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TAME CHARACTERS AND RAMIFICATION OF
FINITE FLAT GROUP SCHEMES

SHIN HATTORI

1. Introduction

Let K be a complete discrete valuation field of mixed characteristic
(0, p) with residue field F which may be imperfect, GK be its absolute
Galois group and IK be its inertia subgroup. Let G be a finite flat group
scheme over OK . When G is monogenic, that is to say, when the affine
algebra of G is generated over OK by one element, it is well-known that
the tame characters appearing in the IK-module G(K̄) are determined
by the slopes of the Newton polygon of a defining equation of G ([15,
Proposition 10]).

On the other hand, for an elliptic modular form f of level N prime
to p, we also have a description of the tame characters of the associated
mod p Galois representation ρ̄f ([10, Theorem 2.5, Theorem 2.6], [9,
Section 4.3]). This is based on Raynaud’s theory of prolongations of
finite flat group schemes or the integral p-adic Hodge theory. However,
for an analogous study of the associated mod p Galois representation of
a Hilbert modular form over a totally real number field, we encounter
a local field of higher absolute ramification index. In this case, these
two theories no longer work well and we need some other techniques.

In this paper, to propose a new approach toward this problem, we
generalize the aforementioned result of [15] to the higher dimensional
case using the ramification theory of Abbes and Saito ([2], [3]) and
determine the tame characters appearing in G(K̄) in terms of the ram-
ification of G without any restriction on the absolute ramification index
of K. Namely, we show the following theorem.

Theorem 1.1. Let G be a finite flat group scheme over OK. Write
{Gj}j∈Q>0 for the ramification filtration of G in the sense of [2] and
[3]. Then the graded piece Gj(K̄)/Gj+(K̄) is killed by p and the IK-
module Gj(K̄)/Gj+(K̄)⊗Fp F̄p is the direct sum of Fp-conjugates of the
fundamental character θj of level j.
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2 SHIN HATTORI

In view of the following corollary, we can regard this theorem as a
counterpart for finite flat group schemes of the Hasse-Arf theorem in
the classical ramification theory.

Corollary 1.2. Let L be an abelian extension of K. Suppose that its
integer ring OL is a G-torsor over OK. Then the denominator of every
jump of the upper numbering ramification filtration {Gal(L/K)j}j∈Q>0

([2]) is a power of p.

To prove the main theorem, we firstly show that the tubular neigh-
borhood of G can be chosen to have a rigid analytic group structure.
Passing to the closed fiber, we realize the graded piece of the ramifi-
cation filtration of G as the kernel of an etale isogeny of the additive
groups Ḡr

a over F̄ . Then we determine the tame characters by compar-
ing the IK-action on the graded piece with the Ḡm-action on Ḡr

a given
by the multiplication. As an appendix, we also give an explicit formula
for the conductor of a Raynaud F-vector space scheme over OK ([14]).

Acknowledgements. The author would like to thank Takeshi Saito for
his encouragements and valuable discussions. He also wants to thank
Ahmed Abbes and Takeshi Tsuji for their helpful comments.

2. Review of the ramification theory of Abbes and Saito

Let K be a complete discrete valuation field with residue field F
which may be imperfect. Set π = πK to be an uniformizer of K.
The separable closure of K is denoted by K̄ and the absolute Galois
group of K by GK . Let mK̄ and F̄ be the maximal ideal and the
residue field of OK̄ respectively. In [2] and [3], Abbes and Saito defined
the ramification theory of a finite flat OK-algebra of relative complete
intersection. In this section, we gather the necessary definitions and
briefly recall their theory.

Let A be a finite flat OK-algebra and A be a complete Noetherian
semi-local ring (with its topology defined by rad(A)) which is of for-
mally smooth over OK and whose quotient ring A/rad(A) is of finite
type over F . A surjection of OK-algebras A → A is called an embed-
ding if A/rad(A) → A/rad(A) is an isomorphism. For an embedding
(A → A) and j ∈ Q>0, the j-th tubular neighborhood of (A → A)
is the K-affinoid variety Xj(A → A) constructed as follows. Write
j = k/l with k, l non-negative integers. Put I = Ker(A → A) and

Ak,l0 = A[I l/πk]∧, where ∧ means the π-adic completion. Then Ak,l0 is a
quotient ring of the Tate algebra OK⟨T1, . . . , Tr⟩ for some r. Its generic

fiber AjK = Ak,l0 ⊗OK
K is independent of the choice of a representation
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j = k/l ([3, Lemma 1.4]) and set Xj(A→ A) = Sp(AjK). This affinoid
variety is geometrically regular ([3, Lemma 1.6]).

We put F (A) = HomOK -alg.(A,OK̄) and F j(A) = lim←−π0(X
j(A →

A))K̄ . Here π0(X)K̄ denotes the set of geometric connected compo-
nents of a K-affinoid variety X and the projective limit is taken in
the category of embeddings of A. Note that the projective family
π0(X

j(A→ A))K̄ is constant ([3, Section 1.2]). These define contravari-
ant functors F and F j from the category of finite flat OK-algebras to
the category of finite GK-sets. Moreover, there are morphisms of func-
tors F → F j and F j′ → F j for j′ ≥ j > 0.

