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Finite Element Analysis of Magnetically Shielded  

Wire Coils Using Homogenization Method 
 

Shogo Fujita1, Hajime Igarashi1, Member, IEEE 
 

1Graduate School of Informatics Science and Technology, Hokkaido University, Sapporo, 060-0184 

 

A magnetically shielded wire (MSW), which has magnetic-conductive thin layers on the surface of a wire conductor, is expected to 

reduce the eddy current losses due to the proximity effect. The conventional finite element method (FEM) needs unacceptably long 

computational time to analyze eddy currents in multi-turn MSWs. This paper proposes a homogenization method which models MSW 

as a uniform material with complex permeability. The coil impedance evaluated by the homogenization-based FEM with coarse 

elements is shown to agree well with that obtained by the conventional FEM with much finer elements. Moreover, the optimal shield 

thickness is determined by the proposed method. 

 
Index Terms—Magnetically shielded wire, proximity effects, homogenization method, complex permeability 

 

I. INTRODUCTION 

evelopment of power devices composed of wideband 

semiconductors such as SiC and GaN allows us to increase 

switching frequency in electrical machines. This results in, 

however, increase in eddy current losses in their coils due to 

the skin and proximity effects. A magnetically shielded wire 

(MSW) is a wire conductor coated by magnetic-conductive 

thin layers [1]. When MSW is immersed in magnetic 

induction, magnetic fluxes tend to pass not through the central 

conductor but through the shielding layers. For this reason, the 

losses due to the proximity effect are expected to be reduced. 

In order to compute the eddy current losses in MSWs by the 

conventional finite element method (FEM), they have to be 

discretized into fine elements which are sufficiently smaller 

than the skin depth. This leads to a large scale FE system of 

equations which needs large computational cost and storage. 

Homogenization-based FEM has been shown to effectively 

analyze fine-structured materials [2-5]. When using method in 

[4, 5], MSW can be modeled as a uniform material with the 

homogenized complex permeability which represents eddy 

current loss and diamagnetic property caused by the proximity 

effect. This method has been shown to be effective for 

analysis of a multi-turn MSW coil under the assumption that 

the magnetic shield is insulator [5]. However, magnetic-

conductive material is used for actual MSW [1]. A simple 

extension of the method in [5] for the analysis of actual MSW 

leads to numerical difficulty as will be shown later. In this 

paper, we propose a new method to analyze MSW with 

magnetic-conductive shielding layers without numerical 

difficulty. 

II. ANALYTICAL APPROACH 

In this section, the approach in [4, 5] is extended to analyze 

 
Fig.1 Magnetically shielded wire (MSW) and local coordinate system 
introduced in a thin slab which models the shielding layer.  

the eddy currents in MSW. Let us consider an infinitely long 

MSW, shown in Fig.1(a), immersed in a uniform time-

harmonic magnetic induction 𝑩0e
j𝜔𝑡. The fields obey 
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                                     (1b) 

where 𝑘3 = 0 in Ω3,  𝑘𝑖 = √−j𝜔𝜎𝑖𝜇𝑖 = (1 − j) 𝛿𝑖⁄ ∈

ℂ in Ω𝑖 , 𝑖 = 1, 2, and  𝛿𝑖 denotes the skin depth. Imposing the 

boundary conditions to the solutions to (1), e.g. [6], on the 

interfaces between Ω1 and Ω2, Ω2 and Ω3, we obtain a system 

of equations for the unknown coefficients 
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where 𝜏12 = 𝛿1𝜇1 𝛿2𝜇2⁄ , and 𝐽1, 𝑁1  denote the first order 

Bessel and Neumann functions, and the prime denotes the 

derivative with respect to the argument. The coefficient 𝑐4 is 

relevant to the magnetic dipole of MSW. Namely, the 

magnetization of MSW is expressed as 𝑀 = −j 2𝑐4 (𝜇0𝜔𝑏2)⁄  

(a) MSW in time-harmonic 

magnetic induction

(b) Thin slab model of 

shielding layer
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[4, 5]. On the other hand, from the analogy with a magnetic 

cylinder immersed in a uniform magnetostatic field, the 

magnetization of a magnetic-conductive cylinder in time-

harmonic field is expressed as 

𝑀 = 2
𝐵0

𝜇0

�̇�𝑟 − 1

�̇�𝑟 + 1
                                 (3) 

where �̇�𝑟 denotes the relative complex permeability. By 

inserting 𝑀 obtained from (2) into (3), we have an analytical 

expression of �̇�𝑟. It is found, however, that the matrix in (2) 

becomes ill-conditioned for large values of 𝑘𝑖. To understand 

the reason, we consider the asymptotic expansion 

𝐽1(𝑘𝑖𝑎)~√
2

𝜋𝑘𝑖𝑎
cos (𝑘𝑖𝑎 −

3

4
𝜋).                 (4) 

