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Abstract

We study the reflectional symmetry of a generically embedded 2-dimensional
surface M in the hyperbolic or de Sitter 3-dimensional spaces. This symmetry is
picked up by the singularities of folding maps that are defined and studied here.
We also define the evolute and symmetry set of M and prove duality results
that relate them to the bifurcation sets of the family of folding maps.

1 Introduction

The investigation in this paper is the analogue of that in [5, 28] for surfaces in the
Euclidean space R®. In [5] is studied the reflectional symmetry of a smooth surface
M c R? in planes in R3. A surface M is reflectionally more symmetric across the
planes with normals a principal direction at p € M than any other plane through
p. This reflectional symmetry is studied via the family of folding maps, which is
a 3-parameter family of mappings obtained by conjugating the fold map (z,y,z2) —
(z,9?, 2) by Euclidean motions ([2, 5]). The following result, with important geometric
consequences, is shown in [5]: the bifurcation set of the family of folding maps is dual
to the union of the focal and symmetry sets of M. The focal set and the symmetry set
also arise as the bifurcation sets of the family of distance squared functions restricted
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to M. Recall that the distance squared function measures the contact of the surface
with spheres, so the focal set is the centre of osculating spheres and the symmetry set
is the centre of bi-tangent spheres to the surface. The duality result in [5] provides a
powerfull tool for studying the affine geometry of the focal set of M and in turn obtain
geometric information about the surface M itself; see for example [3, 4, 5, 24, 25, 28]
and [7, 8] for the plane curves case.

Here we consider a smooth surface M in the hyperbolic space H f’r( —1) or in the de
Sitter space S}. The hyperbolic and the de Sitter spaces sit in the Minkowski space R}
endowed with the Laurentz pseudo scalar product (&, y) = —zoyo + z1y1 + T2y + T3Ys3,
where & = (¢, x1, 22, x3) and Yy = (Yo, Y1, Y2,¥3). In section 3 we deal with surfaces
in H?(—1). For such surfaces we define the family of folding maps, which is a 3-
parameter family of mappings from H?(—1) to H3(—1) obtained by conjugating the
fold map (y/22 + 22 + 22 + 1,71, 29, 73) — (/23 + 2} + 23 + 1,21, 2%, 23) by hyper-
bolic motions (see Section 3 for details). The first analogous result to the Euclidean
case is that the surface M is reflectionally more symmetric across the hyperplanes
with normals a principal direction at p € M than any other hyperplane through p.
For the analogous duality result we require some ingredients for dealing with the ex-
trinsic geometry of submanifolds in R}, The first is the duality concepts introduced
by the first author in [9, 10], and the second is the concepts of evolute and symmetry
set of surfaces in H?(—1). The concept of evolute is introduced in [17, 20] and the
symmetry set is defined in this paper. With these ingredients at hand, we show that
the bifurcation set of the family of folding maps is dual to the union of the evolute
and symmetry set (Theorem 3.8). The evolute and symmetry set are the local and
multi-local strata of the bifurcation set of the family of timelike and spacelike height
functions. We draw geometric consequences about the geometry of M from the duality
result.

We also deal in this paper with families of folding maps on spacelike and timelike
surfaces in S} and prove similar results to those for surfaces in the hyperbolic space
(Sections 4 and 5). We need to define for theses cases the notion of evolute and
symmetry set. We do this following the same approach in [17, 20] using the timelike
and spacelike height functions. We observe that timelike surfaces present distinct
geometric properties to those of spacelike surfaces (see Section 5). This is due to the
presence of two lightlike directions on each tangent space of the surface.

2 Preliminaries

The Minkowski (n+ 1)-space (R}, ())) is the (n + 1)-dimensional vector space R
endowed with the pseudo scalar product

n
(z,y) = —woyo + inym
=1



for & = (z0,...,2,) and y = (yo, ..., yn) in RT". We say that a vector = in R}™\ {0}
is

spacelike if (x,x) > 0,

lightlike if (x, ) = 0,

timelike if (x,x) < 0.

The norm of a vector x € R} is defined by ||z| = /|{x,z)|. Given a vector
v € R7™ and a real number ¢, the hyperplane with pseudo normal v is defined by

HP(v,c) = {x € R | (z,v) = c}.

We say that HP(v,c) is a spacelike, timelike or lightlike hyperplane if v is timelike,
spacelike or lightlike respectively. We have the following three types of pseudo-spheres
in Ry

Hyperbolic n-space : H"(—1) ={x € R’f“ | (x,z) = —1},
de Sitter n-space : St ={x c Ry | (x,x) =1},
(open) lightcone : LC* ={x ¢ R"\ {0} | (z,x) = 0}.
The hyperbolic space has two connected components, H?(—1) = {x € H"(—1)| zp >

1} and H"(—1) = {x € H"(—1)| ¢ < —1}. We only consider embedded surfaces in
H?(—1) as the study is similar for those embedded in H"(—1).

Given n vectors aq,...,a, € R?H, we consider the wedge product a; A --- A a,
given by
—€y € €n
ay ay,
2 2 2
al/\~--/\an: Qg ay ap, 5
n n n
aj af an
where {eg,ei,...,e,} is the canonical basis of R!*" and a; = (aj,al,...,al), i =

1,...,n. One can check that
(a,ay A\ -+ Nay,) =det(a,a,...,a,),
so the vector a; A - -+ A a,, is pseudo orthogonal to a;, for alli =1,...,n.

We require some properties of contact manifolds and Legendrian submanifolds for
the duality results in this paper (for more details see for example [1]). Let N be a
(2n + 1)-dimensional smooth manifold and K be a field of tangent hyperplanes on N.
Such a field is locally defined by a 1-form «. The tangent hyperplane field K is said
to be non-degenerate if a A (da))™ # 0 at any point on N. The pair (N, K) is a contact
manifold if K is a non-degenerate hyperplane field. In this case K is called a contact
structure and « a contact form.



A submanifold ¢ : L C N of a contact manifold (N, K) is said to be Legendrian if
dim L =n and di, (T, L) C Ki(x) at any x € L. A smooth fibre bundle 7 : £ — M is
called a Legendrian fibration if its total space E is furnished with a contact structure
and the fibres of m are Legendrian submanifolds. Let 7 : £ — M be a Legendrian
fibration. For a Legendrian submanifold ¢ : L C E, mo¢ : L — M is called a
Legendrian map. The image of the Legendrian map o2 is called a wavefront set of ¢
and is denoted by W (%).

In [9, 10, 20] are considered five double fibrations. We recall here only those that
are needed in this paper (and keep the notation of [9, 10, 20]).

(1) (a) H"(=1) x 57 D Ay = {(v,w) | {v,w) =0},

(b) m11 : Ay — H™(—1), mp: Ay — ST,

(C) 011 = <d’U,’U)>‘A1, 912 = <’U,d’U)>‘A1.

(5) (a) ST x ST D Az = {(v,w) | (v, w) =0},
(b) 51 - A5 — S?,TF52 . A5 — S?,
(C) 651 = <d’U,’U)>‘A5, 052 = <’U,d’U)>‘A5.

