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LIGHT PROPAGATION MODEL IN THE HUMAN NECK 1
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SUMMARY

Diffuse optical tomography (DOT) using near-infrared light in a wavelength range from 700 nm to 1000 nm

has the potential to enable non-invasive diagnoses of thyroid cancers, some of which are difficult to detect

by conventional methods such as ultrasound tomography. DOT needs to be based on a physically accurate

model of light propagation in the neck, because it reconstructs tomographic images of the optical properties

in the human neck by inverse analysis. Our objective here was to investigate the effects of three factors on

light propagation in the neck using the 2D time-dependent radiative transfer equation: (i) the presence of the

trachea, (ii) the refractive-index mismatch at the trachea-tissue interface, and (iii) the effect of neck organs

other than the trachea (spine, spinal cord, and blood vessels). We found that there was a significant influence

of reflection and refraction at the trachea-tissue interface on the light intensities in the region between the

trachea and the front of the neck surface. Organs other than the trachea showed little effect on the light

intensities measured at the front of the neck surface although these organs affected the light intensities

locally. These results indicated the necessity of modeling the refractive-index mismatch at the trachea-tissue

interface and the possibility of modeling other neck organs simply as a homogeneous medium when the

source and detectors were far from large blood vessels. Copyright c⃝ 2016 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Diffuse optical tomography (DOT), which is still under development, offers great promise for a non-

invasive hemodynamic evaluation and cancer detection in a range of organs and tissue, and among

these imaging of the thyroid gland by DOT has not been reported. This may be ascribed to ultrasound

as the primary modality for assessment of thyroid lesions. However, distinguishing thyroid follicular

cancers from follicular ademomas is extremely difficult even with fine needle aspiration. Definitive

diagnosis of follicular cancer can be made only by a histological examination of a thyroidectomy

specimen: here the essential features for the diagnosis are vascular and/or capsular invasion of tumor

cells [1]. It is expected that DOT will be of help here, because DOT has the potential to detect

these histopathological features from tomographic images of the optical properties (absorption and

scattering coefficients) using near-infrared light in a wavelength range from 700 nm to 1000 nm.

Near-infrared light penetrates deeply into biological tissue with multiple scattering. As a result,

only diffused light is detected at the tissue surface in actual measurements. Due to the diffused

light propagation, obtaining clear DOT images is not straightforward, unlike X-ray computed

tomography. With DOT there is an inversion process involved in reconstructing the tomographic

images of the optical properties based on a light propagation model describing the phenomenon

of light scattering and absorption [2, 3, 4, 5]. To obtain high quality DOT images, the accuracy in

the light propagation model used in the forward problem is critical. As for the measuring method

for DOT, there are three types of measurement; continuous wave, frequency-domain, and time-

domain measurements [2, 3, 5]. Among them, the time-domain measurement using ultra-short light

pulses with a pulse width in the order of picoseconds provides the richest information to obtain
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LIGHT PROPAGATION MODEL IN THE HUMAN NECK 3

high quality DOT images. Therefore, in this study, we employ time-domain measurement and solve

time-dependent equation for light propagation of ultra-short light pulse.

It is widely accepted that the radiative transfer equation (RTE) is the most accurate deterministic

light propagation model, however the numerical calculations with the RTE involve a heavy

computational load because it is an integro-differential equation with many independent variables:

position, angular direction, and time. Because of this, DOT based on the RTE has been applied

to only small tissue volumes such as human fingers [6] and rats [7]. With a larger tissue volume

(like the human head), DOT has used diffusion approximation (DA) to reduce computation loads

by assuming isotropic scattering. Comparing to DOT based on the RTE, DOT based on the DA has

been developed for clinical use [8, 12], and accordingly extensive simulation studies using the DA

have justified the feasibility of DOT to detect and quantify primary blast lung [10] and brain injury

[11]. Because the DA holds in the diffusive regions in scattering media, it fails to describe light

propagation in non-scattering and highly absorbing media [13]. Monte Carlo (MC) simulation is

often employed for calculating light propagation in organs and tissue volumes by generating random

numbers. The MC simulation, however, requires long computation times to reduce statistical noises.

Although some efforts to shorten the computation times have been made [14], the MC method still

needs further development to obtain the results with low levels of statistical noises. In this paper, we

employ the RTE among the light propagation models.

The human neck is a large and heterogeneous medium with a wide variation of the optical

properties, including the thyroid gland, trachea, blood vessels, muscles, bones, adipose tissues,

and more. The trachea is a void region where light propagates straight without being absorbed

or scattered. Meanwhile, the blood vessels are highly absorbing media, where light is strongly

absorbed before it undergoes multiple scattering processes. This makes it impossible to use the

DA for the trachea and blood vessels, and numerical calculations of the RTE in the human neck

are necessary for prediction of light propagation. In addition, reflection and refraction occur at the

trachea boundary and the external boundary of the human neck due to refractive-index mismatches

between the human neck and trachea and the surrounding air.

Copyright c⃝ 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Biomed. Engng. (2016)
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4 H. FUJII ET AL.

The overall aim of our investigation was to establish a physically accurate model of light

propagation in three-dimensions for the human neck, to be used for the forward problem in DOT. As

the first step, our previous work has primarily developed the light propagation model in the human

neck using two-dimensional time-dependent RTE [15]. For computational simplicity, the previous

work has not considered the refractive-index mismatch at the trachea-tissue interface, although it is

considered that the mismatch strongly influences on light propagation in the neck.

