“§') HOKKAIDO UNIVERSITY
~N X7
Title Generalized Weak Weyl Relation and Decay of Quantum Dynamics
Author(s) Arai, Asao
Citation Hokkaido University Preprint Series in Mathematics, 715, 1-37
Issue Date 2005-04-12
DOl 10.14943/83866
Doc URL http://hdl.handle.net/2115/69520
Type bulletin (article)
File Information pre715.pdf

®

Instructions for use

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP


https://eprints.lib.hokudai.ac.jp/dspace/about.en.jsp

Generalized Weak Weyl Relation and Decay
of Quantum Dynamics

Asao Arai
Department of Mathematics, Hokkaido University
Sapporo 060-0810, Japan
E-mail: arai@math.sci.hokudai.ac.jp

April 12, 2005

Abstract

Let H be a self-adjoint operator on a Hilbert space H, T’ be a symmetric operator
on H and K(t) (t € R) be a bounded self-adjoint operator on H. We say that
(T, H, K) obeys the generalized weak Weyl relation (GWWR) if e~ D(T) ¢ D(T)
for all t € R and Te ¢ = e (T 4 K(t))y,¥ € D(T) ( D(T) denotes the
domain of T'). In the context of quantum mechanics where H is the Hamiltonian of a
quantum system, we call T" a generalized time opeartor of H. We first investigate, in
an abstract framework, mathematical structures and properties of triples (T, H, K)
obeying the GWWR. These include the absolute continuity of the spectrum of H
restricted to a closed subspace of H, an uncertainty relation between H and T (a
“time-energy uncertainty relation”), the decay property of transition probabilities

‘<¢, e_“Hgb>‘2 as |t| — oo for all vectors ¥ and ¢ in a subspace of H. We describe
methods to construct various examples of triples (7', H, K) obeying the GWWR. In
particular we show that there exist generalized time operators of second quantization
operators on Fock spaces (full Fock spaces, boson Fock spaces, fermion Fock spaces)
which may have applications to quantum field models with interactions.

Keywords: generalized weak Weyl relation, time operator, canonical commutation rela-
tion, Hamiltonian, quantum dynamics, survival probability, decay in time, time-energy
uncertainty relation, Schroedinger operator, Dirac operator, Fock space, second quanti-
zation.
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1 Introduction

In this paper we develop, in an abstract framework, an operator theory of a commutation
relation, which is a generalization of a variant of the canonical commutation relation
(CCR) with one degree of freedom, and put a basis for applications of the theory to
quantum mechanics and quantum field theory.

As is well-known, there is a stronger form of the CCR’s, called the Weyl relations
(e.g., [12, pp.274-275]). Schmiidgen [14] presented and studied a weaker version of the
Weyl relation with one degree of freedom: Let T be a symmetric operator and H be a
self-adjoint operator on a Hilbert space H. We say that (7, H) obeys the weak Weyl
relation (WWR) if e"*2 D(T) C D(T) for all t € IR ( D(T) denotes the domain of T') and

Te ™ = e "H(T + t)p, Vip € D(T),Vt € R.

This form of commutation relation was used to study a time operator with application to
survival probabilities in quantum dynamics [6, 7] (in [6], the WWR is called the T-weak
Weyl relation), where H is taken to be the Hamiltonian of a quantum system. It was
proven in [6] that, if (7, H) obeys the WWR, then H has no point spectrum and its
spectrum is purely absolutely continuous [6, Corollary 4.3, Theorem 4.4]. This kind class
of H, however, is somewhat restrictive. From this point of view, it would be natural to
investigate a general version of the WWR (if any) such that H is not necessarily purely
absolutely continuous. This is one of the motivations of the present work.

The general version of the WWR we consider in the present paper is defined as follows:

Definition 1.1 Let T" be a symmetric operator on a Hilbert space H , H be a self-
adjoint operator on H and K (t) (t € IR) be a bounded self-adjoint operator on H with
D(K(t)) = H, ¥t € IR. We say that (T, H, K') obeys the generalized weak Weyl relation
(GWWR) in H if e " D(T) € D(T) for all t € IR and

Te ™oy = e (T + K(t))y, Vi € D(T), ¥t € IR. (1.1)

We call the operator-valued function K the commutation factor in the GWWR. Also we
sometimes say that (7', H, K) is a representation of the GWWR.

Obviously the case K (t) = t in the GWWR gives the WWR. Triples (T, H, K) obeying
the GWWR are the main objects of the present paper. As suggested above, in applica-
tions to quantum mechanics and quantum field theory, we have in mind the case where H
is the Hamiltonian of a quantum system. In this realization of H, we call T" a generalized
time operator. We show that the GWWR implies a “time-energy uncertainty relation”
between H and 7. For physical discussions related to this aspect, see [10] and refer-
ences therein. Mathematically rigorous discussions for time-energy uncertainty relations,
which, however, do not use time operators, are given in [11]. In the present paper we con-
struct generalized time operators for Hamiltonians in both relativistic and nonrelativistic
quantum mechanics including Dirac type operators as well as in quantum field theory.

The outline of the present paper is as follows. In Sections 2 we discuss fundamental
properties of representations (7, H, K) of the GWWR. In Section 3 we derive a decay



property (in time ¢ € IR) of transition probability amplitudes <w,e_“H <;§> for vectors
¥, ¢ in a suitable subspace. In Section 4, we establish a connection of the GWWR
with the generalized weak CCR and prove a time-energy uncertainty relation. Section
5 is concerned with properties of the point spectrum of 7. In Section 6 we develop
functional calculus for the GWWR. In a special case where K(t) = Kqo(t) := tC with
C a bounded self-adjoint operator, we prove the absolute continuity of H restricted to
the closure of Ran(C), the range of C'. In Section 7, we prove absence of minimum-
uncertainty states for each representation (7', H, K¢) with T being closed. In Section 8,
for representations (7', H, K¢) of the GWWR, we derive power laws for decays (in time)
of transition probability amplitudes as well as two-point correlation functions. Heat semi-
groups e PH (3 > 0) generated by H (under the condition that H is bounded from below)
are also considered. In Section 9 we present an abstract version of Wigner’s time-energy
uncertainty relation [16]. In Sectionl0, we show that there exists an structure producing
successively representations of the GWWR. In Section 11, we construct concrete classes
of representations of the GWWR, using partial differential operators acting in L*(IRY)
(d € IN). We also find generalized time operators for an abstract Dirac operator. In the
last section we present a tensor representation of the GWWR and construct generalized
time operators for second quantization operators on Fock spaces (full Fock spaces, boson
Fock spaces, fermion Fock spaces). This puts a basis to investigations of quantum field
models with interactions.

2 Fundamental Properties of the GWWR

Throughout this section, we assume that (7, H, K') obeys the GWWR in a Hilbert space
H (Definition 1.1).

2.1 Elementary facts
Proposition 2.1 For allt € R, e ™ D(T) = D(T) and the operator equality

Te H — =™ (T + K(t)) (2.1)

holds. Moreover

K(0) = 0. (2.2)

Proof : Taking —t as the ¢ in Definition 1.1, we have ¢ D(T) C D(T) for all t € IR.
Hence D(T) C e ™ D(T) € D(T) for all t € IR, which implies that e=*# D(T) = D(T)
for all ¢ € IR. By definition, we have e (T + K(t)) C Te " for all t € IR. On the
other hand, the preceding result implies that D(Te ") = D(T) for all t € IR. Thus (2.1)
follows. Letting ¢ = 01in (2.1), we have K(0) = 0 on D(T'). Since D(T) is dense and K (0)
is bounded, we obtain (2.2). ]

Proposition 2.2 Let T be the closure of T. Then (T, H, K) obeys the GWWAR.



Proof . For each ¢ € D(T), there exists a sequence {1,}>2, C D(T) such that
lim,, o0 ¥, = ¥ and lim,,_,o T%, = T%. We have Te 1y, = e~ (T + K(t))1,. The
right hand side (r.h.s.) strongly converges to e ™ (T + K(t))i as n — oo. We have
e~ M), — e ") as n — oco. Hence e Hep € D(T) and Te ) = e (T 4+ K(t))1).
Thus (T, H, K) obeys the GWWR. ]

For a linear operator A, we denote by o(A) (resp. o,(A)) the spectrum (resp. the
point spectrum) of A.

Corollary 2.3 Forallt € R, o(T+ K(t)) = o(T) and 0,(T + K(t)) = 0,(T'), where the
multiplicity of each A € o,(T') is equal to that of A € o,(T + K(t)).

Proof : Operator equality (2.1) means the unitary equivalence of 7'+ K(t) and 7.
Hence, by a general theorem, the desired results follow. 1

Definition 2.4 We say that a linear operator L on H strongly commutes with H if
e D(L) C D(L) for all t € R and e [, C Le "H.

Remark 2.1 In the same way as in the proof of Proposition 2.1, one can show that L
strongly commutes with H if and only if operator equality e 7 L = Le~"H holds for all
teR.

Proposition 2.5 Let S be a symmetric operator on H strongly commuting with H such
that D(S) N D(T) is dense (hence T + S is a symmetric operator with D(T + S) =
D(T)ND(S)). Then (T'+ S, H, K) obeys the GWWR.

Proof : A simple calculation. 1

We denote by B(#H) the Banach space of all bounded linear operators on H with
domains equal to H.