By the finiteness theorem of Grauert and Remmert ([8, Theorem
1.3]), there exists a finite separable extension L of K such that the
geometric closed fiber of the unit disc Xj(A → A)OL

for the supre-
mum norm in Xj(A → A)L = Xj(A → A) ×K L is reduced. Then
for any finite separable extension L′ of L, the πL-adic formal scheme
Xj(A → A)OL

⊗OL
OL′ coincides with the unit disc for the supremum

norm in Xj(A→ A)L′ and thus is normal. The πL-adic formal scheme
Xj(A → A)OL

is referred as the stable normalized integral model of
Xj(A → A) over OL and its geometric closed fiber is denoted by
X̄j(A→ A). If L/K is Galois, the Galois group Gal(L/K) acts on it by
the functoriality of the unit disc for the supremum norm. We have the
GK-equivariant isomorphism π0(X̄

j(A → A))F̄ → π0(X
j(A → A))K̄ ,

where the former is the set of geometric connected components of
X̄j(A→ A) ([3, Corollary 1.11]).

Suppose that A is of relative complete intersection over OK and
A ⊗OK

K is etale over K. Then the natural map F (A) → F j(A) is
surjective. The family {F (A)→ F j(A)}j∈Q>0 is separated, exhaustive
and its jumps are rational ([2, Proposition 6.4]). The conductor of A is
defined to be c(A) = inf{j ∈ Q>0|F (A) → F j(A) is an isomorphism}.
If B is the affine algebra of a finite flat group scheme G over OK which
is generically etale, then B is of relative complete intersection (for ex-
ample, [5, Proposition 2.2.2]) and the theory above can all be applied
to B. By the functoriality, F j(B) is endowed with a GK-module struc-
ture ([1, Lemme 2.1]) and the natural map G(K̄) = F (B)→ F j(B) is
a GK-homomorphism. Let Gj denote the schematic closure ([14]) in G
of the kernel of this homomorphism. It is called the j-th ramification
filtration of G. We refer c(B) as the conductor of G, which is denoted
also by c(G). We put Gj+(K̄) = ∪j′>jGj

′
(K̄) and define Gj+ to be the

schematic closure of Gj+(K̄) in G.
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3. Group structure on the tubular neighborhood of a
finite flat group scheme

Let K denote a complete discrete valuation field of mixed charac-
teristic (0, p) whose residue field F may be imperfect and vK the val-
uation of K extended to K̄ which is normalized as vK(π) = 1. Let
G = Spec(B) be a connected finite flat group scheme over OK . We
define a formal resolution of G to be a closed immersion G → Γ of
(profinite) formal group schemes over OK , where Γ = Spf(B) is con-
nected and smooth. Such an immersion can be constructed as follows.
By a theorem of Raynaud ([4, Théorème 3.1.1]), we can find an abelian
scheme A over OK and a closed immersion of group schemes G → A.
Taking the formal completion of A along the zero section, we get a
formal resolution of G. We refer the relative dimension of Γ over OK as
the dimension of a formal resolution (G → Γ). We define a morphism
of formal resolutions to be a pair of group homomorphisms (f, f) which
makes the following diagram commutative.

G −−−→ Γ

f

y yf

G ′ −−−→ Γ′

Note that a formal resolution of G is also an embedding of B in the
sense of Section 2. We say (f, f) is finite flat if this is finite flat as a map
of embeddings ([3]). Consider the j-th tubular neighborhood Xj(B→
B) of the embedding (B → B), which we also write as Xj(G → Γ).
The following lemma, whose first part is implicit in [1], enables us to
introduce a group structure on this affinoid variety.

Lemma 3.1. Let (A → A) and (B → B) be embeddings of finite flat
OK-algebras. Put C = A⊗̂OK

B and C = A ⊗OK
B. Then the surjec-

tion C→ C is also an embedding and we have a canonical isomorphism
Xj(C → C) → Xj(A → A) ×K Xj(B → B). Moreover, this isomor-
phism extends to a canonical isomorphism between their stable normal-
ized integral models Xj(C → C)OK̄

→ Xj(A → A)OK̄
×OK̄

Xj(B →
B)OK̄

.

Proof. By the functoriality of a tubular neighborhood, we have an affi-
noid map Φ : Xj(C → C) → Xj(A → A) ×K Xj(B → B). To
see that Φ is an isomorphism, we may replace K with a finite sep-
arable extension and suppose that A and B are local, j is an inte-
ger and A/rad(A) = B/rad(B) = F . Then we may identify A with
OK [[T1, . . . , Tr]] and B withOK [[T ′

1, . . . , T
′
r′ ]] for some r and r′. Let I =

(f1, . . . , fs) (resp. J = (g1, . . . , gs′)) be the kernel of the surjection A =
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OK [[T1, . . . , Tr]] → A (resp. B = OK [[T ′
1, . . . , T

′
r′ ]] → B). Then the

affinoid algebras of Xj(A→ A), Xj(B→ B) and Xj(C→ C) are equal
to K⟨T1, . . . , Tr⟩⟨f1/πj, . . . , fs/πj⟩, K⟨T ′

1, . . . , T
′
r′⟩⟨g1/πj, . . . , gs′/πj⟩

and K⟨T1, . . . , Tr, T ′
1, . . . , T

′
r′⟩⟨f1/πj, . . . , fs/πj, g1/πj, . . . , gs′/πj⟩ re-

spectively. This shows that Φ is an isomorphism.
Let L be a finite extension of K where the stable normalized integral

models of Xj(A → A), Xj(B → B) and Xj(C → C) are defined.

