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Preface 
 

 

We welcome all the participants to the conference: The 11th Mathematical Society of 

Japan (MSJ) Seasonal Institute “The Role of Metrics in the Theory of Partial Differential 

Equations”, held for the period of July 2-13, 2018 at Hokkaido University. MSJ-Seasonal 

Institutes have been held annually since 2008, based on the financial support from 

Mathematical Society of Japan. Each year, the topic of the workshop is chosen by MSJ 

and leading mathematicians from all over the world are invited accordingly. This volume 

is intended as the proceedings of the event of 2018. 

 

In this seasonal institute, various kinds of approaches to deal with partial differential 

equations will be delivered. We wish that this workshop would provide a chance to 

broaden your perspective on huge variety of subjects from the theory of PDE to harmonic 

analysis and geometric analysis beyond your own research subject, and to create new 

relationship among participants from different fields. This seasonal institute would be 

also expected to be an occasion to understand what kind of effect on the behavior of 

solutions the non-flat metric appearing in PDE on/toward a manifold, the evolution of 

surfaces, the weight on the measure, and so on, brings.  

 

We hope you enjoy this seasonal institute as well as your stay in Sapporo. 

 

 

Organizing Committee:     

Hideo Kubo (Chair/Hokkaido University) 

Yoshikazu Giga (The University of Tokyo) 

Tohru Ozawa (Waseda University) 

 

 

 

－1－



Acknowledgments 
 

The organizing committee would like to extend its sincere gratitude to the 
following associations and organizations for their valuable support and 
commitment to make this event successful. 
  

 
Sapporo International Communication Plaza Foundation 

 
 

 
 

 
 
 

Japan Society for the Promotion of Science 
 

 
Grant-in-aid for Scientific Research (S)  Grant Number JP26220702 
Grant-in-aid for Scientific Research (A)  Grant Number JP18H03670 
Grant-in-aid for Scientific Research (A)  Grant Number JP17H01091 
Grant-in-aid for Scientific Research (B)  Grant Number JP18H01128 
Grant-in-aid for Scientific Research (B)  Grant Number JP18H01132 
Grant-in-aid for Scientific Research (C)  Grant Number JP18K03379 

 
 
 
 
Japan Science and Technology Agency, CREST 

 
Grant Number JPMJCR14D3, Japan 
 

－2－



 
 

 
The Mathematical Society of Japan 

 
 

 
 
 
 
 
 
 
 
 
 
 

Steering Committee 
 

Hideo Kubo (Hokkaido University), Chair 
Mi-Ho Giga (The University of Tokyo),  
Hirotoshi Kuroda (Hokkaido University),  
Nao Hamamuki (Hokkaido University), 

 

－3－

Department of Mathematics,Department of Mathematics,
Hokkaido UniversityHokkaido University

北海道大学大学院理学研究院数学部門北海道大学大学院理学研究院数学部門

北海道大学大学院理学院数学専攻北海道大学大学院理学院数学専攻

北海道大学理学部数学科北海道大学理学部数学科



－4－

Program (July 2-6, 2018)

Venue :  Hokkaido University Conference Hall 

 

July 2, 2018 (Monday)    

Course Lecture (Room: Conference Hall) 

10:30-10:40   Opening  

10:40-11:30  Sergiu Klainerman (Princeton University) 

On the mathematical theory of black holes,  

11:30-13:30 Break  

13:30-14:50  Poster Session  (Venue: 1 Conference Room 1) 

 

Session A (Room: Conference Hall) 

15:00-15:50  Gerhard Huisken (Universität Tübingen / Mathematisches 

Forschungsinstitut Oberwolfach) 

Mean curvature flow with surgery of embedded mean-convex surfaces 

in 3-manifolds 

16:00-16:50  Mu-Tao Wang (Columbia University) 

Quasilocal mass and isometric embedding 

 

Session B (Room : 1 Conference Room 1) 

15:00-15:50 Yi Zhou (Fudan University  

Global Instability of the Multi-dimensional Plane Shocks for the 

Isothermal Euler Equations 

16:00-16:50  Piero D'Ancona (Sapienza - Universitá di Roma) 

On the defocusing supercritical wave equation outside a ball 
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July 3, 2018 (Tuesday)   

Course Lecture (Room: Conference Hall) 

9:30-10:20  Mihalis Dafermos (Princeton University / University of Cambridge) 

Black hole interiors and the strong cosmic censorship conjecture in 

general relativity,  

10:40-11:30  Sergiu Klainerman (Princeton University) 

On the mathematical theory of black holes,  

11:30-13:30 Break  

 

Session A (Room: Conference Hall) 

13:30-14:00 Toru Kajigaya (Tokyo Denki University) 

Hamiltonian stability for weighted measure and generalized 

Lagrangian mean curvature flow 

14:10-14:40 Norihiro Tanahashi(Kyushu University) 

Separability of Maxwell equation in rotating black hole spacetime 

and its geometric aspects 

15:00-15:50   Gilbert Weinstein (Ariel University)  

Harmonic maps with prescribed singularities and applications in 

general relativity 

16:00-16:50 Sumio Yamada (Gakushuin University) 

Harmonic maps in general relativity 

 

Session B (Room : 1 Conference Room 1) 

13:30-14:00 Mamoru Okamoto (Shinshu University)  

Random data Cauchy problem for the energy-critical nonlinear 

Schrödinger equations 

14:10-14:40 Takahisa Inui (Osaka University)  

Global behavior of solutions to the energy critical nonlinear damped 

wave equation 

 

15:00-15:50  Kenichi Ito (The University of Tokyo) 
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Asymptotics of generalized eigenfunctions on manifold with Euclidean 

and/or hyperbolic ends 

16:00-16:50 Wei-Min Wang (CNRS / Université de Cergy-Pontoise)  

Time quasi-periodic solutions to the nonlinear Klein-Gordon 

equations 

 

 

July 4, 2018 (Wednesday)  

Course Lecture (Room: Conference Hall) 

9:30-10:20  Jean-Marc Delort (Université Paris 13) 

Long time existence results for Hamiltonian non-linear Klein-Gordon 

equations on some compact manifolds,  

 

10:40-11:30  Mihalis Dafermos (Princeton University / University of Cambridge) 

Black hole interiors and the strong cosmic censorship conjecture in 

general relativity,  

12:00-  Excursion 

  



－7－

July 5, 2018 (Thursday)  
Course Lecture (Room: Conference Hall) 

9:30-10:20  Sergiu Klainerman (Princeton University) 

On the mathematical theory of black holes,  

10:40-11:30  Jean-Marc Delort (Université Paris 13) 

Long time existence results for Hamiltonian non-linear Klein-Gordon      

equations on some compact manifolds,  

11:30-13:30 Break  

13:30-14:50  Poster Session   Venue: Hall  

 

Session A (Room: Conference Hall) 

15:00-15:50   Vanessa Styles (University of Sussex) 

Stability and error analysis for a diffuse interface approach to an 

advection-diffusion equation on a moving surface 

16:00-16:50  Richard Tsai (The University of Texas at Austin) 

Volumetric extensions of variational problems defined on surfaces 

 

Session B (Room : 1 Conference Room 1) 

15:00-15:50  Joachim Krieger (École Polytechnique Fédérale de Lausanne) 

On stability of blow up solutions for the critical co-rotational wave 

maps problem 

16:00-16:50 Soichiro Katayama (Osaka University) 

Global existence and the asymptotic behavior for systems of nonlinear 

wave equations violating the null condition 

 

 

July 6, 2018 (Friday)  

Course Lecture (Room: Conference Hall) 

9:30-10:20  Mihalis Dafermos (Princeton University / University of Cambridge) 

Black hole interiors and the strong cosmic censorship conjecture in 

general relativity,  
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10:40-11:30  Jean-Marc Delort (Université Paris 13) 

Long time existence results for Hamiltonian non-linear Klein-Gordon                  

equations on some compact manifolds,  

11:30-13:30 Break  

 

Session A (Room: Conference Hall) 

13:30-14:00 Koya Sakakibara (Kyoto University) 

Numerical analysis of one-harmonic equation with values in matrix 

Lie group 

14:10-14:40   Tatsu-Hiko Miura (The University of Tokyo) 

Singular limit problem for the Navier-Stokes equations in a curved 

thin domain 

15:00-15:50 Seiro Omata (Kanazawa University) 

Free boundary problems of hyperbolic type with a focus on the free 

boundary conditions 

16:00-16:50   Selim Esedoglu (University of Michigan) 

Algorithms for motion of networks by weighted mean curvature 

 

Session B (Room : 1 Conference Room 1) 

13:30-14:00 Masahiro Ikeda (RIKEN 

/Keio University) 

Blow-up of solutions to semilinear wave equation with a scaling 

invariant critical damping 

14:10-14:40  Hayato Miyazaki (National 

Institute of Technology, Tsuyama College)   

The initial value problem for the generalized KdV equation with low 

degree of non-linearity 

15:00-15:50 Jacob Sterbenz (University of California San Diego)  

Local energy decay and the vector field method 

16:00-16:50  Ning-An Lai (Lishui University) 

Weighted L2-L2 estimate for wave equation and its application 
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Program (July 9-13, 2018)

Venue :  

(Frontier Research in Applied Sciences Building) 
 
July 9, 2018 (Monday)  

Course Lecture (Room: Akira Suzuki Hall) 

10:40-11:30  Felix Otto (Max Planck Institute for Mathematics in the Sciences, 

Leipzig) 

Nonlinear partial differential equations and interfacial motions as 

gradient flow,  

11:30-13:30 Break  

13:30-14:50  Poster Session Venue: Foyer  

 

Session A (Room: Akira Suzuki Hall) 

15:00-15:50 Akito Futaki (Tsinghua University ) 

Geometric nonlinear problems and GIT stability through moment 

maps 

16:00-16:50 Yoshihiro Tonegawa (Tokyo Institute of 

Technology) 

Existence theorem for Brakke flow 

 

Session B (Room: 2 Seminar Room 2) 

15:00-15:50 Hiroyuki Takamura (Tohoku University) 

Multipliers on the wave-like blow-up for nonlinear damped wave 

equations 

16:00-16:50 Yuichiro Sekiguchi (Toho University) 

Numerical relativity: generating space-time on computers 
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July 10, 2018 (Tuesday)  
Course Lecture (Room: Akira Suzuki Hall) 

9:30-10:20 Antonin Chambolle (CNRS / École Polytechnique) 

Anisotropic and crystalline mean curvature flows,  

10:40-11:30 Felix Otto (Max Planck Institute for Mathematics in the Sciences, 

Leipzig) 

Nonlinear partial differential equations and interfacial motions as 

gradient flow,  

11:30-13:30 Break  

 

Session A (Room: Akira Suzuki Hall) 

13:30-14:00  Shouhei Honda (Tohoku University) 

Recent developments on metric measure spaces with Ricci bounds 

from below 

14:10-14:40  Kelei Wang (Wuhan University) 

  Simons cone and saddle solutions of the Allen-Cahn equation 

15:00-15:50  Kazuo Akutagawa (Chuo University) 

  Edge-cone Einstein metrics and Yamabe metrics 

16:00-16:50  Matteo Novaga (Università di Pisa) 

  Evolution by curvature of planar networks 

 

Session B (Room: 2 Seminar Room 2) 

13:30-14:00  Yusuke Sugiyama (The University of Shiga 

Prefecture) 

Global existence and degeneracy in finite time for 1D quasilinear 

wave equations 

14:10-14:40  Takiko Sasaki (Meiji University) 

The blow-up curve of solutions for semilinear wave equations with 

Dirichlet boundary conditions in one space dimension 

 

15:00-15:50  Karen Yagdjian (The University of Texas Rio Grande Valley) 
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A novel integral transform approach to solving hyperbolic equations 

in the curved spacetimes 

16:00-16:50  Makoto Nakamura (Yamagata University) 

On some effects of background metrics for several partial differential 

equations 

 

 

July 11, 2018 (Wednesday)  
Course Lecture (Room: Akira Suzuki Hall) 

9:30-10:20  Charles M. Elliott (The University of Warwick) 

  Variational, geometric and surface PDEs in cell biology,  

10:40-11:30  Antonin Chambolle (CNRS / École Polytechnique) 

  Anisotropic and crystalline mean curvature flows,  

12:00-  Excursion 
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July 12, 2018 (Thursday)  
Course Lecture (Room: Akira Suzuki Hall) 

9:30-10:20 Felix Otto (Max Planck Institute for Mathematics in the Sciences, 

Leipzig) 

Nonlinear partial differential equations and interfacial motions as 

gradient flow,  

10:40-11:30  Charles M. Elliott (The University of Warwick) 

Variational, geometric and surface PDEs in cell biology,  

11:30-13:30 Break  

13:30-14:50  Poster Session Venue: Foyer  

 

Session A (Room: Akira Suzuki Hall) 

15:00-15:50  Miyuki Koiso (Kyushu University) 

Uniqueness problem for closed non-smooth hypersurfaces with 

constant anisotropic mean curvature 

16:00-16:50 Neshan Wickramasekera (University of Cambridge) 

  Regularity of minimal and CMC stable hypersurfaces 

 

Session B (Room: 2 Seminar Room 2) 

15:00-15:50  Masaharu Taniguchi (Okayama University) 

Multidimensional traveling fronts in reaction-diffusion equations 

16:00-16:50 Elliott Ginder (Meiji University) 

Approximation methods for oscillatory and constrained interfacial 

dynamics 
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July 13, 2018 (Friday)  
Course Lecture (Room: Akira Suzuki Hall) 

9:30-10:20  Antonin Chambolle (CNRS / École Polytechnique) 

Anisotropic and crystalline mean curvature flows,  

10:40-11:30  Charles M. Elliott (The University of Warwick) 

Variational, geometric and surface PDEs in cell biology,  

11:30-13:30 Break  

 

Session A (Room: Akira Suzuki Hall) 

13:30-14:00 Qing Liu (Fukuoka University) 

  Large exponent behavior of power curvature flow and applications 

14:10-15:00  Yoshihito Kohsaka (Kobe University) 

  On the dynamics for the volume-preserving geometric flows 

15:10-16:00  Katsuyuki Ishii (Kobe University) 

  Convergence of a threshold-type algorithm for mean curvature flow 

 

Session B (Room: 2 Seminar Room 2) 

13:30-14:00 Bronwyn Hajek (University of South Australia) 

Analytical solutions of nonlinear reaction-diffusion equations in 

various coordinate systems 

14:10-15:00  Petrus van Heijster (Queensland University of Technology)  

Pinned localised solutions in a heterogeneous three-component 

FitzHugh-Nagumo model 

15:10-16:00  Sanjeeva Balasuriya (The University of Adelaide) 

  Stochastic sensitivity of finite-time Lagrangian motion 

16:00-16:10 Closing 
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On the Mathematical Theory of Black Holes
Sergiu Klainerman

May 29, 2018

1 Basic Introduction

In my lectures 1 I restrict my attention to solutions of the Einstein vacuum equations,

( EVE) Rαβ = 0.

with Rαβ the Ricci curvature of a four dimensional, Lorentzian manifold (M, g). An
initial data set (Σ0, g(0), k(0)) consists of a 3 dimensional manifold Σ together with a
complete Riemannian metric g(0) and a symmetric 2-tensor k(0) which verify a well known
set of constraint equations. A Cauchy development of an initial data set is a globally
hyperbolic space-time (M, g), verifying (EVE) and an embedding i : Σ −→ M such
that i∗(g(0)), i∗(k(0)) are the first and second fundamental forms of i(Σ(0)) in M. A well
known foundational result in GR associates a unique maximal, global hyperbolic, future
development to all sufficiently regular initial data sets. I further restrict the discussion to
asymptotically flat initial data sets, i.e. assume that outside a sufficiently large compact
set K, Σ(0) \ K is diffeomorphic to the complement of the unit ball in R

3 and admits
a system of coordinates in which g(0) is asymptotically euclidean and k(0) vanishes at
appropriate order at infinity.

(EVE) admits a remarkable two parameter family of explicit solutions, the Kerr spacetimes
K(a,m), 0 ≤ a ≤ m, which are stationary and axisymmetric. The modern understanding
of a black hole is mostly based on these solutions.

1The general Einstein field equations connects the Ricci tensor of the space-time to the energy-
momentum tensor of a matter-field. Most of the issues discussed in this proposal can be extended
to various matter-fields.
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2 Final State Conjecture

A far reaching conjecture in General Relativity, called the final state conjecture, states
that the evolution of generic initial data sets for the Einstein vacuum field equations leads
to solutions which behave, in the large, like a finite number of Kerr black holes, moving
away from each other, plus a radiative decaying term.

Though the statement is consistent with both astrophysical observations and numerical
simulations, it lacks a solid understanding, even at a basic heuristic level. The conjecture
is regarded as the holy grail of mathematical General Relativity and is on a par, or
higher, in depth and beauty with any other major open problem in Mathematics, such as
the millennium Clay problems.

While still out of reach in full generality, the final state conjecture is related to a myriad
of deep and challenging problems which are the focus of active research. For example, if
true, the conjecture implies either that the initial data is too small to concentrate and
thus must disperse to zero; “stability of Minkowski space”; or large enough to produce
bound states, i.e. black holes; “problem of collapse”. The fact the final states must be
Kerr solutions implies, in particular, that any stationary solution of the equations must be
a Kerr solution; “problem of rigidity” and that these must be stable under perturbations;
“stability of Kerr”. Moreover, singularities are, typically, not physically permissible; a
statement postulating this is known as the “weak cosmic censorship conjecture”. The
final state conjecture also requires us to understand the theoretical underpinnings of
interactions of black holes such as the in-spiraling detected by a historical 2015 LIGO
experiment. Other fascinating mathematical problems concern the behavior of spacetime
inside black holes, reach subject which I will not cover in my lectures.

3 Tests of Reality for Black Holes

In my lectures I will address the following problems, mentioned above, which I call math-
ematical tests of reality2 for black holes.

1. RIGIDITY. Does the Kerr family K(a,m), 0 ≤ a ≤ m, textit exhaust all possible
vacuum black holes?

2. STABILITY. Is the Kerr family stable under arbitrary small perturbations?

2They all test, in some sense, the physical relevance of these mathematical solutions.
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3. COLLAPSE. Can black holes form starting from reasonable initial data config-
urations? Formation of trapped surfaces.

Lecture 1. On the Reality of Black Holes

I will give an broad overview of the problems of Rigidity, Stability and Collapse and how
they fit with regard to the Final State Conjecture.

Lecture 2. Rigidity of Black Holes.

The rigidity conjecture states that all asymptotically flat, stationary solutions of the
Einstein vacuum equations are Kerr solutions i.e the remarkable explicit family of explicit
solutions depending only on two parameters discovered by Kerr in 1963. A famous result
of Hawking-Carter-Robinson solves the problem in the real analytic case. The realistic,
non-analytic case turns out to be a lot more difficult and far richer mathematically. I will
discuss a series of results obtained3 in the last ten years which, though leave the main
conjecture still open, establish rigidity for stationary spacetime which are close, in some
precise geometric sense, to a Kerr solution.

.

Lecture 3. Problem of Collapse.

The famous singularity result of Penrose connects the presence of a trapped surfaces in
the initial conditions to geodesic incompleteness. But how do trapped surfaces form in
the first place? I will discuss recent important mathematical results which shed some
light on this basic problem in the mathematical theory of gravitational collapse. I will
concentrate on two results. The first, due to Christodoulou, illustrates the mathematical
mechanism for formation of trapped surfaces in vacuum for sufficiently large, uniformly
distributed characteristic initial data. The second, in collaboration with J. Luk and I.
Rodnianski, dispense of uniformity by showing how one can produce a trapped surface
starting with characteristic initial data heavily concentrated in a given angular direction.

Lectures 4-5. Stability.

The issue of the non linear stability of the Kerr family is one of the most pressing prob-
lems in mathematical GR today. Roughly the problem here is to show that all spacetime
developments of initial data sets, sufficiently close to the initial data set of a Kerr space-
time, behave in the large like a (typically another) Kerr solution. This is not only a deep
mathematical question but one with serious astrophysical implications. Indeed, if the

3In connection with my colleague A. Ionescu and S. Alexakis.
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Kerr family would be unstable under perturbations, black holes would be nothing more
than mathematical artifacts. Here is a more precise formulation of the conjecture.

Conjecture SKC. [Stability of Kerr Conjecture] Vacuum initial data sets sufficiently
close to Kerr initial data have a maximal development with complete future null infinity4

and with domain of outer communications which approaches (globally) a nearby Kerr
solution.

So far the only space-time for which full nonlinear stability has been established is the
Minkowski space, corresponding to a = m = 0.

Theorem 3.1 (Global Stability of Minkowski). Any asymptotically flat initial data set
which is sufficiently close to the trivial one has a regular, complete, maximal development5.

Here are, very schematically, the main ideas in the proof of stability of Minkowski space,
ideas which are also relevant to the stability of the Kerr family.

(I) Perturbations radiate and decay sufficiently fast (just fast enough !).

(II) Interpret the Bianchi identities as a Maxwell like system. This is an effective,
invariant, way to treat the hyperbolic character of the equations. It also provides
an effective conceptual linearization6 of the equations.

(III) Require four important PDE advances of late last century:

(i) Vectorfield approach to get decay based on approximate Killing and conformal
Kiling symmetries of the equations.

(ii) Generalized energy estimates using both the Bianchi identities and the approximate
Killing and conformal Killing vector fields.

(iii) The null condition identifies the deep mechanism for nonlinear stability, i.e. the
specific structure of the nonlinear terms enables stability despite the low decay of
the perturbations.

4This means, roughly, that observers which are far away from the black hole will not experience its
effects.

5The complete result in [?] also provides very precise information about the decay of the curvature
tensor along null and timelike directions as well as many other geometric information concerning the
causal structure of the corresponding spacetime. Of particular interest are peeling properties i.e. the
precise decay rates of various components of the curvature tensor along future null geodesics.

6We do not in fact linearize the Einstein equations
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(iv) Complex boot-strap argument according to which one makes educated assumptions
about the behavior of the space-time and then proceeds to show that they are in
fact satisfied. This amounts to a conceptual linearization, i.e. a method by which
the equations become, essentially, linear without actually linearizing them.

This fundamental and very difficult problem is the focus of very intense current research
which I will try to bring in perspective. In addition to global nonlinear stability of the
Minkowski space due to Christodoulou and myself as well the remarkable progress made
in recent years on the problem of linear stability.

The simplest linear equation, relevant to the stability problem, is the linear wave equation
on a Kerr background. Yet even in this case one encounters serious difficulties to prove
boundedness and decay of solutions, for very reasonable, smooth, compactly supported,
data. Below is a very short description of these.

1. The problem of trapped null geodesics. This concerns the existence of null geodesics7

neither crossing the event horizon nor escaping to “null infinity”, along which solu-
tions can concentrate for arbitrary long times. This leads to degenerate Morawetz
type estimates which require a very delicate analysis.

2. The trapping properties of the horizon. The horizon itself is ruled by null geodesics,
which do not communicate with null infinity and can thus concentrate energy. This
problem was solved by understanding the so called red-shift effect associated to the
event horizon, which more than counteracts this type of trapping.

3. The problem of superradiance. This is essentially the failure of the stationary Killing
field ∂t to be everywhere timelike in the domain of outer communications, and thus,
of the associated conserved energy to be positive. Note that this problem is absent
in Schwarzschild and, in general, for axially symmetric solutions.

4. Superposition problem. This is problem of combining the estimates in the near
region, close to the horizon, (including the ergoregion and trapping) with estimates
in the asymptotic region, where the spacetime looks Minkowskian.

The full linear stability problem contains, in addition of these, many other difficulties
which I will describe in my lectures. Chief among them is the problem of gauges. Without
a well chosen gauge condition one cannot derive even the boundedness of solutions. I will
discuss at length this specific problem which, of course, it is fundamental in tackling the
nonlinear problem. Finally I will discuss a recent result, obtained in collaboration with

7In the Schwarzschild case, these geodesics are associated with the celebrated photon sphere r = 3M .
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J. Szeftel, concerning the nonlinear stability of the Schwarzschild metric under axially
symmetric, polarized, perturbations. The restriction is needed to make sure that the final
state of evolution is again a Schwarzschild space. The result contains many new ideas
which I hope to be able to convey in my final lecture.
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Black hole interiors and the strong cosmic

censorship conjectures in general relativity

Mihalis Dafermos1,2

1University of Cambridge, Department of Pure Mathematics and Mathematical
Statistics, Wilberforce Road, Cambridge CB3 0WA, United Kingdom

2Princeton University, Department of Mathematics,
Fine Hall, Washington Road, Princeton, NJ 08544, United States of America

These lectures will describe some recent developments concerning the strong
cosmic censorship conjecture, one of the most basic problems of classical
general relativity.