Although many works studying light propagation models in biological tissue for DOT have

considered the refractive-index mismatch at the air-tissue interface (external boundary of the tissue),

the mismatch at the void-tissue interface (inside the tissue) has been less treated. Arridge et al. have

extensively investigated the effects of the mismatch at the void-tissue interface on light propagation

in a turbid medium including a layered void region or a circular void region using MC simulations

and the radiosity-diffusion model [16]. They have shown that the mismatch at the void-tissue

interface weakly influences light propagation when the void region is a thin layer or the void

region is located far from light source and detector positions. However, the trachea occupies a

large cylindrical void region in the human neck, and light sources and detectors for DOT of the

thyroid cancer are positioned near the trachea because the thyroid is located near the trachea. These

conditions of the trachea and source-detector locations suggest strong effects of the mismatch at the

trachea-tissue interface on light propagation.

This paper investigates three factors influencing light propagation in the human neck: (i) the

presence of the trachea, (ii) reflection and refraction at the trachea boundary, and (iii) the effect of

the neck organs other than the trachea.

The following section provides an explanation of the numerical methods based on the RTE.

Section 3 provides the numerical results to investigate the three factors, and finally conclusions

are detailed in section 4.

Copyright c⃝ 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Biomed. Engng. (2016)
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LIGHT PROPAGATION MODEL IN THE HUMAN NECK 5

2. LIGHT PROPAGATION MODEL

2.1. Radiative transfer equation

Light propagation in turbid media such as biological tissue is accurately modeled by the RTE [17].

In two dimensions (2D), the RTE is given by

[
∂

v(r)∂t
+Ω · ∇+ µa(r) + µs(r)

]
I(r,Ω, t)

= µs(r)

∫
2π

dΩ′P (r,Ω ·Ω′)I(r,Ω′, t) + q(r,Ω, t), (1)

where I(r,Ω, t) is in W cm−1 rad−1 and represents the intensity at one wavelength, which

describes the photon energy flow as a function of the spatial location r = (x, y) in cm for

a 2D Cartesian coordinate system, the angular direction Ω = (Ωx,Ωy) = (cos θ, sin θ) (θ ∈

[0, 2π] in rad), and the time t in ps; µa(r) and µs(r) (in cm−1) are the absorption and scattering

coefficients, respectively, v(r) is the speed of light in the turbid medium, P (r,Ω ·Ω′) (in rad−1)

is the scattering phase function with Ω′ and Ω denoting the incident and scattered directions,

respectively, and q(r,Ω, t) (in W cm−1 rad−1) is a source function. For the formulation of

P (r,Ω ·Ω′), the 2D Henyey-Greenstein function [18, 19] is employed in this study,

P (r,Ω ·Ω′) =
1

2π

1− [g(r)]2

1 + [g(r)]2 − 2g(r)Ω ·Ω′ (2)

with g(r) being the anisotropic factor,
∫
2π

dΩ(Ω ·Ω′)P (r,Ω ·Ω′). Although there are several

formulations of q(r,Ω, t) such as collimated incidence, here q(r,Ω, t) is given by an isotropic delta

function, δ(t)δ(r − rs), with the source position at rs = (xs, ys). This is because the dependence of

the formulations on light propagation is sufficiently small when the detector is far from the source

position. Here, the optical properties, µa, µs, v, and g, depend on the spatial location because they

vary with organs in the human neck.

2.2. Refractive-index mismatched boundary condition

Reflection and refraction occur at the air-tissue interface due to the differences in the refractive

indices. This leads to changes in the intensity and direction of the light reaching the air-tissue

Copyright c⃝ 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Biomed. Engng. (2016)
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6 H. FUJII ET AL.

interface. As shown in Fig. 1(a), the reflected and transmitted intensities of the light reaching the

air-tissue interface from the tissue are given by

I(rb,Ωref , t) = R(Ωin,Ωout; en, n)I(rb,Ωin, t),

I(rb,Ωout, t) = [1−R(Ωin,Ωout; en, n)] I(rb,Ωin, t),

Ωin · en ≥ 0 (3)

where rb is the boundary position vector, Ωin is the direction of incidence, en is the normal vector

toward air, and n is the relative refractive index of the tissue; Ωref and Ωout are the directions of

reflection and refraction determined by Snell’s law. The reflectivity R is calculated by Fresnel’s law

R(Ωin,Ωout; en, n) =


1
2

[
sin2(θout−θin)
sin2(θout+θin)

+ tan2(θout−θin)
tan2(θout+θin)

]
, 0 ≤ θin < θc

1, θc ≤ θin ≤ π/2

(4)

where θin = cos−1(Ωin · en), θout = cos−1(Ωout · en), and θc = sin−1(1/n). The critical angle, θc,

is the angle of incidence above which the total internal reflection occurs. Reflection and refraction

also occur at the void-tissue interface, and the reflected and transmitted intensities of the light

reaching the interface from the tissue are given by Eqs. (3) and (4).