Set Ak,l0 and AjK as in Section 2. Let ÅjOL
denote the unit disc in

AjL = AjK⊗̂KL for the supremum norm. Define Bk,l0 , Ck,l0 , BjK , C
j
K ,

B̊jOL
and C̊jOL

similarly for B and C. From the proof of [8, Theorem

1.3], there exists a continuous surjection α : L⟨T1, . . . , Tr′⟩ → AjL such
that ||sup = ||α, where ||α is the residue norm induced by α. We also

have a surjection β : L⟨U1, . . . , Us′⟩ → BjL with the same property for
B. Consider the surjection α⊗̂β : L⟨T1, . . . , Tr′⟩⊗̂LL⟨U1, . . . , Us′⟩ →
AjL⊗̂LB

j
L = CjL. The unit disc in A

j
L⊗̂LB

j
L for the residue norm induced

by α⊗̂β is ÅjOL
⊗̂πLB̊

j
OL

, where ⊗̂πL denotes the πL-adic complete tensor

product overOL. Its geometric closed fiber (ÅjOL
⊗OL

F̄ )⊗F̄ (B̊jOL
⊗OL

F̄ )
is reduced. By [8, Proposition 1.1], we see that the stable normalized

integral model C̊jOL
is equal to ÅjOL

⊗̂πLB̊
j
OL

.

Corollary 3.2. Let (G → Γ) be a formal resolution of G. Then the
group structure of Γ induces a rigid K-analytic group structure on the
tubular neighborhood Xj(G → Γ). This group structure also extends to
Xj(G → Γ)OK̄

(resp. X̄j(G → Γ)) and endows it with a π-adic formal
group scheme structure over OK̄ (resp. an algebraic group structure
over F̄ ).

Moreover, for a morphism of formal resolutions (G → Γ) → (G ′ →
Γ′), the induced affinoid map Xj(G → Γ) → Xj(G ′ → Γ′) is a homo-
morphism of rigid K-analytic groups. This homomorphism also extends
to their stable normalized integral models as a homomorphism Xj(G →
Γ)OK̄

→ Xj(G ′ → Γ′)OK̄
of π-adic formal group schemes and to their

geometric closed fibers as a homomorphism X̄j(G → Γ)→ X̄j(G ′ → Γ′)
of algebraic groups over F̄ .

Let G = Spec(B) be a connected finite flat group scheme over OK
and (G → Γ = Spf(B)) be a formal resolution of dimension r. Set
Spf(A) = Γ/G and regard the zero section Spec(OK) → Spf(A) as a
formal resolution of the trivial group. Then we have a finite flat map
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of formal resolutions

G −−−→ Spf(B)y y
Spec(OK) −−−→ Spf(A).

By Corollary 3.2 and [3, Lemma 1.8], we get a finite flat map of rigid
K-analytic groups f j : Xj

G = Xj(G → Γ) → Dr,j = Xj(Spec(OK) →
Spf(A)), where Dr,j denotes the r-dimensional polydisc {(z1, . . . , zr) ∈
Or
K̄
| vK(zi) ≥ j for any i}. We call this the affinoid homomorphism

associated to a formal resolution (G → Γ). Write BjK and AjK for the

K-affinoid algebras of Xj
G and Dr,j respectively. The stable normalized

integral model over OL of Xj
G (resp. Dr,j) is denoted by Xj

G,OL
(resp.

Dr,j
OL

) and its geometric closed fiber by X̄j
G (resp. D̄r,j). Note that the

algebraic group X̄j
G is reduced, hence smooth by [16, Theorem 11.6].

Lemma 3.3. The affinoid homomorphism f j : Xj
G → Dr,j is etale for

any j > 0. Moreover, for j > c(G), there exists a finite extension K ′/K
such that Xj

G,K′ is isomorphic to the disjoint sum of finitely many copies

of Dr,j
K′.

Proof. We have Ω1
Bj
K/A

j
K

= BjK⊗̂BΩ̂B/A. It is enough to show that Ω̂B/A

is a torsion OK-module. Let JA and JB be the augmentation ideals of
A and B respectively. Set I = Ker(B→ B). Then Ω̂B/A = Coker(B⊗A

Ω̂A/OK
→ Ω̂B/OK

) is equal to B⊗OK
Coker(Cot(A)→ Cot(B)) = B⊗OK

JB/(I + J2
B) = B ⊗OK

Cot(B). This shows the first assertion. For the
second assertion, take a finite extension K ′ of K where the geometric
connected components of Xj

G are defined. By assumption, each of the

connected components of Xj
G,K′ is a finite etale cover of Dr,j

K′ whose

degree is one. Thus this is isomorphic to Dr,j
K′ .

Take a finite extension L of K where the stable normalized integral
models of Xj

G and Dr,j are defined. The generic fiber GL = G ×OK
L

can be regarded as a rigid L-analytic subgroup of Xj
G,L defined by an

ideal JL of BjL. Put J = JL ∩ B̊jOL
and B̊j = B̊jOL

/J . The latter is a
subring of BL = B ⊗K L. Since we have a commutative diagram with
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surjective horizontal arrows and injective vertical arrows

Bk,l0 ⊗OK
OL −−−→ B ⊗OK

OLy y
B̊jOL

−−−→ B̊j
OL
,

we see that B̊j
OL

is integral over B⊗OK
OL. Thus the OK-algebra B̊j

OL

is finite flat. Set Hj
OL

= Spec(B̊j
OL

). This can be regarded as a closed

πL-adic formal subscheme of Xj
G,OL

.

Lemma 3.4. The group structure of GL extends to Hj
OL

. The group

scheme Hj
OL

is a closed πL-adic formal subgroup scheme of Xj
G,OL

.

Proof. Put K = Ker(B̊jOL
⊗̂πLB̊

j
OL
→ B̊j

OL
⊗OL

B̊j
OL

) and KL = K⊗OL
L.

Let µ be the coproduct of B̊jOL
. We must show µ(J ) ⊆ K. This follows

from the commutative diagram below whose rows are exact and vertical
allows are injective.

