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Abstract
We study simple cases of crystalline driven curvature flow with spatially nonuniform
driving force term. We assume special monotonicity properties of the driving term, which
are motivated by our previous work on Berg’s effect. We show that initially flat facets, if
loosely speaking they are to large, then they begin to bend.
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1 Introduction
We are concerned with an anisotropic curvature flow equation with a driving force term σ
of the form
σ = divS ξ + βV on Γ(t),
(1.1)
where Γ(t) is an evolving curve in the plane. Here V denotes the normal velocity in the
direction of the normal vector field n and β is a kinetic coefficient depending on n which is
assumed to be positive. The term −divS ξ denotes the anisotropic curvature. It is defined by
using an interfacial energy density γ which is given, convex and positively homogeneous
of degree one in R2 . Formally, ξ is defined by
ξ = ∇γ(n).
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(1.2)

If γ(p) = |p|, then ξ = n so its surface divergence term −divS ξ is nothing but the Euclidean curvature. In this paper we are interested in the case when γ is not C 1 , for example
γ is crystalline, i.e. γ is piecewise linear. Then the meaning of (1.2) is not clear since
∇γ(n) is nowhere well-defined. Instead, we consider
ξ(x) ∈ ∂γ(n(x))

on Γ(t),

(1.3)

where ∂ denotes the subdifferential of a convex function γ. The vector field ξ is often called
a Cahn-Hoffman vector.
Our eventual goal is to find a solution Γ(t) satisfying (1.1), (1.3) with a given initial
data Γ(0), where γ is not C 1 , in particular γ may be crystalline, when σ is given. Such
a problem was first proposed by J. Taylor, [Ta1], for the case σ ≡ 0, βγ = const, γ
crystalline and independently by S. Angenent and M. Gurtin, [AG], in a general form. In
the latter case when σ is independent of the spatial variables, the unique solvability of the
initial value problems has been established in various settings. The reader is referred to
papers [GG3], [GG5] by M.-H. Giga and Y. Giga (where a level-set solution is constructed
for arbitrary initial data) and papers cited there. A key observation is that a flat portion of
Γ(t) (called a facet) stays flat when γ is a crystalline [AG], [Ta1].
However, if σ depends on the spatial variable x = (x1 , x2 ), such property may not
hold. In fact, as already observed in [GG1], it actually happens that there is no ξ satisfying
(1.1) and (1.3) with constant V on a facet. In [GG1], Γ(t) is assumed to be a graph-like
function and β is taken so that βV is an upward velocity. An explicit facet-bending solution
is constructed when σ is a piecewise linear function in x. If σ is close to a constant and a
facet is short, then this facet may persist. In fact, there is a comparison principle [BGN] for
a special situation, but in general if one imposes facet stability (without (1.3) but assuming
that −divS ξ + σ equals the crystalline curvature plus the average of σ over a facet which is
weaker than (1.3)) then the comparison principle may not hold (see [GG2] by M.-H. Giga
and Y. Giga). The solvability of initial value problem for spatially dependent σ is known
only for very restrictive settings [GG1], [GG4] like graph-like functions so that it can be
reduced to the theory of nonlinear semigroups initiated by Y. Kōmura. An explicit form of
a solution is only given when σ is piecewise linear.
Our goal in this paper is to understand the explicit shape of the evolution of Γ(t) satisfying (1.1), (1.3) after the onset of the bending of facets when σ is not necessarily (piecewise)
linear in spatial variables but still special. We consider the case that the interfacial energy
is of the form
γ(p1 , p2 ) = |p1 |γΛ + |p2 |γT ,
(1.4)
with two positive constants γΛ and γT . Its Wulff shape Wγ equals
\
Wγ =
{x ∈ R2 : m · x ≤ γ(m)}
|m|=1

and it is a rectangle
{(x1 , x2 ) ∈ R2 : |x1 | ≤ γΛ , |x2 | ≤ γT }.
To simplify the problem we further assume that
β(n1 , n2 ) =

1
,
max(|n1 |, |n2 |)

2

(1.5)

where n21 + n22 = 1, so that βV equals upward velocity for n2 ≥ |n1 | and velocity in the
direction of x1 when 0 ≤ n1 ≤ |n2 | where n = (n1 , n2 ) is an outer normal of Γ(t).
Our assumptions on σ may be expressed by saying that it grows from the center of
facets to the edge of the facet. This causes facet bending. To simplify the problem we
further assume some symmetry properties of σ related to Γ.
We consider two situations as follows.
(i) Γ(t) is a graph of a function with Neumann boundary condition; in particular Γ(0)
may be a segment of a straight line, [−L, L] × {0}. We assume that σ = σ(x1 ) is of
class C 1 and σx1 > 0 for x1 > 0 and σ(−x1 ) = σ(x1 ) i.e. σ is even.
(ii) Γ(0) is typically a rectangle symmetric with respect to x1 and x2 axes. The function
σ = σ(t, x1 , x2 ) is even in x1 and x2 and σxi > 0 for xi > 0.
We shall construct a solution of (1.1), (1.3) locally-in-time rather explicitly in the sense that
its profile is easy to understand. In the case (i) our solution has three facets: one is near 0,
the other two are near x1 = ±L. The curve Γ(t) is given by the graph of d(x1 , t) (t ≥ 0)
which is nondecreasing in x1 for x1 > 0 and even in x1 . So curved parts are possible.
Of course, our σ must violate the stability condition (facet preserving property studied in
[GR3], [GR4]) forcing the initial facet to break. A solution is constructed by taking minimal
section of ξ which is consistent with nonlinear semigroup solution. We say the pair (Γ, ξ)
is a variational solution of (1.1), (1.3) if in addition ξ satisfies a minimality condition (see
Section 2). Similar results are established for the case (ii). As far as the uniqueness is
concerned we are able to prove that the variational solution is unique for (i) and (ii). In the
case of (i) uniqueness holds even among more general solutions so that solution must be
variational. This point will be explained in the uniqueness theorem in Section 2. The origin
of such approach goes back to [FG] or [GG1].
Our analysis permits us to have a close look at the properties of solutions. A key observation is that the Cahn-Hoffman vector satisfies the condition ∂ξ/∂τ = 0 at the bending
points of Γ(0), where τ is a unit tangent to Γ(0). We say this condition is the tangency
condition. We show that it is propagated in time by the variational solutions, (this notion
will be introduced in Section 2). That is, such identity must occur at the intersection points
of a facet and a curved part. This observation is important for construction of solutions to
the problem.
Another observation is that there may be no region where Γ is flat inside curved parts.
In the case of (i) this can be explained that dx1 > 0 must hold for curved parts. If an
initially flat region cannot stay flat, then it gets immediately curved. This will be explained
in subsection 2.2.
This paper is a continuation of of our earlier work, see [GR1], [GR2], [GR3], [GR4],
where the evolution system consisted of (1.1) coupled to a (quasi-steady approximation to)
diffusion equation. These papers were devoted to finding regions of parameters guaranteeing facet stability. Here, we investigate the onset of instability in a simplified setting being
the introduction to the full problem.
We study two situations, in Section 2 in order to develop the main idea we consider the
case of a graph evolving by the curvature flow. We also introduce the necessary notions,
like matching condition and tangency condition. We define the notion of solution, which
is subsequently narrowed down to the variational one. A crucial role here is played by
a variational principle. We prove local in time existence of unique solutions to (1.1), it
is worth stressing that uniqueness is obtained for slightly larger class than the variational
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solutions. Moreover, comparison principle holds since the problem can be approximated
by usual uniform parabolic problem having a comparison principle.
In section 3 we develop the same notions for the (bent) rectangle. Here, the analysis is
more involved and the preliminary analysis of §2 is the guiding principle for us. Here, we
also show local in time existence of unique variational solutions to (1.1), i.e. the uniqueness
result is less general than for graphs. We believe that a comparison principle must be valid
for this problem but we do not pursue this point in this paper. When σ is independent of x,
a comparison principle has been proved in [GG3].

2 Simple graph case
In this section we present the main ideas, they will be further developed in the next section,
to deal with a bending ‘rectangle’. For the sake of clarity of exposition we consider in this
section a very simple situation, which may be interpreted as a constrained growing crystal,
which does not react with the container wall and with prescribed supersaturation field σ.
Namely, we consider Γ(t) (the crystal surface) being the graph of a function d : [−L, L] →
R, while the crystal occupies the region {(x, y) : 0 ≤ y ≤ d(t, x), x ∈ [−L, L]}. Our
goal is to study how the curve Γ bends, when it gets too large. Thus, in order to develop
intuition about what happens without introducing too much technical complications we
make additional simplification.

2.1 Preliminary analysis
We present here our assumptions on the system. Namely, we fix the angle between Γ(t) and
the lines {|x| = L}, to be π2 . Furthermore, as we have already mentioned in the introduction
d is even.
We have indicated in (i) of §1 our assumptions on σ necessary to proceed with our
analysis. Namely, we consider σ in C 1 ([−L, L]) satisfying
σ(x) = σ(−x) ≥ 0

(2.1)

and

dσ
(x) > 0
for x > 0.
(2.2)
dx
Let us mention that they are consistent with results proved in [GR2].
We also have to define γ the energy density function, γ : R2 → R. We consider γ given
by formula (1.4), i.e.
γ(p1 , p2 ) = |p1 |γΛ + |p2 |γT .
If we re-write (1.1) using the definition of the surface divergence (see e.g. [Si]) while taking
into account that Γ(t) is a graph we will obtain
β(dx ) p

dt
1+

d2x

=σ−τ ·

∂ξ
∂τ

(2.3)

where τ is a unit tangent and n is a outer normal vector to Γ(t). In our setting these two
vector fields are defined only H1 –a.e. Whenever convenient, we use the subscript t and x
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to denote partial differentiation. In situation in which this may lead to confusion we will
avoid this notation. We require not only
for H1 –a.e. x ∈ Γ(t),

ξ(t, x) ∈ ∂γ(n(x)),
but also

divS ξ ∈ L2 (Γ(t)).

(2.4)

Thus, we come to the conclusion that
τ·

∂ξ
∈ L2 (Γ(t)).
∂τ

(2.5)

The angle condition translates into
∂
d(t, x) = 0 at
∂x

x = ±L.

(2.6)

However, this condition is artificial because it does not take into account any possible interaction of the crystal with the container wall.
We introduce a notation for two special vectors, namely we shall write nΛ = (0, 1) and
nR = (1, 0). The last one is a normal to the vertical boundary of the container. We also
specify an additional requirement for ξ
ξ(p)|p=(±L,d(t,±L)) ∈ ∂γ(nΛ ) ∩ ∂γ(±nR )

(2.7)

reflecting the assumption that the segments {±L} × [0, d(t, ±L)] are facets of our crystal,
however they are artificially constrained to be motionless. We stress that by (2.4) or (2.5)
our ξ is sufficiently regular to take its trace at x = ±L.
The evolution system (1.1) for Γ = graph(d) has to be augmented with initial data
d(0, x) = d0 (x).
Function d0 is not arbitrary, later we shall comment on its form.

2.1.1 Definition of solution
Let us introduce our notion of a solution to (1.1). We will not strive to make our present
definition general, we just want to extend the notion of solutions to crystalline curvature
flow (see [AG], [Ta2], [St], [R]) to accommodate the present case. Thus, in particular the
angles at the vertexes are preserved. We stress that the crystalline curvature is also a global,
but not pointwise concept. A discussion of the proper, general definition of solution is
beyond the scope of this paper.
We mention here that a special role is played by a Cahn-Hoffman vector. Namely, a
vector field ξ : Γ → R2 is called a Cahn-Hoffman vector, if ξ ∈ D, where
D = {ξ ∈ L∞ (Γ) : ξ(x) ∈ ∂γ(n(x)), divS ξ ∈ L2 (Γ), (2.7) holds}.