Proposition 2.6 For allt € R,
MK (—t) + K(t)e'™ = 0. (2.3)
In particular
o(K(t)) = o(=K(=1)), op(K(t)) =op(=K(=t)), VtcIR. (2.4)

Proof : Let t € IR. In general, for all W € B(#H) and every densely defined linear
operator A on H, we have (WA)* = A*W* (operator equality). Hence, by taking the
adjoint of (2.1), we have e™T* C (T*+ K (t))e"™™ for all t € IR. Hence, for all ¢ € D(T),

STy = (T + K1)y = (T + K (~1)p + K(0)e",

where we have used (2.1) to obtain the second equality. This implies that e K (—t)y +
K(t)eyp = 0 for all t € IR. Since D(T) is dense, we obtain (2.3). Operator equality
(2.3) implies the unitary equivalence of K (t) and —K(—t). Hence (2.4) follows. ]



2.2 Nonself-adjointness of generalized time operators
In this subsection we prove the following theorem:
Theorem 2.7 Assume that K : IR — B(H) is strongly differentiable on IR and let

dK (1)
dt '’

(2.5)

the strong derivative of K int € R. Suppose that K'(0) # 0, H is semi-bounded (i.e.,
bounded from below or bounded from above) and

Kt)T Cc TK(t) (2.6)
for allt € IR. Then T is not self-adjoint.

Remark 2.2 In the simple case K(t) = t, the fact stated in Theorem 2.7 has been
pointed out in [6].

We need some preliminary results.

Proposition 2.8 Suppose that T is self-adjoint. Then, for allt € R, T + K(t) is self-
adjoint and
e~isT =it _ o=ith (—is(T+K(1) /g vt € R, (2.7)

Proof : The self-adjointness of T+ K (t) follows from a simple application of the
Kato-Rellich theorem, since K (t) is bounded and self-adjoint. By (2.1), we have

e ™ — T + K(t) (2.8)

as operator equality. Hence, by the functional calculus, we have for all s, € IR

itH —isT ,—itH __

GitH ,—isT , —is(T+K(t))

€ ’

which is equivalent to (2.7). |

Definition 2.9 We say that two self-adjoint operators A and B on a Hilbert space
strongly commute if their spectral measures commute : Ea(J1)Eg(Ja) = Ep(J2)Ea(Jh)
for all Borel sets Ji, Jo in IR, where E4 (resp. Ep) denotes the spectral measure of A
(resp. B).

For characterizations of the strong commutativity of two self-adjoint operators, we
refer the reader to [12, Theorem VIII.13].

Lemma 2.10 Let A and B be self-adjoint operators on a Hilbert space. Suppose that B
is bounded and BA C AB. Then A and B strongly commute.



Proof : The assumption implies that BD(A) C D(A) and BAy = ABvy, Yy € D(A).
This implies that, for all n € IN and ¢ € D(A), B" € D(A) and B"Ay = AB™). For
N € N and t € R, we set ey := SN (it)"B"/n!. let v € D(A). Then ey A = Aenip.
It is easy to see that, for all ¢ € H, ex¢ — e*Bp as N — oco. Hence Aeytyp — B Ay
as N — oco. Since A is closed, it follows that ey € D(A) and AeBy = B Az,
In particular, e®?D(A) C D(A) for all t € IR and hence, in fact, e®PD(A) = D(A).
Therefore opeartor equality e®®Ae~*P = A follows. By the functlonal calculus, we have
eltBeisAe=itB — ¢isA 5 t ¢ R. This implies the strong commutativity of A and B (apply
[12, Theorem VIII.13]). ]

Lemma 2.11 Let A and B be strongly commuting self-adjoint operators on a Hilbert
space. Then A+ B is essentially self-adjoint and, for all t € IR,

Git(ATB) _ itAitB _ [itB jitA (2.9)

Proof : The essential self-adjointness of A+ B follows from the two variable functional
calculus (note that A+ B = [r2(A + p)dE4 (A, 1), where E4 p is the two dimensional
spectral measure such that E4 p(J1 X Jo) = E4s(J1)Ep(J2) for all Borel sets Ji, Jo in R).
Formula (2.9) follows from the Trotter product formula [12, Theorem VIII.31] and [12,
Theorem VIII.13(c)]. |

Proof of Theorem 2.7

Suppose that T were self-adjoint. Then it follows from (2.6) and Lemma 2.10 that
K(t) and T strongly commute. Hence, by (2.7) and Lemma 2.11, we have for all s €
R,t € R\ {0}

—itH 1 ) ) —itH 1 ) ) —isK(t) _ 1
(6 > e*lSTw — e*’LST <6 ) w . efltHefst (6 - ) w (21())

t t

for all ¢ € H. We can write

with

n=2
in the operator norm topology. By the strong differentiability of K with K(0) = 0
(Proposition 2.1) and the principle of uniform boundedness, we have for each § > 0

Cs :=sup ||K(t)/t]| < oo, Ds:=suplK(t)| < oo.

[t|<o [t|<o

Hence, for all vy € H and 0 < || < 0,
ol < s (3 25 05-2) ol
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Using this estimate and the fact that K (0) = 0, we obtain lim,_,q M,(t)1) = 0. Hecne

efisK(t) -1
lim & = —isK'(0).

t—0 t

Let ¢ € D(H). Then, by (2.10),

t—0 t

: e M —1 —isT —isT . —isT . /
lim | ——— | e "™y =e " (—iH)p — e (—is) K'(0)v,
which implies that e=*T¢ € D(H) and
(—iH)e Ty = e T (—iH)p — e T (—is) K'(0),
ie., ' ‘
e“THe Th) = Hyp — sK'(0)1).
Hence . A
(e7Tp, He ™) = (v, HY) — s (0, K'(0)1)) (2.11)
Since K’(0) is a non-zero bounded self-adjoint operator by the present assumption, there
exists a vector n € D(H) such that ||n|| =1 and (n, K'(0)n) # 0. Equation (2.11) implies
that sup,cg <e_i8T7], He‘iSTn> = o0 and inf,er <e_i5T77, He_iSTn> = —o00. Hence H is not
semi-bounded (note that ||e™*7n|| = 1 for all s € IR). Thus we are led to a contradiction.
]

2.3 Construction of triples obeying the GWWR in direct sums
of Hilbert spaces

Let H; be a Hilbert space and F := H @& H;. Let (T, Hy, K1) be a triple obeying the
GWWR in H;. We define

— H 0
HfH@m_<0_m>. (2.12)
Proposition 2.12 Let A be a bounded linear operator from H to Hy with D(A) = H and
~ T A* . o K(t) eitHA*e—itHl _ A*
7= ( na ) R = ( o e

Then (T, H, K) obeys the GWWR in F.

Proof : By the functional calculus, we have et — e=itH @ o=itH1 for a1l ¢ € IR. Then
direct computations yield the desired result. 1

Note that, in Proposition 2.12, T is not diagonal if A # 0. This procedure of con-
struction of a new triple obeying the GWWR obviously yields an algorithm to obtain a
triple obeying the GWWR in the N direct sum @&)_,H,, of Hilbert spaces H,, (N > 2),
provided that, for each n, a triple (7, H,, K,) obeying the GWWR in #,, is given.

8



2.4 Perturbations

Let V be a symmetric operator on H and assume that
HV)=H+V (2.14)

is essentially self-adjoint. It is an interesting problem to investigate if there exist a
symmetric operator 7 and an operator-valued function Ky : IR — B(#) such that
(Tv,H(V), Ky) obeys the GWWR. Here we present only an abstract answer to this
problem.

Proposition 2.13 Assume that the following conditions (i)—(iii) hold:

(i) The operators T, H and K (t) (t € R) are reduced by a closed subspace M of H.
We denote their reduced part by Th, Hpm and K (t) respectively.

(ii) The operator H(V') is reduced by a closed subspace N of H.
(iii) There exists a unitary operator U : M — N such that UH, U™ = H(V) .

Let
Ty = (UTU ) @0, Ky(t):=UKuOU)®0 (2.15)

relative to the orthogonal decomposition H = N & Nt. Then (Ty,, H(V), Ky) obeys the
GWWR.

Proof : 1t is obvious that Ty is symmetric and Ky (t) is a bounded self-adjoint operator.

By direct computations, one sees that (7y, H(V'), Ky/) obeys the GWWR. ]

Remark 2.3 A method to find the unitary operator U in Proposition 2.13 is to use the
method of wave operators with respect to the pair (H, H(V')). In that case, U would be
one of the wave operators W.. := s-limy_,o, V) Je=#H P, (H) (if they exist) ( Pa.(H)
is the orthogonal projection onto the absolutely continuous space of H and J is a linear
operator), M = (ker W.)t and N' = Ran(Wy) (e.g., [5, §4.2], [13, p.34, Proposition 4]).
This method was taken in [6, 7] in the case where H is the 1-dimensional Laplacian and V'
is a real-valued function on IR (hence H (V) is a one-dimensional Schrédinger operator).

In the present paper we do not develop this aspect.

3 'Transition Probability Amplitudes and the Point
Spectra of Hamiltonians

If a self-adjoint operator H on a Hilbert space represents the Hamiltonian of a quantum
system, then the transition probability amplitude of an initial state ¢» € H with ||[¢| =1

to a state ¢ € H with [|¢]| = 1 at time ¢ € R is given by <¢,6_“Hw>. The square
A 2
‘<q§, et w>‘ of its modulus is called the transition probability from ¢ at time 0 to ¢ at



time ¢. In particular ‘<¢, et ¢>‘2 is referred to as the survival probability, at time ¢, of
the state 1.

