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PARTIAL REGULARITY FOR A SELECTIVE SMOOTHING
FUNCTIONAL FOR IMAGE RESTORATION IN BV SPACE

YUNMEI CHEN, M. RAO, Y. TONEGAWA, T. WUNDERLI

Abstract.

In this paper we study the partial regularity of a functional on BV space proposed by Chambolle
and Lions [3] for the purposes of image restoration. The functional is designed to smooth corrupted
images using isotropic diffusion via the Laplacian where the gradients of the image are below a certain
threshold € and retain edges where gradients are above the threshold using the total variation. Here
we prove that if the solution u € BV of the model minimization problem, defined on an open set
Q, is such that the Lebesgue measure of the set where the gradient of u is below the threshold e is
positive, then there exists a non-empty open region E for which u € C1** on E and |Vu| < ¢, and
[Vu| > € on Q\E a.e. Thus we indeed have smoothing where |Vu| < e.

Key words. bounded variation, selective smooothing, image processing, image restoration,
noise removal, partial regularity

AMS subject classifications. 49J40, 35K65

1. Introduction. In this paper we investigate the partial regularity for the prob-
lem
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where ¢ is the following C! convex function defined on R"

1 .

Sl iffpl <1
e(p) = 1
Ip| — 5 if Ip| > 1,

) C R” is a bounded domain with Lipschitz boundary, and I € L*°(Q2) N BV (£2)
is given. This functional has been proposed for use in image restoration in [3]. For
problems of image restoration, we consider an image to be a real valued function
defined on an open rectangle 2 C R™. We are then given an image I corrupted by
noise, that is,

1= Uoriginal + 1,

where Uoriginal is the true image and 7 is noise. We thus want to recover uoriginar as
much as possible from the given I.

TV-based diffusion for image restoration was introduced in [13] as a method of
preserving features while removing noise (see also [2, 3, 15, 12]). The definition of the
total variation seminorm for u € L!(Q), given by

TV (u) = sup {/ udiv(p)dr : p € C3(Q,R™),|p| < 1} ,
Q

does not require differentiability or even continuity of u. Thus images with discon-
tinuities are allowed as solutions in the space of BV (Q2), which is the space of the
functions v € L'(Q) with TV (u) < co. In [3] the restored image is taken to be the
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minimizer of a combination of the total variation and the squared L?(€2) norm of the
gradient. That is, we minimize

|Vu|2dx+/

Vul2a

1

2a J\vu|<a

(V- 4+ L / (u — I)da.
2 2 Jo

Using the above functional we then expect to have isotropic diffusion where the
image is more uniform (|Vu| < a), and feature preservation via TV-based diffusion
where the boundaries of features are present (the locations where the image gradients
most likely have high magnitude: |Vu| > a). Without loss of generality we take a = 1
as in (1.1).

For u € BV () the gradient of u is a measure Du; it can be decomposed into its
absolutely continuous and singular parts with respect to Lebesgue measure, that is

Du = Vudzr + D’u.

See [5] for a complete discussion. Then we define ([8])

J(u) = /Q o(Du) = /Q S(Vu)da + /Q D%l

with

/|Dsu|5/d|DSu|:\Dsu|(Q).
Q Q

It is important to note ([16] or [8]) that the functional J can also be written as

Jw) = sup {—/Q(%|¢|2+udiv(¢)) dac:|¢($)|§1Ver}.

$€C) (Q,R")

Using this, we see that the functional J is lower semicontinuous with respect to
convergence in L'(Q2). Then by a standard argument we can show that there is a
unique solution u € BV (2) N L%(Q) to (1.1). Now we are interested as to whether
or not this solution v € BV is smooth on the region where |Vu| < 1. If so, it shows
that the denoising governed by (1.1) smoothes out lower gradients while preserving
the boundaries of features, which are the discontinuities in an image.

We now state the two main partial regularity results of this paper.

THEOREM 1.1. s If u is the solution to (1.1), then for any given 0 < u < 1 there
exist positive constants €y and ko depending only on n and p such that if

1
|Br| JB,(a)

|Du — 1] < e

holds for some ball B.(a) CC Q and for some l € R™, with
rC (14 || ()) < ko and |I| <1-—2p,
for some constant C depending only on n and ) then,
|D*u|(B,/2(a)) =0 and |Vu|<1l—p on B, (a)
and u solves

—Au=1I—-u on B,a).
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Hence u € CY*(B,5(a)) for any a < 1.
THEOREM 1.2. 4 Let u be as in Theorem (1.1). If L™({|Vu| < 1}) > 0, then
there exists a nonempty open region E on which u is C*%, |Vu| < 1 and u solves

—Au=I—-u on E.