(2.8)

We are now ready for the definition of solution. We call by a solution to (1.1) a couple
(Γ, ξ) such that for some T > 0 the following condition are satisfied:
(a) For each t ∈ [0, T ) the curve Γ(t) is defined as the graph of a function d, i.e.
Γ(t) = {(x, d(t, x)) : x ∈ [−L, L]}. Moreover, d is an element of C([0, T ) × [−L, L]),
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d(·, x) is Lipschitz continuous for each x ∈ [−L, L] and for each t ∈ [0, T ) we have
d(t, ·) ∈ LipS[−L, L];
(b) ξ : t∈[0,T ) {t} × Γ(t) → R2 is such that the function t 7→ ξ(t, (·, d(t, ·))) is in
L∞ ([0, T ); L2 (−L, L)) and for each t ∈ [0, T ) the field ξ(t, ·) is a Cahn-Hoffman vector,
and
(c) Equation (1.1) is satisfied in the L2 sense for a.e. t ≥ 0.
Let us mention that the time Lipschitz continuity (instead of C 1 property) is necessary to conduct the analysis in subsections 2.3 and 2.4. In 2.2 the function d(·, x) is in
C 1 ([0, T )).
The present notion of solution may seem too broad, because it is not clear at all if it
permits us to prove uniqueness. A rational for this doubt is we should close the system with
a rule for selecting ξ. An explicit formula for ξ is not always neither possible nor necessary.
We rely here on a variational principle for selecting ξ. This approach is consistent with our
previous work [GR3], [GR4], but also it is in the line of the work of Bellettini, Novaga and
Paolini (see [BNP1]–[BNP3]).

2.1.2 The variational principle
We postulate that at each time instant t the Cahn-Hoffman vector field ξ(t, ·) : Γ → R2 is
a minimizer of
Z
1
|σ − divS ξ|2 dH1
(2.9)
E(ξ) =
2 Γ(t)
over D. This choice of E is justified by the fact that the Euler-Lagrange equations for E
over any flat facet (with the normal nΛ ) is just
σ − divS ξ = const.

(2.10)

Let us also notice that the constant appearing here equals to βV .
On the other hand, on curved parts of Γ, i.e. where n is different from nΛ and nR , the
minimization is trivial, i.e. over one element. It is so because for such n the subdifferential
∂γ(n) is a singleton.
We will say that a couple (Γ, ξ) is a variational solution to (1.1) if it is a solution to
(1.1) and in addition ξ satisfies
(d) for each t ≥ 0 ξ(t, ·) is a solution to
E(ξ) = min{E(ζ) : ζ ∈ D}.

(2.11)

Some comments are in order. Namely, in case of Γ being a line segment our minimization problem is in general of obstacle type, hence Euler-Lagrange equations (2.10) may not
be satisfied a.e. This will have quite important implications, we will develop it below, as it
seems to be the most interesting.
We stress that since d is assumed to be Lipschitz continuous (but with some restriction,
see (2.15) below) the normal vector n is defined only H1 -a.e. In general we should not
expect higher regularity of d.
We are not interested in studying a general graph motion under driven crystalline flow
but rather the situation which arises past the phenomenon of bending of flat faces, i.e. past
their loss of stability. The papers [GR3], [GR4] describe the evolution of (1.1) coupled
to a diffusion field, where the shape of interface Γ is persistent up to the point where the
condition necessary for stability fails, hence the motivation for the present work.
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This is the reason for considering only a special type of initial conditions,
d(0, x) = R00

for x ∈ [−λ0 , λ0 ]

d(0, x) = R10

for x ∈ [−L, −λ1 ] ∪ [λ1 , L]

d(0, ·) = d0 (·)

is increasing on [0, L].

(2.12)

We shall see that these are the consequence of monotonicity of σ over (0, L). A particular
case of these data is d0 ≡ R00 .
In order to deal with flat parts of Γ we introduce a number of auxiliary notions. Here is
the first one. Let us consider an open line segment I in the plane, i.e. I = (a, b) ≡ {x =
at + b(1 − t), t ∈ (0, 1)}, where a, b ∈ R2 . We shall say that I ⊂ Γ, having normal equal
to nΛ , is a faceted region of Γ if is maximal (with respect to inclusion) and it satisfies
(σ − divS ξ)|I = const.,

(2.13)

where ξ is a solution to (2.11).
However, Γ(t) is a graph, i.e. the image of segment [−L, L] under the function
˜ x).
x 7→ (x, d(t, x)) =: d(t,

(2.14)

Frequently it is more convenient to work with the inverse image of a faceted region I,
(α, β) = d˜−1 (I). We stress that this definition permits Γ(t) being a line segment which
has more than one faceted region.
Subsequently, we will consider Γ(t) such that (−L, −l1 ), (−l0 , l0 ) and (l1 , L) are the
only inverse images of faceted regions of Γ(t). Of course their endpoints l0 , l1 may be
functions of time. Initially we will consider l0 < l1 , but later we will also study the case
l0 = l1 , i.e. of a flat facet which is going to break up.
Summarizing, we should distinguish two cases of exactly three faceted regions: (a) Γ
is a graph of a non-constant (increasing for x > 0) function d having exactly three faceted
regions; (b) Γ is a single line segment having three faceted regions.
We stress that (b) occurs at the onset of facet instability. In all cases l0 , l1 are determined
through the minimization problem (2.11). In case (a) it may happen that l0 < λ0 as well as
l1 > λ1 .
Proposition 2.1 Let us define
EZ = {x ∈ (−l1 , −l0 ) ∪ (l0 , l1 ) :

∂d
= 0 or d is not differentiable at x}.
∂x

Let us suppose that d satisfy (2.12), ξ is a solution to (2.11) and (a) or (b) above hold. In
addition we assume that
H1 (EZ \ int EZ ) = 0,
(2.15)
where int EZ denotes the interior of EZ . Then, ξ is constant over (−l1 , −l0 ) ∪ (l0 , l1 ).
Proof. (a) We assume that d is not constant. Since d is Lipschitz continuous and increasing on (l0 , l1 ), then τ the tangent vector to Γ may have only jump discontinuities.
Nonetheless, if we write τ = (τ1 , τ2 ), then τ1 > 0 and τ2 ≥ 0. Hence, at no point on Γ the
normal equals to −nR . This and the formula for γ, see (1.4) imply that whenever τ2 > 0,
i.e. dx > 0, then ∇γ(n(x)) is equal to (−γΛ , γT ). Because by assumption d is Lipschitz
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∂ξ
continuous it follows that τ · e1 ≥ a > 0. Hence τ · ∂τ
, which is defined a.e. equals
∂ξ
∂ξ
to (τ · e1 )2 ∂x
, thus ∂x
∈ L2 [−L, L]. In particular, this implies that x 7→ ξ(x, d(t, x)) is
continuous.
S
Let us consider int EZ = ∞
i=1 Ji , where possibly some of the open intervals Ji are
empty. Since the Euler-Lagrange equation does not hold on (non-empty) Ji it follows that
ξ belongs to the boundary of ∂γ(n) on Ji , i.e. ξ ∈ {(−γΛ , γT ), (γΛ , γT )}. We notice that
since the change of ξ over EZ \ int EZ is zero, i.e.
Z
∂ξ
dx = 0,
EZ \int EZ ∂x

then it follows that ξ cannot attain two different values on (l0 , l1 ), a similar conclusion
holds on (−l1 , −l0 ). However, we did not determine the value of the constant.
(b) In this case (2.11) is the obstacle problem. By assumption on faceted region the
Euler-Lagrange equation (2.10) holds, while at the same time, this equation (2.10) fails on
(−l1 , −l0 ) ∪ (l0 , l1 ) because ξ, being a minimizer of E, touches the boundary of the constraint, i.e. it belongs to the boundary of ∂γ(nΛ (x)) for x ∈ [−l1 , −l0 ] ∪ [l0 , l1 ]. Moreover,
ξ2 is always here equal to γT ≡ γ(nR ). Since d is constant, then divS ξ on [−L, l] takes
1
the form ∂ξ
∂x , hence ξ1 is continuous. As a result, ξ1 is constant over (−l1 , −l0 ) ∪ (l0 , l1 ).
However, the values of ξ1 have to be determined yet.

We want to write down equations of motion in a form suitable for analysis while taking
into account our notion of solution to (1.1). We note that continuity of ξ and the symmetry
of ξ imply that ξ1 (0) = 0. On inverse images of faceted regions d is constant, hence the
following definitions make sense:
R0 (t) := d(t, ·)|[0,l0 ] ,

R1 (t) := d(t, ·)|[l1 ,L] .

If at each t > 0 condition (2.15) is satisfied and Γ(t) has three faceted regions, then (1.1)
(i.e. system (2.3)) takes on the following form, where due to the symmetry we can consider
only x > 0:
∂ξ1
∂x
∂ξ1
σ−
∂x

σ−

= β(nΛ )Ṙ0

on

[0, l0 ]

= β(nΛ )Ṙ1

on

[l1 , L]

σ =

β(d )
p x dt
1 + d2x

on

(2.16)

(l0 , l1 ).

In principle l0 and l1 are also functions of time and if so they are a part of the solution.

2.1.3 The matching conditions
At the moment equalities
R0 (t) = d(t, l0 ),

R1 (t) = d(t, l1 )

(2.17)

are trivial consequences of continuity of d(t, ·). However, if we try to solve (2.16), then we
have to make sure that indeed (2.17) holds. For that reason we shall call (2.17) the matching
conditions.
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In order to proceed we have to make assumptions on β. We are striving for a simple yet
non-trivial setting. For these reasons in (1.5) we adopted β(n1 , n2 ) = max(|n11 |,|n2|) . If Γ is
p
the graph of d, then n = (−dx , 1)/ 1 + d2x , for |dx | ≤ 1 we obtain
p
β(n) = 1 + d2x ,
(2.18)
and particular

β(nΛ ) = 1.
The restriction |dx | ≤ 1 means that (2.18) is valid for normals which form with the x axis
the angle between π4 and 43 π.
Before we try to find ξ we note a couple of simple statements and continue introducing
new notions. The first one is stated for the sake of clarity.
Proposition 2.2 Let us assume that d : [0, T )× [0, L] → R is a function with the following
properties:
(a) for each x ∈ [0, L] the function d(·, x) is in C 1 ([0, T ));
(b) there is x0 ∈ (0, L) such that d(t, ·) ∈ C 1([0, x0 ]) and d(t, x) ≡ R(t) for x > x0 ;
If d(0, ·) ∈ C([0, L]), then d(t, ·) ∈ C([0, L]) if and only if ∂d
∂t (t, x0 ) = Ṙ(t).


An obvious proof is omitted.

P
G(x)+γΛ

G(x)

l0= l1
G(x) −γΛ

Fig. 1

2.1.4 The tangency condition
Here we introduce another notion important for our analysis. Let us suppose that (Γ, ξ) is
a solution and I is a faceted region of Γ. We shall say that (Γ, ξ) satisfies the tangency

9

condition at I if

∂ξ
|∂I = 0.
∂τ

(2.19)

2
We notice here that ∂ξ
∂τ = 0 always holds. What matters is the behavior of the first component of ξ.
In other words, the definition stipulates that if (−L, −l1 ), (−l0 , l0 ), (l1 , L), l0 ≤ l1 are
inverse images of faceted regions and the tangency condition holds at each of them, then

∂
ξ1 (±li ) = 0,
∂x

i = 0, 1.