Here, ;1 (v, w) = v and ms(v, w) = w for i = 1,5, (dv, w) = —wedvg+> ., w;dv;
and (v, dw) = —vpdwy + Y5, vidw;. The 1-forms ;' (0) and 6,'(0), i = 1,5, define
the same tangent hyperplane field over A; which is denoted by K;.

Theorem 2.1 ([9, 10, 20]) The pairs (A;, K;), i = 1,5, are contact manifolds and
w1 and o are Legendrian fibrations.

Remark 2.2 (1) Given a Legendrian submanifold 2 : L — A;, i = 1,5, Theorem 2.1
states that m;1(¢(L)) is dual to mp(2(L)) and vice-versa. We shall call this duality
A;-duality.

(2) If w11 (2(L)) is smooth at a point 73 (2(w)), then m2(i(w)) is the normal vector
to the hypersurface m1(¢(L)) C HY(—1) at m1(¢(w)). Conversely, if m2(¢(L)) is
smooth at a point m2(¢(w)), then m11(¢(w)) is the normal vector to the hypersurface
m2(4(L)) C S7. The same properties hold for the As-duality.

3 Surfaces in H?(—1)

Spacelike surfaces are those with tangent space at any point containing only spacelike
vectors. So any surface in the hyperbolic space H i(—l) is a spacelike surface, but this
is not the case for surfaces in S?. An important observation for spacelike surfaces M
in H2(—1) and S} is that the restriction of the pseudo-scalar product in R} to M is a
scalar product, so the differential of the Gauss map can be represented by a symmetric
matrix (more details below). We shall deal in details with surfaces in H?(—1) and
make some observations about spacelike surfaces in S? in §4 as their study is similar.



The extrinsic geometry of hypersurfaces in the hyperbolic space is studied in [9, 10,
11, 12, 13, 14, 15, 16, 17, 18, 19, 21]. Let M be an 2-dimensional manifold embedded
in H?(—1). Given a local chart ¢ : U — M, where U is an open subset of R? we
denote by @ : U — H?(—1) such embedding and identify «(U) with U through the
embedding x and write M = x(U).

Since (x,x) = —1, we have (x,,,x) =0, for i = 1,2, where u = (uy,u2) € U and
x,, = 0x/0u;. We define the spacelike unit normal vector e(u) to the surface at a(u)
by

() = E N @0 (1) A @)
@) A @y, () Ay, ()]

It follows that the vectors « + e are lightlike. Let
E:U— S and L*: U — LC*

be the maps defined by E(u) = e(u) and L*(u) = x(u) £ e(u). These are called,
respectively, the de Sitter Gauss indicatriz and the lightcone Gauss indicatriz of M
([15]).

For any p = x(up) € M and v € T,M, one can show that DyE € T,M, where
D, denotes the covariant derivative with respect to the tangent vector v. Since the
derivative dx(ug) can be identified with the identity mapping 17,3 on the tangent
space T, M, we have dL*(uy) = L7,m & dE(up), under the identification of U and M
via the embedding .

The linear transformation A, = —dE(uy), called the de Sitter shape operator, is a
self-adjoint operator. Because the restriction of the pseudo-scalar product in R} to M
is a scalar product, A, has an orthogonal basis formed by its eigenvectors (when its
eigenvalues are distinct). Its eigenvalues k;, i = 1,2, are called the (de Sitter) principal
curvature and the corresponding eigenvectors p;, i = 1,2, are called the (de Sitter)
principal directions. The linear transformation S5 = —dIL*(uy), labelled the lightcone
shape operator of M at p, is also a self-adjoint operator. It has the same eigenvectors
as A, but its eigenvalues are distinct from those of A,. In fact the eigenvalues & of
S;E satisfy A7 = —1 & Ky, 1 = 1,2. We say that a point p = x(ug) € M is an umbilic
point if A, = k(p)lr,a. We also say that M is totally umbilic if all points of M are
umbilic.

Definition 3.1 A surface given by the intersection of H? (—1) with a spacelike, time-

like or lightlike hyperplane is called respectively sphere, equidistant surface or horo-
sphere. The intersection of the surface with timelike hyperplane through the origin s
called a plane.

Proposition 3.2 [6, 15, 17] Suppose that M = x(U) is totally umbilic. Then k(p) is
a constant k for all p € M. Under this condition, we have the following classification.
(1) If k? > 1, then M is a part of a sphere.
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(2) If k* = 1, then M is a part of a horosphere.
(3) If k* < 1, then M s a part of an equidistant surface. In particular, if k = 0,
then M 1is a part of a plane.

3.1 Evolute and symmetry set

In [17] (see also [16] for the curves case) is introduced the notion of evolute (or focal
surface) of a hypersurface in hyperbolic space. For a surface @ : U — H?(—1), the
total evolute (evolute for short) of &(U) = M is defined by

i—2 —Hl(u) x(u 1 elu U
" _U{i |/~e%<u>—u< ) ())’ EU}’

=1

where k;, i = 1,2, are the de Sitter principal curvature at x(u). Observe that TE™
is the reflection of TET with respect to the origin (so we have two copies of the total
evolute). We assume here that p = x(u) is not a horoparabolic point, that is, x7(u) # 1
for i = 1,2 (this is equivalent to the lightcone principal curvature not vanishing at u).
The evolute has the following decomposition

TE* = HE* U SE®,

where HE* is the hyperbolic space component of the evolute and corresponds to points
u where £2(u) > 1 and SE* is the de Sitter component of the evolute and corresponds
to points u where k?(u) < 1.

The evolute has some interesting geometric properties. Let

HT .U x H*(-1) =R
denote the hyperbolic timelike height function given by H” (u,v) = (x(u), v), and
HY:Ux S} =R

denote the hyperbolic spacelike height function given by H®(u,v) = (x(u),v). The
function HT measures the contact of the surface with spheres and H® measures its
contact with equidistant surfaces (see Definition 3.1). One can show that the evolute
is the union of the local strata of the bifurcation sets LBif(H7) and LBif(H?®) of the
families H7 and H*® respectively ([17]). More precisely,

LBif(H7) = HE* UHE",
LBif(H5) = SE* USE".

So the evolute parametrises the spheres or equidistant surfaces that have degenerate
contact with M (i.e., parametrises the set of v for which H = HT(-,v) or Hy =
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H®(-,v) has a singularity of type A, or worse). Observe that if u is a degenerate
singularity of H} (resp. Hj)) then it is also a degenerate singularity of HT,, (resp.
H?,). This is why we have two copies TET and TE™ of the evolute. The evolute can
also be characterised as a caustic, and therefore has generic Lagrangian singularities
(17, 20].

We have the following observation needed for the duality result in this paper.

Proposition 3.3 Let ¢ be a smooth point on the evolute associated to the principal
curvature k;, 1 = 1 or 2. Then the normal to the evolute at q is along the principal
direction p; associated to K;.

