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On the Cauchy Problem for Schrödinger–

improved Boussinesq equations

Tohru Ozawa and Kimitoshi Tsutaya

Department of Mathematics
Hokkaido University

Sapporo 060-0810, Japan

Dedicated to Professor Kôji Kubota on the occasion of his seventieth birthday

Abstract

The Cauchy problem for a coupled system of Schrödinger and improved Boussinesq
equations is studied. Local well-posedness is proved in L2(Rn) for n ≤ 3. Global
well-posedness is proved in the energy space for n ≤ 2. Under smallness assumption
on the Cauchy data, the local result in L2 is proved for n = 4.

1 Introduction

We study the Cauchy problem for a coupled system of Schrödinger and improved Boussi-

nesq (S-iB) equations

i∂tu+
1

2
∆u = vu, (1.1)

∂2
t v −∆v −∆∂2

t v = ∆|u|2, (1.2)

where u and v are complex and real–valued functions of (t, x) ∈ R ×Rn, respectively, and

∆ is the Laplacian in Rn. The system (S-iB) is regarded as a substitute for the Zakharov

(Z) system

i∂tu+
1

2
∆u = vu,

∂2
t v −∆v = ∆|u|2,

See [8] for discussions on this subject. We refer the reader to [1,4,6,10,11,12,16] for the

Cauchy problem for (Z). Especially, in [11,12] global well-posedness below energy space is

Partially supported by Grant-in-Aid of formation of COE “Mathematics of Nonlinear Structures via
Singularities”
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proved for (Z) in one space dimension. For topics related to (S-iB), see [3,9,13,14] and

references therein. Function spaces for (S-iB) as well as (Z) are naturally built in the form

of product spaces with components (u, v, ∂tv). In [15] existence and uniqueness of solutions

to the Cauchy problem for (S-iB) with n = 1 is proved in H2 ⊕H2 ⊕H2 for local solutions

and in H2⊕H2⊕ (H2 ∩ Ḣ−1) for global solutions, where Hs = (1−∆)−s/2L2 is the Sobolev

space of order s and Ḣs = (−∆)−s/2L2 is the homogeneous Sobolev space of order s.

The purpose in this paper is to prove local well-posedness of the Cauchy problem for

(S-iB) in L2 ⊕ L2 ⊕ L2 for n ≤ 3 and global well–posedness in H1 ⊕ L2 ⊕ (L2 ∩ Ḣ−1) for

n ≤ 2. Moreover, the local result in L2 ⊕ L2 ⊕ L2 is shown below for n = 4 under smallness

assumption on the Cauchy data.

To state the main result precisely, we introduce basic notation. With Cauchy data

(u0, v0, v1) ∈ L2 ⊕ L2 ⊕ L2 we consider (S-iB) in the form of integral equations

u(t) = U(t)u0 − i
∫ t

0
U(t− t′)(vu)(t′)dt′, (1.3)

v(t) = K(t)v1 + K̇(t)v0 +
∫ t

0
K(t− t′)(ω2|u|2)(t′)dt′, (1.4)

where U(t) = exp(i(t/2)∆), K(t) = ω−1 sin tω, K̇(t) = cos tω, ω = (1−∆)−1/2(−∆)1/2. In

connection with Strichartz estimates, we study the integral equations (1.3) and (1.4) in the

function spaces:

X(I) = (L8/n(I;L4)
∩

L∞(I;L2))⊕ L∞(I;L2)⊕ L∞(I;L2),

Y (I) = X(I)
∩

C(I;L2 ⊕ L2 ⊕ L2),

where I ⊂ R is an interval.

Theorem 1. (1) Let n ≤ 3. For any (u0, v0, v1) ∈ L2⊕L2⊕L2 there exists T > 0 such that

(1.3) and (1.4) have unique solutions (u, v) such that (u, v, ∂tv) ∈ X(I) with I = [−T, T ].

Moreover, (u, v, ∂tv) ∈ Y (I), ∂2
t v ∈ C(I;L2), and the map (u0, v0, v1) 7−→ (u, v, ∂tv) is

locally Lipschitz from L2 ⊕ L2 ⊕ L2 to X(I).