(2.20)

1
At this moment we have to make sure that we can evaluate ∂ξ
∂x at any point and if not,
then we should explain the meaning of (2.19) and (2.20). Since we assumed (2.15) by
Proposition 2.1 we deduce that ξ is constant on (−l1 , −l0 ) and (l0 , l1 ). In particular the
+
−
1
1
at −l1 , l0 , ∂ξ
at −l0 , l1 and they are equal to
following one-sided derivates exist ∂ξ
∂x
∂x
zero.
Moreover, because the intervals (−L, l1 ), (−l0 , l0 ), (l1 , L), l0 ≤ l1 are inverse images
1
of faceted regions it follows that ∂ξ
∂x is continuous there. As a result the remaining onesided derivatives at ±li , i = 0, 1 are well-defined.
Later, we shall see that in the cases of interest (see e.g. Proposition 2.4) the derivative
∂ξ1
∂x is everywhere well-defined and continuous.
The first application of the new notion is to make the following definition more handy.
We shall say that I a faceted region of Γ has the maximality property, if (Γ, ξ) satisfies the
tangency condition at I.
Some comments are in order, one would expect that the word ‘maximality’ above refers
to inclusion of sets. This is indeed so, but indirectly. If we define a function G by formula
Z x
σ(s) ds,
G(x) =

0

and if we set η(x) = G(x) − ξ1 (x), where ξ is a solution to (2.11), then by the definition
RL d
η(x)|2 dx, with the
of E and Proposition 2.1 η is a minimizer of the functional −L | dx
constraint |G(x) − η(x)| ≤ γ(nR ), see Fig. 1. We see that at the points, where (2.20)
holds, the straight line emanating from point P = (L, G(L) − γ(nR )) is tangent to the
graph of G, hence the origin of the name of tangency conditions. Moreover, if we draw the
line from P to (λ1 , G(λ1 )), λ1 > l1 = l0 , (this is possible, after changing slightly d), then
this line necessarily is not tangent to the graph of G and the new facet is faster than the old
one. Moreover, it is obvious from the picture that Ṙ1 > Ṙ0 , see Fig. 1. This fact will be
proven rigorously below.
Now, we have to show that these notions are useful. The proposition below serves this
purpose.
Proposition 2.3 Let us assume that Γ has exactly three disjoint faceted regions and (−L, l1 ),
(−l0 , l0 ), (l1 , L), l0 ≤ l1 are their inverse images. Moreover, ξ is a solution to (2.11).
(a) If Γ is a line segment, then the tangency condition holds on each faceted region.
(b) If Γ is of the form (2.12) and λ0 > l0 (respectively, λ1 < l1 ), then the tangency condition holds at (−l0 , l0 ) (respectively, at (−L, −l1 ), (l1 , L)).
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Proof. (a) In the present setting the minimization problem (2.11) is in fact an obstacle
problem. Since ξ1 (0) = 0 and ξ1 (L) = γ(nΛ ) we may directly apply [KS, Ch. II, Theorem
7.1] to conclude validity of (2.20).
(b) Since ξ1 satisfies specific boundary conditions, we may apply the same argument as
in (a) to deduce the same result.

Remark 2.1 The above mentioned result from [KS] may be explained by saying that a
solution to an obstacle problem (2.11) meets the smooth obstacle tangentially.
Momentarily, we shall see further applications of these notions. The definition of E, see
formula (2.9), the setup of (2.11) as well as (2.16) suggest that ξ is defined in terms of σ.
Indeed, our next results assures us about it. At the same time we may write the final form
of the evolution system we are going to study. In this process it is crucial for us that the
tangency conditions hold at l0 and l1 . Indeed, if we know this, then from (2.16) we deduce
that Ṙi = σ(li ) making Proposition 2.2 applicable.
Proposition 2.4 We assume that σ satisfies (2.1) and (2.2) without explicit reference to
the time dependence. Let us suppose that (Γ, ξ) is a variational solution to (1.1), which
at each time instant t ≥ 0 Γ(t) has exactly three faceted regions with the maximality
property, their inverse images are (−L, −l1 ), (−l0 , l0 ) and (l1 , L). Furthermore, for all t ≥
0 the assumptions of Proposition 2.1 (in particular (2.15)) hold and either of the following
conditions are satisfied:
(i) Γ is a graph of a constant function;
(ii) l0 < λ0 and λ1 < l1 ;
(iii) li (t) ≡ li0 , i = 0, 1.
Then,
(a) We have the following formula for ξ1 for each time t ≥ 0

 Z x
Z l0
x


−
σ(s)
ds
− γ(nΛ )
−
σ(s)
ds
−
x
for x ∈ [0, l0 );


l

0
0
0
for x ∈ [l0 , l1 ];
−γ(nΛ )
ξ1 (x) =

Z L
Z L


L−x


 (L − x) − σ(s) ds − − σ(s) ds + γ(nΛ ) − 2
γ(nΛ ) for x ∈ (l1 , L],
L − l1
l1
x
(2.21)
R
R
1
where we write −Af dµ = µ(A)
.
In
addition,
,
.
Ṙ
Ṙ
>
0
f
dµ
0
1
A
(b) Equation (2.16) (and hence (1.1)) takes the following form,
Z l0
γ(nΛ )
on (−l0 , l0 )
Ṙ0 = − σ(s) ds +
l0
0
on [l0 , l1 ]
(2.22)
dt = σ
Z L
2γ(nΛ )
Ṙ1 = − σ(s) ds +
on [−L, −l1 ) ∪ (l1 , L].
L − l1
l1
(c) The matching and the tangency conditions hold at each t ≥ 0.
Proof. We start with (c), because it is used in the proof of (a). We notice that the matching
condition is a result of continuity of d(t, ·) in [−L, L]. We shall prove
∂
ξ1 (li ) = 0,
∂x
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i = 0, 1.

(2.23)

Indeed, if Γ is the graph of a constant function (resp. l0 < λ0 and λ1 < l1 ) this is the
conclusion of Proposition 2.3 (a) (resp. Proposition 2.3 (b)). If li (t) = consti , i = 0, 1,
then Proposition 2.2 and (2.16) imply that (2.23) holds.
(a) Due to the symmetry of the problem we consider only positive arguments x ∈ [0, L].
Let us integrate (2.161 ) over [0, x], x ≤ l0 , this yields
Z x
σ(s) ds − ξ1 (x),
(2.24)
β(nΛ )Ṙ0 · x =
0

where we used ξ1 (0) = 0. This formula for x = l0 gives the value of Ṙ0 , however at the
moment we know only that ξ(l0 ) belongs to the boundary of ∂γ(nΛ ), i.e.
ξ1 (l0 ) = ±γ(nΛ ).

(2.25)

We have to determine the sign in (2.25). Nonetheless, we may now eliminate Ṙ0 from
(2.24). After doing so, we come to the following formula for ξ1 (x), x ∈ [0, l0 ].
Z l0
Z x
x
(2.26)
ξ1 (x) = x( − σ − − σ) + ξ1 (l0 ).
l0
0
0
We recall that condition (2.7) implies that ξ1 (L) = γ(nΛ ), then a reasoning similar to that
which lead us to (2.26) results in a formula for ξ1 on [l1 , L]. It is
Z L
Z L
L−x
(ξ1 (l1 ) − γ(nΛ )). (2.27)
ξ1 (x) = (L − x)( − σ(s) ds − − σ(s) ds) + γ(nΛ ) +
L − l1
l1
x
Now, we since we assume that (2.15) holds we can use Proposition 2.1 to deduce that ξ1 is
constant over [l0 , l1 ], i.e. that ξ1 (l1 ) = ξ1 (l0 ).
Let us calculate the derivative of ξ1 :
Z l0
ξ1 (l0 )
∂ξ1
(x) = σ(x) − − σ(s) ds +
for x ∈ [0, l0 ];
(2.28)
∂x
l0
0
Z L
γ(nΛ ) − ξ1 (l1 )
∂ξ1
(x) = σ(x) − − σ(s) ds +
for x ∈ [l1 , L].
∂x
L − l1
l1
With this knowledge combined with the form of β (see (1.5)) system (2.16) becomes
Z l0
Z L
ξ1 (l0 )
γ(nΛ ) − ξ1 (l1 )
− σ(s) ds −
= Ṙ0 ,
σ = dt ,
− σ(s) ds +
= Ṙ1 . (2.29)
l0
L − l1
0
l1
Since γ(nΛ ) ≥ ξ1 (l1 ) it follows from (2.29) that Ṙ1 > 0.
As we mentioned we have to determine the sign in (2.25). We notice that once we
established the tangency condition (2.23), then (2.16) implies that σ(l0 ) = Ṙ0 . We notice
that due to monotonicity of σ the difference
Z l0
σ(l0 ) − − σ(s) ds
0

is always positive. Hence, (2.29) yields
−ξ1 (l0 ) = l0 Ṙ0 −

Z
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l0

σ(s) ds > 0,
0

i.e. ξ1 (l0 ) = −γ(nΛ ). Since ξ is constant on [l0 , l1 ] we conclude that ξ1 (l1 ) = −γ(nΛ ) as
well. Only now we may infer that (2.29) implies that Ṙ0 > 0.
The assumed symmetry of the problem implies that for x < 0 we have
ξ1 (x) = −ξ1 (−x),
hence in particular, ξ1 (−l1 ) = −ξ1 (l1 ) = γ(nΛ ).
(b) If we insert ξ1 (l0 ) = ξ1 (l1 ) = −γ(nΛ ) into (2.29) we infer (2.22).

Let us stress that we have not used that the full power of the assumption that in the
solution (Γ, ξ) the Cahn-Hoffman vector is a solution to (2.11). We will do this now. This
will be one of the key observations.
Corollary 2.1 Let us suppose that (Γ, ξ) is a variational solution to (1.1) and the assumptions of Proposition (2.1) are satisfied. Then following three conditions are equivalent:
∂ξ
(li ) = 0, i = 0, 1;
(a) the tangency conditions, i.e. ∂x
(b) Ṙi = σ(t, li ), i = 0, 1;
(c)
Z L
Z l0
2γ(nΛ )
γ(nΛ )
,
σ(l1 ) = − σ(s) ds−
σ(l0 ) = − σ(s) ds+
and ξ1 (li ) = −γ(nΛ ).
l0
L − l1
l1
0
(2.30)
Proof. We first show equivalence of (a) and (b). Indeed, equations (2.16)i , i = 1, 2 imply
that (a) holds iff (b) is satisfied.
Now, it is more convenient to show equivalence of (a) and (c). In fact the proof of
Proposition 2.4 yields (a)⇒(c), see (2.28). In order to show the converse we note that
(2.28) was derived from (2.16) without making any use of the additional assumptions on ξ.
If we know (c), then (2.28) immediately implies (a).

Remark 2.2. We stress that system (2.16) was derived for variational solutions.
Let us now draw a conclusion, which permits us to compare Ṙ0 and Ṙ1 .
Corollary 2.2 If (Γ, ξ) is a variational solution to (1.1) and the assumptions of Proposition
2.4 are satisfied, then Ṙ0 ≤ Ṙ1 .
Proof.
that

By assumption the function d(t, ·) is continuous in [−L, L]. It follows from (2.22)
Z l0
γ(nΛ )
,
Ṙ0 = − σ(s) ds +
l0
0

dt (t, l0 ) = σ(l0 ).