At the external air-tissue interface of the neck surface, I(rb,Ωin, t) is zero if Ωin · en < 0,

meaning non-reentry of light from the air [20]. At the internal air-tissue interface of the trachea

(void region with air) inside the neck, the light from the void region can be either reflected or

refracted at the interface, and reflected light can reenter into the tissue as shown in Fig. 1(b). Then,

the reflected and transmitted intensities are given by

I(rb,Ωref , t) = R(Ωin,Ωout;−en, 1/n)I(rb,Ωin, t),

I(rb,Ωout, t) = [1−R(Ωin,Ωout;−en, 1/n)] I(rb,Ωin, t),

Ωin · en < 0 (5)

where θc cannot be defined because the refractive index of the tissue is larger than that of air,

meaning that there is no total reflection.

Copyright c⃝ 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Biomed. Engng. (2016)
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Figure 1. Refractive-index mismatches at air-tissue and void-tissue interfaces. rb is the boundary position

vector; en is the normal vector toward air; and Ωin, Ωref , and Ωout are the angular directions of incidence,

reflection, and transmission, respectively.

3. NUMERICAL SCHEME

3.1. Finite-difference and discrete-ordinates methods

The RTE is numerically solved by using the finite-difference (FD) and discrete-ordinates

(DO) methods. The independent variables, x, y, Ωx, Ωy, and t are discretized as xi = i∆x

(i ∈ {1, 2, . . . , Nx}), yj = j∆y (j ∈ {1, 2, . . . , Ny}), Ωxk = cos θk, Ωyk = sin θk, θk = k∆θ (k ∈

{1, 2, . . . , Nθ}), and tm = m∆t (m ∈ {1, 2, . . . , Nt}), where ∆x, ∆y, ∆θ, and ∆t are the constant

step sizes, and Nx, Ny, Nθ, and Nt are the numbers of grid nodes and timesteps, respectively. In

the discretized form, I(r,Ω, t) is expressed as Imijk=I(xi, yj ,Ωxk,Ωyk, tm), and P (r,Ω ·Ω′) is as

Pijkk′ = P (xi, yj ,Ωk ·Ωk′). µs(r), µa(r), g(r), and v(r) are discretized and expressed in the same

manner.

In the DO method, the scattering integral is reformulated as

µs(r)

∫
2π

dΩ′P (r,Ω ·Ω′)I(r,Ω′, t) = µs,ij

Nθ∑
k′=1

wk′fk′Pijkk′Imijk′ +O(∆θ3), (6)

where the weight, wk′ , to the direction, Ωk, is given as 2π/Nθ based on the extended trapezoidal rule

to satisfy the normalization of the scattering phase function (
∫
2π

dΩ′P = 1), and the renormalizing

factor, fk′ , is given as [
∑Nθ

k=1 wkPkk′ ]−1 with a slight modification of the Liu’s formulation [21] for

fast convergence of the scattering integral. In the matrix notation, the scattering integral is expressed

Copyright c⃝ 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Biomed. Engng. (2016)
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8 H. FUJII ET AL.

as PIm, where P is a block diagonal matrix of size NxNyNθ ×NxNyNθ, and the vector Im is

given as (Im000, Im001, . . . , Imijk, . . . , I
m
NxNyNθ

)T with T denoting transpose. For spatial discretization,

we utilize the 3rd and 1st order upwind schemes (3UW and 1UW). Our previous study has shown

that the 3UW is more accurate than the 1UW, and is able to reduce the computational loads in highly

scattering media [15]. In non-scattering media (trachea), the 1UW is more suitable than the 3UW

because the 3UW is slightly unstable and numerical oscillations appear at the early arriving time in

non-scattering media. Based on the 3UW, the advection term in the x-axis is discretized as

Ωx∂I(r,Ω, t)/∂x

=


Ωxk (6∆x)

−1 [
2Imi+1jk + 3Imijk − 6Imi−1jk + Imi−2jk

]
+O(∆x4) Ωxk ≥ 0

Ωxk (6∆x)
−1 [−Imi+2jk + 6Imi+1jk − 3Imijk − 2Imi−1jk

]
+O(∆x4) Ωxk < 0

(7)

The advection term in the y-axis direction is discretized in the same manner as for the x-axis. For

more details of the 1UW, refer to [22]. In the matrix notation, the advection term and linear terms

(the second, third, and fourth terms on the left-hand side of Eq. (1)) are expressed as AIm, where

A is a sparse matrix with the same size of P .

For the temporal discretization, we employ the 3rd order TVD-Runge-Kutta method (3TVD-RK)

[23], which is computationally efficient and stable than the 4th order Runge-Kutta method (4RK).

Based on the 3TVD-RK, the discretized RTE is integrated with respect to t as

Im+1 =
1

3
R (Im + 2K2 + 2K3) +O(∆t4), (8)

where the matrix, R, represents the reflectivity, and the coefficient vectors, Kl (l = 1, 2, 3), are

given by the following equations,

K1 = Im + v∆t(−A+ P )Im,

K2 =
3

4
Im +

1

4
K1 +

1

4
v∆t(−A+ P )K1,

K3 = v∆t(−A+ P )K2. (9)

Copyright c⃝ 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Biomed. Engng. (2016)

Prepared using cnmauth.cls DOI: 10.1002/cnm



LIGHT PROPAGATION MODEL IN THE HUMAN NECK 9

A preliminary study has shown that the 3TVD-RK can reduce computational time by about 25

percent of that for 4RK because two vectors, Kl (l = 1, 2), are allocated in the computer memory

for the 3TVD-RK during runtime, while for the 4RK, four vectors, Kl (l = 1, 2, 3, 4), must be

allocated.

