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On the asymptotic behavior of the prediction error

of a stationary process

Akihiko INOUE (Sapporo) and Yukio KASAHARA (Sapporo)

Abstract. We present an example of stationary process with long-time memory for
which we can calculate explicitly the prediction error from the finite part of past. The

long-time behavior of the prediction error is discussed.

1. INTRODUCTION AND RESULTS

Let X = (X (t),t € R) be a real, centered, weakly stationary process defined on a
probability space (€2, F, P). For T' > 0, we denote by P_r,) the orthogonal projection
operator of L*(Q, F, P) to the subspace spanned by {X(u) : =T < u < 0}. Similarly,
we write P_ ) for the orthogonal projection operator to the subspace spanned by

{X(u): —co<u<0}. For T >0 and ¢t > 0, we define Q(T,t) and Q(o0,t) by

Q(T,t) : = B[{X(t) — Porq X(t)}?],
Q(o0,t) : = B{X(t) — P X(t)}?].
The reason why we put 27 rather than T in the above is that we follow the notation
of Dym and McKean [3].
We are concerned with the asymptotic behavior of Q(T,t) — Q(oo,t) as T — oo.
We are especially interested in the case where the stationary process X has the so
called “long-time memory”. The main difficulty of this problem comes from that of
the calculation of Q(T',t). In this paper, we present an example of X with long-time
memory for which we can calculate Q(T,t) explicitly. The authors know no other
example of such X.
We write R for the autocovariance function of X: R(t) = E[X(¢)X(0)] for ¢t € R.
Let 11 be the spectral measure of X: R(t) = [%_ €17 u(dy). For § < a < 1, we define
the constants ¢ = ¢(a) and d = d(a) by

[ M1+« %= 2% 2egin(am)

As usual, we write K, for the modified Bessel function (cf. Watson [5, 3.7]).
1
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Theorem 1. Let T >0,t >0 and § <a <1. SetTy :=T +t. Let X be a a real,

centered, weakly stationary process with spectral measure p on R of the form

1-2a

sin(ar) |y
Hldy) = (7r ) I1|+ 2
o

Then Q(Tt) = d{Qu(T'1) + Qo(T, 1)} with

dy. (1.2)

n n 1 2 2 3 ’ T12
t)i= | « THTY —u)* T2 K, —
amy= [ [ et I

h h 9 9 2 3 2 ds
QQ(T,t) ::/T {/.S U a»(Tl — U ) ZIXI_Q(U)CZU} m.

For the stationary process X in the theorem above, we can show that

1
I'(2a —1)

(see §4). In other words, X has long-time memory (see Beran [1]).

ds,

N

R(t) ~ (=20 (¢ 5 o0) (1.3)

Theorem 2. Let o, t and X be as in Theorem 1. Then

Q(T,t)—Q(oo,t)Nsin(mr){ a——)/ sodeom tds} % (T — o0).

Let X be as in Theorem 1 and let f be the spectral density of X:

G

pros . ,4’
() - e (v €R) (1.4)
We write h for the outer function of X:
1 [®149¢ logf(y) -
h = e . , & ) )
©=en{sn [ L L (gas) (15)

The canonical representation kernel F of X is defined by F = (2#)_1/23, where h
is the Fourier transform of A(-) := Lim. k(- + i) € L2(R). We have the following

relation
h(g) = (2m)"2 /Ooo CUF@)dt (32> 0). (1.6)

Corollary. Let% <a<landt>0. Let X be as in Theorem 1 with autocovariance

function R and canonical representation kernel F. Then

QLT 1) = Q(c0,t) ~ (/OtF(s_)ds)Q X /: {%}Qdu (T — 00). (1.7)
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Recently, the authors obtained similar results to the corollary above for the sta-

tionary processes with autocovariance function R of the form

R(t) = /000 e Mra(dX) (t € R),

where ¢ is a finite Borel measure on (0,00). In them, we assumed that
R(t) ~ E7U() (> o0)

with 0 < p < oo and £ slowly varying. In this case, the index p may be larger than or
equal to 1 but the asymptotic relation (1.7) still holds as it is. The proofs of them are
quite different from that of the present paper. The first author also obtained some
relevant results for the partial autocorrelation coefficients of stationary time series.