Due to the tangency condition (2.301 ) we conclude that
Ṙ0 = dt (t, l0 ).
Monotonicity of σ and the other tangency condition (2.302 ) imply that
Ṙ0 = σ(l0 ) ≤ σ(l1 ) = Ṙ1 .


Hence the claim.
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2.2 Analysis of ODE (2.22)
The forthcoming analysis constitutes the core of the paper. In order to be able to solve
(2.22) we have to make sure it is a closed system. This is indeed so as long as functions
l0 (t), l1 (t) are given with l0 (0) = l00 , l1 (0) = l10 . Once we guarantee this we can try to
solve (2.22). Let us stress however, that in order to construct solutions to (1.1) we must find
ξ and prove that it is a solution to (2.11).
We shall start with the first problem of determining l0 and l1 . However, it is advantageous to consider a slightly more general situation and draw interesting conclusions afterward.
n
Proposition 2.5 Let us suppose that σ = σ(x, µ) and σ, ∂σ
∂x ∈ C(R × U ), where U ⊂ R
is open. We assume that σ(−x, µ) = σ(x, µ) and ∂σ
∂x (x, µ) > 0 for all x > 0, µ ∈ U , and
0 < l00 ≤ l10 < L.
If the tangency condition (2.30i+1 ), i = 0, 1 is satisfied for (li0 , µ0 ) ∈ (−L, L) × U ,
then there exists a neighborhood U0 ⊂ U of µ0 and continuous functions U0 ∋ µ →
l0 (µ), l1 (µ), such that (2.30) hold for all µ ∈ U and li (µ), i = 0, 1. Moreover, if l00 < l10 ,
then l0 (µ) < l1 (µ) for all µ ∈ U0 . If in addition σ ∈ C 1 (R × U ), then li , i = 0, 1 are of
class C 1 .

Proof. We first consider l0 . In fact it is sufficient to check the assumptions of the Implicit Function
set
R l Theorem (see e.g. [N, Theorem 2.7.2]) to conclude our claim. Let us
∂F
:
F (l0 , µ) = 0 0 σ(s, µ) ds + γ(nΛ ) − l0 σ(l0 , µ). Then F (l00 , µ0 ) = 0. We calculate ∂l
0

∂F
∂σ
∂σ
(l0 , µ)|(l00 ,µ0 ) = σ(l00 , µ0 ) − l00
(l00 , µ0 ) − σ(l00 , µ0 ) = −l00
(l00 , µ0 ) 6= 0.
∂l0
∂l0
∂l0
(2.31)
The Implicit Function Theorem implies also differentiability of li ’s with respect to µk if F
is of class C 1 with respect to µk . It follows that
Z
∂σ −1 l0 ∂σ
∂σ
∂l0
= (l0 ) (
(s, µ) ds − l0
)
∂µj
∂x
∂µj
0 ∂µj

j = 1, . . . , n.

(2.32)

The case of l1 is similar to the previous one. We consider it in detail, because we want
to establish differentiability of l1 with respect to L, i.e. the endpoint of the interval of
definition of d. Namely, we set
F (l1 , L, µ) =

Z

L

σ(s, µ) ds − 2γ(nΛ ) − (L − l1 )σ(l1 , µ).
l1

We easily check that
∂F
|
= σ(L1 , µ0 ) − σ(l10 , µ0 ) > 0.
∂L (l10 ,µ0 ,L1 )
1

Hence, ∂l
∂L exists and it is continuous.
If l00 = l10 , then we cannot claim anymore that l0 (µ) ≤ l1 (µ) for µ 6= µ0 . However,
due to (2.31) the quantities l0 (µ) and l1 (µ) remain well-defined. We will depend upon it
later.
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It is important to notice that due to the above proposition the tangency condition propagates. This gives us a chance to solve the problem, if l0 (t) and l1 (t) are non-trivial functions
of time (see next section).
In the particular case considered in the present section l0 (t) and l1 (t) are constants.
Indeed if U = R+ , µ = t, and ∂σ
∂t ≡ 0, then (2.32) implies that
d
l0 (t) ≡ 0
dt

and

d
l1 (t) ≡ 0.
dt

(2.33)

Let us stress that our insisting on the tangency condition at t = 0 makes the initial data
quite special, but in complete accordance with our previous results, see [GR3], [GR4]. It is
another question what happens if the data violate the tangency condition at t = 0. We will
make comments on this in subsection 2.4 below. We are rather inclined to think that such
situation does not occur if (1.1) is coupled to a diffusion field and this case arises in [GR3],
[GR4]. This topic requires further investigations.
We are now able to state the main existence result of this section yielding existence of
solution to (2.22) as well as (1.1). Uniqueness will be shown in a separate theorem.
Theorem 2.1 Let us assume (1.5) and consider system (2.22) augmented with initial condition (Γ0 , ξ0 ), where Γ0 = d˜0 , (see (2.14)), d0 is Lipschitz continuous of the form (2.12)
i.e. the real numbers l00 , l10 , R00 , R10 are given. In addition the exceptional set EZ defined
in Proposition 2.1 has H1 measure zero at time t = 0. Moreover ξ0 ∈ D is a solution to
(2.11). We assume that σ ∈ C 1 ([−L, L]), σ(−x) = σ(x) and dσ
dx > 0 for x > 0. Moreover,
we impose the following conditions:

(a) l00 ≤ l10 , 0 < R00 ≤ R10
C 1 ([l0 , l1 ]).

and d0 (·) is increasing for x ≥ 0 and d0 ∈

(b) there are exactly three faceted regions of Γ(0), namely (−L, −l10 ), (−l00 , l00 ) and
(l10 , L) are their inverse images;
(c) the matching conditions (2.17) hold at t = 0, i.e. R00 = d0 (l00 ) and R10 = d0 (l10 );
(d) the tangency conditions (2.30) are satisfied at t = 0, i.e.
Z L
Z l00
γ(nΛ )
2γ(nΛ )
,
σ(l10 ) = − σ(s)) ds −
.
σ(l00 ) = − σ(s) ds +
l00
L − l1
l10
0
Then,
(i) There exists a local in time solution to (2.22), R0 , R1 and d(t, ·) ∈ C 1 ([l0 , l1 ]) (and
d(t, ·) ∈ C 1 ([−l1 , −l0 ])) and d(t, ·) is strictly increasing, whose derivative dx (t, x)
never vanishes for x ∈ (−l1 , −l0 ) ∪ (l0 , l1 ), i.e. the exceptional set EZ is a subset
(possibly empty) of {±l0 , ±l1 } for t > 0;
(ii) The matching (2.17) and tangency (2.30) conditions hold for all times t > 0, that is
if we extend d(t, ·) to [−L, L] by

if |x| ∈ (l1 , L);
 R1 (t)
¯ x) =
d(t, x) if |x| ∈ [l0 , l1 ];
d(t,
(2.34)

if |x| ∈ [0, l0 ),
R0 (t)
¯ ·) is Lipschitz continuous on [−L, L]. (Subsequently we drop the bar over
then d(t,
the extension.)
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Proof. (i) We begin with noticing that Proposition 2.5 guarantees existence of uniquely
defined functions l0 (t) and l1 (t). Independence σ from t yields that
l0 (t) ≡ l00

and

l1 (t) ≡ l10 .

Once we are provided with l0 and l1 we can solve (2.22). Existence of global in time
solutions to this system follows trivially from the fact that the right-hand-side of (2.22)
is independent from R0 , R1 and d. However, the condition |dx | ≤ 1 makes the solution
restricted to a time interval [0, T ).
(ii) The continuous dependence of solutions upon x ∈ (−l1 , −l0 ) ∪ (l0 , l1 ) follows from
continuity of the RHS of (2.22).
We will check that the matching condition (2.17) holds for t > 0. Since Ri0 − d0 (li0 ) =
0, i = 0, 1 it is sufficient to check that the derivative of Ri (t) − d(t, li (t)) vanishes. We
have for i = 0, 1,
d
∂d
(Ri (t) − d(t, li (t))) = Ṙi −
(t, li0 ) = Ṙi − σ(li0 ).
dt
∂t
Now, we notice the tangency conditions holds for t ≥ 0. This follows trivially from (2.30)
and the fact that σ and l0 , l1 are independent of time. Hence, the right-hand-side vanishes.
This implies that the extended d is indeed Lipschitz continuous on [−L, L]. This follows
from the smooth dependence of solutions of (2.22) on parameters.
(iii) We have to investigate ξ given by (2.21). Our claim will follow once we establish
the Lemma below.
Finally, condition (b) in the definition of solution to (1.1) is satisfied because ξ is independent of time and by formulas (2.26), (2.27) it belongs to D.

Lemma 2.1 If ξ is defined by (2.21) and the tangency conditions hold, then this ξ is a
solution to (2.11). In addition, the exceptional set EZ contains at most four points.
Proof. We shall compare E(ξ+h) and E(ξ). We have to examine the assumption that ξ+h
˜ x)) = (h1 (x), h2 (x)). First, since ∂γ(nΛ ) ∩ ∂γ(nR ) = {p},
is in D. Let us write h(d(t,
then h1 (±L)) = 0 = h2 (±L)). Secondly, the structure of D implies that h2 (x) = 0 for all
x ∈ [−L, L]. Moreover, due to ξ1 (x) = −γ(nΛ ) at x = li , i = 0, 1 we have h1 (li ) ≥ 0.
By a similar argument h1 (−li ) ≤ 0.
In general E(ξ) is a curvilinear integral, which can be written as
E(ξ) =

Z

L
−L

p
∂ξ
1
|σ(x) − τ ·
(x)|2 1 + d2x dx.
2
∂τ

On inverse images of faceted regions this integral simplifies because τ ·
dx = 0.
On (l0 , l1 ) the formula for solutions d

∂ξ
∂τ

=

∂ξ1
∂x

and

d(t, x) = d0 (x) + tσ(x)
is valid, hence d is strictly increasing and due to σ ′ (x) > 0 for x > 0 the derivative
∂d
∂x (t, x) never vanishes on (l0 , l1 ). As a result, for each t > 0 the exceptional set EZ
contains at most four point, hence Proposition 2.1 yields divS ξ = 0 on (−l1 , −l0 ) ∪ (l0 , l1 ).
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In addition we deduce that n 6= nΛ , nR there, hence ∂γ(n) is a singleton, thus h = 0 on
(−l1 , −l0 ) ∪ (l0 , l1 ).
For our calculations we have to know the behavior of the difference σ − divS ξ on
[−L, −l1 ], [−l1 , −l0 ], [−l0 , l0 ], [l0 , l1 ], [l1 , L]. Due to symmetries involved we may con1
sider only positive arguments. First we take x ∈ [0, l0 ], thus divS ξ = ∂ξ
∂x . Once we use
formula (2.21) we can immediately see
Z l0
∂ξ1
(2.35)
= − σ(s) ds + γ(nΛ ) = σ(l0 )
σ−
∂x
0
holds on [0, l0 ], hence on [−l0 , l0 ]. The last equality in (2.35) is a consequence of the
tangency condition.
Next, we consider [−l1 , −l0 ] ∪ [l0 , l1 ]. Here we obviously have
σ(x) −

∂ξ1
≡ σ(x).
∂x

On interval [l1 , L] it holds
Z L
2γ(nΛ )
∂ξ1
= − σ(s) ds −
= σ(l1 ),
σ−
∂x
L − l1
l1

where we again used the tangency condition. The same result is valid on [−L, l1 ].
After collecting the above information we can see that,

Z −l0 Z l1 
Z l0
p
1
∂h1 2
2
2
E(ξ + h) =
|σ(x)| 1 + dx dx
+
| dx +
|σ(l0 ) −
2
∂x
l0
−l1
−l0
Z −l1 Z L 
1
∂h1 2
+
+
|σ(l1 ) −
| dx.
(2.36)
2
∂x
l1
−L
Hence,

E(ξ + h) − E(ξ) =
Z −l1 Z L 
Z l0
1 ∂h1 2
∂h1
∂h1
1 ∂h1 2
+
[ (
) − σ(l0 )
] dx +
) − σ(l1 )
] dx.
[ (
∂x
2 ∂x
∂x
−L
l1
−l0 2 ∂x

Integration yields



−l1
L
0
E(ξ + h) − E(ξ) ≥ −σ(l0 )h|l−l
−
σ(l
)
h|
+
h|
1
l1
−L .
0

The last conclusion follows from σ ′ (x) > 0 for x > 0, h(li ) ≥ 0 and σ ′ (x) < 0 for
x < 0, h(−li ) ≤ 0.