In addition we have [Vu| > 1 a.e. on Q\ E.

It is actually straightforward to show that Theorem 1.2 is a direct consequence of
Theorem 1.1. Thus from Theorem 1.2, we do indeed have smoothing where |Vu| < 1.

Here we should point out that partial regularity results were obtained in [1] for
minimizers in BV (2) of functionals of the form [,(F(x, Du)+ G(x,u)) where F(x,p)
is a convex function in p with ¢;|p| < F(z,p) < c2(1+|p|) for all p € R", F' is locally
Holder continuous in z, and G(z, z) satisfies Holder continuity conditions in both z
and z. In our case, G(z,2) = 1/2(z — I(x))? with only the stated assumption on
I, and therefore their results can not directly be applied in our case. Moreover, our
approach is quite different from theirs, and can be applied to more general cases.

The partial regularity results for the flow associated with the minimization prob-
lem (1) is also discussed in [11] for more general . However, these hold only Q@ C R
for n =1 and n = 2. We also apply some different techniques to get our results.

2. Proof of Theorem 1.1 and Theorem 1.2. First we will show that the
solution u to (1.1) is in L% (). To prove this we could consider the time evolution
problem corresponding to (1.1), prove an L* bound for the time dependent solution
u(zx,t), and then consider the time asymptotic limit u, which is the solution to (1.1).
We would then conclude that u € L (). The following, however, provides a proof
of this without having to consider the time evolution of (1.1).

LEMMA 2.1. If u is the solution to (1.1), then u € L*(Q). In fact, we have
ez~ oy < Il -

Proof. Let @, be defined on R™ by

1 .
) §Ipl2 if [p| <1
@c(p) = 1 e 1 1
e (= — ——) iffpl>1
HE\pl +(2 1+€) if [p| > 1,

for € > 0, and consider the following minimization problem:

1
i . - —D2dzp.
uer,lggg)ﬂLQ(Q){/flso (Vu) + 2/Q(u ) x}

By standard methods, there is a unique solution u. to this problem. We follow a
standard truncation argument where we fix € and ¢ > 0 and let v = min(u,,t).
Noting that v € WH1T¢(Q) N L2(Q) with

Vu. ifu<t
Vv =
0 if ue > t,

we have

(2.1) /Qcpe(Vue)—l—%/Q(ue—I)de < /Q%(WH %/Q(U—I)de,
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and thus after subtracting

/ 0e(Vue) dz +/ (ue — I)?dr < / (t —I)?d.
{Uszt} {uszt} {Uezt}

Hence

/ (ue — I)2dz g/ (t — I)2da.
{ue>t} {ue>t}

But setting t = ||I|| (o) We see that if ess sup ue > ¢ then

/ (t—I)dx < / (ue — I)?dx
{uc>t} {uc>t}

which contradicts the above, hence ess sup ue < |I[|z(q). Applying a similar ar-
gument to v = max(uc, —t) for t = |I||p~(q) we get ess inf ue > —|[|I|| =) and
thus [ucl|po(q) < [[I]|z~(q). Furthermore, letting v = 0 in (2.1) we see that u. is
bounded in W11T¢(Q) N L2(Q) ¢ BV (2) N L%(2) independent of e. Thus there is a
@ € BV ()N L%(Q) and a subsequence of {u.}, still denoted by {u.}, such that u, — @
strongly in L(Q), ue — @ weakly in L?(Q2), and u. — @ a.e in §. Letting ¢ — 0 in
(2.1), noting that ¢(p) < @c(p) for all p, [, c(Vv) — [, ©(Vv), lower semicontinuity
of the functional [, ¢(Vu) defined on BV (Q2), and weak lower semicontinuity of the
second term on the left hand side, we get

/Q@(va) + % /Q(a —1)?%dx < /Qw(W) + %/ﬂ(v —I)%dx

for all v € WH*(Q) N L*(Q). We now note ([8]) that for any v € BV () N L*()
there exists a sequence v, in C*°(2) such that

/§Z¢(an)dx—>/ﬂcp(VU)

and v, — v in L'(Q), and since v € L?(Q) from the construction of v, ([8]) we
can also take v, — v in L?()). Therefore we see that the above holds for all v €
BV(Q) N L%*(Q) as well. Hence @ solves (1.1). By uniqueness, & = u. By the uniform
L*> bound for u. and the convergence of u. to u a.e. in Q we have u € L*°(£2) with
l[ull o) < M|l Lo (o) O

Throughout the rest of the paper, we fix © > 0 and unless otherwise stated, all
constants depend at most on n, u, u, , ¢, and possibly I.

