yields
(1 — Cg) + \/(1 — 62)2 —4crag < 2

from which it follows that ap < z¢ and thus the claim is easily derived by induction. (Il

We now prove our main result.

Proof of Theorem 3.1. Step 1: Decomposition of data.

Given an initial value a € X we will split it into a smooth part a,ef and a small rough part ag, where
a = ayertap, as follows: Since Az is densely defined on X7 we take a,of € D(Az) such that ag := a—ayer can
be assumed to be arbitrarily small in Xz. Now let ¢ € (1, 00) be such that 1/¢+1/p <1and 2/¢+3/p < 1.
The latter condition on ¢ then yields the embedding X., — C'(€2)2. Due to D(47) C D(A,5) C X, it
follows from Lemma 8.2 that taking a,.t as initial data of the primitive equations, there exists a function
vref € C([0,00); X) solving the primitive equations with initial data vyet(0) = aret-

Step 2: Estimates for the construction of a local solution.

We will show that there exists a constant Cy > 0 such that if ag € Xz satisfies Ha0||L%oLg < Cp then
there exists a time T > 0 and a unique function

V e8(T) :={V € C([0,T); Xz) : [VV (1)l 512 = o(t'/?)},
where

IV lscn —max{ sup V(O)ll iz, sup t1/2||VV<t>||L?Lg}
o<t<T o<t<T
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such that v = ver + V solves problem (2.1) on (0,7") with initial value v(0) = a. In order to construct V'
we define the iterative sequence of functions (Vy,)men via

t
(8.1) Vo(t) = etag,  Vinea(t) = eag + / C=DAR (5)ds
0

where
F,, =-P ((Um . V)Vm + (Um : v)Ulref + (uref ’ V)Vm)

and Uy, = (Vin, Win), Uret = (Uref, Wrer) With the vertical component w given by the horizontal component
v via the relation (2.2). We will now estimate this sequence in 8(T") for some value T' > 0 to be fixed later
on. Since Pag = ag we have

Volls¢ry < Cllaollzsorz, T € (0,00)

by Lemma 6.1. For m > 1 we will first consider the gradient estimates. We have already estimated the
term Ve'4ag, whereas for the convolution integrals we have

<C </Ot/2(t —5)"lsT1/2 d5> Ko (t)Hyn (1)

= Ct™ V2K, (t)H, (t)

/ " Vel =AP (U, (s) - V)Vin(s)) ds
0

L2LE

by Lemma 8.1 (iii) where

K (t) := 0<1{Et31/2||vvm(3)\\L;>{°L§» H(t) == OiugtHVm(s)”LgL;’

and via Lemma 8.1 (ii) we obtain

t
/ Ve=AP (U,,(s) - VVin(s)) ds
t/2

t
<C (/ (t — 5)1/251> Ko (t)?
L3 LY t/2

< Ct V2K, (1)2

Finally applying Lemma 8.1 (ii) to the two remaining mixed terms yields

We set R := supg<¢<q; || Vret(t)[| 2o 2 and note that 0 < R < oo by Lemma 8.2, since vref € C([0, 00); X )

and 2/q +3/p < 1 implies that X, C Bag /%(Q)2 < C(Q)? via embedding theory, cf. [25, Section 3.3.1].
Taking these estimates together yields

/0 t Vel =DAP (U, (s) - V)vget(s)) ds

t
<C (/ (t—s)~Y2571/2 ds) sup || Vrer(s) | Lo Lo Ko (t)
LeLY 0 0<s<t "

=C sup ||eref(3)||L%°L€Km(t)a
0<s<t

< C sup [[Vrer(s)| s 2 Kom (2)-
L LY 0<s<t

/0 t Vel=AP (uep(s) - V) Vin(s)) ds

(82) tl/QHva—i-l(t)”L?_IoL’z) < (HaOL?LE + Km(t)Hm(t) + Km(t)2 + Rtl/QKm(t)).

To estimate [|V;41(t)|| s L2 We apply Lemma 8.1 (i) to obtain

/O AR (U (s) - V) Vin(s)) s

t
<C (/ (t — 5)"125=1/2 ds) Ko (1) o (1)
L3S LY 0

= CKm (t)Hm (t)
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whereas for the mixed terms Lemma 8.1 (iv) yields

=P (Ui (s) - V)vret(s) [l 55 12 <C<(t — )72V orer(s) g £z | Vin () | gz 2

n |vvm<s>|L;Lg|wref<s>||L;,0Lg)

and therefore

/Ot e(t_S)AP((Um(S) ’ V)Uref(s)) ds

e <C (/Ot(t — )71/ ds) RH,,(t) +C (/Ot s 1/2 ds) RE (1)
e 2(Hm (t) + K (1)),

and the other mixed term can be treated analogously due to the symmetry of the right-hand side in (iv).
Taking these estimates together yields

(8.3) Vi1 ()l e < Cy (||ao||L;,cL§ + K () Hin (1) + /2 Hin (t) + tl/QKm(t))-

Since the right-hand sides of (8.2) and (8.3) are increasing functions we obtain for ¢ > 0 that

(8.4)

Konia(®) = €1 (ol + K0 (6) + K0 + B 2E (0
Hpypa(t) < Cl(

ol 1o + Ko () Hon(£) + REV2H (1) + Rtl/sz(w).