Let (T, H, K) be a triple obeying the GWWR in a Hilbert space H. The following
proposition is concerned with upper bounds of the modulus of a transition probabilty
amplitude in time ¢.

Proposition 3.1 Suppose that there is a constant o > 0 such that the strong limit

L, = s lim Ktit) € B(H) (3.1)

t—o00

exists. Let S be a symmetric operator strongly commuting with H. Then, for all i, ¢ €
D(T)N D(S) and t > 0,

I + S)llol + I +S)l H(L . ff@) ng (32)

(e Lag)| < -

Proof : Let L = L, and L(t) := K(t)/t*. Then
(w.e™Lo)] < [{w.e™ (L= L(1))| + (e Lit)o)]
< IR = L))+ [(w, e L(t)s))|.

By Proposition 2.5, we have e *# L(t)¢p = t*[(T + S)e "¢ — e "H (T + S)¢]. Using this
relation, we have

il (T + S)ellllell + 1L llI(T + S)e|
’<¢’€ L(t)¢>’ < to )

Hence (3.2) follows. i

Remark 3.1 Proposition 3.1 is a generalization of [6, Theorem 4.1] where the special
case K(t) =t is considered.

The following corollary is a generalized version of [6, Corollary 4.3]:

Corollary 3.2 Suppose that the assumption of Proposition 3.1 holds. Then, for all{, ¢ €
H,
. —itH _
Jim (v, e Log) = 0. (3.3)

Proof : The proof is similar to that of [6, Corollary 4.3]. By the polarization identity,
we need only to prove (3.3) with ¢ = ¢. Since D(T) is dense, there exists a sequence
tn € D(T) such that lim,, ,o 1, = ¥. Then, in the same way as in the proof of the
preceding proposition, we have

(e La)| < = GallIlZatll + Il Zall = ol
(e L)

10



By (3.2) with ¢ = ¢ = 1), and S = 0, we have lim;_,, ‘<wn, e_”HLadJn>’ = 0. Hence

tim sup (9, ¢~ 9| < 16 = Gall | Lats ]| + (9l Zalll = ull

t—o0

Then, taking n — oo, we obtain (3.3) with ¢ = 1. ]
This corollary implies an interesting structure of the point spectrum of H:

Corollary 3.3 Suppose that the assumption of Proposition 3.1 holds. Then, for all E €
R, ker(H — E) C ker L. In particular, if ker L, = {0}, then o,(H) = 0.

Proof : Let vy € ker(H — E). Then 1)y = eEqpp. Taking ¢ = ¢p in (3.3), we
obtain (g, Lo¢) = 0 for all ¢ € H. This implies that L,vg = 0, i.e., g € ker L. 1

Remark 3.2 Corollary 3.3 is a generalization of [6, Corollary 4.3] where the case K (t) =t
is considered.

4 Connection with the Generalized Weak CCR and
Time-Energy Uncertainty Relations

Let A, B be symmetric operators on a Hilbert space H and C' € B(H) be a self-adjoint
operator. We say that (A, B, C) obeys the generalized weak CCR (GWCCR) if

(A, Bo) — (B, A¢) = (¢,iC¢), Vi, ¢ € D(A)N D(B). (4.1)

The case C' = I (the identity on H) is the usual CCR with one degree of freedom in the
sense of sesquilinear form.
For a symmetric operator A on a Hilbert space, a constant a € IR and a unit vector
1 € D(A), we define
(AA)y(a) := [I(A —a)y, (4.2)

an uncertainty of A in the state vector 1. The quantity (AA),(a) with a = (¢, Ay) is
the usual uncertainty of A in the state vector 1. We set

(Ad)y = (AA)y (¥, A)). (4.3)

We also introduce

o = inf LOW) . 4.4
= O] (4.4)

Proposition 4.1 Suppose that (A, B,C) obeys the GWCCR. Then, for all ¢ € D(A)N
D(B) N (ker C)* with ||¢]] = 1 and all a,b € R,

dc

(A4)y(@)(AB)y(b) = = (4.5)

11



Proof: 1t is easy to see that (A—a, B—b, C') also obeys the GWCCR. Hence, applying a
general fact on a non-negative, sesquilinear form on a space of linear operators [11, Lemma

1], we have for all ¢» € D(A) N D(B)

(AA)y(a)(AB)y(b) = S| (¢, C) |.

DN | —

Thus (4.5) follows. ]
Proposition 4.2 Suppose that (A, B,C) obeys the GWCCR with C > 0. Then, for all
A€ R, ker(B—A)ND(A) C kerC and ker(A — X\) N D(B) C ker C.

Proof: Let ¢ € ker(B—A)ND(A). Then, taking ¢ = v in (4.1), we have (¢, Cy) = 0.
Since C' is nonnegative, it follows that Cy =0, i.e., ¥ € ker C. |

The following proposition gives a connection of the GWWR with the GWCCR:

Proposition 4.3 Let (T, H, K) be a triple obeying the GWWR in H. Assume that K is
strongly differentiable on IR. Then (T, H, K'(0)) obeys the GWCCR:

(T, Ho) — (Hy, To) = (¢,iK'(0)¢),  ¥,¢ € D(T) N D(H). (4.6)
Proof : Let ¢, ¢ € D(T) N D(H). Then we have by (1.1)
(T, e ™) = (", Tg) + (", K(t)9) (4.7)

It is well known that, for all n € D(H), e®*Hp is strongly differentiable with s-de**fn/ds =
iHeHn = i Hy. Hence the both sides of (4.7) are differentiable in ¢. Evaluating the
derivatives at t = 0 and using (2.2), we obtain (4.6). ]

Propositions 4.3 and 4.1 yield the following result:

Corollary 4.4 Suppose that the same assumption as in Proposition 4.3 holds. Then, for
allyp € D(T)N D(H) N (ker K'(0))*+ with ||[¢|| =1 and all t, E € R,

(AT)o(1)(AH)y(B) > *10 (4.9

In applications to quantum theory, (4.8) gives a time-energy uncertainty relation if H
is the Hamiltonian of a quantum system.

12



5 The Point Spectra of Generalized Time Operators

For a linear opeartro L on a Hilbert apce H, we introduce a subset of H:

No(L) :={¢ € D(L)| (¢, Ly)) = 0}. (5.1)
It is obvious that ker L C Ny(L).
Remark 5.1 If L is a non-negative self-adjoint operator, then Ny(L) = ker L.

Proposition 5.1 Assume that (T, H, K) obeys the GWWR and K is strongly differen-
tiable on IR. Then, for all E € IR,

ker(T — E) € No(K'(0)). (5.2)

Proof : Let 1y € ker(T' — E). Then Tty = Evy. Taking the inner product of vy
with the vector obtained from the operation of (2.1) to 1)y, we have <w0, et | (t)1/10> =
0, t € IR. Dividing the both sides by ¢ # 0 and taking the limit ¢ — 0, we obtain
(1o, K'(0)1g) = 0, where we have used (2.2). Hence ¢y € No(K'(0)). Thus (5.2) follows.
|

Corollary 5.2 Assume that (T, H, K) obeys the GWWR and K is strongly differentiable
on IR. Then:

(i) If No(K'(0)) = {0}, then o (T) = 0.
(ii) If K'(0) = 0 or K'(0) <0, then o,(T|[D(T) N (ker K'(0))*]) = 0.

Remark 5.2 Corollary (5.2) is a generalization of [6, Corollary 4.2] where the case K (t) =
t is considered.

Remark 5.3 It may be interesting to note that the behavior of K(t) at ¢ = 0 and t = oo
is respectively related to o,(7") (Corollary 5.2) and o,(H) (Corollary 3.3).

6 Commutation Formulas and Absolute Continuity

In this section we prove commutation relations derived from the GWWR. Moreover, in
the special case where the commutation factor K (¢) is of the form ¢tC' with C' a bounded

self-adjoint operator, we show that H is reduced by Ran(C) (Ran(C') denotes the range
of C) and its reduced part is absolutely continuous.
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6.1 General cases

For p > 0, we introduce a class of Borel measurable functions on IR:
LY(R) = {F . R — C, Borel measurable| /lR (P + |tP)dt < oo} . (6.1)

It is easy to see that L)(IR) includes the space S(IR) of rapidly decreasing C'**-functions
on IR.

We say that a Borel measurable function f is in the set M,, if it is the Fourier transform
of an element Fy € L (IR):

1 .
N == [ Fit)e™at, AeR 6.2
FO) = == [ Filtre (62
Note that, for each f € M, F} is uniquely determined. We have
S(IR) C M,,. (6.3)

Moreover, every element f of M, is bounded, [p] times continuously differentiable ([p]
denotes the largest integer not exceeding p) and, for j = 1,---,[p|, &’ f/d)N is bounded.

Let H be a self-adjoint operator on a Hilbert space H and S : IR — B(H) be Borel
measurable such that, for all ¢ € H,

[S@PI < e+ [t)vll, ¢t ek

with constants ¢ > 0 and p > 0 independent of 1. Then, for all ¥ € H and f € M,, the
strong integral

F(H, S)ib = ¢12_7T [ Fre sy (6.4)
exists and f(H,S) € B(H).