We can see from (4) that 𝐽1(𝑘𝑖𝑎) is proportional to  e𝑎 𝛿𝑖⁄  , 

and e𝑎 𝛿2⁄  can be much larger than e𝑎 𝛿1⁄  when Ω1, Ω2  are 

filled with, e.g., copper and iron whose ratio of skin depths is 

typically more than 4. When 𝑎/𝛿1 = 10, for example, e𝑎 𝛿1⁄ ≈

2 × 104 , while e𝑎 𝛿2⁄ ≈ 2 × 1017 . Similar situations can 

happen in other terms in (2). This gives rise to large errors in 

�̇�𝑟 even when we analytically solve (2). We will introduce a 

method to circumvent this difficulty in the next section. 

III. PROPOSED APPROACH 

A. Complex permeability of magnetic-conductive plate 

The thickness 𝑏 − 𝑎 of the shielding layer in MSW, shown in 

Fig.1 (a), is usually much smaller than the wire radius 𝑎. The 

curvature of the layer could be, therefore, neglected in good 

approximation. Under this assumption, the magnetic-

conductive layer in Fig.1 (a) can be approximated as a slab as 

shown in Fig. 1 (b). This approximation has been used for 

modeling of thin magnetic shells [7, 8]. The quasi-static 

electromagnetic field in the slab obeys the one-dimensional 

Helmholtz equation 

d2𝐻𝜁

d𝜉2
+ 𝑘2

2𝐻𝜁 = 0                             (5) 

where 𝜉, 𝜁 are the axes in the radial and tangential directions 

of the layer. Solving (5)  under the boundary conditions 

𝐻𝜁(±𝑑) = 𝐻0, 𝑑 = (𝑏 − 𝑎) 2⁄ , the magnetic flux 𝛷  can be 

obtained as 

𝛷 = 𝑊 ∫ 𝜇2𝐻𝜁d𝜉
𝑑

−𝑑

= 𝜇2𝑆
tan𝛼

𝛼
𝐻0              (6) 

where 𝛼 = 𝑘𝑑 ∈ ℂ, 𝑆 = 2𝑑𝑊.  The complex permeability of 

the slab is then given by 

�̇�2(𝜔) ≡
𝛷 𝑆⁄

𝐻0

= 𝜇2

tan 𝛼

𝛼
                           (7) 

which has been used for the eddy current analysis of a steel 

sheet [7]. Since the eddy current effects are already included 

in (7), the magnetic-conductive layer can be now treated as an 

insulator with �̇�2 . Note here that tan 𝛼  and 𝛼  in (7)  are 

asymptotically proportional to e𝑎 𝛿2⁄ . Since these factor cancel 

out, there is no numerical difficulty in computation of (7). 

B. Complex permeability of MSW coil 

As mentioned in Section I, the complex permeability of an 

MSW coil with an insulating magnetic shield has been given 

in [5]. On the other hand, by introducing �̇�2, we can treat the 

magnetic-conductive shield as an insulating one as shown in 

Section II.A. The formulation in [5] is, therefore, valid for the 

analysis of an MSW coil when using �̇�2  instead of 𝜇2 . For 

completeness of this paper, we briefly give the formulation for 

MSW with an insulating magnetic layer below. 

We assume that 𝜎2 = 0 . By imposing the tangential 

continuity of 𝐸𝑧 and 𝐻𝜃  on the interfaces, we obtain a system 

of equations of the form 

[
 
 
 

𝐽1(𝑘1𝑎) −1 𝑎⁄

𝑘1𝜈1𝐽1
′(𝑘1𝑎) 1 𝑎2⁄

−𝑎           0
−1           0

       0           1
        0           𝜈2

𝑏2 −1
−𝜈2𝑏

2 −1]
 
 
 

[
 
 
 
𝑐1′

𝑐2′

𝑐3′

𝑐4′]
 
 
 

= [

0
0

j𝜔𝑏2𝐵0

−j𝜔𝑏2𝐵0

] 

