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Abstract
Weextend time-domain imaging in acousticmetamaterials to gigahertz frequencies. Using a sample
consisting of a regular array of∼1 μmdiameter silicamicrospheres forming a two-dimensional
triangular lattice on a substrate, we implement an ultrafast technique to probe surface acoustic wave
propagation inside themetamaterial area and incident on themetamaterial from a region containing
nomicrospheres, which reveals the acousticmetamaterial dispersion, the presence of band gaps and
the acoustic transmission properties of the interface. A theoreticalmodel of this locally resonant
metamaterial based on normal and shear-rotational resonances of the spheresfits the datawell. Using
thismodel, we show analytically how the sphere elastic coupling parameters influence the gapwidths.

Introduction

Wave propagation inmetamaterials has led to a host of new perspectives inwave control owing to their tailorable
properties. These effective properties include the permittivity and permeability in the electromagnetic case
[1, 2], and the density and elasticmodulus in the acoustic case [3–5]. Applications that have been explored as a
result of this tailorability include cloakingwhen the parameters are spatially varied [6–8], wave dampingwhen
there is a single negative parameter [3, 4, 9, 10], and near-field super-resolutionwhen either one or both
parameters are negative [10–14]. Owing to the resulting complex, spatiotemporally varyingwavefields, time-
domain imaging inmetamaterials is thus crucially important to their understanding.

Although time-domain imaging of acoustic waves inmetamaterials has been carried out in a variety of
studies [15–19], to date the frequency range has been restricted to below 1MHz. Building on progress in imaging
surface acoustic waves (SAWs) in phononic crystals [20–24], in this paperwe present results for time-domain
imaging of gigahertz-frequency SAWs on a regular array of silicamicrospheres adhered to a substrate—an
acousticmetamaterial exhibiting contact resonances [25–28]—using ultrashort optical point-source excitation
inside and outside themetamaterial region. Bymeans of Fourier transformswe derive the acoustic dispersion
relation and probe the transmission properties at different frequencies, and interpret the results with an
analyticalmodel of themicrosphere resonant interactions between themselves andwith the substrate.

The sample is similar to that studied by Boechler et al [26], consisting of amonolayer of silicamicrospheres,
hereafter referred to as beads, of diameter m=D 1.08 m and density r = -2.0 g cm 3 on a 1.5 mm thick float-
glass substrate, as shown infigure 1(a). The glass substrate is coatedwith a 100 nm thick aluminium film in order
to facilitate excitation of acoustic waves. The bead layer is then assembled on the substrate using thewedge-
shaped cell convective self-assembly technique, in amanner similar to [26]. At short range, the beads form a
triangular lattice; however,multiple defects and grain boundaries are present within themeasurement area, as is
shown in the optical image of themonolayer infigure 1(b).
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Results

Experimental
Weuse a time-resolved two-dimensional SAW imaging technique based on an optical pump-probe system
operating at a repetition rate of∼80MHz [29].We perform two types of experiment. In the first type, we probe
the bead side of the sample in order to obtain contributions to the detected signals from the beads and to allow
direct comparisons between acoustic and optical images. In the second type, we probe from the substrate side of
the sample in order to avoid any effects of the interaction of the beadswith the probe light. The use of
spatiotemporal Fourier transforms allows access to frequency-resolved data down to 6MHz resolution.

The light source is amode-lockedTi-sapphire laser generating light pulses of centralwavelength 830 nmand
pulse duration∼100 fs at a repetition rate of∼80MHz. Frequency-doubled 415 nm light pulses are used for the
pump, and 830 nm light pulses are used for the probe,with spot diameters∼2 μmand respective pulse energies
0.1 and 0.05 nJ.The probe spot size is sufficient to resolve spatial details commensuratewith the bead diameter.
After passing through an acousto-opticmodulator that chops thepumpbeam, the pumppulses thermoelastically
excite acousticwaves up to∼1GHzwith surface displacements∼10 pm.The continuous repetition of the pump
pulses induces a nondestructive local transient temperature rise of∼50 Kand steady-state temperature rise of
∼15 K.Theprobe beampasses througha common-path interferometer [29], whichproduces a photodetector
output proportional to the component of the acoustic particle velocity normal to the sample surface. For the lower
frequency resolution experiments this output is fed to a lock-in amplifier,which synchronously records the in-
phase component at the chopping frequency as a function of theprobe spot position,which is scanned relative to
the pump.This configuration allows an acoustic frequency resolutionof∼80MHz. For the experimentswith
higher frequency resolution,wemakeuse of an intensity-modulation scheme for both the pumpandprobebeams
[30]. A delay line is installed in the probe light path, and an extra acousto-opticmodulator is set upstreamof the
delay line. For these experiments both the in-phase andquadrature components at the lock-in amplifier are
monitored.This configuration allowsfine control of the detected acoustic frequency to∼25MHzresolution.