3.2. Anatomical human neck model

We developed an anatomical human neck model by utilizing MR images of a human neck

(adult woman) as shown in Fig. 2(a). We performed segmentation of the MR image and

extracted the organs of the human neck: the trachea, spine, spinal cord, and blood vessels, as

shown in Fig. 2(b). Other organs such as muscle, bone, and adipose tissue were combined into

homogeneous background tissue. The thyroid gland was included in the background tissue, although

it anatomically wraps around the trachea. The curved geometries of the organs and background

tissue in the image were mapped with regular grids. The segmentation procedure has been primarily

developed in the previous work [15].

The optical properties of the organs and background tissue in the near-infrared wavelength of

about 800 nm are listed in Table I, referring to [9, 24]. The values of the properties vary widely with

the kinds of tissue, suggesting that appropriate numerical schemes vary with the different kinds of

tissue. The background tissue, spine, and spinal cord are highly scattering media (µs ≫ µa, µa < 1

cm−1), and therefore the 3UW is used inside these. The trachea, meanwhile, is almost all non-

scattering and non-absorbing medium (µs ≪ 1 cm−1, µa ≪ 1 cm−1), and the 1UW is used inside

the trachea. Numerical calculations of the light propagation in the blood vessels is the most difficult

because µs and µa of the blood vessels are very large and g is very close to unity, resulting in

very heavy computational loads (especially for increasing Nθ). A preliminary study has shown that

numerical results of the RTE for the blood vessels are accurate when Nθ is larger than approximately

120 resulting in a much larger memory requirement. In this study, instead of the RTE, the delta-

Eddington approximation (dEA) is employed for numerical calculations of light propagation in the

blood vessels. The dEA decomposes the forward-peaked scattering into delta-function and isotropic

Copyright c⃝ 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Biomed. Engng. (2016)
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10 H. FUJII ET AL.

scattering components to reduce the computational loads [25, 26], and the scattering phase function,

P (r,Ω ·Ω′), is reduced to g(r)δ(1−Ω ·Ω′) + 1− g(r). It has been reported that the dEA holds

better for media with g very close to unity [20] corresponding to an extremely highly forward-

peaked scattering. By employing the dEA, Nθ is reduced to 100 without a loss of accuracy of

numerical solutions. In the background and neck organs, other than the trachea and blood vessels,

g is homogeneously given as 0.9 which is less close to unity than that for the blood vessels but

still indicating a highly forward-peaked scattering. Thus, in the background and neck organs, Nθ is

given as 100 to obtain accurate solutions of the RTE.

From Table I, it is suggested that the DA can also be employed for the background tissue and

organs other than the trachea and blood vessels because the tissues are highly scattering media.

However, the DA is invalid in the regions of trachea and blood vessels and their vicinities. In

addition, the DA is inaccurate in the spatial region with source-detector distances shorter than

ρDA ∼ 10/µ′
t and in the temporal region earlier than tDA ∼ 10/vµ′

t after the pulse input, where

µ′
t = µa + µs(1− g) [27]. In the case of the background tissue, for example, ρDA and tDA are

given by 1.2 cm and 56.2 ps. Hence, the use of the DA for the whole region of the human neck and

whole time period is impossible, and if one wants to use the DA, the hybrid model of the RTE and

DA [27] is necessary with evaluating a spatial and temporal regime for the DA to be valid.

The refractive-index mismatched boundary conditions are incorporated at the air-tissue and

trachea-tissue interfaces while in the previous work [15], the boundary condition at the trachea-

tissue interface was not considered. At the air-tissue interface, a part of the scattered light from

the tissue is reflected back to the tissue, and the remaining part goes out into the open air. Once

light goes out to the open air, it is assumed that the light will never come back to the tissue. At the

trachea-tissue interface, a part of the scattered light from the tissue is reflected back to the tissue,

and the remaining part is transmitted to the trachea. The transmitted light travels straight inside

the trachea, and reaches another position on the interface. Then, the light is reflected back to the

trachea or transmitted to the background tissue. As a result, it is likely that large differences in

Copyright c⃝ 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Biomed. Engng. (2016)
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LIGHT PROPAGATION MODEL IN THE HUMAN NECK 11

(a) (b)

Figure 2. (a) Transverse MR image of the human neck, (b) neck organs after the segmentation. Light gray

regions represent the blood vessels.

Table I. Optical properties of the neck organs and background tissue in the anatomical human neck model at

the wavelength of about 800 nm [9, 24]

µa[cm−1] µs[cm−1] g n

Background tissue 0.30 80.0 0.9 1.4

Trachea (void) 0.0001 0.0001 0.0 1.0

Spine 0.25 148 0.9 1.4

Spinal cord 0.17 882 0.9 1.4

Blood vessels 4.76 675 0.992 1.4

light propagation are observed around the trachea for models with and without the refractive-index

mismatch.

Other than the trachea, the organs are assumed to have a constant value of the refractive index,

n = 1.4, meaning that neither reflection nor refraction take places at the interfaces between different

organs in the background tissue.

