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In order to study the correlations between clusters and nucleons in light nuclei, we formulate a new superposed
Tohsaki-Horiuchi-Schuck-Röpke (THSR) wave function which describes both spatially large spreading and
cluster-correlated dynamics of valence nucleons. Using this new THSR wave function, the binding energy of
9B is significantly improved in comparison with our previous studies. We calculate the excited states of 9B and
obtain an energy spectrum of 9B which is consistent with the experimental results. This includes the prediction of
the first 1/2+ excited state of 9B which is not yet fixed experimentally. We study the proton dynamics in 9B and
find that the cluster-proton correlation plays an essential role for the proton dynamics in the ground state of 9B.
Furthermore, we discuss the density distribution of the valence proton with special attention to its tail structure.
Finally, the resonance nature of excited states of 9B is illustrated comparing root-mean-square radii between the
ground and excited states.

DOI: 10.1103/PhysRevC.97.054323

I. INTRODUCTION

As one of the most important effects in nuclear physics,
the cluster degrees of freedom have been extensively studied
for various nuclear many-body problems [1–15], including
the microscopic description of cluster states [14,15] and
cluster radioactivity such as the α decay process [4,5]. With
the discovery of α cluster condensation in light nuclei, the
Tohsaki-Horiuchi-Schuck-Röpke (THSR) wave function has
been proposed to describe gas-like cluster states in light nuclei,
especially for 12C and 16O [8–15]. Investigations with the
THSR wave function demonstrate the nonlocalized property
of cluster dynamics in light nuclei such as 20Ne [14]. In
comparison with the generator coordinate method (GCM),
which can be regarded as an advanced approach to the nu-
clear many-body problem, clustering states are found to be
almost 100% accurately described by a single THSR wave
function [14–18].

For the study of nonconjugate nuclei composed of both α
clusters and valence nucleons, the THSR wave function has
been successfully extended to the 9–11Be isotopes [11,19,20].

*zhaoqing91@outlook.com
†Corresponding author: zren@tongji.edu.cn
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It is found that cluster-cluster correlations and nucleon-nucleon
correlations can be well described by the THSR wave function
in these systems [19,21]. However, there are still no studies
devoted to the correlation between α clusters and valence
nucleons. Since the cluster-nucleon correlation can be much
different from the other two kinds of correlation, investigating
the cluster-nucleon correlation can improve the understanding
of the dynamics of valence nucleons in nonconjugate nuclei.

In order to study the dynamics of clusters and valence
nucleons under the cluster-nucleon correlation, we provide a
new form of the THSR wave function, and then, superpose
THSR wave functions to describe both large spreading and
cluster-correlated configurations for valence nucleons in light
nuclei. This new superposed THSR wave function can be
applied to most of nonconjugate nuclei like 9Be, 9B, 10Be,
etc. Here, we choose the nucleus 9B, which has α + α + p
cluster structure, as the first application of our new framework,
since there is a lack of good present understanding of the 9B
nucleus. Additionally, because of the extra Coulomb potential
in comparison with its mirror nucleus 9Be, the excited states
with even parity in 9B can be calculated with the THSR wave
function more easily. We will discuss this case later with more
detail.

By adding the cluster-nucleon correlation into the THSR
wave function, we would like to see whether this extra
correlation can improve the description of the 9B nucleus with
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respect to the traditional THSR wave function. We are also
interested in the different physical picture of the dynamics of
valence nucleon which the cluster-nucleon correlations may
bring. Furthermore, since the traditional THSR wave function
has difficulties to describe the positive parity states of 9Be and
9B [11], we would like to try to produce the energy spectrum
of 9B as complete as possible, considering especially the first
1/2+ state in 9B.

In Sec. II we formulate the superposed THSR wave function
for 9B. Then in Sec. III we show the results for the physical
properties of 9B and discuss the structure and dynamics of the
cluster states, especially the cluster-nucleon correlation effect.
Section IV contains the conclusions.