Bead-side imaging
Wefirst imageon thebead side, selecting a regionnear the borderbetween thebead-free surface and themetamaterial
region containing the beads.With thepositionof thepumpspotfixed, the probe spotposition is focusedon the
substrate surface and scanned across a m´110 110 m area.Thedelay timebetween thepumpand theprobepulses is
varied from0 to 12.4 ns, corresponding to the laser repetition rate of 80.4MHz, and35 images are recorded at regular
time intervals. In these experiments, the pumpbeam is chopped at a frequencyof 1.1MHz for lock-indetection.

Figure 2(a) shows a probe-beam reflectivity image of the selected region, where the darker section is a
metamaterial region and the remainder is a bead-free region. Thefigure demonstrates an imaging resolution
sufficient to discern defects and grain boundaries (c.f. figure 1(b)).We focused the pump to a point on the bead-
free surface, as indicated by the central red spot infigure 2(a). Figure 2(b) shows an image over the same area of

Figure 1. (a)Diagramof the cross section of the sample, showing amonolayer of 1.08 μmdiameter spheres on a glass substrate with a
thin Alfilm coating. The red arrows represent the directions of incidence of the laser beams for the bead-side and substrate-side
experiments. (b)Optical image of the sample surface. (c) Schematic diagram representing a theoreticalmodel consisting of spheres
connected bymassless springs. The normal, shear bead-surface, and shear bead-bead stiffness constants are hN , hS1 and hS2,
respectively.
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the normal surface particle velocity at themoment of the pumppulse arrival. The solid black lines indicate the
border between the bead-free andmetamaterial regions. A circular Rayleigh-wave (RW)wavefront can be seen
propagating from the excitation point arising from the pumppulse prior to the one arriving the centre of the
image, yielding a surface-wave velocity of -3250 m s 1, of the same order as that previously observed for similar
float-glass substrates [26, 28, 31]. There aremost likely contributions to the signal fromboth interface and bead
motion, althoughwe cannot differentiate between the two. In spite of the interaction of the probe light with the
beads, we are still able to clearly resolve the acoustic wavefronts in themetamaterial region, which appearwith
reduced amplitude. In the time domain, however, the influence of themetamaterial on the SAWvelocity is not
immediately apparent. Themeasured velocity corresponds closely to that of the RWonfloat glass, -3140 m s 1,
calculated using Youngʼsmodulus =E 73 GPa, Poissonʼs ratio n = 0.23 and density r = -2.53 g cm 3 [32].
The longitudinal and transverse acoustic velocities offloat glass are = -c 5784 m sL

1 and = -c 3425 m sT
1,

respectively.
Figure 2(c) shows the acoustic frequency spectrum corresponding to the bead-free surface, obtained from

the averagemodulus of temporal Fourier transforms sampled over the entire bead-free region (i.e. the regions
outside the black lines infigure 2(b)), indicating a broad response up to frequencies>1 GHz. Figure 2(d) shows
the equivalent frequency spectrum for themetamaterial region, sampled over the entiremetamaterial region
(i.e. inside the black lines). The general trend is similar, but two dips appear at around 320 and 640MHz. As
discussed below, this attenuation arises in the region of gaps in the dispersion relation, and can be explained by
hybridization of the propagating RWswith the vibrational resonances of the beads interacting between