(2) Let n = 4. Then there exists ε0 > 0 with the following property: For any ε with

0 < ε ≤ ε0 and any (u0, v0, v1) ∈ L2 ⊕ L2 ⊕ L2 with ∥(u0, v0, v1);L
2 ⊕ L2 ⊕ L2∥ ≤ ε there
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exists T > 0 such that (1.3) and (1.4) have unique solutions (u, v) such that (u, v, ∂tv) ∈ X(I)

with I = [−T, T ]. Moreover, (u, v, ∂tv) ∈ Y (I), ∂2
t v ∈ C(I;L2), and the map (u0, v0, v1) 7−→

(u, v, ∂tv) is locally Lipschitz from the closed ball of L2 ⊕L2 ⊕L2 at the origin with radius ε

to X(I).

Remark 1. The local existence time T in Theorem 1 depends only on ∥u0;L
2∥, ∥v0;L2∥,

∥v1;L2∥, and n.

To study regularity properties of local solutions given by Theorem 1, we introduce the

following function spaces with integer m ≥ 1:

Xm(I) = (L8/n(I;Hm
4 )

∩
L∞(I;Hm))⊕ L∞(I;Hm)⊕ L∞(I;Hm),

Y m(I) = Xm(I)
∩

C(I;Hm ⊕Hm ⊕Hm),

where Hm
p = (1−∆)−m/2Lp, Hm = Hm

2 .

Theorem 2. Let (u0, v0, v1) ∈ L2 ⊕L2 ⊕L2. Let (u, v) be solutions with (u, v, ∂tv) ∈ X(I)

given by Theorem 1.

(1) Let m ≥ 1 and let (u0, v0, v1) ∈ Hm ⊕Hm ⊕Hm. Then (u, v, ∂tv) ∈ Y m(I).

(2) Let m ≥ 1 and let {(u(k)
0 , v

(k)
0 , v

(k)
1 )} ⊂ Hm ⊕ Hm ⊕ Hm satisfy (u

(k)
0 , v

(k)
0 , v

(k)
1 ) −→

(u0, v0, v1) in L2 ⊕L2 ⊕L2 as k → ∞. Let (u(k), v(k)) be the corresponding solutions of (1.3)

and (1.4). Then (u(k), v(k), ∂tv
(k)) ∈ Y m(I) and (u(k), v(k), ∂tv

(k)) −→ (u, v, ∂tv) in X(I) as

k → ∞.

Remark 2. Theorem 2 ensures that existence time of local solutions in X(I) can be taken

independent of order of Sobolev space.

Concerning the global existence of finite energy solutions, we have the following result.

Theorem 3. Let n ≤ 2. Let (u0, v0, v1) ∈ H1 ⊕L2 ⊕ (L2 ∩ Ḣ−1) and let (u, v) be solutions

such that (u, v, ∂tv) ∈ Y (I) given by Theorem 1. Then the local solutions extend to the whole

time interval and satisfy

u ∈ L
8/n
loc (R;H1

4 )
∩

C(R;H1),
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v ∈ C2(R;L2),

∂tv ∈ C(R;L2
∩

Ḣ−1).

Moreover, if n = 1,

(u, v, ∂tv) ∈ L∞(R;H1 ⊕ L2 ⊕ (L2
∩

Ḣ−1)).

Remark 3. The space H1 ⊕ L2 ⊕ (L2 ∩ Ḣ−1) is the natural energy space for (S-iB).

Remark 4. Smallness conditions are not necessary for n = 2. This is a significant difference

in view of related equations such as the Zakharov and nonlinear Schrödinger equations

[1,10,16,17].

We prove Theorem 1 in Section 2. The method of the proof depends on a direct use of

the Strichartz estimates for construction of local solutions to (1.3) and (1.4). We do not

use an equivalent system of equations as in [4,10,15]. We prove Theorem 2 in Section 3,

following [10]. We prove Theorem 3 in Section 4. The method of the proof depends on a

compactness argument and on a priori estimates.

2 Proof of Theorem 1

In this section we prove Theorem 1. For simplicity, we consider the Cauchy problem for

positive times since the other case is treated similarly.

Let (u0, v0, v1) ∈ L2 ⊕ L2 ⊕ L2. For (u, v, ∂tv) ∈ X(I) with I = [0, T ], T > 0, we define

N(u, v) = (N1(u, v), N2(u)),

where

N1(u, v) = U(·)u0 − iG(uv),

N2(u) = K(·)v1 + K̇(·)v0 +H(ω2|u|2),

(Gf)(t) =
∫ t

0
U(t− t′)f(t′)dt′,

(Hf)(t) =
∫ t

0
K(t− t′)f(t′)dt′.
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We look for local solutions to (1.3) and (1.4) as fixed points of the mapping N : (u, v) 7−→

N(u, v) on a closed ball in

(L8/n(I;L4)
∩
L∞(I;L2)) ⊕ L∞(I;L2). For that purpose we use the Strichartz estimates of

the following form.