II. FORMULATION OF THSR WAVE FUNCTION OF 9B

We first write the THSR wave function for 9B in the form
used in our previous publications [11]
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=
2∏
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× eimφRp �B(R1,R2,Rp), (1)

whereβαs are Gaussian parameters for the nonlocalized motion
of two α clusters and βps are Gaussian parameters for the
valence proton. Here, we choose the direction of two α clusters
as the z axis. The phase factor eimφRp determines the intrinsic
parity of the wave function [11]. φRp

is the azimuthal angle of
Rp in spherical coordinates. The parameter m = 1 corresponds
to the intrinsic negative parity while m = 0 corresponds to the
intrinsic positive parity. �B is the Brink wave function which
is written as

�B(ri=1,2,...8,rp,R1,R2,Rp)

= A{ψ(rk(k=1,2,3,4),R1)ψ(rl(l=5,6,7,8),R2)ψ(rp,Rp)}, (2)

where R(1,2) and Rp are corresponding generator coordi-
nates for the α clusters and valence proton, respectively.
A is the antisymmetrization operator. ψ(rk(k=1,2,3,4),R1),
ψ(rl(l=5,6,7,8),R2), andψ(rp,Rp) are corresponding wave func-
tions for the α clusters and valence proton, respectively. For
each α cluster, four nucleons share one generator coordinate
R.

To investigate correlations between the extra proton and
each α cluster, we formulate the THSR wave function of 9B
as a superposition of both the cluster-correlated configuration
and the large spreading configuration. It is denoted as the
“superposed THSR wave function”:

� = c�1 + d�0. (3)

Here, �1 is the cluster-correlated configuration of 9B, which
describes the motion of the valence proton around the α
cluster. �0 corresponds to the large spreading configuration
of 9B in which the valence proton orbits around the 8Be core.

The coefficients c and d are the parameters of the superposed
THSR wave function.

The THSR wave function in Eq. (1), which is denoted as
“traditional THSR wave function”, is used for �0. The wave
function corresponding to the correlation configuration �1 is
constructed in replacing the generator coordinate Rp of the
valence proton in �0 with coordinate Rp + Rj , as
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=
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× e
imφRp+Rj �B(R1,R2,Rp + Rj ). (4)

The generator coordinate Rp is used to describe the correlated
motion of the valence proton around the α cluster with
generator coordinate Rj , whose subscript j denotes one of
the α clusters. Because of the antisymmetrization in Eq. (2),
both functions �1 and �2 coincide. Therefore it is sufficient
to take only �1 in Eq. (3).

We also apply the angular-momentum projection technique
P̂ J

MK |�〉 to restore the rotational symmetry [22],

|�JM〉 = P̂ J
MK |�〉

= 2J + 1

8π2

∫
d	DJ∗

MK (	)R̂(	)|�〉, (5)

where J is the total angular momentum of 9B.
The Hamiltonian of the 9B nucleus can be written as

H =
9∑

i=1

Ti − Tc.m. +
9∑

i<j

V N
ij +

9∑
i<j

V C
ij +

9∑
i<j

V ls
ij (6)

with Tc.m. the spurious kinetic energy of the center-of-mass
motion. Volkov No. 2 [23] interaction is selected as the central
force of the nucleon-nucleon potential

V N
ij = {

V1e
−α1r

2
ij − V2e

−α2r
2
ij

}
×{W − MP̂σ P̂τ + BP̂σ − HP̂τ }, (7)

where M = 0.6, W = 0.4, B = H = 0.125, V1 = −60.650
MeV, V2 = 61.140 MeV, α1 = 0.309 fm−2, and α2 =
0.980 fm−2.

The Gaussian soft core potential with three ranges (G3RS)
[24] is taken as the spin-orbit interaction

V ls
ij = V ls

0

{
e−α1r

2
ij − e−α2r

2
ij

}
L · SP̂31, (8)

where P̂31 projects the two-body system into triplet odd
state. Parameters in V ls

ij are taken as V ls
0 = 2000 MeV, α1 =

5.00 fm−2, and α2 = 2.778 fm−2 from Ref. [25].
The Gaussian size parameter b for the nucleons in α clusters

for ψ in Eq. (2) is set to b = 1.35 fm, which is the same value
as that used in our previous work in Ref. [11].
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TABLE I. The 3/2− rotational band of 9B. ETHSR
old denotes results

obtained with the traditional THSR wave function �0 used in our
previous work. ETHSR

new stands for the results obtained with our new
superposed THSR wave function �. EGCM denotes results obtained
with GCM calculation. Values in parentheses are corresponding
excitation energies. � indicates the improvement obtained by our
new superposed THSR wave function. All units of energies are in
MeV.