Figure 2.Experimental results for bead-side imaging. (a)Optical probe-beam reflectivity image of the scanned region. The darker area
corresponds to themetamaterial region and the lighter area corresponds to the bead-free region. Red dot: location of pump spot.
Dotted boxes A andB: regions sampled for the spectra shown in the insets of (e) and (f), respectively. (b) Snapshot of the acoustic field
( ( )f tr, , where r is the position vector and t is the time) at =t 0 ns, showing the propagating SAWwavefront resulting from the
previous laser pulse. The solid black outline shows the border of themetamaterial region. (c) Frequency spectrum corresponding to
the bead-free region obtained from the averagedmodulus of the temporal Fourier transform (∣ ∣FT ). (d) Frequency spectrum
corresponding to themetamaterial region, showing two dips in amplitude around 320 and 640MHz. The vertical bar and thin line
indicate band gaps obtained by theoretical analysis and fits to experimental data for both bead-side and substrate-side imaging.
(e)Modulus of the spatiotemporal Fourier transform w∣ ( )∣F k, of the acoustic field in the bead-free regionA, representing the
dispersion relation for+ y-directed propagation. The inset shows a straight-line cross section obtained from the bright region of the
image. (f)Modulus of the spatiotemporal Fourier transformof the acoustic field in themetamaterial region B, representing the
dispersion relation for−y-directed propagation. The inset shows a straight-line cross section obtained from the bright region of the
image, with the horizontal axes reversed for ease of comparisonwith the inset of (e).
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themselves andwith the surface [26–28]. Such resonant attenuation has been previously accounted for using a
damped oscillationmodel of the bead dynamics [31]. In contrast to the previous study [26], we record a larger
resonant frequency by a factor of∼1.5 associatedwith bead vibrations normal to the surface. Variations in the
contact resonance frequency have previously been observed and hypothesized to be caused to factors that stem
fromvariations in the sample preparation procedure [33]. In addition, the formation of solid bridges near the
contact due to impurities in the colloidal solution and capillary effects have also been suggested as a possible
cause of stiffer contacts [34].

Constant-frequency images of the real part of the temporal Fourier transform at intervals of the laser
repetition rate, i.e. 80.4 MHz, are shown infigure 3(a) for various frequencies. At 241MHz, the circular ripple
pattern is fairly uniformover the surface, although it is weaker in themetamaterial regions owing to the lower
optical reflectivity (0.85). At 321MHz, the transmission to themetamaterial region is very small. At 482MHz,
the ripple pattern is again fairly uniform, butweaker in themetamaterial regions owing to a combination of
lower optical reflectivity and lower transmission. At 643MHz, there is again amarked difference inwave
amplitude between themetamaterial and the bead-free regions, as was the case at 321MHz. The behaviour at
321MHz and 643MHz is consistent with the regions of extra attenuation noted above in the acoustic frequency
spectrumof themetamaterial region (figure 2(d)). Figure 3(b) shows corresponding constant-frequency images
in k-space, obtained from themodulus of the spatial Fourier transformof the data infigure 3(a) in each case,
showing that the surface waves have the highest amplitude in the direction away from the upper boundary
between themetamaterial and the bead-free surface owing to the dominant contribution from the+y-excited
waves on the bead-free surface. The circular rings in each case confirm the isotropic nature of the dispersion
relations. Figures 2(e) and (f) represent the dispersion relations in the bead-free andmetamaterial regions,
respectively, obtained from themodulus of spatiotemporal Fourier transforms in regions A andB infigure 2(a)
for y-directed propagation, illustrating clear amplitude dips for themetamaterial region at wave numbers
corresponding to∼320MHz and∼640MHz, in agreementwith the corresponding dips infigure 2(d). The
smaller dip height in figure 2(d) is caused by the inclusion of all wave vectors in the averaging process (over the
metamaterial that contains grain boundaries and defects) involved in producing the curve offigure 2(d). The
overall dispersion of both the bead-free andmetamaterial regions can be represented by an approximately
straight linewith a phase velocity around -3250 m s 1, as previouslymentioned.However, the experimental
frequency resolution is not sufficient to observe the expected deviations in velocity for themetamaterial in the
region of the gaps.

In the next sectionwe investigate the frequency response of themetamaterial inmore detail using higher
frequency resolution, and alsomake use of probing from the substrate side of the sample in order to provide a
comparative set of data.

Substrate-side imaging
Imaging through the transparent substrate at the glass-aluminium interface avoids optical interaction between
the probe light and the beads, thus simplifying the detectionmechanism. Boechler et al [26] observed that for a
samplewith the same bead array as in the present experiments,measuring from the substrate side preferentially
detects the interfacemotion, whereasmeasuring from the bead side preferentially detects the beadmotion. So
probing from the substrate side therefore provides complementary information on themetamaterial dynamics.