Remarks 2.3.
(1) We admit R00 = R10 ≡ d0 .
(2) We may also admit l00 = l10 , i.e. the line segment Γ contains three distinct faceted
regions. It is possible to handle this case, because l0 , l1 are constant, hence the facet
Γ, which is initially flat due to the matching conditions
R0 (0) = R00 = d0 (l00 ) = d0 (l10 ) = R10 = R1 (0)
will stay flat without bending non bending.
(3) Our arguments used the fact that σx has a sign, thus a similar conclusions may be
drawn if σx (x) < 0 for x > 0 after making some changes like reversing the inequality
signs.
(4) In subsection 2.4 below we study the data violating the tangency condition at t = 0.
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2.3 Uniqueness of solutions
At last, we will show uniqueness of solutions, the proof is valid for a slightly broader class
of solutions than we considered. If (d, ξ) is a solution to (1.1), then for all t ≥ 0 we can
write
(−L, L) = Z(t) ∪ N (t) ∪ D(t),
where
Z(t) = {x ∈ (−L, L) : dx (t, x) = 0},

N (t) = {x ∈ (−L, L) : dx (t, x) 6= 0},

D(t) = {x ∈ (−L, L) : d(t, ·) is not differentiable at x}.
The restriction will be stated in term of the set N (t).
Theorem 2.2 Let us assume that β satisfies (1.5), (Γi , ξ i ), i = 1, 2 are two solutions to
(1.1) (not necessarily variational) defined on [0, T ) and d1 (0, ·) = d2 (0, ·), ξ 1 (0, ·) =
ξ 2 (0, ·). If in addition
H1 (N (t) \ intN (t)) = 0,
(2.37)

then, d1 (t, ·) = d2 (t, ·), ξ 1 (t, ·) = ξ 2 (t, ·) for all t ∈ [0, T ).
Remark 2.4. The assumption (2.37) is obviously satisfied by solutions yielded by Theorem
2.1.
Proof. We recall that ξ2 must be constant. We notice that by (2.37) ξ assumes a fixed
value on each connected component of intN (t) and its closure. Hence,
0=τ·

∂ξ
∂ξ1
=
.
∂τ
∂x

Moreover, on the set {dx = 0} we have τ = e1 . If we recall (2.37) and H1 (D(t)) = 0,
then we conclude
∂ξ
∂ξ1
τ·
=
∂τ
∂x
in (−L, L) in the distribution sense. This is why we may say that (Γi , ξ i ), i = 1, 2 satisfy
the equation
∂ξ i
∂di
(t, x) = σ(x) − 1 , i = 1, 2.
(2.38)
∂t
∂x
Taking the difference of these two equations, multiplying by d2 − d1 , after integration over
[−L, L] we obtain

Z L
Z
1 d L 2
∂ξ12 ∂ξ11
1 2
+
(d − d ) (x) dx =
−
(d2 − d1 )(x) dx.
2 dt −L
∂x
∂x
−L
The integration by parts and the boundary conditions (2.7) on ξ i at x = ±L lead us to
Z L
1 d 2
(ξ12 − ξ11 )(d2x − d1x )(x) dx.
kd − d1 k2L2 =
2 dt
−L
Now, we notice that the integrand equals to the following inner product
−(ξ 2 − ξ 1 ) · (d2x − d1x , 0) =: I.
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p
Since ξ i (x) ∈ ∂γ((−dix , 1)), because n(x) = (−dix , 1)/ 1 + (dix )2 , we conclude by
monotonicity of the subdifferential that I ≤ 0. Hence
1 d 2
kd − d1 k2L2 ≤ 0,
2 dt
subsequently d1 (t, ·) = d2 (t, ·) for t > 0.
We shall show that ξ 1 and ξ 2 coincide. For this purpose we integrate (2.38) over [t1 , t2 ],
Z t2 i
∂ξ1
i
i
(s, x) ds,
d (t2 , x) − d (t1 , x) = (t2 − t1 )σ(x) −
t1 ∂x
for a.e. x ∈ [−L, L]. Since the left-hand-sides are equal for i = 1, 2 we conclude that
∂ξ11
∂ξ 2
= 1
∂x
∂x
and finally ξ 1 = ξ 2 , as desired.



∂ξ
1
Remark 2.5. The argument depends upon the coincidence τ · ∂τ
= ∂ξ
∂x and ξ(x) ∈ ∂γ(n),
in particular no information on the structure of ξ is needed.
We could adopt a general view point of the semigroup theory. After defining a functional Φ on L2 (−L, L) by the formula
( R
L
−L (γ((−dx , 1)) + σd) dx if d ∈ BV (−L, L)
Φ(d) =
+∞
otherwise.

we may write equation (1.1) as a general gradient flow
d˙ + ∂Φ(d) ∋ 0.

(2.39)

This is so, because Φ is proper, convex and lower semicontinuous. The last is obvious once
we realize that Φ is basically the semi-norm of d in BV , see e.g. [Z].
The key point in our definition of solution is that at each t ≥ 0, ξ(t, ·) is a solution
to a variational principle (2.11). It is rather easy to check that solutions to (2.11) yield
canonical section to ∂Φ. It is also well-known that the right derivative d+
t in (2.39) equals
to the canonical section (see [Br], [Ba] for more details). In other words, our solutions is
the semigroup solution hence it is unique. We will not elaborate upon it because we will
not use it.

2.4 Data violating the tangency condition
We now consider the initial data for (2.22) which do not satisfy the tangency conditions. By
Corollary 2.1 we know that for a variational solution the tangency conditions are equivalent
to
Z L
Z l0
2γ(nΛ )
γ(nΛ )
,
σ(l1 ) = − σ(s) ds −
and ξ(li ) = −γ(nΛ ).
σ(l0 ) = − σ(s) ds +
l
L − l1
0
l1
0
(2.40)
Since the discussion of all inverse images of faceted regions, i.e. (−l0 , l0 ), (−L, −l1 ) and
(l1 , L) is analogous we restrict our attention only to the first one, while leaving the details
in the second case to the reader.
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No matter what is the t dependence of σ we expect that if any of the conditions (2.40)1,2
is violated, then the corresponding li will depend upon time in a non-trivial way. Thus, in
order to close system (2.22) we have to find an equation for l0 . Our starting point is the
observation that the matching condition must hold, i.e. R0 (t) = d(t, l0 (t)) for all t ≥ 0.
Assuming that d(t, ·) has the right derivative d+
x at x = l0 (t) we find that
0 = dt (t, l0 (t)) + d+
x (t, l0 (t))l̇0 (t)) − Ṙ0 (t)
= σ(t, l0 (t)) − Ṙ0 (t) + d+
x (t, l0 (t))l̇0 (t).
Apparently, we have two cases of violation the tangency conditions:
(i) σ(t, l0 (t)) − Ṙ0 (t) < 0
and
(ii) σ(t, l0 (t)) − Ṙ0 (t) > 0.
In the first case the facet is faster than the curved part, hence the facet grows at its expense.
If we knew that d+
x (t, l0 (t)) > 0, then we could find l̇0 (t),
l̇0 (t) = (Ṙ0 (t) − σ(t, l0 (t)))/d+
x (t, l0 (t))

(2.41)

and indeed l˙0 > 0. Equation (2.41) will be well-posed after we learn how to express
d+
x (t, l0 (t)) in term of data. For this purpose we recall the formula
d(t, l0 (t)) = d(0, l0 (t)) +

Z

t

σ(s, l0 (t)) ds.

Hence,
d+
x (t, x)|x=l0 (t)

=

(d0 )+
x (x)|x=l0 (t)

(2.42)

0

+

Z

0

t

∂σ
(s, x)|x=l0 (t) ds.
∂x

Because of our assumptions on σ we conclude that d+
x (t, l0 (t)) > 0. After recalling the
formula for Ṙ0 we arrive at the final equation for l0 (t), assuming that σ is independent of
time,
 

Z l0
 +
∂σ
γ(nΛ )
− σ(l0 )
dx (0, l0 ) + t (l0 (t)) .
(2.43)
l̇0 = − σ(s) ds +
l0
∂x
0

As long as we do not assume higher regularity (e.g. C 1,1 ) of d0 (·) and of σ we are not able
to conclude uniqueness of solutions to (2.43).
We are ready to state the existence result for case (i) above, it is formulated for the inner
inverse image of faceted region (−l0 , l0 ), the other one is handled in a similar way. For
simplicity we assume that the other faceted region satisfies the tangency condition (2.40).
Theorem 2.3 Let us suppose that all the assumptions of Theorem 2.1 except the tangency
condition (2.40)1 , but instead the following inequality is satisfied
Z l0
γ(nΛ )
< 0.
σ(t, l0 (t)) − − σ(s) ds +
l0
0

Moreover, we assume that d0 ∈ C 1,1 ([l00 , l10 ]) and σ ∈ C 1,1 . Then there is a local in time
variational solution to (1.1) and it is unique, however at no time t > 0 condition (2.40)1
holds.
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Proof. System (2.22) coupled to (2.43) forms a new closed system of ODE’s augmented
0
with initial data. Because we assumed that ∂d
∂x is Lipschitz continuous, then this system
uniquely is solvable. Moreover, the solution depends on parameter x in a differentiable
manner.
We have to check that the matching condition holds. It is sufficient to show that
d
(R0 (t) − d(t, l0 (t))) = 0,
dt

(2.44)

for t ≥ 0. Indeed, by equation (2.41) and (2.43) identity (2.44) holds as desired.
The tangency condition cannot hold for any t > 0. If it did at t = tcr , then by (2.33) we
would have l0 (t) ≡ l0 (tcr ). Since we can solve ODE’s backward in time, then by Theorem
2.1 we would conclude that the tangency conditions holds at t = 0 which is a contradiction.
In order to show that we have constructed a variational solution we have to show that ξ
is a minimizer of (2.11). The argument presented in the proof of Lemma 2.1 depends upon
the tangency condition, now violated, hence it must be adjusted. In order to simplify the
exposition we assume that the tangency conditions hold on (l1 , L). Let us set
1
δ = (Ṙ0 − σ(l0 )) > 0
2
and consider h ≥ such that
k

∂h
kL∞ ≤ δ.
∂x

(2.45)

Hence,

∂h
∂h
∂ξ1 ∂h
−
| = |Ṙ0 −
| ≥ |σ(l0 ) −
|.
∂x
∂x
∂x
∂x
With this observation, the calculations in Lemma 2.1, starting from (2.36), where the equality sign should be replaced with “≥” remain unchanged, yielding
|σ −

E(ξ + h) − E(ξ) ≥ 0
for h satisfying ξ + h ∈ D and (2.45). This proves that ξ is a local minimizer, however,
due to convexity of the integrand it is also a global one. Thus, indeed (Γ, ξ) is a variational
solution. Next, we may use Theorem 2.2 to deduce uniqueness.