Theorem 6.1 Assume that (T, H, K) obeys the GWWR. Suppose that K is strongly con-
tinuous and, for all Y € H,

K@)l < e+ [EP)]¢], (6.5)

where ¢ > 0 and p > 0 are constants independent of 1. Let f € M,y. Then, for all
v € D(T) , we have f(H)Y € D(T) and

Tf(H)y = f(H)TY + f(H, K)o, (6.6)
where f(H) = [gr f(N)dEg(X).

Proof : Let f € M, and ¢y € D(T*),¢ € D(T). Then, by the functional calculus of
the self-adjoint operator H, we have

(T f(1)0) = == [ ) (T ) .
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Since e~¢ € D(T) = D(T**) by Proposition 2.2, it follows that <T*1/1,e_“H¢> =
<w, Te_“H¢>. Using the fact that (T, H, K) obeys the GWWR. (Proposition 2.2), we see
that the r.h.s. is equal to <w, e‘itHT¢> + <w, e_“HK(t)qﬁ>. Hence we obtain

(T (1)0) = (. JT6) + = [ Fi) (1. K (1)) .

Therefore (7™, f(H)¢) = (4, f(H)T¢+ f(H,K)¢). Since ¢ € D(T*) is arbitray, it

follows that f(H)¢ € D(T**) = D(T') and (6.6) holds. ]

6.2 A special case

In this section we consider a special case of a triple (T, H, K') obeying the GWWR in a
Hilbert space H: We assume that K is of the form

Ko(t) =tC, telR (67)

with C' being a bounded self-adjoint operator on H. In this case a more detailed analysis
is possible as shown below.

We set
CL(R) := {f e C'(R)|f and f’ are bounded}, (6.8)
Cp(R) := {f € C'(R)lfor some a € R, sup,, |f(A)| < oo and
SUPy> |f'(A)] < oo} (6.9)

Theorem 6.2 Let C' be a bounded self-adjoint operator on H and suppose that (T, H,
K¢) obeys the GWWR.

(i) Let f € CL(IR). Then f(H)D(T) C D(T) and
Tf(HYS — f(HYTG = if (H)C (6.10)
for allp € D(T).

(ii) Suppose that H is bounded from below. Then, for all f € C’éﬁr(]R), the same
conclusion as that of part (i) holds. In particular, for all z € C with Rz > 0,
e *HD(T) C D(T) and, for all ¢ € D(T)

Te ?Ho — e 2HT) = —ize *HC. (6.11)

Proof : (i) We first consider the case where f € Mj. Then it is easy to see that
f(H,K¢) =1if'(H)C. By this fact and Theorem 6.1, (6.10) holds.

We next consider the case where f is an arbitrary element in the set C3(R) := {f €
CY(IR)|suppf is compact}, where suppf means the support of f. For a function g on IR,
we set

19]loc := sup [g(A)].
AR
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Using the Friedrichs mollifier, we can find a sequence {f,}>°, C C{°(IR) (the set of
infinitely differentiable functions on IR with compact support) such that sup,,~; || fu|le <
00, 8UpP,5; || i llee < 00 and, for all A € R, f,(A\) — f(\), f.(A) — f/(\) as n — oo.
Then, by using the functional calculus for H, we see that

fu(H) = f(H), fo(H)— f'(H)
strongly as n — oco. By the fact that C§°(IR) C M; and the preceding result, we have

for all ¢» € D(T). Hence Tf,,(H)w — f(H)Tv +if (H)Cv as n — oo. Since T is closed,
it follows that f(H)vy € D(T) and (6.10) holds.

Finally we consider the case where f € CE(IR). Let x € Cg°(IR) such that x(0) = 1
and set f,,(\) := x(A\/n)f(N). Then f, € C}(IR) and

A A
X (n) f) +x (n) f' ).
It is easy to see that, for all A € R, f,(A\) = f(N), fL(A) = f(A) as n — oo and
[fa] < IXllsoll flloos LA < IX Mool f oo = oo [[ ] oo

Hence, by the functional calculus for H, we obtain that f,(H) — f(H), f,(H) — f'(H)
strongly as n — co. Then, in the same manner as in the preceding paragraph, we obtain
the desired conclusion.

(ii) Let H > —M with a constant M > 0 and f € C} ,(IR). Let x be as above and
define f,(\) := x(A\/n)f()\). Then f, € C}(IR). Hence, by part (i),

TfolH) = fu(H)TY + i f, (H)CY (6.12)
for all ¢» € D(T). We have for all ¢ € H

I fuE) = P = [ Ol B0 (6.13)

()

with )
[FV).

We have )
A1 < o+ 0° (s 1701 ) € [-0.00),

Hence, by the Lebesgue dominated convergence theorem, the r.h.s. of (6.13) converges
to 0 as n — oo. Hence f,(H) — f(H) strongly as n — co. Similarly we can show that
fl(H) — f'(H). Thus, in the same way as in part (i), we obtain (6.10).

If Rz > 0 (2 € C), then the function f, : R — C defined by f.()\) := e ** is in
C} . (IR). Hence, by applying the preceding result, we obtain (6.11). ]
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Remark 6.1 Corollary 6.2 is a slight generalization of [14, 3.1 Proposition 1].

Proposition 6.3 Let C be a bounded self-adjoint operator on H and suppose that (T, H,
K¢) obeys the GWWR. Then H and C' strongly commute.

Proof : We can apply Proposition 2.6 to obtain that e ®#Ce!# = C, Vt € IR. This
implies the strong commutativity of H and C'. 1

Lemma 6.4 Let A and B be strongly commuting self-adjoint operators on a Hilbert space

H. Then Ran(B) reduces A.

Proof: Since we have the orthogonal decomposition H = ker B&Ran(B), it is sufficient
to prove that ker B reduces A. Let P be the orthogonal projection onto ker B. Then we
have P = Ep({0}). Hence, by the strong commutativity of A and B, e P = Pe'4 for
all t € IR. This implies that PA C AP. Thus ker B reduces A. 1

This lemma and Proposition 6.3 imply the following fact:

Corollary 6.5 Under the same assumption as in Proposition 6.3, H is reduced by Ran(C).

As in the case of [14, 3.2 Corollary 2], we have from Proposition 6.2 and Corollary 6.5
the following theorem. For a self-adjoint operator H, we set

Ex()\) = En((—00,\)), A€ RR.

Theorem 6.6 Suppose that (T, H, K¢) obeys the GWWR. Then H is reduced by Ran(C)

and the reduced part H|Ran(C') is absolutely continuous. Moreover, for all ¢, ¢ € D(T),
the Radon-Nikodym derivative d (¢, Eg(A\)C¢) /dX is given by

d (¥, ECIZA(A)C@ =i (T, Eu(N)¢) — (Eu(\v,Tg)) . (6.14)

Proof : The reducibility of H by Ran(C') has already been proved in Corollary 6.5. Let
f € S(R) and ¥, ¢ € D(T). Tt is easy to see that S(IR) C CL(IR). Hence, by Proposition
6.2, we have

(Ty, f(H)$) — (&, f(H)To) =i (v, f'(H)Co) . (6.15)
Let u(\) := (¢, Er(\)Cg) and o(X) := (T, Ey(Né) — (Eu(M, T¢). Then, by (6.15)

and the spectral theorem, we have

| o) =i [ F()du(v).

Applying to the L.h.s. the integration by parts formula on the Stieltjes integral, we have
. / FONo(A\)dA = i / F (V). (6.16)
R R
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It is easy to see that the functional ® : S(IR) — C defined by

@(g) =i [ gNdu(N) + [ gNo(Ndx, g€ SR)

is a tempered distribution on R. Eq.(6.2) implies that &(f') = 0 for all f € S(IR).
Hence ®(f) = a Ji f(A)dA with a being a constant. This implies that the measure p is
absolutely continuous and its Radon-Nikodym derivative dyu/d\ is given by

dp(A)

—T = iatio(A). (6.17)

By a limiting argument, the absolute continuity of ;1 can be extended to that of (¢, Ey(-)C
x¢) for all ¢, ¢ € H. Hence, in particular, H|Ran(C) is absolutely continuous. It follows
from (6.17) that, for all A € R
o] < Jp(A+1) = p(A)|+  sup [o(N)].
NeEMAF]
Noting the fact that limy_, o, g(A) = 0,limy, o, o(\) = 0, we obtain « = 0. Hence (6.14)
follows. i

7 Absence of Minimum-Uncertainty States

Let (A, B,C) be a triple obeying the GWCCR. A vector ¢y € D(A) N D(B) N (ker C)*+
with [[1p]| = 1 which attains the equality (AA)y,(AB)y, = 6c/2 > 0 in the uncertainty
relation (4.5) with a = (1o, Avg) and b = (g, Biy) is called a minimum-unertainty state
for (A, B,C). In this section, we give a sufficient condition for a triple (T, H, C') to have
no minimum-unertainty states.

Theorem 7.1 (Absence of minimum-uncertainty state) Suppose that (T, H, K¢) obeys
the GWWR with T being closed. Assume that H is bounded from below and that C' > 0
with 6c > 0. Then there exist no vectors vy € D(H) N D(T) N (ker C)* with |J1b| = 1
such that

oc

(AT)yy(AH)y, = - > 0. (7.1)

Remark 7.1 This theorem is an extension of [6, Theorem 5.1], where the case C' =1 is
considered. A new point here is that one does not need to assume the analytic continuation
property of the weak Weyl relation (the GWWR with C' = I) as is done in [6, Theorem
5.1].