The details will appear elsewhere.

2. PROOF OF THEOREM 1

In the proof below, we apply the theory of “strings” of Krein as described in {3].
The key is to use Rule 6.9.4 in [3, p. 268].
Step 1. Recall $ < <1 and ¢ from (1.1). We write m for the function
(e & (-aa
m(zx) = mw (0 <z < o0).
The purpose of this step is to obtain the functions A, B, C, D, K and the measure
dA associated with the string specified by m; see [3, Ch. 5] for background.

For z € C, we consider the following differential equation

62 . 2 /
@A(x, 2)=—=2"A(z,2)m'(z) (0<z < o0),
%)
A = — z)=0.
(0+,2) =1, 83:A(0+’ )=20

The solution to the above is given by

% 2
- } 227 J_o(2czz7%) (0 <z < o0),

Az, 2) = w{

where J, is the Bessel function of the first kind ({5, 3.1]).
We set, as in [3, p. 172],

sin(or)

Clz,z) = Az, %) / [A(y, z)} 2dy (0<z < o0, Iz #0).
0



Since

m d | Ju(z) _ 1
2sin(am) dz { J_o(z) } zJ_o(2)?
(cf. [5, 5.11(1)]), we have
ar  d { Jo(2cz2750) } 1

dx Jfa(Zszﬁ)

sin(ar) dz N xj_a(chg;%)Q’

and so

10—

— @ -2 = &
Clz,z) = {sin(omr)} 27 %2 J,(2czza) (0<z< o0, S2#0),

where we have used the following asymptotic representation (cf. [5, 3.12]):

Jo(x) ~ (%) r_(zfl+_1) (z = 0+). (2.1)

As usual, we write H{" for the Bessel function of the third kind ([5, 3.6]). Let
the function D be as in (3, §5.4]. By [3, p. 175] and the asymptotic representations

1

J,(2) = (nz/2)"2 [cos {z — %71’(1 + 27/)} + O(_z‘l)] (|z] — o0), (2.2)
HO(2) ~ (12/2) " explif{z — tr(1+20)}] (2] = o0) (2.3)
(see [3, 7.2]), we have, for Sz # 0,
D(0,z) = lim Cl,2) = 771272 lim ——————Ja(chx%)

z—o0 Az, 2) 2= J_o(2¢c22%)

o HY (2¢cz2%
= 771272 lim { '™ — zsin(onr)—%"—(—ﬂ—2
soo J_o(2¢cz22)
— 7.‘_—12—2a6ia7r~sgn(i‘rz)_

Therefore, by [3, p. 175] and [5, 3.7(2)], for 0 < z < 0o and ¥z # 0,
D(z,z) = D(0,2)A(z,z) — C(z, 2)

- {tor)

or, by [5, 3.6(2)],

; : L —a. . Lp(1) L
{asin(an)}zz"%c? H [ (2czz3e),
Do) — { { )} (2cz0%)

(X3

P {em’r'sgn(%z)J_a(chx%) — Ja(Qsz%)}

In particular, by [5, 3.7(8)],

D(,i) = %{asin(m)}%xék'_a(zcx%) (0 < z < o). (2.4)



Recall p from (1.2). We write dA for the measure (1 + v2)du(y) on R:

_ sin(an)

dA(7) : 2 dy.
By simple calculation,
” ﬁd SR exp{ior - sgn(Sz)} (Sz #0)
0o 72— 22 7 2sin(am) ’

whence
1 [ dA(7)
See [3, §5.5] for the implication of this equality.
As in Rule 6.9.4 in [3, p. 268], we set

- D(z,1)

K@) = Gl

(z > 0).