The other case at first glance appears to be the worst to deal with. Because from (ii) and
(2.41) we conclude that l˙0 < 0 and we cannot use formula (2.42) to determine d(t, l0 (t))
and d+
x (t, l0 (t)). It seems that we need ad hoc assumptions to solve (2.41). However, before
continuing let us change the notation and instead of l0 let us write λ0 . Then, condition (ii)
reads,
Z λ0
γ(nΛ )
< σ(λ0 ).
− σ(s) ds +
λ0
0
Of course, due to our assumptions on σ we can find l0 < λ0 for which equality holds, i.e.
Z l0
γ(nΛ )
σ(l0 ) = − σ(s) ds +
.
l0
0

1
If ξ is a solution to (2.11), then it follows from Corollary 2.1 that ∂ξ
∂x (l0 ) = 0. In other
words, ξ is a solution to an obstacle problem and ξ on the interval [l0 , λ0 ] must be equal
to the obstacle. Hence, (−λ0 , λ0 ) cannot be a inverse image of a faceted region, however,
(−l0 , l0 ) is. The apparent case (ii) of violation of the tangency conditions turns out to
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be case (b) of Proposition 2.3, which yields legitimate data for (2.22) and subsequently a
variational solution.
Let us make the final comment, if (ii) occurs for some ξ ∈ D, satisfying Ṙ0 = σ−divS ξ,
then it may not be a solution to (2.11), and indeed an ad hoc assumption is necessary to
solve (2.41), e.g. setting dx (t, l0 (t)) = dx (0, l00 ) gives a solutions. However, system (2.22)
was derived from (2.16) for variational solutions and we do not have any chance for solving
(2.41) in a systematic way.

3 Evolution of a deformed rectangle in the plane
Once we solved the graph case we may turn our attention to polygons evolving according
to (1.1). There are two main reasons for focusing on rectangles only (or rather deformed
rectangles, see Fig. 2 for possible evolution).

t=0
t>0

Fig. 2

First, they play a special role in our considerations because the problems of evolution
of a straight circular cylinder reduces to evolution of a rectangle, (see [GR1], [GR3]). This
problem is to be addressed in a separate paper. Second, in this case we can temporarily
avoid the discussion of the proper notion of solution. One of the difficulties is of course
defining the evolution of the corner. Fortunately, as we shall see the most important phenomena take place away from corners.
We want to use a notion of solution extending the one used in §2 as well as the notion
of solution to a crystalline flow (see [Ta2], [AG]). The point is, the position of a corner v is
defined by the position of facets intersecting at v. For this approach proper assumptions on
β are necessary, this is why we keep (1.5) for γ defined by (1.4). This in particular implies
that the Wulff shape Wγ of γ is a rectangle.

3.1 Setting up the problem
Before stating the definition of solutions to (1.1) we will describe conditions on σ which
are more general than in §1. They will be consistent with properties deduced for σ being a
solution to the Laplace equation (see [GR1], [GR2]). Namely, we assume that σ : R+ ×
R2 → R is continuous. Moreover, for all t ≥ 0, σ(t, ·, ·) ∈ C 1 (R2 ) and the main exposition
is concerned with σ having no further smoothness in t.
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At the moment we consider σ having (for fixed t ≥ 0) a center of symmetry at the
origin, i.e.
σ(t, −x, −y) = σ(t, x, y).
Furthermore, for the sake of convenience and simplicity we assume
σ(t, −x1 , x2 ) = σ(t, x1 , x2 ),
σ(t, x1 , −x2 ) = σ(t, x1 , x2 ).
Possible particular examples of such σ are
1
,
σ2 (t, x, y) = a(t) ln(x2 + y 2 + 1)
+ y2 + 1
1
1
σ3 (t, x, y) = K(t) − 2
− 2
.
(3.1)
x +1 y +1

σ1 (t, x, y) = K(t) −

x2

Our goal is to study the bending of rectangles having normals belonging to the set of
normals to the Wulff shape Wγ (i.e. another fixed rectangle). Thus, we shall call Γ a bent
rectangle if the following condition is satisfied:
there exist even, Lipschitz continuous functions dR , dΛ : R → R+ and there are
positive numbers L1 , R1 such that
dΛ (L1 ) = R1

dR (R1 ) = L1 .

and
(BR)

Γ = ∂{(x1 , x2 ) : |x1 | ≤ dΛ (x2 ) , |x2 | ≤ dR (x1 )}.

We shall call the points (±dΛ (x2 ), ±dR (x1 )) vertexes of Γ. Thus, after we set
±
= {(x1 , x2 ) ∈ Γ : x1 = ±dΛ (x2 ), x2 ∈ [−R1 , R1 ]},
SR

SΛ± = {(x1 , x2 ) ∈ Γ : x2 = ±dR (x1 ), x1 ∈ [−L1 , L1 ]}
we notice that the graphs of ±dΛ , ±dR make up the whole Γ(t), i.e.
+
−
∪ SΛ− ∪ SΛ+ .
∪ SR
Γ = SR
±
and SΛ for SΛ± . We will call them facets of Γ(t).
We will collectively write SR for SR
±
Vertexes of Γ are the intersections SR ∩ SΛ± . Moreover, the facets meet at vertexes at the
right angle.
The following discussion parallel that of subsection 2.1. Some definitions may be repeated without changes while other need some adjustments. When possible we will refer
to proper paragraph or subsection in §2 for the necessary notions. In fact, the definition are
the same, what changes is the meaning of Γ.
The prime example is the Cahn-Hoffman vector ξ, (see paragraph 2.1.1) i.e. a vector
field ξ(t, ·) : Γ → R3 , such that ξ(t, ·)|Si ∈ Di , i = R, Λ, where

DΛ = {ξ ∈ L∞ (SΛ ) : ξ(x) ∈ ∂γ(n(x)), divS ξ ∈ L2 (SΛ ), (3.2) holds},
DR = {ξ ∈ L∞ (SR ) : ξ(x) ∈ ∂γ(n(x)), divS ξ ∈ L2 (SR ), (3.2) holds},
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where
ξ(±L1 , ±R1 ) ∈ ∂γ(±nΛ ) ∩ ∂γ(±nR )

(3.2)

On each facet we consider a minimization problem similar to (2.9). Namely, we set
Z
1
|σ − divS ξ|2 dH1 , j = R, Λ.
Ej (ξ) =
2 Sj
Now, we may explain our notion of solutions. After paragraph 2.1.1, by a solution to (1.1)
we shall call a family of couples (Γ(t), ξ(t)), t ∈ [0, T ), where
(a) for each t ≥ 0 the curve Γ(t) is a bent rectangle and dΛ , dR are continuous functions
of its arguments, for each x, dj (·, x), j = Λ, R are Lipschitz continuous and for each
j
t ∈ [0, T ) the
R are Lipschitz continuous;
S functions d (t, ·), j = Λ,
(b) ξ : t∈[0,T ) {t} × Γ(t) → R2 is at each time instant a Cahn-Hoffman vector. If
M := supt∈[0,T ) max{L1 (t), R1 (t)} + 1, and if for j = Λ, R we set

 (−γ(nΛ ), γ(nR )) x ∈ [−M, −L(t)],
ξ̃ R (t, x) =
ξ(t, (x, dR (t, x))) x ∈ [−L(t), L(t)],

(γ(nΛ ), γ(nR ))
x ∈ [L(t), M ];

(3.3)


 (−γ(nΛ ), −γ(nR )) x ∈ [−M, −R(t)],
ξ̃ Λ (t, x) =
ξ(t, (dΛ (t, x), x))
x ∈ [−R(t), R(t)],

(−γ(nΛ ), γ(nR ))
x ∈ [R(t), M ];

then we assume that t 7→ ξ̃ j (t, ·) ∈ L∞ (0, T ; L2 (−M, M )), j = Λ, R;
(c) Equation (1.1) is satisfied in the L2 sense for a.e. t ≥ 0.

We call a solution (Γ, ξ) variational (see paragraph 2.1.2) if for each t ∈ [0, T ) ξ|Sj (t) ∈
j ) is a solution to

L2 (S

Ej (ξ) = min{Ej (ζ) : ζ ∈ Dj },

j = R, Λ.

(3.4)

According to our definition each of the functions dj (t, ·) satisfies (2.12). Obviously,
flat facets play a special role in our considerations. The definition of a faceted region in
paragraph 2.1.2 requires a minor change. Namely, the reference in (2.13) to solutions of
(2.11) should be replaced by the reference to solutions of (3.4).
We will consider only Γ(t) such that for each t ≥ 0 every side of Γ(t) has no more than
three faceted regions and the vertexes of Γ(t) belong to the closure of the faceted regions.
For the sake of convenience, following (2.14) we introduce d˜j (t, x), j = Λ, R, then we
may repeat the definition of the inverse images of faceted regions.
Furthermore, we also need the following relation on σ,
xi

∂σ
(x1 , x2 ) > 0,
∂xi

x 6= 0, i = 1, 2.

(3.5)

We are interested in the behavior of the system past the breaking/bending phenomenon.
Thus the some restrictions as in the previous sections apply to ξ. Hence we may rewrite
(1.1) in a fashion similar to (2.16), however, we have to make an assumption making the
conclusion of Proposition 2.1 valid. Namely, let us suppose that lij , i = 0, 1, j = Λ, R are
j
given throughout the solution to (3.4), then we set EZj = {x ∈ (−l1j , −l0j )∪ (l0j , l1j ) : ∂d
∂x =
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0}. We suppose that d satisfy (2.12) and ξ is a solution to (2.11) and finally (2.15) for each
facet holds, i.e.
H(EZ \ int EZj ) = 0, j = R, Λ.
(3.6)
With all these assumptions we may repeat the work of §2 and come to the system
∂ξ1
= β(nΛ )Ṙ0
∂x1
dR
t
q
σ = β(dR
)
x1
2
1 + (dR
x1 )
σ−

∂ξ1
= β(nΛ )Ṙ1
∂x1
∂ξ2
= β(nR )L̇0
σ−
∂x2
dΛ
t
q
σ = β(dΛ
)
x2
2
1 + (dΛ
x2 )
σ−

σ−

∂ξ2
= β(nR )L̇1
∂x2

on

[0, l0 (t)]

on

[l0 (t), l1 (t)]

on

[l1 (t), L1 (t)]

on

[0, r0 (t)]

on

[r0 (t), r1 (t)]

on

[r1 (t), R1 (t)],

(3.7)

where nR = (1, 0), nΛ = (0, 1). Here the meaning of l0 , l1 , R0 , R1 is the same as in the
previous section, dR plays the role of d from the previous section and the definitions of
r0 , r1 , L0 , L1 , dΛ corresponds to, respectively, the definitions of l0 , l1 , R0 , R1 , dR .
We augment system (3.7) with initial data
l0 (0) = l00 ,
R0 (0) = R00 ,

l1 (0) = l10 ,

R1 (0) = R10 ,
R

d (0, x1 ) =

r0 (0) = r00 ,

L0 (0) =
R
d0 (x1 ),

L00 ,
Λ

r1 (0) = r10
L1 (0) = L10

d (0, x2 ) =

(3.8)

dΛ
0 (x2 )

We assume that the inverse images of faceted regions contained in SΛ (resp. SR ) are
(−L1 , −l1 ), (−l0 , l0 ), (l0 , L1 ) (resp. (−R1 , −r1 ), (−r0 , r0 ) and (r1 , R1 )). We take into
account the matching conditions, they take the form
dR
0 (l00 ) = R00 ,

dR
0 (l10 ) = R10

dΛ
0 (r00 ) = L00 ,

dΛ
0 (r10 ) = L10 .