Proposition 1. [2,5,7] Let n, qj, rj, j = 0, 1, 2, satisfy 0 ≤ 2/qj = n/2− n/rj ≤ 1 with the

exception (n, qj, rj) = (2, 2,∞). Then the following estimates hold:

∥U(·)ϕ;Lq0(R;Lr0)∥ ≤ C∥ϕ;L2∥,

∥Gf ;Lq1(I;Lr1)∥ ≤ C∥f ;Lq′2(I;Lr′2)∥,

where C is independent of ϕ, f, I = [0, T ], and q′ is the dual exponent to q defined by

1/q + 1/q′ = 1. Moreover, for any ϕ ∈ L2 and f ∈ Lq′2(I;Lr′2), U(·)ϕ ∈ C(R;L2) and

Gf ∈ C(I;L2).

For R > 0 we define the closed ball

BT (R) = {(u, v) ∈ (L8/n(I;L4)
∩

L∞(I;L2))⊕ L∞(I;L2);

|||(u, v)||| ≡ ∥u; L8/n
t (L4)∥ ∨ ∥u; L∞

t (L2)∥ ∨ ∥v; L∞
t (L2)∥ ≤ R},

where a ∨ b = max(a, b).

For any (u, v) ∈ BT (R) we estimate N1(u, v) in L8/n(I;L4)
∩
L∞(I;L2) as

∥N1(u, v);L
8/n
t (L4)

∩
L∞
t (L2)∥

≡ ∥N1(u, v);L
8/n
t (L4)∥ ∨ ∥N1(u, v);L

∞
t (L2)∥

≤ C∥u0;L
2∥+ C∥uv;L8/(8−n)

t (L4/3)∥

≤ C∥u0;L
2∥+ CT 1−n/4∥u;L8/n

t (L4)∥∥v;L∞
t (L2)∥

≤ C∥u0;L
2∥+ CT 1−n/4R2. (2.1)

Similarly, for any (u, v), (u′, v′) ∈ BT (R),

∥N1(u, v)−N1(u
′, v′);L

8/n
t (L4)

∩
L∞
t (L2)∥

= ∥G((u− u′)v + u′(v − v′));L
8/n
t (L4)

∩
L∞
t (L2)∥
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≤ CT 1−n/4(∥u− u′;L
8/n
t (L4)∥∥v;L∞

t (L2)∥

+∥u;L8/n
t (L4)∥∥v − v′;L∞

t (L2)∥)

≤ CT 1−n/4R|||(u, v)− (u′, v′)|||. (2.2)

We estimate N2(u) and N2(u)−N2(u
′) as

∥N2(u);L
∞
t (L2)∥

≤ T∥v1;L2∥+ ∥v0;L2∥+ ∥ω|u|2;L1
t (L

2)∥

≤ T∥v1;L2∥+ ∥v0;L2∥+ ∥|u|2;L1
t (L

2)∥

≤ T∥v1;L2∥+ ∥v0;L2∥+ T 1−n/4∥u;L8/n
t (L4)∥2

≤ T∥v1;L2∥+ ∥v0;L2∥+ T 1−n/4R2, (2.3)

∥N2(u)−N2(u
′);L∞

t (L2)∥

≤ ∥ω(|u|2 − |u′|2);L1
t (L

2)∥

≤ ∥|u|2 − |u′|2;L1
t (L

2)∥

≤ T 1−n/4(∥u;L8/n
t (L4)∥+ ∥u′;L

8/n
t (L4)∥)∥u− u′;L

8/n
t (L4)∥

≤ CT 1−n/4R|||(u, v)− (u′, v′)|||. (2.4)

Collecting (2.1)–(2.4), we obtain

|||N(u, v)||| ≤ C(∥u0;L
2∥+ ∥v0;L2∥+ T∥v1;L2∥) + CT 1−n/4R2, (2.5)

|||N(u, v)−N(u′, v′)||| ≤ CT 1−n/4R|||(u, v)− (u′, v′)|||. (2.6)

It follows from (2.5) and (2.6) that N leaves BT (R) invariant and is a contraction provided

that

T ≤ 1,

C(∥u0;L
2∥+ ∥v0;L2∥+ ∥v1;L2∥) ≤ R/2,

CT 1−n/4R ≤ 1/2.
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This implies the existence of local solutions to (1.3) and (1.4) in BT (R) with T > 0 suf-

ficiently small for n ≤ 3 and with T,R > 0 sufficiently small for n = 4. Uniqueness of

solutions in (L8/n(I;L4)
∩
L∞(I;L2))⊕L∞(I;L2) follows from similar estimates in the stan-

dard argument. Regularity in time of solutions follows from (1.3), (1.4), and Proposition 1.