3.3. Level set method

To incorporate the refractive-index mismatched boundary condition at the curved boundaries and

interfaces, it is necessary to assign boundary nodes, rb, and calculate the normal vectors, en, at

Copyright c⃝ 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Biomed. Engng. (2016)

Prepared using cnmauth.cls DOI: 10.1002/cnm



12 H. FUJII ET AL.

these boundary nodes. In this study, we perform this process using the level set method, which

has been widely used for capturing moving boundaries of objects in imaging problems [28, 29].

There are many ways of implementing the level set method with various degrees of accuracy and

efficiency, and here we adopt one that is simple and efficient. In the later section, we will show that

this level set method is appropriately implemented in the numerical calculations of light propagation

in the human neck.

In the level set method, the signed distance function, φ(r), is the commonest choice as the level

set function,

φ(r) =


−dist(r) < 0 r ∈ Sin

dist(r) > 0 r ∈ Sout

, (10)

where r is a position on a regular grid, dist(r) is the distance between r and the curved boundary,

Sin and Sout are domains inside and outside the curved boundary, respectively, as shown in Fig. 3(a).

A boundary node, rb, is assigned in Sin where the sign of φ(r) for the boundary node is different

from that for its nearest neighbor node. A normal vector, en, is calculated by ∇φ(r)/|∇φ(r)| based

on the central difference method.

Figure 3(b) shows the level set method as applied to the external boundary of the human

neck, which is implicitly represented by φ(r) = 0, and rb and en are calculated. Because φ(r)

is calculated from the grid points with the spatial step size ∆x, φ(r) is discretized with ∆x. This

makes the results for en in Fig. 3(b) discrete. In addition to the external boundary, the level set

method is applied to the trachea boundary.

3.4. Step sizes in discretization

Throughout the paper, the constant step sizes are selected as ∆x = ∆y = 0.02 cm, ∆θ = 0.0628 rad

(Nθ = 100), and ∆t = 0.04 ps. These step size values were determined in our preliminary study, in

which it has been confirmed that the numerical solutions of the RTE agree very well with analytical

solutions to the RTE in infinite homogeneous media having optical properties of neck organs. The

total number of the square grids with the side of 0.02 cm is approximately 3× 105.

Copyright c⃝ 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Biomed. Engng. (2016)
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Figure 3. (a) Schematic of the level set method: a solid curve represents an external boundary of the object,

solid black circles boundary nodes, rb ∈ Sin, and arrows the outward normal vectors, en. Open and gray

circles represent the exterior and interior nodes of the object, respectively; (b) Contour of the signed distance

function, φ(r), for the external boundary of the human neck in the enlarged view (a region enclosed by a

rectangle in the whole view of the human neck as the inset). en and rb are plotted in the figure with a rough

spatial step size ∆x = 0.05 cm for easy visualization.

The source code for the numerical calculations are written in the C programming language, and

for numerical efficiency, all the matrices are compressed to vectors as the compressed row storage

format. Also, parallel CPU programming is implemented with a 24 thread computer (Intel Xeon

X5690 @3.47GHz) by using the OpenMP, which is a portable and shared-memory programming

scheme.

The average computation time using the RTE for the time period up to 1000 ps is 3219 min.

Although we can reduce the computational time further by using rough step sizes, this study focuses

on investigation for light propagation in the human neck rather than that of computational efficiency.

It is confirmed that by decreasing Nθ from 100 to 48, the computation time is reduced to one-

fifth of that at Nθ = 100 while the numerical errors increase by a few percent. Also, a multi-thread

computer will help in reducing the computation time further because our code is suitable for parallel

computing.

Our numerical scheme for solving the RTE was validated by the analytical solutions of the RTE

[27, 15] and DA. At a region in a finite medium far from the boundaries, the numerical solutions of

the RTE can be compared with the analytical solutions of the RTE in an infinite medium. The results
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have shown that the numerical solutions of the RTE at the region far from the boundaries agree with

the analytical solutions of the RTE [27, 15]. At the curved boundaries of the medium, the numerical

scheme can be validated by the analytical solution of the DA in a circular medium. The Appendix

confirms the validity of the numerical scheme at the curved boundaries by the analytical solution of

the DA.

3.5. Measurement quantities and conditions

As the measurable quantities, we consider the outward flux, J+, at the external boundary of the

human neck, and the fluence rate, Φ, inside the human neck. The formulations of J+ and Φ are

given as

J+(rb, t) =

∫
Ω·en>0

dΩ(Ω · en)I(rb,Ω, t), Φ(r, t) =

∫
2π

dΩI(r,Ω, t). (11)

A light source is incident on the front center surface of the human neck at the position (x, y) =

(7.38 cm, 12.52 cm), shown as a red arrow in Fig. 4. The assumption of the point source

matches the actual measurement using an optical fiber with a core diameter of 0.005 cm, which

is much smaller than the spatial step size of 0.02 cm in computation. Here, we consider eight

detectors located at the front of the neck surface, R1:(6.38 cm, 12.52 cm), R2:(5.38 cm, 12.2 cm),

R3:(4.38 cm, 11.2 cm), R4:(3.38 cm, 10.42 cm), L1:(8.38 cm, 12.24 cm), L2:(9.38 cm, 11.46 cm),

L3:(10.38 cm, 10.64 cm), and L4:(11.38 cm, 10.22 cm), respectively. The detectors have a sensing

diameter of 0.5 cm, so the results of J+ are averaged over the spatial regions of the detectors. The

reason for these source and detector locations is that the locations are near the location of the thyroid

gland, aiming for a high sensitivity in a diagnosis of thyroid cancer.