The conjecture, originally due to Roger Penrose [Pen74], naturally arises
from a peculiar property of the celebrated Kerr solutions [Ker63] of the Einstein
vacuum equations

Ric(g) = 0. (1)

Like with the more elementary Schwarzschild solutions, so too the Kerr solu-
tions, thought of as the maximal Cauchy development of suitable initial data,
are geodesically incomplete: all observers entering the black hole region live
for only finite time within the solution. By Penrose’s celebrated incomplete-
ness theorem [Pen65], this ominous property is stable to pertubation of initial
data. Unlike the Schwarzschild spacetime, however, in which these observers en-
counter a “ferocious” spacelike singularity, in Kerr, spacetime extends beyond
a so-called Cauchy horizon [Haw67], beyond which the solution is no longer
uniquely determined by initial data. Thus, general relativity cannot predict the
future of incomplete observers falling into the black hole region of Kerr. This
is a spectacular failure of classical determinism!

Strong cosmic censorship is the statement that the above pathological be-
haviour of Kerr should be non-generic, and thus, in any real physical situation,
determinism survives. A modern mathematical formulation is as follows:

Conjecture. For generic asymptotically flat initial data for the Einstein vac-
uum equations (1), the maximal Cauchy development (M, g) is inextendible as
a suitably regular Lorentzian manifold.

The conjecture was not just motivated by wishful thinking! It was motivated
by the fact there is a blue-shift instability [Pen68] associated to the Kerr Cauchy
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horizon, suggesting that solutions of the wave equation

�gψ = 0 (2)

on a fixed Kerr background break down there.
To make the above conjecture precise, one must stipulate in what sense

(M, g) is to be inextendible, that is to say, how singular must its boundary
be, and thus, how definitive a statement of determinism one can obtain. The
most satisfying formulation of the above conjecture would be if (M, g) were
inextendible as a Lorentzian manifold with metric assumed to be merely con-
tinuous. This is known as the C0 formulation of strong cosmic censorship. This
would correspond to a very strong blow-up at the boundary of spacetime, strong
enough to destroy any incomplete classical observers. A related statement is that
spacetime should generically terminate in an everywhere-spacelike singularity.
This is known as the spacelike singularity conjecture. Both these statements are
true in the Schwarzschild case [Sbi18] and represented the conjectured prototype
for generic singular boundaries of spacetime.

Unfortunately, it turns out that the above expectations do not appear to
hold finally. In recent work with Jonathan Luk [DL17], we have shown the
following theorem:

Theorem. If the Kerr solution is stable in the exterior region of the black hole
(as is widely expected to be the case!), then both the C0 formulation of strong
cosmic censorship, as well as the spacelike singularity conjecture, are in fact
false.

At first glance, the above result is surprising in view of the blue-shift instabil-
ity discussed above. The above theorem should be thought of as a weak stability
statement, which can be proven irrespectively of the possible loss of regularity
at the Cauchy horizon due to the blue-shift. On the other hand, our results
strongly suggest that an alternative version of strong cosmic censorship, due to
Christodoulou [Chr09], may yet be true, and the correct picture of (at least part
of) the singular boundary of spacetime is that of a weak null singularity [Luk18]
replacing the smooth Cauchy horizon of Kerr.

In the lectures that follow, I intend to give an overview of the strong cos-
mic censorship conjecture culminating in a discussion of the above work. The
lectures will not assume previous knowledge of the Kerr solution, and will be-
gin with a discussion of its geometry and that of the closely related (but more
elementary) Reissner–Nordström solution, as well as the problem of the linear
wave equation (2) on fixed black hole interiors, which can be thought of as
a model problem for study of the full non-linear (1). Though the setting of
the above theorem may be unfamiliar, the proof involves many themes which
have appeared widely in the theory of nonlinear wave equations of geomet-
ric type, including weighted energy estimates associated to vector fields, and
null structure, as exhibited by writing the Einstein equations (1) in a double
null gauge. Additional useful references, besides those mentioned above, in-
clude [Wal84, Chr99, DR13, Daf05, Daf14, Fra16, LO17a, LO17b, DSR17].
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1 Introduction

Consider X a compact riemannian manifold of dimension d. Let Δ be the Laplace operator on
X, and if m > 0 is given, consider the semi-linear Klein-Gordon equation on X, given by

(1) (∂2
t −Δ+m2)w = wn+1

where n is in N
∗. Take initial data w|t=0 = εw0, ∂tw|t=0 = εw1, where (w0, w1) is in the unit ball

of the space Hs+1(X;R)×Hs(X;R) for some large s, and ε is small. Writing down the energy
inequality associated to equation (1), one gets readily for any t ≥ 0

(2) ‖w(t, ·)‖2Hs+1 + ‖∂tw(t, ·)‖2Hs ≤ ‖w(0, ·)‖2Hs+1 + ‖∂tw(0, ·)‖2Hs + C

∫ t

0
‖w(τ, ·)‖n+2

Hs+1 dτ,

as long as the solution exists. By a bootstrap argument, together with local existence theory,
one deduces from (2) that, if s is large enough, and ε small enough, the solution to (1) exists
over a time interval ]− Tε, Tε[ with Tε ≥ cε−n. Moreover, on that time interval, one has for the
solution an a priori estimate

(3) ‖w(t, ·)‖2Hs+1 + ‖∂tw(t, ·)‖2Hs = O(ε2).

The question we want to address is the following one:
Can we extend the solution, together with a bound of the form (3), over a longer time interval?

More precisely, can we get for Tε a lower bound Tε ≥ cε−An for some A > 1? Under convenient
assumptions, could we eventually get such a lower bound for any A > 1?

If instead of working on a compact manifold, we were considering the equation on X = R
d,

and if we were taking the initial data smooth, small, and decaying at infinity, we could use the
dispersive effect of the equation, that implies that solutions of the linear evolution group, with
such data, decay in L∞ norm like t−d/2 when t goes to infinity. This is the property that allows,
in such a framework, to prove global existence in dimension larger or equal to three for instance.
But when X is a compact manifold, we no longer have any dispersion, and must rely on other
properties in order to extend solutions beyond the time cε−n given by local existence theory.

2 Normal forms

Our main tool will be normal forms, that have been introduced in this context by Shatah.
Consider a model for equation (1), given by

(4) (Dt − Λm)u = M(u, . . . , u︸ ︷︷ ︸
p terms

, ū, . . . , ū︸ ︷︷ ︸
n+1−p terms

)
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where Dt = 1
i
∂
∂t

, Λm =
√−Δ+m2, M(u, . . . , ū) = (Λ−1

m u)p(Λ−1
m ū)n+1−p and u is complex

valued. Notice that if one defines u = (Dt + Λm)w, with w solution of (1), then it solves an
equation just a little bit more general than (4), where M is a combination of monomials of the
form (Λ−1

m u)p(Λ−1
m ū)n+1−p, with p going from 0 to n+ 1. The idea of normal forms is to find a

modification of u, of the form v = u−M̃(u, . . . , ū), such that v will solve an equation of the form
(Dt − Λm)v = O(vn

′+1) for sme integer n′ > n. In that way, one gets for v an energy estimate
of the form

(5) ‖v(t, ·)‖2Hs ≤ ‖v(0, ·)‖2Hs + C

∫ t

0
‖v(τ, ·)‖n′+2

Hs dτ

for t ≥ 0, and deduces that if, at the initial time, ‖v(0, ·)‖2Hs ≤ Cε2, then an estimate of the form
‖v(t, ·)‖2Hs ≤ 2Cε2 will hold for t ≤ cε−n′ for some c. Since v is a small perturbation of u, the
same type of bound holds for that function, which provides an extension of the time of existence
of the solution u up to cε−n′ .

An equivalent procedure, instead of trying to modify the unknown u itself, is to introduce a
modification of the energy Θs(u) = ‖u‖2Hs . Adding some correction to Θs(u), one defines Θ̃s(u),
of the same magnitude as Θs(u), in such a way that d

dt [Θ̃s(u(t, ·))] = O(‖u(t, ·)‖n′+2), which will
bring as well an estimate of the form (5).

In the case n = 1, corresponding to a quadratic nonlinearity in (4), such a normal form goes
back to the work of Shatah [6]. If for instance X is the unit circle, so that we may use Fourier
series, define from a bilinear map M(u, u) another bilinear map by

(6) M̃(u, u) =
∑

k1,k2,k3∈N
Fm(k1, k2, k3)

−1Πk3M(Πk1u,Πk2),

where Fm is to be defined and Πk is the spectral projector associated to the eigenvalue k of
√−Δ.

If u solves (4), with its right hand side replaced by M(u, u), and if we set v = u− M̃(u, u), one
gets by a direct calculation

(7) (Dt − Λm)v = ΛmM̃(u, u)− M̃(Λmu, u)− M̃(u,Λmu) +M(u, u) + cubic terms.

In order to get for v an equation involving only cubic terms in the right hand side, one has just
to find M̃ so that

(8) M̃(Λmu, u) + M̃(u,Λmu)− ΛmM̃(u, u) = M(u, u).

If we make act on the above equation the spectral projector Πk3 , and replace the first (resp.
second) argument u by Πk1u (resp. Πk2u), we see, using that ΛmΠk =

√
m2 + k2Πk, that (8)

will be satisfied if we define M̃ by (6) with

(9) Fm(k1, k2, k3) =
√

m2 + k21 +
√
m2 + k22 −

√
m2 + k23.

To conclude the proof, one has to check that this Fm does not vanish, and that the M̃ it defines is
bounded on Hs for large enough s. This follows from the fact that when Πk3

(
(Πk1u)(Πk2u)

) �≡ 0,
then one has a relation ±k3 = ±k1 + ±k2, and that for indices satisfying that relation, and for
any m,

(10) |Fm(k1, k2, k3)| ≥ c(1 +min(k1, k2, k3))
−1.

Our goal, following Bourgain [2], is to proceed in a similar way, for non linearities M that are no
longer quadratic, but homogeneous of degree n + 1 as in (4). The point is that in (9), we shall
have n + 2 terms instead of three, so that the right hand side of this equality will necessarily
vanish for some values of the kj . To circumvent that problem, we shall have to exclude some
values of m, i.e. to take m outside a subset of zero measure. In that way, we shall be able to
obtain in general only a weaker lower bound than (10), namely a lower bound in terms of some
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large negative power of the largest of the arguments of Fm (instead of the minimum – or the
third largest – as in (10)). Because of that, a perturbation M̃ like (8) is no longer bounded from
Hs to itself: some derivative losses appear. Though, we shall show that, for nonlinearities as in
(4), we may partly compensate that loss in order to get an improvement of the time of existence
of solutions for that problem, on an arbitrary compact manifold. We state this result in the next
section. In the following one, we move to the problem of getting a lower bound for the time of
existence in cN ε−N for any N . We are not able to do that on an arbitrary manifold, and instead
will limit ourselves to Zoll manifolds. We shall consider both the case of Hamiltonian semi-linear
and quasi-linear equations.

3 Semi-linear equations on a compact manifold

The first result we shall discuss is the following one, obtained in joint work with Rafik Imekraz [3]:

Theorem 1 Let (X, g) be a compact riemannian manifold. There is N ⊂]0,+∞[, a subset of
zero measure, and for any m in ]0,+∞[−N , there are A > 1, s0 > 0 and for any s > s0, there
are c > 0,K > 0, ε0 > 0 such that, for any (w0, w1) in the unit ball for Hs+1(X,R)×Hs(X,R),
any ε ∈]0, ε0[, equation (1) with data w|t=0 = εw0, ∂tw|t=0 = εw1, has a unique solution w in
C0(]− Tε, Tε[, H

s+1) ∩ C1(]− Tε, Tε[, H
s) with Tε ≥ cε−An. Moreover for any t ∈]− Tε, Tε[, one

has

(11) ‖w(t, ·)‖Hs+1 + ‖∂tw(t, ·)‖Hs ≤ Kε.

The first step in the proof of the above theorem is to define a counterpart of the spectral
projectors Πk of the preceding section. One actually uses the Weyl asymptotics for the eigenvalues
of
√−Δ to check that, on any compact manifold of dimension d, one may construct a sequence

(Ik)k∈N of disjoint intervals satisfying the following properties:

Length(Ik) = O(1), dist(Ik, Ik+1) ≥ c(1 + k)−(d−1),

dist(Ik, 0) ∼ k, #
(
Ik ∩ Spec(

√−Δ)
)
= O(kd−1).

(12)

Denote by Πk the spectral projector associated to interval Ik. Let us give the idea of the proof
on the model given by (4), assuming moreover that each interval Ik above contains just one
eigenvalue ξk of

√−Δ. Proceeding as in section 2, but with the spectral projectors we just
defined, we could try to write an equation for v = u − M̃(u, . . . , ū), where instead of (6), M̃
would be given by

(13) M̃(u1, . . . , un+1) =
∑

k1,...,kn+2∈N
Fm(k1, . . . , kn+2)

−1Πkn+2M(Πk1u1, . . . ,Πkn+1un+1)

with

(14) Fm(k1, . . . , kn+2) =

p∑
j=1

√
m2 + ξ2kj −

n+2∑
j=p+1

√
m2 + ξ2kj ,

in order to eliminate the right hand side of (4), up to some remainders vanishing at higher order
at zero. To proceed with the analogy, we would need two things: First, an estimate on multilinear
expressions of the form

Πkn+2M(Πk1u1, . . . ,Πkn+1un+1)

that would allow us to obtain Sobolev estimates on such multilinear expressions. Second, a
bound that would replace (10). The first estimate is easy to prove, and may be found in Delort-
Szeftel [5]. It says that there is ν and for any N a constant C such that, for any k1, . . . , kn+2 in
N, any u1, . . . , un+1

(15) ‖Πkn+2M(Πk1u1, . . . ,Πkn+1un+1)‖L2 ≤ (k∗3)ν+N

(k∗1 − k∗2 + k∗3)N

n+1∏
j=1

‖uj‖L2
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where k∗1 ≥ k∗2 ≥ k∗3 are the largest three among the integers k1 + 1, . . . , kn+2 + 1. It is easy to
see that such an estimate implies that u→ M(u, . . . , ū) is bounded from Hs to Hs if s is large
enough (with respect to ν). Concerning the second estimate, analogous to (10), it is clear that
we have to impose some further assumptions. Actually, we notice first that if n+ 2 is even and
p = n+2

2 , expression (14) may vanish identically if {k1, . . . , kp} = {kp+1, . . . , kn+2}. Even when
we are not in this case, (14) may vanish for some values of m. Nevertheless, it is proved in [4]
that one may find a zero measure subset N of ]0,+∞[, such that, if m is not in that subset,
there are c > 0, N0 ∈ N, such that for any integers k1, . . . kn+2, one has

(16) |Fm(k1, . . . , kn+2)| ≥ c(1 + k1 + · · ·+ kn+2)
−N0 ,

except when p = n+2
2 and {k1, . . . , kp} = {kp+1, . . . , kn+2}. Notice that this condition is much

less favorable that (10), as if we plug this lower bound in the general term of the right hand side
of (13), and bound then the L2 norm using estimate (15), we shall get a bound in terms of

(17)
(k∗1)N0(k∗3)ν+N

(k∗1 − k∗2 + k∗3)N

n+1∏
j=1

‖uj‖L2 .

The extra factor (k∗1)N0 means that we lose N0 derivatives, i.e. that u→ M̃(u, . . . , ū) sends Hs

to Hs−N0 . This makes the whole construction useless. But one may notice that in the definition
M(u, . . . , ū) = (Λ−1

m u)p(Λ−1
m ū)n+1−p of the right hand side of (4), we have the operators Λ−1

m

which make gain one derivative. Consequently, if we decompose u = uL + uH where uL is the
low frequency part of u, given by uL =

∑
k≤ε−δ Πku, then ‖Λ−1

m uH‖L2 = O(εδ‖u‖L2). Because
of that, the contributions to the right hand side of (4) where one of the factors u has been
replaced by uH will have a Sobolev bound in εδ‖u‖n+1

Hs . As ε is the size of u in Hs, this means
that these terms behave like non linearities vanishing at order n + 1 + δ at zero, and thus do
not play a role if one wants to get a priori estimates up to a time in ε−n−δ. For the remaining
contributions, i.e. those of the form (Λ−1

m uL)
p(Λ−1

m ūL)
n+1−p, one tries to eliminate them through

the construction of some M̃ as in (13). The fact that in (17) we have now k∗1 ≤ ε−δ, replaces
the loss of N0 derivatives by the loss of a factor ε−N0δ. Optimizing δ one gets a proof of the
theorem, using the fact that, in the case when we cannot make a normal form, namely p = n+2

2
and {k1, . . . , kp} = {kp+1, . . . , kn+2}, the contribution of the corresponding terms to an energy
inequality is actually zero.

4 Hamiltonian nonlinear equations on Zoll manifolds

We would like now to obtain a better result than Theorem 1, namely to prove that solutions
exist up to a time Tε ≥ cN ε−N for any N , and satisfy (11) on such an interval. We are not able
to prove such a result on any compact manifold, because of the loss of derivatives that appears
in (17) and that comes from (16). We have to find a framework where the factor (k∗1)N0 in (17)
is replaced by (k∗3)N0 , that allows then to show that (13) is bounded from Hs to Hs for large
enough s. In other words, we have to be able to improve the lower bound (16), in order to get
in the right hand side a negative power of the third largest among k1, . . . , kn+2 instead of the
largest one. We shall be able do so in the framework of Zoll manifolds.

Definition 2 A Zoll manifold is a compact riemannian manifold over which the geodesic flow
is periodic.

The main example of Zoll manifolds are spheres. Zoll manifolds satisfy the following property,
that actually characterizes them : If X is Zoll, the spectrum of

√−Δ is contained in a union of
disjoint intervals Ik, centered at an arithmetic progression αk, and of length O(k−σ) for some
σ > 0 (actually one may take σ = 1). In other words, while in the general case we could include
the spectrum of

√−Δ only in intervals separated by a negative power of k, we have now that
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the distance between two successive Ik’s is of order one, while the length of these intervals is
O(k−σ). Using these properties, one may show that (16) may be improved to

(18) |Fm(k1, . . . , kn+2)| ≥ c(k∗3)
−N0 ,

where k∗3 is the third largest among k1, . . . , kn+2. This property implies that if M̃ is defined
by (13), it satisfies the same estimates as M in (15), with ν replaced by ν + N0, so that u →
M(u, . . . , ū) is bounded from Hs to itself. Then v = u− M̃(u, . . . , ū) is a small perturbation of
u, and satisfies an equation of the form

(19) (Dt − Λm)v = O(v2n+1)

in the case when n is odd. This shows that one may obtain for v an estimate in O(ε) up to a
time in ε−2n, and thus extend the solution up to that time, in the case of a Zoll manifold.

Thought, this is still not the result we want, as our goal is to reach times in ε−N for any
N . The idea would be then to iterate the preceding operation. The difficulty comes from the
fact that, as we already remarked, we get in any case perturbations that cannot be eliminated,
corresponding to the case n even, p = n+2

2 and {k1, . . . , kp} = {kp+1, . . . , kn+2} in (13). When
one considers equation (1) rewritten under the form (4), one may check by hand that these terms,
that cannot be eliminated through normal forms, give a zero contribution to the energy. But
if one iterates the construction, it is not really possible to check directly, at any order of the
induction, that the terms that cannot be eliminated actually do not make grow the energy. One
has instead to find a structure that is preserved along the iterations, and that ensures that this
compatibility condition always holds. We shall use the Hamiltonian character of the equation,
in order to prove (see Bambusi-Delort-Grébert-Szeftel [1]):

Theorem 3 Let X be a Zoll manifold. Let P be a polynomial, vanishing at leat at order 2
at zero. There is a subset N of ]0,+∞[ of zero measure and, for any m in ]0,+∞[−N , any
N in N, there is s0 > 0 and for any s > s0, there are ε0 > 0, c > 0, C > 0 such that, for
any ε ∈]0, ε0[, any (w0, w1) in the unit ball of Hs+1(X) ×Hs(X), one may find a unique w in
C0(]− Tε, Tε[, H

s+1(X)) ∩ C1(]− Tε, Tε[, H
s(X)) solution of

(∂2
t −Δ+m2)w = P [w]

w|t=0 = εw0

∂tw|t=0 = εw1,

(20)

where Tε ≥ cε−N and
sup

]−Tε,Tε[
[‖w(t, ·)‖Hs+1 + ‖∂tw(t, ·)‖Hs ] ≤ Cε.

To prove that theorem, one rewrites the problem under a Hamiltonian formulation. Introducing
a complex unknown, as we did in (4), equation (20) may be reduced to

(21) ∂tu = i∇ūG(u, ū)

where if U = (u, ū), G(U) =
∑P

p=0Gp(U) with

(22) G0(U) =

∫
X
Λmuū dx, Gp(U) =

p+1∑
	=0

∫
X
Pp,	(u, ū) dx, p ≥ 1

where Gp is real valued and Pp,	 is a polynomial homogeneous of degree � in u and p+2− � in ū.
One starts from a quadratic map U → Θs(U) on Hs, equivalent to the square of the Hs norm,
and one tries to construct from it a new map U → Θ̃s(U), that will be equivalent to Θs(U) for
small U , and such that

(23)
d

dt
Θ̃s(U(t, ·)) = O(‖U(t, ·)‖N+2

Hs ).
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This is an estimate similar to (5), but with n replaced by an arbitrary N , that allows to obtain
the conclusion of the theorem. The idea is to replace the normal forms method we used earlier
by a Birkhoff one, looking for Θ̃s under the form Θ̃s(U) = Θs ◦χ(U), where χ is some canonical
transformation, tangent to the identity at zero, such that (23) holds. If one defines the Poisson
bracket between to C1 functions F1, F2 defined on Hs by {F1, F2} = i[DuF1∇ūF2−DuF2∇ūF1],
one gets when u solves (21),

(24)
d

dt
Θs ◦ χ(U(t, ·)) = {Θs ◦ χ,G}(U(t, ·)) = {

Θs, G ◦ χ−1
} ◦ χ(U(t, ·)).

One has to construct χ in such a way that the last term will be O(‖u‖N+2
Hs ). Looking for χ in

terms of a generating function Q =
∑

pQp, one is reduced to a sequence of homological equations

(25) {Θs,−{Qp, G0}+Hp} = 0, p ≥ 1

where Qp is the unknown, Hp is given and G0 is given by (22). It turns out that the resolution
of (25) may be done using formulas like (13), (14). Because for Zoll manifolds we have a lower
bound of the form (18), one may get a solution that does not lose derivatives. Moreover, in the
case when (18) does not hold because Fm vanishes identically, the corresponding contribution to
Hp in (25) is in the kernel of the map {Θs, ·}, so it does not need to be eliminated.

The preceding theorem may be extended to Hamiltonian quasi-linear equations, namely when,
in local coordinates,

P [w] =
∂f

∂z

(
w, x,

∂w

∂x

)
−

d∑
j=1

(det g)−1/2 ∂

∂xj

[
(det g)1/2

( ∂f

∂ξj

)(
w, x,

∂w

∂x

)]
,

where (z, ρ) → f(z, ρ) is some smooth function on R × T ∗X, polynomial in the fiber variable,
vanishing at least at order three at z = 0, ρ ∈ X. The same statement as Theorem 3 holds then
on spheres, for such quasi-linear nonlinearities. The proof relies on the same ideas as above, but
is much more involved, because of the quasi-linear character of the problem.
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Nonlinear partial differential equations
and interfacial motions as gradient flow

Felix Otto
Max-Planck-Institut für Mathematik in den Naturwissenschaften,

Leipzig, Germany

In these three talks, we advocate uncovering and using gradient flow
structures to gain a better understanding of evolutionary nonlinear
partial differential equations and of interfacial motions. In particular,
we advocate not to shy away from handling, even if just in a formal way,
gradient flow structures in an infinite-dimensional Riemannian setting.

0.1. General remarks. Intuitively speaking, a gradient flow is a stee-
pest descent in a landscape. Such a notion obviously relies on two
elements: 1) a height function and 2) a notion of (horizontal) distances
between points – without the latter, there is no concept of steepness.
More mathematically speaking, a gradient flow is determined by two
structures on a given space M (which we think of as a differentiable
manifold): 1) A function E on M, 2) a metric tensor g on M, that
is, a scalar product on the tangent space TρM of M in any point
ρ ∈ M, providing M with a Riemannian structure. It is the metric
tensor that converts the linear form diff |ρE on the tangent space (that
is, a co-tangent vector) into the tangent vector grad|ρE by providing
a canonical isomorphism (i. e. the Riesz isomorphism) between the
dual TρM∗ of the tangent space and the tangent space itself. It is
only the tangent vector field gradE that defines the dynamical system
dρ
dt

= −grad|ρE.