To prove Theorem 7.1, we need two lemmas.

Lemma 7.2 Assume that (A, B,C) obeys the GWCCR with C > 0. Suppose that there
exists a unit vector 1p € D(A) N D(B) N (ker C)* such that

(A+aB+b)y =0,

where a and b are complex constants. Then Ra =0 and Fa > 0.
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Proof: In the same way as in the proof of [6, Lemma 5.3], we can show that i (1), Cip) =
2a(AB)3,. By Proposition 4.2, ¢ cannot be an eigenvector of B. Hence (AB), # 0. Thus
Ra = 0 and (¢, CyY) = 2(Ja)(AB). The Lh.s. on the second equation is strictly positive,
since C' > 0 and ¢ € (ker C)*. Hence Ja > 0. ]

For a self-adjoint operator A on a Hilbert space, we define
Ey(A) :=info(A), (7.2)

called the ground state energy of A, provided that A is bounded from below. If Ey(A) is
an eigenvalue of A, then a non-zero vector in ker(A — Fy(A)) is called a ground state of

A.
By the variational principle, one has

Ey(A)= _inf (A (7.3

The following lemma is well known (e.g., [3, Theorem 6.16]).

Lemma 7.3 Let A be a self-adjoint operator on a Hilbert space and bounded from below.
Suppose that there exists a unit vector 1oy € D(A) such that (1o, Avyy) = Eo(A). Then
Apg = Eo(A)o, i.e., g is a ground state.

Proof of Theorem 7.1

It is sufficient to prove Theorem 7.1 in the case where I > 0. Suppose that there
existed a unit vector ¢y € D(T) N D(H) N (ker O)* satisfying (7.1). Set T := T —
(Yo, Tto) , H := H — (1o, Hipy). Then, from the derivation of (4.5)[11, Lemma 1], we
have

Tl ol = | (Tebo, Hbo) | = 1S (To, Hitn )|
_ ;wo,wo):;ac. (7.4)

The first equality is the equality in the Schwarz inequality for | <Tz/10, H ¢0> |. By this fact
and the condition dc > 0, there exists a constant ¢ € C, ¢ # 0 such that

T 4 cHepy = 0. (7.5)

The second equality in (7.4) implies that $ <'f’¢0, ]:M/)O> = 0. Hence

(T, Hibo) + (Hpo, Tbo) — 2 (Yo, Tbo) (1o, Hbo) = 0. (7.6)
The forth equality in (7.4) and Lemma 7.3 imply that
Co = dctho. (7.7)

By (7.5), (7.6) and Lemma 7.2, we have ftc¢ = 0 and Sc¢ > 0. Hence, let ¢ = ia with a > 0.
Then (7.5) implies that
Ty + iaHvyg 4+ bipg = 0, (7.8)
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where b is a constant. Hence (1, o) + ia (o, Hig) + b = 0, which implies that b =
—a (1o, Hig) < 0, since H > 0 and HY?yy # 0 (see (7.5)). Let 2 € C with Rz > 0.
Then, by (6.11), (7.8) and (7.7), we have

Te *apy = e (—iaHy — bibg) — iz6ce™ e,

Since R(ib/dc) > 0, we can take z = ib/d¢c so that Te *H1py = —iae™*H Hepy. Hence

<e’ZHw0, Te’ZHwO> = —1ia <672H¢0, He’ZHw0> .

The L.h.s. isreal and the r.h.s. is pure imaginary. Hence the both sides must vanish. Hence
<e*ZHzZJ0, He’ZHzZ)0> = 0, which implies that HY?y, = 0. But this is a contradiction. &

8 Power Decays of Transition Probability Amplitudes
in Quantum Dynamics

In Section 3 we have derived an estimate for transition probability amplitudes in time ¢t. In
this section we consider a triple (T, H, K¢) obeying the GWWR (discussed in Section 6.2)
and show that, for state vectors in “smaller” subspaces, transition probability amplitudes
decay in powers of ¢ as [t| — oo. We apply the results to two-point correlation functions
of Heisenberg operators. We also discuss decays of heat semi-groups e ?# on > 0 the
inverse of the absolute temperature.

Let H be a self-adjoint operator on a Hilbert space H and C' # 0 be a bounded
self-adjoint opeartor on H. We introduce a set of generalized time operators:

T(H,C) == {T|(T, H, K¢) obeys the GWWR}. (8.1)
By Proposition 2.5, if T'€ T(H,C), then T+ S € T(H, C) for all symmetric operators S
on H strongly commuting with H such that D(T") N D(S) is dense in H.

8.1 A simple case

Theorem 8.1 Let T € T(H,C) and ¢,¢ € D(T). Then, for allt € R\ {0},

- 1
(6.7 Cu)] < GrITalwl + NolITel), (8.2)

Proof : In the present case, we have L, = C with a = 1. Hence Proposition 3.1 gives
the desired result. [
Remark 8.1 For vectors ¢,v¢ € D(T'), we can define a set of operators

Tou(H,C):={T € T(H,C)|¢,v € D(T)}

and put
o= it ([Tolllell + ol T¥]),

TeTy (H,C)
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then (8.2) implies that

(6,7 )| < C@’w (8.3)

Remark 8.2 Let T'€ T(H,C). Then, for all v € D(T') with [[¢|| =1, T — (,T%) is in
the set T(H,C). Hence (8.2) implies that

A(AT)?

(e ep)|” < (8.4)

Hence Theorem 8.1 gives a generalization of [6, Theorem 4.1].

8.2 Higher order dcays in smaller subspaces

As demonstrated in a concrete example [6, Proposition 3.2], the modulus of a transition

probability amplitude ‘<gb, et ¢>’ may decay faster than [¢t|~! as || — oo for a class of
vectors ¢ and . In this subsection we investigate this aspect in an abstract framework
and show that ’<¢, e~ itH w>‘ decays faster than |¢|~! for all ¢ and + in smaller subspaces.

Lemma 8.2 Let T € T(H,C). Suppose that

CT CTC. (8.5)
Then, for alln € IN and t € IR,

e D(T™) = D(T™) (8.6)
Tre ™ = =T +1C)". (8.7)
Proof : By (2.8) we have the operator equality e Tme " = (T + tC)". Condition
(8.5) implies that D((T'+tC)"™) = D(T™). Hence 8.6) follows and (8.7) holds. ]
Theorem 8.3 Let T € T(H,C). Assume (8.5). Let n € IN and ¢,¢ € D(T™). We

define constants di.(¢,v),k =1,---,n by the following recursion relation:

d6.0) = ITollIvl + el (53
n—1

dy(6,9) = (T[]l + TS + > nCrdyy (6, T70), n 22, (8.9)
r=1

where ,C,. :=n!/[(n —r)lrl]. Then, for allt € R\ {0},

dy (6, 9)
i

(g, e M Cmyp)| < (8.10)
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Proof : We prove (8.10) by induction in n. The case n = 1 holds by Theorem 8.1.
Suppose that (8.10) holds for n = 1,---;m — 1 (m > 2). Let ¢, ¢ € D(T™). Condition
(8.5) implies that, for all k,7 € IN, C*T™ C T"C*. By this fact and Lemma 8.2, we have

TmefitHw — efitH (T 4 tc)mw
m—1
e—itHTm¢ + Z mOrtm—Te—itHCm—rTrw + tme—itHcm¢.

r=1

Hence

1 [(g e T Cmpd| < T gll[w] + ol Ty

+nfmcr|t|m—f (¢, e CmrTT)|.
r=1

By the induction hypothesis, we have
(.7 CmTTry)| < d)y_ (6, T70).

Hence (8.10) with n = m follows. ]

Ui

Theorem 8.3 can be generalized. We need a lemma.

Lemma 8.4 Let Ty,---,T, € T(H,C) (n € IN) such that CT; C T;C, j = 1,--- n.
Then, for allt € IR,

e DTy +tC)--- (T, +tC)) € D(Ty---T,,) (8.11)
and, for all Y € D((Ty +tC)--- (T, + tC)),
Ty Tpe Hep = e (T 4-tO) - - (T}, + tC)1p. (8.12)

Proof : We prove the assertion by induction in n. The case n = 1 obviously holds.
Suppose that, for an m € IN, (8.11) and (8.12) hold. Let ¢ € D((T1+tC) - - - (Tpn41+1tC)).
Then the vector (1,41 + tC)¢ is in D((Ty + tC) - - - (T, + tC)). Hence, by the induction
hypothesis, e (T, .1 + tC)¢ is in D(T; ---Ty,) and

Ty Te (T +tC) = e (Ty +tC) - - (Tipyr + tC) .