As listed in Table II, four numerical models A, B, C, and D are considered to investigate the

effects on light propagation of the presence of the trachea, of the refractive-index mismatch at the

trachea boundary, and of the locations of the other organs inside the neck. Although Model B is

based on the primarily developed model [15], Models A, C, and D are developed here.
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Figure 4. Positions of the source and detectors at the front surface of the human neck; the source

position (red circle) is at (x, y) = (7.38 cm, 12.52 cm), and the detector positions (solid squares) are

at R1:(6.38 cm, 12.52 cm), R2:(5.38 cm, 12.2 cm), R3:(4.38 cm, 11.2 cm), R4:(3.38 cm, 10.42 cm),

L1:(8.38 cm, 12.24 cm), L2:(9.38 cm, 11.46 cm), L3:(10.38 cm, 10.64 cm), and L4:(11.38 cm, 10.22 cm),

respectively.

Table II. Numerical models for investigating light propagation in the human neck

Model Medium Refractive index in the trachea

A Background tissue -

B Background tissue+trachea 1.4 (match)

C Background tissue+trachea 1.0 (mismatch)

Background tissue+trachea
D

+surrounding organs
1.0 (mismatch)

4. RESULTS

4.1. Influence of the trachea

In this subsection, we investigate the influences of the presence of the trachea and the refractive-

index mismatch at the trachea-tissue interface on light propagation in the human neck by comparing

three models, Model A: a homogeneous medium consisting of the background tissue without the

trachea; Model B: a heterogeneous medium consisting of the background tissue and the trachea

(background tissue+trachea medium) under the refractive-index matched boundary condition at
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Figure 5. Spatial distributions of Φ in logarithmic scale, calculated from the RTE for the three models in

Table II, Model A (left column): homogeneous medium; Model B (middle column): refractive-index match

at the trachea-tissue interface; and Model C (right column): refractive-index mismatch at the trachea-tissue

interface. In the subfigures at t = 30 ps (top row), the plot ranges of the x-y coordinates [cm] are shown,

light sources are represented by red arrows, and detector locations are represented by solid squares. In the

subfigures in the middle and right columns, the boundaries of the trachea (trachea-tissue interfaces) are

denoted by gray solid curves, and the positions of the maximum Φ are represented by solid dots. The figures

are snapshots from Video 1 for Model A, Video 2 for Model B and Video 3 for Model C found online. Note

that only the region of interest is shown while computation was performed for the whole region of Fig. 2.

the trachea-tissue interface by setting n as 1.4 in the trachea; and Model C: the background

tissue+trachea medium incorporating the refractive-index mismatch at the trachea-tissue interface

with n = 1.0 in the trachea.
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Figure 6. Time-resolved profiles of J+ at the eight detectors, R1 to R4, and L1 to L4, for Model A to Model

C. Source-detector locations are shown in Fig. 4.

Figure 5 shows the spatial distributions of Φ, in logarithmic scale, calculated from the RTE at

set times in the homogeneous background medium for Model A in the left column; and in the

background+trachea medium for Model B with the refractive-index match and Model C with the

refractive-index mismatch in the middle and right columns, respectively , when the light source is

placed on the front center surface of the human neck at the position (x, y) = (7.38 cm, 12.52 cm)

(top row, Fig. 5). There are clear differences between the three models after light reaches the trachea

boundary (t > 30 ps).

At t = 70 ps (second row from the top, Fig. 5), the front of the light propagation is strongly

influenced by the models. For Model A, the front spreads circularly, while for Models B and C,

the fronts are irregular early in the model calculations due to the presence of the trachea. The front
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for Model B moves faster than that for Model A because no scattering takes place in the trachea.

Moreover, the front for Model C moves even faster than that in Model B because the speed of the

light, v, for Model C is higher than that of Model B.

At t = 160 ps, for Model C, a smaller amount of light propagates into the trachea than with

Model B because when light in the background reaches the trachea-tissue interface, reflection to the

background dominates transmission to the trachea. Also, for Model C the light reaching the trachea-

tissue interface from the trachea is largely transmitted into the background compared with reflection

of the light.

At longer times (t = 500 and 800 ps), the light attenuation is different for the three models. Light

attenuation with Model A is larger than with Models B and C due to the absence of the trachea,

where neither scattering nor absorption takes place. Also light attenuation with Model C is larger

than with Model B; as with Model C the refractive-index mismatch suppresses light propagation

into the trachea, resulting in increases in the light attenuation in the background. For Model B, a

larger amount of light goes into the trachea, resulting in less light attenuation in the background at

the later times.