It is an immediate consequence that E is a Liapunov functional:

d

dt
E(ρ) = −gρ(grad|ρE, gradρE) = −gρ(dρ

dt
,
dρ

dt
) ≤ 0.(1)

An important global object of the Riemannian space (M, g) is the
induced distance d(ρ0, ρ1) between to points ρ0, ρ1 ∈M defined as the
length of the shortest connecting curve [0, 1] � s �→ ρ(s) ∈ M; it is
more convenient to define its square as the minimal action:

d2(ρ0, ρ1) = inf{
ˆ 1

0

gρ(
dρ

ds
,
dρ

ds
)ds | ρ(0) = ρ0, ρ(1) = ρ1};(2)

the Euler-Lagrange equation of this variational problem provides the
geodesic equation.

Any gradient flow allows for a natural time discretization given by a
sequence of variational problems: Given ρ(n−1) ∈M at time step n− 1
(i. e. at time t = (n−1)h, where h denotes the time step size), ρn ∈M
at time step n minimizes

1

2h
d2(ρ, ρn−1) + E(ρ),(3)
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which following de Giorgi is called minimizing movements scheme. In
the Euclidean case, this discretization turns into the implicit Euler
scheme. The merit of (3) consists in only appealing to the metric, not
the differential structure. De Giorgi observed that gradient flows can
be (formally) characterized by the following inequality

E(ρ(T )) +

ˆ T

0

(1
2
gρ(grad|ρE, grad|ρE) +

1

2
gρ(

dρ

dt
,
dρ

dt
)
)
dt

≤ E(ρ(0))(4)

and developed tools to establish the convergence of (3) on this level,
see Subsection 0.5.

Models from continuum mechanics in which frictional effects are so
dominant that inertia is completely negligible typically have the struc-
ture of a gradient flow, which reflects their thermodynamic consistency.
In our applications, M will be an (infinite-dimensional) configuration
space, E will be a (free) energy functional, and g will encode the dis-
sipation mechanisms. It is easy to see that for a gradient flow, at any
given time t, the rate of change dρ

dt
(t) is determined as the minimizer of

1

2
gρ(t)(δρ, δρ) + diffE|ρ(t).δρ

among all δρ ∈ Tρ(t)M. Here gρ(t)(δρ, δρ) has the physical interpre-
tation of infinitesimal dissipation generated by the infinitesimal (“vir-
tual”) change δρ of the configuration ρ(t), and diffE|ρ(t).δρ is the in-
finitesimal change δE in energy. The Euler-Lagrange equation of this
quadratic variational problem is given by

gρ(t)(δρ,
dρ

dt
(t)) + diffE|ρ(t).δρ = 0(5)

for all δρ ∈ Tρ(t)M. In the applied rheological literature, (5) is often
used to build evolutionary models.

0.2. Title and summary of the three talks. The titles and plan
for these three lectures is as follows:

A) The porous medium equation as a gradient flow: contraction in
the Wasserstein metric. This is based on [3] and on joint work
with Michael Westdickenberg [5].

B) Diffusive phase transitions as a gradient flows: upper bounds
on coarsening rates. This is based on joint work with Robert
V. Kohn [1] and, if time permits, on joint work with Christian
Seis and Dejan Slepcev [4].

C) Flow by mean curvature as a gradient flow: convergence of the
thresholding scheme. This is based on joint work with Tim
Laux [2].
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The cited works contains the further relevant references, which are only
alluded to in this extended abstract.

From an abstract point of view, the energy landscape in A) is (geodesi-
cally) convex, while in B) and C) it is highly non-convex. As formally
expected, the convexity of the energy landscape in A), which means
that E is convex along geodesics, translates into contractivity of the
gradient flow with respect to the induced distance function (2), which
means that for two gradient flow trajectories u0, u1, t �→ d(u0(t), u1(t))
is non-increasing. In B) more global properties of the energy landscape
lead to global properties of the gradient flow evolution. More precisely,
if the energy cannot decrease too fast as a function of the induced dis-
tance d(·, u0), cf. (2), to a reference configuration u0, the energy cannot
decrease too fast as a function of time if the initial data are sufficiently
close to u0. In C) we interpret a numerical scheme as a natural time
discretization (3) of a gradient flow and use de Giorgi’s characterization
(4) to pass to the limit of vanishing time step size.

0.3. The porous medium equation as gradient flow: contrac-
tion in the Wasserstein metric. In the first talk, we interpret the
porous medium equation

∂tρ−�π(ρ) = 0,(6)

say on the torus [0, L)d, which is a ubiquitous nonlinear (degenerate)
parabolic equation, as the gradient flow with respect to

E(ρ) :=

ˆ
e(ρ)dx,

gρ(δρ0, δρ1) :=

ˆ
∇φ0 · ∇φ1ρdx where −∇ · ρ∇φi = δρi.

Here ρ = ρ(t, x) ≥ 0 describes the density of a gas in a porous medium
with an (internal) energy function e(ρ) related to the “osmotic pres-
sure” function π(ρ) via π(ρ) = ρe′(ρ)− e(ρ).

An easy (formal) calculation shows that the metric tensor is of the form

gρ(δρ, δρ) = inf{
ˆ

1

ρ
|j|2dx | δρ+∇ · j = 0}

= inf{
ˆ

ρ|u|2dx | δρ+∇ · (ρu) = 0},(7)

which allows for its interpretation as the (minimal) dissipation needed
to generate the infinitesimal density variation δρ via a (virtual) velocity
u. Formally, the gradient flow structure follows from rewriting (6) as
∂tρ−∇ · ρ∇e′(ρ) = 0, a couple of integrations by parts, and appealing
to (5).
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The first representation in (7) shows via the action formulation (2) that
the induced distance is given by the convex (!) variational problem

d2(ρ0, ρ1)

= inf{
ˆ 1

0

ˆ
1

ρ
|j|2dxds | ∂sρ+∇ · j = 0, ρ(0) = ρ0, ρ(1) = ρ1},

which is the Eulerian or Benamou-Brenier formulation of the Wasser-
stein distance. Hence, formally, the induced distance is given by the
optimal transportation distance

d2(ρ0, ρ1) = W 2(ρ0, ρ1) := min
π

ˆ
|x0 − x1|2π(dx0dx1),(8)

where the infimum is taken over all non-negative measures π on the
product space that have marginals ρ0dx0 and ρ1dx1. Minimizers π
concentrate on the graph of the (sub-)gradient of a convex function so
that geodesics are well-understood. McCann realized that the func-
tional of the type of E is (geodesically) convex provided it is convex
under the linear change of coordinate x = Ax̂ with symmetric and
positive definite A. In terms of π this condition assumes the form

ρπ′(ρ) ≥ (1− 1

d
)π(ρ) ≥ 0 for all ρ ≥ 0.(9)

The main result is

Theorem 1. Suppose (9) holds and let ρ0, ρ1 be two solutions of (6).
Then W (ρ0(t), ρ1(t)) is non-increasing.

In fact, this result remains unchanged if the torus is replaced by a
(finite-dimensional, compact and smooth) Riemannian manifold pro-
vided it has non-negative Ricci curvature.

In establishing this contraction result, we don’t appeal to geodesics
with their subtle regularity (especially in case of an underlying Rie-
mannian manifold). In abstract Riemannian terms, instead of probing
the convexity of the function E, that is, the positive semi-definiteness
of its Hessian HessE, as is usual along geodesics s �→ ρ(s), that is,

D

ds

dρ

ds
= 0,(10)

for which we have

d2

ds2
E(ρ) = gρ(

dρ

ds
,HessE|ρ

dρ

ds
),

we probe it along infinitesimal variations t �→ δρ(t) of a gradient flow
trajectory t �→ ρ(t), that is,

D

dt
δρ+HessE|ρδρ = 0,(11)
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for which we have

d

dt

1

2
gρ(δρ, δρ) = −gρ(δρ,HessE|ρδρ).(12)

Hence we replace (10), which has the character of a hyperbolic PDE,
by (11), which has the character of a parabolic PDE, Moreover, (12)
is directly monitoring contractivity, the property we are aiming for,
on an infinitesimal level. On the concrete level of the porous medium
equation, (12) turns into an explicit but tedious calculation, which
thanks to its Riemannian interpretation can be well-organized.

The porousmedium equation (6) has been extensively studied formany
decades; its contractivity in L1 and in Ḣ−1 (the dual to the homoge-
neous H1-norm) are key elements of its classical well-posedness theory.
While the contractivity in Ḣ−1 was assimilated to the (Euclidean) gra-
dient flow structure with respect to this Hilbert space, the contractiv-
ity in the Wasserstein distance was only discovered alongside with the
above (formal) Riemannian gradient flow structure. It is more physical
and detects the (Ricci) curvature of the underlying space.

0.4. Diffusive phase transitions as a gradient flows: upper
bounds on coarsening rates. In this second talk, we are interested
in the interfacial motion often named after Mullins-Sekerka. It de-
scribes the evolution t �→ Ω(t) ⊂ [0, L)d of an (open) subset of the
torus [0, L)d in terms of the normal velocity V of its boundary ∂Ω via

V = [
∂p

∂ν
],

where [ ∂p
∂ν
] denotes the jump in the normal component of ∇p across

∂Ω, where p is determined by Dirichlet problem

�p = 0 in [0, L)d − ∂Ω, p = H on ∂Ω,

with H denoting the mean curvature of ∂Ω. The linearization around
a flat interface reveals that this is a third-order (and thus necessarily
and obviously non-local) parabolic interfacial motion, for which there
exists a classical local well-posedness theory.

On a formal level, it is easy to check that this evolution is a gradient
flow. Here, the configurational spaceM is given by all sets Ω of a given
volume (say 1

2
Ld and thus of volume fraction 1

2
), so that the tangent

space TΩM can be identified with (virtual) normal velocities V (with´
∂Ω

V = 0). Function and tensor are then given by

E(Ω) = Hd−1(∂Ω),(13)

gΩ(V0, V1) =

ˆ
∇φ0 · ∇φ1dx where −�φi = ViHd−1�∂Ω,

where the last equation is to be read distributionally.
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Obviously, E has the interpretation of an interfacial energy between
the two phases Ω and Ωc. The physical interpretation of the metric
tensor becomes more apparent when rewriting it as

gΩ(V, V ) = inf{
ˆ
|j|2 | ∇ · j = VHd−1�∂Ω};(14)

where j is interpreted as the (virtual) diffusion flux j in the bulk that
generates the infinitesimal change V of the phase boundary. Hence
this evolution describes a diffusive phase transition, were “atoms” that
predominantly form phase Ω detach from it, diffuse through the com-
plement Ωc and re-attach (and vice versa for the other type of atom,
“evaporation-recondensation”). Mathematically, it is known by asymp-
totic and (short-time) rigorous analysis to be the sharp-interface limit
of the Cahn-Hilliard equation, which is the Ḣ−1-gradient flow of the
(real) Ginzburg-Landau functional.

Mullins-Sekerka (in form of the underlying Cahn-Hilliard equation) is
appreciated in chemical physics because it numerically reproduces the
experimentally observed universality in demixing (“spinodal decom-
position”): The typical length scale � of the phase configuration Ω
increases over time (“coarsening”) in a statistically self-similar way
(until it enters in conflict with the sample size which here is imposed
through the side-length L of the torus). By a simple scaling argument,
the coarsening exponent is predicted to be 1

3
, which is reproduced by

numerical simulation and seen in experiments. This means that, at
least generically, the interfacial energy per volume, 1

LdE(Ω(t)), is ex-

pected to decrease like ∼ t−
1
3 . We present a rigorous argument that

this is indeed the case on the level of a lower bound.

Our argument is based on the gradient flow structure. As one might
guess from (14), the metric structure comes from the Euclidean Ḣ−1-
structure restricted to characteristic functions χΩ ∈ {−1

2
, 1
2
} of sets Ω;

we thus substitute the (non-explicit) induced distance d(Ω0,Ω1) by the
smaller distance ‖χΩ0 − χΩ1‖Ḣ−1 in the ambient space (“arc vs. chord
distance”). With respect to this distance, one has that E does not
decrease faster than the inverse of ‖χΩ‖Ḣ−1 , the latter being the chord
distance to the well-mixed state:

E(Ω)‖χΩ‖Ḣ−1 ≥ c(d)(Ld)
3
2 .(15)

In fact, this statement is a consequence of the (scale-invariant) in-

terpolation estimate ‖f‖
L

4
3
≤ C(d)‖∇f‖

1
2

L1‖f‖
1
2

Ḣ−1 by Cohen-Dahmen-

Daubechies-DeVore, which is of independent interest.

Equipped with this property of the energy landscape “in the large”,
we prove that provided the initial data are (intrinsically) close to being
well-mixed, the demixing cannot proceed faster than expected, in the
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sense that the volume-averaged interfacial energy 1
LdE(Ω(t)) cannot

decrease faster than t−
1
3 , at least in a time-averaged fashion.

Theorem 2. For all T ≥ ‖χΩ(0)‖3Ḣ−1 we have
ˆ T

0

( 1

Ld
E(Ω(t))

)2
dt ≥ c(d)

ˆ T

0

(
t−

1
3

)2
dt.

It turns out that this approach is flexible enough to treat various phys-
ically relevant coarsening phenomena. For instance, if the substances
are (viscous) fluids, flow next to cross-diffusion becomes available as
a coarsening mechanism, and in fact dissipates less energy by (inner)
friction on sufficiently large scales. This is experimentally and heuris-
tically known to lead to a cross-over in the coarsening exponent from
1
3
to 1 (“Siggia’s growth”). On the level of the gradient flow structure,

this means that dissipation by outer friction, cf. (14), is replaced by
dissipation by inner (Stokes) friction:

gΩ(V, V ) = inf{
ˆ
|∇u|2 | ∇ · (χΩu) = VHd−1�∂Ω, ∇ · u = 0}.

This of course changes the induced distance d to the well mixed state
and thus also its proxy: ‖χΩ‖Ḣ−1 has to be replaced by a transportation
distance, cf. (8), between the negative and the positive part of χΩ,
however with a logarithmic instead of quadratic cost function. On the
one hand this transportation distance is sufficiently weak to provide a
lower bound on the (non-explicit) induced distance by an adaptation
of the Crippa-DeLellis quantification of the DiPerna-Lions theory; on
the other hand it is sufficiently strong to provide a lower bound on the
energy landscape in the spirit of (15).

0.5. Flow by mean curvature as a gradient flow: convergence
of the thresholding scheme. In the third and last talk, we are in-
terested in flow by mean curvature, which as for Mullins-Sekerka we
think of as an evolution t �→ Ω(t) ⊂ [0, L)d of sets, which here is more
directly curvature-driven:

2V = H

(the factor of two is for convenience). Again formally, this evolution
is the gradient flow of the same functional as in (13), namely E =
Hd−1(∂Ω) =

´ |∇χΩ| but this time w. r. t. 2× L2(∂Ω) inner product

gΩ(V0, V1) :=

ˆ
∂Ω

V0V1dHd−1.(16)

This follows from the fact that the first (inner) variation of the area
functional w. r. t. to a test vector field ξ is given by

δE(χ, ξ) =

ˆ
∂Ω

Hν · ξ =

ˆ
∂Ω

∇tan · ξ =

ˆ
(∇ · ξ − ν ·Dξν)|∇χ|,(17)
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where in the last expression, ν is the measure-theoretic normal d∇χ
d|∇χ| .

In view of this gradient flow structure of mean curvature flow (MCF),
it is natural to study a minimizing movements (MM) scheme (3), which
formulated in terms of the characteristic functions takes the form

χn minimizes
1

2h
d2(χ, χn−1) + E(χ).

Since the induced distance d for the tensor (16) degenerates (Mumford-
Michor) Almgren-Taylor-Wang introduced the proxy d2(χ, χ0)
= 4
´
Ω�Ω0 dist(·, ∂Ω0), and Luckhaus-Sturzenhecker established a con-

vergence result for the piecewise constant interpolation χh of {χn}n in
time, under the assumptions that (for a subsequence h ↓ 0)

χh → χ in L1 and

ˆ ˆ
|∇χh|dt→

ˆ ˆ
|∇χ|dt,(18)

where the second assumption, as opposed to the first, does not follow
from the natural a priori estimates and makes the convergence result
a conditional one.

However, it is not known whether this limit satisfies the dissipation
inequality corresponding to the first identity in (1), which here takes
the form d

dt
2Hd−1(∂Ω) +

´
∂Ω

H2 ≤ 0, and which in view of (17) can be
weakly encoded by

d

dt

ˆ
|∇χ|+

ˆ
(∇ · ξ − ν ·Dξν)|∇χ| − 1

2

ˆ
(ξ · ν)2|∇χ| ≤ 0(19)

distributionally in t for all test vector fields ξ.

We show that a computationally highly efficient and robust scheme,
the thresholding scheme introduced by Merriman-Bence-Osher in ‘92,
produces limits that satisfy even all localized versions of (19), cf. (21),
which actually characterizes MCF as pointed out by Brakke. In doing
so, we use the tools introduced by de Giorgi for MM in metric spaces,
cf. (4), as presented by Ambrosio-Gigli-Savaré.

The thresholding scheme proceeds in two steps: First, the characteristic
function χn−1 is convolved by the centered Gaussian of variance h, ie

Gh(z) :=
1√
2πh

exp(− |z|2
2h

). Second, χn is the characteristic function of

the set where this convolution is larger than 1
2
:

χn−1 � un := Gh ∗ χn−1 � χn := I(un >
1

2
).(20)

This scheme clearly preserves the comparison principle and thus its
limits have been shown to satisfy MCF in the sense of viscosity solu-
tions. Its main practical interest lies in its easy extension to the multi-
phase case, which we can treat by the very same analysis, and which
is a model for the coarsening of grain configurations in polycrystalline
solids (“grain growth”).
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The localized dissipation inequality assumes the form of d
dt
2
´
∂Ω

ζ
+
´
∂Ω
(ζH2 +∇ζ · νH) ≤ 0 for any test function ζ ≥ 0. Brakke ob-

served that this family of inequalities characterizes a smooth solution
of MCF, and used it to introduce a weak notion of solution based on
varifolds. On our BV -level, this takes the form of

d

dt

ˆ
ζ|∇χ|+

ˆ
(∇ · (ζξ)− ν ·D(ζξ)ν)|∇χ| − 1

2

ˆ
ζ(ξ · ν)2|∇χ|

+

ˆ
(�ζ − ν ·D2ζν)|∇χ| ≤ 0(21)

distributionally in t, for all test vector fields ξ and test functions ζ ≥ 0.

It was observed by Esedoglu and the author that thresholding can
be interpreted as a minimizing movements scheme. Indeed, (20) is
equivalent to

χn minimizes among v = v(x) ∈ [0, 1]
1

2h
d2h(v, χ

n−1) + Eh(v),(22)

where Eh(v) :=
1√
h

´
(1− v)Gh ∗ v Γ-converges to c0

´ |∇χ| (wrt to un-

derlying L1-convergence with the understanding that the value is +∞
if the limit is not a {0, 1}-valued function of bounded variation), and

where the distance function is given by 1
2
d2h(v, w) :=

√
h
´
(Gh

2
∗ (v −

w))2. It is this variational interpretation that allowed for an exten-
sion of thresholding to the multi-phase case with surface tensions that
depend on the phases they separate. It also allowed for the first con-
vergence result to a BV -type solution in the multi-phase case, however
conditional like Luckhaus-Sturzenhecker, namely under condition (23):

Theorem 3. Let χ0 = χ0(x) ∈ {0, 1} be st
´ |∇χ0| < ∞. Suppose that

for a subsequence h ↓ 0 we have the analogue of (18), that is,

χh → χ in L1 and

ˆ
Eh(χh)dt→

ˆ
c0

ˆ
|∇χ|dt.(23)

Then χ satisfies (21).

The proof relies on the fact that next to (22), thresholding satisfies a
MM principle for every non-negative localizing (test) function ζ ≥ 0:

χn minimizes
1

2h
d̃2h(v, χ

n−1) + Ẽh(v, χ
n−1),

where 1
2
d̃2h(v, w) =

√
h
´
ζ(Gh

2
∗(v−w))2 is the localization of 1

2
d2h(v, w)

but Ẽh(·, χn−1) is a perturbed (next to localized) version of Eh:

Ẽh(v, χ) :=
1√
h

ˆ (
ζ(1− v)Gh ∗ v

+ (v − χ)[ζ,Gh∗](1− χ) + (v − χ)[ζ,Gh
2
∗]Gh

2
∗ (v − χ)

)
.
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This MM principle allows to appeal to de Giorgi’s tools for MM, yield-
ing a discrete version of the dissipation inequality (4) in form of

Ẽh(χ
n, χn−1)− Ẽh(χ

n−1, χn−1)

+
1

2
|∂Ẽh(·, χn−1)|2(χn) +

1

2h

ˆ nh

(n−1)h

|∂Ẽh(·, χn−1)|2(uh(t))dt ≤ 0,

where |∂E|(v) := lim supw→v
(E(v)−E(w))+

d(v,w)
denotes the metric slope of

a functional E and uh((n− 1)h+ τ) := argmin
(

1
2τ
d2(v, χn−1) + E(v)

)
denotes the variational interpolation of χn−1 and χn in a MM scheme
for metric d and functional E.

Thanks to these tools, the proof is essentially soft and relies on the
following ingredients. The metric slope is bounded by below by the
first variation:

1

2
|∂Ẽh(·, χ)|2(v) ≥ δẼh(·, χ)(v, ξ)−

√
h

ˆ
ζ(Gh

2
∗ (ξ · ∇v))2.

For the first variation, the relation of Ẽh to Eh simplifies asymptotically

∣∣δẼh(·, χ)(v, ξ)− δEh(v, ζξ)
∣∣ ≤ Ch

1
4
dh(v, χ)

h
,

where C is a generic constant only depending on ζ and ξ. The incre-
ments of Ẽh(v, χ) in χ are related to the first variation of the squared
metric d2h:∣∣1

h
(Ẽh(v, χ)− Ẽh(v, v)) +

1

2h
δd2h(·, χ)(v, ξ)

∣∣
≤ C

( 2∑
p=1

(h
1
4
dh(v, χ)

h
)p + h

1
2Eh(χ)

)
,

which has to be combined with the Euler-Lagrange equation for (22).
Elementary arguments show that both terms

∣∣δEh(v, ξ)− 1√
h

ˆ
Dξ : (1− v)(Ghid− hD2Gh) ∗ v

∣∣,
∣∣√h

ˆ
ζ(Gh

2
∗ (ξ · ∇v))2 − 1√

h

ˆ
ζξ ⊗ ξ : (1− v)hD2Gh ∗ v

∣∣
are estimated by Ch

1
2Eh(v), so that the result relies on the assumption

(23) only in the form that v → χ in L1 with
´
(1−v)Gh ∗v → c0

´ |∇χ|
implies

1√
h

ˆ (
ζ(1− v)Gh ∗ v + σ : (1− v)h2D2Gh ∗ v

)

→ c0

ˆ
(ζ + ν · σν)|∇χ|.
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Anisotropic and Crystalline mean curvature flows.

Antonin Chambolle

works with V. Caselles, M. Novaga,
M. Morini, M. Ponsiglione

1 Introduction: anisotropic perimeters

The series of three lectures will start with an introduction to perimeters defined
by anisotropic norms, as follows:

Pφ(E) =

∫
∂E

φ(νE) dHN−1.

Here, HN−1 is the (N − 1)-dimensional Hausdorff (surface) measure, E ⊂ R
N

is a (smooth, or Caccioppoli set [18]1), and φ a convex, even, one-homogeneous
function, which is the “surface tension”. It is useful to introduce the polar

φ◦(x) = sup
φ(ν)≤1

ν · x

which defines a metric in R
N (and Pφ can be then considered as the perimeter

in this metric).
It is then known that the sets which minimize the perimeter Pφ for a given

volume are the “Wulff shapes” [14], that is, a translate of a sublevel of φ◦:

Wc = {φ◦ ≤ c}.
We will be particularly interested in the degenerate crystalline case, where

Wc is a polytope. In general, the classical theories become difficult or fail
to apply when ∂Wc loses its ellipticity and has flat regions (corresponding to
singularities of φ).

The anisotropic curvature κφ
E(x) (x ∈ ∂E) is then introduced as the first

variation of the perimeter (obtained by computing appropriate inner variations
of a set). The crystalline curvature, in the crystalline case, might be not well
defined or multivalued, because of the singularities of the surface tension.

2 MCF as the “gradient flow” of a perimeter

In this context, one can introduce a “mean curvature flow” as a formal gradient
flow of the perimeter [3]. It is usually written

Vn = −κφ
E(x) (1)

1The references in this abstract are mostly pointers to where essential results or references
can be found and by no means exhaustive.
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where Vn is the normal velocity of the evolving family of sets E(t) and κφ
E(x)

the φ-curvature of E at x ∈ ∂E.
We first will focus on the two-dimensional case, where most of the difficulties

can be easily explained, and where easy ODE-based approaches can describe
evolutions [23, 1].

