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Slant geometry on spacelike submanifolds of codimension
two in Lorentz-Minkowski space

Shyuichi Izumiya and Handan Yıldırım

March 29, 2012

Abstract

In this paper, we construct one-parameter families of new extrinsic differential geome-
tries on spacelike submanifolds of codimension two in Lorentz-Minkowski space.

1 Introduction

Analysis of extrinsic differential geometries of the submanifolds in Lorentz-Minkowski space has
great interest in the relativity theory. Consequently, recently, singularity theory techniques have
been used to study extrinsic differential geometries of the submanifolds in the pseudo-spheres
in Lorentz-Minkowski space (see [2], [7]-[11], [13]-[25]).

For this purpose, extrinsic differential geometries of spacelike hypersurfaces in Hyperbolic
space and de Sitter space were given in [16] and [24], respectively. On the other hand, Leg-
endrian dualities between pseudo-spheres in Lorentz-Minkowski space were shown in [8]. As
an application of these Legendrian dualities, an extrinsic differential geometry of spacelike hy-
persurfaces in the lightcone was constructed in [8]. Moreover, these Legendrian dualities were
extended in [12] for one-parameter families depending on a parameter φ ∈ [0, π/2] of pseudo-
spheres in Lorentz-Minkowski space. As applications of these extended Legendrian dualities,
one-parameter families depending on φ of extrinsic differential geometries on spacelike hyper-
surfaces in Hyperbolic space, de Sitter space and the lightcone were established in [2, 12, 13].
And it was obtained that the results in [16] and [24] and the results in [8] are respectively
special cases of the results in [2] and [13]. We call the geometries depending on the parameter
φ of spacelike submanifolds in Lorentz-Minkowski space slant geometry.

Here, we explain our original motivation for the study of slant geometry. Recently, the first
author and his collaborators have constructed a new geometry which is called a horospherical
geometry in Hyperbolic space (see [9], [16], [17], [19], [20], [23]). Traditionally, there is another
geometry which is non-Euclidean geometry of Gauss-Bolyai-Lobachevski (i.e., Hyperbolic ge-
ometry) in Hyperbolic space. We explain both of the geometries when the dimension is two
(i.e., Hyperbolic plane). We consider Poincaré disk model D2 of Hyperbolic plane which is an
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open unit disk in the (x, y) plane with Riemannian metric : ds2 = 4(dx2 + dy2)/(1− x2− y2)2.
It is conformally equivalent to Euclidean plane, so that a circle in Poincaré disk is also a circle
in Euclidean plane. A geodesic in Poincaré disk is an Euclidean circle perpendicular to the
ideal boundary (i.e., unit circle). If we adopt geodesics as lines in Poincaré disk, we have the
model of Hyperbolic geometry. We have another class of curves in Poincaré disk which has an
analogous property with lines in Euclidean plane. A horocycle is an Euclidean circle which is
tangent to the ideal boundary. We remark that a line in Euclidean plane can be considered
as a limit of circles when the radii tends to infinity. A horocycle is also a curve as a limit
of circles when the radii tends to infinity in Poincaré disk. Therefore, horocycles are also an
analogous notion of lines. If we adopt horocycles as lines, what kind of geometry do we obtain?
We say that two horocycles are parallel if they have common tangent point at ideal bound-
ary. Under this definition, the axiom of parallel is satisfied. However, for any two points in
the disk, there are always two horocycles passing through the points, so that the axiom 1 of
Euclidean Geometry is not satisfied. In the case of general dimensions, we call this geometry
a horospherical geometry. However, we have another kind of curves with the properties similar
to those of Euclidean lines. A curve in Poincaré disk is called an equidistant curve if it is a
circle whose intersection with the ideal boundary consists of two points. Generally, the angle
between an equidistant curve and ideal boundary is φ ∈ (0, π/2]. A geodesic is a special case of
the equidistant curves with φ = π/2. A horocycle is not an equidistant curve, but it is a circle
with φ = 0. In [2], one-parameter families depending on φ of the extrinsic differential geome-
tries on spacelike hypersurfaces in Hyperbolic space and de Sitter space were investigated. We
call them slant geometry of spacelike hypersurfaces in Hyperbolic space and de Sitter space.
Moreover, slant geometry of spacelike hypersurfaces in the lightcone was considered in [13].

In this paper, we study some local properties of slant geometry on spacelike submanifolds
of codimension two in Lorentz-Minkowski space. Thus, the results which were given in [2], [12]
and [13] are special cases of our results. On the other hand, we generalize some of the results
which were obtained in [10].

2 Basic notions

In this section, we give some basic notions related with Lorentz-Minkowski space. Let Rn+1 =
{(x0, x1, . . . , xn) | xi ∈ R, i = 0, 1, . . . , n} be an (n + 1)-dimensional real vector space. For
any vectors x = (x0, x1, . . . , xn) and y = (y0, y1, . . . , yn) in Rn+1, the pseudo scalar product of
x and y is defined by 〈x,y〉 = −x0y0 +

∑n
i=1 xiyi. The space (Rn+1, 〈, 〉) is called Lorentz-

Minkowski (n + 1)-space and denoted by Rn+1
1 . A vector x ∈ Rn+1

1 \ {0} is spacelike, lightlike
or timelike if 〈x,x〉 > 0,= 0 or < 0, respectively. The norm of a vector x ∈ Rn+1

1 is defined
by ‖x‖ =

√
|〈x,x〉|, (cf. [27]). Given v ∈ Rn+1

1 \ {0} and c ∈ R, a hyperplane HP (v, c) with
pseudo normal v is defined as

HP (v, c) = {x ∈ Rn+1
1 | 〈x,v〉 = c }.

It is said to be spacelike, timelike or lightlike provided v is timelike, spacelike or lightlike,
respectively. In Rn+1

1 , there are three kinds of pseudo-spheres which are called Hyperbolic n-
space with center a and radius r, de Sitter n-space with center a and radius r and the lightcone
with center a and radius 0 and defined by

Hn(a, r) = {x ∈ Rn+1
1 | 〈x− a,x− a〉 = −r2},
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Sn1 (a, r) = {x ∈ Rn+1
1 | 〈x− a,x− a〉 = r2}

and
LCa = {x ∈ Rn+1

1 | 〈x− a,x− a〉 = 0},

respectively, where r ∈ R \ {0}. If the center a is 0, then we denote these pseudo-spheres by

Hn(−r2) = {x ∈ Rn+1
1 | 〈x,x〉 = −r2},

Sn1 (r2) = {x ∈ Rn+1
1 |〈x,x〉 = r2 }

and
LC∗ = {x ∈ Rn+1

1 \ {0}|〈x,x〉 = 0 },

respectively. Instead of Sn1 (1), we usually write Sn1 . For φ ∈ [0, π/2], we call Hn(− sin2 φ)
(respectively, Sn1 (sin2 φ)) φ-hyperbolic space (respectively, φ-de Sitter space) (see [2, 12, 13]).
We remark that Hn(− sin2 0) \ {0} = Sn1 (sin2 0) \ {0} = LC∗. Throughout our paper, if φ = 0,
we will deal with LC∗, that is we will not consider the vector 0 ∈ Rn+1

1 .

Now, we construct the basic tools for the study of slant geometry on spacelike submani-
folds of codimension two in Rn+1

1 . We consider the orientation of Rn+1
1 by the volume form

l0 ∧ l1 ∧ · · · ∧ ln, where {l0, l1, . . . , ln} is the dual basis of the canonical basis {e0, e1, . . . , en}.
And also we give Rn+1

1 a timelike orientation by choosing e0 = (1, 0, . . . , 0) as a future timelike
vector field.

Let X : U −→ Rn+1
1 be a spacelike embedding for an open subset U ⊂ Rn−1. We identify

M with U through the embedding X and write M = X(U). Since X is a spacelike embedding,
for any point p = X(u) ∈M , the tangent space TpM of M at p is a spacelike subspace. In this
case, it follows that the normal space NpM is a timelike plane, (see [27]). So, we can choose a
future directed timelike unit normal vector nT (u) ∈ NpM . We say that nT (u) is future directed
if 〈nT (u), e0〉 < 0. Now, we define a spacelike unit normal vector nS(u) ∈ NpM by

nS(u) =
nT (u) ∧Xu1(u) ∧ · · · ∧Xun−1(u)

‖nT (u) ∧Xu1(u) ∧ · · · ∧Xun−1(u)‖
.

Here, 〈nT (u),nT (u)〉 = −1, 〈nT (u),nS(u)〉 = 0 and 〈nS(u),nS(u)〉 = 1. We remark that
nT ±nS are lightlike and the directions of nT ±nS are independent of the choice of nT (cf.[10]).
We could also choose −nS(u) as a spacelike unit normal vector with the above properties. But
throughout our paper, we fix the direction of nS(u). Then {nT ,nS} is called a future directed
normal frame along M = X(U), [10]. Taking into account these, the lightlike geometry on
spacelike submanifolds of codimension two in Lorentz-Minkowski space was constructed in [10].
This geometry is an extrinsic geometry such that the lightlike vector fields nT ±nS play a sim-
ilar role as the Gauss map of a hypersurface in Euclidean space. If we choose nT (respectively,
±nS) as the Gauss map, we can construct an extrinsic geometry according to nT (respectively,
±nS) which is analogous to Euclidean case [26]. In this paper, we construct one-parameter
families of extrinsic geometries between the lightlike geometry depending on nT + nS and the
geometry according to nS (respectively, nT ).