For these experiments, we also considerably improve the frequency resolution comparedwith the previous
section bymaking use of an arbitrary-frequency set-up [30, 35]. The laser repetition frequency is set to
75.7 MHz for these experiments.We record two space-time imaging scans, each of 41 frames covering a

m´110 110 m2 areawith∼25MHz frequency resolution obtained by adjusting the pump and probe
modulation frequencies.

Figure 4 shows an example of a snapshot of the acoustic propagation in a region completely coveredwith
beads, obtained 7.7 ns after the arrival of a pumppulse. As in the bead-side images, the circular SAWwavefronts
are evident. A notable difference here is that a faster surface-skimming longitudinalmodewavefront is also
clearly visible, which is detected via refractive index changes in the glass. Such surface-skimming longitudinal
modewavefronts have previously been noted in similar samples [26, 31]. The surface-skimming longitudinal
modewavefront velocity ismeasured to be -5759 m s 1, which agrees well with the value = -c 5784 m sL

1

calculated from the literature [32].
In contrast to the simple pump-beammodulation systemused for the bead-side imaging, the use of an

arbitrary-frequency set-up requires themonitoring of the complex output signalX+iY of the lock-in
amplifier.We process this output to obtain the spatiotemporal Fourier transformofX+iY to extract
frequency-resolved images of itsmodulus in both real space and k-space [30, 35]. Figures 5(a)–(c) shows
constant-frequency images at 226MHz, 302MHz and 378MHz, which again reveal attenuated SAW
propagation at∼300MHz comparedwith nearby frequencies. As before, a spatial Fourier transformof the
constant-frequency data allows k-space to be accessed. Figures 5(d)–(f) shows such images at the same
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frequencies, where the differentmodes can be identified by their respective propagation speeds. The large circles
represent the slower Rayleigh-like SAWs, and the smaller circles represent the surface-skimming longitudinal
waves (SSLWs). Themore solid appearance of the rings comparedwithfigure 3 is due to the prominence of the
SSLWs, which have smaller ∣ ∣k at a given frequency. Examining the real- and k-space images at 302MHz in
figure 5 indicates that thewave pattern at this frequency arises almost exclusively from the faster, longer-
wavelength, SSLWwaves, as expected because of the extra attenuation of the SAWs noted near this frequency.

Over the∼100 μmrange of the experimental images, anisotropy of the Fouriermodulus in k-space is not
apparent, and circular features are formed, aswas the case for the bead-side imaging, although some deviations
from isotropic behavior are apparent owing to the presence of defects and grain boundaries. Our use of
directional averages in polar coordinates q( )k, in k-space to extract the acoustic dispersion relationmitigates
this effect.

Figure 3. Frequency-resolved images of the real part (Acosf) of the temporal Fourier transformof the acoustic field on the sample
surface at selected frequencies. (a)Real space images. (b) k -space images of themodulus of the spatiotemporal Fourier transform

w∣ ( )∣F k, evaluated over thewhole imaged area.
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Figure 6(a) shows the experimental dispersion relation obtained byfinding the k values corresponding to
the peak Fouriermodulus at each frequency up to 1.2 GHz after directional averaging. The red circles represent
the SAWbranch, whereas the blue triangles represent the SSLWbranch. The dashed lines correspond to
Rayleigh (cR), transverse (cT) and longitudinal waves (cL) in the glass substrate. In the regions outside the bead-
motion resonances, themeasured dispersions for the SAWand SSLWbranches agree verywell with velocities cR
and cL, respectively. It is not clear at present why the SSLWbranch becomes undetectable below∼300MHz, at
least as far as∼150MHz. Figure 6(b) shows the corresponding temporal Fourier transformmodulus as a

Figure 4. Snapshot of the acoustic field ( (f tr, )) 7.7 ns after the arrival of a pumppulse obtained by probing from the substrate side of
the sample. SAW indicates a Rayleigh-like surfacewave. SSLW indicates a surface-skimming longitudinal wave. In the corners of the
image, thewavefront of a SAWexcited in the previous laser cycle is visible.