Proof. Let ¢ : U — H3(—1)U S}, i = 1,2, given by

C-iu: LU) r\u 1 elu
() = & |K?(u)_1‘( W)+ <>),

be a local parametrisation of the evolute. Let p be the point on the surface correspond-
ing to the point ¢ on the evolute. As ¢ is a smooth point on the evolute, the principal
curvatures are distinct at p. We can then choose a local parametrisation « : U —
H3(—1) of the surface at p so that u; =constant, i = 1,2, represent the lines of cur-
vatures. The part of the evolute that is associated to a given principal curvature s; is
parametrised by ¢ (u) = A(u)(z(u)+1/k;(u)e(u)) where A(u) = +x;(u)/+/|x2(u) — 1].
We have <cl-i, pl-> = 0 as p; is tangent to M. Because of the chosen parametrisation,
we have (@,,,p;) = 0 for j # i. Also (e,,,p;) = (de.x,,,p;) = (—kKixy,,p;) and
<euj,pi> = —Kj <a:u].,pi> = 0 for j # i. Therefore,

+
(5 )= (o (o o) 02 (o dew () ) 2 =0

and for j # 1,

Bc?: = {2\ 1 A 1 0 1 -0

8u]- ) pi - U j T + n_ie + wuj + n_ie“j + %K_z € ) pi - )
which proves the assertion. O

We consider now the multi-local strata of the bifurcation sets of the spacelike and
timelike height functions. (This is analogous to the study of the multi-local stratum
of the distance squared function on surfaces in the Euclidean space R3.)

Definition 3.4 The symmetry set of M, denoted by SS, is the closure of the set
spheres in H3(—1) or equidistant surfaces in S} that are tangent to M in at least two
distinct points. It is the union of the closure of the multi-local strata of the bifurcation
sets of the spacelike and timelike family of height functions H® and HT.



We denote by SS” (resp. Ss® ) the component of the symmetry set related to the
timelike (resp. spacelike) family of height function.

Proposition 3.5 (1) A point ¢ € H*(—1)US} is on the SS of a surface M C H3(—1)
if and only if there exists two distinct points p1 and ps on M such that the tangent
planes T, M and T,,,M are symmetric with respect to the equidistant surface orthogonal
to the geodesic joining py and ps and passing through the midpoint of the segment pyps.

(2) Let q be a smooth point on the SS corresponding to the bi-tangency of a sphere
(resp. equidistant surface) to the surface M at two points py and py. Then the normal
to the SS at q is the normal to the equidistant surface in (1).

Proof. (1) Let @y : Uy — M and x5 : Uy — M be local coordinates on M around
21(0,0) = p; and x5(0,0) = p,. By a hyperbolic motion, we can suppose that the
equidistant surface orthogonal to the geodesic joining p; and p, and passing through
the midpoint of the segment pip, is given by xo = 0. If vg = (0,0, 1,0), then p, =
p1 — 2 {p1,vo) vo.

The height function H} (resp. Hy,) has two singularities at p; and p, at the same
level if and only if v = A\p; + e = apy + Bes with —A2+p? = —1 and —a? + 3% = —1
(resp. —A?2+p? =1 and —a?+ 32 = 1) and (p;,v) = (ps,v). Here e; and ey are
the normal vectors to the surface at p; and p, respectively. Since (p;,p;) = —1 and
(pi,e;) = 0 for i = 1,2, it follows that

(p1,v) = =X = a(p1,p2) + B (p1, €2) . (1)
We have (p; — pa, v) = 0. Therefore (p; — po, aps + [Sez) = 0, equivalently,

o+ a(py,p2) + B (p1,e2) =0 (2)

It follows from equations (1) and (2) that A = « and hence p = +3. We can
assume that p = § by changing the orientation of the surface at ps if necessary (by
taking —ey as the normal vector at ps). Now Ap; + pe; = aps + feq, so e; — ey is
parallel to p; — p2, and hence is parallel to vg. This implies that e, is symmetric to e;
with respect to the plane x5 = 0 and hence the normal plane N,, M (generated by po
and e,) is symmetric to the normal plane N, M (generated by p; and e;) with respect
to o = 0. Consequently, T, M is symmetric to T),, M with respect to xo = 0.

(2) We consider the setting in (1) and deal with the multi-local singularities of the
timelike height function. The case of the spacelike height function follows in the same
way. Consider the map ®7 : U; x Uy x H3(—1) — R® given by

(uv v, v) = (<m1(u)7 ’U> - <$2(U)7 v>7 <m1u1 (u)7 v>7 <m1u2 (u)7 v>7 <m2'u1 (U)v ’U>, <:B2'u2 (U)v ’U>)
with v = (u1,us) and v = (vy,v2). Then SST = 73((®7)~1(0)), where 73 is the

canonical projection to the third component. To prove the statement it is enough to
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show that (vg,dv) = 0 at ¢, where v € SST. Since (u,v,v) € (®7)7(0), we have
(x1(u) — xo(v),v) = 0. By differentiating, we have (x;(u) — x3(v),dv) = 0, and the
assertion follows from the fact that p; — p, is parallel to vg. O

3.2 The folding family

We shall restrict our study to 2-dimensional surfaces in H?(—1). However, the con-
struction of the family of folding maps we give here is valid in H%(—1), n > 3, and for
any embedded submanifold in H?(—1). For the surface case in H?(—1), the folding
maps can be represented locally by a map-germ (R? 0) — (R?,0). The singularities of
such mappings are well known (see for example [22]) and one can deduce interesting
geometrical properties of the surface from the singularities of the folding maps.

In the Euclidean case, given a plane P C R3, the folding map in R? with respect to
P identifies points with the same distance to P. If we want to follow this construction
for surfaces embedded in the hyperbolic space H? (—1), we need to identify points with
the same distance to some “flat” object. Planes are surfaces with de Sitter principal
curvatures vanishing at all points ([6, 17]) and horospheres are surfaces with lightcone
principal curvatures vanishing at all points ([15]). As we are aiming to pick up the
principal directions of the surface M and the fact that these are the same for the
de Sitter and lightcone shape operators, it is enough to consider folding with respect
to planes. We observe that a folding with respect to an equidistant surface can be
brought, by a hyperbolic motion, to a folding with respect to a plane.

Following the construction in the Euclidean case, folding with respect to a plane in
H?(—1) means taking two distinct points on the same geodesic that are at the same
distant d from the plane and mapping them to the point on this geodesic that is at
a distant d? to the plane. This maps is slightly messy to work with, and as we are
only interested in its A-singularities, where A denotes the Mather left-right group, we
shall construct an A-equivalent map as follows. (This new map still sends symmetric
points with respect to a fixed plane to the same image.)

The planes of interest above are timelike as they are normal to a geodesic which has
a spacelike tangent vector. Consider folding with respect to the timelike hyperplane
xe = 0. So we seek a fold map that identifies any two points (zg,x1, 22, 23) and
(zo, 21, =2, x3) in H3(—1). As

H3(-1) = {(\/xf + 23+ 22+ 1,30, 19, 23) | (21, 20, 73) € R},
we define the folding map with respect to the timelike hyperplane x5 = 0 as the map
fr Hi(=1) — Hi(=1)
given by

fl(\/xf +ai+ a3+ 1,2y, 29, 23) = (\/xf + oy + 22+ 1,3, 05, 23).