Since {Xu1(u), . . . ,Xun−1(u)} is a basis of TpM , {nT (u),nS(u),Xu1(u), . . . ,Xun−1(u)} is
a basis of TpRn+1

1 .
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3 Spacelike slant geometry on spacelike submanifolds of

codimension two

In this section, we construct spacelike slant geometry on spacelike submanifolds of codimension
two in Lorentz-Minkowski space.

Let take cosφnT (u) ± nS(u) ∈ Sn1 (sin2 φ) for φ ∈ [0, π/2]. For φ ∈ (0, π/2] (respectively,
φ = 0), cosφnT (u)±nS(u) (respectively, nT (u)±nS(u)) are spacelike (respectively, lightlike)
normal vectors, where u ∈ U . We choose cosφnT + nS (respectively, nT + nS) as a spacelike
(respectively, lightlike) normal vector field along M for φ ∈ (0, π/2] (respectively, φ = 0). We
call cosφnT + nS φ-de Sitter Gauss map of M .

At each point p = X(u) ∈M , we consider the following linear mapping

dp(cosφnT + nS) : TpM −→ TpRn+1
1 = TpM ⊕NpM

and the following orthogonal projections

πt : TpM ⊕NpM −→ TpM,πn : TpM ⊕NpM −→ NpM.

We define
dp(cosφnT + nS)t = πt ◦ dp(cosφnT + nS)

and
dp(cosφnT + nS)n = πn ◦ dp(cosφnT + nS).

The linear transformations Sd[φ](nT ,nS)(p) = −dp(cosφnT + nS)t and dp(cosφnT + nS)n

of TpM are called respectively φ-de Sitter (nT ,nS)-shape operator and φ-de Sitter normal
connection of M at p. Moreover, unit normal vector field nT is said to be parallel at p if
dp(n

T )n = πn ◦ dp(nT ) = 0. Furthermore, nT is called parallel if it is parallel at all points of
M .

The eigen values which are denoted by κdi [φ](nT ,nS) (p) (i = 1, ..., n− 1) of Sd[φ](nT ,nS)(p)
are called φ-de Sitter principal curvatures according to (nT ,nS) at p. And also φ-de Sitter
Gauss-Kronecker curvature with respect to (nT ,nS) at p is defined as

Kd[φ](nT ,nS) (p) = detSd[φ](nT ,nS)(p).

A point p is called φ-de Sitter (nT ,nS)-umbilic if Sd[φ](nT ,nS)(p) = κd[φ](nT ,nS) (p) idTpM
for a function κd[φ]. M is called totally φ-de Sitter (nT ,nS)-umbilic if all points of M are
φ-de Sitter (nT ,nS)-umbilic. Moreover, a point p is called φ-de Sitter (nT ,nS)-parabolic if
Kd[φ](nT ,nS) (p) = 0. Furthermore, p is called φ-de Sitter (nT ,nS)-flat if it is φ-de Sitter
(nT ,nS)-umbilic and Kd[φ](nT ,nS) (p) = 0.

Since X is a spacelike embedding, the induced Riemannian metric (the first fundamental

form) on M is given by ds2 =
n−1∑
i,j=1

gijduiduj, where gij (u) =
〈
Xui(u),Xuj(u)

〉
for any u ∈ U .

Moreover, φ-de Sitter second fundamental invariant with respect to (nT ,nS) is defined by
hd[φ]ij(n

T ,nS) (u) =
〈
−(cosφnT + nS)ui(u),Xuj(u)

〉
for any u ∈ U .
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Proposition 3.1 Under the above notations, we have the following:

(1)
(
cosφnT + nS

)
ui

=
〈
nT
ui
,nS

〉
(nT + cosφnS) −

n−1∑
j=1

hd[φ]ji (n
T ,nS)Xuj (φ-de Sitter Wein-

garten formula),

(2) πt ◦ (cosφnT + nS)ui = −
n−1∑
j=1

hd[φ]ji (n
T ,nS)Xuj .

Here,
(
hd[φ]ji (n

T ,nS)
)

=
(
hd[φ]ik(n

T ,nS)
) (
gkj
)

and
(
gkj
)

= (gkj)
−1.

Proof. There exist real numbers λ, µ, Γji such that (cosφnT +nS)ui = λnT +µnS +
n−1∑
j=1

ΓjiXuj .

From the equations
〈
nT ,nT

〉
= −1 and

〈
nS,nS

〉
= 1, it follows that

〈
nT
ui
,nT

〉
= 0 and〈

nS
ui
,nS

〉
= 0, respectively. On the other hand, we have

〈
nT ,nS

〉
=
〈
nT ,Xui

〉
=
〈
nS,Xui

〉
=

0. Therefore, we obtain λ = −
〈
nS
ui
,nT

〉
and µ = cosφ

〈
nT
ui
,nS

〉
. Moreover, it is found from

the equation
〈
nT ,nS

〉
= 0 that

〈
nS
ui
,nT

〉
= −

〈
nT
ui
,nS

〉
. Furthermore,

〈
λnT + µnS,Xuj

〉
= 0

and so

−hd[φ]iβ(nT ,nS) =
n−1∑
α=1

Γαi
〈
Xuα ,Xuβ

〉
=

n−1∑
α=1

Γαi gαβ.

Thus, we get

−hd[φ]ji (n
T ,nS) = −

n−1∑
β=1

hd[φ]iβ(nT ,nS)gβj =
n−1∑
β=1

n−1∑
α=1

Γαi gαβg
βj = Γji .

This completes the proof of the formula (1). The formula (2) follows from the formula (1). 2

We remark that this proposition is a generalization of Proposition 3.2 in [10]. Moreover, as
a corollary of this proposition, we have the following explicit expression of φ-de Sitter Gauss-
Kronecker curvature with respect to (nT ,nS) by means of Riemannian metric and φ-de Sitter
second fundamental invariant.

Corollary 3.2 Under the same notations as in the above proposition, φ-de Sitter Gauss-
Kronecker curvature with respect to (nT ,nS) is given by

Kd[φ](nT ,nS) =
det
(
hd[φ]ij(n

T ,nS)
)

det (gαβ)
.

Proof. In terms of the formula (2) in the previous proposition, the representation matrix of
φ-de Sitter shape operator with respect to the basis

{
Xu1 , ...,Xun−1

}
is
(
hd[φ]ji (n

T ,nS)
)
. It is

clear from this fact that

Kd[φ](nT ,nS) = detSd[φ](nT ,nS) = det
(
hd[φ]ji (n

T ,nS)
)

= det
((
hd[φ]iβ(nT ,nS)

) (
gβj
))

=
det
(
hd[φ]ij(n

T ,nS)
)

det (gαβ)
.

2

Since 〈−(cosφnT + nS)(u),Xuj(u)〉 = 0, we obtain that hd[φ]ij(n
T ,nS)(u) = 〈(cosφnT +

nS)(u),Xuiuj(u)〉. Hence, φ-de Sitter second fundamental invariant at a point p = X(u) ∈M
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depends only on the values cosφnT (u) +nS(u) and Xuiuj(u) of the vector fields cosφnT +nS

and Xuiuj . And also φ-de Sitter Gauss-Kronecker curvature with respect to (nT ,nS) at p
depends only on the vectors cosφnT (u) + nS(u), Xui(u) and Xuiuj(u).

Now, we define a φ-de Sitter height function on M = X(U) by

Hd
φ : U × Sn1 (sin2 φ) −→ R

(u,v) 7−→ 〈X(u),v〉.

Besides, we denote the Hessian matrix of φ-de Sitter height function hdφ,v0
(u) = Hd

φ (u,v0) at

u0 by Hess
(
hdφ,v0

)
(u0).

Proposition 3.3 Let Hd
φ : U×Sn1 (sin2 φ) −→ R be a φ-de Sitter height function on M = X(U).

Then we have the following:

(1) ∂Hd
φ/∂ui(u0,v0) = 0 (i = 1, ..., n− 1) if and only if v0 = λnT (u0) + µnS(u0) such that

−λ2 + µ2 = sin2 φ.

Assume that p0 = X(u0) and v0 = (cosφnT + nS)(u0).

(2) p0 is a φ-de Sitter (nT ,nS)-parabolic point if and only if det Hess
(
hdφ,v0

)
(u0) = 0.

(3) p0 is a φ-de Sitter (nT ,nS)-flat point if and only if rank Hess
(
hdφ,v0

)
(u0) = 0.

Proof. (1) As {nT (u0),n
S(u0),Xu1(u0), . . . ,Xun−1(u0)} is a basis of Tp0Rn+1

1 for p0 = X(u0),
there exist real numbers λ, µ, ξj (j = 1, ..., n− 1) such that v0 = λnT (u0) + µnS(u0) +
n−1∑
j=1

ξjXuj(u0). Since ∂Hd
φ/∂ui(u0,v0) = 〈Xui(u0),v0〉, we deduce that 〈Xui(u0),v0〉 =

n−1∑
j=1

ξjgij(u0).

As gij is positive definite, it is obvious that ξj = 0 (j = 1, ..., n− 1). Moreover, since v0 ∈
Sn1 (sin2 φ), it follows that −λ2 +µ2 = sin2 φ. Thus, the proof of the first assertion is completed.