We begin with a local lower bound estimate for any BV function u and C*
function h with gradient strictly less than 1.

LEMMA 2.2. Let u € BV (B,(a)) for B.(a) CC Q and h € C*(B,(a)) with

sup |Vh‘ < 1- s
B, (a)

then

/ o(Du) — / e(Vh)dz > u/ | D%l —|—/ V(u—h) - Vhdzx
B,.(a) B, (a) B, (a) B, (a)
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2
+/ Dsu~Vh+M—/ Vu|dz
B (a) 2 B, (@n{|Vulz1}

1
+—/ |V (u— h)|*dz.
2 /B, (a)n{|Vul<1}

Proof. Where |Vu| > 1, we have

©(Vu) — p(Vh) = V(u—h)-Vh

1 1

J— —_— — 27 .
= |Vu| = 5+ 5|VA[* = Vu- Vh

> —(2|Vu| — 1 —2|Vu||Vh| + [Vh[?)

DN | =

1 2
= SCIVul ~ 1= [VA)(1 - [Vh]) > 2|Vl
Where |Vu| < 1, we have
1
©(Vu) — p(Vh) = V(u—h)-Vh = 5|V(u —h)%

We now obtain the lemma by using

/ |Dsu|2/ DSu-Vh+/ \D*u|(1 — |Vh]),
B, (a) B, (a) B, (a)

the assumption on h, and the above estimates. O

We now fix Bay,(a) CC Q. Let v be a Lipschitz function defined on Ba,(a) and
assume there exists an [ € R" with [l| < 1—2p, such that supp, () |[Vo—1] < %9 for
d>0and 0 < 8 <1 to be chosen later. Also let T be defined by v(z) = v(z) — 1 - z.
Let 7. be the usual mollifier on R™ and denote g = 7,53 * ¥ and vg = 1,3 x v. We
have the following estimates from [14]:

(2.2) sup |Vug — 1| = sup |Vog| < %,
B, (a) B, (a
(2.3) sup |vg —v| = sup |i3 — 0| <0 sup |Vig| < rpt?,
B, (a B, (a By (a
(2.4) r0 sup | =y~ [Vog(x) = Vs (y)]
B, (a

< err® sup [Vo — 1| sup " =/ |7l ((rB) ') = m((rB) )]
.'L'/ y/

B, (a

< PP = .
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Now for any 7 € [%, 7] there exists a unique solution ([7]) w € H'(B;(a))NC*(Bz(a))
with & € (0,1) for the problem

(2.5) —Aw=I—-w on Bi(a), w=wvg ondBz(a).
LEMMA 2.3. For I € L*(Q), the solution w to (2.5) satisfies

(2.6) [l Lo (B:(a)) < lvsllL=@B:(a)) + M L)

(2.7) Bfu(P) [Vw — 1| < e3(8° + (||| L=y + vl = (0Bx@a)))s for any 1 € R™.

Vw(z) — Vw(y)| 1

(2.8) sup < e / [vg| dH"
vweBrpa) |7 —ylt? P2 opsa)

+r 2 (| o ) + 10g ]l L (081 (a1))) -

Proof. The estimate (2.6) is from Theorem 8.16 in [7]. To prove (2.7) and (2.8),
we decompose w as w = w1 + ws, such that

(2.9) —Awy =I1—w on Bi(a), w; =0, ondBs(a).
and
(2.10) —Awy; =0 on Bi(a), w=uvg ondB;i(a).

Let Wy = wy — vg. Then W, solves
(2.11) —Awy = —div(Vvg —1) on Bi(a), w2 =0 on 9B;(a),

for any I € R™. Representing the solution of (2.9) using Green’s function, i.e., wy(x) =
fB~(a) I(z—y)(I—w)(y)dy, where I is the fundamental solution of Laplace’s equation,
it is not difficult to get

(2.12) ||VUI1||L:>O(B;(G)) < C’I“HI — TUHLOO(BF(G))

where c is independent of r.
Moreover, by Sobolev imbedding theorem, Theorem 9.9 in [7], and (2.6),

(213) ‘|Vw1||00,1/2(37:(a)) S C||w1||W2,2n(B;(a)) § CHI — w||LG(B;(a))

1/2

< er' 2| = wll e By < 2|l L= 0B:(a)) + 1] L (2))-

Next we shall estimate we. Multiplying by ws to the both sides of (2.11) and
integrating over Bj(a), by a simple computation and using (2.2), one can have for
any |l € R",

