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Abstract

We clarify the notion of well-chosen weak solutions of the instationary
Navier-Stokes system recently introduced by the authors and P.-Y. Hsu
in the article Initial values for the Navier-Stokes equations in spaces with
weights in time, Funkcialaj Fkvacioj (2015). Well-chosen weak solutions
have initial values in L2(f2) contained also in a quasi-optimal space of
Besov type of initial values such that nevertheless Serrin’s Uniqueness
Theorem cannot be applied. However, we find universal conditions such
that a weak solution given by a concrete approximation method coincides
with the strong solution in a weighted function class of Serrin type.
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1 Introduction

The aim of this article is to clarify the relation between so-called strong L3,(L9)-
solutions and well-chosen weak solutions of the instationary Navier-Stokes sys-
tem

u—Au+u-Vu+Vp=f in Qx (0,7)
divu =0 in Q x (0,7) (1.1)
u=0 on 0 x (0,T)
u(0) = ug att=0

on a bounded domain Q C R3 with boundary of class C%'. Given 2 < s < o0,
3<q<ooand0<a<%suchthat

2 3
Z+2=1-2a€(0,1 1.2
o =1-20€(0) (12)

we consider solutions u € L (0,T"; L(S2)) where L{ (0,T; L9(£2)) is the Bochner
space with weight 7% in time and with norm

t . 1/s
lull s 0.0y = ( [ et d7>

1



and initial values s
143
wo € L2(Q) N By (). (1.3)

Here B, 1+3/ %(Q) is the real interpolation space

—143
1+q

Bys * = (L, D(Ay))"

a+ls = (D(Aq’)/7Lg) L

l-a—-<,s’
S

and A = A, is the Stokes operator with domain D(A,) = W29(Q) N Wol’q(Q) N

3

-1
LI(Q) c LL(Q). As equivalent norm on IB%:‘? (Q) we can use

B 00 _ 1/s
ol rove ~ 147 ol + ([ (el ar)
; 0

Since the semigroup e~™# is exponentially decreasing, we may omit the term

|A~ ug ||, in the last norm above, see [9, Thm. 1.14.5], and take the integral
over an arbitrary interval (0,7") instead of (0, 00). Hence

T A s 1/s
[0l 14370 ~ (7™ uollg)"dr) .
Bg,s 0

For details on these Besov spaces we refer to [2, Chapter 4].
In addition to an initial value in ug € L2(Q2) N By, 3/ 7(Q) we consider an
external force f = div F' with a matrix-valued function

F e L2(0,T; L3(Q)) N L3, (0,T; LE (). (1.4)
Let us recall the main existence result in this setting.

Theorem 1.1 (/2, Theorem 1.2]) Under the above assumptions on ug and f
there exists a constant €, = €.(q, s, a,§2) > 0 with the following property: If

—TA
”6 T uO”Li(O,T;Lq) + HF”L;(/)?(O,T;L‘I/Z) S Ex,y (15)

then the Navier-Stokes system (1.1) has a unique strong LE (L?)-solution w with
data ug, f on [0,T), i.e., u is a weak solution in the sense of Leray-Hopf, con-
tained in the Leray-Hopf class

LHp = L>(0,T; LZ(Q)) N L*(0, T; Hy(2))
satisfying the energy inequality (EI)

t

t
1 1
S8+ [ 17ulgdr < Shuolg+ [ (7.0 ar (1.6
0 0

and

w e L2(0,T; LY(R)).



Note that (f,u) = —(F,Vu). Moreover, we recall that the strong LZ(L?)-
solution u even satisfies the energy equality (EE) on [0,T], i.e.,

t

t
1 1
I+ [19ulBdr =Sl ~ [ (P Vuyar (1.7
0 0

for all ¢ € [0, T]; this result is based on the integrability v € L*(e, T; L*(2)) [2,
Lemma 3.3] and the convergence u(t) — ug in L%(Q) as t — 0+, see [2, (3.7)]
and subsequent lines. A simple consequence of (1.7) is that u also satisfies the
strong energy inequality (SEI), i.e.

t t
1 1
Sl + [Ivaldar < el - [(vaar @)
to

to

for almost all tg € (0,7, including to = 0. Of course, (1.7) implies (SEI) even
for all 9 € (0, 7).