(2) From the definition, we have hdφ,v0
(u0) = 〈X (u0) ,v0〉. Using this equation and Proposition

3.1, we obtain

∂2hdφ,v0

∂ui∂uj
(u0) =

〈
Xuiuj(u0),v0

〉
= −

〈
Xui(u0),

(
cosφnT + nS

)
uj

(u0)
〉

=

〈
Xui(u0),

n−1∑
k=1

hd[φ]kj (n
T (u0),n

S(u0))Xuk(u0)

〉
= hd[φ]ij(n

T (u0),n
S(u0)).

This means that Hess
(
hdφ,v0

)
(u0) =

(
hd[φ]ij(n

T (u0),n
S(u0))

)
. Consequently, we have

Kd[φ](nT (u0),n
S(u0)) =

det
(
hd[φ]ij(n

T (u0),n
S(u0))

)
det ((gαβ) (u0))

=
det Hess

(
hdφ,v0

)
(u0)

det ((gαβ) (u0))
.

So, the second assertion follows from these formulas.

(3) By means of φ-de Sitter Weingarten formula, p0 = X(u0) is a φ-de Sitter (nT ,nS) umbilic
point if and only if there exists an orthogonal matrixA such thatAt

(
hd[φ]αi (nT (u0),n

S(u0))
)
A =

κd[φ](u0)I. Therefore, we get(
hd[φ]αi (nT (u0),n

S(u0))
)

= Aκd[φ](u0)A
t = κd[φ](u0)I,
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so that

Hess
(
hdφ,v0

)
(u0) =

(
hd[φ]ij(n

T (u0),n
S(u0))

)
=

(
hd[φ]αi (nT (u0),n

S(u0))
)

((gαj) (u0))

= κd[φ](u0) ((gij) (u0)) .

Thus, p0 is a φ-de Sitter (nT ,nS)-flat point (i.e., κd[φ](u0) = 0) if and only if
rank Hess

(
hdφ,v0

)
(u0) = 0. 2

Theorem 3.4 For a spacelike embedding X : U → Rn+1
1 , where U is an open subset of Rn−1,

the following conditions are equivalent:

(1) M = X(U) is totally φ-de Sitter flat, where nT is a parallel vector field.

(2) φ-de Sitter Gauss map cosφnT + nS is constant, where nT is a parallel vector field.

(3) There exists a vector v ∈ Sn1 (sin2 φ) such that M is a subset of a timelike (respectively,
lightlike) hyperplane HP (v, c) for φ ∈ (0, π/2] (respectively, φ = 0).

Proof. Suppose that M = X(U) is totally φ-de Sitter flat. In this case, hd[φ]ji (n
T ,nS)(u) = 0

(i, j = 1, ..., n− 1) at any point u ∈ U for any future directed normal frame {nT ,nS} along M .
As a result, from Proposition 3.1 (1), it is clear that(

cosφnT + nS
)
ui

(u) =
〈
nT
ui

(u),nS(u)
〉

(nT + cosφnS)(u).

Moreover, as nT is a parallel vector field, it follows that
(
cosφnT + nS

)
ui

(u) = 0. This means

that φ-de Sitter Gauss map cosφnT + nS is constant. Thus, condition (1) implies condition
(2). By Proposition 3.1, condition (2) implies condition (1).

Now, we assume that φ-de Sitter Gauss map cosφnT + nS is constant. Then we write
(cosφnT + nS)(u) = v and consider the following function

F : U −→ R
u 7−→ 〈X(u),v〉.

Hence, we have
∂F/∂ui(u) =

〈
Xui(u), (cosφnT + nS)(u)

〉
= 0

for (i = 1, . . . , n− 1). Consequently, F (u) = 〈X(u),v〉 is constant. If we denote it by c, since
v ∈ Sn1 (sin2 φ), M is a subset of a timelike (respectively, lightlike) hyperplane HP (v, c) for
φ ∈ (0, π/2] (respectively, φ = 0). This completes the proof that condition (2) implies condition
(3). Now, we suppose that M is a subset of a timelike (respectively, lightlike) hyperplane
HP (v, c) for φ ∈ (0, π/2] (respectively, φ = 0), where v ∈ Sn1 (sin2 φ). So, we can write
〈X(u),v〉 = c for any u ∈ U . As 〈Xui(u),v〉 = 0, from Proposition 3.3 (1), it follows that
v = λnT (u) + µnS(u) such that −λ2 + µ2 = sin2 φ. Since the vector v doesn’t depend on the
choices of λ and µ, we can take λ = cosφ and µ = 1. This means that

(
cosφnT + nS

)
ui

(u) = 0.

Therefore, we obtain 0 =
〈(

cosφnT + nS
)
ui

(u),nT (u)
〉

=
〈
nS
ui

(u),nT (u)
〉
. On the other

hand, we have
〈
nT
ui

(u),nT (u)
〉

= 0 and
〈
nT
ui

(u),nS(u)
〉

= −
〈
nT (u),nS

ui
(u)
〉
. As a result, nT

is a parallel vector field. Thus, we prove that condition (3) implies condition (2). 2
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Theorem 3.5 Suppose that M = X(U) is non-flat totally umbilical, nT is a parallel vector
field and φ ∈ [0, π/2] is fixed. Then κd[φ](nT ,nS) (p) is non-zero constant κd[φ] and M is
located in Sn1 (a, r), where a = 1

κd[φ]
c and r = | sinφ

κd[φ]
|.

Proof. From the definition, we get Sd[φ](nT ,nS)(Xui) = −d(cosφnT + nS)t(Xui). Since nT

is a parallel vector field, from φ-de Sitter Weingarten formula, we deduce that

(cosφnT + nS)ui = −
n−1∑
j=1

hd[φ]ji (n
T ,nS)Xuj .

Hence, we can write that

Sd[φ](nT ,nS)(Xui) = −(cosφnT + nS)ui = κd[φ]Xui

for (i = 1, ..., n− 1). Consequently, it follows that

−(cosφnT + nS)uiuj = (κd[φ])ujXui + κd[φ]Xuiuj .

On the other hand, we have

Sd[φ](nT ,nS)(Xuj) = −(cosφnT + nS)uj = κd[φ]Xuj

for (j = 1, ..., n− 1). Therefore, we get

−(cosφnT + nS)ujui = (κd[φ])uiXuj + κd[φ]Xujui .

As (cosφnT + nS)uiuj = (cosφnT + nS)ujui and κd[φ]Xuiuj = κd[φ]Xujui , we obtain

(κd[φ])ujXui = (κd[φ])uiXuj .

Since
{
Xu1 , ...,Xun−1

}
is linearly independent, κd[φ] is constant. Moreover, from the equation

d(cosφnT + nS) = −κd[φ]dX, it is obvious that d(cosφnT + nS + κd[φ]X) = 0. So, there is a
constant vector c such that

c = cosφnT (u) + nS(u) + κd[φ]X(u).

From this equation, we have

X(u)− 1

κd[φ]
c = − 1

κd[φ]
(cosφnT (u) + nS(u)).

Hence, it is found that 〈
X(u)− 1

κd[φ]
c,X(u)− 1

κd[φ]
c

〉
=

sin2 φ

κd[φ]2
.

This completes the proof. 2

Remark 3.6 We remark that if φ = 0 in the above theorem, then M is located in LCa .
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4 Spacelike slant geometry from the viewpoint of La-

grangian singularity theory

In this section, we interpret the results of Proposition 3.3 from the viewpoint of Lagrangian
singularity theory. We consider the relation between the contact of submanifolds with foliations
and the R+-classification of functions. Let Xi (i = 1, 2) be submanifolds of Rn with dimX1 =
dimX2 and let gi : (Xi, x̄i) → (Rn, ȳi) be immersion germs and fi : (Rn, ȳi) → (R, 0) be
submersion germs. For a submersion germ f : (Rn, 0)→ (R, 0), we define the regular foliation
Ff by Ff = {f−1(c)|c ∈ (R, 0)}. We say that the contact of X1 with Ff1 at ȳ1 is of the same
type as the contact of X2 with Ff2 at ȳ2 if there is a diffeomorphism germ Φ : (Rn, ȳ1)→ (Rn, ȳ2)
such that Φ(X1) = X2 and Φ(Y1(c)) = Y2(c), where Yi(c) = f−1i (c) for each c ∈ (R, 0). In this
case, we write K(X1,Ff1 ; ȳ1) = K(X2,Ff2 ; ȳ2). It is clear that in the definition, Rn could be
replaced by any manifold. We apply Goryunov’s method [6] for R+-equivalences of function
germs.

Proposition 4.1 ([6]) Let Xi (i = 1, 2) be submanifolds of Rn with dimX1 = dimX2 = n− 1
(i.e., hypersurfaces), gi : (Xi, x̄i) → (Rn, ȳi) be immersion germs and fi : (Rn, ȳi) → (R, 0)
be submersion germs. Then K(X1,Ff1 ; ȳ1) = K(X2,Ff2 ; ȳ2) if and only if f1 ◦ g1 and f2 ◦ g2
are R+-equivalent (i.e., there exists a diffeomorphism germ φ : (X1, x̄1) → (X2, x̄2) such that
(f2 ◦ g2) ◦ φ = f1 ◦ g1).