Figure 5.Constant-frequency images for substrate-side probing. Left-hand side: real space images of the real part (A cosf) of the
temporal Fourier transform. Right-hand side: k -space images of themodulus of the spatiotemporal Fourier transform w∣ ( )∣F k,
evaluated over thewhole imaged area.
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function of frequency for the SAWbranch, revealing a dip at∼300MHz associatedwith the previously identified
gap near this frequency. Theremay also be a slight dip at∼600MHz suggesting the presence of the second gap,
also in agreementwith the indications of bead-side imaging, although in this case the dip is not as clear as those
infigures 2(d) and (f). The dipmay be less apparent for thesemeasurements owing to a combination of (i)
differentmeasurement locations and (ii)differentmeasurement and signal processing approaches. For instance,
small differences in the level of disorder, whether caused by disorder in the contact stiffnesses or in the
interparticle contact network, between the twomeasurement locationsmay result in a less pronounced gap for
the location corresponding tofigure 6 owing to inhomogeneous broadening. Effects such as differences in the
contact networkwould particularly affect the higher gap, as it is dependent upon interparticle contacts even at
longwavelengths, whereas the lower gap, whichwe attribute to out-of-planemotion of the spheres, is not [27].
Along these lines, we note that this effect could be further exacerbated by the use of directional averaging, which
was used in the analysis offigure 6. In order to elucidate thesefindings theoretically, we analyse our results on the
basis of an analyticalmodel in the next section.

Discussion

Surfacemetamaterials consisting of arrays of beads can be understood bymeans of theoreticalmodels based on
the interaction of the beadswith the propagating SAWs, as well as interactions between bead nearest neighbours
[26–28]. Our approach is similar to previous studies, involving the bead–surface normal interaction aswell as
the bead–surface shear and bead–bead shear interactions [36]. Internal vibrations of the beads themselves have
frequencies higher than the lowest spheroidal resonance of themicrospheres at =f 3.1 GHz2 [26], and so are
not relevant in our studied frequency range. Shear forces are non-central, and can induce rotations of the beads
in addition to their translations. The beads aremodelled as spheres that interact with the surface and each other
throughmassless springs, as illustrated infigure 1(c). The stiffnesses corresponding to the differentmodes of
interaction are hN , hS1 and hS2, respectively, for normal, shear bead–surface, and shear bead–bead interactions.
Together the different interactionsmodify the forces on the coated-substrate surface. The following equation
then governs the angular frequencyω as a function of wave number k in the approximation of a dispersionless,
lossless substrate:

Figure 6. (a)Experimental and theoretical dispersion relations. Black lines: SAWbranches (theoretical). Red circles: SAWbranch
(experimental). Blue triangles: SSLWbranch (experimental). Dashed lines: dispersion relations corresponding to dispersionless
Rayleigh (cR), transverse (cT) and longitudinal waves (cL) in the glass substrate. Grey shading: theoretical gaps in the SAWbranch.
(b)Experimental normalized temporal Fourier transformmodulus (∣ ∣FT ) as a function of frequency, corresponding to the SAW
branch in (a).
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where cT and cL are the transverse and longitudinal substrate acoustic velocities, respectively, ρ is the substrate
density and n is the surface concentration of beads (where m»n 0.99 m2 assuming hexagonal close packing).
Here, wN is the resonance angular frequency corresponding tomotion of the beads normal to the surface, and
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wherem is the beadmass. In the above derivationwe have neglected the acoustic dispersion arising from the
100 nmaluminium film, whichwe regard as an excellent approximation [37]. The derivation of equation (1)
closely follows the derivation, assumptions and approximations used to derive equation (14) in [27], not for a
square- but for a hexagonal-latticemonolayer of beads [25]. As a consequence equation (1) is equivalent in its
form to the equation that could have been obtained by equating the determinant of thematrix on the left-hand
side of equation (14) from [27] to zero. The difference is in the relations between the total forces/moments
acting on an individual bead from its neighbours and in the effectivemonolayer rigidities of the inter-bead
contacts that emerge from the difference in the coordination number of the beads and theirmutual orientation
in the hexagonal and rectangular lattices.