In the smooth anisotropic cases (that is, in fact, when φ is smooth, rather
than φ◦) the standard “viscosity solutions” theory is the most natural approach
to define generalized solutions for all time (including past possible singularities).
We will recall themain definitions and relevant results [12] in this context (which
have been partly extended to the crystalline case only recently [15, 16, 17]).

We will also introduce the issue of mobilities and possible forcing terms:
namely, we could consider that the normal velocity Vn in (1) is replaced with the
velocity along an “anisotropic normal vector field” such as the Cahn-Hoffmann
vector field ∇φ(νE) (or a selection in the crystalline case), or a field depending
on another metric ψ; or equivalently that the evolution is given by

Vn = ψ(νE)(κφ
E(x) + g(x, t)) (2)

where g(x, t) is a general (L∞, Lipschitz in space) forcing term.

3 “Algorithms”

3.1 Almgren, Taylor, Wang

We will next introduce “algorithms” for deriving variational curvature flows, and
in particular two celebrated methods. The first dates back to Almgren, Taylor
and Wang [2] (see also Luckhaus-Sturzenhecker in the isotropic case [21]) and
consists in introducing a substitute for the “L2” distance of a set F to a previous
set E:

δ(F ;E) =

∫
F

dist(x, ∂E)dx,

and then define the evolution as a “minimizing movement” of the perimeter.
Given h > 0 (the discrete time-step), and E0, one lets for n ≥ 1:

En ∈ argmin
E

Pφ(E) +
1

h
δ(E;En−1)

Then, Eh(t) := E[t/h]. It is then shown in [2] that for smooth E0 and φ, as
h→ 0, Eh(t) converges to the mean curvature flow starting from E0, for small
time, as well as many more results.

This construction (which can be actually implemented [6] but does not lead
to particularly efficient methods) is useful for building evolutions [generalized
or classical] as in [2].

3.2 Merriman, Bence, Osher

Another algorithmic approach for isotropic or anisotropic flows is due to Mer-
riman, Bence and Osher [22]. It consists in building En from En−1, this time,
by letting

En = {ρh ∗ χEn ≥ 1
2}
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where ρh is the heat kernel at time h > 0.
We will onlymention rapidly thismethod which has not been as successful as

the previous for building actual solutions (except very recently, see [20]), but is
a much better numerical method, allowing for instance the efficient computation
of mean curvature evolutions for partitions with many sets [13].

We will mention some attempts to extend this approach to anisotropic cases,
including sometimes crystalline [10], see [19, 5].

4 Crystalline evolutions

We will mostly focus on the application of the previously mentioned schemes in
the crystalline case. In particular, we will describe:

• how one can adapt the BMO scheme to the crystalline case;

• how the ATW scheme can be used to show existence of “classical” crys-
talline evolutions in 2D [11], with forcing; of (classical) convex evolutions
in any dimension [4];

• how it can be used to show existence of generalised solutions in arbitrary
dimensions [9, 7].

We will in particular describe the theory which we have developed in the past
two years [9, 7, 8] to define generalised crystalline curvature flows, with forcing
term and various mobilities. We will explain how we can show a comparison
results and indicate two different approaches to existence.

4.1 A new definition for sub/superflows

Our existence and uniqueness result is based on the following characterization of
subflows and superflows, which extends naturally to the crystalline case. We give
it here in the simplest situation, for the motion (2) above with ψ = φ and g = 0.
We have that E(t) is a superflow (that is, evolving faster than (2)) if, in addition

to some technical assumptions, the distance function d(x, t) = distφ
◦
(x,E(t)),

defined by
distφ

◦
(x,E(t)) = min

y∈E(t)
φ◦(x− y),

is a supersolution of the φ-total variation flow outside of E:

∂td ≥ div∇φ(∇d) in (RN × (0, T )) \ E.

We assume that this equation is distributional (it is well known that in the
viscosity sense it is an appropriate definition of a viscosity superflow). This
allows to extend the definition naturally to the crystalline case, where we say
that E is a superflow if there exists z ∈ ∂φ(∇d) such that div z ∈ L∞({d > δ})
for any δ > 0 and

∂td ≥ div z in (RN × (0, T )) \ E,

in the sense of distributions.
A subflow is defined as the complement of a superflow.
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This definition is weaker than the viscosity solution: in particular it is diffi-
cult to assert, here, that an intersection of superflow is still a superflow. How-
ever, we can show that if φ is smooth enough, it is equivalent.

Next, we can show quite easily, using relatively standard parabolic com-
parison, that if at time zero a superflow is inside a subflow, then they stay at
distance one from another.

Eventually, we use the iterative scheme in [2] to build actual flows (ie, space-
time tubes which are both super- and subflows), showing existence and unique-
ness for such crystalline motions. This is mostly the construction in [9].

4.2 Extensions

In [7], we show how to extend this construction to more general equations of
the form (2) (with arbitrary even norm ψ and forcing term g). The idea is to
replace the equation with

∂td ≥ div z + g −Md

where M ≥ 0 is a constant (related to the spatial Lipschitz constant of g) and
d is now the ψ◦-distance to E(t).

This extension is not totally straightforward. In particular, the technical
assumption div z ∈ L∞({d > δ}) is needed for the comparison result. It turns
out that this property cannot be true in general if ψ and φ do not have some
sort of “compatibility” (namely, we need ψ = ψ0 + εφ for some norm ψ0 and
some ε > 0). In a first step, we show how to extend the previous construction
in the case of compatible anisotropies.

Next, in the general case (a typical non-compatible case is when φ is crys-
talline and ψ the Euclidean norm), we cannot anymore hope to show existence
and uniqueness in the previous sense. However, we are able to show a stability
result which states that all approximations with compatible anisotropies con-
verge to a unique flow, which turns out to be also the limit of the iterative
scheme of [2]. Such uniqueness result has to be understood in an appropriate
level-set sense.
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[17] Yoshikazu Giga and Norbert Požár. Approximation of general facets by reg-
ular facets with respect to anisotropic total variation energies and its appli-
cation to the crystalline mean curvature flow. Preprint arXiv:1702.05220,
available at https://arxiv.org/abs/1702.05220, 2017.

[18] Enrico Giusti. Minimal surfaces and functions of bounded variation, vol-
ume 80 of Monographs in Mathematics. Birkhäuser Verlag, Basel, 1984.
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1

Variational, Geometric and Surface PDEs in Cell Biology

Charlie Elliott

Motivation
The interplay of proteins and curvature of lipid bilayers is known to regulate cell morphology
and a variety of cellular functions. Here, interplay not only means that proteins can induce
curvature by shaping but also that the membrane curvature plays an active role in orga-
nizing membrane proteins. Moreover, microscopic causes, such as hydrophobic mismatch of
proteins and amphiphilic lipids, may have macroscopic effects, such as budding or fission.
For example, membrane remodelling during endocytosis is a consequence of the interplay
between the elastic membrane and the actions of membrane proteins that can both sense
and create membrane curvature. Coarse-grained molecular models using a particle-based
approach are often used for simulation.

Our concern is with the macroscopic models. Pure continuum models are based on the
fundamental Canham-Helfrich model of lipid membranes. The associated Canham-Helfrich
energy is obtained by expansion of the bending energy with respect to the principal curva-
tures up to second order. The Canham-Helfrich energy is related to the Willmore functional
in differential geometry. The model describes equilibrium and close to equilibrium properties
of biological membranes. It has been modified so as to include the effect of different lipid
components or large-scale protein assemblies. Lipids and proteins are then represented by
concentrations. Their impact on the membrane morphology is modelled by concentration-
dependent bending rigidities, phase-dependent spontaneous curvature, and a line energy
associated with the phase boundaries. The Euler-Lagrange equations associated with these
surface energy functionals usually are fourth-order, nonlinear (geometric) partial differential
equations. These equations are typically coupled with nonlinear partial differential equations
describing the evolution of lipids and proteins on the surface.

Receptor-ligand interactions are a primary mechanism by which cells sense and respond to
their environment. Such processes constitute a fundamental part of many basic phenomena
in cell biology such as proliferation, motility, the maintenance of structure or form, adhe-
sion, cellular signalling etc. Often sub-systems of complex models are coupled surface bulk
reaction diffusion systems.

Modelling the directional motility of cells is of great importance especially because of the
role directed cell migration plays in several biological phenomena, such as embryonic devel-
opment, cancer, tissue development and immune responses. Broadly speaking, the motile
cycle of a cell consists of the following processes: polarization where the cell develops a front
and a back through the redistribution of proteins and lipids within the cell, protrusion at
the leading edge of the cell pushing the front of the cell outwards, and retraction of the
rear of the cell towards the leading edge. Further details when added to the modelling yield
more complexity. The deformation of the cell surface is linked to the dynamics of actin and
other cell-resident proteins, and these dynamics must be coupled in a consistent way with
the evolution of the cell surface.
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Mathematical models, although complex in structure from the analysis and computational
perspectives, are still simple from the biological perspective. In these lectures we focus on
mathematical methodology for PDE models in complex evolving domains involving energetic
surfaces which may be useful as more complex models are developed. The lectures rely on
joint work with co-authors cited in the bibliography.

Modelling and computation
We emphasise the role of mathematical analysis in modelling ABM and computation ABC:-

• Analysis Based Modelling
Mathematical modelling
Due to the complexity of the biochemistry involved in signalling networks and the un-
derlying geometry an integrated approach combining theoretical and computational
mathematical studies with experimental and modelling efforts appears necessary. De-
velopments in large scale computing, the well posedness and rigorous numerical analy-
sis theory for nonlinear PDEs and computational algorithms numerical analysis allow
the study of PDE systems in complex and evolving domains. Our work is focused
on understanding mathematical models involving evolving complex domains defined
by curved energetic surfaces on which there are surface processes, possibly coupled to
bulk processes.

Formulation of PDEs
In our context, we need concepts from mechanics, biochemistry, biophysics and geom-
etry in order to build systems of PDES. To begin we model the surface of a cell by
Γ(t), a moving curved n-dimensional hypersurface in R

n+1. Ω(t) may denote a moving
bulk domain in R

n+1 with boundary (or part of the boundary) Γ(t) which models the
interior or exterior of the cell. We are led to the following types of initial-boundary
value problems

Geometric PDEs: Energetic unknown surfaces/interfaces in which Γ is determined by
geometric quantities

Free boundary(interface problems) in which Γ is to be determined

Surface PDEs: PDEs on a stationary or evolving surface

Coupled bulk surface PDEs Coupling equations for and on a surface to equations in
the bulk

Interface/free boundary on an unknown evolving surface

Goals
The use of the mathematical analysis in this context should bear in mind the following
interelated goals:

Simulation + Parameter identification + Prediction + Control

Here we note the concept of the forward problem defined by an initial boundary value
problem in which the parameters and data are determined. Frequently there are many



－53－

3

unknown parameters which might have to be determined using the forward model and
experimental observations within an inverse problem framework.

• Analysis Based Computation
– Development of numerical methods: Each discretisation method depends on the

mathematical formulation e.g. variational equation, level set, phase field, viscos-
ity solutions etc.

– Analysis of discretisation Frequently the numerical analysis is is related to the
mathematical analysis of well posedness. For example, stability and existence is
often approached using Galerkin approximations which also yield the possibility
of finite element approximations and analysis.

– Implementation and analysis of solvers: depends on discretisation and software
requirements. This is the domain of scientific computing and has its own math-
ematical interest. It is not the focus of these lectures.

Topics of lectures
• PDEs on evolving domains

We will present an abstract framework for treating the theory of well-posedness of so-
lutions to abstract parabolic partial differential equations on evolving Hilbert spaces.
The theory is applicable to variational formulations of PDEs on evolving spatial do-
mains including moving hypersurfaces. We formulate an appropriate time derivative
on evolving spaces called the material derivative and define a weak material derivative
in analogy with the usual time derivative in fixed domain problems; our setting is ab-
stract and not restricted to evolving domains or surfaces. Then we show well-posedness
to a certain class of parabolic PDEs under some assumptions on the parabolic opera-
tor and the data. Specifically, we study in turn a surface heat equation, an equation
posed on a bulk domain, a novel coupled bulk-surface system and an equation with
a dynamic boundary condition. In order to prove the well-posedness, we make use of
the abstract framework. See [1, 2, 6].

• Receptor ligand dynamics
We discuss well posedness of for a reaction-diffusion system of coupled bulk- surface
equations on a moving domain modelling receptor-ligand dynamics in cells. The non-
linear coupling between the three unknowns is through the Robin boundary condition
for the bulk quantity yielding a flux onto the right hand sides of the two surface equa-
tions. We also consider a number of biologically relevant asymptotic limits of the
model in the case of a stationary surface. We prove convergence to limiting prob-
lems which take the form of free boundary problems posed on the cell surface. See
[16, 17, 3].

• Small deformations of Helfrich energy minimising surfaces with
applications to biomembranes
We introduce a mathematical model for small deformations induced by external forces
of closed surfaces that are minimisers of Helfrich-type energies. Our model is suitable
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for the study of deformations of cell membranes induced by the cytoskeleton. We
describe the deformation of the surface as a graph over the undeformed surface. A new
Lagrangian and the associated Euler-Lagrange equations for the height function of the
graph are derived. This is the natural generalisation of the well known linearisation
in the Monge gauge for initially flat surfaces. We discuss energy perturbations of
point constraints and point forces acting on the surface. We establish existence and
uniqueness results for variational solutions on flat domains, spheres and tori. See
[15, 14]

• Finite element analysis
We describe the evolving surface finite-element method for numerically approximating
partial differential equations on hypersurfaces which evolve with time. The key idea is
based on approximating Γ(t) by an evolving interpolated polyhedral surface consisting
of a union of simplices. A finite element space of functions is then defined on the
triangulated surface. This method derived jointly with Dziuk is the basis for the
abstract approach to parabolic equations on moving domains. Geometric analysis
may be used to generate nicely evolving meshes. See [7, 8, 10, 9, 13, 12, 11]

• Computational modelling of geometric biomembranes and cell
motility
Biomembranes consisting of multiple lipids may involve phase separation phenomena
leading to coexisting domains of different lipid compositions. The modeling of such
biomembranes involves an elastic or bending energy together with a line energy asso-
ciated with the phase interfaces. This leads to a free boundary problem for the phase
interface on the unknown equilibrium surface which minimizes an energy functional
subject to volume and area constraints. We propose a surface phase field in which the
line energy is approximated by a surface Ginzburg-Landau functional. The relaxation
dynamics couple a nonlinear fourth order geometric evolution equation of Willmore
flow type for the membrane with a surface Allen-Cahn equation describing the lateral
decomposition. Numerical experiments exhibit convergence and the power of this new
method for two component geometric biomembranes by computing equilibria such as
dumbbells, discocytes and starfishes with lateral phase separation. See [18, 19, 20].
We present a mathematical and a computational framework for the modelling of cell
motility. The cell membrane is represented by an evolving surface, with the movement
of the cell determined by the interaction of various forces that act normal to the surface.
We consider external forces such as those that may arise owing to inhomogeneities in
the medium and a pressure that constrains the enclosed volume, as well as internal
forces that arise from the reaction of the cells’ surface to stretching and bending. We
also consider a protrusive force associated with a reaction?diffusion system posed on
the cell membrane modlling cell polarization. The computational method is based on
an evolving surface finite-element method. The general method can account for the
large deformations that arise in cell motility and allows the simulation of cell migration
in three dimensions. Illustrative applications include numerical simulations of a model
for eukaryotic chemotaxis and a model for the persistent movement of keratocytes in
two and three space dimensions. See [5, 21, 4].

Page 4
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Mean curvature flow with surgery of embedded mean-convex
surfaces in 3-manifolds

Gerhard Huisken
Universät Tübingen /

/ Mathematisches Forschungsinstitut Oberwolfach

The lecture will describe joint work with Simon Brendle on the defor-
mation of closed 2-dimensional embedded surfaces with positive mean
curvature in a Riemannian ambient manifold in direction of their mean
curvature vector. It is explained how all singularities of this quasi-linear
parabolic system can be classified and quantitatively controlled by a
priori estimates. We then show that the flow can be extended by surg-
eries beyond singularities until the area is exhausted or the surface
converges to a minimal surface.
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QUASI-LOCAL MASS AND ISOMETRIC EMBEDDING

MU-TAO WANG

One of the most well known problems in Riemannian geometry is whether the
geometry described intrinsically by a Riemannian metric can be realized as the
geometry of a submanifold of the familiar Euclidean space. In the case of surfaces in
the ambient Euclidean three space, the theory went back to the nineteenth century.
In 1927, Cohn-Vossen proved the rigidity of closed convex surfaces in this case.
Weyl then conjectured that every closed surface with positive curvature should be
isometrically embeddable into the Euclidean three space. Weyl’s problem can be
considered as an existence and uniqueness problem for a global elliptic equation and
he himself contributed an important estimate of the second fundamental form for this
problem. However, it was not until 1954 that Pogorelov and Nirenberg solved the
Weyl problem for smooth metrics independently. The work of Pogorelov-Nirenberg
was subsequently applied in an essential way in general relativity.

The question of defining and understanding the concept of quasi-local mass had
been a central topic since the works of Hawking and Penrose. In fact, in 1979,
Penrose announced that the first major unsolved problem in classical general rela-
tivity was the concept of quasi local mass. The problem of defining mass in general
relativity can be traced back to Einstein. It was difficult because the theory of
general relativity is a nonlinear theory where gravity is dictated by a tensor while
Newtonian gravity is basically linear and depends on a scalar. Besides, there is
no continuous symmetry to help. Another formulation for general relativity was
proposed by Arnowit-Deser-Misner in 1962, in terms of the Hamilton-Jacobi theory
of a spacelike hypersurface, called an initial data set. The dynamics of gravity is
dictated by two geometric quantities: one is the induced metric and the other one
is the second fundamental form.

Brown-York made the first important step towards the definition of quasi-local
mass by the Hamiltonian approach. They assume the second fundamental form
of the spacelike hypersurface is trivial, and discuss how to associate a mass to a
closed space-like 2-surface in the initial three dimensional manifold. The definition
is nice, but it depends on the three manifold that the surface bounds. The idea
is to compare a quantity defined on the surface with a similar quantity defined
on the surface in Euclidean space obtained by the isometric embedding theorem
of Pogorelov- Nirenberg. Without knowing the works in GR, Shi and Tam proved
that the mass of Brown York is positive. The gauge dependence of the Brown-York
definition was later removed by Liu-Yau in the general case (without assuming the
second fundamental form is trivial).

Date: May 9, 2018.
The author was partially supported by the National Science Foundation under grant DMS-

1105483.
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Soon after, it was realized that these definitions, as good as they are, fail an
important criterion for the definition of quasi-local mass. Namely, for a surface in
the Minkowski spacetime, as there is no matter field and no gravitation, the mass
should be zero. A simple calculation shows that a surface in the light cone of the
Minkowski spacetime has strictly positive Brow-York and Liu-Yau mass, unless it is
a round sphere.

It is now clear that isometric embeddings into the Minkowski spacetime need to
be taken into account in order to obtain a mass expression that satisfies the last
criterion. By a simple degree of freedom counting, this yields a underdetermined
problem, and an additional equation is needed to expect any type of uniqueness.
On the other hand, the surface Hamiltonian expression relies on a definite choice of
gauge choice, without which the definition remains ambiguous.

In 2009, the author and Yau come up with a variational approach to tackle this
problem. Pogorelov-Nirenberg’s isometric embedding theorem allowed us to iden-
tify the extra degree of freedom as the time-function. Returning to the derivation
of Brown-York, we discovered that there is indeed a canonical choice of gauge with
respect to each time function, to which a quasilocal energy (instead of mass) can
be assigned. The choice of this gauge is justified by the positivity of the quasi-local
energy, whose proof comprises ideas from Schoen-Yau, Shi-Tam, Bartnik, Witten,
and Liu-Yau. We later realized the choice is closely related to a gravitational con-
servation law, which plays an important role in the study of the dynamics of the
Einstein equation.

With this positivity, we minimize the energy with respect to different time func-
tions and define the quasi-local mass as the energy at critical points. This is very
much like the rest mass of special relativity which realizes the minimal energy seen
among all observers. The Euler-Lagrange equation is a fourth order nonlinear equa-
tion of the time-function. Together with the isometric embedding equation, this
gives a well-determined system of four equations for four unknowns. We do not yet
have a general existence or uniqueness theorem for this system. However, when the
quasi-local mass density is positive, the system is elliptic and the linearized equation
can be solved. This is sufficient in studying many unsettled problems for isolated
gravitating systems, on which most current study of general relativity focus. We
expect more applications to come when this optimal isometric embedding is better
understood.

More recently, we come up with the definition of quasi-local mass with reference
to a static spacetime. The definition generalizes the quasilocal mass definition with
Minkowski spacetime reference previously defined by Wang-Yau in 2009. I shall
discuss properties and applications of these new definitions as well. This talk is
based on joint work with Po-Ning Chen, Ye-Kai Wang, and Shing-Tung Yau.

Department of Mathematics, Columbia University, 2990 Broadway, New York, NY

10027



－63－

Global Instability of the Multi-dimensional
Plane Shocks for the Isothermal Euler

Equations 1

Yi Zhou

School of Mathematical Sciences, Fudan University, Shanghai 200433, China.

e-mail: yizhou@fudan.edu.cn

This talk is concerned with the long time behavior of the generalized
Riemann problem of isothermal compressible Euler system in two dimensions⎧⎪⎨⎪⎩

ρt + (ρu)x + (ρv)y = 0,

(ρu)t + (ρu2)x + (ρuv)y + ρx = 0,

(ρv)t + (ρuv)x + (ρv2)y + ρy = 0,

(0.1)

where ρ and (u, v) are the density and the velocity respectively, with the
initial data

t = 0 :

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ρ =

{
ρr + ερ0(x, y), x > εΠ(y),

ρl + ερ0(x, y), x < εΠ(y),

u =

{
ur + εu0(x, y), x > εΠ(y),

ul + εu0(x, y), x < εΠ(y),

v = εv0(x, y),

(0.2)

where ρr, ρl, ur, ul are constants, functions Π(y) ∈ C∞
0 (R), ρ0, u0, v0 ∈ C∞

0 (R2)
are compact supported and satisfy

supp Π(y) ⊂ {y||y| ≤ 1}

and
supp ρ0, u0, v0 ⊂ B1 = {x : |x| ≤ 1}.

1 This talk is presented in The 11th Mathematical Society of Japan (MSJ) Seasonal
Institute (SI)- The Role of Metrics in the Theory of Partial Differential Equations, Hokkai-
do University, Sapporo, Japan, July 2-13, 2018. This is a joint work with Ning-An Lai
(Lishui Univ.) and Wei Xiang(City Univ. of Hong Kong).
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By using test function method, blow-up result will be established for the
fan-shaped wave structure solution, including two shocks and one contac-
t discontinuity. What is more, we get the sharp upper bound of lifespan
estimate

(
T (ε) ≤ Cε−2

)
, which coincides with that of the smooth solutions

of the Cauchy problem of nonlinear wave equations in two space dimensions.
This result is a complementary to the local existence of piecewise smooth
solution of equations (0.1) with initial data (0.2), which was established by
Chen and Li [1].

Denoting the coordinates as (x, y1, y2), we consider the compressible isother-
mal Euler system which is radial symmetrical to the variables (y1, y2). Let

v1(t, x, y) =
y1
r
v(t, x, r), v2(t, x, y) =

y2
r
v(t, x, r),

then the system can be written as⎧⎪⎨⎪⎩
(rρ)t + (rρu)x + ∂r(rρv) = 0,

(ρu)t +
(
ρu2

)
x
+ ∂r(ρuv) + ρx = 0,

(rρv)t + (rρuv)x + ∂r
(
rρv2

)
+ rρr = 0,

(0.3)

where r =
√
y21 + y22. Assuming that we have local existence, then we can

establish the similar blow-up result and lifespan is still the same as that
of nonlinear wave equations in three space dimensions. We point out that
Godin [2] proved global stability in N(N ≥ 5) space dimensions.

References
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�u+ |u|p−1u = 0, t ≥ 0, |x| > 1

R
n n = 3

p
t−1 t → +∞

�u+ V (t, x)u = 0.