9



We now proceed as in [2, 5]. The timelike hyperplane x5 = 0 is of course arbitrary.
If we are interested in studying the reflectional symmetry of the surface M with respect
to all timelike hyperplanes, we need to consider the family of folding maps parametrised
by these hyperplanes. Let SO¢(1,3) denotes the positive Lorentz group. We define

F: H3(—1) x SO(1,3) — H3(—1)

by F(p, A) = (Ao fio A)(p). This is a 6-parameter family of folding maps. However,
there are some redundant parameters that can be eliminated by consider the quotient
of SOy (1, 3) by the subgroup of Hs preserving x5 = 0 (i.e., HP(ez,0)). We then obtain
a family

F: H3(—1) x SO¢(1,3)/Hy — H3(-1).

We shall now show that SOy(1,3)/Hy = S}. We consider the action of SOg(1, 3)
on S} defined by vA for any (A, v) € SOg(1,3) x S3. It is well known that this action
is transitive. Consider the two isotropic subgroups of SOg(1,3) defined by

Hi = {A € 800(1,3) | eiA = €; }, 1= 2,3

Let
1000
0100
Peoy=19 0 0 1 € SOy(1,3)
0010

so that e;P34) = e3. One can show that if A € Hj then P(3,4)AP(514) € H,, so that we
have a diffeomorphism

W 800(1,3)/H3 — 800(1,3)/H2

between homogeneous spaces defined by U([A]) = [P(374)AP(5714)] . Since

H,y = {(zg tf) | Bes0(1,2) }

we have the canonical diffeomorphisms
SOo(1,3)/Hy = SO(1,3)/S00(1,2) = S3.
Therefore the family of folding maps F' can be considered as a family
F:H3(-1) xS} — H3(-1).
Given an embedding @ : M — H?3(—1), we obtain a family
Fr:M xS} — H(-1)

by restriction. We have the following result.
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Theorem 3.6 For a residual set of embeddings  : M — H_?;(—l), the family Fyp is
a generic family of mappings.

Proof. The map f; defined above is a fold map, so it is an A-stable map. Therefore,
the corresponding 3-dimensional family F' is an A-versal family of mappings in the
sense of Montaldi [23]. The assertion follows now from Montaldi’s theorem in [23]. O

For a given v € S} and a point py € M, one can choose local coordinates so
that Fip (p) = Fx(p,v) can be considered locally as a map-germ (R? 0) — (R3,0). It
follows from Theorem 3.6 that for generic embeddings of the surface, only singularities
of A.-codimension < 3 can occur in the members of the family of folding maps (3
being the dimension of the parameters space S%). So we have the following result.

Proposition 3.7 For a residual set of embeddings * : M — H;Q’r(—l), the folding

maps Fg : M — H32(—=1) in the family Fx have local singularities A-equivalent to one
wn Table 1. Moreover, these singularities are versally unfolded by the family Fg.

Table 1: A.-codimension < 3 singularities of map-germs (R? 0) — (R?,0) ([22]).

Normal form Name A.-codimension
(x,y,0) Immersion 0
(z,9% 1y) Cross-cap 0
(z, 92, 2%y £y, k=1,2,3 By, k
(z, 9%y £ a2k ly) k=2,3 S} k
(z, 9% 2y & 2%y), k =3 Ch k

It also follows from Theorem 3.6 that for a generic embedding « : M — H?(—1)
and for v in an open and dense subset of S}, the map F§ : M — H3(—1) is stable,
i.e., is locally an immersion, a cross-cap or a pair of transverse planes. The set of
vectors v € 5% for which F¥ is not A-stable is the bifurcation set, Bif(Fg), of Fy.
This set consists of vectors v for which Fi¥ has a singularity more degenerate than
a cross-cap (generically one of the By, Sk, Cj in Proposition 3.7) or the image has a
multi-local singularity of type self tangency or worse. We have the following duality
result, analogous to the one in [5] for the Euclidean case, where duality here refers to
A;-duality when the evolute/symmetry set lies in the hyperbolic space and As-duality
when it is in the de Sitter space (see Theorem 2.1 and Remark 2.2).

Theorem 3.8 The bifurcation set Bif (Fg) of the family of folding maps on a surface
M C H_?;(—l) 1s the dual of the evolute and the symmetry set of M. More precisely,
the local stratum of the bifurcation set is the dual of the evolute and the multi-local
stratum is the dual of the symmetry set.

11



Proof. We take the surface M, without loss of generality, in the hyperbolic Monge
form (see [15])

(U, uz) = (\/92(ul, uz) +uj + uz + 1, g(u1, u2), ur, uz)

at the origin, where ¢g and its first derivatives vanishing at the origin. We write
729 (uy, us) = asou? + asiuius + agui. The restriction of the folding map f to M is
given by

filur,ug) = (\/92(U1>U2) +ut +ud+ 1, g(ur, us), ui, ug).

If we project to the tangent space of H?(—1) at (0, 0) (i.e., to the space zy = 0) we
obtain a map-germ (R? 0) — (R®,0) which is A-equivalent to f; and is given by

f1(U1,U2) = (9(“17U2)7U%7U2)-

This map-germ has a singularity of type cross-cap at the origin if and only if as; # 0,
if and only if the normal to the hyperplane x5 = 0 is not along a principal direction.
It follows then that the local component of the bifurcation set of Fyp is the surface
in S} traced by the (unit) principal directions of M. However, by Proposition 3.3, a
principal direction is the normal to the evolute and by Theorem 2.1 (see also Remark
2.2), these normals trace the dual of the evolute. Here, duality refers to A;-duality
when the evolute lies in the hyperbolic space and As-duality when it is in the de Sitter
space.

The duality for the multi-local stratum of the bifurcation set of the folding map
follows from Proposition 3.5, Theorem 2.1 and Remark 2.2. O

Since the family Fg is an A-versal unfolding of each of its singularities, we can
deduce the model (up-to diffeomorphism) of its bifurcation set Bif(Fz), and hence of
the dual of the evolute and symmetry set. The models for the local singularities are
given in Figure 1.

We can deduce from Theorem 3.8 and from the results in [17] the following geo-
metric characterisations of the singularities of the folding maps:

By: general smooth point of evolute.

Sy: de Sitter parabolic smooth point of the evolute.

Ss: cusp of Gauss at smooth point of the evolute.

Bsy: general cusp point of the evolute.

Bs: cusp point of the evolute in closure of de Sitter parabolic curve on SS.
Cj5: intersection point of cuspidal-edge and parabolic curve on the evolute.

Following [5, 28], we shall call the pre-image on M of the de Sitter parabolic set
of the evolute the sub-parabolic curve of M. In the Euclidean case, the sub-parabolic
curve is the locus of points where lines of curvature have geodesic inflections. It is also
the locus of points where one principal curvature has an extremal value along lines of

12
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Figure 1: Bifurcation sets (local strata in thin and multi-local strata in thick).
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the other principal curvature [24]. We have a similar characterisation for surfaces in
the hyperbolic space. Recall that the restriction of the pseudo scalar product to the
hyperbolic space is a scalar product, so this space is a Riemannian manifold. For a
parametrised surface M we define

E = <wu1awu1>’ F= <wu1>wU2>> G= <wu2>wu2>

as the coeflicients of the (de Sitter) first fundamental form and by

[ = <AP($H1)7 ZBul> = <e’ $"1"1> ’
m = <AP($H1)7 ZBu2> = <e’ $"1"2> !
no= (Ap(Tu,), Tuy) = (€ Tuguy)

as the coefficients of the (de Sitter) second fundamental form. Then the lines of
curvature (i.e., curves on M whose tangent at each point is a principal direction) are
given, in the parameters space, by the usual equation

(Gm — Fn)dus + (Gl — En)duydu, + (FI — Em)dui = 0
(see for example [27]).