Continuous dependence of local solutions on the Cauchy data follows in the same way as

above.

3 Proof of Theorem 2

Local existence of solutions in Xm([0, T̃ ]) with T̃ depending on ∥u0;H
m∥, ∥v0;Hm∥,

∥v1;Hm∥ follows in the same way as in the proof of Theorem 1 with the bilinear estimates

∥uv;Hm
4/3∥ ≤ C∥u;Hm

4 ∥∥v;Hm∥,

∥uv;Hm∥ ≤ C∥u;Hm
4 ∥∥v;Hm

4 ∥.

By Proposition 1, we have (u, v, ∂tv) ∈ Y m([0, T̃ ]). Let T̃max be the maximal existence time

of solutions (u, v) with values in Hm ⊕Hm. In the same way as in the proof of Proposition

3.3 in [10], we see that T < T̃max.

4 Proof of Theorem 3

We first prove the following

Proposition 2. Let n ≤ 2. Let (u0, v0, v1) ∈ H2 ⊕ H2 ⊕ H2 and let (u, v) be solutions of

(1.3) and (1.4) with (u, v, ∂tv) ∈ Y 2(I) given by Theorems 1 and 2. Then:

(1) The following conservation laws hold for all t ∈ I:

∥u(t);L2∥ = ∥u0;L
2∥, E(t) = E(0),

where

E(t) =
1

2
(∥∇u(t);L2∥2 + ∥v(t);L2∥2 + ∥ω−1∂tv(t);L

2∥2) + (v(t), |u(t)|2)

and (·, ·) denotes the scalar product on L2.
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(2) There exists a positive constant C depending only on ∥u0;H
1∥, ∥v0;L2∥, ∥v1;L2 ∩ Ḣ−1∥

and T , such that

∥u;L∞(I;H1)∥ ∨ ∥v;L∞(I;L2)∥ ∨ ∥ω−1∂tv;L
∞(I;L2)∥ ≤ C.

Proof of Proposition 2.

Since the solutions in question are H2-solutions, formal proofs of the standard conser-

vation laws are justified as they are. Therefore we omit the details and proceed to the

proof of Part (2). The main task here is to obtain a priori estimates of local solutions

(u, v, ∂tv) ∈ H1 ⊕ L2 ⊕ (L2 ∩ Ḣ−1) from two conserved quantities in Part (1).

By the Gagliardo–Nirenberg inequality and the conservation law of the L2–norm, we have

|(v, |u|2)| ≤ ∥v;L2∥∥u;L4∥2

≤ 1

4
∥v;L2∥2 + ∥u;L4∥4

≤ 1

4
∥v;L2∥2 + C∥u;L2∥4−n∥∇u;L2∥n

=
1

4
∥v;L2∥2 + C∥u0;L

2∥4−n∥∇u;L2∥n. (4.1)

If n = 1, then the RHS of the last inequality in (4.1) is bounded by

1

4
∥v;L2∥2 + 1

4
∥∇u;L2∥2 + C∥u0;L

2∥6

and therefore

1

4
(∥∇u;L2∥2 + ∥v;L2∥2 + ∥ω−1∂tv;L

2∥2)

≤ E(0) + C∥u0;L
2∥6

≤ C(∥∇u0;L
2∥2 + ∥v0;L2∥2 + ∥ω−1v1;L

2∥2 + ∥u0;L
2∥6),

which provides the required a priori estimate.