(8) 

where 𝜈1 = �̇�2(𝜔) 𝜇1⁄ , 𝜈2 = 𝜇0 �̇�2(𝜔)⁄ . Here the coefficient 

𝑐4′, which corresponds to 𝑐4 in (2), is relevant to the dipole 

field. By solving (8), we can obtain the magnetization 

𝑀 = 2
𝐵0

𝜇0

𝜆1
𝐽1(𝑧1)

𝑧1𝐽1
′(𝑧1)

+ 𝜈1𝜆2

𝜆3
𝐽1(𝑧1)

𝑧1𝐽1
′(𝑧1)

+ 𝜈1𝜆4

                       (9) 

where 𝜆1 = −ℎ1𝜈2 − ℎ2, 𝜆2 = ℎ2𝜈2 + ℎ1 , 𝜆3 = ℎ1𝜈2 −
ℎ2, 𝜆4 = −ℎ2𝜈2 + ℎ1, ℎ1 = 𝑎2 − 𝑏2, ℎ2 = 𝑎2 + 𝑏2 and 𝑧1 =
𝑘1𝑎 ∈ ℂ.  Comparing (3)  with (9) , we obtain �̇�𝑟 . Note here 

that (9)  again leads to no numerical difficulty because the 

factor, e𝑎 𝛿1⁄ , relevant to 𝑧1 cancels out. 

The macroscopic permeability of multi-turn coils composed 

of MSW can be obtained from the extended Ollendorff 

formula [4, 10] given by  

〈�̇�𝑟〉 = 1 +
𝜂(�̇�𝑟 − 1)

1 + 𝑁(1 − 𝜂)(�̇�𝑟 − 1)
                (10) 

where 𝜂, 𝑁  denote the volume fraction and diamagnetic 

constant, and the latter is set to 1 2⁄  for round MSW. Using 

(10), the MSW coil can be modeled as a uniform material. 

When we consider the magnetic saturation in the magnetic 

shield, we would evaluate the convolution integral including 

(10)  for conversion from the frequency domain to time 

domain. The total power 𝑃 can be evaluated from the energy 

conservation law  

𝑃 =
j𝜔

2
∫  𝜇|𝑯|2d𝑣

Ω

                                                                    

+
𝑅0𝑧1𝐽0(𝑧1)

4 𝐽1(𝑧1)
|𝐼|2 + j𝜔�̇�2𝑟𝜇0𝑙𝜋 |

𝐼

2𝜋
|
2

log (
𝑏

𝑎
)   (11) 

where 𝑙 is the coil length. The first term in (11) includes the 

eddy current loss due to the proximity effect and time 
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variation in the stored magnetic energy in air region Ω3, while 

the second term represents the eddy current loss due to the 

skin effect. The magnetic energy stored in a magnetic shield is 

expressed in the third term. If there are no conductors around 

MSW, then the magnetostatic equation is solved, else the 

quasi-static Maxwell equation is solved to consider the eddy 

currents in the external conductors, where the magnetic 

permeability is set to 〈�̇�(𝜔)〉  in the MSW region. The 

impedance 𝑍 of MSW coil is calculated from 𝑍 = 2𝑃 |𝐼|2⁄ . 

IV. NUMERICAL RESULTS 

A. Frequency characteristics of complex permeability 

We first consider MSW whose specification is summarized in 

Table I, where the shield permeability, 𝜇2𝑟, is assumed rather 

small for computation of (2). The frequency characteristics of 

complex permeability obtained from the method mentioned in 

Section II and proposed approach in Section III are plotted in 

Fig.2, where the abscissa denotes the wire radius 𝑎 normalized 

by the skin depth 𝛿1. It can be seen from Fig.2 that although 

there are discrepancies between them for the thick layer as 

shown in (b), as expected, the results obtained by the proposed 

approach agree well with those obtained by the method in 

Section II for the thin layer as shown in (a). It is concluded 

that the proposed method gives accurate results when 

thickness is sufficiently smaller than the wire radius. 

  We next consider MSW whose parameters are given in Table 

II. Now the shield permeability is set higher to consider actual 

MSW used in industries [1-3]. The method described in 

Section II breaks down for this setting. In contrast, the 

frequency dependence, plotted in Fig.3, can be obtained by the 

proposed method without numerical difficulties. 