0 −−−→ K −−−→ B̊jOL
⊗̂πLB̊

j
OL
−−−→ B̊j

OL
⊗OL

B̊j
OL
−−−→ 0y y y

0 −−−→ KL −−−→ BjL⊗̂LB
j
L −−−→ BL ⊗L BL −−−→ 0

Passing to the generic fiber, we see that the second assertion holds.

Lemma 3.5. The associated homomorphism f̊ j : Xj
G,OL

→ Dr,j
OL

is
finite flat. Moreover, there exists an exact sequence of πL-adic formal
group schemes

0→ Hj
OL
→ Xj

G,OL
→ Dr,j

OL
→ 0.(1)

Proof. From Lemma 3.3, the associated affinoid map f j : Xj
G → Dr,j is

finite etale. Let BjK and AjK be their affinoid algebras as above. Since
Dr,j is integral, we see that f j is surjective and the ring homomorphism
AjK → B

j
K is injective. Thus we have an injection ÅjOL

→ B̊jOL
, which

is finite by [6, Corollary 6.4.1/6]. Hence f̄ j : X̄j
G → D̄r,j is a surjective

homomorphism of algebraic groups over F̄ . Since X̄j
G and D̄r,j are

regular, we see that f̄ j is faithfully flat by [13, Theorem 23.1]. Since

ÅjOL
and B̊jOL

is πL-torsion free, the map f̊ j is flat by the local criterion

of flatness. PutH′ = Ker(f̊ j). This is a closed πL-adic formal subgroup
scheme of Xj

G,OL
and can be regarded also as a finite flat group scheme

over OL. Passing to the generic fiber, we see that Hj
OL

is a closed
subgroup scheme of H′. Comparing these ranks concludes the lemma.
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From Lemma 3.3, we see that for j > c = c(G), the map f̊ j identi-
fies Xj

G,OL
with the direct sum of finitely many copies of Dr,j

OL
. More

precisely, we have the following.

Lemma 3.6. Let c = c(G) be the conductor of G. Then the associated

homomorphism f̊ j : Xj
G,OL

→ Dr,j
OL

is finite etale if and only if j ≥ c.

Proof. Let spj : Xj
G → X̄j

G be the specialization map. By Lemma

3.3, we see that f̄ c is finite etale at spc(x) for any x ∈ G(K̄) as in
the proof of [2, Theorem 7.2], using a theorem of Bosch ([7, Lemma
2.1]). We conclude the etaleness of f̄ c by the existence of the group

structure. We have Ω1
B̊c
OL

/Åc
OL

⊗OL
F̄ = 0. Since B̊cOL

is πL-adic complete

and Noetherian, we see that Ω1
B̊c
OL

/Åc
OL

= 0 and the homomorphism

f̊ c : Xc
G,OL

→ Dr,c
OL

is finite etale.

Let 0̄ be the zero section of D̄r,j and set Xj+
G = ∪j′>jXj′

G . Then we

have (f̄ j)−1(0̄) = spj(X
j+
G ) = spj(G(K̄)). If f̄ j is etale, then ♯(f̄ j)−1(0̄)

equals the degree of f̄ j, namely ♯G(K̄). Thus Xj+
G splits and we have

j ≥ c.

4. Ramification and the IK-module structure of a finite
flat group scheme

Consider the right action of IK on K̄ defined by σ.z = σ−1(z) for
σ ∈ IK . This action induces a K̄-semilinear left action of IK on
Xj

G,K̄ = Xj
G ×K K̄, which also extends to an OK̄-semilinear action on

its stable normalized integral model Xj
G,OK̄

. Thus we have an F̄ -linear

left action of IK on its closed fiber X̄j
G. We call this the geometric

monodromy action of IK and write the action of σ ∈ IK as σgeom (note
that here we follow the terminology in [2], and not in [3] where the
monodromy action is called arithmetic, since in our case there is no
“geometric” action other than the monodromy action). Similarly, we
have the geometric monodromy action of IK on D̄r,j.

The latter action is described as follows. Let the additive group (resp.
multiplicative group) over F̄ be denoted by Ḡa (resp. Ḡm). Consider
the left action Ḡm × Ḡr

a → Ḡr
a given by the multiplication. Write this

action of λ ∈ F̄× as [λ]. This action is defined by Ti 7→ λTi, where Ḡr
a =

Spec(F̄ [T1, . . . , Tr]). For j ∈ Q>0, we define the fundamental character
θj : IK → F̄× to be θk

′

l′ , where k
′/l′ is the prime-to-p-denominator part
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of j mod Z ([15]). In other words, we set θj(σ) = (σ(π1/l′)/π1/l′)k
′
mod

mK̄ . Note that, for j = k/l and l = pml0 with (k, l) = 1 and p ∤ l0, we
have θj = θkp

−m

l0
.

Lemma 4.1. The algebraic group D̄r,j is equal to Ḡr
a. For σ ∈ IK, the

geometric monodromy action σgeom on D̄r,j coincides with the multipli-
cation [θj(σ)].

Proof. Put A = OK [[T1, . . . , Tr]] and j = k/l with (k, l) = 1. Let L be
a finite Galois extension of K containing π1/l and e′ = e(L/K) be its
ramification index over K. Then e′k/l ∈ Z and the stable normalized
integral model of Dr,j over OL is OL⟨T1/(πL)e

′k/l, . . . , Tr/(πL)
e′k/l⟩ =

OL⟨W1, . . . ,Wr⟩, where Wi = Ti/(π
1/l)k. Set µA to be the coproduct

of A. We have

µA(Ti) = Ti⊗̂1 + 1⊗̂Ti + (higher degree)

and then µA(Wi) = µA((π
1/l)kWi)/(π

1/l)k is equal to

Wi⊗̂π1 + 1⊗̂πWi + (π1/l)k(higher degree)

in this OL-algebra. This shows the first assertion.
On the other hand, we know the geometric monodromy action on

D̄r,j is tame ([2, Lemma 7.7]). Write l = pml0 with p ∤ l0. Then for

σ ∈ IK , we have σ((π1/l)k)/(π1/l)k ≡ θl0(σ)
kp−m

ζNpm mod mK̄ with some
N and this is equal to θj(σ). Thus the action on the affine algebra
F̄ [W1, . . . ,Wr] of D̄

r,j is given by σ∗
geom(Wi) = θj(σ)Wi. This coincides

with [θj(σ)].