Now let T € (0,Tp) where T > 0 is chosen in such a way that
8CLRT)* < 1.
Then for all 0 <t < T < Ty we have

1
Vinsallscey < Cillaoll pes e + 2C1 | Vinll3 sy + 1NVmllsc-

By Lemma 8.3 it follows that if 8C7[|ag||Le 2 < (1 —1/4)?, then for all m € N we have
8
(8.5) [Vinllse) < 501”@0”@,%’;; te (0,77

The property lim;_,o4 tl/QHVVm(t)HL;}DLQ = 0 is then easily obtained via induction and Claim 6.1 (e).
Step 3: Convergence.
We now show that (Vin)men is a Cauchy sequence in 8(T) if [ao||zse 2 is sufficiently small. For this
purpose we consider the new sequence
Vm = Vm41 — va m > 0.

Using the previous estimates we already know that ||‘~/0HS(T) < 00. To estimate this sequence further we
use

Fm — Fm,1 = (ﬁmfl . V) Vm + (Um71 . V) mel + (ﬁm,1 ' V) Uref + (Urcf ! v) mel
and proceed as above to obtain
t1/2||v‘~/m(t)”L§§L§ <Oy <2Hm(t)f(m—1(t) + ng—l(t)Km—l(t) =+ Km(t)f(m—l(t)
(8.6)
+ Kmfl(t)Kmfl(t) + 2Rt1/2km1>

as well as

B Wnlipae < Co Rovea (0 Hu(0) + Honer (0] + B2 (R () 4 Ha (0] )
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where

km(t) = Oiugt 81/2va/m(t)HL;{OUZ77 f[m(t) = Os<ugt||‘7m(t)”L?{oLg.

By (8.5) it follows that if
max{2RTy/%, 16C1 [lag|| 3 12} < 1/4Cs,
then for m > 1 and 0 < ¢t < T < Ty we have

- - 1 -
V@l < Ca(16C ol + 280 ) Woncs D) < 1¥oncs Ol

Therefore, since 8(T) is a Banach space, (V,,)men converges in 8(7'). We denote the limit by V and see
that it satisfies

(8.8) V(t) = ettag — /0 e(ts)A]Ib((U(s) VYV (s) + (U(8) - V)ret(s) + (tres(s) - V)V(s)> ds

for t € (0,T") and thus v := V + v, is a solution to the primitive equations (2.1).
Step 4: Ezxtending to a global solution.
Using V' € 8§(T), the embedding LY LE(Q2) — LP(Q), as well as the semigroup estimates

e Prp—a,y0) < CllflLey, t/21E4PY - fllo@) < Cllfle)y. t>0, 0 €[0,1]

compare [11, Lemma 4.6] and [7, Theorem 3.7], one easily obtains that V(ty) € D((—A,7)?) for to > 0,
and thus v(to) € D((—A,7)"/?) as well, so v can be extended to a global solution that is strong on (¢, 00).
Step 5: Uniqueness.
To see that v is a unique solution and thus strong on (0,ty) as well, we consider v(*) and v(?) both to
be solutions in the sense of Theorem 3.1 with initial value a and set

t* == inf{t € [0,00) : 0 (2) # v (1)}
Assume that ¢* € (0,00). Then using continuity of the solutions
a* = oW #*) = oD () = a’s + a
where af € X7 is sufficiently small and a’,; € D(Az). Let v} be the reference solution to the initial data
a}. and
VO@) = oD 1) — ol (t%), i=1,2.
Then VW V() ¢ §(T*) both satisfy the condition (8.8) for arbitrary ¢ € (0,7*), T* € (0,00). We set
V :=V® — V@ and observe that proceeding analogously as before one obtains

H@<G{W%MQ+MW+HmmR@+K@@ﬁ@>

R@gG{%Wkw+Hm@K®+KmmH®+KmK®+KmK@)

where H, H® K, K are defined analogously to above. This yields
89 Vlse < Cs (172 + HO@) + BO@) + KO (@0) + KO 0) [Vs, € (0,77).

By taking 7* > 0 to be small the terms (7*)*/? and KM (T)*, K(®)(T*) can be taken to be arbitrarily
small due to |[VV O (t)|| = o(t~1/?), which in the case t* = 0 follows from the regularity of v and in the
case t* > 0 this follows from ||Vu(t*) € L% LE(Q)%.