The impedance, 𝑍, of a 9-turn MSW coil is computed by the 

proposed method and conventional FEM. The coil region is 

discretized into rather coarse elements in the former analysis, 

while it is descritized into very fine elements so that their size 

is smaller than the skin depth, as shown in Fig.4. For the coil, 

 
TABLE I 

SPECIFICATION OF MAGNETIC SHIELDED WIRE WITH LOW PERMEABILITY 

a [mm] 0.50, 1.00 𝜇1𝑟 1 𝜎1 [S m⁄ ]  5.76×107 

b [mm] 1.10 𝜇2𝑟 10 𝜎2 [S m⁄ ]  1.0×104 

TABLE II 

SPECIFICATION OF MAGNETIC SHIELDED WIRE 

a [mm] 1.00 𝜇1𝑟 1 𝜎1 [S m⁄ ] 5.76×107 

b [mm] 1.10 𝜇2𝑟 100 𝜎2 [S m⁄ ] 1.03×107 

 
(a) 𝑎 = 1.00 mm 

 
(b) 𝑎 = 0.50 mm 

Fig.2 Profiles of complex permeability for setting in Table I 

B. Impedance of MSW coil 

 
Fig.3 Profiles of complex permeability for setting in Table II 

we assume MSW whose specification is in Table I, where 𝑎 =
1 mm , so that the conventional FE analysis is executable. 

There are 360 and 661,358 elements in the coil region for the 

former and latter analyses, respectively. In Fig.5, 𝑍 is plotted 

against the normalized wire radius 𝑎 𝛿1⁄  for driving frequency 

ranging from 1 Hz to 1 MHz. It is found that the maximum 

discrepancy is less than 2.2% and 4.0% in the real and 

imaginary parts, respectively. 

V. OPTIMAL STRUCTURE OF MSW  

On the basis of the proposed method, we seek for the optimal 

MSW structure. The wire radius 𝑏 and driving frequency are 

fixed to 1.1 mm, 200 kHz, respectively. When the radius of 

the inner conductor, 𝑎 , increases, the DC resistance of the 

whole wire decreases, while the eddy current loss increases 

because the shield thickness decreases. For this reason, there 

would exist an optimal radius for 𝑎.  

The dependences of the AC resistance on 𝑎 𝑏⁄  for different 

shielding conductivities are plotted in Fig.6. The ratio 𝑎 𝑏⁄  

which gives the mimimum AC resistance is found to increase 

with 𝜎2 ; 𝑎 𝑏⁄ ≈ 0.864, 0.981, 0.991  for 𝜎2 =
0, 106, 107  S m⁄ . 

VI. EFFECTIVENESS OF MSW 

Finally, we compare the impedance 𝑍 of MSW with that of a 

usual wire without shields.  We consider a 25-turn MSW coil 

whose spesification is summarized in Table III, where 𝜇2 =
1.0, 𝜎2 = 0 for the latter wire. The real part of 𝑍  is plotted 

against frequency in Fig.7. It is found that the reduction of the 

AC resistance, Re(𝑍) , by MSW becomes significant as 

frequency increases. In particular, the loss of MSW is almost 

the half in comparison with that of the usual wire at 1 MHz. 
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Fig.4 Magnetically shielded coil. In proposed method, the coil region is  

discretized by coarse elements with the macroscopic complex permeability. 

 

 
(a) real part 

 

 
(b) imaginary part 

 

Fig.5 Frequency characteristic of coil impedance. In these figure, the 

abscissa is normalized by 100 kHz. 

 

 
Fig.6 Dependence of the AC resistance of MSW on normalized wire radius 

𝑎 𝑏⁄  for different shield conductivity 𝜎2. 

 

VII. CONCLUSIONS 

A homogenization-based FEM for the analysis of MSW has 

been proposed. To avoid the numerical difficulty, the complex 

permeability of a magnetic-conductive slab is used for that of 

the shielding layer in MSW assuming that its thickness is 

sufficiently smaller than the wire radius. An MSW coil can be 

modeled as a uniform material with macroscopic permeability 

which is obtained by inserting the complex permeability into 

the Ollendorff formula. From the numerical results, the 

proposed method has been shown to be accurate. The optimal 

structure of MSW has been obtained using the proposed 

method. Reduction of eddy current loss by MSW becomes 

significant as frequency increases. Comparison of the 

numerical results with measurement remains for our future 

work. 
TABLE III 

SPECIFICATION OF MAGNETIC SHIELDED WIRE 

a [mm] 0.144 𝜇1𝑟 1 𝜎1 [S m⁄ ] 5.76×107 

b [mm] 0.15 𝜇2𝑟 100 𝜎2 [S m⁄ ] 1.03×107 

 

 

 
Fig.7 Comparison of frequency characteristic of impedance.  
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