Equation (1) can be solved for frequency in terms of wave vector (w ( )k ) or forwave vector in terms of
frequency ( w( )k ). Solving forwave vector as a function of frequency is pertinent to our case where constant-
frequency imaging is available, and allows either real or complexwave vector solutions [38–43]. The imaginary
part of a complexwave vector represents attenuation in the direction of propagation. In equation (1), pure real
solutions correspond to SAW (Rayleigh-like) hybridizationwith bead resonances, similar to that observed
previously [26]. Pure RWs on a uniformhalf-space do not exhibit dispersion, but at frequencies near the bead
resonances the abovemodel predicts a hybridization of these resonances with the SAWs. Fitting our data in
figure 6(a)with the parameters hN, hS1 and hS2, we obtain thefit given by the solid black lines using parameters
h = 4.45 0.10N , h = 1.33 0.10S1 and h = 1.20 0.10S2 kNm−1 andwith corresponding resonance
frequencies wN/2π= 292, w-/2π= 146 and w+/2π= 643MHz. For thematerial properties we used the values
given above. This fit is also chosen to be consistent with the bead-side data. The branches representing
undampedwaves exist in regions inwhich w>k cT.

There is a gap associatedwith the wN/2 p = 292 MHz resonance of predictedwidth 38MHz, indicated by
the grey shading in figure 6(a), which corresponds to the dip in amplitude close to this frequency in both the
bead- and substrate-side experiments (seefigures 2(d) and 6(b), respectively). The lower boundary of thismain
gap is predicted to coincide with the resonance frequency of the normal vibrations of the bead relative to the
surface. The upper boundary of this gap corresponds to the intersection of themodifiedRayleighmode (i.e.
repelled by the resonance)with the bulk-shear acoustic wave branch. Below this frequency themodified
Rayleighmode becomes supersonic relative to the bulk-shear waves, and is attenuated by their emission. An
approximate analytic expression for themain gapwidth associatedwith beadmotion normal to the surface can
in fact be derived (see appendix):
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w pD 2 33 MHzN , in reasonable agreementwith the numerically derived value of 38 MHz. Amore accurate
expression is given in the appendix.

A similar avoided-crossing effect is predicted above w p =+ 2 643 MHz, the upper shear-rotational
resonance, and gives rise to a smaller gap of width 0.38MHz. This gap is also indicated by grey shading in
figures 6(a) and (b). Aswith themain wN gap, the upper boundary corresponds to the intersection of the
modifiedRayleighmodewith the bulk-shear acoustic wave branch. The frequency 643MHz of themodel
corresponds to the dip in amplitude near this frequency observed in the bead-side experiments, as shown in
figure 2(d), although this is less clear in the substrate-side experiments, as shown infigure 6(b). A third
resonance and avoided crossing are predicted above w p ~- 2 146 MHz, the lower shear-rotational resonance.
In this case, the ‘gap’ is negative, with awidth of−1.60MHz. Thismeans that themodifiedRayleigh branch
above the resonance intersects the transverse (cT) branch at a lower frequency than the resonance frequency.
This is likely to be caused by the dispersion relation of the horizontal resonance beingmodified by interaction
with the SSLWbranch so that it becomes slightly inclined in the vicinity of the cT branch.

Analytical expressions for the smaller gaps wD + and wD - can also be derived, as shown in detail in the
appendix:
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where h rW = ( )n CS S1 T . In the above equations, the frequencies WN and WS, being proportional to the surface
concentration of beads and the spring rigidities, characterize the strength of the interactions. These values are
relatively small comparedwith the resonance angular frequencies wN, w+ and w-. Equations (9) and (10) show
that wD + and wD -depend on W WN S, representing two interactions, whereas equation (8) shows that wD N

depends only on the larger value WN. This suggests that wD + and wD - can be expected to be small compared
with wD N. Indeed, evaluation of equations (9) and (10) give values of w pD =+ 2 0.37 MHz and
w pD = -- 2 1.60 MHz, respectively. These values agreewell with the exact values of w pD =+ 2 0.38 MHz

and w pD = -- 2 1.57 MHz obtained directly by substituting w=c kT into equation (1). Our predictions
concerning the relative sizes of these gaps is consistent with previous studies [28].