(2.14) / |Vwy — 1]2dx < c/ Vug — 12dx < er™ %,
B;(a) B;(U.)
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where ¢ > 0 is a constant independent of 7.
Furthermore, applying Theorem 8.16 and 8.33 (with a rescaling argument) in [7]
o (2.11), we get the following estimates:

(2.15) |2l Lo (B;) < el Vg — UL (B5),
and
(2.16) r°[Dibo] o5 () < e(l|2ll L= (Br) + VU5 = Ul L= (Br) + 7 [Dvsloos(s,)):

where ¢ > 0 is a constant independent of r. Inserting (2.15) into (2.16), and using
(2.2) and (2.4), it yields

(2.17) r’[Dws]co.s g,y < (r°[Dia]co.s (s, + r°[Dvslcos(s,))

< ¢(||Vug — l”Loo(BF) + T(S[DUQ]CO,S(BF)) < Cﬁé.
Now we can estimate supp_ () |Vwz—I|. Denoting |Bs(a)|~ ! fB ) fdz by (f)Brta);
and using (2.14) and (2.17), we get

(2.18) su(p) [Vws — 1] < su(p){Isz — (Vw2) (o)l + [(Vw2) g o) — U}
Bz(a Bir(a

< r’[Dws]cos(p,) + |B;(a)|_1/2(/ [Vw, —1*)?da < ¢,

B;- (a

here we used (2.14) and (2.17) in the last inequality.
We then have, from (2.6) and (2.18),

sup |Vw —I| < sup |Vws — ]|+ sup |Vuwy|

Br(a) Bi(a Bi(a
< 03(56 + 7 |lzo (Br(a)) + Vsl (2B:(a))))-
(2.7) is proved To prove (2.8) we represent wy by the Poisson’s formula on the ball
a

Bi(a), i

wa(z) = u/@ _vsly)_ dSy, x € Bs(a),

nanT Bir(a) |JC - y|n

where «,, represents the volume of n dimensional unit ball. A direct computation
leads to the estimate:

sup \Dzwg\ < cr_"_l/ lvg(y)|dSy,
B;/2(‘1) BB;(a)

where ¢ > 0 dependents only on n. Then we have

Vws(x) — Vw
(2.19) sup Ly )_ 1/22(‘1/)‘ <( sup  |[D’ws|)|w—y[V?
z,y€Bi /2 (a) |£L’ y| z,y€Bj/2(a)

C
- |vg| dH™ L.
yntl1/2 /BB;(a)) &
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Now (2.8) follows from (2.13) and (2.19) imediately.
O

LEMMA 2.4. Suppose there is a v € C%(Ba,(a)) and | € R™ with || <1 — 2y,
SUpp,, (o) IVO—I| < B2, and SUPp,, (o) V] < Cu where G, is a constant depending only
on u. Let vg, 7, and w be as in the previous discussion. Then there exists constants
cs and cg such that if 3 < cs and 7(Cy + ||I|| = (q)) < cs then

/ p(Du) — / e(Vw)dx > / (u— vg)a—w dH" !
Bi(a) Bi(a) dBs(a) on

2
+/ (u—w)([—w)dx—!—u/ \DSul + “—/ \Vu|dz
Bi(a) Br(a) 2 JBr(@)n{|Vul>1}
1 2
- [V (u—w)|*dx
2 JBr(a)n{|Vul<1}

ow 1 1
> U—v —dH"_l—i——/ w—Ide——/ u—I)%dz
/ IR s, g e

2
+u/ D] + %/ Vu|da
Bi(a) Bi(a)N{|Vu|>1}

1

/ IV (u —w)|*dx
2 JBr(a)n{|Vul<1}

Proof. (From (2.7)-(2.8), the definition of vg, and the assumption on [ we see
that
sup |Vw| < sup |Vw — | + [{|
Bi(a) Bi(a)

<es(B° + (vl @Bray + Ml (o)) + 1 = 2u

< cs(B° +1(Cu + | L)) + 1 — 24

Later, v will be chosen (see for instance [10]) to be a Lipschitz approximation of u
so that |[v]| (B, (a)) can be bounded by a constant C., depending only on u. Now

choose c¢5 and ¢g such that 4% < ¢5 and
7(Cu+ L)) < cs
imply

e3(B° +1(Cu + [ 1= (0))) < pe
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Thus

(2.20) sup |Vw| <1—p.
Bi(a)

The conditions of Lemma 2.2 now hold for A = w. Substituting in w for h in the
inequality in Lemma 2.2, integrating by parts, and using Young’s inequality for (u —
w)(I —w) = —(u—I)(w—1TI)+ (I —w)? the Lemma is proved. O

LEMMA 2.5. If the function uw € BV (Q) is solution to (1.1), then

/BT @(Du)—/B o(Dw) < 1/2/3 (w— I)%ds

—1/2/ (u—I)dx + / |Tw — Tu|ldH" !
r OB,

for any w € BV (B,.), B, CC Q. Here T denotes the trace operator on BV .
Proof. Let w € BV (B,) and define

w—u on B,

¢= .
0 in Q\B,.