Proposition 3.9 The sub-parabolic curve of an embedded surface M in H3(—1) can
be characterised as follows.

(1) It is the locus of points where one principal curvature has an extremal value
along lines of the other principal curvature.

(2) It is the locus of points where the other lines of curvature have geodesic inflec-
tions.



Proof. (1) We take the surface in hyperbolic Monge form as in the proof of Theorem
3.8 and write j3g(ui, us) = agu? + axui + aseud + aziuius + agauiui + azzus. Then
folding along the hyperplane x5 = 0 yields a singularity worse than a cross-cap. The
folding map fi (w1, us) = (g(uy, us), u?, us) has an Sp-singularity if and only if agy = 0
(and azy # 0). A calculation shows that the 1-jet of the principal curvature associated
to the other principal direction (0,0,0,1) at the origin (which is contained in the
hyperplane o = 0) is given by jlRe = 2a99 + 2as2uq + 6as3us. It has an extremal value
along the line of principal curvature associated to (0,0,1,0) if and only if azy = 0,
which proves statement (1).

(2) Solving the equation of the lines of curvature with the hyperbolic Monge form
setting above, we get the initial term of the line of curvature tangent to (0, 1) in the
parameter space. It is given by (uy(s), ua(s)) = ((aza/2(asg — ag))s* + h.o.t,s). The
principal curve x(u;(s),us(s)) has a geodesic inflection at the origin if and only if
asze = 0, if and only if (0, 0) is a sub-parabolic point. O

4 Spacelike surfaces in S}

The situation here is similar to that of surfaces in H?(—1). Let @ : U — S} be a

spacelike surface, where U is an open subset of R?. Then the normal unit vector at

x(u), given by

o x(u) Ay, (u) ATy, (u)
() A @y, (1) A Lo, (u)

e(u)

)

is timelike. The map
E:U— Hi(—l)

defined by E(u) = e(u) is called the hyperbolic Gauss indicatriz of &(U) = M. One
can show that for any p = x(ug) € M and v € T,M, we have Dye € T,,M. So we have
a linear transformation A, = —dE : T,M — T,M, called the hyperbolic shape operator
of M at p, which is a self-adjoint operator. Because the restriction of the pseudo-scalar
product in R} to M is a scalar product (M is spacelike), A, has an orthogonal basis
formed by its eigenvectors when its eigenvalues are distinct. Its eigenvalues k;, 1 = 1, 2,
are called the hyperbolic principal curvature and the corresponding eigenvectors p;, ¢ =
1,2, are called the hyperbolic principal directions. We say that a point p = x(ug) € M
is an umbilic point if A, = k(p)idr,r. We also say that M is totally umbilic if all points
of M are umbilic.

Definition 4.1 A surface given by the intersection of S? and a spacelike hyperplane,
a timelike hyperplane or a lightlike hyperplane is respectively called a hyperbolic, an
elliptic or a parabolic de Sitter quadric. In particular, we call an elliptic (resp. hy-
perbolic) de Sitter quadric through the origin a flat elliptic (resp. hyperbolic) de Sitter
quadric.

14



The following classification of totally umbilic spacelike surfaces in the de Sitter
space follows in exactly the same way as that of surfaces in hyperbolic space.

Proposition 4.2 Suppose that M = x(U) is a totally umbilic spacelike surface in S3.
Then k(p) is constant k. Under this condition, we have the following classification.

(1) If k* > 1, then M s a part of a hyperbolic de Sitter quadric.

(2) If k? = 1, then M is a part of a parabolic de Sitter quadric.

(3) If k? < 1, then M is a part of an elliptic de Sitter quadric. In particular, if
k =0, then M is a part of a flat elliptic de Sitter quadric.

We now introduce the notion of evolute of a spacelike surface in de Sitter space.
For a spacelike surface x : U — S}, we define the total evolute of x(U) = M by

TE;, = U {i%(w(u)—% ! e(u)) ue U},

i—1 K7 (u) — 1] ri(u)

where k;, i = 1,2, are the de Sitter principal curvature at x(u). We assume here that
k7 (u) # 1 for i = 1,2. The total evolute has the following decomposition

TE* = HE* USE*,

where HE* denotes the hyperbolic part of the total evolute and corresponds to point
u where x2(u) < 1 and SE* denotes the de Sitter part of the total evolute and corre-
sponds to point u where k?(u) > 1.

The evolute has some interesting geometric properties. Let

HT .U x H*(-1) =R
denote the de Sitter timelike height function given by H” (u,v) = (z(u),v), and
H:UxS} =R

denote the de Sitter spacelike height function given by H®(u,v) = (x(u),v). The
function H? measures the contact of the surface with hyperbolic de Sitter quadrics
and H® measures its contact with elliptic de Sitter quadrics (see Definition 4.1). One
can show that the evolute is the union of the local strata of the bifurcation sets
LBif(HT) and LBif(H?®) of the families HT and H® respectively. More precisely,

LBif(HT) = HE* UHE",
LBif(H®) = SEY USE".
One can also characterise the hyperbolic and de Sitter evolute of a spacelike surface

in the de Sitter space as a caustic in the framework of symplectic geometry and consider
the geometric meaning of its singularities.

15



Proposition 4.3 The de Sitter timelike (resp. spacelike) height function H' : U x
H3(—1) = R (resp. H® : U x S} — R) on x is Morse family of functions.

See the Appendix for the proof and a corollary.

By the method for constructing the Lagrangian immersion germ from Morse fam-
ily, we can define a Lagrangian immersion germs L(HT) and L(H®) whose generating
families are the de Sitter timelike and spacelike height functions of M = x(U) respec-
tively. Therefore, we have the Lagrangian immersion L(HT) (resp. L(H®)) whose
caustic is the hyperbolic evolute (resp. de Sitter evolute) of x(U).

We consider now the multi-local singularities of the spacelike and timelike height
functions.

Definition 4.4 The symmetry set of M, denoted by SS, is defined to be the closure
of the set of elliptic and hyperbolic de Sitter quadrics that are tangent to M in at
least two distinct points. It is the union of the closure of the multi-local strata of the
bifurcation sets of the spacelike and timelike height functions H® and HT respectively.

As the surface is spacelike, we have everywhere defined principal directions (away
from umbilic points) and these are spacelike. So we are interested in measuring the
reflectional symmetry of the surface with respect to timelike hyperplanes. We proceed
as in §3 and start by considering folding with respect to the hyperplane x, = 0.
For the de Sitter space, unlike for the hyperbolic space, one needs several charts to
express it as the graph of a function. We start by defining the fold map using a global
parametrisation.