By (2.4) and [5, 3.71(6)],

oD . 2¢
Fra

—E{a sin(ar)} 2z % Ki_o(2cxe)

whence

K_o(2cz2s

K(z)= c’lole*%—-‘—w (0 <z < o0).
Ky_s(2¢czaa)

Let B as in [3, §5.7]. Then, for 0 <z < co and v € R,

1 1 l—a 1
B(z,~) = —-;(%A(a:,fy) = cr{asin(an)} " 1y% 7 Ji_o(2cy27).

Step 2. Recall T > 0,¢t > 0 and T = T +t. By [3, §6.10] and Rule 6.9.4 in [3,
p. 268] applied to the string specified by m, we obtain

Q(T7 t) = Qeven(T7 t) + Qodd(Ta t)a

where

dA(v)r dy
1+4%2] K(y)¥
dA(y)

Qua® )= [ |2 [" i) (rat ) + KB} 2] dmty)

Qeven(T)t) =7 | / ) E /0 ) cos(vTh) {A(y,v) = vK(y)B(y,7)}
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with T = [ {m/(y)}/%dy, or 2 = {T/(Zc)}Qa By change of variables s = 2cyzs,

Quen(T) 1) = 2 sin( aw)/ {I(s) = I(s)}2—2 IX*S( 5
_ 2sin(am) 5 ds
Quua(T,) = 22 [T~ 1oy
where

0o 71—-(1

() 1= sKiols) [ eostyT) La(o) sy,
‘ (c)>o ,.)/2—01

Ir(s) = sK_a(s)/O cos(fyTl)Jl_a(sv)l 5dy,

0 2—«
s : E ’7
I = I — ! T J._a d,
o(5) 1= sK1oas) [ s ) o) g

l-a

. < v
Ii(s) = sK_,, T dy.
a(s) == (8)/0 sin(yT1)J; (87)1+72 Y

Step 3. Recall the constant d from (1.1). In this step, we show that Qeyen(T,t) =

d- Q1(T,t). We first note that I; — I, is continuous on (0,00) by the asymptotic
representations (2.1) and (2.2).
By [4, p. 68], (13.19),

1+ 22
whence I1(s) — I(s) = 0 for s > T; and also for s = T} by continuity. The calculation

0 v+1
/ I—Jl,(a:v) cos(ry)dy = cosh(y)K,(a) (y<a, -1<v<3),
0

of I1(s) — Ix(s) for T < s < Tj is more tricky. By
d o : o d - -
E{x J_Q(.’E)} = —2%J1-a(2), %{xl Ji—a(2)} = 217 o (),
d - - d —a - T
—(E{x"‘lx_a(x)} = —-2°K1_o(z), -L-i—;{xl Kio(2)} = —2'™K_,(x)
(see [5, 3.2 and 3.71]), we have

5—5{11(5) — B(s)} = —sK_o(s) / T eos(TY T a(sdy (T <s<T).
JO

In fact, by (2.2) and the second integral mean-value theorem ([6, §4.14]), the improper
integral on the right converges uniformly in s on each compact subset of (T',T}),

whence we may interchange derivative and integral. By [4, p. 67], (13.13),

S0 = 10} =~ 2@ - K G)



for T'< s < 17, and so

21_0‘7r%T1
oD
Thus Qeven(T, 1) = d- Qs (T, ),
Step 4. Finally, we show that Qoad(7,t) = d- Q2(T,t). The proof is quite analogous

7 \
Ii(s) — Ix(s) = / WTHTE - w?)* T K (u)du (T < s <Th).

to that for Qeven in Step 3. First, I3 — I, is continuous on (0, c0). Next, since

/ 1122 _:: QJV(CLJI) sin(zy)dy = sinh(y)K,(a) (y<a, —l<v< -3)
0 T

(see [4, p. 166], (13.20)), I3 — I; vanishes on [T7,00). Finally, by [4, p. 164], (13.9),
for T'< s < T7,