O(n)

July2 B2



－66－

p > O(n)



－67－

HAMILTONIAN STABILITY FOR WEIGHTED MEASURE AND

GENERALIZED LAGRANGIAN MEAN CURVATURE FLOW

TORU KAJIGAYA

This talk is based on a joint work with Keita Kunikawa (Tohoku University).
The mean curvature flow (MCF) is the gradient flow of the volume functional

for a submanifold in a Riemannian manifold (M, g), and actively studied in the
area of geometric analysis. When M admits a Kähler-Einstein structure (ω, J)
with the compatible Kähler metric g and the initial submanifold L is a Lagrangian
submanifold, which is a submanifold of half dimension ofM and ω|L ≡ 0, it is known
due to Smoczyk that the MCF of initial L preserves the Lagrangian condition, and
we call the flow Lagrangian mean curvature flow (LMCF) for this particular case.
The LMCF is deeply studied especially when M is a Calabi-Yau manifold (Ricci
flat case), and there is a conjecture about the convergence of LMCF (see [2] for
more precisely). On the other hand, as pointed out in [2], it is a natural question to
ask whether we can establish a suitable analogue in a non-Ricci flat Kähler-Einstein
manifold or more general Kähler manifold. This is a motivation of our work.

In this talk, we mainly concern a compact Kähler manifold of positive Ricci
curvature. Namely, we assume that M is a Fano manifold (M,J) equipped with
a Kähler form ω ∈ 2πc1(M). For a Fano manifold M , it is well known that there
exists an obstruction for the existence of Kähler-Einstein metric on M , and hence,
it is natural to assume the Kähler form ω is not necessary Kähler-Einstein, but in
2πc1(M). More generally, we consider a Kählermanifold (M2n, ω, J) equipped with
a Kähler form ω satisfying ρ = Cω+nddcf for some positive constant C > 0 and a
function f ∈ C∞(M), where ρ is the Ricci form of M . We remark that an LMCF
under this kind of assumption for ω has already been considered in other contexts
or more general framework (e.g. [1] and [6]). We also remark that a symplectic
manifold satisfying the assumption for ω is called monotone and extensively studied
in symplectic geometry.

Let L be a compact Lagrangian submanifold in (M,ω, J, g) with ρ = Cω +
nddcf . In this setting, it makes sense to consider a modified MCF for L in M ,
namely, the gradient flow of the weighted volume functional Volf (L) :=

∫
L
enfdvg

for the potential function f . More precisely, we consider a family of immersions
F : L× [0, T ) → M satisfying

∂F

∂t
= K := H − n(∇f)⊥,(1)

where H is the mean curvature vector of the immersion F . The modified vector
K and the flow satisfying (1) are so called generalized mean curvature vector and
generalized Lagrangian mean curvature flow (GLMCF) (cf. [1], [6]), respectively.
Also, we call a stationary solution of (1), that is, a critical point of Volf f -minimal
Lagrangian.

This kind of modification is useful in order to generalize several results in Kähler-
Einsteinmanifolds or to deal with a symplectic geometric property of L in (M,ω) by
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using a metric. For instance, it was first proved by Behrndt [1] that the modified
flow (1) preserves the Lagrangian condition, although the usual MCF does not
preserve in general. Moreover, we show that the flow preserves the exactness of
a Lagrangian submanifold, namely, if the generalized mean curvature form αK :=
(iKω)|L of the initial L is exact 1-form, then the exactness of αK preserves under the
flow. In other words, this means that the flow generates a Hamiltonian deformation
of L in (M,ω) whenever L is exact. We also show that the exact Lagrangian is
actually equivalent to the notion of monotone Lagrangian in symplectic geometry.
In particular, it turns out that any f -minimal Lagrangian is monotone.

Since the flow is a gradient flow of Volf and contained in a Hamiltonian isotopy
class whenever the initial L is exact, we naively expect that the flow converges to
an f -minimal Lagrangian which minimizes (at least locally) the weighted volume
in its Hamiltonian isotopy class. Here, we give a precise definition of the local
minimizer. This is a generalization of the notion introduced by Oh [5] in a Kähler-
Einstein manifold: An f -minimal Lagrangian L is called Hamiltonian f -stable if
d2/ds2|s=0Volf (Ls) ≥ 0 for any Hamiltonian deformation Ls of L = L0. We prove
that a Hamiltonian f -stable Lagrangian naturally appears in a toric Fano manifold.
For example, we consider a torus orbit in the weighted projective space CPn

a for
a = (1, a2, . . . , an) ∈ Z

n equipped with a Kähler structure and a potential function
fa obtained by a Kähler reduction of Cn+1. We naturally find an explicit example of
fa-minimal Lagrangian torus orbit in CPn

a and prove that the torus is Hamiltonian
fa-stable in CPn

a . This generalizes the result by Oh [5] for the case of Clifford torus
in CPn.

By the above observations, it is natural to ask whether the GLMCF of initial
exact Lagrangian converges to a Hamiltonian f -stable f -minimal Lagrangian. In
this talk, we confirm this question under some initial conditions. Namely, we gen-
eralize the result of Haozhao Li [4] in Kähler-Einstein manifolds, and prove that
if the initial Lagrangian in a Kähler manifold with ρ = Cω + nddcf for C > 0 is
exact and a small Hamiltonian deformation of an f -minimal Hamiltonian f -stable
Lagrangian, then the GLMCF of initial L converges exponentially fast to an f -
minimal Lagrangian submanifold.
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Black holes are basic objects in the gravitation theory and their various aspects have been studied
intensively. Particularly perturbative dynamics of fields in black hole spacetime is attracting much
interest since it governs astrophysical phenomena around black holes and also it shows intriguing
mathematical properties. In this context, the separability of the perturbation equations plays a key
role. The perturbation equations are given by complicated partial differential equations in general, and
to analyze them one typically has to resort to elaborate numerical techniques. When the perturbation
equations admit separation of variables, however, the equations can be reduced to a set of ordinary
differential equations that may be solved analytically.

In this work we focus on spacetime with a rotating black hole, in which the perturbation equations
become complicated due to the rotation of the spacetime. About the perturbations in this spacetime
Teukolsky made a significant progress in his seminal work, which showed that the equations of motion
for the gravitational and Maxwell field can be separated if they are expressed in the so-called Newman-
Penrose formalism [1]. However, even in this formalism one of the dynamical variables of the Maxwell
field could not be separated. Adding to that, this formalism works only in the four dimensions, and
generalization to higher dimensions remained unaccomplished for a long time.

Recently a breakthrough about this problem was made by Lunin [2] by introducing bland-new
variables to express the vector potential, which is the dynamical variables of the Maxwell field. In
terms of these new variables, the perturbation equations can be separated for all the propagating
modes, and also this formalism can be generalized to the higher-dimensional case straightforwardly.
One problem of his approach is that the new variables are introduced in a relatively heuristic manner
and it was unclear why this new definition works well.

In Lunin’s work, symmetries of the rotating black hole spacetime played an important role. It
is known that the rotating black hole spacetime has hidden symmetries signified by the existence of
nontrivial symmetric tensor satisfying∇(aKbc) = 0. This tensor is called the Killing tensor, and it yields

a constant of motion Kabpapb, where p
a is the momentum vector, that is preserved on a geodesic. This

property persists even in the higher-dimensional version of the rotating black hole spacetime. In Lunin’s
work, this tensor was used to introduce special coordinates that helped separating the variables of the
perturbation equations.

Frolov et al. made a step forward about clarifying the significance of the hidden symmetry of the
spacetime in this problem [3]. They focused on the off-shell Kerr-NUT-AdS metric in 2n dimensions

gabdx
adxb =

n∑
μ=1

Uμ

Xμ
dx2μ +

n∑
μ=1

Xμ

Uμ

(
n−1∑
k=0

A(k)
μ dψk

)2

, (1)

where Uμ, Xμ and A
(k)
μ are certain functions of xμ. This metric is the most general one admitting the
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principal tensor hab which is an anti-symmetric generalization of the Killing tensor defined by

∇chab = gcaξb − gcbξa, ξa =
1

2n− 1
∇bhba, (2)

where ∇a is the covariant derivative (Levi-Civita connection) of gab. Then they showed that, by
expressing the vector potential expressed with a scalar Z as

Aa = Bab∇bZ, Bac (gcb − βhcb) = δab , (3)

where β is a constant, the Maxwell equation in the Lorentz gauge ∇aA
a = ∇a

(
Bab∇bZ

)
= 0 can be

reduced to a single scalar equation given by

Bab∇b

(
�Z + 2βξcB

cd∇dZ
)
= 0, (4)

where � ≡ ∇a∇a is the d’Alembertian operator. They also showed that these equations can be
expressed using derivative operators whose commutators vanish, which makes it possible to solve the
equations by separation of variables. This result suggests that the separability of the perturbation
equation and the hidden symmetry of the spacetime are related with each other, although their precise
correspondence still remains unclear.

In our work, we shed new light on this problem based on studies about the hidden symmetry of
the spacetime and the separability. One technique useful here is the Eisenhart-Duval lift [4, 5], which
supplements the original spacetime with additional dimensions as

ds2 = ĝABdx̂
Adx̂B = gabdx

adxb + 2Aadx
adu+ 2dudv − 2V du2, (5)

where gab is the original spacetimemetric and du, dv correspond to the additional spacetime dimensions.
By suitably choosing the metric functions Aa, V , the derivative operator � + 2βξcB

cd∇d in Eq. (4)
can be expressed simply as the d’Alembertian �̂ = ∇̂A∇̂A in terms of the covariant derivative ∇̂A

associated with ĝAB. Hence, with this technique the perturbation equation (4) can be reduced to a
massless scalar equation by absorbing the additional term 2βξcB

cd∇d into the structure of the higher-
dimensional spacetime.

It turns out that Eq. (5) falls into the standard form of themetric whose geodesics is completely inte-
grable [6], hence it is associated with the Killing tensors K̂AB corresponding to the constants of motion
on those geodesics. Using these Killing tensors we can construct derivative operators ∇̂AK̂

AB∇̂B, and
it can be shown that these operators commute with the d’Alembertian �̂. It implies that ∇̂AK̂

AB∇̂B

act as symmetry operators that map solutions of Eq. (4) to other ones, which can be employed to
achieve the separation of variables. We also have some clues that these derivative operators are related
to the commuting derivative operators found in [3]. Focusing on this point we try to clarify the true
origin of the separability, hoping that this study would be useful when we try to extend this technique
to more general cases such as the gravitational perturbations.
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HARMONIC MAPS WITH PRESCRIBED SINGULARITIES AND APPLICATIONS IN

GENERAL RELATIVITY

GILBERT WEINSTEIN

1. Introduction to harmonic maps

Let (M, g) and (N, h) be Riemannian manifolds and let ϕ : M → N be a smooth map. Then dϕ : M →
TM ⊗ ϕ−1TN is a cross-section of the tangent bundle of M tensor-product with the pull back bundle of TN
under ϕ. In local coordinates we have:

dϕ =
∂ϕμ

∂xi
dxi ⊗ ∂

∂yμ
.

There is a canonical positive definite inner product on this bundle with the norm expressed in local coordinates:

|dϕ|2 =
∂ϕμ

∂xi

∂ϕν

∂xj
gij hμν .

From this we can form an energy:

EΩ(ϕ) =

∫
Ω

|dϕ|2 dVg

Definition 1. A map ϕ : M → N is harmonic if for each Ω ⊂⊂ M it is a critical point of EΩ. The map ϕ is
an local energy minimizer if for every Ω ⊂⊂ M , EΩ(ϕ) ≤ EΩ(ψ) for all ψ which agrees with ϕ on the boundary
of Ω. It is an energy minimizer if the same is true with Ω = M .

Clearly every local energy minimizer is a harmonic map. The Euler-Lagrange equations read

τμ(ϕ) = Δgϕ
μ + Γμ

αβ(ϕ) g(∇ϕα,∇ϕβ) = 0,

where Γμ
αβ(ϕ) are the Christoffel symbols of N evaluated along ϕ, and Δg = tr∇2 is the Laplace-Beltrami

operator on M . This forms a system of semi-linear elliptic PDEs on M with the nonlinearity being quadratic
in the first derivatives of ϕ. For an arbitrary map ϕ, the left-hand side τ is a cross section of ϕ−1TN called the
tension of ϕ.

Familiar examples of harmonic maps are the two cases: (i) dimN = 1, then Γ = 0 and the harmonic map
problem reduces to the linear Laplace equation; (ii) dimM = 1, then the harmonic map problem becomes the
ODE problem for geodesics. The first significant nonlinear PDE result concerning harmonic maps was obtained
by Eells-Sampson [5]: If the Riemann curvature of N satisfies κN ≤ 0, and ϕ0 : M → N is any smooth map,
then there is a harmonic map ϕ homotopic to ϕ0. Without the assumption on κN , harmonic maps and even
energy minizers can develop singularities, and the best one can do is control the size of the singular set [12].

2. Harmonic maps with prescribed singularities

We first consider the linear case. Let (M, g) be a Riemannian manifold and let Σ ⊂ M be a submanifold of
co-dimension ≥ 2. Let ρ : Σ → R

+ be a positive continuous function, and let G(x, y) be the Green function for
Δg on M , then

u(x) =

∫
Σ

ρ(y)G(x, y) dvΣ(y).

is a harmonic function on M \Σ which blows up on Σ, Δgu = ρδΣ. Now if γ is a geodesic in N , then γ ◦ u is a
harmonic map into N which blows up on Σ. In this talk, we will outline a proof of a nonlinear analog of this
construction, and discuss applications to general relativity. Before we state the result, we need two definitions:

Definition 2. A model map is a map ϕ0 : M \Σ → N such that (i) |τ(ϕ0)| is bounded; and (ii) |τ(ϕ0)| decays
”fast enough”, in the sense that there is a function v > 0 with v → 0 at infinity and |τ(ϕ0)| ≤ −Δgv.

It turns out for instance that for M = R
3 it is sufficient to require |τ(ϕ0)| = O(r−2−ε) with ε > 0.

Definition 3. Two maps ϕ1, ϕ2 : M \ Σ → N are asymptotic if distN (ϕ1, ϕ2) is (i) bounded; and (ii) falls off
to 0 at infinity.

Part (i) of this definition is inspired by the analogous definition for geodesics [4].

Theorem 1. Let ϕ0 : M \Σ → N be a model map, and let either −b2 < κN < −a2, or N be a symmetric space
of non-compact type, then there is a unique harmonic map ϕ : M \ Σ → N which is asymptotic to ϕ0.
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3. Applications to general relativity

The applications to general relativity of the above rely on the following fact. It turns out that, under the
hypothesis of stationarity and (D-3)-axisymmetry, i.e. admitting an isometric action of the group R×U(1)D−3,
the Einstein vacuum equations in D dimensions reduce to a harmonic map problem ϕ : R3 \Σ → N where Σ ⊂
z-axis, and N = SL(n,R)/SO(n), n = D− 2 is a symmetric space of non-compact type. We will briefly review
some of these applications. One of these will be discussed in more detailed in the talk of my colleague Sumio
Yamada.

(1) Uniqueness of the Kerr solution as the only family of asymptotically flat stationary axisymmetric so-
lutions of the 4-D Einstein equation with a connected apparent horizon [11]. In this case, the target
is N = SL(2,R)/SO(2) = H

2 the hyperbolic plane. In 4-D, this result can be generalized to the
Einstein-Maxwell equations, in which case the target is N = H

2
C
the complex hyperbolic plane [10].

(2) Construction of multiple black hole metrics. This work originated in the linear (non-rotating) case with
Bach-Weyl [1], and was pursued further in a series of papers with [13] the latest. Here too, it is possible
to generalize to Einstein-Maxwell.

(3) Construction of multiple extreme black holes solutions. As discovered by Dain [3], these results are
useful for obtaining inequalities such as m ≥ |J | in vacuum, or in electro-vacuum:

m2 ≥ 1

2

(
q2 +

√
q4 + 4J2

)
,

since it turns out that the renormalized energy of the corresponding harmonic mpa bounds the total
mass of any data set from below; see [2, 6].

(4) Periodic (in z) solutions of the Einstein vacuum equations. The linear (non-rotating) case is discussed
in [9]. The nonlinear case is still open.

(5) Construction of black hole solutions in 5-D vacuum gravity with all possible apparent horizon topologies:
S3, S1 × S2, and lens space L(p, q). We constructed solutions which are asymptotically flat [7],
and also solutions which are asymptotically locally Euclidean, i.e. whose spacelike infinity is modeled
on (a,∞) × L(p, q), as well as asymptotically Kaluza-Klein, i.e. with spacelike infinity modeled on
(a,∞)×S1 ×S2 [8]. As in (2), we are also able to construct multiple black hole solutions, provided the
necessary topological obstructions are avoided.

(6) Generalization of the results in the previous item to higher-D. This is work in progress.

In cases (1), (2), (5), and (6), a conical singularity can potentially form when reconstructing the Einstein
metric. This was first discussed in [1] and the authors related the angle deficiency to the attractive gravitational
force. Some results were obtained in cases (2), and (5). Interestingly, this issue does not come up in (4). We
will briefly discuss the conical singularity, as time allows.
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HARMONIC MAPS IN GENERAL RELATIVITY

SUMIO YAMADA (GAKUSHUIN UNIVERSITY)

1. The Einstein equation as an elliptic system under symmetries

In the theory of general relativity, the spacetime is a Lorentzian n-manifold (Nn, ḡ) satisfying the Einstein
equations

Rab − 1

2
R ḡab = Tab

where Rab is the Ricci curvature of the Lorentzian metric ḡ, Rḡ is the scalar curvature, and T is the energy-
momentum-stress tensor of the matter fields. In this talk we assume T is identically zero, namely the spacetime
is vacuum. The vacuum Einstein equation is then equivalent to the spacetime being Ricci-flat: Rab = 0. The
Einstein equation is the Euler-Lagrange equation for the Hilbert-Einstein functional;

H(ḡ) =

∫
N

{Rḡ + L} dμḡ

where L is the Lagrangian for non-gravitational fields, which is zero when vacuum.
The first exact solution to this seemingly very difficult system of nonlinear partial differential equations was

found by Schwarzschild, only a few weeks after A. Einstein presented his theory in 1916. H. Weyl did not lose
any time (1917) in rewriting down the Schwarzschild metric in a cylindical coordinate system, namely

ds2 = −(1− m

r
)dt2 + (1− m

r
)−1dr2 + r2dω2

S2 .

as

ds2 = −V 2dt2 + V −2{ρ2dφ2 + e2σ(dρ2 + dz2)}.
When V is written as eu, the vacuum Einstein equation Rab = 0 becomes

�R3u = 0, σz = 2ρuzuρ, σρ = ρ(u2
ρ − u2

z)

and the harmonicity of u is the integrability condition for the quadrature dσ = 1
2ρ (Re|∂u|2) dξ (ξ = ρ + iz),

enabling to solve the pair of equation for σ. In other words, the Schwarzschild solution satisfying the vacuum
Einstein equation with two Killing vector fields ∂

∂t and ∂
∂φ , is reduced to finding the harmonic function u in

ρ, z. The function u determines the ḡ-norm of ∂
∂φ . This approach has been generalized to characterize the Kerr

metric in [2, 3, 17] We formulate this as follows: With the global coordinate system

[R× U(1)]× {(ρ, z) | ρ > 0, z ∈ R}
the Einstein metric is written as

ḡ = Gij(ρ, z)dx
i ⊗ dxj + e2σ(ρ,z)(dρ2 + dz2)

where ρ =
√| detGij | and determining the part Gij of the metric restricted to the fiber of the isometry group,

in this case the time symmetry and one axial symmetry, by solving an elliptic system, which in the case of 4
dimension, corresponds to a harmonic map from R

3 \ z-axis into the hyperbolic space H
2 = SL(2,R)/SO(2).

Such a representation of the Lorentzian metric is called the Weyl-Papapetrou coordinate system. It turns out
([7,10]) that, under the hypothesis of stationarity and (D-3)-axisymmetry, i.e. admitting an isometric action of
the group R × U(1)D−3, the Einstein vacuum equations in D dimensions reduce to a harmonic map problem
ϕ : R3 \ Σ → N where Σ ⊂ z-axis, and N = SL(n,R)/SO(n), n = D − 2 is a symmetric space of non-compact
type, of higher rank.

2. Bi-axisymmetric stationary spacetimes in 5 dimension

In [8, 9], we have obtained an existence theorem of 5-dimensional spacetimes, which is stationary, bi-
axisymmetric. In addition to the natural generalization of the 4-dimensional Kerr metric [11] where the
blackhole horizon is an S3, the construction of black ring solution [12], whose black hole horizon is diffeor-
morphic to S2 × S1, was a big breakthrough in the geometry of higher dimensional spacetime. One of the
known obstructions to the topological type of the horizon is the result of Galloway-Schoen [13]: the horizon is
of positive Yamabe-type. Under the additional condition of bi-axisymmetry, it is known [14] that the horizon
is diffeomorphic to one of S3, S2 × S1 or lens spaces L(p, q). The projective space RP 3 is a lens space L(2, 1).
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Even though the no-hair theorem [15] of 4-dimensional stationary spacetime no longer holds, a uniqueness the-
orem for harmonic maps with prescribed singularities into a non-positively curved target N = SL(n,R)/SO(n)
still holds in higher dimensions. In particular, any bi-axially symmetric stationary vacuum solution is deter-
mined by a finite set of parameters. The parameter spaces of harmonic map is called the rods structures,
corresponding the the asymptotic Dirichlet condition of the harmonic map, which determines the part Gij of
the Einstein metric restricted to the fiber of the 3-dimensional symmetry group R× U(1)2 as described above.
The rod structure, together with the angular momenta around the two axes, constitutes the rod data set D
[6]. The rod structure encodes blow-up behaviors near the symmetry axes in the spacetime, and the resulting
harmonic map can be regarded as a non-linear Green’s function [19,20]. Using the Weyl-Papapetrou coordinate
system, we model the blow-up set Γ = ∪Γl as a subset of the z-axis of the ρz-(right) half plane. In order
to determine the physical relevance of a solution, define on each bounded axis rod Γl a function bl to be the
logarithm of the limiting ratio between the length of the closed orbit of the Killing field degenerating on Γl,
and 2π times the radius from Γl to this orbit. It turns out that bl is constant on Γl. The absence of a conical
singularity on Γl is the balancing condition bl = 0 [18].

We can now state the main theorem.

Theorem 1. Given an admissible rod data set D, there is a unique harmonic map ϕ : R3 \Γ → SL(3,R)/SO(3)
with prescribed singularities on Γ corresponding to D. A well-behaved 5-dimensional asymptotically flat, sta-
tionary, bi-axially symmetric solution of the vacuum Einstein equations without degenerate horizons can be
constructed from ϕ if and only if the resulting metric coefficients are sufficiently smooth across Γ and bl = 0 on
any bounded axis rod.

The technical point one needs to overcome in proving the theorem is how to handle the geometry of higher
rank symmetric space of non-compact type, where because of flats (in our case isometrically embedded R

2 in
SL(3,R)/SO(3)) there is less convexity available, which hinders the standard argument in proving the existence
of harmonic maps.

This result enables us to construct black hole solutions in 5-dimensional vacuum gravity with all possible
apparent horizon topologies: S3, S1×S2, and lens space L(p, q) as well as their combinations. We constructed
solutions which are asymptotically flat [8], and also solutions which are asymptotically locally Euclidean, i.e.
whose spacelike infinity is modeled on (a,∞)×L(p, q), as well as asymptotically Kaluza-Klein, i.e. with spacelike
infinity modeled on (a,∞)× S1 × S2 [9].
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Random data Cauchy problem for the energy critical

nonlinear Schrödinger equations

Mamoru Okamoto∗

1 Introduction

We consider the following Cauchy problem for the nonlinear Schrödinger equation:{
i∂tu+Δu = |u| 4

d−2u,

u|t=0 = φ,
(t, x) ∈ R× R

d, (1)

where u = u(t, x) : R × R
d → C is an unknown function and d = 5, 6. The equation (1) is

invariant under the scaling transformation

u(t, x) �−→ uμ(t, x) = μ
d−2
2 u(μ2t, μx) (μ > 0),

and hence our problem is energy critical. In addition, the Cauchy problem is well-posed in the
energy space H1(Rd) ([2], [6]).

In this talk, we consider the Cauchy problem in Hs(Rd) with randomized initial data for
s < 1. The randomization is defined as follows:

Definition 1 ([1]). Let ψ ∈ S(Rd) be a cut-off function satisfying

suppψ ⊂ [−1, 1]d,
∑
n∈Zd

ψ(ξ − n) = 1 (ξ ∈ R
d).

Then, we define the randomization of φ by

φω :=
∑
n∈Zd

gn(ω)F−1[ψ(· − n)F [φ]], (2)

where {gn} is a sequence of independent complex valued Gaussian random variables in a prob-
ability space (Ω, P ).

Theorem 2 ([5]). Let d = 5, 6 and assume 1 − 1
d < s < 1. Given φ ∈ Hs(Rd), let φω be its

randomization defined in (2). Then, for almost all ω ∈ Ω, there exists Tω > 0 and a solution
u = uω ∈ C([−Tω, Tω];H

s(Rd)) to (1) with u(0) = φω.

Bényi et al. [1] studied the case d = 4. Note that when d = 5, 6, the nonlinearity is no
longer algebraic.

We also prove almost sure global existence.