Let g(u,0,¢) = (zo, 1, T2, 23)(u, 8, ¢) be a parametrisation of the de Sitter space
S} given by

o = U,

1 = V1+u?cosfsing,
To = V1+u?coso,

x3 = V1+u?sinfsing,

where u € R, 0 < 0 <27 and 0 < ¢ < 7. We define the folding map with respect to
the hyperplane z3 = 0 as the map f, : S? — S} given

f2 ((%0, L1, L2, $3)(u, ‘97 ¢)) = g(u7 67 t(d)))

where 5
_ T a2
H6) =2 —=(6- 2

This is basically a folding map on each level sphere xy =constant in S3. We can then
follow the same analysis in §3 and deduce the same duality result, where the evolute
and symmetry set refere to the sets defined in this section. In practise, as we are
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considering local or multi-local properties of the surface, we can choose a different
folding map fo defined on a chart where S} is given as a graph of a function. For
example, we can work with the local chart g = £1/—1 + 7 + 23 + 2, with 2 # 0,
and define the folding map as

Faleby/ =1+ 2% + 23 + 0,20, m0) = (/L + 0 + a3 + a3 01,08, 20).

5 Timelike surfaces in S}

Some aspect of the extrinsic differential geometry of timelike hypersurfaces in ST from
the view point of singularity theory are studied in [9]. The tangent space at each
point on a timelike surface in S$ is timelike, so it contains two lightlike directions.
This makes such surfaces behave in a distinct way to the spacelike ones.

Let  : U — S} denote an embedding of a timelike surface, where U is an open
subset of R?. For any u € U, we have (z(u), z(u)) =1, so (z,, (u), z(u)) = 0,7 =1,2.
We also have a unit normal vector e(u) to the surface at p = x(u) given by

_ x(u) A @y, (1) A Ty (1)
[ (u) A @, (1) A By (u)||

e(u)

The vector e(u) is spacelike. We can define in the de Sitter Gauss map E : U — S},
by E(u) = e(u). One can show that for any p = x(ug) € M and v € T,M, we
have Dye € T,M. So we have a linear transformation A, = —dE : T,M — T,M,
which is a self-adjoint operator. Because the restriction of the pseudo-scalar product
in R} to M is still a pseudo-scalar product (M is timelike), A, does not always have
real eigenvalues. When A, has two distinct eigenvalues ;, i = 1,2, we call them the
principal curvature of the surface at p, and the corresponding eigenvectors p;, i = 1, 2,
are called the principal directions. The set of points where the eigenvalues coincide is
of interest and is labelled the lightlike principal locus.

Proposition 5.1 (1) For a generic timelike surface M in the de Sitter space, the
lightlike principal locus is a smooth curve on M. It can be characterised as the set
of points on M where the two principal directions coincide and become a lightlike
direction.

(2) The lightlike principal locus divides the surfaces into two regions. In one of
them there are no principal directions and in the other there are two distinct principal
directions at each point. In the later case, the principal directions are orthogonal and
one 1s spacelike while the other is timelike.

Proof. (1) The computations here are similar to the case of scalar product. Denote

by
E = <wu1awu1>’ F= <wu1>wU2>> G = <wu2>wu2>
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the coefficients of the (pseudo) first fundamental form and by

= (Ap(@w) Tu,) = (€, Tuyur) s
n = <Ap(wu1)a wu2> = <6, wu1u2> )
m = <Ap(wu2)7 wu2> = <6, wu2u2>

those of the (pseudo) second fundamental form. Then the matrix of A, with respect
to the basis {x,,, T, } is given by the usual formula

1 I m G -—-F
FG—-—F?\m n —-F F ’

It follows that the equation of the principal direction is also given by the usual formula
(Gm — Fn)dus + (Gl — En)duyduy + (FI — Em)duj = 0,

equivalently by,
du3 —duiduy du?
E F G |=0.
l m n

The discriminant of the above quadratic differential equation is
§(ur,us) = ((Gl — En)? — 4(Gm — Fn)(FL— Em)) (u1, us).

The set 67(0) (the lightlike principal locus) is either empty or form a smooth curve
on generic surfaces M. (Recall that on generic two dimensional Riemannian surfaces,
the set 671(0) consists of isolated umbilic points; see for example [27].)

A principal direction p = du,x,, + dusx,, in T,,M is lightlike if and only if

(p,p) = Gduj + 2Fdu,duy + Edu] = 0.
The resultant of this equation with that of the principal directions is
(EG — F?)? ((GL — En)® — 4(Gm — Fn)(Fl — Em)).

As EG — F? # 0, it follows that a principal direction is lightlike at a point p if and
only if p is on the lightlike principal locus.

(2) In the region § > 0 the equation of the principal directions has two distinct
solutions. It has no solutions in the region where § < 0. The two principal directions
at points in the region where 6 > 0 are orthogonal (this follows from the fact that
f1 (1o Pa) = (Ay(Pr). Do) = (Pr, Ap(Pn)) = i (p,pa), and ky # ky). As neither of
them are lightlike, one has to be timelike and the other spacelike (see for example
Theorem 3.1.4 in [26]). O
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5.1 Evolute and symmetry set

We define the de Sitter evolute of a parametrised timelike surface x : U — S} to be

the set
oA : 7;@(@ x(u ! e(u)), u
SEM_H{i eSO GU}’

where £;(u), i = 1,2 are the principal curvature at x(u).
The evolute is related to the family of spacelike height functions

HY:Ux S} —R

given by H®(u,v) = (z(u),v). The function H° measures the contact of the surface
with elliptic de Sitter quadrics (see Definition 4.1). Let Hy(u) = H®(u,v). One can
easily show the following.

Proposition 5.2 The spacelike height function Hy, is singular at u if and only if there
exist real numbers X, i such that v = Ax(u) + pe(u) and A\* + p? = 1.

By Proposition 5.2, the discriminant (or catastrophe set) of H is given by
1) = {1000 80 = et s 2721

We also have
0*HS
0ui8uj
on C(H?), where g;1 = E, gi2 = g1 = F and g = G. If p = 0, then v =
+ax and det (H(Hg)(u)) = det (gi;) # 0, where H denotes the Hessian of Hy,. So,
det (H(h5)(u)) = 0 if and only if A\/u is a principal curvature. It follows that the local

bifurcation set, LBif(H*®), of the family of the spacelike height functions is the evolute
of M, that is, LBif(H®) = SE}, U SE,,.

(u’ ’U) = <wuiuj (u)> ’U> = _)\gij + ,Uhij

Remark 5.3 There is no hyperbolic component of the evolute of a timelike surface
x U — S3. The timelike height function HT : U x S} — R is not singular at any
point on x(U). The reason being that any hyperbolic de Sitter quadric (whose tangent
spaces are spacelike) is always transverse to a timelike surface.

The evolute of a timelike surface in S} can be interpreted as a caustic in the
framework of symplectic geometry (see [1] for details). We have the following assertion
whose proof is similar to that of Proposition 4.3 and is omitted.

Proposition 5.4 The de Sitter spacelike height function H® : U x S3 — R on x is a
Morse family of functions.
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For the duality result in this section, we require the normal to the evolute.

