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Abstract

Conservation laws of the charge and of the energy are proved for nonlinear
Schrodinger equations with nonlinearities of gauge invariance in a way independent
of approximate solutions.

1 Introduction

In this paper we consider the Cauchy problem for nonlinear Schodinger equations of the

form

i0yu + %Au = f(u), (NLS)

where u is a complex-valued function of (¢t,z) € R x R", 0, = 0/0t, A is the Laplacian
in R", and f(u) is a nonlinear interaction given by a complex-valued function f on C.
There is a large literature on the Cauchy problem for (NLS) (see for instance [1, 2, 6]
and references therein). The standard treatment proceeds in two steps. Frist, by a
contraction argument we prove the existence and uniqueness of local solutions to the
integral equations associated with (NLS) with prescribed Cauchy data. Local solutions
on the time intervals of the form [-7,7| with T" > 0 are given as fixed points of the
integral equations as contraction mappings on closed balls in function spaces on [T, T7.
Basic tools here are provided by the Strichartz estimates. The corresponding contraction
factor in that argument can be smaller than one by taking 7' sufficiently small. The
next step is to extend the local solutions beyond the time interval [—7", 7] on the basis
of a priori estimates of the solutions, given by conservation laws. Conservation laws of

the charge and of the energy are of particular interest via direct relations to L? and H*



solutions, respectively. According to [2, 5], we specify the assumptions on nonlinearities

as follows.
(H1) f € CHC;C), f(0) =0, and for some p with 1 < p < oo f satisfies the

estimate

f() < Ca+])

for all z € C, where |f'(2)| = max(‘%’, ‘%D
(H2) Im (2f(2)) =0 forall z € C.
(H3)  There exists V € C*(C;R) such that V(0) = 0 and f(z) = 9V/dz.

We denote by (-, -) the scalar product in L? as well as its extension to a duality coupling
on B x B’, where B is a Banach space such that B «— L? — B’ with dense embeddings.
Under the assumption (H2), a formal proof of the conservation law of the charge is given

by taking the real part of the scalar product between iu and (NLS) as follows:

0 =2Re (i0u+ 1Au— f(u), iu)

d 1.1
=2 Re(Qu,u) + Im(Au,u) — 2 Im(f(u), u) = EHUH% (1.1)

For an L%-solution, (1.1) does not make sense since (J;u,u) and (Au,u) do not make
sense. To justify (1.1) in a duality argument, we require that u is at least an H'-solution.
Under the assumption (H3), a formal proof of the conservation law of the energy is

given by taking the real part of the scalar product between —d,u and (NLS) as follows:

0 =2 Re(i0u+ 3Au— f(u), —Ou)

= —Re(Au, dyu) + 2 Re(f(u), dyu) = %E(“)’

(1.2)

where

B(w) = 5 Vul+ [ Viwds, (1.3)
For an H'-solution, (1.2) does not make sense since (dyu, dyu) and (9yu, Au) do not make
sense. To justify (1.2), we require that u is at least an H?-solution.

There is a natural question how one can prove those conservation laws in a framework
of regularity of solutions where everything makes sense. As is pointed out by Ginibre
2], to appreciate the difficulty of the question, we may think of the uniqueness of so-
lutions constructed by compactness methods for NLS with defocusing nonlinearities of
supercritical Sobolev exponents (see also Remark 9.4.7 in [1]).

There are basically two methods of proofs for conservation laws of the charge and of
the energy. One is based on the continuous dependence of solutions on the Cauchy data,
by which H7-solutions are approximated by a sequence of H’*!-solutions for j = 0, 1, so
that formal computations such as (1.1) and (1.2) are justified for approximate solutions

and actual conserved quantities are realized in a limiting procedure [4, 5]. The other is
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based on a sequence of regularized equations which are compatible with methods for local
resolution and with formal computations such as (1.1) and (1.2) [3, 7]. Note that both
methods involve a limiting procedure on approximate solutions.

The purpose in this paper is to prove conservation laws of the charge and of the energy
in a way essentially independent of approximating procedure.

Instead, we exploit additional properties of solutions provided by the Strichartz esti-
mates. To be specific, the Strichartz estimates are formulated in the following lemma (see
[1, 2, 5, 6] for instance).

Definition. A pair of two exponents (q,r) is called an admissible pair if and only if
0<2/q=n/2—n/r <1 with the exception (n,q,r) = (2,2, 00).