∗Division of Mathematics and Physics, Faculty of Engineering, Shinshu University
e-mail: m okamoto@shinshu-u.ac.jp
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Theorem 3 ([5]). Let d = 5, 6 and assume

63

68
< s < 1 (d = 5),

20

23
< s < 1 (d = 6).

Given φ ∈ Hs(Rd), let be φω its randomization define in (2). Then, for almost all ω ∈ Ω, there
exists a global-in-time solution u = uω ∈ C(R;Hs(Rd)) to (1) with u(0) = φω.

Kellip et al. [4] proved almost sure global existence for d = 4 under the radial assumption.
Dodson et al. [3] improved their result.

2 Outline of proof

Set S(t) := eitΔ. The randomization improves integrability in the following sense:

Lemma 4 ([1]). Given finite q, r ≥ 2, there exist constants C, c > 0 such that

P
(
‖S(t)φω‖Lq

tL
r
x((−T,T )×Rd) > λ

)
≤ C exp

(
− c

λ2

T
2
q ‖φ‖2

L2

)
for all T > 0 and λ > 0.

Let z(t) = zω(t) := S(t)φω denote the linear solution with φω as initial data. If u is a
solution to (1), then the residual term v := u− z satisfies the following:{

i∂tv +Δv = N (v + zω),

u|t=0 = 0,

where N (u) := |u| 4
d−2u. By using the contraction mapping theorem, we prove existence of a

solution v ∈ C([−T, T ];H1(Rd)) to this perturbed equation, which shows Theorem 2.
For the proof of Theorem 3, the main task is to control the growth of the H1(R)-norm for

the residual part, namely
sup

t∈[−T,T ]
‖v(t)‖H1 ≤ C(T ).
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GLOBAL BEHAVIOR OF SOLUTIONS TO THE ENERGY

CRITICAL NONLINEAR DAMPED WAVE EQUATION

TAKAHISA INUI

1. Introduction

In this talk, we consider the global behavior of the solutions to the energy critical
nonlinear damped wave equation:{

∂2
t u−Δu+ ∂tu = |u| 4

d−2u, (t, x) ∈ [0, T )× R
d,

(u(0), ∂tu(0)) = (u0, u1), x ∈ R
d,

(NLDW)

where d ≥ 3, (u0, u1) is a C
2-valued given function, and u is an C-valued unknown

function.
Before discussing (NLDW), we shall investigate the linear equation:{

∂2
t φ−Δφ+ ∂tφ = 0, (t, x) ∈ (0,∞)× R

d,
(φ(0), ∂tφ(0)) = (φ0, φ1), x ∈ R

d,
(1.1)

where d ∈ N. Matsumura [2] applied the Fourier transform to (1.1) and obtained
the formula

φ(t, x) = D(t)(φ0 + φ1) + ∂tD(t)φ0,

where D(t) is defined by

D(t) := e−
t
2F−1L(t, ξ)F

with

L(t, ξ) :=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

sinh(t
√

1/4− |ξ|2)√
1/4− |ξ|2 if |ξ| < 1/2,

sin(t
√|ξ|2 − 1/4)√|ξ|2 − 1/4

if |ξ| > 1/2.

By this formula, Matsumura [2] proved the Lp-Lq type estimate:

‖φ(t)‖Lp � 〈t〉− d
2 (

1
q− 1

p )‖(φ0, φ1)‖Lq×Lq + e−
t
4

(
‖φ0‖

H[
d
2 ]+1

+ ‖φ1‖
H[

d
2 ]

)
,

where 1 ≤ q ≤ 2 ≤ p ≤ ∞ and [d/2] denotes the integer part of d/2. This Lp-Lq

type estimate means that the solution of (1.1) behaves like the solution of the heat
equation and the wave equation in some sense. More precisely, the low frequency
part of the solution to the damped wave equation behaves like the solution of the
heat equation and the high frequency part behaves like the solution of the wave
equation but decays exponentially. Such Lp-Lq type estimates have been studied
well (see for instance [1]). However, to investigate the energy critical nonlinear
problem (NLDW), it is not enough to have Lp-Lq type estimates. We should
obtain the space-time estimates of the solutions to (1.1).
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2 TAKAHISA INUI

2. Abstract of this talk

Recently, Watanbe obtained the space-time estimates, what we call the Strichartz
estimates, of the solutions to the linear equation (1.1) when d = 2, 3 in [4]. In
this talk, I introduce the Strichartz estimates in the higher dimensional case.
The Strichartz estimates are also combinations of heat and wave. Applying the
Strichartz estimates and the contraction mapping principle, we show the local ex-
istence of the solutions to (NLDW) in the energy space when 3 ≤ d ≤ 5. Moreover,
we prove that the global solution with a finite space-time norm decays to zero and
we show existence of the finite time blow-up solutions. The decaying result, which
of course comes from the damping, is obtained in the similar way to that of the cor-
responding nonlinear heat equation and the blow-up result is obtained by applying
the method of [3].
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Asymptotics of generalized eigenfunctions on
manifold with Euclidean and/or hyperbolic ends

Kenichi ITO (University of Tokyo)

This talk is based on joint works [1], [2] with Erik Skibsted, Aarhus University.
Let (M, g) be a connected and complete Riemannian manifold, and we study the
Schrödinger operator on H = L2(M):

H = H0 + V ; H0 = −1
2
Δ,

where Δ is the Laplace–Beltrami operator.
We call an open subset E ⊂ M an end, if there is a diffeomorphism Ē ∼=

[2,∞) × S for some connected and closed manifold S. The metric g is said to be
of warped-product type on E, if

g(r, θ) = dr ⊗ dr + f(r)hαβ(θ) dθα ⊗ dθβ; (r, θ) ∈ (2,∞) × S

for some Riemannian metric h on S.

Assumption A. (M, g) has N number of ends En, n = 1, . . . , N , such that

1. For each n ∈ {1, . . . , N} the metric g is of warped-product type on En, and
the associated scalar fn is one of the following form:

(a) fn(r) = rδ with δ > 1;

(b) fn(r) = exp(κrδ) with κ > 0, 0 < δ < 1;

(c) fn(r) = exp(κr) with κ > 0.

2. M \ (E1 ∪ · · · ∪ EN) is compact.

We extend r ∈ C∞(E1 ∪ · · · ∪ EN) onto M such that r ∈ C∞(M) and r ≥ 1
on M . Then we define the effective potential q as

q = V + 1
8
(Δr)2.

Assumption B. There exists a splitting q = q1 + q2 such that for some ε > 1/2

|∇q1| + |∇2q1| ≤ Cr−1−ε, |q2| ≤ Cr−1−ε.
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Define the critical energy as λH = lim supr→∞ q. We denote the dyadic annuli
by Ων =

{
x ∈ M ; 2ν ≤ r(x) < 2ν+1

}
for ν ≥ 0, and define the associated

Agmon–Hörmander spaces as

B∗ =
{

ψ ∈ L2
loc(M); ‖ψ‖B∗ = sup

ν≥0
2−ν/2‖χΩνψ‖H < ∞

}
,

B∗
0 =

{
ψ ∈ B∗; lim

ν→∞
2−ν/2‖χΩνψ‖H = 0

}
.

Let

G = L2(S1) ⊕ · · · ⊕ L2(SN), Ēn
∼= [2,∞) × Sn for n = 1, . . . , N. (1)

For any λ > λH and ξ ∈ G we introduce φ±[ξ] ∈ B∗ by

φ±[ξ](r, θ) =
η(r)

4
√

2[λ − q1(r, θ)]f(r)d−1
exp

(
±i

∫ r

r0

√
2[λ − q1(s, θ)] ds

)
ξ(θ).

Here η is a smooth cut-off function such that η = 1 for large r.

Theorem. Let λ > λH , and set Eλ =
{
φ ∈ B∗; (H − λ)φ = 0

}
.

1. One has Eλ ∩ B∗
0 = ∅.

2. For any φ ∈ Eλ there exist unique ξ± ∈ G such that

φ − φ+[ξ+] + φ−[ξ−] ∈ B∗
0. (2)

3. Conversely, for any ξ± ∈ G there exist unique φ ∈ Eλ and ξ∓ ∈ G, respec-
tively, such that (2) holds.

The stationary scattering matrix S(λ) : G → G is defined as ξ+ = S(λ)ξ−.
According to (2), we can write S(λ) = (S(λ)ij)i,j. By the last theorem for any
ξ− ∈ G there exists φ ∈ Eλ such that

φ − φ+[S(λ)ξ−] + φ−[ξ−] ∈ B∗
0.

Let, e.g., ξ− = (ξ−,1, 0, . . . , 0). Then (S(λ)ξ−)2, . . . , (S(λ)ξ−)N are all non-zero due
to Eλ ∩ B∗

0 = ∅. This in general implies that S(λ)ij are injective for all i �= j.
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TIME QUASI-PERIODIC SOLUTIONS TO THE

NONLINEAR KLEIN-GORDON EQUATIONS

W.-M. Wang

Abstract. We present time quasi-periodic solutions to the nonlinear Klein-Gordon

equations on the torus in arbitrary dimensions. These solutions are, by construction,
global in time. The additional difficulty, compared to nonlinear Schrödinger equations,

is the dense spectrum of the wave operator. We show how number theory can help with
this issue.

We consider real solutions to the nonlinear Klein-Gordon equation (NLKG) on the
d-torus Td = [0, 2π)d:

∂2u

∂t2
−Δu+ u+ up+1 = 0, (1.1)

where p ∈ N and p ≥ 1 is arbitrary; considered as a function on R
d, u is periodic:

u(·, x) = u(·, x+ 2jπ), x ∈ [0, 2π)d for all j ∈ Z
d.

We start from the linear, second order in time, equation:

∂2u

∂t2
−Δu+ u = 0, (1.2)

and define the wave operator D :=
√−Δ+ 1. Using Fourier series, the spectrum of

D, σ(D) = {
√
|j|2 + 1| j ∈ Z

d}, is dense, in the sense that the spacing of non-equal
eigenvalues tends to 0, as |j| → ∞, and degenerate for d ≥ 2, which is an essential
difficulty.

Denote |j|2 by j2, the solutions to (1.2) are linear combinations of cosine and sine
functions of the form:

cos(−(
√

j2 + 1)t+ j · x)
and

sin(−(
√

j2 + 1)t+ j · x),
where · is the usual scalar product. These solutions are, generally speaking, quasi-
periodic in time (“periodic” with several frequencies).

After the addition of the nonlinear terms, it is natural to seek solutions u to (1.1),
which are close to appropriate solutions u(0) to the linear equation (1.2) and are quasi-
periodic. We have the following result:
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Theorem. There is a set of global solutions to the NLKG in (1.1), which are quasi-
periodic in time. These solutions are close to certain appropriate solutions to the linear
equation (1.2), and are Gevrey in space and time.

For more precise statements, see [W2]. The proof of the Theorem uses the method
developed in [W1], with the additional input from number theory, namely spacing of
non-equal square-roots, cf. [S]. It seems to be the only known result on quasi-periodic
solutions to (1.1) in arbitrary dimensions. By contrast, the non-equal eigenvalue spac-
ing for the Laplacian in NLS is bounded below by 1, and quasi-periodic solutions are
known from the works in [B1, 2, EK, PP, W1].

Finally, we note that the search for special solutions to the NLKG in (1.1) has a
long history, dating back from the 1978 paper of Rabinowitz on existence of periodic
solutions to (1.1) in one dimension under Dirichlet boundary conditions, cf. [R]. Lastly,
we note that when p ≥ 4

d−2 (d ≥ 3), global solutions to (1.1) do not seem to be known
in general.
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Stability and error analysis for a diffuse interface approach to an
advection-diffusion equation on a moving surface

Vanessa Styles (University of Sussex)

joint work with Klaus Deckelnick (University of Magdeburg)

In this talk we consider a finite element approach for solving the parabolic surface PDE
equation

∂•
t u+ u∇Γ · v −ΔΓu = f on ST (1)

u(·, 0) = u0 on Γ(0), (2)

which models advection and diffusion of a surface quantity u with u(·, t) : Γ(t)→ R. Here,
{Γ(t)}t∈[0,T ] is a family of closed hypersurfaces in R

n+1(n = 1, 2) evolving in time, ST =⋃
t∈(0,T )

(
Γ(t)×{t}) and v : ST → R

n+1 denotes a given velocity field. Furthermore, ∇Γ is
the tangential gradient, ΔΓ = ∇Γ · ∇Γ the Laplace Beltrami operator and ∂•

t = ∂t + v · ∇
denotes the material derivative.
Parabolic surface PDEs of the form (1) have applications in fluid dynamics and materials
science, such as the transport and diffusion of surfactants on a fluid/fluid interface, [6] or
diffusion-induced grain boundary motion, [1].
We are concerned with the diffuse interface approach for solving (1), which was introduced
in [4] for a stationary surface and in [5], [3] and [7] for evolving surfaces. The surface
quantity u is extended to a bulk quantity satisfying a suitable parabolic PDE in a neigh-
bourhood of Γ(t) and the bulk equation is then localised to a thin layer of thickness ε
with the help of a phase field function (see [2] for a corresponding convergence analysis).
Since we are interested in using finite elements, the localised PDE needs to be written
in a suitable variational form. Following [3] this is achieved with the help of a transport
identity and results in a discretisation by linear finite elements in space and a backward
Euler scheme in time. We give a detailed derivation along with an existence result for the
discrete solution and then we derive conditions relating the interface width ε, the spatial
grid size h and the time step τ which allow for a rigorous stability and error analysis. More
precisely, we shall prove that the numerical solution is bounded uniformly in L∞(L2) and
L2(H1) over the diffuse interface and that it converges with respect to these norms both
over the diffuse interface and on the sharp interface with an order O(ε) provided that

h ≤ c1ε, τ ≤ c2ε
2,

An advantage of our approach is that in the implementation the evolution of the hyper-
surfaces is easily incorporated by evaluating the phase field function. We shall employ a
function with compact support, namely ρ(x, t) := g(φ(x,t)ε ), where Γ(t) is the zero level set
of φ(·, t) and

g(r) =

{
cos2(r), |r| ≤ π

2 ,

0, |r| > π
2 .

In view of the evolution of the hypersurfaces the numerical scheme then naturally contains
terms in which ρ is evaluated at different times. One of the main challenges in the analysis
is to handle the corresponding differences, for which one has to bound integrals that are
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multiplied by a negative power of ε (arising from derivatives of ρ) as well as integrals that
are not weighted with ρ. We shall deal with these difficulties by introducing an additional
stabilisation term with extended support that is also used for proving the well–posedness
of the scheme.

We conclude with some numerical tests for n = 1 and n = 2.
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Volumetric extensions of variational problems defined on surfaces

Richard Tsai

This work targets applications that use implicit or non-parametric representations
of closed surfaces require numerical solutions of variational problems defined on these
objects. Let Ω be a bounded open set with C2 boundary Γ in R3. Let XΓ be a suitable
Hilbert space defined on Γ. We consider energy functionals of the form

IΓ[u] =

∫
Γ

L(x, u(x),∇Γu(x)) dS(x),

where u ∈ XΓ, ∇Γu is the surface gradient and S(x) is the surface area element. For
sufficiently small ε > 0, we define the ε-narrowband of Γ as

Tε = {z ∈ R3|min
x∈Γ

|z − x| < ε}.

The proposed approach relies on properly extending IΓ to ITε , which is a functional of
functions defined on Tε. The extension is defined such that the minimizers of IΓ and ITε

should be equivalent in some sense. The point is that ITε is generally easier to discretize
on a variety of grid structures.

In [1], we showed that ITε [v] = IΓ[u], as long as v is the constant-along-surface-normal
extension of u (we say that v is equivalent to u). Furthermore, for strictly convex and
smooth IΓ, the minimizer of the extended energy function ITε is equivalent to that of
IΓ. This formulation allows development of simple finite difference and finite element
methods without explicit parameterizations of Γ nor body fitted meshes.

In this talk, we present our on-going investigation on this approach for finding the
minimizer of IΓ via minimizing the system obtained from discretizing ITε , particularly for
the cases where IΓ is not strictly convex and possible non-differentiable.

As an example, consider the energy function
1

2

∫
Γ

|∇Γu|2−fu dS(x) on the unit sphere,

and

ITε [v] =

∫
Tε

Kε(r)

(
|∇v(z)|2 − 1

r2
v(z)f

)
dz,

where r = |z|, f is the constant-along-surface-normal extension of f , and Kε is an averag-
ing kernel supported in [−ε, ε]. For any v, the integral ITε [v] is approximated numerically
by the composite Trapezoidal rule with the gradient of v approximated by centered finite
differencing. To close the system, the ”ghost nodes” in the system, i.e. those grid nodes in
the finite difference stencil that lie outside of the ε-narrowband, are ”pulled back” inside
Tε along the surface normals, and the associated ghost values defined by interpolation
using nearby grid values. The discretized energy function takes the form

Ih[V ] =
1

2
V TAV − F TV,

and the minimizer is simply V ∗ = A−1F . It is noted that the matrix A is symmetric,
semi-positive definite and the null space of A is generated by the vector 1. The symmetry
of A is more stable on eigenvalue problems and CG iteration can be applied for solving
linear system.

The choice of kernelKε, involving its smoothness, moments and how it decays near the
end points of the support, has a few interesting consequences. It influences the order of
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approximation of the minimizers. Furthermore, our preliminary analysis shows that with
the help of smooth kernel functions, it is possible use lower order (linear) approximation
for the ghost values while achieving higher order accuracy in the computed minimizers.

We present an example involving the following obstacle problem:

min
ϕ1≤u≤ϕ2

1

2

∫
Γ

|∇Γu|2dS(x), (1)

where the obstacles are defined by two piecewise-constant functions φ1 and φ2. This prob-
lem is solved by a generalization of the approach introduced in [2] for the unconstrained
minimization problem

min
u

1

2

∫
Γ

|∇Γu|2 + μ1(φ1 − u)+ + μ2(u− φ2)+dS(x), (2)

where (z)+ := max(z, 0), and μ1 and μ2 are suitable parameters. Of course, the above
problem is first extended to an extended version involving integrals on Tε, then Bregman
iterative method is used to solve the discretized system of the extended problem. In the
numerical experiment, we choose Γ to be the unit sphere with

ϕ1(�x) :=

{
1, |x1 + x2 + x3| > 1.7

−2, otherwise
, ϕ2(�x) :=

{
−2, | − x1 − x2 + x3| > 1.7

1, otherwise.

The result is shown in Figure 1.

Figure 1: The surface is repesented by r(x) = |x| + u(x)/4 with x on the unit sphere in
spherical coordinate and color shows value of u.
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ON STABILITY OF BLOW UP SOLUTIONS FOR THE CRITICAL
CO-ROTATIONAL WAVE MAPS PROBLEM

JOACHIM KRIEGER

Wave Maps are a natural nonlinear generalisation of the free wave equation, defined

formally as critical points of the Lagrangian action functional

Lrus :“ 1

2

ż
Rn`1

r´|ut|2 ` |∇xu|2s dtdx

where u : Rn`1 ÝÑ M ãÑ R
N represents a map into a Riemannian manifold, which may

be realised as a sub manifold of some RN . The functional Lrus is formally the same as the

one leading to the standard free wave equation �u “ ´utt ` �u “ 0, except that u here

takes values in a (curved) Riemannian manifold.

The corresponding Euler Lagrange equations take the form of a system of semilinear

wave equations of the form

�ui ` Bi
jkpuqBαu jBαuk “ 0, α “ 0, 1, . . . , n, (0.1)

where we use the convention B0 “ ´B0 “ Bt, while B j “ Bx j , and throughout the Einstein

summation convention is in use. Also, Bi
jk stands for the second fundamental form.

Of particular interest is the case M “ S 2 ãÑ R3, and spatial dimension n “ 2, which is

the so-called critical case of Wave Maps. In this case, the equations can be cast in the form

�u “ ´p´|ut|2 ` |∇xu|2qu. (0.2)

The key issue is to understand the global behaviour of solutions to the Cauchy problem,

i. e. prescribing the data ur0s “ pup0, ¨q, utp0, ¨qq, give a qualitative and if possible even

quantitative description of the solutions.

What makes the model (0.2) particularly interesting is the existence of a large class of fi-

nite energy static solutions, which are in fact the family of harmonic maps Q : R2 ÝÑ S 2.

These are known to play a pivotal role in the general global description of all solutions

of this model, in the context of the conjectured soliton resolution of such Wave Maps. A

particular instance of the latter phenomenon occurs during the formation of singularities

for (0.2), where at least one harmonic bubble has to emerge in an energy concentration

scenario.

In this talk, we are interested in a qualitative description of such blow up solutions.

At this time, the only approach to such solutions is via a suitable symmetry reduction,

reducing (0.2) to a co-rotational problem. In particular, a one co-rotational Wave Map

u : R2`1 ÝÑ S 2 is one which, after passage to polar coordinates pr, θq on R2 and spherical

coordinates pφ, θq on S 2, satisfies

u : pt, r, θq ÝÑ pφpr, tq, θq.

July5 B1



－88－

2 JOACHIM KRIEGER

The resulting wave maps problem in terms of φ then becomes

´φtt ` φrr ` 1

r
φr “ sinp2φq

2r2
. (0.3)

A special static solution of this problem, which corresponds to a minimum energy nontriv-

ial harmonic map into S 2, is given by φpr, tq “ Qprq “ 2 arctan r.

These solutions can be perturbed to lead to collapsing solutions. Specifically, the fol-

lowing result gives a continuum of such blow up solutions:

Theorem 0.1. (K.-Schlag-Tataru [2], Gao-K. [1]) Let ν ą 0, and λptq “ t´1´ν. Then there
is a solution φpr, tq of (0.3) of the form

φpr, tq “ Qpλptqrq ` εpt, rq, t P p0, t0s,
with ε P H1`ν´.

This theorem says nothing about any kind of stability properties of these solutions.

Numerical simulations of P. Bizon from 2004 suggested that such solutions with ν ą 0

sufficiently small might in fact be stable under suitable generic perturbations.

The following provides a partial answer to this question:

Theorem 0.2. (K. -Miao 2018 [3]) There is ν0 ą 0, such that for each ν0 ą ν ą 0,
there is a solution, as in the preceding theorem, which is stable under small co-rotational
perturbations of regularity H4.

The proof of this result mostly avoids Morawetz and monotonicity type arguments, and

is instead built on constructing a suitable parametrix for the linearisation of (0.3) around

Qpλptqrq, which in turn is achieved by means of Fourier methods. We believe that such

methods may have much broader applicability.
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GLOBAL EXISTENCE AND THE ASYMPTOTIC BEHAVIOR FOR

SYSTEMS OF NONLINEAR WAVE EQUATIONS VIOLATING THE NULL

CONDITION

SOICHIRO KATAYAMA

Let u = u(t, x) =
(
ui(t, x)

)
1≤i≤N

be an R
N -valued unknown functions of (t, x) ∈ (0,∞)× R

n

with n = 2 or 3. We consider the Cauchy problem for systems of nonlinear wave equations:

�u = F (u, ∂u, ∂2u), (t, x) ∈ (0,∞)× R
n,(1)

u(0, x) = εf(x), (∂tu)(0, x) = εg(x), x ∈ R
n,(2)

where � = ∂2
t −Δ = ∂2

t −
∑n

k=1 ∂
2
k,

∂u = (∂au)0≤a≤n, ∂2u = (∂a∂bu)0≤a,b≤n

with ∂0 = ∂t and ∂k = ∂xk
for 1 ≤ k ≤ n. We assume that f = (fi)1≤i≤N , g = (gi)1≤i≤N ∈

C∞0 (Rn;RN ) and that ε is a positive and sufficiently small parameter. We suppose that each com-
ponent Fi of F = (Fi)1≤i≤n is a homogeneous polynomial of degree p with respect to (u, ∂u, ∂2u)
with

(3) p =

{
3 (n = 2),

2 (n = 3),

which is the critical power for the small data global existence. We also suppose that F is quasi-
linear and diagonal in ∂2u, that is to say,

(4) Fi(u, ∂u, ∂
2u) =

n∑
a,b=0

Gab
i (u, ∂u)∂a∂bui +Hi(u, ∂u), i = 1, . . . , N,

where Gab
i and Hi are homogeneous polynomials of degree p− 1 and p, respectively, in (u, ∂u).