Actually, the space By, s/ 1(Q) of initial values with (1.2) is too large com-
pared to the optimal space of initial values IB%;;;?’/q with % + % =1, cf.
[4, 1, 3, 5]. We also note that the authors of 7] proved the existence and
uniqueness of global strong solutions with values in the critical space Bgvoo(Q)

for R3, R3 and bounded domains of R3. The drawback of the space IB%;;JFB’/(](Q)
with (1.2) is the fact that an analogue of the classical Serrin-Masuda Uniqueness
Theorem cannot be proved. For this reason, the authors of [2] introduced the
notion of so-called well-chosen weak solutions. Roughly spoken, for given data
ug, f as above a well-chosen weak solution is the limit of a sequence of approx-
imate weak and approximate L (L%)-strong solutions (u,) of an approximate
Navier-Stokes system. Then by [2, Theorem 1.4] the unique LZ(L?)-strong
solution is unique within the class of all well-chosen weak solutions on some
subinterval [0,7") C [0,T'). In other words, Serrin’s Uniqueness Theorem holds
in this setting (on a subinterval) provided that the approximation scheme for
the construction of the weak solution is known and can be controlled in norms
relevant for both a weak L2- and a strong L? (L9)-theory.

However, the definition in [2| is too much restricted to the construction
of weak solutions by Yosida approximation operators and analytic semigroup
theory, see Assumptions 5.1 and 5.4 as well as Remarks 5.2 and 5.3 in [2]. The
purpose of this paper is to clarify and weaken the assumptions on well-chosen
weak solutions and to improve or extend the restricted uniqueness theorem of
[2].

For simplicity, in the sequel we always assume that T' < co.

Definition 1.2 A well-chosen weak solution v is a weak solution of the Navier-
Stokes system (1.1) with v(0) = ug € L2(Q) satisfying the strong energy inequal-
ity (SEI), see (1.8), defined by a concrete approximation procedure, compatible
with the notion of LE (LY)-solutions in the following sense:



—143
1. There are initial data (ug,) C L2(Q) NBys () converging to ug in

3

143
L2(Q) N IBq75+q (Q) asn — o0

2. The external force F € L? (O,T; LQ(Q)) N LZQQ(O,T; LQ/Q(Q)) S aproxi-
mated by a sequence (F,) C L*(0,T; L*(Q)) OLSQ? (0,T;L%(2)) such that
F, — F in L*(0,T; L2()) N L322 (0, T; L9/2()).

3. The approzimation method yields approximate weak solutions (uy) on (0,T)
containing a subsequence (uy, ) such that u,, — v in LHrp, ie., Uy, — v
in L*(0,T; H'(Q)) and uy, Koy in L® (0,T; LE(Q)) as k — o0

4. (up) is uniformly bounded in L2 (0,T"; L) for some T" € (0,T].

Remark 1.3 (1) The crucial part of Definition 1.2 is the assumption (4) on

(2) The strong convergence ug, — ug in L*(Q) in Definition 1.2 (1) can be
replaced by the corresponding weak convergence. By analogy, the strong conver-
gence F,, — F in L? (O,T; HI(Q)) may be replaced by a weak one.

(8) However, the strong convergence ugn, — ug in ]B%;;+3/q(9) is crucial to

find 0 < T" < T independent of n € N such that

T/
/ (Ta||e_TAu0an)sdT < &,.
0

Now our main theorem reads as follows.

Theorem 1.4 Let2<s<oo,3<q<oo,0<oz<%wz’th%Jr%:l—Qa

and suppose that ug € L2(Q) N B;i+3/q(ﬂ) and an external force f = div F
with F € L? (O,T; L2(Q)) N Lgf (O,T; LQ/Q(Q)) are given. Furthermore, let u €
L:(0,T; L9()) be the unique strong LE,(L?)-solution of (1.1) with data ug, F.
Then u is unique within the class of all well-chosen weak solutions of (1.1) in
the sense of Definition 1.2.

Actually, a well-chosen weak solution does not depend on the concrete se-
quence of initial values (ugy,) and external forces (Fy,) approximating uy and F,
respectively, and not on the subsequence (uy, ) of (u,) converging weakly in LHr
to a weak solution of (1.1).

The real work is to show that a concrete approximation procedure for the
construction of weak solutions is compatible with the notion of L (L?)-solutions
as required in Definition 1.2. In the following we need for 1 < ¢ < oo the
Helmholtz projection P = P, : LP(2) — LZ(Q2) and the Stokes operator A =
Ay D(Ay) = W9(Q) N Wy 9(Q) N LL(Q) © LL(Q) — LL().

Theorem 1.5 Let2<s<00,3<g<00,0<a< % and %—i—% =1-2a. Then
the Yosida approximation scheme and, if 3 < q < 4, the Galerkin approximation
scheme define well-chosen weak solutions in L5,(L9).