Then since u is a solution we have letting v =« + ¢ in (1.1) and using Theorem 1 of
section 5.4 in [5]

/Qw(Du)Jrl/z/Q(u—mdxg/ Lp(Dw)Jr/ “Tw_Tu‘dHn—l

r T

+/ o(Du) + 1/2/ (w — I)*dx + 1/2/ (u — I)*dx.
OB, B, B,
Hence

/E SD(DU)+1/2/B7-(UI)2dx§/BT @(Dw)+1/247.(w1)2dx

+/ |Tw — Tu|dH" .
17}

r

O We use the above lemma, Lemma 2.4, and estimates (2.2)-(2.4) to obtain the fol-
lowing inequality for the solution w to (1.1):
LEMMA 2.6. Let v, [ be as in Lemma 2.4 with

r(Cu + ]| o= (0)) < cs,

w as in (2.5), and u a solution to (1.1). Then

/ | D%l —l—/ \Vu|dx+/ IV (u —w)|*dz
Bi(a) BiayN{|Vul>1} BiayN{|Vul<1}

< 07/ lu — v| dH" ! + cgr g+,
GB;(a)
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where u and v on OBz(a) is understood in the sense of trace.
Proof. By the previous lemma with w from (2.5) and Lemma 2.4 we have

1
/ lu —vg| dH" ! > / p(Du) + —/ (u—1)%dx
9Bn(a) B:(a) 2 JBs(a)
1 2
- o(Vw)dzr — = (w—I)*dx
Br(a) 2 /B (a)

a 2
> / (u— vg)—w dH" " + u/ |Dul| + ,u_/ |Vuldz
9B (a) on Bs(a) 2 JBrwyn{IVul>1}

1
+—/ |V (u —w)|de.
2 J By {|Vul<1}

The lemma is thus proved by using (2.20) and the estimate for |v — vg| from (2.3). O
We have the following first variational formula from Hardt and Kinderlehrer [8]:
if u is a solution to (1.1)

(2.21) Amvwmﬁémﬂﬁm:féwfﬂwx

where ¢ is any function in BVy(2) with D¢ << |D*u|, £ is the Radon-Nikodym
derivative of D*¢ with respect to |D%u|, and o € L'(Q) is the stress tensor defined by

wp(Vu) in Q,
o(u) =

Déu/|D%u|  in Q.

Here D*u/|D*®u| denotes the Radon-Nikodym derivative of D*u with respect to |D*u|
and Q = Q, U Qg is the decomposition of  with respect to the mutually singular
measures L™ and |D*ul. Clearly |o(u)| < 1. Note that o(u) depends only on u. In
the sequel we will write o instead of o(u) and write the left hand side of (2.21) as

/QJ-DC.
/QU-DC=—/Q(u—I)de

holds for arbitrary ¢ € BV () for some u where o is defined as above, then u solves
(1.1). In fact, for arbitrary v € BV (Q2) we take { = v — u, noting that by convexity
of ¢ we have p(Vv) — p(Vu) > V(v —u) - op(Vu) on £, and that on Q4 we have

DS
/|mm—/|mmz/‘w@—m. ¢,
Q. Q. Q. | Dsul

The proof of the following lemma is based on [9], with some necessary modifica-
tions.

We may also note that if
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LEMMA 2.7. Suppose u is a solution to our minimization problem, Ba,.(a) CC 2
and v € C%Y(By,(a)) with SUpg, (o) IVV| <1 —p, and

1
L"{u#v}NBy(a)) < §|BP\ for all r <p<2r

then there exists positive constants cg and c19 such that if
L"({u # v} N Ba(a)) < cgr™

then

1

lu = vl Lo (B, (a)) < c10 (L"({u # v} N Bar(a)))™ .

Proof. First we note that the function ¢ satisfies [p| — A < ¢(p) < |p| for all
p € R", some A > 0. By convexity of ¢ we have ¢(p) < ¢p(p) - p + ¢(0) for all
p € R™. Hence we have

|Du| = |Vu|dz + |D?u| < p(Vu)dz + |Du| + Adz

< pp(Vu) - Vudzr + |D°u| + (A + ¢(0))dz = 0 - Du + Adx.