If n = 2, then instead of (4.1) we estimate

|(v, |u|2)| ≤ C∥v;L2∥∥u;L2∥∥∇u;L2∥

≤ 1

4
∥∇u;L2∥2 + C∥u0;L

2∥2∥v;L2∥2
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and therefore

1

4
(∥∇u;L2∥2 + ∥v;L2∥2 + ∥ω−1∂tv;L

2∥2)

≤ E(0) + C∥u0;L
2∥2∥v;L2∥2. (4.2)

By the trivial estimate

∥v;L2∥ ≤ ∥v0;L2∥+
∫ t

0
∥∂sv;L2∥ds

and the Schwarz inequality in time, we have

∥v;L2∥2 ≤ C∥v0;L2∥2 + CT
∫ t

0
∥∂sv;L2∥2ds. (4.3)

By (4.2) and (4.3), we have

∥∂tv;L2∥2 ≤ ∥∂tv;L2∥2 + ∥∂tv; Ḣ−1∥2

= ∥ω−1∂tv;L
2∥2

≤ CE(0) + C∥u0;L
2∥2∥v0;L2∥2 + CT∥u0;L

2∥2
∫ t

0
∥∂sv;L2∥2ds. (4.4)

By the Gronwall lemma applied to (4.4), we have

∥∂tv;L2∥2 ≤ C(E(0) + ∥u0;L
2∥2∥v0;L2∥2) exp(C∥u0;L

2∥2T 2). (4.5)

Collecting (4.2), (4.3) and (4.5), we obtain

∥∇u;L2∥2 + ∥v;L2∥2 + ∥ω−1∂tv;L
2∥2

≤ CE(0) + C∥u0;L
2∥2

·
(
∥v0;L2∥2 + CT 2(E(0) + C∥u0;L

2∥2∥v0;L2∥2) exp(C∥u0;L
2∥2T 2)

)
≤ C(∥∇u0;L

2∥2 + ∥u0;L
2∥2∥v0;L2∥2 + ∥v0;L2∥2 + ∥v1;L2

∩
Ḣ−1∥2)

·(1 + ∥u0;L
2∥2T 2 exp(C∥u0;L

2∥2T 2)),

which provides the required a priori estimate for n = 2.

Proof of Theorem 3.

Let (u0, v0, v1) ∈ H1 ⊕ L2 ⊕ (L2 ∩ Ḣ−1) and let (u, v) be solutions such that (u, v, ∂tv) ∈

Y (I) given by Theorem 1. Let {(u(k)
0 , v

(k)
0 , v

(k)
1 )} be a sequence in H2 ⊕H2 ⊕H2 such that

9



(u
(k)
0 , v

(k)
0 , v

(k)
1 ) → (u0, v0, v1) in H1 ⊕ L2 ⊕ (L2 ∩ Ḣ−1) as k → ∞ and let (u(k), v(k)) be the

corresponding solutions such that (u(k), v(k), ∂tv
(k)) ∈ Y 2(I). By Proposition 2, we see that

there exists a constant C depending only on ∥u0;H
1∥, ∥v0;L2∥

∥v1;L2 ∩ Ḣ−1∥, and T , such that

sup
k≥1

(∥u(k);L∞(I;H1)∥ ∨ ∥v(k);L∞(I;L2)∥ ∨ ∥ω−1∂tv
(k);L∞(I;L2)∥) ≤ C.

By a compactness argument and uniqueness, we conclude that u ∈ L∞(I;H1) and ω−1∂tv ∈

L∞(I;L2). Moreover, we have the conservation law of the L2 norm ∥u(t);L2∥ = ∥u0;L
2∥ for

all t ∈ I and energy inequality E(t) ≤ E(0) for almost all t ∈ I. By the continuity of u with

values in L2, the boundedness of u with values in H1 implies that u is weakly continuous

with values in H1 and that energy inequality holds for all t ∈ I. By the time-reversibility

and uniqueness, the energy inequality turns out to be equality for all t ∈ I.

By the equation (1.2) we have

ω−1∂tv = ω−1v0 − ω
∫ t

0
(v + |u|2)(t′)dt′

so that the continuity of ω−1∂tv in L2 follows from

∥ω−1∂tv(t)− ω−1∂tv(t0);L
2∥

=
∥∥∥∥ω ∫ t

t0
(v + |u|2)(t′)dt′;L2

∥∥∥∥
≤

∣∣∣∣∫ t

t0
∥v(t′);L2∥dt′

∣∣∣∣+ ∣∣∣∣∫ t

t0
∥u(t′);L4∥2dt′

∣∣∣∣ → 0

as t → t0 since (u, v, ∂tv) ∈ X(I). Then the energy conservation law implies the norm

continuity of ∥∇u;L2∥ and therefore ∇u ∈ C(I;L2).

Now by taking the limit of a priori estimates from Proposition 2, we have a priori estimates

for (u, v, ∂tv) in H1 ⊕ L2 ⊕ (L2 ∩ Ḣ−1). This ensures the global existence with values in the

last space by the standard argument.
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