The positions of the maximum Φ, rΦ, are indicated by black dots in the subfigures. In addition

to the subfigures, trajectory animations of rΦ are shown in three linked videos (Video 1, Video 2,

and Video 3) for the three models. With Model A, rΦ moves less inward in the medium than with

Models B and C due to the light attenuation in the background at t ≲ 500 ps. With Model B, rΦ

moves back and forth between the deep and shallow sides of the trachea boundary, as shown in the

subfigures at 160, 500, and 800 ps (see also Video 2). This movement is caused by the diffusive

reflection at the trachea-tissue interface as will be explained in the following. Light reaching the

trachea-tissue interface from the trachea is scattered in all directions, and a part of the scattered

light returns to the trachea. This kind of reflection, termed the diffusive reflection, repeats inside the

trachea. With Model C, rΦ moves along the trachea boundary in the background due to reflection

from the background, and refraction from the trachea.
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Now, we will discuss the influences of the outward flux measured at the front of the neck surface,

J+. The time-resolved profiles of J+ at the eight detectors, R1 to R4 and L1 to L4, are plotted in

Fig. 6. As shown in Fig. 6(a), the profiles at R1 and R2 in the rising periods (t < tpeak with the

peak at tpeak) are very similar for the three models, meaning that light reaching at R1 and R2 in the

early periods has propagated through a region near the neck surface without being affected by the

trachea. In the decay periods (t > tpeak), the profiles vary with the models. The profiles for Model

A in the decay periods are sharper than those for Models B and C, meaning that light decays faster

with Model A. This is because the trachea suppresses the light attenuation as detailed above. The

profiles with Model C are sharper than those with Model B, suggesting that the component reflected

to the front surface from the region around the trachea due to the refractive-index mismatch at the

trachea boundary is smaller than the component due to the diffusive reflection.

As shown in Fig. 4, the geometries of the human neck surface and the trachea boundary are

asymmetric with respect to the line parallel to the y-axis passing through the source position

(x =7.38 cm). The effects of the asymmetry on the light propagation can be evaluated by comparing

the profiles at R1 and R2 with those at L1 and L2. In Fig. 6(b) the profiles at L1 and L2 show the

same tendency as the profiles at R1 and R2, suggesting that the effects of the asymmetry are small

for the detectors close to the source.

The profiles at the detectors far from the source and trachea are plotted in Figs. 6(c) and (d), and

here the profiles are different for the three models, showing that the trachea affects light propagation

also in the regions far from the source and trachea. This may be ascribed to the source location near

the trachea, suggesting the conclusion that light propagation in a wide region at and around the

trachea is influenced by the trachea.

The results in Fig. 6 suggest that the measurements of light at the human neck surface are strongly

influenced by the trachea, and that numerical calculations have to incorporate the refractive-index

mismatch at the trachea-tissue interface. Otherwise, estimates of the spatial distributions of the

optical properties by the inverse processes in DOT will deviate considerably from the true values.
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Figure 7. (Left and middle columns) spatial distributions of Φ in logarithmic scale at specified times for

Model D using the RTE. The boundaries of the neck organs are denoted by the gray enclosed areas. (Right

column) the logarithmic differences in Φ between Model C and Model D, log10(ΦC/ΦD), at the late times

of 300, 500 and 800 ps. Examples of small and large blood vessels are indicated in the subfigure at the time

of 500 ps by (i) and (ii), respectively. Other details are the same as in Fig. 5.

4.2. Influences of neck organs other than the trachea

In this subsection, we investigate the influence of the presence of neck organs other than the trachea

(spine, spinal cord, and blood vessels) on the light propagation by comparing two models; Model

C: the trachea+background tissue, and Model D: the human neck model. In the two models, we

incorporate the refractive-index mismatched boundary condition at the trachea as listed in Table. II.

The spatial distributions of Φ for Model D are plotted in the left and middle columns of Fig.

7 for the times from 30 ps to 800 ps. Up to the time of t = 160 ps, the distributions in the two

models (Model C [shown in Fig. 5] and Model D) are quite similar. In the later time period from

300 ps to 800 ps, differences in the distributions between the two models appear around the neck

organs. To make the differences clear, logarithmic differences in Φ between Model C and Model D,
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log10(ΦC/ΦD), are plotted in the right column of Fig. 7. Regions around the neck organs except for

the trachea have positive values of the differences, meaning that the local light attenuation around

them is larger for Model D than for Model C. The positive values at the region around the spine are

smaller compared with those around the spinal cord and blood vessels, because the differences in the

optical properties between the spine and the background tissue are smaller than those between the

spinal cord or blood vessels and the background tissue, as listed in Table I. Also, the positive values

depend on the size of the neck organs; in the regions of small blood vessels and their vicinities

(indicated by (i) in the subfigure at the time of 500 ps in the right column, for example) the positive

values are smaller than those in the regions of large blood vessels and their vicinities (like indicated

by (ii) in the subfigure). The reason is probably that light penetrates through the small blood vessels

before it is exposed to much interaction with the small blood vessels.