Let # : R — R be a bounded, increasing, piecewise differentiable function with
0'(t) <1 for almost all ¢. Let 0 < p < h and

1 in B,(a)
n(@) =9 (h—p)~'(h—|z—al) in Bu(a)\By(a)
0 in Q\By(a).

Now apply the first variational formula to ¢ = nf(u — v) to get

r—a

/ no - D[f(u—v)] = (h—p)_l/ o ——0(u—v)dx
By (a) Br(a\By(a) |7 —al

(2.22) — /B “ nf(u — v)(u — Idz.

In order to obtain a lower bound for no - D[@(u — v)] we use the above properties of
. We have D[f(u —v)] = 6'(u — v)D(u — v) and hence by noting the bound of |Vv]

/Bp(a) i) < | .

ola

0’(u—v)|Du|—|—/ 0 (u —v)
Bp(a)

< /B,,(a> 0 (u — v)o(Du) + / A+ 1)0 (u— v)

Bﬂ(a)

S/Bp(a) 9’(u—v)a-Du+/ A+ 1)0' (u—v)

By (a)
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:/Bp(a)ﬁ’(u—v)ch(u—v)—F/ 0'(u—v)o - Do

Bp(a)

(2.23) —&—/Bp(a)()\—&—l)@'(u—v) < /Bh(a) no - D[O(u — v)] —&-/Bh(a) Cr0'(u —v)

for some constant C depending only on A. Therefore, by inserting (2.22) into (2.23),
and noting the L bound for u, we get

/ DB — v)]|
Bp(a)

< (h—p)_l/ |6(u — v)|dx + Cx|suppnb(u — v)|
B (a)\B,(a)

2Ty [ 1olu=v)lda.
Bh,(a)
Now for 0 < k < s we choose 0 as
0 fort <k
Ot)y=q t—k fork<t<s
s—k fort>s.

Now let A(k,h) = By N {u—v > k}. Clearly supp [nf(u — v)] C A(k,h). Thus

/ D6(u — v)]
Bp(a)

(b= p) "+ 2 limie) [ 160 vlde + CalA(k.b)

B (a)
By assumption, |A(0, p)| < $|B,(a)| for r < p < 2r. Thus we see that

L{{0(u —v) =0} N By(a)}
By (a)l

We can then apply the isoperimetric inequality for s > k > 0 to get

1
> —.
-2

n—1

net </ |9(uv)|ﬁda:>
Bp(a)

< e /B e

(s = k)| A(s, p)
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< era((h—p) ™ + T s () / 00 0l essl 4G

So since h < 2r we get

n—1

(s — k)| A(s, p)| gcm(h_p)*l/B 00l e A )

And since
[ b= vlde < s - RG]
Bp(a)
we arrive at

(s, )7 < cra((h—p) ™" + (s = k) 71| Alk, b))

for every r < p < h < 2r and s > k > 0. We now apply Lemma 2.1 in [9] to obtain
the upper bound.

The lower bound for v — v is obtained by using a similar argument for 0 < k <
5 < 00,

0 fort > —k
0t)y=¢ —t—Fk for —s<t<—k
s—k for t < —s,
and A(k,h) = B,N{u—v < —k}. The lemma then follows by again applying Lemma

2.1in [9]. O
Now define the energy function

1
O(r,l,x) = = / |Vuldz
|Be| | /B, (@)n{|vu>1}

+/ \Vu—1|2dx+/ |Dsu|}.
B, (z)N{|Vu|<1} B, (x)

The following theorem provides a decay estimate for ®:
THEOREM 2.8. If u solves (1.1) with B,(a) CC Q, I3 € R™ with |l1] < 1 — pu,
then there exist positive constants w, €, k, c37, c3g, and c3g such that

@(47'3 I, (l) <e

and

implies

O(wr,ly,a) < —®(4r, 11, a) + czrr

DN | =
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where

‘ll — lQ| S 638(1)(47“, ll, a)% =+ C39T.