State ETHSR
old ETHSR

new � EGCM Eexp [26,27]

7/2−(E.S.) −47.0(6.9) −48.3 (6.6) 1.3 −48.1(7.1) −49.3 (7.0)
5/2−(E.S.) −51.4(2.5) −52.4 (2.5) 1.0 −52.9(2.3) −53.9 (2.4)
3/2−(G.S.) −53.9 −54.9 1.0 −55.2 −56.3

III. RESULTS AND DISCUSSIONS

Let us now discuss the energy spectrum of the 9B nucleus
obtained with the new superposed THSR wave function � and
compare it with the one obtained with the traditional THSR
wave function �0 used in our previous work [11]. This is shown
in Table I. Both of these THSR wave functions � and �0 are
variationally optimized. In this table, we also include the GCM
results for the spectrum of 9B, to justify the accuracy of the
THSR wave functions.

From Table I we observe significant improvements for
the binding energy of 9B when using our new superposed
THSR wave function. The new results are in much better
agreements with the experimental values. Furthermore, we
get almost the same results in comparison with the results
from the GCM calculation in which 81 Brink basis states
are superposed. This is a strong justification of our new
wave function. The ground state rotational band of 9B from
the theoretical calculations and experiments are presented in
Fig. 1. We take the energy minus the corresponding α + α + p
thresholds to set the thresholds as the origin of the y axis.
Comparing with the traditional THSR wave function, the new
superposed THSR wave function produces lower and denser
energy levels, which is consistent with GCM and experiment

THSR THSR-new GCM Exp.
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FIG. 1. Theoretical and experimental results of the energy spec-
trum of 9B. The thresholds are set at the origin of the vertical axis.

TABLE II. Variationally optimized parameters and results for the
ground state of 9B. The first line denotes results with fixed c = 0,
the second line denotes results with variationally optimized c = 0.68
and d = 0.32, and the last line denotes results with fixed d = 0. The
remaining parameters are fixed to be the same as before. Units of β

are in fm, and units of energies are in MeV.

c d βα,xy βα,z βp,xy βp,z β ′
p,xy β ′

p,z E

0 1.0 0.1 4.2 2.5 2.6 / / −53.9
0.68 0.32 0.1 5.5 5.9 3.1 0.5 2.5 −54.9
1.0 0 0.1 5.4 / / 0.7 2.6 −52.3

results. The improvements obtained with the new THSR wave
function indicate that the cluster-nucleon correlation can be
a very important factor for describing nonconjugate nuclei.
Since the GCM wave function can be seen as the optimal
wave function for the physical system, the cluster-nucleon
correlation may be the last effect left in the traditional THSR
wave function for describing systems with α clusters and
valence nuclei. If we take α + α + p as the threshold, the
threshold obtained from the THSR wave function is about
−55.6 MeV, while the threshold from the experimental data
is −56.6 MeV. This also indicates that the differences between
our results and the experimental data are owing to the nucleon-
nucleon interaction potential we choose (which gives the α
binding energy 27.8 MeV instead of 28.3 MeV).

The values of the coefficients c and d reflect the contribution
of each configuration. It is obvious that when the parameter c =
0, the total wave function � reduces to the traditional THSR
wave function �0. As already mentioned, it corresponds to a
large spreading motion of the extra proton around the 8Be core.
When d = 0, the total wave function � reduces to �1, which
describes a strong correlation between the extra proton and
the α cluster. It is convenient to discuss the traditional THSR
wave function, the correlated THSR configuration and the new
superposed THSR wave function by fixing the parameters c and
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FIG. 2. Energy curve of the ground state of 9B with respect to
the ratio d/c, while other parameters are fixed to be the same as the
optimized superposed THSR wave function.
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TABLE III. rms radii for each state of 9B obtained with the new
superposed THSR wave function.

