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REMARK ON THE WEIGHT ENUMERATORS AND SIEGEL
MODULAR FORMS

Y. CHOIE AND M. OURA

ABSTRACT. The purpose of this note is to study the coefficients of the
polynomials if we express the weight enumerator as the polynomial of the
fixed generators.

1. Introduction

It is well known that the graded ring C[WC(})] generated by the weight enu-
merators of all self-dual doubly-even codes over the complex field C can be

generated by two elements[1];

cwid) = cwd, w).

eg ? g24

From this, the weight enumerator of every self-dual doubly-even code can be
expressed as the polynomial of We(g1 ) and Wg(if over C. However, the coefficients
of the said polynomial may be in the ring smaller than C. Actually, we can

replace C in the equality above by the smaller ring Z[2 3 7]

We start with the definitions, the notation and the known facts which are
needed in this note. Let &,, be the Siegel upper-half space of degree n and
denote by A(T,,)x the ring of modular forms of weight & on I',, = Sps,(Z) over
C. If f is an element of A(I',)x, then f(7) can be expanded into a Fourier

series of the following form:
231 Sii
f(r) = Z 7(s) exp(2mv —1trace(sT)) Z (Z as(s Hq ]> qu'i ,
$20 8120 1<j i=1
in which ¢;; = exp(2mv/—17;;) and s runs over the set of half-integral positive
(semi-definite) matrices of degree n. For any subring R of C we denote by
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2 Y. CHOIE AND M. OURA

Ag(T,,), the R-module consisting of those f € A(L,,), such that af(s) is in R
for every s and by Agr(I'),) := @k>0Ar(Ly)k taken in A(T),) = @r>0A()k:
then Agr(I',) forms a graded integral ring over R. The explicit structure of the
ring Az(I',) is known only for n = 1,2 and we shall use them later.

Let m/,m” denote elements of F} and put m = (m' m”); then the theta
constants with characteristic m is defined as

buir) = 3 exp2ey/T{ 50+ gr)r o+ o) + 50+ gy}
peZn

Let C' be a (linear) code of length k over Fy. The weight enumerator

Wé")(xa :a € FY) of degree n is defined as

Wén) = W((;")(xa ca € FY) = Z H gha(VLV)
V150 €C a€EFY
where n, (v, ..., v;) denotes the number of i such that a = (vy,, ..., vg;). We
note that Wé") is a homogeneous polynomial of degree k£ with non-negative
integers as its coefficients. For any subring R of C we denote by R[Wé")} the
graded ring generated by the weight enumerators of degree n of all self-dual
doubly-even codes of any length over R. It is known that the Broué-Enguehard
map Th : z, — 0,(27),a € F3, gives the C algebra homomorphism from
C[Wén)] to A(T,)W = Brxu=0 (mod ) A(I'n)x. In particular, it gives the iso-
morphisms C[W5"] 2 A(T,,))® when n = 1,2(see [6]). In the next section we
explain our problem dealing with the case when n = 1. The main theme of

this note is to investigate this in the case when n = 2.

2. The case when n =1

In this section, we discuss the case when n = 1 (and may omit n = 1 in the
notation of the weight enumerator for the sake of simplicity). Before proving
the assertion described in the introduction, we modify our setting. We started
from the fact(see [1]) , called Gleason Theorem, that C[Wc] is generated by
Wy and W, over C, where

8 4.4 | 8
Wey = g + ldayx] + 27,

%%

s = To' 4+ T59252Y + 2576322, + 759z571° + 237
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The self-dual doubly-even code of length 8 is unique (up to isomorphism),
however, we may take another self-dual doubly-even code of length 24 instead
of gos. There exist 7 indecomposable self-dual doubly-even codes of length
24(see [7]):
d3,, dioez, ds, dg, day, dS, gos.

We call them Cayq 1, ..., Cas 7. The following table gives the values a, b, if we

write
Wy, = aW2 + bW, 0 =1,2,--+ 7.

a b
Cosn | B/7 | 2/7
Coso | 4)7 | 3/7
Coss | 3/7 | 4)7
Cosa | 2/7 | B)7
Coss | 117 | =47
Cosg | 1/7 | 6/7
Cuz| 1 0
We state the following proposition.

Proposition 2.1. Let R be a ring such that Z C 'R C C. Then we have

111

RIWe| = R[Wey, Wey, ] if and only if Z[ﬁ’ 3 S] CR,
. ) 111

RWe| = R[Weg, We, .| if and only if Z[ﬁ’ 3 ?] C R,

and fori=1,2,3,5,0,
11
R[W¢] = R[Wey, Wy, if and only if Z[a, §] CR.