Proof. For fixed A > 0, define
R» = {2 € Ba.(a) | ®(p,11,2) < X forall 0 < p < 2r}.
By Vitali’s covering theorem, there exists disjoint balls { B, (x;)}$2, such that
By, (a)\R* C U2, Bsy, (i)

and ®(r;,l1,z;) > A. Then we have

o0 5n
L™(Bar(a)\RY) < 5" Y | By, (x:)] < ~ [Bar(@)|@(4r, Ly, a).

i=1

Let g(z) = u(x) — l; - =. By Poincare’s inequality we have for z € R* and 0 < p < 2r

1 / _ C15
T 19(Y) = Gapldy < —— / | Dyl
1Byl JB,(2) P P B, @)

<5 {2 / Vuide+ [ (D
P By (z)N{|Vu|>1} B,(z)

1/2
+|B,|1/? (/ |V — l1|2dx>
B, (2)n{|Vul<1}

< c16p®(p, 11, )% < c16A?p

‘Blp\ pr(ac) g(y)dy Then

where g, , =

1
G s — T ] < 7/ 19(9) — T, o |y
@0/ @2 |Bp/2k+1‘ B, pkt1(2) =2

1

<2n / 19(y) = Gapjar|dy < crzpAl/2 /2",
|Bp/2k| B,k (z) 0/

Since g(z) = lim,_(7, , for L a.e. x € R,

)
‘g(l’) _gz,p| < Z ‘?I,p/2k+1 _gr,p/2k| < Cl7p)\1/2'
k=1

For z, y € R with |z —y| < 2r, set p = |x — y|. Then

1
Gep— 3 |s—/ 9.y — 9(2)] +19(2) — By pld
2 I S B @A B, o onm )
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1 _ _
< c18 5 (/ lg(z) — gxyp|dz —|—/ lg(z) — gy7p|dz> < 619/\1/2[)-
P Bp(z) Bp(y)

So by combining the above, we have
l9(2) = g(y)] < ca0AZp = 20X |z —
for £ a.e. z, y € R* C By (a). Let A = ¢3¢ 3%, so that
u(@) =l - —uy) + -yl = lg(@) — g(y)| < 52—y,
and let v be a Lipschitz function defined on Bs,-(a) such that

(2.24) v=wuon R and sup |Vov-—1Ii| < (%.
B27‘(a)

Such a v exists by a standard extension for a Lipschitz function. Also note that for
this choice of v we have supp, (4 [v| < Cy. With this choice of A, and by choosing

1

ﬂ = @(47’,11,&) and 6 = m7

we can estimate the size of the non-zero set of u — v as
L"(Bay(a) N {u #v}) < 6217“”6_45@(47“, li,a) < corr"®(4r, 1y, a)1_45.

We made the choice of § so that (1 —46) - %L =1+ ;L > 1. Now choose 7 € [37,7]

so that both
3
/ lu —v|ldH" "t < —/ lu — v|dx
3B;(a) r Bf(a)
and

3
/ =Ty — Iy - (2 — @)|dH" Y < —/ i — Ty — 11 - (2 — a)|da
8B,;(a) r B-F(a)

are satisfied. By the choice of 7,
_ 3
[ uelan < 2 vl sy £(Bo @) 0 {u # 0))
9B (a) r
Choose r(Cy + |||~ (0)) < c6. By Lemma 2.7, for ®(4r,11,a) < co2, we have

1 1
= vl ) < 10 (£ (Bar(@) 0 {u £ 0}V,

Thus
1

e |u — v]dH" ™" < ez ®(4r, 14, a)Hﬁ.
83;(,,,)

We now apply Lemma 2.6 to the above, using the estimate for the boundary integral
of u — v, to obtain

(2.25)/ | D ul +/ |Vu|dz +/ IV (u —w)|*dz
By (a) Birw(a)yM{|Vul>1} Brwa)M|Vul|<1}
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1 1
< c24rn (@(47«) lla a)1+ﬁ + @(47’" llv a)1+4(n+2) )

for any w < 1/2. Let Iy = Vw(a). By using the gradient estimate, (2.7)-(2.8), for w,
the choice of 7, the definition of vg, the above bound for v, and Poincare’s inequality,

1
Il — 1] < @ - lvg — g, — 11 - (. — a)|d'H”_1 + casT(|[ || oo () + Cu)
r #(a)

< = g —ul + |u =T — b1 - (& = @)[dH"H + cosr(|[I]| oo @) + Cu)
|Bi| JoB,.,

C
< 026¢(4T,l1,(1) + %/ » |D’U, - ll| + 0257”(||IHL00(Q) + Cu)
B, (a

By the Holder inequality, we obtain |I; —lo| < cog®(4r, 11, a)' /2 +casr(| 1] L () + Cuu).-
The last term on the left side of inequality (2.25) satisfies

1
|V(u—w)\2dxz/ ~|Vu — o> — |[Vw — lo2dz.

~/Bm(a)ﬂ{VU<1} Bro(a)n{|Vul<1} 2

Thus by (2.25) and the above inequality,

(2.26) |Bro|®(rw,la,a) < 029r"q)(4r,ll,a)1+m + 030/]3 |Vw — lo|*da.