Further comparisons between the predicteddispersion and experimentallymeasured dispersion andFourier
moduli data yield several interesting features.As can be seen infigure 6(a), below themain gap around
w p ~2 300 MHzN the lower SAWbranch inboth experiment and theory shows curvature indicative of avoided
crossing.However, some experimental points along theRWbranch infigure 6(a) are in the predicted gap region
near this resonance. The existence of these pointsmay arise from leakymodes, as has beenobserved previously
[44]. In addition, the SAWamplitude infigure 6(b) also clearly shows the contributionof the∼300 MHz gap, and
thewidth of thedip in amplitude is in reasonable agreementwith, although slightly larger than, thepredicted gap
width.The broader experimental attenuation zone is to be expected as a result of resonant attenuation and
dissipative effects [31]. The analogous predicted avoided-crossing effect at w p ~+ 2 643 MHz is also consistent
with experiment, particularly for the bead-side case shown infigure 2(d). As previouslymentioned, the amplitude
dip around this frequency in the SAWamplitude data offigure 6(b) is smaller compared to the dip infigure 2(d).
The third resonance and avoided crossing predicted at w p ~- 2 146 MHz is not clearly present in either bead- or
substrate-side experiments, whichmaybedue inpart to a combination of limited experimental frequency
resolution and the small (negative) gap size, orweaker attenuation (aswas previously shown for this
resonance [28]).

It is pertinent to compare these results with those of previous studies on similar surface-wavemetamaterials
based on triangular-lattice bead arrays. Bymeans of laser-induced transient gratings, Boechler et al [26]
identified a single normal resonance in a samplewith the same silica beads butwith a different substrate, and
obtained a normal resonance frequency of 215MHz and a value hN = 2.4 kNm−1, of the same order as our
values. Bymeans of scanned laser ultrasonic pumping and probing,Hiraiwa et al, [28] identified three
resonances in a sample with 2 μmdiameter silica beads, and obtained the values h = 1.6N , h = 1.4S1 and
h = 0.8S2 kNm−1, again of a similar order to our values. The values of the stiffnesses depend on the exact nature
of the contacts in the sample, which are sensitive to the details of the preparation conditions. Raman and
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Brillouin spectroscopy studies have also revealed the existence of different types of vibrationalmodes involving
particle contact [45, 46]. Amicroscopic analysis of the origin of our observed stiffnesses is beyond the scope of
this paper.

Conclusions

In conclusion, we extend time-domain imaging in acousticmetamaterials to gigahertz frequencies. Time-
resolved optical interferometric imaging of amicrosphere-based locally resonantmetamaterial consisting of a
layer of beads on a glass substrate allows us to probe the transmission of surface waves through a bead-free/
metamaterial boundary, as well to image point-generatedwaves in themetamaterial region.We identify by
analytical theory three resonances corresponding to different vibrationalmodes, and find the corresponding
microscopic stiffness constants byfitting our experimental results with this theory based on normal and shear-
rotational resonances of the beads. Agreement with experiment is good, in particular concerning the frequencies
of twometamaterial gaps, for whichwe provide approximate analytical expressions. This study demonstrates
the feasibility of studyingmetamaterials by acoustic wave imaging on themicroscale, and should prove useful for
the investigation of other classes of acousticmetamaterial based on different types ofmicron or sub-micron-
sized unit cells.

Acknowledgments

The authors based in Japan acknowledgeGrants-in-Aid for Scientific Research from theMinistry of Education,
Culture, Sports, Science andTechnology (MEXT) aswell as support from the Japanese Society for the
Promotion of Science (JSPS). NB acknowledges support from theUSNational Science Foundation (GrantNo.
CMMI-1333858). The contribution byAAMwas supported by theUSDepartment of EnergyGrantDE-FG02-
00ER15087.

Appendix. Band-gap calculations

In this appendixwe present analytic expressions for thewidth of the band gaps. The analytical theory
represented by equation (1) predicts three resonances: wN, w+ and w-. For each of these resonances there is a
gap, wD N, wD + and wD -, respectively. The upper bound of each gap is the frequency at which themodified
Rayleighmode intersects with the bulk-shear acoustic wave branch, w = c kT . The lower bound of each gap is the
frequency of the corresponding resonance.We determine the size of the band gaps analytically by calculating the
difference between these two frequencies. Substituting w=c kT into equation (1) gives:
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In order tofind wD N, we can rewrite equation (A.1) as
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This equation gives w pD 2 36.1 MHzN , which agrees well with the exact value of 37.6 MHz, obtained by
solving equation (A.1) directly. From the evaluation of equation (A.5), we note that the second term in the
brackets is small comparedwith the first term, sowe can simplify the equation further to
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This equation gives a value of w pD 2 32.6 MHzN , still in reasonable agreement with the exact value.
A similar calculation can be done for wD + and wD -. To evaluate wD +, wewrite
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Similarly, wD - can be expressed as
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