Before proceeding to the proof, we recall the modular forms for I'y over
Z. 1f we denote by Fj the Eisenstein series of even weight k normalized as
Ex(1)=1—- é—’; > ok—1(n)q", q = €™, and if we put A = 279373(E} — E?),

then it is well known that
Az(Fl) = Z[E4, EG; A}

Moreover we have

Az(T)® = Z[E,, Al
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Proof of Proposition2.1 First we consider the case when Cos7 = gos. Sup-
pose that we have the equality R[W¢| = R[We,, Wy,,|. We pick the self-dual
doubly-even code Csy 50 of length 32, which is No.50 in the list taken from

Sloane’s homepage(http://www.research.att.com/ njas/). Direct computation

gives
41
WC'32,50 - 42W4 + 49 W W924
111
Therefore R must contain 257
Conversely, suppose that Z[3, 5, 1] € R. The inclusion R[W¢| 2 R[Wey, Wi, ]

is trivial and we show the converse. Let C' be any self-dual doubly-even code
of any length k. Then Th(W¢) is in A(Fl)g. As we noted above, Th(W¢) can

be expressed as in the form
Th(We) = We(o(27),010(27)) = Y _ e E{AY, for some ¢y, € Z.

Since
1

E4(7_) - Th(Wes)v A(T) 253 7 (

Th(We)* — Th(Wy,,)) »
we get
o) = cabiA
=" cuTh(W,,)" {2531 - (Th(Weg)? — Th(Wg%)))}
= Z Carb/Th(Weg)a Th(W924)b/’

in which ¢z ’s are elements of Z[3, 1, 2]. Therefore W is contained in R[Wey, Wi, ].

This completes a proof of the case when Coy7 = gos.

For other cases in Proposition, the similar method can be applied and so we
omit the detailed proof. O
3. The case when n = 2

In this section, we shall discuss the case when n = 2 (and may omit n = 2
in the notation of the weight enumerator). Our starting point is the following

equality given in [2]:
C[WC] = C[Wesv Wg247 Wd2+4v Wd3+27 de{o}’
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where

W,y = (24) + 759(16, 8) + 2576(12, 12) + 212520(12, 4, 4, 4)
+340032(10,6,6,2) + 22770(8, 8, 8) + 1275120(8, 8, 4, 4)
+4080384(6, 6,6, 6),

1

> (D) Prapza | Lk =18,24,32,40
B,¥€F2 \ acF2
with the usual inner product - of F2. Here we write eg instead of di and use
the convention (x,*,...) to express the symmetric polynomials, such as (24) =
rdo g+l (8,8,8) = 26o751 20 + 20T 7Y +T00TT0 71 25, 25028 s ete.
In (2] it was shown that W, W,,, Wd%l’ Wdiro are algebraically independent
over C and there exists a unique relation, which is explicitly given in [8]:
W2 =—113-32621 - 37571772417 W2
32
— 2860289 - 371571 711 LT W W,
+ 24821477 - 37T THL TV, W
+2-751-37°7 ML WAW .
32
— 22112 . 373571 T LT T WE W
40
+ 21163 - 37 7P AT WEWE

+2M73.79- 377 1AL T WE W,

924

— 20107499 - 3711241 W2 W7,
24

W,
8
— 28389 - 3727 T I T WL W, Wi
+215- 197 37211 ML W W Wi
+ 28375 T LTI, W
24 40
So, finally we state the main result;

Theorem 3.1. Let R be a ring such that Z C R C C. Then we have

R[WC] = R[W€87 W924: Wd;;: Wd§r27 deo]
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111111]§R.

2737577711741

The proof of this theorem is carried out by the similar method to that of

Proposition 2.1. We recall that A(I's) is generated by homogeneous elements

U4, Ve, X10, X12, X35 over C, each with the subscript as its weight. The normal-

ization is made as follows(we follow the notation in [4]):

We put
X4 = ¢47

and

Pu(T
Yo (T

1+

(Q11Q22 ) () e

(qugea +---) +---,

(G103 (q11 — qo2) + -+ ) (TT12) + - - -

T

)
)
T) =
)=
) =

T

6 = Vs, Xio= —22X107 Xig = 223)(12, X35 = 22Z'X35;

Xso =27'37(X12Xo1 — X10X16)7
Xao = 27%(XuX36 — X10X30),

Xio = 272371 (X12X30 — XuX10X2s),
Xag = 27%(X12X36 — X3)-

Igusa [4] showed that the fifteen elements

X4a Xﬁa X107 X127 }/127 X167 X187 X24a X287 XSO) X35a X36a X407 X427 X48

form a minimal set of generators of Az(I's) over Z. For our purpose,

deduce the following lemma.

we
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Lemma 3.2. The ring Az(I'2)® can be generated over Z by the following

thirty elements:
X47 X127 Y127 X167 X247 X287 X367 X407 X487

and

X¢ . XX, XeXis, XeXso, XeXip, XeXi,

X, XX, X10Xs0 . Xi0Xp . Xi10X3,

Xis . XisXso, XisXgp . XisX3

X3o; X30Xy2, X30X35,

Xb. XX,

X3

Proof. This is derived from the usual argument on the graded ring. See
Chapter III in [3]. O
We notice that the thirty elements in Lemma 3.2 do not form a minimal set

of generators of Az(T'y)™®, however, it is enough for our purpose. We put

11111 1
zZ = Z[Q? gv gv ?7 ﬁv H][Th(Wes)v Th(Wg24)7 Th(Wd2+4)7 Th(de;)a Th(WdIO)]'

By the following two lemmas, we shall show that the thirty elements in Lemma

3.2 are in Z.
Lemma 3.3. If the elements Xy, X12, X2, XsX10, X3, are in Z, then the re-

maining twenty five elements in Lemma 3.2 are also in Z.