On the other hand, e”®¢ is in D(T,,,1) and T,, e Hp = e (T, 11 + tC)¢. Hence
Tire ¢ isin D(Ty---Ty,), ie., e ¢ € D(Ty -+ Thy1), and (8.12) with n = m + 1
holds. Thus the assertion holds for n = m + 1. 1

Theorem 8.5 Let T,Ty,---,1, € T(H,C) such that CT C TC,CT; C T;,C, j =
1,---,n. Let ¢ € D(T,,---Ty) N D(T™ 1) and 1 € M=} Miciy<cipan DT T, - T5).
Fork=1,---,n, we define a constant

ST, 0T o) = I TueTigll0ll+ [SNIT: - Tuss| 5.13)
n—1

r=11<i; <-<ip<n
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Then, for all t € R\ {0},

571;(¢7¢7T177Tn)

i (8.15)

(5.0
Proof : By Lemma 8.4, we have
Ty---The ™My = e HT ... T

n—1
+ Z tnfr Z efitchfrTvil L. TMD + tnefitchw‘
r=1

1< < <ipr<n

Hence
1" [(g, e Cmy)| < T T[] + ST - Tt
> (g, e O Ty, - T
r=1

1< < <ipr<n

Note that ¢, T;, - - Tytp € D(T™") for r = 1,---,n— 1. Hence, by Theorem 8.3, we have
(¢, e ™MCIT - T < db (6, T, -+ T, 0).

Thus (8.15) follows. ]

Ui

Finally we discuss the case where condition (8.5) is not necessarily satisfied. For n > 2
and r=1,---,n — 1, we introduce a set

Jn,,« = {j = (jl, s ,jr+1> - {0, 1}r+1|j1 + 4 jr_;_l =N — T‘} (816)
and, for each j € J,,,, we define

KY) .= ThCT>C - CT CTIm+. (8.17)
Let
D,(T, C)
—{v e Dm0 (M2 njes,, DUEE) KD € Ran(C|D(T™),
jeJn,r,rzl,---,n—l} (n>2). (8.18)

We set Dy(T,C) := D(T).
Remark 8.3 If (8.5) holds, then D, (T,C) = D(T™).

Theorem 8.6 Let T € T(H,C). Then, for all ¢ € D(T") and ¢ € D,(T,C) and
t € R\ {0},

, (8.19)
2]

| (¢, e Cmp) | <
where d,(¢,v) > 0 is a constant independent of t.
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Proof : We prove (8.19) by induction in n. The case n = 1 is just Theorem 8.1.
Suppose that (8.19) holds with n =1,---,m — 1 (m > 2). For all v € D,,(T, C) we have

m—1
TmefitHlp _ efitHme + tmefitHcvmw + Z tr Z efitHKfr]L")rw.

r=1  j€lmr

Hence, for all ¢ € D(T™),
o (5,7t Cmy) < [Tl + lolITm v
m—1
XY (g e R
r=1

je-]m,r
Since K4 € Ran(C"|D(T")), there is a vector x; € D(T") such that K = C"x;.
By this fact and the induction hypothesis, we have |t|" <q§, e_itHK,(g?Tz/J>’ < ¢y With a
constant ¢,,, independet of ¢t. Thus (8.19) with n = m follows. ]

8.3 Correlation functions

In this subsection, we show that the existence of generalized time-operators gives upper
bounds for correlation functions for a class of linear operators. For a linear operator A
on H and a self-adjoint operator H on H, we define

A(t) =™ At € R, (8.20)
the Heisenberg operator of A with respect to H. Let B be a linear operator on H. Let
¥ € Ner[D(Ae ") N D(Be )]
with ||¢|| = 1. Then we can define
W(t,s;v) := (A(t)Y, B(s)y), s,t€R. (8.21)
We call it the two-point correlation function of A and B with repect to the vector .

Theorem 8.7 Let T € T(H,C). Suppose that v is an eigenvector of H such that Ay €
D(T) and By € Ran(C|D(T)). Then, for all t,s € R with t # s,

W (2, 559)] < EAf’;, (8.22)

where
CApT = inf T AD[xll + [[AD [T

x€D(T),Byp=Cx
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Proof : Let E be the eigenvalue of H with eigenvector ¢. Then we have
W(t,s) = e (Ay, e =M By (8.23)
There exists a vector x € D(T) such that By = Cx. Hence, applying Theorem 8.1, we
obtain
[T AP[lIx ]+ AL T X
|t — ] '
Thus (8.22) follows. L]

(W (t,s;10)| <

Theorem 8.7 can be strengthened:

Theorem 8.8 Let T' € T(H,C) with (8.5). Suppose that 1) is an eigenvector of H such
that » € D(A) and Ay € D(T™) and By € Ran(C™|D(T™)). Then, for all t,s € IR with

t # s,
(n)

c
Wi(t,s)| < 25 (8.24)
|t — s
where "
CA,B,T T XGD(T"I)I,IIE@ZJZC”X dn (Awa X)
Proof : This follow from (8.23) and an application of Theorem 8.3. ]

8.4 Heat semi-groups

In this subsection we assume the following:

Hypothesis (H) The self-adjoint operator H is bounded from below and there exists a
closed symmetric operator T such that 7' € T(H, C).

Then (6.11) holds. We set R
H = H — Ey(H). (8.25)

We have for all 8 >0 )
le=P7) = 1.

Hence, in the same way as in Subsections 8.1 and 8.2, we obtain the following results on
the decay (in () of the quantity <¢, 6_5H0w>.

Theorem 8.9 Let ¢,vp € D(T). Then, for all > 0,

(g, e Cy)| < ;(IIT¢IHI¢I| + el Tl). (8.26)
Theorem 8.10 Assume (8.5). Then, for all ¢, € D(T™) and 3 > 0,
(g, e Cmyp)| < dg(ﬁd:lﬁ). (8.27)
Theorem 8.11 For all ¢ € D(T™), 1 € Du(T,C) and B > 0,
(6, e Cmy)| < ;’; (8.28)

where ¢, is a constant independent of [3.

25



9  Abstract Version of Wigner’s Time-Energy Un-
certainty Relation

In this section we apply Theorems 8.1 and 8.6 to establish an abstract version of Wigner’s
time-energy uncertainty relation [16].

Let H be a self-adjoint operator on a Hilbert space H. In the context of quantm
mechanics where H is interpreted as the Hamiltonian of a quantum system, the state
vector at time ¢t € IR is given by

Git) = e~y (9.1)
with ¢y € H being the initial state. Let ¢y € H and suppose that
| #1060, 0(0) [t < oc. (9:2)
Then
No = [ |{go, () [dt (9.3)
R

is finite and we can define

() 1= Bllon V) it

(S = ()] (G0, (D)) [2dt\ 2
o L EROLAR

(9.4)

(9.5)

Physically () may be interpreted as the expectation value of the “arrival time”, i.e., the
time ¢ at when the state ¢ (t) “arrives” at ¢y. In this interpretation, At expresses the
standard deviation of the arrival time of the intial state ¥ to the state ¢y.

e deline (6o, H()) it g € D(H)
. L 0 t ,1 €
”“%””’{<Mm¢wMﬁ%eDm>' (9:6)

We assume that ¢g € D(H) or ¢ € D(H) and

/]R’fH(t; o, ) [Pdt < . (9.7)

Then we can define

Jir (U (t), Do) fr(t; do,)dt

<5H> = N, , (98)
. 2 1/2
A, = (f]R |fH(t}\;Z50,¢)| dt <5H>2> ' (9.9)

Theorem 9.1 Suppose that ¢g € D(H) or ¢ € D(H) and that (9.2) and (9.7) hold.
Then

1
RN (9.10)
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Proof : From the Schrodinger representation (E,f) of the CCR in L*(IR), where tis
the multiplication operator by the coordinate function ¢t € IR and E := 1D, with D, being
the generalized differential operator in the variable ¢, we have the standard uncertainty

relation |(B = (u, B |- 7 () o] 2 ;

for all w € D(E) N D(f) with |ju| = 1. We define f : IR—> C by f(t) := (¢o,%(t)). Then,
by (9.2) and (9.7), f is in D(t) N D(E) with Ef(t) = fu(t; do,v). Let f(t) := f(&)/[|f]-
Then it is easy to see that

Aea = (B (FER) I, at:=||(F-(£8)) 1]
Hence (9.10) follows. ]

Theorem 9.2 Let T € T(H,C). Suppose that v = C?*x with x € D(T?) N D(TC)
satisfying TCx € Ran(C|D(T)) and that ¢ € D(T?*) N D(TH). Then (9.10) holds.

Proof : By the present assumption, ¢q is in D(H) with H¢y € D(T') and ¢ = C(C'x)
with C'x € D(T'). Hence we can apply Theorem 8.1 to obtain

|[(H o, (1))] < T(IITchoII ICXI + [ H g HITCXI]).-

Using this estimate, we see that (9.7) holds. We have ¢y € D(T?) and x € Dyo(T,C),
where D, (T, C) is defined by (8.18). Hence, by Theorem 8.6, |(¢o, % (t))] < ¢/[t|* with
¢ > 0 a constant. This implies that (9.2) holds. Thus, by Theorem 9.1, we obtain the
desired result. ]

10 Structure producing successively triples obeying
the GWWR

Let (@, P, K¢) be a triple obeying the GWWR in a Hilbert space H, i.e.,
Qe P =P (Q +1C), VteRR. (10.1)
(See Proposition 2.1.)

Lemma 10.1
(i) For all € D(Q) and all z € C with Rz > 0, we have e~y € D(Q) and

Qe " = e Qup — 2izPe " ). (10.2)
(i) For all » € D(Q) N D(P) and all t € R, we have e *F*¢p € D(Q) N D(P) and
Qe = e (Quy + 2tPC ). (10.3)
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Proof : (i) Let ®z > 0. Then the function : t — f(t) := e* t € IR is in the
class CL(IR) and f'(t) = —2zte=*"". Hence, applying Theorem 6.2-(i), we conclude that
e*P*D(Q) ¢ D(Q) and (10.2) holds for all ¢» € D(Q).