We define the reduced nonlinearity F red(ω,X, Y, Z) =
(
F red
i (ω,X, Y, Z)

)
1≤i≤N

with

F red
i (ω,X, Y, Z) = Fi

(
X, (ωaY )0≤a≤n, (ωaωbZ)0≤a,b≤n

)
for ω = (ω1, . . . , ωn) ∈ S

n−1 and X,Y, Z ∈ R
N , where the right-hand side is obtained by sub-

stituting X, ωaY , and ωaωbZ in place of u, ∂au, and ∂a∂bu of Fi(u, ∂u, ∂
2u), respectively, with

ω0 = −1.
As the power p given by (3) is critical, we need some restriction on the nonlinearity F to obtain

the small data global existence. The null condition, which was introduced by Klainerman and is
given by

(5) F red(ω,X, Y, Z) ≡ 0, ω ∈ S
n−1, X, Y, Z ∈ R

N ,

is a famous sufficient condition for small data global existence, and the global solution under the
null condition is asymptotically free, that is to say, the solution tends to a free solution u+ to
�u+ = 0 in the energy norm as t→∞ (see [3, 15] for n = 3; [1, 5, 7, 10] for n = 2).

The null condition is sufficient, but not necessary for small data global existence, and the
notion of the weak null condition was introduced by Lindblad-Rodnianski [17]: Writing u(t, x) =
|x|−(n−1)/2U(t, |x|− t, x/|x|) with U(t, σ, ω) =

(
Ui(t, σ, ω)

)
1≤i≤N

, and neglecting terms which are

expected to decay faster, we obtain the reduced system

(6) ∂t∂σU(t, σ, ω) = − 1

2t
F red(ω,U, ∂σU, ∂

2
σU)

from (1). We say that the weak null condition is satisfied if the reduced system (6) admits a
global solution U (with at most polynomial growth in t) for given small initial data at t = 1,
say. One may conjecture that the weak null condition implies the small data global existence
for the original PDE system (1), and also that the asymptotic behavior of u(t, x) is given by
|x|(n−1)/2U(t, |x| − t, x/|x|), where U is a solution to the reduced system (6).
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The conjecture above is far from being solved, but for the semilinear case, namely the case
where Gab

i (u, ∂u) ≡ 0, the small data global existence and the asymptotic behavior were obtained
under various additional structural conditions, which are stronger than the weak null condition,
but considerably weaker than the null condition. The first one of such conditions is the essentially
linear case that the reduced system is written as⎧⎪⎨⎪⎩∂t∂σV = − 1

2t

(
2∑

k=1

gk(ω,W, ∂σW )∂k
σV + h(ω,W, ∂σW )

)
,

∂t∂σW = 0

(7)

with some gk and h satisfying h(ω,W, 0) = 0, where U = (V,W ) ∈ R
N1 ×R

N2 with N = N1+N2

(the first equation can be viewed as a linear equation for V with variable coefficients). The second
one is the case under the condition

(8) Y · F red(ω,X, Y, Z) ≥ 0, ω ∈ S
n−1, X, Y, Z ∈ R

N ,

which ensures the boundedness of ∂σU (we also need to assume that F = F (∂u, ∂2u) in this case).
For the semilinear systems, the small data global existence and the asymptotic behavior under
the conditions (7) or (8) were obtained in [2, 6, 8, 9, 10, 11, 12, 13, 14, 16]. It should be noted
that a various kind of the asymptotic behavior can be observed under these weaker conditions:
growing up of the energy to infinity as t → ∞; non-asymptotically-free solutions with bounded
energy; convergence to asymptotically free solutions with strongly restricted asymptotic data.

In this talk, we would like to consider the quasi-linear systems whose reduced ones have the
form (7). We will obtain the small data global existence and investigate the asymptotic behavior
for such systems. The main result is an extension of the previous ones in [2, 4, 8, 9].
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In this lecture, we consider a gradient flow (1-harmonic flow) of a total variation functional

E(u) :=

∫
Ω

|∇u| dx

for u : Ω→ G, where Ω is a bounded region in R
D (D ≥ 1) with Lipschitz boundary. G is a matrix Lie

group, and it forms a differentiable manifold. Therefore ∇ means the differential of a map between
two manifolds.

The above constrained one-harmonic flow has application in several fields. First application appears
in [7], where they consider the case that G = Sn−1 ((n − 1)-dimensional sphere) for color image
denoising. As for the case that G = SO(3), this flow is important prototype of the continuum model
for a time evolution of grain boundaries in a crystal, proposed in [6, 5].

In spite of its applicability, the mathematical analysis to the manifold-constrained gradient flow
is still developing. One difficulty in mathematical analysis is that there are several choices for the
distance to measure jumps of the function u. For example, in [3], they choose the ambient distance,
that is, the metric of the Euclidean space in which the manifold G is embedded. On the other hand, in
[1, 2], the authors adopt the intrinsic distance of G to measure the jumps. These two choices deduce
the different notions of a solution of constrained gradient flow and these do not coincide. We adopt the
definition in [3] as the notion of the solution, so that we measure the jump by the ambient distance.
The aim of this lecture is to construct the gradient flow governed by the spatially discretized version
of the total variation flow, efficient numerical scheme to compute it, and establish error estimate of
our numerical scheme.

We briefly summarize the numerical scheme below. Let ΩΔ := {Ωα}α∈Δ be a cuboid decomposition
of Ω. Based on this decomposition, we propose the following numerical scheme.

Let τ > 0 be a time step, and an initial data u0 ∈ HΔ(G) is given. We then define a sequence

{un
τ }N(τ)

n=0 in HΔ(G) as follows:

1. u0
τ := u0.

2. un+1
τ = Expun

τ
Un+1
τ for n = 0, 1, . . . , N(τ)− 1, where Un+1

τ ∈ argmin
U∈HΔ(un

τ )

Φτ
Δ,loc(u

n
τ ;U).

Here N(τ) denotes the maximal number of iterations, a minimal integer greater than T/τ .
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In the above algorithm, we adopt the following notations.

HΔ(G) :=

{∑
α∈Δ

uα1Ωα

∣∣∣∣∣ uα ∈ G, α ∈ Δ

}
, ‖u‖HΔ

:=

√∑
α∈Δ

‖uα‖2FLD(Ωα), u ∈ HΔ(G),

HΔ(u) :=

{∑
α∈Δ

uαXα1Ωα

∣∣∣∣∣ Xα ∈ g, α ∈ Δ

}
, u ∈ HΔ(G),

Expu(U) :=
∑
α∈Δ

uα expXα, u ∈ HΔ(G), U =
∑
α∈Δ

uαXα1Ωα
∈ HΔ(u),

Φτ
Δ,loc(U ;u) := ΦΔ(u+ U) +

1

2τ
‖U‖2HΔ

, (u, U) ∈ HΔ(G)×HΔ(u),

ΦΔ(u) :=
∑
α∼β

‖uα − uβ‖FHD−1(∂Ωα ∩ ∂Ωβ), u ∈ HΔ(G),

where α ∼ β means that ∂Ωα ∩ ∂Ωβ , ‖ · ‖F denotes the Frobenius norm, and g = Te(G) is the Lie
algebra of G, the tangent space of G at the identity e ∈ G.

Results of convergence analysis are summarized as in the following theorem.

Theorem . Let I := [0, T ), τ > 0, and u0 ∈ HΔ(G). Let u ∈ C(I;HΔ(G)) be a solution of spatial
discretized gradient system, and uτ ∈ C(I;HΔ(G)) be the Rothe interpolation (piecewise affine inter-

polation) of a time-discretized solution {un
τ }N(τ)

n=0 generated by our numerical scheme. Then there exist
positive constants C, and D such that the following estimate holds:

‖uτ − u‖2HΔ
≤ tetCDτ.

I will show our numerical scheme in detail, convergence analysis, and numerical results in my
lecture. The content of this lecture is based on a joint work with Prof. Yoshikazu Giga (The University
of Tokyo), Mr. Kazutoshi Taguchi (The University of Tokyo), and Dr. Masaaki Uesaka (Hokkaido
University).
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1 Introduction and notations

Let Ωε be a curved thin domain in R
3 with very small width of order ε > 0. We consider the

Navier–Stokes equations with Navier’s slip boundary conditions⎧⎪⎨⎪⎩
∂tu

ε + (uε · ∇)uε − νΔuε +∇pε = f ε, div uε = 0 in Ωε × (0,∞),

uε · nε = 0, [σnε]tan + γεu
ε = 0 on Γε × (0,∞),

uε|t=0 = uε0 in Ωε.

(1)

Here Γε is the boundary of Ωε with unit outward normal vector nε and ν > 0 and γε > 0
are the viscosity and friction coefficients, respectively. Also, σ := 2νD(uε)− pεI3 denotes the
stress tensor with D(uε) := {∇uε + (∇uε)T }/2 and [σnε]tan is the tangential component of
the stress vector on Γε given by [σnε]tan := (I3 − nε ⊗ nε)σnε = 2ν(I3 − nε ⊗ nε)D(uε)nε.

A main subject of this talk is a singular limit problem for (1) when the thin domain Ωε

degenerates into a closed surface Γ as ε → 0. More precisely, under suitable assumptions
we prove that the average in the normal direction of Γ of a solution to (1) converges in an
appropriate function space on Γ and the limit is a unique solution to surface Navier–Stokes
type equations. We give our recent results in a restricted case.

To state our results, let us introduce several notations on a closed surface and a curved thin
domain. Let Γ be a two-dimensional closed (i.e. compact and without boundary), connected,
oriented, and smooth surface in R

3. By n we denote the unit outward normal vector field of
Γ and set P := I3 − n ⊗ n. For η : Γ → R and v : Γ → R

3 we define the tangential gradient
of η and the surface divergence of v as ∇Γq := P∇η and divΓv := tr[P∇v]. We also set

H1(Γ) := {η ∈ L2(Γ) | ∇Γη ∈ L2(Γ)3}, H1(Γ, TΓ) := {v ∈ H1(Γ)3 | v · n = 0 on Γ},
L2
gσ(Γ, TΓ) := {v ∈ L2(Γ)3 | v · n = 0, divΓ(gv) = 0 on Γ}

and write H−1(Γ, TΓ) for the dual space of H1(Γ, TΓ) (via the L2(Γ)-inner product). Let g0
and g1 be smooth functions on Γ such that g := g1 − g1 is bounded from below by a positive
constant on Γ. For a sufficiently small ε > 0 we define a curved thin domain in R

3 by

Ωε := {y + rn(y) | y ∈ Γ, εg0(y) < r < εg1(y)}.
By Pε and Aε we denote the Helmholtz–Leray projection from L2(Ωε)

3 onto the solenoidal
space L2

σ(Ωε) and the Stokes operator on L2
σ(Ωε) associated with slip boundary conditions.

For a vector field u on Ωε we define the tangential average of u by

Mτu(y) :=
1

εg(y)

∫ εg1(y)

εg0(y)
P (y)u(y + rn(y)) dr, y ∈ Γ.

∗The work of the author was supported by Grant-in-Aid for JSPS Fellows No. 16J02664 and the Program
for Leading Graduate Schools, MEXT, Japan.
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2 Main results

First we give our result on the global existence of a strong solution to (1) and several estimates
for the strong solution without proof.

Theorem 1. Suppose that there exists c > 0 such that c−1ε ≤ γε ≤ cε for all ε > 0. Then
there exist ε0, c0 ∈ (0, 1) such that the following statement holds: for ε ∈ (0, ε0) and α, β ≥ 0

if given data u ∈ D(A
1/2
ε ) and f ε ∈ L∞(0,∞;L2(Ωε)

3) satisfies

‖A1/2
ε uε0‖2L2(Ωε)

+ ‖Pεf
ε‖2L∞(0,∞;L2(Ωε))

≤ c0ε
−1+α,

‖Mτu
ε
0‖2L2(Γ) + ‖MτPεf

ε‖2L∞(0,∞;H−1(Γ,TΓ)) ≤ c0ε
−1+β ,

(2)

then there exists a global strong solution uε ∈ C([0,∞);D(A
1/2
ε ))∩L2

loc([0,∞);D(Aε)) to the
Navier–Stokes equations (1) that satisfies

‖uε(t)‖2L2(Ωε)
≤ c1(ε

1+α + εβ),

∫ t

0
‖uε(s)‖2H1(Ωε)

ds ≤ c1(1 + t)(ε1+α + εβ),

‖uε(t)‖2H1(Ωε)
≤ c1(ε

−1+α + ε−1+β),

∫ t

0
‖uε(s)‖2H2(Ωε)

ds ≤ c1(1 + t)(ε−1+α + ε−1+β)

for all t ≥ 0, where c1 > 0 is a constant independent of ε.

Based on the above result we show the convergence of the average of a strong solution
and characterize the limit as a unique solution to surface Navier–Stokes type equations.

Theorem 2. Under the same assumption on γε as in Theorem 1, let ε0 and c0 be the constants

given in Theorem 1. For ε ∈ (0, ε0) let uε0 ∈ D(A
1/2
ε ) and f ε ∈ L∞(0,∞;L2(Ωε)

3). Suppose
that there exist α > 0, γ > 0, v0 ∈ L2(Γ)3, and f ∈ L∞(0,∞;H−1(Γ, TΓ)) such that the
inequalities (2) are satisfied with β = 1 for all ε ∈ (0, ε0) and

lim
ε→0

γε
ε

= γ, lim
ε→0

Mτu
ε
0 = v0 weakly in L2(Γ)3,

lim
ε→0

MτPεf
ε = f weakly-� in L∞(0,∞;H−1(Γ, TΓ)).

For ε ∈ (0, ε0) let u
ε be the global strong solution to (1) given in Theorem 1. Then

lim
ε→0

Muε · n = 0 strongly in C([0,∞);L2(Γ)).

Moreover, there exists v ∈ C([0,∞);L2
gσ(Γ, TΓ)) ∩ L2

loc([0,∞);H1(Γ, TΓ)) such that

lim
ε→0

Mτu
ε = v strongly in L2(0, T ;L2(Γ, TΓ)) and weakly in L2(0, T ;H1(Γ, TΓ))

for all T > 0 and v is a unique weak solution to the equations⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂tv +∇vv − 2ν

g

(
PdivΓ[gDΓ(v)]− 1

g
(∇Γg ⊗∇Γg)v

)
+

2γ

g
v +∇Γq = f on Γ× (0,∞),

divΓ(gv) = 0 on Γ× (0,∞),

v|t=0 = v0 on Γ.

Here ∇vv := P (v · ∇)v is the covariant derivative of v along itself and for i = 1, 2, 3 the
i-th component of divΓ[gDΓ(v)] is given by

DΓ(v) := P

(∇v + (∇v)T

2

)
P,

(
divΓ[gDΓ(v)]

)
i
:= divΓ(gDΓ(v)ei),

where {e1, e2, e3} is the standard basis of R3.
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1 Tape peeling energy

In this, we consider the problem of removing an adhesive tape from a solid plane. The tape
is described by the graph of scalar function u. The simplist setting is as follows: (1) Strech
an adhesive tape uniformly (with a constant tension force S), (2) attach it to a solid plane,
and finally (3) lift the tape up by its edge. In this way, the tape gradually peels off from the
plane.

We also assume that the adhesion force has a potential, i.e. the enegy of the peeling
process. As depicted in the following picture, we can determine the angle at the free boundary
by finding the equilibrium between the resulting tension force and the the maximum adhesion
force in the vertical direction. We call this force Q̃. The equilibrium condition is S sinθ = Q̃,
then the force which we need to peel the tape off is S(1− cosθ). It is proportional to the area
on which the tape is peeled off.

Consequently, the energy can be expressed in the following way:∫
{u>0}

S
(
(
√

1 + |∇u|2 − 1) + (1−
√
1− (Q̃/S)2)

)
dx

= S

∫
Ω

(√
1 + |∇u|2 + (1−

√
1− (Q̃/S)2)χu>0

)
dx− S|Ω|,

and the stationary state is described by the minimizer of the above funcitonal.

1.1 Approximation by the Dirichlet integral

Here we assume that the contact angle θ is small enough. In this case, we can approximate
the energy by the Dirichlet integral:

I(u) :=
S

2

∫
Ω
(|∇u|2 +Q2χu>0)dx (1)

which is introduced by H.W.Alt, L.A.Caffarelli and A.Friedman [1]. Here, Q2 = (Q̃/S)2 in
this approximation. They show that the minimizer of this functional satisfies

Δu = 0 in {u > 0}, |∇u| = Q on ∂{u > 0}.

2 A time dependent problem

In this section, we consdier a time dependent problem. To this end we introduce a Lagrangean
and an action integral for this phenomenon. In the usual manner, the action can be expressed
as

J(u) =

∫ T

0

∫
Ω

(
(ut)

2χu>0 − |∇u|2 −Q2χu>0

)
dxdt, (2)
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where T is a positive constant.
By the first variation, we have{

utt −Δu = 0 in Ω× (0, T ) ∩ {u > 0},
|∇u|2 − (ut)

2 = Q2 on Ω× (0, T ) ∩ ∂{u > 0}. (3)

For this problem, we have shown the existence of a strong solution in the one dimensional
case.

Theorem 1. (K.Kikuchi, S.Omata [2]) There exist unique solution to (3), under some
compatibility conditions.

By the above consideration, we can write the (degenerate) hyperbolic type equation as

χu>0utt −Δu = − Q2

|Du|H
n|—∂{u > 0}, (4)

where Du = ( ∂u
∂x1

, · · · , ∂u
∂xn

, ∂u∂t ). We understand that when u > 0, u satisfies the wave
equation and when u < 0, Δu = 0 a.e. t ∈ (0, T ). By the maximum principle for the Laplace
operator, we can say on u ≤ 0, u is identically zero, u ≡ 0. Thus we see that when u < 0, u
satisfies the wave equation. If we write equation (4) in a weak form, we have

−
∫ T

0

∫
Ω

(
χu>0 ζ

)
t
ut dx dt+

∫ T

0

∫
Ω
∇u · ∇ζ dx dt = −

∫
∂{u>0}

Q2

|Du|ζ dH
n.

We split the integral on the right-hand side into four parts, Ω × (0, T ) ∩ {u > 0}, Ω ×
(0, T ) ∩ ∂{u > 0}, Ω× (0, T ) ∩ ∂{u = 0}◦ and Ω× (0, T ) ∩ {u = 0}◦. For each, we integrate
by parts, and we conclude that except for Ω× (0, T ) ∩ ∂{u > 0}, all the integrals vanish.

Since χu>0 = 1 on ∂{u > 0}, the right-hand side is∫∫
Ω×(0,T )∩∂{u>0}

(
−χu>0ζut

−ut
|Du| + ζ∇u · −∇u

|Du|
)

dH n

=

∫∫
Ω×(0,T )∩∂{u>0}

(
ζ

u2t
|Du| + ζ

−|∇u|2
|Du|

)
dH n.

We formally recover |∇u|2 − u2t = Q2.
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Algorithms for Motion of Networks

by Weighted Mean Curvature

Selim Esedoḡlu

Motion by weighted mean curvature for networks of surfaces arises in a variety of applications, such as
the dynamics of foam and the evolution of microstructure in polycrystalline materials. It is steepest descent
(gradient flow) for an energy: the sum of the areas of the surfaces constituting the network. Mathematically,
such a network is described as the union of boundaries ∪N

i=1∂Σi of sets Σ = (Σ1, . . . ,ΣN ) (also called phases)
that partition a domain D ⊂ R

3 (typically a periodic box) without overlaps or vacuum:

D =

N⋃
j=1

Σj , and

Σi ∩ Σj = (∂Σi) ∩ (∂Σj) for i �= j.

(1)

The cost function has the form:

E(Σ) =

N∑
i,j=1
i �=j

∫
(∂Σi)∩(∂Σj)

σi,j(ni,j(x)) dS(x) (2)

Here, dS is the surface area element, ni,j(x) for x ∈ (∂Σi) ∩ (∂Σj) denotes the unit normal from Σi to Σj ,
and the continuous, even functions σi,j : S

2 → R
+ are the surface tensions associated with the interfaces.

Away from junctions (where three or more phases meet), normal speed of interfaces under L2 gradient
flow of energy (2) is given by

v⊥(x) = μi,j(ni,j(x))
((

∂2
s1σi,j(ni,j(x)) + σi,j(ni,j(x))

)
κ1(x)

+
(
∂2
s2σi,j(ni,j(x)) + σi,j(ni,j(x))

)
κ2(x)

) (3)

for an x ∈ (∂Σi) ∩ (∂Σj) . Here, κ1 and κ2 are the two principal curvatures, and ∂si denotes differentiation
along the great circle on S

2 that passes through n(x) and has as its tangent the i-th principal curvature
direction. The additional factor μi,j is known as the mobility associated with the interface (∂Σi) ∩ (∂Σj),
and may also be normal dependent: μi,j : S

2 → R
+.

In addition to (3), the Herring angle condition is required along triple junctions: At a junction formed
by the meeting of the three phases Σi, Σj , and Σk , this condition reads

(�× ni,j)σi,j(ni,j) + (�× nj,k)σj,k(nj,k) + (�× nk,i)σk,i(nk,i)

+ nj,iσ
′
i,j(ni,j) + nk,jσ

′
j,k(nj,k) + ni,kσ

′
k,i(nk,i) = 0 (4)

where � = nj,k × ni,j is a unit vector tangent to the triple junction, and σ′i,j(ni,j) denotes derivative of σi,j

taken on S
2 in the direction of the vector �× ni,j .
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Merriman, Bence, and Osher (MBO) proposed [3] a remarkably elegant algorithm for dynamics (3) &
(4) in the special case that all surface tensions and mobilities satisfy σi,j(n) = μi,j(n) = 1 for all n and
i �= j; the motion law (3) then simply stipulates that each interface in the network moves by its mean
curvature v⊥(x) = κ1(x) + κ2(x), and the junction condition (4) reduces to stating that all angles formed
at triple junctions are 120◦. Called threshold dynamics, the MBO algorithm generates a discrete in time
approximation to this simplified special case of the flow, starting from an initial partition Σ0 = (Σ0

1, . . . ,Σ
0
N ),

merely by alternating the two simple operations of convolution and thresholding, as follows:

Algorithm: (MBO’92): Given a time step size δt > 0, alternate the following steps:

1. Convolution:
ψk
i = Gt ∗ 1Σk

i
. (5)

2. Redistribution:

Σk+1
i =

{
x : ψk

i (x) ≥ max
j �=i

ψk
j (x)

}
. (6)

where Gt(x) =
1

(4πt)
3
2
exp

(
− |x|24t

)
and t > 0 is the time step size.

I will describe an extension of the MBO scheme, in joint work with Matt Jacobs and Pengbo Zhang [1], to
the full generality of model (3) & (4), while preserving its simplicity and efficiency. This builds on earlier joint
work [2] with Felix Otto on a variational formulation of the MBO scheme (5) & (6) that elucidates the path
to its various generalizations. Anisotropic motions of the form (3) are achieved by replacing the Gaussian
in step (5) of the original scheme by kernels that need not be radially symmetric. An essential novelty is
the ability to bake the desired possibly anisotropic surface tension σ : S2 → R

+ and the desired possibly
anisotropic mobility μ : S2 → R

+ into the convolution kernel, which is new even in the two -phase setting.
We describe simple and explicit kernel constructions that can be used in the fully multiphase, anisotropic
setting, where

(
N
2

)
possibly distinct anisotropic surface tension & mobility pairs

(
σi,j(n) , μi,j(n)

)
may be

specified.

Figure 1: Convolution kernel that replaces the Gaussian Gt in step (5) of the MBO scheme if 2D anisotropic flow with surface

tension σ(x1, x2) =
√

1
4
x2
1 + x2

2 +
√

x2
1 + 1

4
x2
2 and mobility μ(x1, x2) =

2x2
1+3x2

2

4
√

x2
1+x2

2

is desired. The construction can be used in

the multi-phase setting, in 2D or 3D.
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BLOW-UP OF SOLUTIONS TO SEMILINEAR WAVE EQUATION
WITH A SCALING INVARIANT CRITICAL DAMPING

Masahiro Ikeda

Center for Advanced Intelligence Project, Riken, Department of Mathematics, Keio University

1. Introduction

I would like to introduce our recent results1 [4, 5], which give blow-up results and upper esti-
mates of lifespan for small data to semilinear wave equations with a scaling invariant damping.
The Cauchy problem to semilinear wave equations with a space-dependent critical damping is

(DWV0)

{
∂2
t u−Δu+ V0

|x|∂tu = |u|p, (t, x) ∈ (0, T )× R
N ,

(u, ∂tu)|t=0 = ε(u0, u1). x ∈ R
N .

Here N ≥ 3, (u0, u1) ∈ H2 × H1 is a given function satisfying supp (u0, u1) ⊂ {|x| ≤
R0} for some R0, which denotes the shape of the data, ε > 0 is a (small) parameter, which
denotes the size of the data, V0 ≥ 0 and p > 1 are constant, u ∈ C([0, T ) : H2)∩C1([0, T ) : H1)
is an unknown function,

T = T (ε) := sup{T ∈ (0,∞] : ∃ sol u to (DWV0) on [0, T )}
denotes the maximal existence time of the function u.