(1) (The Yosida approximation scheme) Let J, = (I + %Al/z)*1 denote the
Yosida operator, let ug, = Joug, and assume that F,, — F in L? (0, T; LQ(Q)) N

Lgf (O,T*;L‘I/Q(Q)) for some 0 < T* < T. Then the approrimate solution uy
1s defined as the solution of the approximate Navier-Stokes system

Oy, — Auy + (Jpup) - Vuy, + Vp, = div F,,  divu, =0, 19)
1.9
Un’(?Q = O’ un(o) = UOn-

(2) (The Galerkin approximation scheme) Let I1,, denote the L2-projection
onto the space of the first n eigenfunctions of the Stokes operator Az, and suppose
that oy, € 11, L2(Q) as well as F, € L?(0,T; L?(Q2)) satisfy the assumptions of
Definition 1.2 (1), (2). Then let u, denote the Galerkin approzimation of the
Navier-Stokes sytem with data ug,, Fp.

Remark 1.6 (1) The condition ug € ]B%;;Jrg/q(ﬂ) seems to be quite strong com-
pared to the assumption ug € L2(Q) needed in the classical Serrin Uniqueness
Theorem. However, in the classical theorem the existence of the strong solu-
tion w € L% (0,T; L9(Q)) (where 2 + % = 1) with u(0) = ug even implies that

up € By s M(Q) € Bt ().

(2) Due to the open problem of uniqueness of weak solutions in the three-
dimensional case the well-chosen weak solution w in Definition 1.2 might depend
on the choice of the approximations (ugy) of up and (F,) of F, as well as on the
extraction of suitable subsequences (uy, ) C (uy) in the proofs below. However,
the proof of Theorem 1.5 will show that a well-chosen weak solution of (1.1) is
unique. Hence the whole sequence (uy,) converges.

(3) The assumptions in Theorem 1.5 (1) may be generalized to an arbi-
trary family of operators J, € E(Lg(Q);D(A;/Z)) commuting with the Stokes
operator A, such that the fundamental properties of the Yosida operator

. 1.
I + 1Az, < Oy < o0,
1 nllecrg) + 15 Ad Inll gy < Cg < 00 (1.10)

Jpu — u in LE(Q) for each u € LL() as n — oo

are fulfilled. Then let ug, = J,up and F,, = Y,,F where Y,, = (I+ %(—Aq)lm)_l
is defined by the Dirichlet-Laplacian —A, on L?(Q2). In particular, since the
operators J,, are uniformly bounded in E(LZ(Q)) and converge strongly to I in
LL(Q), Lebesgue’s Theorem on Dominated Convergence implies that

T T T
/||e—““m0n|r;dr:/||Jne—TAu0|y;dTﬁ/”e—ﬂuolIZdT
0 0 0

as n — oo. By analogy, we argue for the convergence F,, — F in L?(0,T; L*(9))
and in L;g (0,T; Lq/2(Q)).
(4) To satisfy the assumptions on ug in Theorem 1.5 (ii) let ug € L2(Q2) N

—1 _
B +3/4q SA

4,8 (Q) be given. Then ugs = e °“uy converges in IBS;;JF?’/(](Q) to ug as



0 — 0+. Actually,

T T
/ 75| e~ (e_Muo - uo) [|gdr = / 7 (e_‘sA — I)G_TAUOHZ dr — 0
0 0

as & — 0+ by Lebesgue’s Theorem. Next, due to a semigroup estimate, see
(2.10) below, and by Lebesgue’s Theorem, for fixed § > 0

T T
|l A - Dl dr = [ 5 et~ e ar
0 0

T —-3(1-1 A
< c/ 74§ 22 ||(Il — Ie™ "uglldr — 0
0

as k — oco. Summarizing these two results with adequate numbers § = d,, > 0
we find a sequence (ug,) satisfying uo, € II,L2(Q) and converging to ug in
L2(Q)N B;;Jrg/q(ﬂ) as n — oo.

(5) The restriction 3 < ¢ < 4 in the case of the Galerkin approximation
method in Theorem 1.5 (ii) will become clear from the crucial estimate (2.11)
below which uses the elementary inclusion % <2<qg< A4

2 Proofs

Proof of Theorem 1.4 By Definition 1.2 (3) there exists a sequence of ap-
proximate weak solutions (u,) bounded in LH7 such that a subsequence (uy, )
converges to a weak solution v € LHr of (1.1) satisfying (SEI).