Figure 8 compares the temporal profiles of J+ and the maximum values at the detectors on the

left of the source, L1 to L4, for Models C and D. It was observed (not shown here) that the profiles

at the detectors on the right of the source, R1 to R4, show the same tendency as those on the left

of the source. As shown in Figs. 8(a) and (c), the profiles and the maximum values for Model D

agree well with those of Model C at L1 and L2 near the source and far from the large blood vessels,

suggesting that the temporal profiles measured near the source and far from the large blood vessels

are insensitive to the presence of neck organs other than the trachea inside the human neck. As

shown in Figs. 8(b) and (c), the profiles and the maximum values of the two models are different at

L3 and L4, far from the source and near the large blood vessel (indicated as (ii) in Fig. 7). At L3, the

profile for Model D decays faster and the maximum value of the profile is slightly smaller than that

for Model C, although the peak times are very similar for the two models. The changes in the profile

are more prominent at L4 which is closer to the large blood vessel than L3. At L4, the peak with

Model D appears earlier, it decays faster, and the maximum value is much smaller than with Model

C. In general, when the absorption coefficient of a homogeneous medium increases in time-resolved

measurements, the peak of J+ shifts to earlier times and the maximum value of J+ decreases. This

would suggest J+ measured near absorbing objects in a heterogeneous medium also shows peaks
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Figure 8. Time-resolved profiles of J+ at the detectors on the left of the source, (a) L1 and L2, and (b) L3,

and L4, for Models C and D. (c) Maximum values of J+ [W/cm] at the detectors, L1 to L4, for the two

models.

earlier and reach smaller maximum values than when no absorbing objects are present. The results

in Figs. 8(b) and (c) are consistent with the above results. Nevertheless, the effects of the other neck

organs are quite small because the maximum value of J+ at L4 is five orders of magnitude smaller

than that at L1 as shown in Fig. 8(c). These results suggest the possibility of modeling the other

neck organs simply as a background medium as long as the source and detectors are far from large

blood vessels.

5. CONCLUSIONS

To develop a physically accurate model of light propagation in the human neck to be used for the

forward problem in DOT, we have investigated the influence of three factors on light propagation

in the human neck, numerically, by 2D time-dependent RTE: (i) the presence of the trachea, (ii) the

refractive-index mismatch at the trachea-tissue interface, and (iii) the effect of neck organs other

than the trachea such as the spine, spinal cord, blood vessels.

The results here showed that the presence of the trachea and the refractive-index mismatch at the

trachea boundary strongly influence light propagation in the human neck and light fluxes measured
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at the front of the neck surface. Also that other neck organs than the trachea influence the light

propagation very weakly when source and detectors are far from the large blood vessels.

APPENDIX: VALIDATION OF THE NUMERICAL SCHEME INCLUDING CURVED

BOUNDARIES

To validate the numerical scheme for calculating light propagation in a turbid medium including

curved boundaries, a comparison of numerical results using the RTE and the analytical solutions

will be described here. Because no analytical solution of the RTE with curved boundaries has been

reported, we utilized the analytical solution of the DA for a 2D homogeneous circular medium with

a radius R (Fig. A1(a)). Research has shown that in scattering media the DA is valid in regions

far from the source position and in periods of time long after the source injection [30, 27]. The

analytical solution of the DA for the outward flux, J+, in a circular medium under an extrapolated

boundary condition is given as Eq. (A1), by referring to [31, 32]:

J+(R,α, t; r0, R
′) = − vD

πR′2 exp(−µavt)

×
M∑

m=−M

cos(mα)

B∑
βm

exp(−vDβ2
mt)

βmJ ′
m(βmR)Jm(βmr0)

[J ′
m(βmR′)]2

,

(A1)

where the source and detector positions are denoted as (r0, 0) and (R, α) in polar coordinates,

respectively, as shown in Fig. A1(a). Here, r0 is given by R− [µ′
s]

−1, and R′ = R+ γ(n)D is

the extrapolated radius with a coefficient γ(n) as a function of n and the diffusion coefficient

D = [2µ′
s]

−1, βm ∈ R are positive roots of Jm(βmR′) = 0, where Jm is the m-th order Bessel

function of the first kind (m ∈ N), and J ′
m is the derivative of Jm with respect to the radius, and M

and B are the numbers of the summations which are theoretically infinite.

For a comparison of Eq. (A1) with the numerical results for the RTE, we consider a homogeneous

circular medium with R = 2.0 cm and the optical properties given as those of the spine listed in

Table 1. Equation (A1) is numerically computed with M = B = 50, and γ = 2.83 in the case of
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n = 1.4. We have confirmed that even if M and B are larger than 50, the solutions of Eq. (A1)

change only little.

Figure A1(b) shows the computed time-resolved profiles of J+ using the RTE and Eq. (A1) at the

source-detector angle of α = π/3, and π. The numerical results calculated using the RTE agree well

with Eq. (A1), around the peak at tpeak (320 ps for α = π/3; 800 ps for α = π) and the decay period

(t > tpeak). At the rising period (t < tpeak), there are small differences in J+ between the two. This

is because the DA assumes infinity for the speed of light while the speed is finite in the RTE [33],

and the difference is clearer with larger µa [15]. The results in Fig. A1 confirm the validity of our

numerical scheme for the case including curved boundaries. We have also confirmed the validity for

other cases of optical properties (for the background tissue and spinal cord).
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Figure A1. (a) Homogeneous circular medium with radius R. Source and detector are represented by a red

dot and blue square, respectively, and the angle between the source and detector positions is α. An isotropic

light impulse is incident in the medium at a distance from the surface of [µ′
s]
−1 = R− r0, and R′ represents

the radius of the extrapolated boundary (dashed circle); (b) Logarithmic time-resolved profiles of J+ for the

RTE and DA in the circular medium, normalized by the peak values. Black and blue represent the profiles at

α = π/3 and π, respectively.
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