(ii) Let £ > 0. By part (i), we have for all ¢ € D(Q*) = D ((Q)*) and ¢ € D(Q)ND(P)

<Q*¢, 6—(8+it)P2w> _ <¢’ 6_(E+it)P2Q¢> <¢7 27/(5 + Zt)Pe (e+it)P C«w>

Applying Proposition 6.3 with H = P and T = @, we see that Ci¢ € D(P). Hence,
taking ¢ — 0, we obtain

(Q 6, e y) = (6,7 Qu) + (¢, 2tPe " C).
This implies that e~ € D(Q**) = D(Q) and (10.3) holds. |
In the rest of this section, we consider a simple case such that
ker C' = {0}. (10.4)
Then, by Corollary 3.3 applied to H = P, T = @ and L, = C, we have o,(P) = (. In
particular, P is injective. Hence we can define
T(Q,P):= i QP +(@P7y], (10.5)
provided that D(QP™1) is dense in H.

Theorem 10.2 Assume (10.4) and that D(QP™') is dense in H. Then, for all t € IR,
e " D(T(Q, P)) C D(T(Q, P)) and

T(Q, P)e "y = e P (T(Q, P) + tC)y, ¢ € D(T(Q, P)). (10.6)

Proof : Let ¢ € D(QP~1). Then P~Y4 € D(Q) N D(P). Hence, by Lemma 10.1-(ii),
e~ P’ P~y € D(Q) N D(P) for all t € R and

prlefitPQw — e*ith (prl + 2tc)w’
which implies that, for all t € R, e #”*(QP~' + 2tC) ¢ QP e "’ Hence
eitP2(QP—1)* - [(QP‘l)* + QtC)eitPQ}

for all + € IR. This implies that e **[(QP~1)* 4+ 2tC] C (QP~')*e " for all t € IR.
Thus the desired result follows. |

Theorem 10.2 shows that, if D(QP~1)ND((QP~1)*) is dense in addition to the assump-
tion there, then (T(Q, P), P?, K¢) obeys the GWWR. This structure is very interesting,
since, apart from domain problems, it produces a series of triples obeying the GWWR.
Indeed, let

I(Q.P) = T(QP), (10.7)
T.(Q.P) = T(T,..(Q,P),P*"), n>2. (10.8)

Then (7,,(Q, P), P?", K¢) obeys the GWWR for alln = 1,---, N (N € IN), provided that
eachn=1,--- N, n(Q P) is symmetric.
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Example 10.1 A simple example of (@, P)is given by the Schrodinger representation
(¢,p) on L*(IR) of the CCR with one degree of freedom, where ¢ is the multiplication
operator by the coordinate function z € R and p := —iD, (D, is the generalized differ-
ential operator in the variable x € IR). It is easy to see that (q,p, K1) obeys the GWWR.
The operator T'(¢,p) in this case is called the Aharonov-Bohm time operator [1, 6, 7].
Theorem 10.2 clarifies a general mathematical structure behind this operator. A simple
application of Theorem 10.2 to this special case produces generalized time operartors to

H=(-A)?" (neN).

We can extend the theory presented above to the case of finitely many degrees of
freedom. Let Q; (j = 1,---,n, n € IN)be a symmetric operator on H and P; be a self-
adjoint operator on ‘H such that P; strongly commutes with Q and Py, (j,k=1,---,n,j #
k). Suppose that each (Q;, P;, K¢) obeys the GWWR with C satisfying (10.4). Then, as
already shown, each P; is injective. Suppose that D(Qij’l) is dense. Then we can define

T; = i[QjP;l + QP j=1,---,n (10.9)

By the strong commutativity of P;’s (j = 1,---,n), the operator

n

H:=> P’ (10.10)
j=1

is self-adjoint and nonnegative.

Theorem 10.3 Let the assumption stated above on (Q;, P;) (j = 1,---,n) be satisfied.
Then, for allt € R and j =1,---,n, e "M D(T};)) C D(T}) and

Tie ™ = e (T +tO), o € D(Ty). (10.11)

Proof : By the strong commutativity of @; with P, (k # j), we have Qje—itH _
€7itHij€_itPJ2 on D(P;), where H; 1= 3, ; P2. Hence, applying Theorem 10.2 with
Q = Qj, P = P; we obtain the desired result. 1

In this case too, a remark similar to the one after Theorem 10.2 is applicable.

11 Generalized Time Operators of Partial Differen-
tial Operators

In this section we construct classes of generalized time operators of partial differential
operators.
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11.1 Constructions from the Schrodinger representation of the
CCR with d degrees of freedom

Let q = (q1,"-+,qq) and p = (p1,--+,pa) be the Schrodinger representation of the CCR
with d degrees of freedom. Namely, ¢; is the multiplication operator by x;, the j-th
coordinate function (z = (71, --,z4) € RY) acting in L*(IR?) and p; = —iD; on L*(IR%)
(D, is the generalized partial differential operator in x;). The following properties are
well known:

(i) p; and p; are strongly commuting self-adjoint operators.

(ii) For all t € IR, ' _
qje—ztpz — e—ltpz(qj + 5]_125)7 j,l — 1’ e 7d'

We denote by
~d
R ={k=(k, -, ki)|kjeR,j=1,---,d} (11.1)
the d-dimensional momentum space and by C”’(]Rd) the set of r times continuously dif-
ferentiable functions on IR”
Let F € C*(IRY) be real-valued. Then the operators
Hp := F(p) (11.2)

and
F{Y = (9;F)(p) (11.3)
are self-adjoint. Let N l(pj) be a closed subset of IRd with Lebesgue measure zero and
Ge Cl(IF{d \ N¥) such that
sup |G(k)0;F (k)| < oo. (11.4)
keRN\NY)

Then we can define a linear operator T’ lE’J)G on L?(IRY) by

THe == G(p)a; + 4;G(p)", (11.5)
with domain 4 . |
D(TEy) = F ' C(R™\ N), (11.6)

where F : L*(RY) — LQ(IRd) is the Fourier transform:
R 1 —ikx 2 d
(f¢)(k) = (27‘(‘)d/2/ﬂ:{d € 1/)(13)611}, 1/} eL (]]_:{ ) (117)
in the L?-sense. Note that, for all u € C&(]Rd \ Ng)),
Ou(k) 3}

(FTELF ) (k) = G (k)i or, + g (G U acke RI\NY.  (11.8)

It is easy to see that T 192; is symmetric [note that D(T IE%) is dense in L?(IR%), since
- d

O R\ N9 is dense in L2(IR")].
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Lemma 11.1 Forallt € R and ¢ € D(T}%), one has e~ ry)) € D(Tlg) ).

Proof : We have by the functional calculus Fe #Hr F~1 = ¢=#Mr <where My is the

multiplication operator by the function F'. It is easy to see that, for all u € C&(]f{d \ N }] ),
A . d .

e=™Mry ¢ CLHIR™\ NY)). Thus the assertion follows. |

For the functions F' and G as above, the operator
Cl = [G(p) + G(p)F" (11.9)
is bounded and self-adjoint.

Proposition 11.2 Let F' and G be as above. Then (Tlgg;,HF,K ) obeys the GWWR.

()
Cre

Proof : By using the Fourier transform, it is easy to see that
gje Ry = emitHr g 4 te—itHFﬁwj(l)¢
for all ¢ € D(g;) N D(Fj(l)), which, together with Lemma 11.1, implies that
G(p)gge " = e M G(p)gyu + te M G(p)F
4 G(p) ey = e g, G(p) o + te TV G(p) Y
for all ¢ € D(T}%) Adding these equations, we obtain
Tke ey = e~ Hr )y 4 te™HHr Oy,

Thus the desired result follows. ]

Example 11.1 (The free Hamiltonian of a nonrelativistic quantum particle) Consider
the case where F'(k) = k?/(2m) (m > 0 is a constant denoting the mass of a quantum
particle) and G(k) = v(k)/0;F (k) = mv(k)k; ' with v € C* (IRd) being bounded. Then
A ; ; _ .
Hp = Hyp = —5 . Ty =T =m (U(P)pj 'q; + q;0(pP)"p; 1) :
CPt = Cu = v(p) +v(p)*

with NV 1(;] ) = {k € IRdUCj = 0} (hence its d-dimensional Lebesgue measure is zero), where
d
— 2
A ._Z;Dj (11.10)
]:

is the d-dimensional generalized Laplacian on L?*(IR?). Then (T¥), Hygr, K¢,) obeys the
GWWR. The operator TY) with d = 1 and v = 1/2 is just the Aharonov- Bohm time
operator mentioned in Example 10.1).
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Example 11.2 (The free Hamiltonian of a relativistic quantum particle) Consider the
case where F'(k) = Vk? 4+ m? with m > 0 (a constant). Let G(k) = v(k)/0;F (k) =
v(k)Vk? + m?k; . Then

HF = Hrel =V —A +m2,

T =T = v(p)V=A +m2p;Lg; + qo(p) V=2 + m?p; L,
FG — Y0

with N¥ = {k € R"|k; = 0}. Then (7Y

rel »

Hie, K¢,) obeys the GWWR.