As for HM) and H®, using the same arguments that derived (8.3) one obtains for ¢ € (0,7*) that

(8.10) HO () < Cy (Jlagllpz o + KOOHO @) + REPHO (1) + REZEO (),

where R* := supg<i<q+||Vvys(t)[| oo 2. Now, we choose T' € (0,7) so small that

K(l)(T)H(l)(T*) +R*T1/2H(2)(T*) +R*T1/2K(l)(T*) < ||a8||L%°L’z)
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Now, taking ||ag]| ooz to be sufficiently small, using that the constants C; > 0, ¢ = 1,2, 3, are independent
of [lag| Lz, we obtain that the pre-factor in (8.9) is smaller 1. Hence, it follows that [[V|s) = 0 for
t € (0,T) and thus vV = v(® on [0,#* + T) which is a contradiction.

Step 6: Additional regularity.

By [11, Theorem 6.1] we thus have

v € CH(0,00); LE(Q)) N C((0,00); W2P(Q))2, 7€ C((0,00; WHP(G)).

The additional regularity v € C([0, 00]; X7) follows from the strong continuity of the semigroup on Xz.
For the pressure we have 7(t) € WhP(G) — C%([0,1]?) for a € (0,1 —2/p). To obtain the regularity
of Vg, observe that

Vgn=—-Bv—(1-P)(u-V)v=—-Bv—(1-Q)(u-V)v
where we used that (1 —P)f = (1 — Q)f. In the proof of Claim 6.1 we have already proven that Bu(t) €
C%([0,1]?) for a € (0,1 — 3/p) if v(t) € W>P(Q)?. Likewise, since 1 — @ is continuous on C9:2([0,1]?)?
and v € C((0,00); W2P(Q))?, we obtain that the remaining terms belong to C((0,); C%%([0,1]?))2. O

Proof of Theorem 3.2. Here, we make use of the fact that the relevant estimates in Claim 6.1 and Claim 7.1
can also be applied in L3y LP(Q2)?, compare Remark 3.5 (c).

Let a = a1 +ag be as in Theorem 3.2. Next, we introduce a decomposition setting ag := as + (a1 — ayet)
where

aret € D(A5), a1 € Xz and ag € L3 LE(Q)? N LE(Q),

where a,r is such that ag satisfies the smallness condition of Theorem 3.1.

Then the same iteration scheme as in the previous proof can be used to construct V for the initial value
ap and, in turn, v to the initial value a.

The property

v € C([0,00); L)) N L¥((0,T); L LE(2))

follows from the boundedness and exponential stability of the semigroup on LZ(€) and L3y L2(Q)?NLL((2),
as well as the strong continuity on LZ(§). Since the solution regularizes at to > 0, compare Step 4 in the
previous proof, we further obtain v € C((0, 00); X7) from the strong continuity on Xz.

The condition

(8.11) thUPtl/QHVUHL?;LT;(Q) < Clazllrsre,
t—04

is verified as follows. Since Claim 6.1 yields
limsup t'/2(|Ve' (a1 — aref) ||z = 0, /2| Ve agllpee 1 < Cullaz)|psere, t>0,
t—0+
one obtains
limsuptl/QHVVo(t)HLf;Lg < Cullaz|lpee e
t—0+

We now prove limsup,_,q, t1/2||VVm(t)||L%oLzzo < 2C4|laz|[se e by induction. Assuming the claim holds
for m € N we obtain

tim sup /2 [V Vi 101522 < (1+2C1 a0l 235 12 + 4Cill0al 3512 ) Callaall s s
t

in the same manner as (8.2). Assuming that [lal|perr < 1/4C1 and [[az||perr < 1/8Cy it follows
that the claim holds for all m € N and by taking the limit the same estimate holds for V. Using
vyer € C([0,00); CH(Q)?), we obtain that v =V + v, satisfies (8.11).

To prove uniqueness we make the following modifications. If v} and v are both solutions in the
sense of Theorem 3.2, we again define t* := inf{t € [0, 00) : v (¢) # v(?}.

In the case t* > 0 we have a* = v()(t*) = v (t*) € D((—A,5)") for any ¢ € [0, 1], compare Step 4
of the proof of Theorem 3.1. Choosing 2 — 3/p > 0 we have that D((—4,5)?) — X5 and thus we can
decompose a* = al; + af, as before and the same argument applies.
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If we instead have t* = 0 we continue to use the decomposition a = a,es+ag where ag = as+ (a1 — aref)-
this case we have lim; o, K@(t) < Cllaz|| s 2 for an absolute constant C' > 0 and thus the quantities

the right-hand side of (8.9) can again be taken to be sufficiently small, where on the right-hand side

(8.10) one has |[aol|s » instead of [[ag|[ s 2, which again yields uniqueness.

This completes the proof. (Il
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