Next we consider the geometric monodromy action on X̄j
G. Let X̄

j,0
G

denote the unit component of the algebraic group X̄j
G and H̄j be the

geometric closed fiber of Hj
OL

. We begin with the following lemma.

Lemma 4.2. If ψ ∈ End(X̄j,0
G ) induces the zero map on D̄r,j, then

ψ = 0.

Proof. Put H̄j
0 = H̄j∩X̄j,0

G . This is the kernel of the faithfully flat map

X̄j,0
G → D̄r,j and by assumption we have the following commutative

diagram whose rows are exact.

0 −−−→ H̄j
0 −−−→ X̄j,0

G −−−→ D̄r,j −−−→ 0y ψ

y 0

y
0 −−−→ H̄j

0 −−−→ X̄j,0
G −−−→ D̄r,j −−−→ 0

Thus ψ factors through H̄j
0. Put C̄ = Im(ψ). Then this is a closed sub-

group scheme of H̄j
0 and the map X̄j,0

G → C̄ is faithfully flat. Since X̄j,0
G
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is regular and connected, we see that C̄ is also regular and connected
by [13, Theorem 23.7]. Hence C̄ = 0 and we have ψ = 0.

Corollary 4.3. Let G be a connected finite flat group scheme over OK.
Take a formal resolution (G → Γ) of dimension r. Then the algebraic
group X̄j,0

G is isomorphic to Ḡr
a.

Proof. By the previous lemma and Lemma 4.1, we see that X̄j,0
G is killed

by p. Hence the assertion follows from [12, Lemma 1.7.1].

Corollary 4.4. The geometric monodromy action of IK on X̄j,0
G is

tame.

Proof. For an element σ of the wild inertia subgroup PK , the geometric
monodromy action σgeom on D̄r,j is trivial. Applying the lemma to

σgeom − id ∈ End(X̄j,0
G ) shows the assertion.

Corollary 4.5. Let J be a finite cyclic quotient of IK through which
the tame character θj factors and τ be a generator of J . Let F (t)
denote the minimal polynomial of θj(τ) ∈ F̄p over Fp. Then the geo-

metric monodromy action of IK on X̄j,0
G also factors through J and the

equation F (τgeom) = 0 holds in End(X̄j,0
G ).

Proof. The first assertion follows from Lemma 4.2 as the previous corol-
lary. The second assertion also follows from this lemma using Lemma
4.1.

Let c = c(G) be the conductor of G. The lemma below enables us to
realize Gc(K̄) as a subgroup of X̄c,0

G .

Lemma 4.6. The specialization map spc : X
c
G,K̄ → X̄c

G induces an IK-

equivariant isomorphism G(K̄) → H̄c(F̄ ) and Gc(K̄) → H̄c
0(F̄ ). Here

we consider on the left-hand side the natural action as the K̄-valued
points of G (resp. Gc) and on the right-hand side the restriction of the
geometric monodromy action on X̄c

G.

Proof. By definition, the generic fiber of Hc
OL

is equal to GL. From the
exact sequence (1) and Lemma 3.6, we know that Hc

OL
is etale over OL

and there is the following exact sequence of algebraic groups over F̄ .

0→ H̄c → X̄c
G → D̄r,j → 0(2)

Thus we have a natural isomorphism Hc
OL

(K̄)→ H̄c(F̄ ) and the com-

posite G(K̄) = Hc
OL

(K̄) → H̄c(F̄ ) → X̄c
G(F̄ ) coincides with the map
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spc. From [2, Corollary 4.4], we see that this map sends Gc(K̄) isomor-
phically onto H̄c

0(F̄ ).
For x ∈ Xc

G(K̄) and σ ∈ IK , let σ(x) denote the natural action of
σ on K̄-valued points. Then we have σgeom(x) ◦ σ = σ(x). Taking its
specialization shows the IK-equivariance.

The following theorem can be regarded as a generalization for a finite
flat group scheme over OK of the structure theorem of the graded piece
of the classical upper numbering ramification filtration.

Theorem 4.7. Let G be a finite flat group scheme over OK and j ∈
Q>0. Then the GK-module Gj(K̄)/Gj+(K̄) is tame and killed by p.

Proof. Since Gj = (G0)j, where G0 denotes the unit component of G,
we may assume G is connected. Suppose that j is a jump of the ram-
ification filtration on G and consider the quotient G/Gj+. The sub-
group Gj(K̄) ⊆ G(K̄) has a non-trivial image in (G/Gj+)(K̄). By
the Herbrand theorem ([1, Lemme 2.10]), the natural map Gt(K̄) →
(G/Gj+)t(K̄) is surjective for any t > 0. We have (G/Gj+)t = 0 for t > j
and (G/Gj+)j ̸= 0. Thus the ramification filtration on G/Gj+ jumps
at j and (G/Gj+)j(K̄) = Gj(K̄)/Gj+(K̄). Replacing G with G/Gj+, we
may assume j = c = c(G).