Example 11.3 (Powers of the d-dimensional Laplacian) Let o > 0 be a constant and
consider the case where
F(k) = Fu(k) == k[, keR"

In this case we have

Hp, = (-A)"
Let M, := R\ {k € R‘|k; = 0} and
(€3 1 —« — * -« —
T} = o @) (=A)p; g + qu(p) (=)}

with D(T1*) := F-'C3(M;). Then (T\*), H,, K¢,) obeys the GWWR.

11.2 Abstract Dirac operators

Let IC be a Hibert space and A; (j = 1,---,d) and B be bounded self-adjoint operators
satisfying the anticommutation relations

{Aj,Al}IQ(Sjl, {AJ,B} :0,
B2:[7 j?lzlv"'ad7

where {X,Y} := XY + YX. Let M be a strictly positive, continuously differentiable
function on IR such that 9; M is bounded (j = 1,---,d) and the set

N; = {k € Rk, + M(k)(8,M)(k) = 0}
is closed with Lebesuge measure zero. Then the operator
p;i(M) := p; + M(p)(9;M)(p) (11.11)

is injective and f’ngo(IRd \ N;) C D(p;(M)1).
We define an operator of Dirac type

d
Hp =Y A;®p;+B® M(p) (11.12)

=1

acting on K ® L*(IR?). This is an abstract Dirac operator.
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Example 11.4 The usual free Dirac operator [15, p.7] is given by taking d = 3, =
C* A; = aj, M = m (a positive constant), B = 8 with a; and 8 being 4 x 4-Hermitian
matrices satisfying {a;, i} = 265, {8, ;} =0,6> =1, j, 1 =1,2,3.
By a general theorem [2, Theorem 4.3], Hp is self-adjoint and
HE =1® (—A+ M(p)?).

In what follows, under the natural identification K ® L*(IR?) = L?*(IR% K) (the Hilbert
space of K-valued square integrable functions on IRY), we write A; ® p;j as Ajpj. Let

vE Cl(If{d) be bounded and

T; = v(p)Hop;(M)~'q; + qjv(p)" Hop; (M)~ (11.13)
with D(T}) == K&F1Ce (R \ N;).
Theorem 11.3 The triple (T;, Hp, K¢,) obeys the GWWR.

Proof : The self-adjoint operator L := (—A + M(p)?)'/? is strictly positive. Hence it
has a bounded inverse. Let

U:= —=B(Hp + BL)L™Y*(L + M(p)~'2

NE

Then U is unitary and
UHpU* = BL.

(This is an abstract structure of the usual free Dirac operator, see, [15, §1.4].) We also
have

Ty := UT,U* = v(p)BLp;(M)™q; + qjv(p)*BLp;(M)™"

with D(T}) := UD(T;) (note that UC, = C,U). Using the Fourier analysis, we can show
that (T}, BL, K¢, ) obeys the GWWR. This implies that (7}, Hp, K¢,) obeys the GWWR.
]

Remark 11.1 We can apply general results established in Sections 2-10 to the Hamilto-
nians Hp, Hyr, Hyel, Hp, and the Dirac operator Hp. In particular, we can derive decay
estimates (in time t) for transition probability amplitudes of states with these Hamilto-
nians. But we do not write down them here.

12 Representations of the GWWR in Fock Spaces

In this section we show that, given a triple obeying the GWWR, in a Hilbert space H,
there exist triples obeying the GWWR in Fock spaces (full Fock spaces, boson Fock spaces,
fermion Fock spaces) over H.
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12.1 Tensor Representations of the GWWR

Let n € N and H; (j = 1,---,n,n € IN) be a Hilbert space. Suppose that (T}, H;, K¢, )
obeys the GWWR in H; such that Tj is closed symmetric. We consider an operator

L=Y1® - QI0H;®l®- - &I|x7,D(H,), (12.1)
7=1

n

where ©@ denotes algebraic tensor product. It is well known that L is self-adjoint [12,
§VIIL.10] and

et =Tt @ et e R, (12.2)
Let

T, = 19 --RIT;eI®-ol, (12.3)

C; = I® - RIC;eIx-I. (12.4)

n

Proposition 12.1 Forallj=1,---,n, (fj,L,Ka_) obeys the GWWR.

Proof : Let ¥ = ¢y ® --- @ ¢, with ¢; € D(T}),7 = 1,---,n. Then, for all t € IR,
e Y = @1 ey € @, D(T;) and

j:Vje—itL\Ij — e—itlel Q- e_itHjilqu—l ® Y'Vje—itijj ® e_itHj+1¢j+l e ® ®€_itHn'¢n
= e @@ e (T + 10 @ - @ e Y,
—itL [ ~

Since ®"_, D(T}) is a core of T}, the last equality extends to all ¥ € D(T}) with e 2T €
D(T}). Hence (T}, L, K ) obeys the GWWR. N

12.2 Constructions of triples obeying the GWWR in Fock Spaces
Let H be a Hilbert space. Then the full Fock space over H is defined by
F(H) = a2, @" H (12.5)

with @"H := C (see, e.g., [4, §5.2] or [12, §I1.4, §VIIL.10] for Fock space theory). For
a densely defined closed linear operator A on % and n € {0} UIN, we define a linear
operator A(Zn) on @"H as follows:

AD = o, (12.6)
n j—th

Al = (ZI@---@I@ A ®I®---®I> &7 D(A) (12.7)
Jj=1 n
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for n > 1. Then the operator
dT(A) = @2 AW, (12.8)

called the second quantization of A, is densely defined and closed. If A is self-adjoint,
then so is dI'(A).

Let H be a self-adjoint operator on H, T" be a closed symmetric operator on H and
C € B(H) be self-adjoint. In what follows we take the following hypothesis:

Hypothesis (I) The triple (T, H, K¢) obeys the GWWR in H.
We define

A, 0<n<y
T(n): j—\Eh
i IR QI T IR--®I ;n>j ’

n

(12.9)

where a,, ; is an arbitrary real constant. For j € IN, we define a linear operator 7; on
F(H) by
Ty = @ T, (12.10)

Then Tj is a closed symmetric operator. Let

0 0<n<y
o . Jth , 12.11
J [0 C @I®--®1 ;n>j ( )
and
C; = @22, O\, (12.12)

Then C} is a bounded self-adjoint operator on F(#).

Proposition 12.2 Under Hypothesis (I), for all j € IN, (T},dU(H), K¢;) obeys the
GWWR.

Proof : It follows from Proposition 12.1 that, for all n, (Tj("), Hé"), K, m) obeys the
GWWR. It is easy to see that this implies the desired result. ’ 1

We next construct a triple obeying the GWWR in F(H) which is reduced by the boson
Fock space over H
-Fb(H) = EBZOZO ®g H?

where ®@IH denotes the n-fold symemtric tensor product of H, and the fermion Fock
space over H
Fi(H) =2, n H,

where ®].H denotes the n-fold antisymemtric tensor product of H. The operator

N = dr(I) (12.13)
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on F(H) is called the number operator. The vector
Q:={1,0,0,---} € F(H) (12.14)

is called the Fock vacuum. We denote by Py is the orthogonal projection onto the one-
dimensional subspace {2Q|z € C}. We set

Let
S = QuN~2dr(C)N~2Q, (12.16)

Lemma 12.3 The operator S is bounded and self-adjoint with ||S|| < ||C]|.
Proof : Tt is easy to see that, for all ¥ € D(S), (S¥)® = 0 and, for n > 1,
?:1 qu](n)
- :

Hence [[(SW)™]| < [|C]|[[¥™)]|, which implies that ||[SW|?> < ||C|?||¥]|*>. Hence S is
bounded with ||S|| < ||C]| and D(S) = F(H). It is easy to see that S is symmetric. 1§

(SW)™ =

Let A
Dy =@, ,@"D(T) (12.17)
and
7(T) == (QuN~"2dI(T)N'/*Qq) |Dr. (12.18)
Then 7(T') is symmetric.
Theorem 12.4 Assume Hypothesis (I). Then (7(T),dU'(H), Kg) obeys the GWWR.
Proof : For all U € Dy, N-1/2Q,¥ € Dy, since
(N72Qu0) 0 =0, (N7V2Quu)™ = n~Y20™ > 1.
Using this property and the easily proven fact that e N-1/2Q, = N=Y2Qqe H | we
have by direct computations
dD(T)N7Y2Que *H) gy — o= gD (TYN~Y2Qu U 4 te Al (C)N~V2Q, 0.
Operating Qo N~/2 to the both sides, we obtain
T(T)e ™ = e ™M (T)W + te " SV,

which implies the desired result. 1

Remark 12.1 Applying the results in Section 8, we can derive decay estimates for
| <<I>, e‘itdF(H)\I/> | (t € R) for vectors ®, ¥ in suitable subspaces. But we do not write
down them here. The same applies to other results implied by the abstract theory.

It is easy to see that dI'(H), 7(T) and S are reduced by Fu(H) (# = b,f). Hence
Theorem 12.4 holds for the reduced parts of them too.

It is more interesting and important to construct generalized time operators of per-
turbed Hamiltoinians of the form dI'(H) + V on the boson Fock space JF,(#H) or the
fermion Fock space Fi(H) with V' a symmetric operator. For this purpose, the method
given in Section 2.4 can be applied. But in the present paper we leave this problem for
future study.
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