Since (uy,) is uniformly bounded in L? (0, 7"; L?) with 7" in Definition 1.2 (4)
we find a subsequence (up) of (un,) converging weakly in L7 (0,77; L?) to an
element v' € L$,(0,7"; L?). Now, since u,, — v in LHq+, we may conclude that
v =" on (0,7"); in particular, v’ is a weak and even a strong L? (L9)-solution of
(1.1) on (0,7"). Since strong L% (L9)-solutions are unique by [2, Theorem 1.2,
v=v"=won (0,7"). This uniqueness also implies that any other subsequence
(tm,,) of (up) converging weakly in LHr to a weak solution actually converges
weakly to v' as k — oo. Hence the whole sequence (u,,) converges weakly to v.
Moreover, again due to uniqueness, this result will hold for any sequence (ug,)
and (F),) with convergence properties as in Definition 1.2.

If 7" < T, then we find due to (SEI) applied to v some 0 < T” < T” such
that the weak solution v satisfies the energy estimate on [T, T') with initial time
T". Since u € L*(T",T; L)) with 2 + % < 1is a ”classical” strong solution,
Serrin’s Uniqueness Theorem implies that « = v even on [0, 7). [ |

Proof of Theorem 1.5 (1) Given ug, ug, and F, F,, as in Definition 1.2 classical
L?-methods, see [8, Ch. V.2|, prove the existence of a unique approximate
solution u, € LHr of (1.9) and the convergence of a subsequence of (uy) to a
weak solution v € LH7 of (1.1). Indeed, u, satisfies the energy equality (EE),
see (1.7), and consequently the energy estimate

t t
un(8)]3 + / IVunl3dr < o3 + / |Ful3dr,
0 0



where the right-hand side is uniformly bounded with respect to n € N and
0 <t < T due to the weak convergence properties in Definition 1.2. Finally,
(O¢uy,) is uniformly bounded in L4/3(0,T; H&U(Q)’), see [8, Lemma V. 2.6.1,
Theorem V. 1.6.2|. Hence, by the Aubin-Lions-Simon compactness theorem for
Bochner spaces, there exists a subsequence (uy, ) of (u,) and v € LHp such
that

Up, = v in LH7p, wu,, —v in L2(0,T; Lg(Q)) (2.1)

as k — oo. Furthermore,
Up,, (t) — v(t) in L2(Q) for a.a. t € (0,T) (2.2)

as k — oo; this step needs the extraction of a further subsequence, as the case
may be. Now (2.1) allows us to pass to the limit in (1.9) and show that v is
a weak solution of (1.1) in the sense of Leray-Hopf. In particular, v satisfies
the energy inequality (EI), see (1.6), and due to (2.2) even the strong energy
inequality (SEI), see (1.8).

In the second step of the proof we improve the previous results by exploiting
the properties of ug in ]B%;;+3/q(ﬂ) and of F'in L;g (0, T; LY/? (Q)), see Definition
1.2. Since (ugp) converges strongly to ug in IB%;;—HS/(I (Q) we find some 7" € (0,7

such that
€

2
for all n € N where €, > 0 is the absolute constant from (1.5). Furthermore,
since F,, — F' in Lgf (0,T; Lq/z(Q)) we may also assume that

U _ <
ltonllg 1370 <

Ex
||FTL||L;é2(07T/7Lq/2) S 5

for all n € N. We follow the construction of strong L$(L?)-solutions in 2],
decompose the solution w,, of (1.9) into u,, = 4, + E, where E,, solves the linear
nonhomogeneous Stokes problem with data ug,, Fy,, i.e.,

t
En(t) = e HMug, + / AV2e= (=T (ATY2 P div ) Fy (1) . (2.3)
0

We note that the formal operator A=1/2Pdiv can be defined rigorously by
duality arguments as a bounded operator from L%(f2) to LE(Q), 1 < ¢ < oo,
which goes back to [6].

As in [4, 2| 4, = u, — E, has an integral representation based on the
variation of constants formula and can be considered as solution of the fixed
point problem u,, = F, in L (0, AR Lq(Q)) where

t
Flin(t) = — / AV2em DA A2 P di ) (S (in + En) @ (i + Ey)) (1) d;
0

note that F,, differs from F in |2, (3.2)] only by the additional term .J,,. Due to
fundamental properties of the Yosida operators J,, ¢f. (1.10), the fixed point



of F,, can be constructed by Banach’s Fixed Point Theorem in the same way as
in |2]. By the assumptions on uy,, Fy, and |2, (3.5)] (see also [4, (2.45)| for the
case without weights) ,, u, satisfy the estimate

@nllLs (0,759 |unllLs (07700 < C€* (2.4)

with a constant C' > 0 independent of n > ng(e*,T").