Proposition 5.5 Let g be a smooth point on the de Sitter evolute of a timelike surface
M C S} associated to a point p € M not on the lightlike principal locus of M. Then
the normal to the evolute at q is along the principal direction p; (i = 1 or2), associated
to the principal curvature k; defining q.

The proof is similar to that of Proposition 3.3 and is omitted.
We consider now the multi-local singularities of the spacelike height function.

Definition 5.6 The symmetry set of M, denoted by SS, is defined to be the closure
of the set of elliptic de Sitter quadrics that are tangent to M in at least two distinct
points. It is the closure of the multi-local stratum of the bifurcation set of the spacelike
height function H?.

We have the following result analogous to Proposition 3.5.

Proposition 5.7 (1) A point ¢ € S? is on the SS of a timelike surface M C S} if and
only if there exists two distinct points p1 and py on M such that the tangent planes
T, M and T,,M are symmetric with respect to the sphere orthogonal to the geodesic
joining p1 and ps and passing through the midpoint of the segment pips.

(2) Let q be a smooth point on the SS corresponding to the bi-tangency of an elliptic
de Sitter quadric to the surface M at two points p1 and py. Then the normal to the
SS at q is the normal to the sphere in (1).

Proof. 'The proof is similar to that of Proposition 3.5. We consider, by Lorentz
motion, the sphere to be the intersection of the spacelike hyperplane zg = 0 with S}
and follow the same steps in the proof of Proposition 3.5. O

5.2 The folding family

The folding maps measure the reflectional symmetry of a surface with respect to
hyperplanes. We have seen in the case of spacelike surfaces that the hyperplanes
of interest are those whose normals are principal directions. In the case of timelike
surfaces, when the principal directions exist, one is timelike and the other is spacelike
(Proposition 5.1). So we need to consider two families of folding maps. One is with
respect to timelike hyperplanes. This family is the same as that considered in §4. The
duality result in §3 is valid here too (away from the lightlike principal locus), with
duality meaning As-duality only (recall the there is no hyperbolic component of the
evolute of a timelike surface in S}). The second family, which we construct below, is
the family of folding maps with respect to spacelike hyperplanes. We proceed as in
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§3 and §4. Given the parametrisation g(u, 6, ¢) of S in §4, we define the folding map
with respect to the spacelike hyperplane xy = 0 as the map f3 : S} — 5% given

f3 ((wo, 1, T2, 5753)(“, 0, ¢)) = 9(U2a 0,9).

In a local chart, say 21 = /1 + 22 — 3 — 22, with z; # 0, the above folding has
the following expression

f3(x0a :i:\/l + x(Q) - x% - .CL%, T2, x3) = (1%7 :l:\/l + xé - .CL"% - x%,xg,.fﬂg).

We now proceed as in §3. The spacelike hyperplane xy = 0 is of course arbitrary. If
we are interested in studying the reflectional symmetry of the surface M with respect to
all spacelike hyperplanes, we need to consider the family of folding maps parametrised
by these hyperplanes. So we define

G : S} xS0(1,3) — S}

by G(p, A) = (A1 o f30 A)(p). This is a 6-parameter family of folding maps. However,
there are some redundant parameters and we need to consider the quotion of SOg(1, 3)
by the subgroup of Lorentz motions that preserve o = 0 (that is, HP(eo,0)).

We consider the action of SOy(1,3) on H?(—1) defined by vA for any (A,v) €
SOy(1,3) x H3(—1). It is well known that this action is transitive. Let

H() = {A c 800(1,3) ‘ eoA = € }

be an isotropic subgroup of SO¢(1,3). Since

H0:{<(1) tg) )3680(3)},

we have the canonical diffeomorphisms
SO(1,3)/Ho = SOy(1,3)/SO(3) = H3(—1).
Therefore the map G gives rise to a 3-parameter family of folding maps
G: S} x H}(-1) — S5
Given an timelike embedding « : M — S3, we obtain a family
Gg : M x H} (—1) — 53
by restriction. We obtain the following results following the same arguments in §3.

Theorem 5.8 For a residual set of timelike embeddings x : M — S}, the family Gg
15 a generic family of mappings.

21



Proposition 5.9 For a residual set of timelike embeddings © : M — S3, the folding
maps in the family Gg have local singularities A-equivalent to one in Table 1.

We consider now the map G7, : M\ L — S?, where L denotes the lightlike principal
locus.

Theorem 5.10 The bifurcation set Bif(G%,) of the folding map on M \ L is the A;-
dual of the de Sitter evolute and the symmetry set of M\ L. More precisely, the local
stratum of the bifurcation set is the Ai-dual of the de Sitter evolute and the multi-local
stratum is the Ai-dual of the symmetry set.

Proof. The proof is similar to that of Theorem 3.8 and follows from Propositions 5.5
and 5.7. a

6 Appendix: Proof of Proposition 5.4

Proof. Any v = (v, v1,v9,v3) € S, satisfies —vZ + v} +v3 +v2 = 1. We can assume,
without loss of the generality, that vz # 0. Then vz = 4+/1 + v3 — v} — v, and

H(u,v) = —x0(u)vy + 21 (w)vy + 9(u)ve £ xg(u)\/l + v — v} — vl
We prove that the mapping

AHS _ (aHS 8H5)

8u1 ’ 0u2

is non-singular at (uy, us, v) € C(H?®). The Jacobian matrix of AH® is given by

Vo U1 Vo

<wu1u17 'U> <mu1u27 'U> —Louy + T3uy — Tiug — L3u;—— L2uy — L3u;
%))3 %))3 %))3

0 1 2

<wUQU17 v> <wu2u2a v) _xOuQ + x3uz U_ xluz - x3uz U_ x2uz - x3uz U_
3 3 3

Since (u1,us,v) € C(H?), we have v = A\x(u) + pe(u), for some \ and p with
A+ p? = 1. If p = 0, the Jacobian matrix of AH® is of full rank as det (g;;) # 0.
Now suppose that p # 0. We show that the rank of the matrix

Vo U1 U2

_$0u1 + x3u1 /U_ $1u1 - x3u1 /U_ $2u1 - $3u1 /U_

X = v i 3
_J;Oug + x3u2 - ‘Tlug - x3u2 - m?ug - $3u2 -

U3 U3 U3
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is 2 at (u,v) € C(H?®). For this, it is enough to show that the rank of the matrix

Vo U1 V2
—[E0+ZE3U— I —[L‘3U— i) —[L‘3U—
3’U0 3U1 3U2
A = _$0u1 + x3u1 U_ xlul - x3u1 U_ x?ul - x3u1 U_
Uo vt v
_xouz + x3u2_ x1u2 - x3u2_ xQuQ - x3u2_
Us U3 Us
T
is 3 at (u,v) € C(H®). Let a; = | i, | fori=0,...,3. Then
xiu2

Vo 1 V2
A= (—ao + 0:3U—, a; — a3v—,a2 —as— |,

3 3 U3
and hence
detA = “det(ar,az, as) — —det(ao, az, as) + —det(ag, ar, as) + —det(ay, as, as)
U3 Vs VU3 U3
1
= U_ <(an V1, U2,Ug) , &N Ty N a:u2>
3

1
= v_3<)\w + pe, ||z A xy, Axy,|e)

— Lz Amy, Amy,|| £ 0
(%]

for (u,v) € C(H®). This completes the proof. 0

Following the method in [1] for constructing Lagrangian immersion germs from
Morse families, we can define a Lagrangian immersion germ whose generating family
is the spacelike height function of M as follows. We consider the local charts U; =
{v=(vo,...,v3) € S?|v; #0 } of S}. Since T*S}|U; is a trivial bundle, we define
the maps

Li(H®) : C(H®) — T*S3|U;, i =1,2,3,

by
Li(H%)(u,v) = (v, —2o(u) 4+ 2;(u) 2, 2y (u) — 2 (w) 2, i(u) — xi(w) 3, w3(w) —24(u)2)
where v = (vg,...,v3) € S{ and (z,...,2;,...,r3) indicates that the i-th component

x; is removed.