Take a formal resolution (G → Γ) of dimension r and consider its as-
sociated affinoid homomorphism Xc

G → Dr,c. Then the theorem follows
from Corollary 4.3, Corollary 4.4, and Lemma 4.6.

From this theorem, we see that the inertia subgroup IK acts on
Gj(K̄)/Gj+(K̄)⊗Fp F̄p by the direct sum of tame characters. The the-
orem below determines these characters up to p-power exponent.

Theorem 4.8. Let G be a finite flat group scheme over OK and j ∈
Q>0. Then IK acts on Gj(K̄)/Gj+(K̄) ⊗Fp F̄p by the direct sum of
Fp-conjugates of the fundamental character θj.

Proof. We may assume that G is connected. The same argument as
in the proof of Theorem 4.7 using the Herbrand theorem reduces the
claim to the case where j = c = c(G). Take a formal resolution (G → Γ)
of dimension r. Let J and τ be as in Corollary 4.5. Then Corollary
4.5 and Lemma 4.6 show that every eigenvalue of the action of τgeom
on the finite dimensional Fp-vector space Gc(K̄) is a conjugate of θj(τ)
over Fp. Since the order of J is prime to p, we conclude that IK acts
on Gc(K̄)⊗Fp F̄p by the direct sum of Fp-conjugates of θc.
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Corollary 4.9. Let G be a finite flat group scheme over OK. Then the
order of the image of the homomorphism IK → Aut(G(K̄)) is a power
of p if and only if every jump j of the ramification filtration {Gj}j∈Q>0

is an element of Z[1/p].
Proof. From Theorem 4.8, we see that the jumps are in Z[1/p] if and
only if the graded pieces Gj(K̄)/Gj+(K̄) are unramified. By Theorem
4.7, this is equivalent to the condition that ♯Im(IK → Aut(G(K̄))) is a
p-power.

When G(K̄) is unramified and killed by p, we have the following re-
inforcement of this result, which is an easy corollary of the Herbrand
theorem. The author does not know if every jump is an integer when-
ever G(K̄) is unramified. If G is monogenic, then we see that this holds
true from [11, Theorem 4].

Proposition 4.10. Let G be a finite flat group scheme over OK which
is killed by p. Suppose that the GK-module G(K̄) is unramified. Then
every jump j of the ramification filtration {Gj}j∈Q>0 is an element of
pZ.
Proof. We may assume K = Knr and GK acts trivially on G(K̄). There
is a quotient W of G(K̄)/Gj+(K̄) where Gj(K̄) has a non-trivial image
and of rank one over Fp. Taking the schematic closure, W extends to
a finite flat group scheme W over OK which is a quotient of G/Gj+.
By the Herbrand theorem, we see that the ramification filtration of W
jumps at j. On the other hand,W is a Raynaud Fp-vector space scheme
with unramified generic fiber. Thus the proposition follows from [11,
Theorem 4].

For the rest of this section, we state some corollaries in the case
where G is an F-vector space scheme of rank one or two for a finite
extension F over Fp. In the case of rank one, Theorem 4.8 directly
shows the claim below, while this can be shown also as a corollary of
a determination of the conductor of a Raynaud F-vector space scheme
(Theorem 5.5).

Corollary 4.11. Let G be an F-vector space scheme of rank one over
OK and c = c(G). Then the IK-action on the F-vector space G(K̄) of
rank one is given by the character θp

n

c for some n.

In the case of rank two, we have the following.

Corollary 4.12. Let G be a finite flat F-vector space scheme of rank
two over OK and c = c(G). Then the IK-module G(K̄)⊗F F̄p contains
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the character θp
n

c for some n. If the GK-module G(K̄) is reducible, this
holds true for G(K̄) itself.

Proof. The first assertion follows easily from Theorem 4.8 and the sur-
jection Gc(K̄)⊗Fp F̄p → Gc(K̄)⊗F F̄p. Suppose the IK-module G(K̄) is
reducible. When Gc is of rank one, the assertion is clear from Theorem
4.8. If Gc = G, then Gc is reducible and the assertion follows also from
Theorem 4.8.

The corollary below indicates that the conductor c(G) carries infor-
mation about not only the tame characters but also their extension
structures in the IK-module G(K̄).

Corollary 4.13. Consider an exact sequence of finite flat F-vector
space schemes over OK

0→ G1 → G → G2 → 0

where G1 and G2 are connected of rank one. If c(G) = c(G2), then the
IK-module G(K̄) splits.

Proof. Put c = c(G). Take a formal resolution (G → Γ) of dimension r
and put Γ2 = Γ/G1. Then we get a finite flat map of formal resolutions

G −−−→ Γy y
G2 −−−→ Γ2.

Therefore we have a finite flat homomorphism of rigidK-analytic groups
Xj(G → Γ) → Xj(G2 → Γ2) by Corollary 3.2. As in the proof of
Lemma 3.3, we see that this map is finite etale.

Suppose Gc(K̄) is of rank one. If Gc(K̄) ̸= G1(K̄) as an F-subspace of
G(K̄), the IK-module G(K̄) splits and the proposition follows. Suppose
Gc(K̄) = G1(K̄). The affinoid variety Xc(G → Γ) decomposes to ♯F
components over some finite extension K ′ of K. Each component is
a Zariski open and closed subset of Xc(G → Γ)K′ . As the map f :
Xc(G → Γ)K′ → Xc(G2 → Γ2)K′ is finite etale and Xc(G2 → Γ2)K′

is connected, every component Xc,i(G → Γ)K′ maps surjectively to
Xc(G2 → Γ2)K′ . Take some gi ∈ G(K̄) ∩ Xc,i(G → Γ)K′ . Using the
group structure, we see that G(K̄) ∩ Xc,i(G → Γ)K′ = gi + Gc(K̄) =
gi + G1(K̄) and f(G(K̄) ∩Xc,i(G → Γ)K′) = f(gi). However, we have
f−1(G2(K̄)) = G(K̄) and thus f(G(K̄)∩Xc,i(G → Γ)K′) = G2(K̄). This
is a contradiction. Therefore we may assume Gc(K̄) = G(K̄). In this
case, the proposition follows from Theorem 4.7.