%{13(5) — L(s)} = —sK1_o(s) /0 T ST (s7)de

2= 2 2 2va-3d
= — 5" Y(T} — $*) T2 K1 _o(s),
Ma-p° )
whence
21—0‘71'% Ty 9 2 2Na—3 7.-
I3(s) — Iy(s) = ——= wHIT =) Ko (u)du (T < s<Ty).
P(G{ - '2_) s
Thus Qoada(T,t) = d- Qo(T,t). This completes the proof. O

3. PROOF OF THEOREM 2

Step 1. First we consider Q1(7',t). By change of variables s’ = s =T, v/ = u — T
we obtain

Q1(T,t) = 2%78 /t ds T+t 2
o @4 iE T+ 9))

? 3 3 2
X [/ (T + u)? K_o(T + u)(T + u)2~® {(T+Lt+uw)}" 2 (t —uw)* 2du
By the asymptotic representation
27K, (z) = (n/2)ie {1+ {4 - 1)z + 0(z72)} (¢ — ) (3.1)

(see [5, 7.23]), we have, as T — oo,
(T +u) T K_o(T +u) = (1/2)7e T {1 + Lda? - )T + O(T2)} .
This, together with

(1+2)? =1+ pz+0(=?) (x — 0+), (3.2)



8
gives
(T +u)? K ofT +u)(T +u) = {T + L(t +u)}°72
= (r/2)ze T
x 14+ {54’ -1+ (3-a)u+a-3)(t+u)} T +0(T72)
= (n/2)2e T
x (143 {(e? = 1)~ 214 (a4 Dt -0} T+ 0(T)].
Hence, as T' — o0,

{/:(T + u)%K_a(T +u)(T + u)%—a{T + %(t " u)}a_%(t ~ U)a_%du:l 2

t—s s 2 t—s s
(/ ua_5e”du) + (/ ua—fe“du)
0 0

(/ {(e®—3) =2+ (a+1) u}ua—%e“du> T—1+0(T—2)],

e~ 2t+T)
27?2

Similarly,
(T +1)? _ 2T%eXT+e)
(T + s)K_o(T +5)2
Combining,
(T +1)?
(T + s)K_o(T + 5)2

(14 {2t - (o> -} T+ O(T72)].

X [/t(T +u)EE_ (T +u)(T +u)s = {T + L(t +u)}* 7% (¢t — u)“‘%du]

9

t—s Z
— e—2(t—.s) (/ a—— "C[U)
0
t—s t—s
+(a+)e770 ( / u"s “du) ( / ues um) T +0(T™).
0 0

Thus

Qu(T,t) =223 Jy(t) + 223 (a + )T+ O(T™?) (T —>o0)  (3.3)

1 8 2
e 2 (/ a=3 ”du) ds,
0
t & 5 s .
e (/ U,a—aeudu> (/ u“_'ie“du) ds.
0 0

with

Il

J()(t) .

Jl(t) .

[l

S— S—
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Step 2. Next we consider Q5(T,t). By change of variables ' = s — T, v/ =u—T

we obtain
t
- 1
Qo(T, ) = 2273 / ds .
0 T+ K (T +5))

i \ 3 )
X l:/ (T + ’LL>%IX’1—Q(T + U)(T -+ u)%—o‘ {T + %(t + u)}a——i (t _ U,)a_fdu

By (3.1), we have, as T' — oo,
(T +w) P Ki_a(T +u) = (1/2)7e 7T [1 4 H{4(1 — @) = )T~ + O(T?)] .
Therefore,
(T + w) K1 _o(T + u)(T + )i {T + L(t + u)}* 72
= (m/2)re” T
x 1+ {(1-0P =1+ (a=8)t-u)} T +0(T?)].

Hence, as T — 00,

' 2
[/ (T 4w Kool + u)(T 4 w3~ (T + §(¢ + )}~ u>a-%du]

re—2(t+T) - 2 s .
= u*TreMdu ) + " T etduy
0 0

2 ]
x(A“?u—af—i+mf%m}w%wmQT*+ow”ﬂ.