One can show that if U;NU; # 0 for i # j, then L;(H®) and L;(H®) are Lagrangian
equivalent. (The equivalence is given by the local coordinate change of S3 and its
Lagrangian lift.) Therefore we can define a global Lagrangian immersion L(H®) :
C(H? ) — T*S3.
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Corollary 6.1 Under the above notation, L(H?) is a Lagrangian immersion and the
de Sitter spacelike height function H® : U x S} — R is its generating family.

A consequence of Corollary 6.1 is that the evolute of M = x(U) is the caustic of
the Lagrangian immersion L(H®). In particular, the evolute of a generic surface has
generic Lagrangian singularities ([1]).

Acknowledgements. Work on this paper was initiated during the visit of the first
two authors to Durham University. The visit of the first author was supported by
the EPSRC Maths Small Grant EP/E000851, while the second author held a Durham

University Grey College Fellowship. We would like to thank EPSRC and Grey College
for their support.

References

[1] V. 1. Arnol’d, S. M. Gusein-Zade and A. N. Varchenko, Singularities of Differen-
tiable Maps, vol. I. Birkhauser, 1986.

2] J. W. Bruce, Projections and reflections of generic surface in R®. Math. Scand. 54
(1984), 262-278.

(3] J. W. Bruce, P. J. Giblin and F. Tari, Families of surfaces: focal sets, ridges and
umbilics. Math. Proc. Cambridge Philos. Soc. 125 (1999), 243-268.

[4] J. W. Bruce, P. J. Giblin and F. Tari, Ridges, Crests and Sub-parabolic lines of
evolving surfaces. Int. J. Computer Vision 18 (1996), 195-210.

[5] J. W. Bruce and T. C. Wilkinson, Folding maps and focal sets. Lecture Notes in
Math., 1462, 63-72, Springer, Berlin, 1991.

[6] T. E. Cecil and P. J. Ryan, Distance functions and umbilic submanifolds of hy-
perbolic space. Nagoya Math. J. 74 (1079) 67-75.

[7] P. J. Giblin and F. Tari, Perpendicular bisectors, duality and local symmetry of
plane curves. Proc. Roy. Soc. Edinburgh Sect. A 125 (1995), 181-194.

[8] P. J. Giblin and F. Tari, Local reflexional and rotational symmetry in the plane.
Lecture Notes in Math., 1462, 154-171, Springer, Berlin, 1991.

[9] S.Izumiya, Timelike hypersurfaces in de Sitter space and Legendrian singularities.
To appear in J. Math. Science.

[10] S. Izumiya, Legendrian dualities and spacelike hypersurfaces in the lightcone.
Preprint, 2005.

24



[11]

[12]

[13]

[14]

[15]

S. Izumiya, D. Pei and M. C. Romero-Fuster, The horospherical geometry of
surfaces in Hyperbolic 4-space. Israel J. Math. 154 (2006), 361-379.

S. Izumiya, D. Pei, M. C. Romero-Fuster and M. Takahashi, Horospherical ge-
ometry of submanifolds in hyperbolic n-space. J. London Math. Soc. 71 (2005),
779-800.

S. Izumiya, D. Pei, M. C. Romero-Fuster and M. Takahashi, On the horospherical
ridges of submanifolds of codimension 2 in Hyperbolic n-space. Bull. Braz. Math.
Soc. 35 (2004), 177-198.

S. Izumiya, D. Pei and T. Sano, Horospherical surfaces of curves in Hyperbolic
space. Publ. Math. Debrecen 64 (2004), 1-13.

S. Izumiya, D-H. Pei and T. Sano, Singularities of hyperbolic Gauss maps. Proc.
London Math. Soc. 86 (2003), 485-512.

S. Izumiya, D-H. Pei, T. Sano and E. Torii, Evolutes of hyperbolic plane curves.
Acta Mathmatica Sinica 20 (2004), 543-550.

S. [zumiya, D-H. Pei and M. Takahashi, Singularities of evolutes of hypersurfaces
in hyperbolic space. Proc. Edinburgh Math. Soc. 47 (2004), 131-153.

S. Izumiya, D-H. Pei and M. Takahashi, Curves and surfaces in Hyperbolic space.
Banach Center Publications 65, Geometric singularity theory (2004), 197-123.

S. Izumiya and M. C. Romero-Fuster, The horospherical Gauss-Bonnet type the-
orem in hyperbolic space. J. Math. Soc. Japan 58 (2006), 965-984.

S. Izumiya and M. Takahashi, Spacelike parallels and evolutes in Minkowski
pseudo-spheres. To appear in J. Geometry and Physics.

S. Izumiya and F. Tari, Projections of surfaces in the hyperbolic space to hyper-
horospheres and hyperplanes. Preprint, 2007.

D. M. Q. Mond, On the classification of germs of maps from R? to R3. Proc.
London Math. Soc. 50 (1985), 333-369.

J. A. Montaldi, On generic composites of maps. Bull. London Math. Soc. 23
(1991), 81-85.

R. J. Morris, The sub-parabolic lines of a surface. The mathematics of surfaces,
VI (Uxbridge, 1994), 79-102, Inst. Math. Appl. Conf. Ser. New Ser., 58, Oxford
Univ. Press, 1996.

25



[25] R. J. Morris, Symmetry of curves and the geometry of surfaces: two explorations
with the aid of computer graphics. PhD Thesis, University of Liverpool, 1991.

[26] J. G. Ratcliffe, Foundations of hyperbolic manifolds. Graduate Texts in Mathe-
matics, 149. Springer-Verlag, New York, 1994.

[27] F. Tari, Self-adjoint operators on surfaces in R™. Preprint, 2006.

[28] T. C. Wilkinson, The geometry of folding maps. PhD Thesis, University of
Newcastle-upon-Tyne, 1991.

S. Izumiya, Department of Mathematics, Hokkaido University, Sapporo 060-0810, Japan
e-mail: izumiya@math.sci.hokudai.ac. jp

M. Takahashi, Methematical Science, Common Subject Division, Muroran Institute of Tech-
nology, Muroran 050-8585, Japan
e-mail: masatomo@mmm.muroran-it.ac.jp

F. Tari, Department of Mathematical Sciences, Durham University, Science Laboratories,
South Road, Durham DH1 3LE, UK

e-mail: farid.tari@durham.ac.uk

26