14 SHIN HATTORI

5. Example: rank one calculation

In this section, we calculate the conductor of a Raynaud F-vector
space scheme over OK . The point is that, as we can see from the
bound of the conductor ([11, Theorem 7]), it is enough to consider the
j-th tubular neighborhood only for j ≤ pe/(p− 1) + ε with sufficiently
small ε > 0. For such j, we can compute the tubular neighborhood
easily by Lemma 5.4 below.

Let K be a complete discrete valuation field of mixed characteristic
(0, p). We write π = πK for its uniformizer and e for its absolute
ramification index. We normalize a valuation vK of K as vK(π) = 1
and extend it to the algebraic closure K̄ of K. For a ∈ K̄ and j ∈ R,
let D(a, j) denote the closed disc {z ∈ OK̄ | vK(z−a) ≥ j}. This is the
underlying subset of a K(a)-affinoid subdomain of the unit disc over
K(a).

For integers 0 ≤ s1, . . . , sr ≤ e, let G(s1, . . . , sr) denote the Raynaud
Fpr -vector space scheme over OK defined by the r equations T p1 =
πs1T2, T

p
2 = πs1T3, . . . , T

p
r = πsrT1 ([14]). We set jk = (psk + p2sk−1 +

. . . + pks1 + pk+1sr + pk+2sr−1 + · · · + prsk+1)/(p
r − 1). Before the

calculation of c(G(s1, . . . , sr)), we gather some elementary lemmas.

Lemma 5.1. Let a ∈ OK and s = vK(a). Then the affinoid variety
Xj(K̄) = {x ∈ OK̄ | vK(xp − a) ≥ j} is equal to{

D(a1/p, j/p) if j ≤ s+ pe/(p− 1),⨿p−1
i=0 D(a1/pζ ip, j − e− (p− 1)s/p) if j > s+ pe/(p− 1).

Proof. We have vK(x
p − a) =

∑
i vK(x − a1/pζ ip). If vK(x − a1/pζ ip) ≥

vK(x − a1/pζ i
′
p ) for any i′ ̸= i, then vK(x − a1/pζ i

′
p ) ≤ vK(a

1/pζ i
′
p (1 −

ζ i−i
′

p )) = s/p+ e/(p− 1). Thus we have vK(x− a1/pζ ip) ≥ sup(j/p, j −
(p− 1)s/p− e) and

Xj(K̄) ⊆
∪
i

D(a1/pζ ip, sup(j/p, j − (p− 1)s/p− e)).

Suppose that j/p ≥ j−(p−1)s/p−e. Then we have vK(a
1/p(1−ζ ip)) =

s/p+ e/(p− 1) ≥ j/p, D(a1/p, j/p) = D(a1/pζ ip, j/p) for any i and thus

Xj(K̄) = D(a1/p, j/p).

When j/p < j−(p−1)s/p−e, we have vK(a1/p(1−ζ ip)) = s/p+e/(p−
1) < j−(p−1)s/p−e. This means that if w ∈ D(a1/pζ ip, j−(p−1)s/p−e)
for some i, then vK(w − a1/pζ i

′
p ) < j − (p− 1)s/p− e for any other i′.
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Thus the discs D(a1/pζ ip, j − (p− 1)s/p− e) are disjoint and

Xj(K̄) =
⨿
i

D(a1/pζ ip, j − (p− 1)s/p− e).

These are equalities of the underlying sets of affinoid subdomains
of the unit disc over K(a1/p, ζp). By the universality of an affinoid
subdomain, this extends to an isomorphism of affinoid varieties.

We can prove the following lemma just in the same way.

Lemma 5.2. The affinoid variety {x ∈ OK̄ | vK(xp
r − ax) ≥ j} is

equal to {
D(0, j/pr) if j ≤ prv(a)/(pr − 1),⨿pr−1

i=0 D(σi, j − v(a)) if j > prv(a)/(pr − 1),

where σi’s are the roots of Xpr = aX.

Lemma 5.3. For g1(Y1, . . . , Yd), g2(Y1, . . . , Yd) ∈ K[Y1, . . . , Yd] and
j1 ≥ j2, the affinoid variety {(x, y1, . . . , yd) ∈ OK̄ × OdK̄ | vK(x −
g1(y1, . . . , yd)) ≥ j1, vK(x−g2(y1, . . . , yd)) ≥ j2} is equal to {(x, y1, . . . , yd) ∈
OK̄×OdK̄ | vK(x−g1(y1, . . . , yd)) ≥ j1, vK(g1(y1, . . . , yd)−g2(y1, . . . , yd)) ≥
j2}.

Proof. For fixed (x, y), these two conditions are equivalent. The uni-
versality of an affinoid subdomain proves the lemma.

Lemma 5.4. Let a ∈ OK and s = vK(a). If j ≤ pe/(p− 1) + s, then
the affinoid variety Xj(K̄) = {(x, y) ∈ OK̄ ×OK̄ | vK(xp − ayp

n
) ≥ j}

is equal to {(x, y) ∈ OK̄ ×OK̄ | vK(x− a1/pyp
n−1

) ≥ j/p}.