Proof. This is derived from the definition of each element and the formula

X3 = (=22 X7 X165 + Y5) X6 X10 + (—2° X X7, + 2°Y10 Xog) X
+ (2Y19 X8 + 210X 50) X + 3 - 61X2X 15 X0y — 2- T3X, X X5 + 21055 X7

which was given in [4]. For example, by the assumption that Xy, X2, X, are
in Z, we conclude that Yy, = 279373(X} — XZ) + 2*32X,, is in Z. Since the

assertion can be checked directly, we omit the detailed proof. 0

Lemma 3.4. The elements Xy, X192, X3, X6X10, X3, are in Z.
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Proof. It is known that Broué-Enguehard map gives rise to the isomorphism
CWey, hnz, Fog, W,y Wi ] 22 A(l)?, where

hio = (12) — 33(8,4) + 330(4, 4,4) + 792(6, 2, 2, 2),

Fy = (20) — 19(16,4) — 336(14,2,2,2) — 494(12,8) + 716(12,4,4)

+ 1038(8, 8,4) + 7632(10, 6, 2, 2) + 106848(6, 6, 6, 2) + 129012(8, 4, 4, 4).

The relations among the polynomials and Siegel modular forms hold as follows
(ef- [5]);

Wy = 11237277 +2-372hi, — 2271,
Wye =43-53- 374771, +2%5 - 23 - 37117 W b,

— 2043 . 3727 ML YW W, + 293 P hio Fap,

Wy =3-19-T W), +2-5-7-557 -3 11 W2k,

—2°5-19- T W2 Wy, + 205237 W hao Fog + 2°5 - 41 - 377 Fy,

and
Th(Weg) = ¢4,
Th(hi2) = Vs,
Th(Fy) = vuths + 2"3*x10,
Th(Wy,,) = 11-271372¢ + 72713727 — 219327 - 11x1s.

So, we have
Xy = Th(W,,),
Xig = Th(=27 37171 W2 + 2753717 11 Wy, + 27193711 W ),
X2 =Th (—1122‘17‘1We38 + 223277 W,,, + 322_1Wd2+4> ,
XoX10=Th(—5-53-27937 77" W2 +5- 27937 7 117 W W,
+53- 27 B3 M1 W W — 3271, ),
24 32

X1y =Th(—461-27>°37' 57177417 W2 + 27837177111 41" W2 W,

+13- 27237 T I WE W, — 3 27 AT W W
24 32
+27237 5 M1 WL ).
40
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This shows Lemma 3.4. |

Proof of Theorem 3.1. Suppose that R[W¢| = R[Wey, Wi, Wd;l, Wd3+2, Wdio

Since the weight enumerator Wdis is uniquely expressed with our fixed gener-

]

ators as
Ws = 23-22229-27237257 1724171 W, — 2°13- 23 - 3727 211 M1 W W,
+2-23-113- 37277 1 M1 W2 W — 32523 27241 W2 Wy
24 8 32
+217-23- 3715 ML W W — 201937272112

g24
+2023- 370 L AW, W +2-23-37-3 211 WG
1111 1 1

Conversely, suppose that R contains Z[%, % L 1 L L1 We have only to

show that W is in R[We,, Wy,,, W Wd3+2, Wdio] for any self-dual doubly-even
code C. Take any self-dual doubly-even code C' of length k. Then Th(W¢)
is in Az(Ts)y. with weight £ and k = 0 (mod 8). By Lemma 3.2, Th(W¢) is

expressed as the polynomial of the thirty elements Xy, ..., X2, ... over Z, say
Th(We) = > CaupX§ - X0e- o,
@yeee byee
in which ¢,..;..."s are integers. By Lemmas 3.3 and 3.4, all thirty elements are

in Z and we have

Th(WC) - Th( Z cmelweaslwb’ o Wd/ e/ )7

+ W W
924" " dyy  d3y  dy
a',d.e el

in which the coefficients cyyoge arve in Z[L, 2, L 1 L L1 Here there is an

ambiguity whether or not we replace Wj+ by the relation given in (3.1). This
32

causes, however, nothing in our argument since the coefficients of the right-

hand side of (3.1) is contained in R. At any rate, We is in R[We,, We,,, W | Was s Wdio]'

This completes a proof. O
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