(3.9)

We also consider tangency conditions on SΛ and SR , definition (2.19) requires no changes.
After we assume (3.6) we may apply Proposition 2.1 to deduce (see paragraph 2.1.2) the
form of the tangency conditions similar to (2.30), in the present case we obtain the relations,
Z l00
γ(nΛ )
,
σ(0, l00 , R00 ) = − σ(0, s, R00 ) ds +
l00
0
Z L10
2γ(nΛ )
σ(0, l10 , R10 ) = − σ(0, s, R10 ) ds −
,
L10 − l10
l10
Z r00
γ(nR )
,
σ(0, L00 , r00 ) = − σ(0, L00 , s) ds +
r00
0
Z R10
2γ(nR )
σ(0, L10 , r10 ) = − σ(0, L10 , s) ds −
,
R10 − r10
r10
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ξ1 (li ) = −γ(nΛ )

i = 0, 1
(3.10)

ξ2 (ri ) = −γ(nR ) i = 0, 1

If we are given a solution to (1.1), whose each facet has at most three facetted regions
with the maximality property (see paragraph 2.1.4), then after writing (3.7) in terms of
dR , dΛ , R0 , R1 , L0 , L1 and using the simplifying assumption (1.5), we come to the system
Z l0
γ(nΛ )
Ṙ0 = − σ(t, s, R0 ) ds +
l0
0
∂ R
d = σ(t, x1 , dR )
∂t
Z L1
2γ(nΛ )
Ṙ1 = − σ(t, s, R1 ) ds −
L1 − l1
l
Z1 r0
γ(nΛ )
L̇0 = − σ(t, L0 , s) ds +
r0
0
∂ Λ
d = σ(t, dΛ , x2 )
∂t
Z R1
2γ(nR )
L̇1 = − σ(t, L1 , s) ds −
R1 − r 1
r1

on

[0, l0 ]

on

[l0 , l1 ]

on

[l1 , L1 ]

on

[0, r0 ]

on

[r0 , r1 ]

on

[r1 , R1 ]

(3.11)

augmented with initial conditions (3.8). We stress that for simplicity of notation the time
variable t was suppressed in (3.11) (except for function σ).
We explicitly assume here that
r00 ≤ r10 ,

l00 ≤ l10 .

It is apparent from (3.11) that this system is solvable if we know beforehand the functions
of time l0 , l1 , r0 , r1 . By Proposition 2.5 we conclude that l0 = l0 (t, R0 ), l1 = l1 (t, R1 , L1 ),
r0 = r0 (t, L0 ), r1 = r1 (t, L1 , R1 ) are uniquely defined C 1 functions of their arguments.
There is no reason to expect that
ri (t) ≡ ri0 ,

li (t) ≡ li0 ,

i = 0, 1.

Thus, we have to make sure that
r0 (t) ≤ r00 ≤ r10 ≤ r1 (t),

l0 (t) ≤ l00 ≤ l10 ≤ l1 (t),
(3.12)

r0 , l0 are decreasing

r1 , l1 are increasing.

We cannot at this point present general assumptions on σ guaranteeing that (3.12) holds.
But (3.12) is critical for the further development, that is why we shall say that the working
hypothesis is satisfied if (3.12) is fulfilled. We present a simple example of σ below.
Proposition 3.1

If σ = σ3 is given by formula (3.1), where K is smooth, then
l0 (t) ≡ l00 ,

l˙1 (t) > 0,

r0 (t) ≡ r00 ,

ṙ1 (t) > 0.

Proof. It is sufficient to consider only li , i = 0, 1. We start with l0 . We differentiate the
tangency conditions
l0 σ(t, l0 , R0 ) =

Z

l0

σ(t, s, R0 ) ds + γ(nΛ )

0
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with respect to time. This yields
l0 l˙0

∂σ
∂σ
(t, l0 , R0 ) + l0
(t, l0 , R0 ) =
∂x1
∂x2

Z

0

l0

∂σ
(t, s, R0 ) ds.
∂x2

It is now obvious that in order to proceed we have to be able to compare
(t, l0 , R0 ) with its average over [0, l0 ], e.g. monotonicity of the derivative
In our case these two quantities are simply equal, hence
l0 l̇0

∂σ
∂x2
∂σ
∂x2

evaluated at
would help.

∂σ
(t, l0 , R0 ) = 0.
∂x1

The first claim follows.
In order to establish l̇1 (t) > 0 we differentiate the tangency conditions
(L1 − l1 )σ(t, l1 , R1 ) =

Z

L1

σ(t, s, R1 ) ds − 2γ(nΛ )

l1

with respect to time. This time the structure of σ yields

=

∂σ
∂σ
(t, l1 , R1 )(L1 − l1 )l̇1 (t) +
(t, l1 , R1 )(L1 − l1 )Ṙ1 (t)
∂x1
∂x2
Z L1
∂σ
(t, s, R1 ) ds.
[σ(t, L1 , R1 ) − σ(t, l1 , R1 )] L̇1 + Ṙ1 (t)
∂x2
l1

We know that L̇1 > 0 see §2 and s 7→ σ(t, s, R1 ) is strictly increasing. We have to be
∂σ
able to compare ∂x
evaluated at (t, l1 , R0 ) with its average over [l1 , L1 ]. For this purpose
2
we use the present assumption on σ, which guarantees that they are equal and cancel out.
Thus, we deduce the claim.

Remark 3.1 It is not clear how to show that the working hypotheses is satisfied for σ = σ1
or more generally, σ = K(t) − f (x2 + y 2 ) for a strictly decreasing function f without
stringent assumption on f . While it is easy to see that for such σ it is true that l˙0 < 0 it is
not obvious how to deduce l̇1 ≥ 0.
Now, we have to investigate the influence of the working hypothesis on validity the
matching condition. Since l0 (t) decreases and l1 (t) increases, the faceted region (−l0 , l0 )
is being over taken by the curved one. Thus if x0 = l0 (t), t > 0, then the characteristic
starting at t = 0 in x0 , i.e. τ 7→ (x0 , τ ) will terminate at time t and the value of R0 (t) is
the new initial data for dR ,
dR (t, l0 (t)) := R0 (t),

t > 0.

(3.13)

A similar reasoning is valid for l1 and ri , i = 0, 1.
Let us notice that, time continuity (resp. differentiability) of σ implies that li , i = 0, 1
are continuous (resp. differentiable) functions of t. It turns out that smoothness of li yields
propagation of smoothness of dR at li (t). Namely, we have the following result.
Proposition 3.2 Let us suppose that (Γ(t), ξ(t)), t ∈ [0, T ) is a solution to (1.1), whose
facets satisfy the matching condition and σ is of class C 1 . We assume that (3.13) holds.
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(a) If l̇0 < 0 (resp. ṙ0 < 0), then
∂dR
(t, l0 (t)) = 0
∂x

(resp.

∂dΛ
(t, r0 (t)) = 0)
∂x

(resp.

∂dΛ
(t, r1 (t)) = 0)
∂x

(3.14)

(b) If l̇1 > 0 (resp. ṙ1 > 0), then
∂dR
(t, l1 (t)) = 0
∂x

Proof. If is sufficient to show (a) for l0 since the remaining cases are similar. We will show
that
∂dR
(t, x1 )|x1 =l0 (t) = 0.
∂x1
We consider the difference quotients for h > 0 and h < 0 separately. Namely, if h < 0,
then
1 R
(d (t, l0 (t) + h) − dR (t, l0 (t))) = R0 (t) − R0 (t) = 0.
h
Hence, the left derivative of dΛ at x = l0 (t) is zero.
Now, we take h > 0. Because of the working hypothesis there exists a unique τ (h)
such that
l0 (t) + h = l0 (τ (h)).
After little algebra we can see that h 7→ τ (h) is differentiable and
dτ (h)
h|h=0 .
1 = l˙0 (t) ·
d
Hence,
dR (t, l0 (t) + h) − dR (t, l0 (t))) = dR (t, l0 (τ (h))) − R0 (t)
= dR (t, l0 (τ (h))) − dR (τ (h), τ (h)) + R0 (τ (h)) − R0 (t)
Z t
dR
=
t (s, l0 (τ (h))) ds + R0 (τ (h)) − R0 (t).
τ (h)

After dividing by h and passing to the limit we can see
lim

h→0+

1 Λ
dτ
dτ
(d (t, l0 (t) + h) − dΛ (t, l0 (t))) = − (0)σ(t, l0 (t), R0 (t)) + Ṙ0 (t) (0) = 0
h
dh
dh

The last equality follows from the tangency conditions.

This result means that the smoothness propagates, provided that l0 is strictly decreasing.
If l̇0 (t0 ) = 0, then (3.14) cannot be inferred at t0 . In other words, in any case the only
possible scenario is that the curved part of Γ(t) grows at the expense of the flat parts.
Moreover, we are now able to consider the degenerate case i.e.
l00 = l10 .
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3.2 Solvability of the ODE system
Theorem 3.1 Let us consider system (3.11) augmented with initial data (3.8). We assume
that:
1
1
R
R
Λ
(i) the data dΛ
0 , d0 are sufficiently smooth, i.e. d0 ∈ C ([l00 , l10 ]), d0 ∈ C ([r00 , r10 ]);
(ii) the matching conditions (3.9) are satisfied;
(iii) conditions (3.6) holds;
(iv) the tangency conditions (3.10) are fulfilled.
In addition the working hypothesis (3.12) is supposed to be valid due to an appropriate
choice of σ (e.g. σ3 in (3.1) will do). Then there is variational solution to (1.1) starting at
R
t = 0 with a bent rectangle Γ0 , corresponding to dΛ
0 , d0 .
Remark 3.2. It is worth noting that the data R00 = R10 and l00 = l10 or L00 = L10 and
r00 = r10 are permitted.
Proof. Let us recall that if the tangency condition hold, then by Proposition 2.5 li , i = 0, 1
(resp. ri , i = 0, 1) can be written as continuous functions, which are C 1 with respect to
R0 , R1 , L1 , (resp. L0 , L1 , R1 ). Hence (3.11) becomes a closed nonlinear system of ODE’s
for Li , Ri , i = 0, 1, dΛ , dR . By the standard theory of ODE’s it has a unique solution on a
time interval [0, T ). Possibly, on a shorter interval the conditions |djx (t, x)| ≤ 1, j = Λ, R,
hold.
In this system x1 and x2 play the role of parameters and x1 ∈ [l00 , l10 ], x2 ∈ [r00 , r10 ].
Due to the working hypothesis l0 (·) (resp. r0 (·)) is decreasing while l1 (·) (resp. r1 (·)) is
increasing, as a result system (3.11) yield no value for dR (t, x) (resp. dΛ (t, x)) for t > 0
and x ∈ [l0 (t), l00 ] ∪ [l10 , l1 (t)] (resp. x ∈ [r0 (t), r00 ] ∪ [r10 , r1 (t)]). However, the solution
to (3.11) yields l0 (t) = l0 , (t, R0 (t)) etc.
In order to define dR (τ, li (t)), τ ≥ t we consider the ODE’s for i = 0, 1,
R
dR
t (τ, x) = σ(τ, x, d ),

dR (t, li (t)) = Ri (t).
Similar problem should be considered for dΛ , we omit the details. In this way we explicitly
set the value of dR (t, li (t)). The above definition is correct because we assume that l0 is
decreasing and l1 is increasing. Due to this definition the matching condition is satisfied
automatically. Moreover, the tangency condition is fulfilled because of Proposition 2.5.
We notice that the solution we have just constructed satisfies (3.6). This is so, because
due to the differential dependence of solutions to ODE’s upon parameter we can conclude
that for each t > 0 functions dR (t, ·) (resp. dΛ (t, ·)) are C 1 , possibly except at li (t), i =
0, 1 and li0 . However, we have shown that if l̇i (t) has a sign, then dR (t, ·) is differentiable
at li (t). Thus, the exceptional set EZΛ may contain at most four points, ±li0 , i = 0, 1, hence
(3.6) is fulfilled.
Finally, we have to show that ξ given by the formulas (2.28) is a solution to the minimization problem. We note that in this task dΛ and dR are fixed, hence we may use Lemma
2.1 again to conclude validity of our claim.