Now, we denote the set of function germs (X, 0) → R by C∞0 (X). Let Jf be the Jacobian
ideal in C∞0 (X) (i.e., Jf = 〈∂f/∂x1, . . . , ∂f/∂xn〉C∞0 (X)). Let Rk(f) = C∞0 (X)/Jkf and f̄ be

the image of f in this local ring. Here, Jkf denotes the kth power of the Jacobian ideal Jf .
We say that f satisfies the Milnor condition if dimRR1(f) < ∞ (cf.[5]). Thus, we have the
following algebraic characterization which was given by Golubitsky and Guillemin in [5] for the
R+-equivalence of function germs.

Proposition 4.2 ([5]) Let f and g be germs of functions at 0 in X satisfying the Milnor
condition with df(0) = dg(0) = 0. Then f and g are R+-equivalent if and only if

(1) The ranks and signatures of Hess(f)(0) and Hess(g)(0) are equal.

(2) There is an isomorphism γ : R2(f)→ R2(g) such that γ(f̄) = ḡ.

Now, we consider a function

hdφ,v0
: Rn+1

1 −→ R
x 7−→ 〈x,v0〉,

where v0 = λnT (u0)+µnS(u0) such that −λ2+µ2 = sin2 φ. In this case, we have hdφ,v0
◦X(u) =

Hd
φ(u,v0). Therefore, from Proposition 3.3, we get

∂hdφ,v0
◦X

∂ui
(u0) =

∂Hd
φ

∂ui
(u0,v0) = 0

for (i = 1, . . . , n−1). This means that for φ ∈ (0, π/2] (respectively, φ = 0), the timelike (respec-

tively, lightlike) hyperplane hdφ,v0

−1
(c) = HP (v0, c) is tangent to M = X(U) at p0 = X(u0),
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where c = 〈X(u0),v0〉. So, we call HP (v0, c) a tangent timelike (respectively, lightlike) hy-
perplane with the pseudo-normal v0 for φ ∈ (0, π/2] (respectively, φ = 0). As we have space-
like (respectively, lightlike) directions cosφnT (u) + nS(u) (respectively, nT (u) + nS(u)) and
cosφnT (u) − nS(u) (respectively, nT (u) − nS(u)) in the normal plane, we have two tangent
timelike (respectively, lightlike) hyperplanes at the point p0 depending on the direction of v0

for φ ∈ (0, π/2] (respectively, φ = 0). Here, we choose only one of them. Let ε be a sufficiently
small positive real number. For any t ∈ Iε = (c − ε, c + ε), we have a timelike (respectively,

lightlike) hyperplane HP (v0, t) = hdφ,v0

−1
(t). In this case, Fhdφ,v0

is a family of parallel time-

like (respectively, lightlike) hyperplanes around p0 such that hdφ,v0

−1
(c) is the tangent timelike

(respectively, lightlike) hyperplane of M at p0. Let X i : (U, ūi) → (Rn+1
1 ,X i(ūi)) (i = 1, 2)

be spacelike embedding germs with codimension two. Then we have hdφi,vi(u) = hdφ,vi ◦X i(u).
Hence, we obtain the following proposition as a corollary of Proposition 4.1 and Proposition
4.2.

Proposition 4.3 Let X i : (U, ūi)→ (Rn+1
1 ,X i(ūi)) (i = 1, 2) be spacelike embedding germs of

codimension two such that hdφi,vi satisfy the Milnor condition, where vi = cosφnT (ūi) +nS(ūi)
(respectively, vi = nT (ūi) + nS(ūi)) are pseudo-normals of the tangent timelike (respectively,
lightlike) hyperplanes of X i for φ ∈ (0, π/2] (respectively, φ = 0). Then the following conditions
are equivalent:

(1) K(X1(U),Fhdφ,v1
;X1(ū1)) = K(X2(U),Fhdφ,v2

;X2(ū2)).

(2) hdφ1,v1 and h
d
φ2,v2 are R+-equivalent.

(3) (a) The ranks and signatures of Hess(hdφ1,v1)(ū1) and Hess(hdφ2,v2)(ū2) are equal.

(b) There is an isomorphism γ : R2(h
d
φ1,v1)→ R2(h

d
φ2,v2) such that γ(h

d

φ1,v1) = (h
d

φ2,v2).

Now, we can interpret the meaning of the above proposition from the viewpoint of La-
grangian singularity theory. We consider v = (v0, v1, . . . , vn) ∈ Sn1 (sin2 φ) \ {0}. Then we have
(v1, . . . , vn) 6= (0, . . . , 0). Without the loss of generality, we assume that v1 > 0. We choose the
local coordinate neighbourhood system (V 1

+, U
1, ψ), where

V 1
+ = {v ∈ Sn1 (sin2 φ) | v1 > 0 }, U1 = {(x1, . . . , xn) ∈ Rn | x21 −

n∑
i=2

x2i + sin2 φ > 0 }

and ψ : V 1
+ −→ U1 is induced by the canonical projection.

Proposition 4.4 The φ-de Sitter height function Hd
φ : U ×Sn1 (sin2 φ) −→ R is a Morse family

of hypersurfaces.

Proof. We consider the local coordinate neighborhood V 1
+. For any v = (v0, v1, . . . , vn) ∈ V 1

+,

it is obvious that v1 =
√
v20 −

∑n
i=2 v

2
i + sin2 φ, so that

Hd
φ(u,v) = −x0(u)v0 + x1(u)

√√√√v20 −
n∑
i=2

v2i + sin2 φ+ x2(u)v2 + · · ·+ xn(u)vn,
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where X(u) = (x0(u), . . . , xn(u)). We define a mapping ∆Hd
φ =

(
∂Hd

φ/∂u1, . . . , ∂H
d
φ/∂un−1

)
.

We have to prove that ∆Hd
φ is non-singular at any point in (∆Hd

φ)−1(0). If (u,v) ∈ ∆Hd
φ
−1

(0),

then from Proposition 3.3, we have v = λnT (u) +µnS(u) such that −λ2 +µ2 = sin2 φ. On the

other hand, the Jacobian matrix of ∆Hd
φ at (u,v) ∈ ∆Hd

φ
−1

(0) is given as follows: 〈Xu1u1(u),v〉 · · · 〈Xu1un−1(u),v〉
...

...
... A

〈Xun−1u1(u),v〉 · · · 〈Xun−1un−1(u),v〉

 ,

where

A =


−x0u1(u) +

v0
v1
x1u1(u) −v2

v1
x1u1(u) + x2u1(u) · · · −vn

v1
x1u1(u) + xnu1(u)

...
...

...
...

−x0un−1(u) +
v0
v1
x1un−1(u) −v2

v1
x1un−1(u) + x2un−1(u) · · · −vn

v1
x1un−1(u) + xnun−1(u)

 .

Now, we consider the following matrix

B =


−nT0 (u) +

v0
v1
nT1 (u) −v2

v1
nT1 (u) + nT2 (u) · · · −vn

v1
nT1 (u) + nTn (u)

−x0u1(u) +
v0
v1
x1u1(u) −v2

v1
x1u1(u) + x2u1(u) · · · −vn

v1
x1u1(u) + xnu1(u)

...
...

...
...

−x0un−1(u) +
v0
v1
x1un−1(u) −v2

v1
x1un−1(u) + x2un−1(u) · · · −vn

v1
x1un−1(u) + xnun−1(u)


and use the following notations

a =


nT0 (u)
x0u1(u)

...
x0un−1(u)

 , b1 =


nT1 (u)
x1u1(u)

...
x1un−1(u)

 , . . . , bn =


nTn (u)
xnu1(u)

...
xnun−1(u)

 .

Then we get

detB =
v0
v1

det (b1 . . . bn)− v1
v1

det (a b2 . . . bn)− · · · − vn
v1

det (b1 . . . bn−1 a).

On the other hand, we have

nT (u)∧Xu1(u)∧· · ·∧Xun−1(u) = (−det (b1 . . . bn),−det (a b2 . . . bn), . . . ,−det (b1 . . . bn−1 a)).

Consequently, we obtain

detB =

〈(
v0
v1
, . . . ,

vn
v1

)
,nT (u) ∧Xu1(u) ∧ · · · ∧Xun−1(u)

〉
=

1

v1

〈
(v0, . . . , vn) ,nT (u) ∧Xu1(u) ∧ · · · ∧Xun−1(u)

〉
=

1

v1

〈
λnT (u)±

√
λ2 + sin2 φnS(u),nT (u) ∧Xu1(u) ∧ · · · ∧Xun−1(u)

〉
= ±

√
λ2 + sin2 φ

v1

〈
nS(u), ‖nT (u) ∧Xu1(u) ∧ · · · ∧Xun−1(u)‖nS(u)

〉
= ±

√
λ2 + sin2 φ

v1
‖nT (u) ∧Xu1(u) ∧ · · · ∧Xun−1(u)‖ 6= 0.
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As a result, the rank of the matrix A is n− 1.

If we adopt the other local coordinates, we get the similar calculations to the above. This
completes the proof. 2

Now, taking into account the method of constructing a Lagrangian immersion germ from a
Morse family of functions (see [1] for the details), we can give the following corollary:

Corollary 4.5 There exists a Lagrangian immersion L(Hd
φ) : C(Hd

φ) −→ T ∗Sn1 (sin2 φ) such

that φ-de Sitter height function Hd
φ : U ×Sn1 (sin2 φ) −→ R of M = X(U) is a generating family

of L(Hd
φ).