To estimate the last term, we again use the estimates for the gradient of w. Note that
sup [Vw(z) — Vu(y)|

x,yGBT/4(a) |l‘ - y|1/2

1 — -1
< & ey /aB~( ) lvg —Tgr — U1 - (x — a)|dH"

Jrc47’1/2(||I||LOO(Q) +Cu).

Thus, similar to the estimate for |l — l3|, we have
[Vw(z) = Vuw(y)|
sup 7
2yeB, a(a) [T =Yl

< eqi(r2edr b, a) Y2 + 72 (1 e ) + Cu)-

Using this we then have

/ |Vw — I dx < c3p(rw)™ {w®(4r, 11, a)
B, (a)

+r®(4r, 1, ) (| 1< @) + Cu) + 2 (H |1~ (@) + Cu)?}

< esz(rw) " {w®(4r, 1, a) + (||| L) + Cu)}-
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Hence by combining the above with (2.26) we have

D(rw,la, a) < cgqw™ "D (4r, ll7a)1+4(n1+1> + c3sw®(4r, 11, a)
+ a6 (|1 || Lo () + Cu)-

Choose w < 1/4 so small so that cgsw < 1/4, and again restrict ®(4r,l1,a) so that

c3aw O (47, 1y, a)1+4<ﬂ1+1> < 1/4. This now proves the theorem. O
We now prove Theorem 1.1 using and iteration argument (see for example [10] or
1]

Proof. Assume that ‘B—H fB (@) |Du — 11| < €p for some I; € R™ with |l;| <1—4pu
and for any r with r < k. For each z € B, /5(a) we have

1
O(r/2,l1,x) <2"D(r,l1,a) < €10 35~ /Br(a)\Du — 1| < cqpep-

We will use Theorem 2.8 iteratively. Choose ¢y so small so that cypeg < € and restrict
r so that cgzr <r/2. Assume |l;_1] < 1—2u and

o() 50 < (5) o)

i=l Ni-l
+Z (§> W ey for j=2,.. . k.

i=1

We need to show ® ((%)k_l 2 ks J;) < e and |lx| < 1—2pu. To continue the inductive
step. Since w < 1/2,

k—1 i1 k—2 k/2
1 k—i—1 1 1
; (2> w < (2> (k—1) < ca (2>

for all k. By further restricting r, we have

k—1
@((j) ;,lk,x> <e.

Note that
k-1
el <) 1 = L] + |1
j=1
< S {c o <(w)j_1 s x)1/2+c ()J_lr} +1-4
_j:1 38 1 o5 39\ 7 12
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k—1 .
wyJi-1
t 1—4
+039r; (4) + m

1/2
< cyo® (g,ll,m) +C42r1/2+174u.

Hence by restricting €y and r again, we can see that |lx| < 1 —2u. Thus may continue
the iterative step indefinitely, giving

k—oo

i w\kr
lim @(Z) §7lk+1’x =0 for all x € B, 5(a).

Thus

P

1
lim —— / | D%l +/ [Vuldz | =0
p=0|By| \ /B, () B, (z)n{|Vu|>1}

for all x € B, /3(a). We see that (see for instance [5])
|D*ul (B,2(a)) =0

with |[Vu| <1 —p < 1a.eon B,/(a). By (2.21), u also satisfies the stated equation.
a

i From this, we easily prove Theorem 1.2. ~

Proof. Assume that v is a minimizer of (1.1) and that E = {|Vu| < 1} has
positive Lebesgue measure. ;From standard measure theory (see for example [5]) we
have

1
(2.27) lim —/ |D%u| =0
|B’f’| B, (x)

r—0
for L™-a.e. z € E. Also, since |Vu| € L'(Q),

1
(2.28) lim — |[Vu(y) — Vu(x)|dz =0
=0 |By| Jp, ()

for L™-a.e. © € E Lebesgue’s differentiation theorem. Now let E be the set of all
points of E for which either one of the above does not hold. Clearly £"(E\E) = 0,
|[Vu| < 1 on E, and both (2.27) and (2.28) hold at each point of E. For each fixed
x € E, there exists some p, > 0 such that

[Vu(z)] < 1— 2u,.

Then (2.27) and (2.28) combined with Theorem 1.1 show that there exists an r, such
that

|D?u|(By, () =0 and |Vu| < 1 — p, on B, (x)

and u € C1*(B,, (x)), giving B, (z) C E in particular. Thus E is an open set in
with the required properties. O
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