Remark 3.3 If l̇0 < 0, l˙1 > 0, then we can infer by Proposition 3.2 that smoothness
propagates, i.e.
∂dR
(t, x1 )|x1 =li (t) = 0,
∂x1

∂dΛ
(t, x2 )|x2 =ri (t) = 0
∂x2
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i = 0, 1.

In order to prove uniqueness for the case of the deformed rectangle we will use methods
applied in the proof of Theorem 2.2. However, the present task is more involved because
of the lack of a transparent gradient flow structure. Moreover, we have to use more detailed
information about the solutions we constructed as opposed to the graph case studied in the
previous section. Thus, our result is less general than Theorem 2.2.
Theorem 3.2 Let us suppose that β satisfies (1.5), (Γi , ξ i ), i = 1, 2 are two variational
solutions to (1.1) defined on [0, T ) and Γ1 (0, ·) = Γ2 (0, ·), ξ 1 (0, ·) = ξ 2 (0, ·). Moreover,
the initial data satisfy the assumptions of Theorem 3.1. Then, Γ1 (t, ·) = Γ2 (t, ·), ξ 1 (t, ·) =
ξ 2 (t, ·) for all t ∈ [0, T ).
Proof. One of the problems we have to overcome is the time dependence of domains
of dRi , dΛi , i = 1, 2. We have to extend them to fixed domains. We set M = 1 +
supt<T maxi=1,2 {Li1 (t), R1i (t)}. By assumption σ is defined over R2 . We will extend dRi ,
dΛi and ξ i , i = 1, 2. However, in order to simplify the notation we will concentrate on
dRi , i = 1, 2. The argument for dΛi is the same and will be omitted. First, we extend ξ i to
[−M, M ] by formula (3.3). The extension of dRi , i = 1, 2 is by solution to the system
∂dRi
∂t

= σ−

∂ξi
∂x1

x ∈ [−M, M ] \ [−Li1 , Li1 ].

(3.15)

We stress that σ appearing in (3.15) is actually equal to σ(t, x1 , dRi (t, x1 )). Subsequently,
we proceed as in the proof of Theorem 2.2, i.e. we take the difference of (3.15)1 for i = 1, 2,
multiply by dR2 − dR1 and integrate over [−M, M ]. Hence, we obtain
Z M
Z
1 d M R2
R1 2
[σ(t, x, dR2 (t, x)) − σ(t, x, dR1 (t, x))(dR2 − dR1 ) dx
|d − d | dx =
2 dt −M
−M

Z M 
∂ξ11
∂ξ12
+
+
(dR2 − dR1 ) dx
−
∂x1 ∂x1
−M
= I + J.
The first term is easily handled due to Lipschitz continuity of σ, we obtain
Z M
|dR2 − dR1 |2 dx.
I≤C
−M

In order to proceed we have to examine ξ i and to introduce some notation for that purpose.
Namely, we shall write ξ = ξ(R, L, ·) to denote the unique solution to (2.11) for d = dR
defined over [−L, L], in fact, as we have seen in the course of the proof of Theorem 2.1,
it is a unique solution to the corresponding Euler–Lagrange equation. Hence in our case
ξ i = ξ i (Ri , Li , ·), i = 1, 2. Similar notation should be used for the Cahn-Hoffman vectors
defined over the other pair of facets SΛ , however, for the sake of simplicity of notation we
shall not do this.
Using the new notation we will rewrite the term J, namely

Z M 
∂ξ1 1 2
∂ξ1 2 2
(R , L , x) +
(R , L , x) (dR2 − dR1 )(x) dx
J =
−
∂x
∂x
1
1
−M

Z M 
∂ξ1 1 2
∂ξ1 1 1
+
−
(R , L , x) +
(R , L , x) (dR2 − dR1 )(x) dx
∂x
∂x
1
1
−M
= J1 + J2 .
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An argument based on monotonicity of the operator ∂γ, as in the proof of Theorem 2.2,
yields that J1 ≤ 0. We turn our attention to J2 .
Vector fields ξ(R1 , Li ), i = 1, 2 are obtained as solutions to the Euler–Lagrange equation for the same dR1 but different Li1 . Hence, by the definition of l0i and the proof of
Proposition 2.5 l01 = l02 . As a result, by the formula for ξ(R1 , Li , x), on (−l0 , l0 ) we
deduce
∂ξ1 1 1
∂ξ1 1 2
(R , L , x) =
(R , L , x)
for x ∈ (−l0 , l0 ).
∂x1
∂x1
However, the above argument is no longer valid for l1i , i = 1, 2, hence we obtain
Z −l0 Z M  

∂ξ1 1 2
∂ξ1 1 1
+
−
J2 =
(R , L , x) +
(R , L , x) (dR2 − dR1 )(x) dx.
∂x
∂x
1
1
l0
−M
Let us introduce further notation
l1k = min{l12 , l11 },

l1m = max{l12 , l11 }

Li1 = min{L21 , L11 },

Lj1 = max{L21 , L11 }.

Let us notice that
∂ξ1
1
p
∂x1 (R , L ) = 0,
∂ξ1
1
m
∂x1 (R , L ) = 0,
∂ξ1
1
i
∂x1 (R , L ) = 0,

for x1 ∈ (l0 , l1k ),
for x1 ∈
for x1 ∈

p = 1, 2,

(l1k , l1m ),
(Li1 , Lj1 ).

Hence,
J2 ≤ 2

The formulas for
J2 ≤ K

Z

l1m

+2

Z

+2

Z

∂ξ1
∂x1 ,
R2

|d

Z

l1m
l1k
Li1

l1m
Lj1
Li1

∂ξ1 2 k
(R , L ) |dR2 − dR1 | dx
∂x1
∂ξ1 2 2
∂ξ1 2 1
(R , L ) −
(R , L ) |dR2 − dR1 | dx
∂x1
∂x1
∂ξ1 2 j
(R , L ) |dR2 − dR1 | dx.
∂x1

see (2.28), permit us to write
R1

−d

l1k

| dx1 +

|L21

−

L11 |kdR2

R1

−d

kL2 +

|L21

−

L11 ||R12

−

!

R11 |

.

In order to reach the desired bound we have to show the following “reverse Hölder inequalities”,
|L21 − L11 | ≤ CkdΛ2 − dΛ1 kL2 ,

|R12 − R11 | ≤ CkdR2 − dR1 kL2 .

(3.16)

We will show them, possibly on after restricting the time intervals by the condition
l1i (t) ≤ l10 + a,

t ≤ T1 ,

for some a > 0. Such T1 exists because of continuity of l1i (see Proposition 2.5). Thus,
after recalling that Li1 (t) ≥ L10 , see Proposition 2.4,
Z L10
Z M
|dR2 −dR1 |2 dx1 = |L10 −(l10 +a)||R12 −R11 |2 .
|dR2 −dR1 |2 dx1 ≥
kdR2 −dR1 k2L2 =
−M

l10 +a
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Hence, (3.16) follows.
R lm
In order to estimate that the remaining term lk1 |dR2 − dR1 | dx1 we have to work a
1

little bit more. We note that equations (3.11)2 and (3.11)5 imply that dRi , dΛi , i = 1, 2 are
bounded on [0, T1 ] × [−M, M ] as long as
kdjx (0, ·)kL∞ ≤ L < ∞,

j = R, Λ.

Using this information we arrive at
J21 :=

Z

l1m

R2

d

R1

−d

l1k

dx1 =

Z

l1m

l1k

R12

−

R11

+

Z

l12
x1

R1
2
(dR
x − dx ) ds dx1 .

Hence
J21 ≤ |l12 − l11 ||R12 − R11 | + K|l12 − l11 |2 .
We recall that by Proposition 2.5 l1i are of class C 1 and if L21 = L11 , then l11 = l12 . Thus
|l12 − l11 | ≤ K|L21 − L11 |.
Taking into account of above bounds we arrive at the estimate
d R2
kd − dR1 k2L2 ≤ K(kdR2 − dR1 k2L2 + kdΛ2 − dΛ1 k2L2 ).
dt
A similar estimate is valid for the difference dΛ2 − dΛ1 , after adding them up we reach
d
(kdR2 − dR1 k2L2 + kdΛ2 − dΛ1 k2L2 ) ≤ K(kdR2 − dR1 k2L2 + kdΛ2 − dΛ1 k2L2 ).
dt
Using Gronwall inequality we deduce that
kdR2 − dR1 k2L2 + kdΛ2 − dΛ1 k2L2 = 0
for t ∈ [0, T1 ]. Once we show that Γ1 = Γ2 , then ξ 1 = ξ 2 follows from the strict convexity
of the integrand in Ei , i = R, Λ as in the proof of Theorem 2.2.


3.3 Final remarks
If we encounter the data violating the tangency conditions, then their discussion parallels
that on §2.4. However, some of the details has to be adjusted e.g. equation (2.43) become
more involved, because of the time dependence of σ. Nonetheless, the main reasoning
remains unchanged. As a result we may state the existence and uniqueness result for a case
of violating the tangency conditions at l00 . The other ones are handles similarly.
Theorem 3.3 Let us suppose that all the assumptions of Theorem 3.1 hold, except the
tangency condition (2.40)1 , but instead it the following inequality is satisfied
Z l0
γ(nΛ )
σ(t, l0 (t)) − − σ(s) ds +
< 0.
l0
0
1,1 ([l , l ]) and σ ∈ C 1,1 . Then there is a local in time
Moreover, we assume that dΛ
00 10
0 ∈C
variational solution to (1.1) and it is unique, however at no time instant t > 0 condition the
tangency condition is satisfied at x1 = l0 (t).
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The proof goes along the lines of the proof of Theorem 2.3. Details are left to the
interested Reader.
Finally, we would like to address the case of σ decreasing along the facets, i.e. with
reversed signs in (3.5),
xi

∂σ
(x1 , x2 ) < 0
∂xi

x 6= 0, i = 1, 2.

We notice that the notions of solution and variational solution do not depend upon
particular behavior of σ, hence the derivation of (3.11) remains valid. The definition of
matching and tangency condition is not affected either. Hence, if the initial data satisfy
the tangency condition, then we could close system (3.11) by supplying li , ri , i = 0, 1
constructed with the help of Proposition 2.5. The existence Theorem 3.1 requires only
minor changes, at least if we keep the non-constant initial data for dΛ , dR as in (2.12), the
uniqueness Theorem 3.2 goes without any change at all.
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