Proof. Lemma 5.1 shows that the fiber of the second projectionXj(K̄)→
OK̄ at y is equal to{

D(a1/pyp
n−1
, j/p) if j ≤ s+ pn−1vK(y) + pe/(p− 1),⨿p−1

i=0 D(a1/pζ ipy
pn−1

, j − e− (p− 1)(s+ pn−1vK(y))/p) otherwise.

Thus we have Xj(K̄) = {(x, y) ∈ OK̄ ×OK̄ | vK(x− a1/pyp
n−1

) ≥ j/p}
for j ≤ pe/(p− 1) + s. This is the underlying set of a K(a1/p)-affinoid
variety. Again this equality extends to an isomorphism over K(a1/p).

Now we proceed to the proof of the main theorem of this section.

Theorem 5.5. c(G(s1, . . . , sr)) = supk jk.
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Proof. We may assume that jr is the supremum of jk’s. If jr = 0, then
G(s1, . . . , sr) is etale and c(G(s1, . . . , sr)) = 0. Thus we may assume
jr > 0. Consider the homomorphism of OK-algebras

A = OK [T1, . . . , Tr]/(T1p − πs1T2, . . . , Trp − πsrT1)→
B = OK [W,T2, . . . , Tr]/(W pr − πs1T2, T2p − πs2T3, . . . ,

Tr−1
p − πsr−1Tr, Tr

p − πsrW pr−1

),

defined by T1 7→ W pr−1
. This induces a surjection of K-affinoid vari-

eties

Xj
B(K̄) ∋ (w, t2, . . . , tr) 7→ (wp

r−1

, t2, . . . , tr) ∈ Xj
A(K̄),

where

Xj
A(K̄) = {(t1, . . . , tr) ∈ OrK̄ | vK(t1

p − πs1t2) ≥ j, . . . ,

vK(tr−1
p − πsr−1tr) ≥ j, vK(tr

p − πsrt1) ≥ j}
and

Xj
B(K̄) = {(w, t2, . . . , tr) ∈ OrK̄ | vK(w

pr − πs1t2) ≥ j,

vK(t2
p − πs2t3) ≥ j, . . . , vK(tr

p − πsrwpr−1

) ≥ j}.
These are affinoid subdomains of the r-dimensional unit polydisc over
K. We calculate a jump of {F j(B)}j∈Q>0 at first.

Lemma 5.6. If jr < pe/(p − 1), then the first jump of {F j(B)}j∈Q>0

occurs at j = jr and ♯F
jr(B) = pr.

Note that the base change from K to a finite extension L multiplies
si’s, ji’s and e by the ramification index of L/K. Thus, to prove Lemma
5.6 and Theorem 5.5, we may assume that pr−1 divides si’s and e.

Proof. Consider the K-affinoid variety Xj
B for j ≤ pe/(p − 1). Then

the iterative use of Lemma 5.4 and Lemma 5.3 shows that the affinoid
variety Xj

B(K̄) is equal to

{vK(wp
r − π(sr+psr−1+...+pr−1s1)/pr−1

w) ≥ pl1(j), vK(t2 − g2(w)) ≥ u2,

vK(t3 − g3(t2, w)) ≥ u3, . . . , vK(tr − gr(tr−1, w)) ≥ ur},
where li(j), gi(ti−1, w), g2(w) and ui are defined as follows;

• lr(j) = j/p,
• li−1(j) = inf(j, li(j) + si−1)/p,
• gi(ti−1, w) = tpi−1/π

si−1 and ui = j − si−1 if j ≥ li(j) + si−1,

• gi(ti−1, w) = πsr+psr−1+...+pr−isi/p
r−i+1

wp
i−2

and ui = li(j) if j <
li(j) + si−1,
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• g2(w) = g2(w
pr−1

, w).

Note that li(j) is a strictly monotone increasing function of j. This
affinoid variety is isomorphic to the product of the affinoid variety {w ∈
OK̄ | v(wp

r−π(sr+psr−1+...+pr−1s1)/pr−1
w) ≥ pl1(j)} and discs. Therefore,

from Lemma 5.2, we see that the first jump of {F j(B)}j∈Q>0 occurs at
j such that pl1(j) = jr, provided this j satisfies 0 < j < pe/(p − 1).
Moreover, then we have ♯F j(B) = pr. Thus the following lemma and
the strict monotonicity of l1 terminate the proof of Lemma 5.6.

Lemma 5.7. l1(jr) = jr/p.

Proof. Suppose that there is k such that lk(jr) = jr/p and jr ≥ lk′(jr)+
sk′ for any 1 < k′ ≤ k. Then we have l1(jr) = inf(jr, (jr + psk−1 +
p2sk−2 + . . . + pk−1s1)/p

k−1)/p and the assumption jk−1 ≤ jr implies
l1(jr) = jr/p.

On the other hand, let s = (sr + psr−1 + . . . + pr−1s1)/p
r−1 and

σ0, . . . , σpr−1 be the roots of the equation Xpr − πsX = 0. Then we

see that the images by w 7→ wp
r−1

of the discs D(σi, pl1(j) − s) are
disjoint for j > jr. Hence the surjection π0(X

j
B(K̄)) → π0(X

j
A(K̄)) is

bijective for 0 < j ≤ pe/(p − 1) and the first (and the last) jump of
{F j(A)}j∈Q>0 also occurs at jr, provided jr < pe/(p− 1).

When jr = pe/(p−1), we see that sk = e > 0 for any k. Thus we can
use Lemma 5.4 for j < pe/(p−1)+ε with sufficiently small ε > 0. Then,
by the same reasoning as above, we conclude that c(A) = pe/(p− 1).
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