Here, C(Hd
φ) = (∆Hd

φ)−1(0) = {λnT (u) + µnS(u)| − λ2 + µ2 = sin2φ}.

Thus, it follows that Lagrangian map of L(Hd
φ) is φ-de Sitter Gauss map of M = X(U).

We call L(Hd
φ) Lagrangian lift of φ-de Sitter Gauss map of M . Using this, we can interpret

Proposition 4.3 from the viewpoint of Lagrangian singularity theory.

Theorem 4.6 Let X i : (U, ūi) → (Rn+1
1 ,X i(ūi)) (i = 1, 2) be spacelike embedding germs of

codimension two such that Lagrangian lift germs L(Hd
φi) : (C(Hd

φi), (ūi,vi))→ (T ∗Sn1 (sin2 φ), z̄i)
of φ-de Sitter Gauss map germs (cosφnT +nS)i are Lagrangian stable, where vi = (cosφnT +
nS)i(ūi). Then the following conditions are equivalent:

(1) K(X1(U),Fhdφ,v1
;X1(ū1)) = K(X2(U),Fhdφ,v2

;X2(ū2)).

(2) hdφ1,v1 and h
d
φ2,v2 are R+-equivalent.

(3) Hd
φ1 and H

d
φ2 are stably P -R+-equivalent.

(4) L(Hd
φ1) and L(Hd

φ2) are Lagrangian equivalent.

(5) (a) The ranks and signatures of Hess(hdφ1,v1)(ū1) and Hess(hdφ2,v2)(ū2) are equal.

(b) There is an isomorphism γ : R2(h
d
φ1,v1)→ R2(h

d
φ2,v2) such that γ(h

d

φ1,v1) = (h
d

φ2,v2).

Proof. Since the germs L(Hd
φi) are Lagrangian stable, the generating families Hd

φi areR+-versal

unfoldings of hdφi,vi for (i = 1, 2), respectively, (cf. Appendix). As a result, it is obtained that

hdφi,vi (i = 1, 2) satisfy the Milnor condition, [1,3]. It is given in Proposition 4.3 that conditions
(1) and (2) are equivalent. Moreover, from Theorem A.1, the condition (3) is equivalent to the
condition (4). Furthermore, in terms of Corollary A.2, the condition (2) is equivalent to the
condition (4). If we use Proposition 4.3, it follows that the condition (2) is equivalent to the
condition (5). 2

5 Timelike slant geometry on spacelike submanifolds of

codimension two

In this section, we construct timelike slant geometry on spacelike submanifolds of codimension
two in Lorentz-Minkowski space. Since most of the proofs are similar to those of the section 3,
we omit them.

12



Let take nT (u)± cosφnS(u) ∈ Hn(− sin2 φ) for φ ∈ [0, π/2]. For φ ∈ (0, π/2] (respectively,
φ = 0), nT (u) ± cosφnS(u) (respectively, nT (u) ± nS(u)) are timelike (respectively, lightlike)
normal vectors, where u ∈ U . We choose nT + cosφnS (respectively, nT + nS) as a timelike
(respectively, lightlike) normal vector field along M for φ ∈ (0, π/2] (respectively, φ = 0). We
call nT + cosφnS φ-hyperbolic Gauss map of M .

At each point p = X(u) ∈M , we consider the following linear mapping

dp(n
T + cosφnS) : TpM −→ TpRn+1

1 = TpM ⊕NpM.

We define
dp(n

T + cosφnS)t = πt ◦ dp(nT + cosφnS)

and
dp(n

T + cosφnS)n = πn ◦ dp(nT + cosφnS).

The linear transformations Sh[φ](nT ,nS)(p) = −dp(nT + cosφnS)t and dp(n
T + cosφnS)n of

TpM are called respectively φ-hyperbolic (nT ,nS)-shape operator and φ-hyperbolic normal con-
nection of M at p.

The eigen values which are denoted by κhi [φ](nT ,nS) (p) (i = 1, ..., n− 1) of Sh[φ](nT ,nS)(p)
are called φ-hyperbolic principal curvatures according to (nT ,nS) at p. And also φ-hyperbolic
Gauss-Kronecker curvature with respect to (nT ,nS) at p is defined as

Kh[φ](nT ,nS) (p) = detSh[φ](nT ,nS)(p).

A point p is called φ-hyperbolic (nT ,nS)-umbilic if Sh[φ](nT ,nS)(p) = κh[φ](nT ,nS) (p) idTpM
for a function κh[φ]. M is called totally φ-hyperbolic (nT ,nS)-umbilic if all points of M are
φ-hyperbolic (nT ,nS)-umbilic. Moreover, a point p is called φ-hyperbolic (nT ,nS)-parabolic if
Kh[φ](nT ,nS) (p) = 0. Furthermore, p is called φ-hyperbolic (nT ,nS)-flat if it is φ-hyperbolic
(nT ,nS)-umbilic and Kh[φ](nT ,nS) (p) = 0.

On the other hand, φ-hyperbolic second fundamental invariant with respect to (nT ,nS) is
defined by hh[φ]ij(n

T ,nS) (u) =
〈
−(nT + cosφnS)ui(u),Xuj(u)

〉
for any u ∈ U .

Proposition 5.1 Under the above notations, we have the following:

(1)
(
nT + cosφnS

)
ui

=
〈
nT
ui
,nS

〉
(cosφnT +nS)−

n−1∑
j=1

hh[φ]ji (n
T ,nS)Xuj (φ-hyperbolic Wein-

garten formula),

(2) πt ◦ (nT + cosφnS)ui = −
n−1∑
j=1

hh[φ]ji (n
T ,nS)Xuj .

Here,
(
hh[φ]ji (n

T ,nS)
)

=
(
hh[φ]ik(n

T ,nS)
) (
gkj
)

and
(
gkj
)

= (gkj)
−1.

We remark that this proposition is a generalization of Proposition 3.2 in [10]. Moreover, as
a corollary of this proposition, we have the following explicit expression of φ-hyperbolic Gauss-
Kronecker curvature with respect to (nT ,nS) by means of Riemannian metric and φ-hyperbolic
second fundamental invariant.

13



Corollary 5.2 Under the same notations as in the above proposition, φ-hyperbolic Gauss-
Kronecker curvature with respect to (nT ,nS) is given by

Kh[φ](nT ,nS) =
det
(
hh[φ]ij(n

T ,nS)
)

det (gαβ)
.

As 〈−(nT+cosφnS)(u),Xuj(u)〉 = 0, we get hh[φ]ij(n
T ,nS)(u) = 〈(nT+cosφnS)(u),Xuiuj(u)〉.

Hence, φ-hyperbolic second fundamental invariant at a point p = X(u) depends only on the
values nT (u) + cosφnS(u) and Xuiuj(u) of the vector fields nT + cosφnS and Xuiuj . And
also φ-hyperbolic Gauss-Kronecker curvature with respect to (nT ,nS) at p depends only on
the vectors nT (u) + cosφnS(u), Xui(u) and Xuiuj(u).

Now, we define a φ-hyperbolic height function on M = X(U) by

Hh
φ : U ×Hn(− sin2 φ) −→ R

(u,v) 7−→ 〈X(u),v〉.

Besides, we denote Hessian matrix of φ-hyperbolic height function hhφ,v0
(u) = Hh

φ (u,v0) at u0
by Hess

(
hhφ,v0

)
(u0).

Proposition 5.3 Let Hh
φ : U ×Hn(− sin2 φ) −→ R be a φ-hyperbolic height function on M =

X(U). Then, we have the following:

(1) ∂Hh
φ/∂ui(u0,v0) = 0 (i = 1, ..., n− 1) if and only if v0 = λnT (u0) + µnS(u0) such that

−λ2 + µ2 = − sin2 φ.

Suppose that p0 = X(u0) and v0 = (nT + cosφnS)(u0).

(2) p0 is a φ-hyperbolic (nT ,nS)-parabolic point if and only if det Hess
(
hhφ,v0

)
(u0) = 0.

(3) p0 is a φ-hyperbolic (nT ,nS)-flat point if and only if rank Hess
(
hhφ,v0

)
(u0) = 0.

Theorem 5.4 For a spacelike embedding X : U → Rn+1
1 , where U is an open subset of Rn−1,

the following conditions are equivalent:

(1) M = X(U) is totally φ-hyperbolic flat, where nT is a parallel vector field.

(2) φ-hyperbolic Gauss map nT + cosφnS is constant, where nT is a parallel vector field.

(3) There exists a vector v ∈ Hn(− sin2 φ) such that M is a subset of a spacelike (respectively,
lightlike) hyperplane HP (v, c) for φ ∈ (0, π/2] (respectively, φ = 0).

Theorem 5.5 Assume that M = X(U) is non-flat totally umbilical, nT is a parallel vector
field and φ ∈ [0, π/2] is fixed. Then κh[φ](nT ,nS) (p) is non-zero constant κh[φ] and M is
located in Hn(a, r), where a = 1

κh[φ]
c and r = | sinφ

κh[φ]
|.

Remark 5.6 We remark that if φ = 0 in the above theorem, then M is located in LCa.