State 3/2− 5/2− 7/2− 1/2− 1/2+ 3/2+

rms (fm) 2.81 2.87 3.00 3.04 4.05 4.16

d in the variational calculation. Since parameters c and d are
not independent from each other, we optimized the ratio d/c
by the variational calculation what corresponds to the coupling
of these two different configurations. In Table II, we give the
variationally optimized parameters and corresponding energies
for the ground state of 9B comparing with the other two extreme
cases. The variationally optimized coefficients are shown in
the second row of Table II as c = 0.68 and d = 0.32, with
corresponding ratio d/c = 0.47. It is seen that the ground state
energy of 9B with optimized parameters is much lower than in
the other two extreme cases. From the variational principle, we
conclude that the coupling of two different configurations is
energetically preferable and the new superposed THSR wave
function provides a much better description than the traditional
THSR wave function which corresponds to the c = 0 case.
We also show the energy curve of the ground state of 9B as
a function of the ratio d/c in Fig. 2, in which the minimum
point of the variational calculation can be seen clearly. Due to
the almost equal values of the parameters c/2 and d, we can
conclude that the cluster-correlated configuration and the large
spreading configuration have both significant contributions to
the dynamics of the ground state of 9B. The difference in values
of the parameter βα,z between traditional and the new THSR
wave function, shows that the distances between the two α
clusters are also different in the two descriptions. The distance
tends to be larger in spatial spreading when the cluster-nucleon
correlation is taken into account.

We compare the density distributions of the valence proton
obtained with the traditional and the new superposed THSR
wave functions as shown in Fig. 3. It is clearly observed that the
density distribution of the valence proton described by the new
THSR wave function, is more compact in the x and y directions

in comparison with the traditional one. This is because of the
fact that in the new THSR wave function, correlation effects
between the extra proton and α clusters, which are located near
the z axis in the intrinsic frame, are taken into account.

To provide an explicit picture for the proton dynamics in
9B, we also show the density distributions of the extra proton
for the separate terms �1 and �0 of the total wave function
�, as shown in Fig. 4. We can see that the valence proton
in the cluster-correlated configuration described by �1 has a
compact distribution as shown in the left panel (a), while the
right panel (b) shows the remaining weak correlation effect
between the 8Be core and the valence nucleon as suggested by
the much larger spread in space. We conclude that the inner
region, which is close to the α clusters, mostly contributes with
correlated configurations of the valence proton in �1, while
the outer region mostly contributes with the large spreading
configuration of the valence proton described by �0. It should
be noticed that, even though the extra proton is strongly
correlated to each α cluster, this does not mean that the
motion of the extra proton is localized, because the α clusters
themselves are performing nonlocalized motion as discussed
in Ref. [19].

To compare our new THSR wave function with the tradi-
tional one, we show the angular-averaged density distributions
ρ(R) of the valence proton in Fig. 5 in plotting ln[ρ(R)] as a
function ofR2. For the traditional THSR function, the Gaussian
behavior of the tail is clearly observed as shown by the dashed
(blue) line. For the region R < 3 fm, the Gaussian behavior
is modified because of the antisymmetrization with respect to
the 8Be core. The new THSR wave function deviates from
the traditional one for the region R > 4 fm showing a longer
tail, i.e., the density distribution spreads out compared with
the Gaussian behavior. We conclude that the weakly bound
valence proton in 9B is not exactly described by a Gaussian,
but has a long-range density tail. The new THSR wave function
demonstrates the existence of such a long-range density tail.

We further apply the new superposed THSR wave function
to the first 1/2+ excited state of 9B. It is predicted in various
theoretical models [25,28,29] that there might exist a 1/2+
excited state in 9B. However, because this state is very broad,
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FIG. 3. Density distributions of the valence proton of 9B in the y = 0 cross section obtained with different THSR wave functions. The left
figure corresponds to traditional THSR wave function. The right one corresponds to the new THSR wave function. The unit of the density is
fm−3.
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FIG. 4. Density distributions of the valence proton obtained with different terms in the new superposed THSR wave function. The left
corresponds to the cluster-correlated term �1. The right corresponds to the large spreading configuration �0. Parameter βs are selected as the
optimized values of the new superposed THSR wave function. The unit of the density is fm−3.

the excited energy of this state is not yet fully confirmed by
experiments [30–32]. We made some effort to calculate the
1/2+ state in 9Be but failed. However, because of the Coulomb
barrier in 9B, we may have a chance to find a local energy
minimum corresponding to the 1/2+ state in the 9B nucleus.
With our new THSR wave function, we indeed found such a
local minimum from the variational calculation. Because of the
limited computation power, we cannot confirm this minimum
with high accuracy, but we observe that it continues to exists
while we increase the precision, as shown in Fig. 6. Even
though this local minimum is much shallower than the error
bars, our results indicate that there might be an excited state of
1/2+ in 9B with 1.7 MeV above the ground state. Comparing
with many experimental results as shown in Fig. 7, our result
of the first 1/2+ state of 9B can fit the experiment value [26]
very well.