Similarly,
1 262(T+5) ‘ B B
Tk TP - 7 L 0= =77+ o).
Combining,
1

(T + s)K1—a(T +5)?
I rt . . . 3 )
<[ @b @ T 0 T e 0} -0

t—s )
= ¢ A=) (/ u"_%e“du)
0
) . t—s 3 ) t—s .
+ (a — 3)e™2(=) </ 'LL“—:_'(,%“(ZU,) (/ u"‘%“’du) T'+0(T7?).
Jo : /o

2
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Thus
Qa(T,t) = 273 Jy(t) + 22 3(a = DS () T+ O(T™?) (T — o0).  (3.4)

Step 3. Since Q(T,t) | Q(o0,t) as T — oo, we obtain, by (3.3) and (3.4),

— 28111(0{7!') ! —2s * a—g- U ? ‘
and
QUT.1) = Qooyt) = T ED 0t £ 01, (T - o0)
2.
It remains to show that
t 2
20— 1)Jy(t) = *=7esids | . 3.6
(200 — 1)1 (2) (/Os e s) (3.6)

Integrating by parts,
(o — :,12-)/ Ut Tetdy = %7 Te® — / u*"zedu,
' 0 0

whence the left-hand side of (3.6) is equal to 2{J5(t) — J3(t)}, where

t 8
Jo(t) := / s 7 (/ u"“%e“du) e~ 2ds,
0 0
‘ 8 . 2
Js(t) = / e (/ u“"%“du) ds.
0 0

Again, integrating by parts,
2

t
Jz(t) = (/ Sa_%es_tds) + 2J3(t) - Jg(t).
0
Thus (3.6) follows. This completes the proof. O

4. PROOF OF COROLLARY
First, we prove (1.3). We set

Uz) : i

X

= et k(z) := z2e3 cos(1/x) (0 <z < o0).

Then, for t >0,

R(t) = 2sin(ar) /0"" =2 cos(yt) i = 2sin(ar) /0°° b(w)(at)

T 14 +2 v
Choose 6 > 0 so that § < min(2 — 2a,2a — 1). Then the improper integrals

1 poo—
/ ™%k(x)dx, / 7 %k(x)dx
0 1

+
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exist. Therefore, by the Bojanic-Karamata theorem (cf. Bingham, Goldie and Teugels
[2, Th. 4.1.5]),

/0 " k(@) (zt)dz — /0 jh o)z (t— oo).

Since

T k@de= [ o coszda = i
/0+ Kw)dz /0 TR 2sin(ar)l'(2a — 1)’
(1.3) follows.
R(u) 1
[2 R(s)ds S

Tt (u = 00),

whence

2
= R(u) 1\2p—1
7 du~ (a—35)*T T . 4.1
/ {I_UR(SMS} u~(a—1) (T = o) @)
Recall f and h from (1.4) and (1.5). By applying Exercises 2.3.4 and 2.7.2 of [3]
to the rational functions 1/(1 —4¢) and —i¢/(1 — i¢)?, we obtain

1 1 [ 1+7¢ log(l+~%)7"
- — : d Sz >0
1—ic exp{m/_oo ¢ T ixp y 8220

e 1 *14+9¢ log(’yz) x
ZC_eXp{Qm’/_oo'y—C 1+72dfy (Sz>0)

(note that 1/(1 —4¢) and —i¢ are both positive on the upper imaginary axis). There-

o - {22

s

fore

(S0

(—iQ)ee
1—4

(32 > 0). (4.2)

We set

o s}t [
G(t)._-wfoe s zds (0 <t < o0).

Then, by (4.2) and (1.6),

con /0 ” GGt = {Sin(ﬂ-onr) } (_IZE)ZC_Q

— (¢ = (2m) / " Rt

0
whence F' = (. Therefore,

t s — {2sin(a7r)}% tes_ts“_% "
/OF(l)d _ (a—%)l"(a—%—)/o du. (4.3)

This, together with Theorem 2 and (4.1), gives the corollary. O
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