6 Timelike slant geometry from the viewpoint of La-

grangian singularity theory

In this section, we interpret the results of Proposition 5.3 from the viewpoint of Lagrangian
singularity theory. We consider a function

hhφ,v0
: Rn+1

1 −→ R
x 7−→ 〈x,v0〉,
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where v0 = λnT (u0) + µnS(u0) such that −λ2 + µ2 = − sin2 φ. In this case, we can write
hhφ,v0

◦X(u) = Hh
φ(u,v0). From Proposition 5.3, we obtain

∂hhφ,v0
◦X

∂ui
(u0) =

∂Hh
φ

∂ui
(u0,v0) = 0

for (i = 1, . . . , n − 1). This means that for φ ∈ (0, π/2] (respectively, φ = 0), spacelike

(respectively, lightlike) hyperplane hhφ,v0

−1
(c) = HP (v0, c) is tangent to M = X(U) at p0 =

X(u0), where c = 〈X(u0),v0〉. Hence, we call HP (v0, c) a tangent spacelike (respectively,
lightlike) hyperplane with the pseudo-normal v0 for φ ∈ (0, π/2] (respectively, φ = 0). Since we
have timelike (respectively, lightlike) directions nT (u)+cosφnS(u) (respectively, nT (u)+nS(u))
and nT (u)−cosφnS(u) (respectively, nT (u)−nS(u)) in the normal plane, we have two tangent
spacelike (respectively, lightlike) hyperplanes at the point p0 depending on the direction of v0

for φ ∈ (0, π/2] (respectively, φ = 0). Here, we choose only one of them. Let ε be a sufficiently
small positive real number. For any t ∈ Iε = (c − ε, c + ε), we have a spacelike (respectively,

lightlike) hyperplane HP (v0, t) = hhφ,v0

−1
(t). In this case, Fhhφ,v0

is a family of parallel spacelike

(respectively, lightlike) hyperplanes around p0 such that hhφ,v0

−1
(c) is the tangent spacelike

(respectively, lightlike) hyperplane of M at p0. Let X i : (U, ūi) → (Rn+1
1 ,X i(ūi)) (i = 1, 2)

be spacelike embedding germs with codimension two. Then we have hhφi,vi(u) = hhφ,vi ◦X i(u).
Therefore, we get the following proposition as a corollary of Proposition 4.1 and Proposition
4.2.

Proposition 6.1 Let X i : (U, ūi)→ (Rn+1
1 ,X i(ūi)) (i = 1, 2) be spacelike embedding germs of

codimension two such that hhφi,vi satisfy the Milnor condition, where vi = nT (ūi) + cosφnS(ūi)
(respectively, vi = nT (ūi) + nS(ūi)) are pseudo-normals of the tangent spacelike (respectively,
lightlike) hyperplanes of X i for φ ∈ (0, π/2] (respectively, φ = 0). Then the following conditions
are equivalent:

(1) K(X1(U),Fhhφ,v1
;X1(ū1)) = K(X2(U),Fhhφ,v2

;X2(ū2)).

(2) hhφ1,v1 and h
h
φ2,v2 are R+-equivalent.

(3) (a) The ranks and signatures of Hess(hhφ1,v1)(ū1) and Hess(hhφ2,v2)(ū2) are equal,

(b) There is an isomorphism γ : R2(h
h
φ1,v1)→ R2(h

h
φ2,v2) such that γ(h

h

φ1,v1) = (h
h

φ2,v2).

Now, we can interpret the meaning of the above proposition from the viewpoint of La-
grangian singularity. We consider v = (v0, v1, . . . , vn) ∈ Hn(− sin2 φ) \ {0}. Without the loss
of generality, we assume that v0 > 0. Thus, we adopt the coordinate system (v1, . . . , vn).

Proposition 6.2 The φ-hyperbolic height function Hh
φ : U × Hn(− sin2 φ) −→ R is a Morse

family of hypersurfaces.

Proof. For any v = (v0, v1, . . . , vn) ∈ Hn(− sin2 φ) \ {0}, we have v0 =
√∑n

i=1 v
2
i + sin2 φ, so

that

Hh
φ(u,v) = −x0(u)

√√√√ n∑
i=1

v2i + sin2 φ+ x1(u)v1 + · · ·+ xn(u)vn,
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where X(u) = (x0(u), . . . , xn(u)). We define a mapping ∆Hh
φ =

(
∂Hh

φ/∂u1, . . . , ∂H
h
φ/∂un−1

)
.

We have to prove that ∆Hh
φ is non-singular at any point in (∆Hh

φ)−1(0). If (u,v) ∈ ∆Hh
φ
−1

(0),

then from Proposition 5.3, we have v = λnT (u) + µnS(u) such that −λ2 + µ2 = − sin2 φ. On

the other hand, the Jacobian matrix of ∆Hh
φ at (u,v) ∈ ∆Hh

φ
−1

(0) is given as follows: 〈Xu1u1(u),v〉 · · · 〈Xu1un−1(u),v〉
...

...
... A

〈Xun−1u1(u),v〉 · · · 〈Xun−1un−1(u),v〉

 ,

where

A =


−v1
v0
x0u1(u) + x1u1(u) −v2

v0
x0u1(u) + x2u1(u) · · · −vn

v0
x0u1(u) + xnu1(u)

...
...

...
...

−v1
v0
x0un−1(u) + x1un−1(u) −v2

v0
x0un−1(u) + x2un−1(u) · · · −vn

v0
x0un−1(u) + xnun−1(u)

 .

Now, we take into account the following matrix

B =


−v1
v0
nS0 (u) + nS1 (u) −v2

v0
nS0 (u) + nS2 (u) · · · −vn

v0
nS0 (u) + nSn(u)

−v1
v0
x0u1(u) + x1u1(u) −v2

v0
x0u1(u) + x2u1(u) · · · −vn

v0
x0u1(u) + xnu1(u)

...
...

...
...

−v1
v0
x0un−1(u) + x1un−1(u) −v2

v0
x0un−1(u) + x2un−1(u) · · · −vn

v0
x0un−1(u) + xnun−1(u)


and use the following notations

a =


nS0 (u)
x0u1(u)

...
x0un−1(u)

 , b1 =


nS1 (u)
x1u1(u)

...
x1un−1(u)

 , . . . , bn =


nSn(u)
xnu1(u)

...
xnun−1(u)

 .

Therefore, we obtain

detB =
v0
v0

det (b1 . . . bn)− v1
v0

det (a b2 . . . bn)− · · · − vn
v0

det (b1 . . . bn−1 a).

On the other hand, we have

nS(u)∧Xu1(u)∧· · ·∧Xun−1(u) = (−det (b1 . . . bn),−det (a b2 . . . b n), . . . ,−det (b1 . . . bn−1 a)).

Consequently, we get

detB =

〈(
v0
v0
, . . . ,

vn
v0

)
,nS(u) ∧Xu1(u) ∧ · · · ∧Xun−1(u)

〉
=

1

v0

〈
(v0, . . . , vn) ,nS(u) ∧Xu1(u) ∧ · · · ∧Xun−1(u)

〉
=

1

v0

〈
±
√
µ2 + sin2 φnT (u) + µnS(u),nS(u) ∧Xu1(u) ∧ · · · ∧Xun−1(u)

〉
= ±

√
µ2 + sin2 φ

v0

〈
nT (u), ‖nS(u) ∧Xu1(u) ∧ · · · ∧Xun−1(u)‖nT (u)

〉
= ∓

√
µ2 + sin2 φ

v0
‖nS(u) ∧Xu1(u) ∧ · · · ∧Xun−1(u)‖ 6= 0.
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So, the rank of the matrix A is n− 1. This completes the proof. 2

Now, by means of the method of constructing a Lagrangian immersion germ from a Morse
family of functions (see [1] for the details), we can give the following corollary:

Corollary 6.3 There exists a Lagrangian immersion L(Hh
φ) : C(Hh

φ) −→ T ∗Hn(− sin2 φ) such

that φ-hyperbolic height function Hh
φ : U ×Hn(− sin2 φ) −→ R of M = X(U) is a generating

family of L(Hh
φ).

Here, C(Hh
φ) = (∆Hh

φ)−1(0) = {λnT (u) + µnS(u)| − λ2 + µ2 = −sin2φ}.

Thus, it follows that Lagrangian map of L(Hh
φ) is φ-hyperbolic Gauss map of M = X(U).

We call L(Hh
φ) Lagrangian lift of φ-hyperbolic Gauss map of M . By using this terminology, we

can interpret Proposition 6.1 from the viewpoint of Lagrangian singularity theory.

Theorem 6.4 Let X i : (U, ūi) → (Rn+1
1 ,X i(ūi)) (i = 1, 2) be spacelike embedding germs of

codimension two such that Lagrangian lift germs L(Hh
φ i) : (C(Hh

φ i), (ūi,vi))→ (T ∗Hn(− sin2 φ), z̄i)
of φ-hyperbolic Gauss map germs (nT + cosφnS)i are Lagrangian stable, where vi = (nT +
cosφnS)i(ūi). Then the following conditions are equivalent:

(1) K(X1(U),Fhhφ,v1
;X1(ū1)) = K(X2(U),Fhhφ,v2

;X2(ū2)).

(2) hhφ1,v1 and h
h
φ2,v2 are R+-equivalent.

(3) Hh
φ1 and H

h
φ2 are stably P -R+-equivalent.

(4) L(Hh
φ1) and L(Hh

φ2) are Lagrangian equivalent.