Furthermore, we calculate the 3/2+ state, which belongs
to the rotational band of the first 1/2+ state. The energy of

ρ

FIG. 5. The angular-averaged density distributions of the valence
proton. The dashed (blue) line is obtained with the traditional THSR
wave function while the full (red) line is obtained with the new THSR
wave function.

this state is obtained as 4.2 MeV, which is consistent with
the experimental value 4.3 MeV as predicted in Ref. [26]. This
agreement further implies that the new superposed THSR wave
function provides a good description for its band head, the 1/2+
state.

The root-mean-square (rms) radii are calculated for the each
state of 9B with the new THSR wave function as shown in
Table III. For the 1/2+ rotational band of 9B, the rms radii are
much larger than the ones of the other states, because the decay
of this state into the 0+ ground state of 8Be occurs via the s wave
of the valence proton, and the decaying proton does not feel any
centrifugal barrier. Hence the 1/2+ excited state is a resonance
state which is spatially confined predominantly owing to the
Coulomb barrier. This resonance nature is the main origin of
the large radii of the 1/2+ state and its rotational band.

Furthermore, the computational efficiency of our variational
calculation is seriously hampered by the broad distribution
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FIG. 6. The excitation energy of the 1/2+ state in 9B with
increasing sample size (106) in our Monte Carlo calculation. The
dotted line denotes the experimental prediction in Ref. [26].
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FIG. 7. The excited energy of the 1/2+ state of 9B with our
new superposed THSR wave function (line) compared with various
experimental results (dots). The experimental results are from MCB
1954 [33], Saji 1960 [34], ST 1962 [35], SBM 1967 [36], KB 1967
[37], ACF 1988 [38], SFA 2011 [39], TKG 2004 [26].

of nucleons. For the calculation of the 5/2+ state of 9B, the
convergence cannot be obtained. This is the reason why we do
not include the 5/2+ state result in the present work.

We present the total energy spectrum of 9B obtained with
the new superposed THSR wave function in Fig. 8. We observe
systematic agreement between our theoretical results and the
experimental values, which show the accuracy and efficiency
of our new approach in describing general cluster states with
coupling of α clusters and valence nucleons.

IV. CONCLUSION

We formulated a new superposed THSR wave function for
nonconjugate nuclei with components corresponding to both
the large spreading motion and the cluster-correlated motion
for the valence nucleon and investigated the 9B nucleus with the
new wave function. The calculated energies of the 3/2− rota-
tional band are well improved in comparison with the previous
version of the THSR wave function in Ref. [11], and much
better agreement with the GCM results and the experimental
values is obtained. Comparing the optimized wave function
with each term of the superposition, it is shown clearly that
both large spreading and cluster-correlated motion are essential
for the description of the 9B nucleus. The dynamics of valence
proton and the cluster-proton correlation is further discussed in
displaying density distributions of the valence proton. Results
from variational calculation further suggest that there might be
a 1/2+ excited state of 9B at about 1.7 MeV which is consistent
with experimental predictions. The rms radii of each state of
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FIG. 8. Theoretical and experimental energy spectra of 9B. The
states with higher energy, which are found in experiment, are not
considered in our calculation because of the limitation of computation
power.

9B are obtained and large spatial spreading is observed for the
first 1/2+ excited state and its corresponding rotational band
because of its resonance nature. Other states are also calculated
with the new superposed THSR wave function, and we produce
an energy spectrum of 9B that agrees in a systematic way
with the experimental values. This study further improves the
understanding of both the physical property of 9B nucleus and
the cluster-nucleon correlations, which is beneficial for future
extended investigations for neutron-rich or proton-rich nuclei
going towards the nuclear drip line.
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