(2) Tt is well known that the Stokes operator Ay on the bounded C'1-
domain € C R? admits an orthonormal basis of eigenfunctions 1, € D(A3) =
H?(Q) HH& - (£2) with corresponding eigenvalues A\ monotonically increasing to
0o as k — oo. For n € N let

I, : L2(Q) — V,, := span{ey, ..., ¥} C L2(Q)

denote the orthogonal projection. Obviously, ||| zzz2q)) = 1 for all n € N.
In the Galerkin method we are looking for a solution w, : [0,7) — V,, of the
ordinary differential n x n-system

(8tuna wk) + (vun7 lek) - (Un X Up, vq/}k) = _(Fna v¢k)

Un(0) = ugp € Vi (25)

n (0,7) for each k = 1,...,n. By the L?-assumptions on ug, and F,, we know
that there exists a sequence of unique solutions (u,) to (2.5) bounded in LHy.
Moreover, (Osu,) is uniformly bounded in L*/3 (0, T; H&U(Q)’). As in the first
part of the proof we find a subseqence (uy, ) of (u,) and a vector field v satisfying
(2.1) and (2.2). In particular, v € LH7 is a weak solution to (1.1) satisfying
(SEI).

The crucial question is whether u, is also a strong L?(0,7"; L?)-solution,
uniformly bounded in n. To address this problem we consider arbitrary linear
combinations of (2.5); to see that for all w € H&U(Q)

(Opun, Iw) + (Vuy, VIL,w) — (un ® uy, VII,w) = —(F,, VIL,w)

un(o) =uon € Vi (2.6)

Since II,, = PII,, P* = P, A commutes with II,,, and (Vu,, VII,w) = (Au,, w),
we may omit the test function w € Hg ,(2) and rewrite (2.6) in the form

Oyun, + Auy + 1, Pdiv (upy, @ uy) = I, Pdiv F,,  u,(0) = ug, € V. (2.7)

Thus u, (t) can be considered as a solution in W14/3(0, T') (with respect to time)
of an abstract Cauchy problem and as a mild solution with integral representa-
tion

t

Un (t) = e “ugy, — /Al/Qe_(t_T)A (A_1/2HnPdiv ) (tn ® up — Fp)(7)dr. (2.8)
0

Although [[TL,[lz(z2(q) = 1 and A~Y2Pdiv € L(L(Q)) for each 1 <

q < oo, similar estimates will not hold for II, on LZ(Q) and for the opera-

tor A~1/2I1, Pdiv on L%(2) uniformly in n € N. Actually, there seems to exist



no estimate of the type [|Il, | £ (12 (q)) < c(g) uniformly inn € N when g # 2; the
reason is the non-uniform distribution of eigenvalues A\ as k — oo compared to a
Fourier series setting. Therefore, the question occurs how to estimate L?-norms
uniformly in n when II,, is involved.

Let us recall the embedding and semigroup estimates

3 3
HUHq S CHA’QY’UHQ , U € D(A’Qy)7 2’7"’_ 5 = 57 0 S v S 17 (29)
—tA, _§(l_l) o
le™ v, < ct 20 o, veLL(RQ), g=p>1, t>0, (2.10)

with constants ¢ = ¢(£2,q) > 0, see |2, 4]. Applying (2.9) with 3 < ¢ < 4,
exploiting the uniform boundedness and commutator properties of II,, on L2 ()
and finally (2.10) with 2, £ instead of ¢, p we get the estimate

| A 2e= DA AL, Pdiv ) (uy @ un — Fo)|l,
< || A2 DA AT, Pdiv ) (un © tn — F) |2
< | A2 DA A2 Pdiv ) (un @ un — F)||2

_ 1
<t —7) TS Jup ® un — Fullgo-

(2.11)

Now the weighted Hardy-Littlewood-Sobolev inequality, ¢f. [2, Lemma 2.1],
implies that with a constant ¢ > 0 independent of n € N and T’

—tA
[y, — ™" uonl| s (0,1;00) < C(”unH%g(O,T;LQ) + ”F”HLSQQ(O,T;LQ/?))'

Then by standard arguments we find 77 € (0,7) independent of n € N such
that (u,) C LE(0,7"; LY) is uniformly bounded.

Now we complete the proof as in the previous case. [ |
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