(5) (a) The ranks and signatures of Hess(hhφ1,v1)(ū1) and Hess(hhφ2,v2)(ū2) are equal.

(b) There is an isomorphism γ : R2(h
h
φ1,v1)→ R2(h

h
φ2,v2) such that γ(h

h

φ1,v1) = (h
h

φ2,v2).

The proof is given by exactly same way as the proof of Theorem 4.6.

7 Spacial Cases

In this section, we give some special cases of our results.

The following four Legendrian double fibrations for the pseudo-spheres in Lorentz-Minkowski
space were defined in [8]:

(1) (a) Hn(−1)× Sn1 ⊃ ∆1 = {(v,w) | 〈v,w〉 = 0 },

(b) π11 : ∆1 −→ Hn(−1), π12 : ∆1 −→ Sn1 ,

(c) θ11 = 〈dv,w〉|∆1, θ12 = 〈v, dw〉|∆1.

(2) (a) Hn(−1)× LC∗ ⊃ ∆2 = {(v,w) | 〈v,w〉 = −1 },

(b) π21 : ∆2 −→ Hn(−1), π22 : ∆2 −→ LC∗,
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(c) θ21 = 〈dv,w〉|∆2, θ22 = 〈v, dw〉|∆2.

(3) (a) LC∗ × Sn1 ⊃ ∆3 = {(v,w) | 〈v,w〉 = +1 },

(b) π31 : ∆3 −→ LC∗, π32 : ∆3 −→ Sn1 ,

(c) θ31 = 〈dv,w〉|∆3, θ32 = 〈v, dw〉|∆3.

(4) (a) LC∗ × LC∗ ⊃ ∆4 = {(v,w) | 〈v,w〉 = −2 },

(b) π41 : ∆4 −→ LC∗, π42 : ∆4 −→ LC∗,

(c) θ41 = 〈dv,w〉|∆4, θ42 = 〈v, dw〉|∆4.

Here, πi1(v,w) = v and πi2(v,w) = w (i=1,2,3,4). Moreover, 〈dv,w〉 = −w0dv0 +
∑n

i=1widvi
and 〈v, dw〉 = −v0dw0 +

∑n
i=1 vidwi are one-forms on Rn+1

1 × Rn+1
1 . We remark that θi1

−1(0)
and θi2

−1(0)) define the same tangent hyperplane field denoted by Ki over ∆i (i=1,2,3,4).

In terms of these Legendrian dualities, the following duality theorem was given in [8]:

Theorem 7.1 Under the above notations, (∆i, Ki) (i = 1, 2, 3, 4) are contact manifolds such
that π1j and πij (j = 1, 2) are Legendrian fibrations. Moreover, these contact manifolds are
contact diffeomorphic to each other.

On the other hand, above Legendrian dualities were generalized into the pseudo-spheres
in general semi-Euclidean space in [4]. And then, in [12], they have been extended for one-
parameter families depending on the parameter φ ∈ [0, π/2] of pseudo-spheres in Lorentz-
Minkowski space as follows:

(1) (a) Hn(−1)× Sn1 (sin2 φ) ⊃ ∆±21(φ) = {(v,w) | 〈v,w〉 = ± cosφ },

(b) π[φ]±(21)1 : ∆±21(φ) −→ Hn(−1), π[φ]±(21)2 : ∆±21(φ) −→ Sn1 (sin2 φ),

(c) θ[φ]±(21)1 = 〈dv,w〉|∆±21(φ), θ[φ]±(21)2 = 〈v, dw〉|∆±21(φ).

(2) (a) Hn(− sin2 φ)× Sn1 ⊃ ∆±31(φ) = {(v,w) | 〈v,w〉 = ± cosφ },

(b) π[φ]±(31)1 : ∆±31(φ) −→ Hn(− sin2 φ), π[φ]±(31)2 : ∆±31(φ) −→ Sn1 ,

(c) θ[φ]±(31)1 = 〈dv,w〉|∆±31(φ), θ[φ]±(31)2 = 〈v, dw〉|∆±31(φ).

(3) (a) Hn(− sin2 φ)× Sn1 (sin2 φ) ⊃ ∆±41(φ) = {(v,w) | 〈v,w〉 = ±2 cosφ },

(b) π[φ]±(41)1 : ∆±41(φ) −→ Hn(− sin2 φ), π[φ]±(41)2 : ∆±41(φ) −→ Sn1 (sin2 φ),

(c) θ[φ]±(41)1 = 〈dv,w〉|∆±41(φ), θ[φ]±(41)2 = 〈v, dw〉|∆±41(φ).

(4) (a) Hn(− sin2 φ)× Sn1 (cos2 φ) ⊃ ∆±32(φ) = {(v,w) | 〈v,w〉 = ±(cosφ+ sinφ) },

(b) π[φ]±(32)1 : ∆±32(φ) −→ Hn(− sin2 φ), π[φ]±(32)2 : ∆±32(φ) −→ Sn1 (cos2 φ),
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(c) θ[φ]±(32)1 = 〈dv,w〉|∆±32(φ), θ[φ]±(32)2 = 〈v, dw〉|∆±32(φ).

(5) (a) Hn(− sin2 φ)× LC∗ ⊃ ∆±42(φ) = {(v,w) | 〈v,w〉 = ±(cosφ+ 1) },

(b) π[φ]±(42)1 : ∆±42(φ) −→ Hn(− sin2 φ), π[φ]±(42)2 : ∆±42(φ) −→ LC∗,

(c) θ[φ]±(42)1 = 〈dv,w〉|∆±42(φ), θ[φ]±(42)2 = 〈v, dw〉|∆±42(φ).

(6) (a) LC∗ × Sn1 (sin2 φ) ⊃ ∆±43(φ) = {(v,w) | 〈v,w〉 = ±(cosφ+ 1) },

(b) π[φ]±(43)1 : ∆±43(φ) −→ LC∗, π[φ]±(43)2 : ∆±43(φ) −→ Sn1 (sin2 φ),

(c) θ[φ]±(43)1 = 〈dv,w〉|∆±43(φ), θ[φ]±(43)2 = 〈v, dw〉|∆±43(φ).

Here, we define the tangent hyperplane field K[φ]±ij over ∆±ij(φ) by K[φ]±ij = θ[φ]±(ij)1
−1

(0) =

θ[φ]±(ij)2
−1

(0). Using these Legendrian dualities, the following duality theorem was obtained in

[12].

Theorem 7.2 Under the same notations as those of the previous paragraphes, (∆1, K1) and
(∆±ij(φ), K[φ]±ij) ((i, j) = (1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4)) are contact manifolds such that
π1k and π[φ]±(ij)k (k = 1, 2) are Legendrian fibrations. Moreover, these contact manifolds are
contact diffeomorphic to each other.

Let
Lij[φ] : U −→ ∆±ij(φ)

u 7−→ (L1(u), L2(u))

be a Legendrian embedding. Then L1(u) and L2(u) are called ∆±ij(φ)-dual. Especially, L2(u)
(respectively, L1(u)) is said to be φ-de Sitter dual (respectively, φ-hyperbolic dual) of L1(u)
(respectively, L2(u)) if L1(u) and L2(u) are ∆−21(φ)-dual (respectively, ∆+

31(φ)-dual).

The above two duality theorems are fundamental tools for the study of spacelike hyper-
surfaces in the pseudo-spheres in Lorentz-Minkowski space from the viewpoint of Legendrian
singularity theory. As a result,taking into account these duality theorems, we have recently in-
vestigated slant geometry of spacelike hypersurfaces in the pseudo-spheres in Lorentz-Minkowski
space in [2, 12, 13].

On the other hand, it is known that a hypersurface in the pseudo-spheres in Lorentz-
Minkowski space is a hypersurface of codimension two in Lorentz-Minkowski space. Conse-
quently, we can mention about our previous results in [2, 12, 13] as special cases of this paper
in the following subsections.

7.1 Hypersurface case in Hyperbolic space

Let Xh : U −→ Hn(−1) be an embedding, where U ⊂ Rn−1 is an open subset, MH = Xh(U)

and Xd =
Xh

∧Xh

u1
∧···∧Xh

un−1

‖Xh
∧Xh

u1
∧···∧Xh

un−1
‖

is a unit normal vector field along MH . It was shown in [2, 12]
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that φ-de Sitter dual Nd
±[φ](u) = cosφXh(u)±Xd(u) can be taken as a normal vector of MH

at the point p = Xh(u), where

L21[φ] : U −→ ∆−21(φ)
u 7−→ (Xh(u),Nd

±[φ](u))

is a Legendrian embedding for φ ∈ [0, π/2]. We remark that Nd
±[0](u) = Xh(u) ± Xd(u)

(respectively, Nd
±[π/2](u) = ±Xd(u)) is the hyperbolic Gauss indicatrix (respectively, de Sitter

Gauss indicatrix) introduced in [15]. If we write Xh, Xd, Xh
ui

and MH instead of (respectively,
nT , nS, Xui and M), we obtain the results given in [2, 12] as special cases of some of our results
in this paper.