Lemma. Let (q,7), (g, 1), j = 1,2, be admissible pairs. Then the free propagator
U(t) = exp(i(t/2)A) satisfies the following estimates.

[U(1)6: Lo(R: L (RY)]| < Clor LARY]
(Go)(8); L (I L7 (R) | < Cr, Crylus LT LR

where G is the integral operator defined by

(Go)(t) = /O Ut —)o(t')dt .

I C R is an interval with 0 € I, C, is a constant independent of I, and ¢ is the dual
exponent defined by 1/q+1/¢ = 1.

The main results in this paper are as follows.

Proposition 1.  Let f satisfy (H1) and (H2). Let ¢ € L?. Let T > 0 and let u be a

solution of the integral equation

)= Uwo—i | Ul — ) f(ult))dt (1.4)

with uw € LI(=T,T;L") for some admissible pair (q,r). Then |[u(t)|s = ||¢||2 for all
te[-T.T].

Proposition 2.  Let f satisfy (H1) and (H3). Let ¢ € H'. Let T > 0 and let u
be a solution of (1.4) with u € Li(—T,T;H}) for some admissible pair (q,r). Then
E(u(t)) = E(¢) for allt € [-T,T)], where E(u) is as in (1.3).

Remarks 1.  Concerning L? solutions, it is known that if u is a solution of (1.4) with
u € L{L" for some admissible pair (¢, r), then u € C;(L?) N LIL" for all admissible pair

(q,7). A similar result holds for H' solutions. See [1] for instance.



Remarks 2. Typical examples of admissible pairs are

(g,7) = (00,2) and (¢,7) = (4(p+1)/(n(p — 1)), p+1).

The existence and uniqueness of local L?[resp.H?] solutions of (1.4) is well-known if

p < 1+4/n [resp.(n—2)p < n+2]. See[1, 2, 5, 6]. In the next section we prove Propositions

1 and 2 in a way independent of approximate solutions. The proofs depend on the integral

representation (1.4) of solutions and on regularity and integrability properties of local

solutions given by the Strichartz estimates.

2 Proofs of the propositions

Proof of Proposition 1.  We rewrite (1.4) as

By the unitarity of the free propagator, we have

()13

= [U(=t)u(®)];

—|I<bH§—2Im(<b,/0 U(—t/)f(U(t’))dt’)JrH/o U(—t")f (u(t))dt'||3.

The middle term on the RHS of (2.2) is equal to

2t | U6, flult)))at.

(2.1)

(2.2)

where the time integral of the scalar product is understood to be the duality coupling on
(L L2 N LILPHY) x (LIL? + LY L@+/P) with ¢ = 4(p+1)/(n(p — 1)), while the last term

on the RHS of (2.2) is equal to

2Re [ (7)., [ U@ = stue i
— otm [ (), ult) + i /0 U — ) F ) d e

0

=—2Im [ (f(u(t), Ut)¢)dt

0

2t [ U0, (),

where we have used (H2) and (1.4) in the first and second equalities, respectively. We
have thus proved that the middle and last terms on the RHS of (2.2) cancel out. This

completes the proof.



Proof of Proposition 2. In a way similar to the preceding argument, we compute

IVu()]?
— VU (—t)u(®)|
Vi / U(—t)V(f (u(t')))de|

— |IVo|2 — 2 Im (Vo) / U(—t)V(f (u(t))d)

w1 [ ue Mt

— [ Vé[}3 — 2 Im / )6, V(F(ult)))dt
+ 2Re (V). [ U@ =90
— V6|2 +2 Tm / (V(F(u(t)), U To)dt

+ 21Im /0 (V(f (), =i [ U@ =t")V(f(u(t")dt")dt

0

— | V|2 +2 Im / (V). Vult'))dt
— V6|2 -2 m / (f(ult)), Au(t'))dt

— Vo[ — 4 Re / (F(ult), Brult'))dt

||v¢||2—2/ G | vi@ydsar

= IVolE =2 | Viu()ds+2 / V()

n

where the last two time integrals of the scalar products are understood to be the duality

coupling on (L'H' + LY Hi, ) ¥ (LPHY N L{H,, ) with ¢ = 4(p+ 1)/ (n(p — 1)), and

Im(f(u), Au) = lsig)l Im((1 —eA) " f(u), (1 —eA)tAu)
= 151151 Im((1—eA) ' f(u), (1—eA) " (=2i0u+2f(u)))
= 1551 Im((1 —eA) 7 f(u), (1—eA)H(—2i0u))

=2 Re(f(u), Ou).

This completes the proof.
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