7.2 Spacelike hypersurface case in de Sitter space

Let Xd : U −→ Sn1 be an embedding, where U ⊂ Rn−1 is an open subset, MD = Xd(U) and

Xh =
Xd
∧Xd

u1
∧···∧Xd

un−1

‖Xd
∧Xd

u1
∧···∧Xd

un−1
‖

is a unit normal vector field along MD. It has been shown in [2, 12]

that φ-hyperbolic dual Nh
±[φ](u) = ±Xh(u) + cosφXd(u) can be taken as a normal vector of

MD at the point p = Xd(u), where

L31[φ] : U −→ ∆+
31(φ)

u 7−→ (Nh
±[φ](u),Xd(u))

is a Legendrian embedding for φ ∈ [0, π/2]. We remark that Nh
±[0](u) = Xd(u) ±Xh(u) was

investigated in [24]. And it is clear that Nh
±[π/2](u) = ±Xh(u). If we write Xh, Xd, Xd

ui
and

MD instead of (respectively, nT , nS, Xui and M), we get the results given in [2, 12] as special
cases of some of our results in this paper.

7.3 Spacelike hypersurface case in the lightcone

For an open subset U ⊂ Rn−1, let

L4 : U −→ ∆4

u 7−→ (X`
+(u),X`

−(u))

be a Legendrian embedding and X`
+ : U −→ LC∗ be a spacelike embedding. By means of

Legendrian embedding L4, X
`
−(u) was defined in [8] as a lightlike normal vector which is called

lightcone normal vector of the spacelike hypersurface ML
+ = X`

+(U) at the point p = X`
+(u).

In terms of these two vectors X`
+(u) and X`

−(u), also the following two vectors

Xh(u) =
X`
−(u) + X`

+(u)

2
and Xd(u) =

X`
−(u)−X`

+(u)

2

were defined in [8]. Here, it is obvious that Xh(u) ∈ Hn(−1) and Xd(u) ∈ Sn1 . Moreover, it
was shown in [12, 13] that φ-de Sitter dual Nd

` [φ](u) = 1
2
((cosφ− 1)X`

+(u) + (cosφ+ 1)X`
−(u))

can be taken as a normal vector of ML
+ at p, where

L43[φ] : U −→ ∆−43(φ)
u 7−→ (X`

+(u),Nd
` [φ](u))
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is a Legendrian embedding for φ ∈ [0, π/2]. Here, it is clear that Nd
` [0](u) = X`

−(u) and
Nd
` [π/2](u) = Xd(u). If we write Xh, Xd, X`

+ui and ML
+ instead of (respectively, nT , nS,

Xui and M), we get the results given in [12, 13] as special cases of some of our results in this
paper.

Let X`
− : U −→ LC∗ be a spacelike embedding for an open subset U ⊂ Rn−1. In this case,

X`
+(u) can be defined as a lightlike normal vector which is called lightcone normal vector of

the spacelike hypersurface ML
− = X`

−(U) at the point p = X`
−(u). It was shown in [12, 13]

that φ-hyperbolic dual Nh
` [φ](u) = 1

2
((1 + cosφ)X`

+(u) + (1− cosφ)X`
−(u)) can be taken as a

normal vector of ML
− at p, where

L42[φ] : U −→ ∆−42(φ)
u 7−→ (Nh

` [φ](u),X`
−(u))

is a Legendrian embedding for φ ∈ [0, π/2]. Here, it is obvious that Nh
` [0](u) = X`

+(u) and
Nh
` [π/2](u) = Xh(u). If we write Xh, Xd, X`

−ui and ML
− instead of (respectively, nT , nS, Xui

and M), we get the results given in [12, 13] as special cases of some of our results in this paper.

A The theory of Lagrangian singularities

In this appendix, we give a brief review on the theory of Lagrangian singularities in [1]. We
consider the cotangent bundle π : T ∗Rr → Rr over Rr. Let (u, p) = (u1, . . . , ur, p1, . . . , pr) be
the canonical coordinates on T ∗Rr. Then the canonical symplectic structure on T ∗Rr is given
by the canonical two form ω =

∑r
i=1 dpi∧dui. Let i : L→ T ∗Rr be an immersion. We say that

i is a Lagrangian immersion if dimL = r and i∗ω = 0. In this case, the critical value set of π ◦ i
is called the caustic of i : L → T ∗Rr and it is denoted by CL. The main result in the theory
of Lagrangian singularities is the description of Lagrangian immersion germs by means of the
families of function germs. Let F : (Rn × Rr, (0,0)) → (R, 0) be an r-parameter unfolding of
function germs. We call

C(F ) =
{

(x, u) ∈ (Rn × Rr, (0,0))
∣∣∣ ∂F
∂x1

(x, u) = · · · = ∂F

∂xn
(x, u) = 0

}
the catastrophe set of F and

BF =
{
u ∈ (Rr, 0)

∣∣∣ there exsist (x, u) ∈ C(F ) such that rank
( ∂2F

∂xi∂xj
(x, u)

)
< n

}
the bifurcation set of F .

Let πr : (Rn×Rr, 0)→ (Rr, 0) be the canonical projection. Then the bifurcation set of F is
the critical value set of πr|C(F ). We say that F is a Morse family of functions if the map germ

∆F =

(
∂F

∂u1
, . . . ,

∂F

∂ur

)
: (Rn × Rr, 0)→ (Rr, 0)

is non-singular, where (x, u) = (x1, . . . , xn, u1, . . . , ur) ∈ (Rn × Rr, 0). In this case, we have a
smooth submanifold germ C(F ) ⊂ (Rn × Rr, 0) and a map germ L(F ) : (C(F ), 0) → T ∗Rr

defined by

L(F )(x, u) =

(
u,
∂F

∂u1
, . . . ,

∂F

∂ur

)
.
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We can show that L(F ) is a Lagrangian immersion. It is known that all Lagrangian submanifold
germs in T ∗Rr can be constructed by the above method (cf.,[1]). We call F a generating family
of L(F ).

We define an equivalence relation among Lagrangian immersion germs. Let i : (L, x) →
(T ∗Rr, p) and i′ : (L′, x′)→ (T ∗Rr, p′) be Lagrangian immersion germs. Then i and i′ are said to
be Lagrangian equivalent if there exist a diffeomorphism germ σ : (L, x)→ (L′, x′), a symplectic
diffeomorphism germ τ : (T ∗Rr, p) → (T ∗Rr, p′) and a diffeomorphism germ τ̄ : (Rr, π(p)) →
(Rr, π(p′)) such that τ ◦ i = i′ ◦σ and π◦τ = τ̄ ◦π, where π : (T ∗Rr, p)→ (Rr, π(p)) denotes the
canonical projection and a symplectic diffeomorphism germ means a diffeomorphism germ which
preserves the symplectic structure on T ∗Rr. In this case, the caustic CL is diffeomorphic to the
caustic CL′ through the diffeomorphism germ τ̄ . We can interpret this equivalence relation by
means of the generating families. Denote by Em the local ring of function germs (Rm, 0) → R
with the unique maximal ideal Mm = {h ∈ Em|h(0) = 0}. Let F,G : (Rn × Rr, 0) → (R, 0)
be function germs. We say that F and G are P -R+-equivalent if there exists a diffeomorphism
germ Φ : (Rn×Rr, 0)→ (Rn×Rr, 0) of the form Φ(x, u) = (Φ1(x, u), φ(u)) and a function germ
h : (Rr, 0)→ R such that G(x, u) = F (Φ(x, u)) + h(u). Given F1 ∈Mn+r and F2 ∈Mn′+r, we
say that F1, F2 are stably P -R+-equivalent if they become P -R+-equivalent after the addition
of some new arguments yi to the arguments xi and of some nondegenerate quadratic forms Qi

in the new arguments yi to the functions Fi (i.e., F1 + Q1 and F2 + Q2 are P -R+-equivalent).
Let F : (Rn × Rr, 0)→ (R, 0) be a function germ. We say that F is an R+-versal unfolding of
f = F |Rn×{0} if

En = Jf +

〈
∂F

∂u1
|Rn × {0}, . . . , ∂F

∂ur
|Rn × {0}

〉
R

+ 〈1〉R,

where

Jf =

〈
∂f

∂x1
, . . . ,

∂f

∂xn

〉
En
.

We say that the Lagrangian immersion germ L(F ) is Lagrangian stable if the generating
family F is R+-versal unfolding of f = F |Rn×{0}. Actually, this definition is an infinitesimal
version of the Lagrangian stablity [1]. However, we only need the above definition.

Theorem A.1 ([1]) Let F1 ∈ Mn+r and F2 ∈ Mn′+r be Morse families of functions. Then
L(F1) and L(F2) are Lagrangian equivalent if and only if F1 and F2 are stably P -R+-equivalent.

We have the following corollary.

Corollary A.2 Let F1 ∈Mn+r and F2 ∈Mn′+r be Morse families of functions. Suppose that
L(F1) and L(F2) are Lagrangian stable. Then L(F1) and L(F2) are Lagrangian equivalent if
and only if f1 = F1|Rn×{0} and f2 = F2|Rn×{0} are R+-equivalent.

Here we say that f1 and f2 are R+-equivalent if there exists a diffeomorphism germ φ :
(Rn,0) −→ (Rn,0) such that f1 ◦ φ = f2.

Proof. Suppose that f1 = F1|Rn×{0} and f2 = F2|Rn×{0} are R+-equivalent. By the uniqueness
theorem of the R+-versal unfolding [1, 3], F1 and F2 are stably P -R+-equivalent. Thus, from
Theorem A.1, L(F1) and L(F2) are Lagrangian equivalent. The converse assertion is trivial by
definition. 2
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