Local well-posedness in H2 × H1 to (DWV0) for arbitrary data is proved via a contraction
argument with the Hardy inequality ‖|x|−1f‖L2 � ‖∇f‖L2 due to N ≥ 3 and the Sobolev
inequality, in the case V0 ≥ 0 and p < N−2

N−4
(p <∞, when N = 3, 4).

When V0 = 0, the Strauss conjecture and the sharp estimate of lifespan are verified:{
p > pS(N) =⇒ ∀(u0, u1), ∃ε0 > 0 s.t ∀ε ∈ [0, ε0], T =∞,
p ≤ pS(N) =⇒ ∃(u0, u1), ∃ε0 > 0 s.t ∀ε ∈ (0, ε0], T <∞,

T ∼
{
Cε−

2p(p−1)
γ(N ;p) , if p < pS(N),

exp(Cε−p(p−1)), if p = pS(N),

where γ(n; p) := 2+ (n+1)p− (n− 1)p2, pS(n) := (the positive root of γ(n; p) = 0), for n ≥ 2,
pS(1) :=∞ and C is independent of ε.

The following result means the extension of the above blow-up results to V0 ≥ 0 :

Theorem 1.1 ([4]). Let V0 <
(N−1)2

N+1
, N

N−1
< p ≤ pS(N+V0), u0, u1 ≥ 0 with u0+u1 �= 0. Then

there exists ε0 > 0 such that for any ε ∈ (0, ε0], T <∞. And the following estimate holds:

T ≤
{
exp(Cε−p(p−1)) if p = pS(N + V0),

Cδε
− 2p(p−1)

γ(N+V0;p)
−δ

if max
(
pS(N + 2 + V0),

2
N−1−V0

)
≤ p < pS(N + V0),

where C,Cδ are independent of ε and δ > 0 can be taken arbitrarily small.

Remark 1.1. 1. The proof of the theorem is based on a test-function method with properties
of Gauss’ hypergeometric functions initiated by Zhou-Han [7] (V0 = 0).
2. Zhou-Han [7] uses a time decay lower estimate of solutions to the free wave equation proved
by Yordanov-Zhang ’06, though our argument does not need such estimate.

1These are joint works with Motohiro Sobajima in Tokyo University of Science
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Our method is applicable to the case of the scaling invariant time-dependent damping:

(DWμ)

{
∂2
t v −Δv + μ

1+t
∂tv = |v|p, (t, x) ∈ (0, T )× R

N ,

(v, ∂tv)|t=0 = ε(v0, v1), x ∈ R
N .

Here N ≥ 1, (v0, v1) ∈ H1 × L2 is a given function satisfying supp (v0, v1) ⊂ {|x| ≤ r0} for
some r0 < 1, μ ≥ 0 is constant, v ∈ C([0, T ) : H1) ∩ C1([0, T ) : L2) is an unknown function.

By the similar argument as in Theorem 1.1, we get the following blow-up result to (DWμ):

Theorem 1.2. Let N ∈ N, 0 < μ < N2+N+2
N+2

, 1 + 2
N

< p ≤ pS(N + μ) and v0, v1 ≥ 0 with
v0 + v1 �= 0. Then there exists ε0 > 0 such that for any ε ∈ (0, ε0), T <∞. And the following
estimate holds:

T ≤
{
exp(Cε−p(p−1)) if p = pS(N + μ),

Cδε
− 2p(p−1)

γ(N+μ;p)
−δ if ∃p0(N,μ) ≤ p < pS(N + μ).

Here C,Cδ > 0 are independent of ε, and δ > 0 can be taken arbitrarily small.

Theorem 1.2 extends the results obtained in [6, 3]. Small data global existence to (DWμ) is
proved in some μ, p in [1, 2]. The relation between the previous results and ours is as follows:

1 3
p

μ

5/3

4/3

1

D’Abbicco [1] (SDGE)

Our result

Wakasugi [6]

Figure 1: the case N = 1

1 pF (N)
p

μ

μ∗

2

1

D’Abbicco [1] (SDGE)

Our result

L-T-W [3]

D-L-R [2] (SDGE)

Figure 3: the case N ≥ 3

Wakasugi [6]

p0(N)

References

[1] M. D’Abbicco, The threshold of effective damping for semilinear wave equations, Math. Methods, Appl.
Sci., 38 (2015), 1032–1045.

[2] M. D’Abbicco, S. Lucente, M. Reissig, A shift in the Strauss exponent for semilinear wave equations with
a not effective damping, J. Diff. Equs., 259 (2015), 5040–5073.

[3] N.A. Lai, H. Takamura, K. Wakasa, Blow-up for semilinear wave equations with the scaling invariant
damping and super-Fujita exponent, J. Diff. Equs., 263 (2017), 5377–5394.

[4] M. Ikeda, M. Sobajima, Life-span of blowup solutions to semilinear wave equation with space-dependent
critical damping, submitted, arXiv:1709.04401.

[5] M. Ikeda, M. Sobajima, Life-span of solutions to semilinear wave equation with time-dependent critical
damping for specially localized initial data, to appear in Mathematische Annalen.

[6] Y. Wakasugi, Critical exponent for the semilinear wave equation with scale invariant dampint, Fourier
analysis, 375-390, Trends Math., Birkhauser/Springer, Cham, 2014.

[7] Y. Zhou, W. Han, Life-span of solutions to critical semilinear wave equations, Commun.P.D.E. 39 (2014),
439–451.



－101－

The initial value problem for the generalized KdV
equation with low degree of non-linearity

Hayato Miyazaki∗

(National Institute of Technology, Tsuyama College)

This talk is based on a joint work with Gustavo Ponce (UCSB) and Felipe Linares (IMPA).

1 Introduction

In this talk, we consider the initial value problem for the generalized KdV type equation{
∂tu+ ∂3

xu± |u|α∂xu = 0, (t, x) ∈ R
2,

u(x, 0) = u0(x), x ∈ R,
(GK)

where u = u(t, x) is a R-valued unknown function and α ∈ (0, 1). Formally, the solution of
(GK) has three conserved quantities

I1(u) =

∫ ∞

−∞
u(t, x) dx, I2(u) =

∫ ∞

−∞
u2(t, x) dx,

I3(u) =

∫ ∞

−∞
((∂xu)

2 ∓ 2

(α + 1)(α + 2)
|u|α+2)(t, x) dx.

The equation (GK) is a lower nonlinearity version of the generalized KdV equation

∂tu+ ∂3
xu+ uk∂xu = 0, k ∈ Z

+.(g-KdV)

The initial value problem and the periodic boundary value problem associated to (g-KdV)
have been extensively studied (for instance, sharp local and global well-posedness, stability
of special solutions and existence of blow-up solutions, see [4] §7-8). However, the lower
nonlinearity version of (g-KdV) have not been studied as far as we know. Because, roughly
speaking, the nonlinearity of (GK) is non-Lipschitz in the Sobolev spaces Hs(R) = (1 −
∂2
x)

− s
2L2(R) or the weighted Sobolev spaces Hs(R)∩L2(〈x〉r dx) for all s, r ∈ R, so that the

local well-posedness can not be established in these spaces.

2 Main results

To state main results, we set 〈x〉 = (1+ |x|2) 1
2 and [x] denotes the greatest integer less than

or equal to x for any x ∈ R. Our first goal is to establish the local well-posedness of (GK).

Theorem 2.1 ([3]). Fix m =
[
1
α

]
+ 1. Let s ∈ Z

+ satisfy s � 2m+ 4. Assume that

u0 ∈ Hs(R), 〈x〉m u0 ∈ L∞(R), 〈x〉m ∂j
xu0 ∈ L2(R), j = 1, 2, 3, 4,(2.1)

with ‖u0‖Hs + ‖〈x〉m u0‖L∞ +
∑4

j=1 ‖〈x〉m ∂j
xu0‖L2 =: δ, and

inf
x∈R
〈x〉m |u0(x)| =: λ > 0.(2.2)

∗624-1 Numa, Tsuyama city, Okayama, 708-0824, Japan
Email: miyazaki@tsuyama.kosen-ac.jp
Website: http://www.tsuyama-ct.ac.jp/miyazaki/
H.M. was supported by the Overseas Research Fellowship Program by National Institute of Technology.
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Then there exists T = T (α; δ; s;λ) > 0 such that (GK) has a unique local solution

u ∈ C([0, T ], Hs(R)), 〈x〉m ∂j
xu ∈ C([0, T ], L2(R)), j = 1, 2, 3, 4(2.3)

with

〈x〉m u ∈ C([0, T ], L∞(R)), ∂s+1
x u ∈ L∞(R, L2([0, T ])),(2.4)

and sup0�t�T ‖〈x〉m (u(t)− u0)‖L∞ � λ
2
.

Moreover, the map u0 �→ u(t) is continuous in the following sense: For any compact
I ⊂ [0, T ], there exists a neighborhood V of u0 satisfying (2.1) and (2.2) such that the map
is Lipschitz continuous from V into the class defined by (2.3) and (2.4).

Remark 2.2. The assumption (2.2) inspired by [1] comes from that |u|α is not regular enough
(only Cα for α ∈ (0, 1)). In the proof of Theorem 2.1, we also apply the Kato smoothing
effect as in [5], in order to remove derivative loss of the nonlinearity.

Remark 2.3. Theorem 2.1 can be extended to the case u is a C-valued unknown function.

Remark 2.4. A typical data satisfying the hypotheses in Theorem 2.1 is u0(x) =
2λ eiθ

〈x〉m +ϕ(x)

for some θ ∈ R and some ϕ ∈ S(R) with ‖〈x〉m ϕ‖L∞ � λ.

Remark 2.5. We observe that (real) traveling wave solutions (positive, even and radially
decreasing) with speed c > 0

φc,α(x, t) = c
1
α φ(

√
c(x− ct)), φ(x) =

(
(α + 1)(α + 2)

2
sech

(αx
2

)) 2
α

are not in the class of solutions provided by Theorem 2.1.

Our second result is concerned with the propagation of regularity in the right hand side
of the data for positive times of real solutions in the class provided by Theorem 2.1. The
result tells us that this regularity moves with infinite speed to its left as time evolves. This
is extension of [2] into the case α ∈ (0, 1).

Theorem 2.6 ([3]). In addition to the assumptions of Theorem 2.1, suppose that there exist
l ∈ Z

+ and x0 ∈ R such that

u0

∣∣∣
(x0,∞)

∈ Hs+l((x0,∞)).

Then, it holds that

sup
0�t�T

∫ ∞

x0+ε−vt

(∂s+j
x u(t, x))2dx < c∗ := c∗

(
ε; v; ‖u0‖Hs+l((x0,∞)) ; l; s

)
and ∫ T

0

∫ x0+R−vt

x0+ε−vt

(∂s+l+1
x u(t, x))2dxdt < c∗∗ := c∗∗

(
ε;R; v; ‖u0‖Hs+l((x0,∞)) ; l; s

)
for any ε > 0, v > 0, R > 0 and j = 1, · · · , l.
Remark 2.7. The proof is based on weighted energy estimates performed in the differential
equation (GK) for which we need to have R-valued solutions.
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LOCAL ENERGY DECAY AND THE VECTOR FIELD METHOD

JACOB STERBENZ

Abstract. We discuss some recent work on stability of solutions to linear and nonlinear wave equations on
asymptotically flat space times. This is joint work with Jason Metcalfe, Jesus Oliver, and Daniel Tataru.

1. Introduction

Recall that for the scalar wave equation � = −∂2
t +

∑n
i=1 ∂

2
i on Minkowski space R

n+1, solutions to the
initial value problem:

(1) �φ = 0 , φ(0, x) = f(x) , ∂tφ(0, x) = g(x) ,

exhibit the conservation of energy:

(2) E(t) = E(0) , E(t) =
1

2

∫
Rn

(φ2
t + |∇xφ|2)(t, x)dx ,

assuming (f, g) ∈ Ḣ1
x × L2

x.
Solutions to (1) also exhibit transport type behavior. This can be seen by taking a geometrical optics

ansatz φλ = aλe
iλu, where u solves eikonal equation |ut| = |∇xu|, and to first order aλ solves the amplified

transport equation Laλ = ( 12�u)aλ. Here L is the null vector field L = ut∂t−∇xu ·∇x whose integral curves

are always rays of the form γ(s) = (s, x0 + ωs) for various directions ω ∈ S
n−1 ⊆ R

n. This implies that
any initially localized solution to (1) will eventually move energy away from spatially compact sets such as
|x| ≤ R. In particular one can show that localizing the energy (2) leads to a spacetime bound:

(3)

∫ ∞

0

∫
|x|≤R

(φ2
t + |∇xφ|2)(t, x)dxdt ≤ C(R)E(0) .

Estimate (3) is essentially optimal if one considers only energy class initial data. On R
3+1 this can be

seen directly by taking an infinite sum of incoming spherical wave packets of the form φ =
∑

i aiφ0(t− i, x),
where φ0 = |x|−1(χ(t− |x|)− χ(t+ |x|)), and where χ(s) is a smooth cutoff on 1

2 ≤ s ≤ 2 and
∑

i a
2
i = 1.

On the other had if one restricts to a single wave packet in the previous example the bounds are much
better than (3). In fact for reasonably smooth initial data, again on R

3+1, one has the explicit solution
formula:

(4) φ(t, x) =
1

4πt

∫
|y−x|=t

g(y)dS +
1

4πt2

∫
|y−x|=t

(
f + (y − x) · ∇f

)
(y)dS .

In particular when f, g ∈ S(Rn) are Schwartz class functions we see the solution exhibits the behavior:

(5) |φ(t, x)| ≤ C(N, f, g)(1 + |t|+ |x|)−1(1 +
∣∣t− |x|∣∣)−N .

for every N > 0.
A robust way to interpolate between estimates (3) and (5) is given by Klainerman’s vector field method, see

[8] and [9]. One starts with the observation that the vector fields L = {∂α, xj∂i−xi∂j , t∂i+xi∂t, t∂t+x ·∇x}
satisfy [�, X] = c(X)� for a constant c(X) depending on X. Thus, if �φ = 0, one has the conserved energy
(2) for Xαφ, where Xα is some finite product of elements in L. Via rescaled Sobolev embeddings this gives:

(6) |∇φ(t, x)| ≤ C(f, g)(1 + |t|+ |x|)−1(1 +
∣∣t− |x|∣∣)− 1

2 ,

where C(f, g) is the initial energy of Xαφ for |α| ≤ 2.
Now consider the wave equation �g = ∇α∇α on a curved space time (M, g), where g is some Lorentzian

metric. Unfortunately in this case there is no useful analog of (4) for studying global problems. Instead one
must work with the equation �g more directly.
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In order the get good decay estimates one must first of put some asymptotic conditions on (M, g). For
many metrics of interest one has the asymptotic flatness condition |∂α(g −m)| � (1 + |x|)−|α|−γ , for some
γ > 0 where m is the Minkowski metric.

Where uniform decay estimates are concerned, it turns out that generic asymptotic conditions are only
the beginning, and much more detailed local properties of (M, g) must be known. This can be seen by again
looking at the geometrical optics ansatz φλ = aλe

iλu where Laλ = ( 12�u)aλ (to first order) and L = −∇u
is the null generator of u = const. Such approximate solutions show that the long time behavior of null
geodesics in (M, g) will determine the local decay of solutions to �gφ = 0, at least in the high frequency
regime. Now there are mainly two cases to consider.

If every null geodesic of (M, g) leaves any spatially compact set in a finite amount of time, then under
general asymptotic conditions estimates such as (3) continue to hold. For example see the works [7], [2], [17],
and the results described below.

On the other hand if (M, g) happens to have spatially trapped null geodesics, it can be shown the precise
estimate (3) fails. However, for may of the metrics which arise in applications one can often recover a
weakened version1 such as:

(7)

∫ ∞

0

∫
|x|≤R

φ2(t, x)dxdt ≤ C(R)E(0) .

For example bounds of this type have been established for stationary black holes in a number of works such
as [5], [20], [21], and recently [6] which covers all subextremal Kerr metrics.

With some additional structure estimates such as (7) are enough to bootstrap local errors generated by
the commutators [�g, X] when X are suitably chosen vector fields. This ultimately leads to decay estimates
like (6) for both linear and nonlinear waves on a variety of interesting backgrounds. See for example the
works [14], [15], [12], [13], [18], and the results described below.

2. Results on local energy decay

Here we discuss the results of [16] which is joint work with Jason Metcalfe and Daniel Tataru. The goal
of this project is to provide general conditions under which estimate (3) holds for solutions to the perturbed
wave equation:

(8) P (t, x,D) = �A,g + V (t, x), �A,g = (Dα +Aα)g
αβ(Dβ +Aβ)

where A and V are complex valued, and Dα = (1/i)∂α. The metric g and the coefficients A, V are assumed
to satisfy optimal asymptotic flatness condition of the form

(9) ||| (g −m,A, V ) |||AF < ∞
where m = (−1, 1, 1, 1) and:

||| (h,A, V ) |||AF = |||h |||2 + ||| 〈x〉A |||1 + ||| 〈x〉2V |||0 , ||| q |||k =
∑
|α|≤k

‖〈x〉|α|∂αq‖l1L∞ .

The key additional assumptions we make here is that g is nontrapping for null geodesics, and that (g,A, V )
is either stationary (i.e. time independent), or in certain cases that ∂t(g,A, V ) is sufficiently small in the
AF norm. For the strongest theorems to hold we also need to enforce a reality condition on (A, V ) which
implies that P is (almost) symmetric.

To measure local energy decay in an optimal way we use the dyadic norms of Metcalfe-Tataru:

‖u ‖LE = sup
k>0

2−
1
2k‖u ‖L2(|x|≈2k), ‖u ‖LE1 = ‖ (∂u, 〈x〉−1u) ‖LE , ‖F ‖LE∗ =

∑
k>0

2
1
2k‖F ‖L2(|x|≈2k) .

Then we say that the local energy decay condition holds for P if:

(10) ‖u ‖LE1[0,T ] + ‖ ∂u ‖L∞L2[0,T ] � ‖ ∂u(0) ‖L2 + ‖Pu ‖LE∗+L1L2[0,T ].

With this notation one of the main results of [16] reads as follows:

1Roughly speaking one needs to take into account the amplification factor 1
2
�u in the transport equation for aλ. This

measures the spreading of nearby null geodesics, and reasonable local energy decay can still be established if it is negative along
trapped null geodesics.
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Theorem 2.1. a) Let P be stationary, nontrapping and asymptotically flat. Then local energy decay holds
for P if and only if P has no negative eigenvalues, real resonances, or zero eigenvalues/resonances.

b) Let P be stationary, symmetric, nontrapping and asymptotically flat. Then local energy decay holds for
P if and only if P has no negative eigenvalues or zero eigenvalues/resonances.

The various obstructions described in the above theorem are:

i) An “eigenvalue” corresponds to an L2 solution φω to the reduced wave equation Pω = P |Dt=ω for some
ω ∈ C. We say ω is “negative” if �(ω) < 0. Note that even when Pω is symmetric, the eigenvalue
problem here is quadratic, so there is no reason for ω to be real. Negative eigenvalues give rise to highly
localized finite energy solutions eiωtφω with exponentially growing local energy forward in time.

ii) A “real resonance” is a solution to Pωφω = 0 with ω ∈ R \ {0}, which satisfies the outgoing Sommerfeld
condition:

2−j/2‖(∂r + iω)φω‖L2(|x|≈2j) → 0.

After multiplication of eiωtφω by a cutoff χ(t − r) supported where t − r > 0, these correspond to
approximate waves which spread in a timelike subset of |x| ≤ t. They are the most subtle obstruction
to the local energy decay estimate.

iii) Finally, by a “zero eigenvalues/resonance” we simply mean a stationary solution to P0φ0 = 0 with finite
LE1 norm when 0 ≤ t ≤ 1. These are associated with a root space at zero energy which leads to finite
energy solutions with no time oscillation which grow at some algebraic rate in time.

The importance of the symmetry assumption in part b) of Theorem 2.1 is that it automatically elimi-
nates real (nonzero) resonances through an energy bootstrap argument. Each of i)–iii) represents a distinct
obstruction to the dispersive estimate (10), and by Theorem these are the only possible obstructions.

In [16] we also prove a version of of Theorem 2.1 part b) which includes the case when ||| ∂t(g,A, V ) |||AF ≤ ε.
Moreover this can be done in the context where one drops the assumption of no negative eigenvalues:

Theorem 2.2. Let P be symmetric, slowly varying, nontrapping, asymptotically flat, and satisfying the
following uniform estimate at zero energy:

‖u‖Ḣ1 ≤ K0‖P0u‖Ḣ−1 .

Then there is a direct sum decomposition of the energy space into invariant subspaces

E = S0 + S+ + S−,

with S+ and S− of equal finite dimension, so that the wave flow on the subspaces S+, S0 and S− is as
follows:

a) Solutions in S+ are spatially localized and grow exponentially forward in time.
b) Solutions in S0 are uniformly bounded and satisfy local energy decay.
c) Solutions in S− are spatially localized and decay exponentially forward in time.

One can think of this result as a linear stable manifold theorem for symmetric adiabatic operators
P (t, x,D) which holds whenever there is a spectral gap around zero energy. This provides a quantitative
version of the spectral theory for Klein-Gordon equations established in [10], and also an infinite dimensional
analog of the classical “roughness theory” of nonautonomous ODE [4].

The key technical step in all of the above theorems is to prove a local energy decay estimate for solutions
to Pφ = F , where φ is assumed to be compactly supported in time. This restriction allows one to truncate
the time frequency variable into low, medium, and high frequencies which can each be analyzed separately.
One then removes the time truncation with various limiting arguments depending on the context.

3. Results on the vector field method

Here we discuss [19] which is joint work with Jesus Oliver. In this project we start by assuming a weaker
version of (10) which is:

sup
0≤t≤T

‖∂φ(t)‖Hs
x
+ ‖φ‖WLEs[0,T ] ≤ Cs

(‖∂φ(0)‖Hs
x
+ ‖�gφ‖(WLE∗,s+L1

tH
s
x)[0,T ]

)
,(11a)

sup
0≤t≤T

‖∂φ(t)‖Hs
x
+‖φ‖LEs[0,T ] ≤ Cs

(‖∂φ(0)‖Hs
x
+‖(φ, ∂tφ)‖L2×Hs(r<R0)[0,T ]+‖�gφ‖LE∗,s[0,T ]

)
,(11b)
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where the norms are defined as follows:

‖φ ‖LEs[0,T ] =
∑
|J|≤s

(‖ 〈x〉−1∂Jφ ‖LE[0,T ] + ‖ ∂∂Jφ ‖LE[0,T ]

)
, ‖F ‖LE∗,s[0,T ] =

∑
|J|≤s

‖ ∂JF ‖LE∗[0,T ] ,

‖φ‖WLEs[0,T ] =
∑
|J|≤s

(‖〈x〉−1∂Jφ‖LE[0,T ] + ‖∂∂Jφ‖LE(r>R0)[0,T ]

)
,

‖F ‖WLE∗,s[0,T ] =
∑
|J|≤s

(‖ ∂JF ‖LE∗[0,T ] + ‖ ∂∂JF ‖L2(r<R0)[0,T ]

)
.

Here R0 is some sufficiently large radius which in applications is fixed so the exterior |x| > R0 does not
contain trapped null rays. Note that the s index in LEs is shifted here by one unit compared to (10) to
make the notation more uniform. In this case the space time (M, g) may only defined in the spatial variable
for |x| ≥ r0 where r0 may not be zero.

The other main consideration of [19] is we replace the condition (9) with the weaker assumption that
there exists an outgoing optical function u = u(t, x) satisfying the two conditions:

I) (Weak Asymptotic Flatness) We have that (u, x) forms a uniform set of coordinates in the sense that
C−1 < ut < C, and u has the symbol bounds:

(13) ‖ (τ−∂t)i(τxτ0∂x)J(∂tu− 1, ∂iu+ ωi) ‖�1rL∞[0,∞) < ∞ , for all (i, J) ∈ N× N
4 ,

where τx = 〈x〉, τ− = 〈u〉, τ+ = 〈(t, x)〉, τ0 = τ−τ−1
+ , and where ωi = xiτ−1

x .

II) (Outgoing Radiation Condition) First define symbol classes Zk:

||| q |||k,N :=
∑

i+|J|≤N

‖ τ−k
0 (τ−∂b

u)
i(τx∂

b
x)

Jq ‖�1rL∞ +
∑

i+|J|≤N

‖ τ−k
0 (τ−∂b

u)
i(τx∂

b
x)

Jq ‖�1u�1rL∞( 1
2 t<r<2t) .

Here ∂b = (∂b
u, ∂

b
x) denotes the (u, x) coordinate derivatives. Then for the inverse metric gαβ in (u, x)

coordinates one has the symbol bounds:

(14) gαβ − hαβ ∈ Z0 ,
√
|g|giu + ωi ∈ Z 1

2 , gui − ωiωjg
uj ∈ Z1 , guu ∈ Z2 ,

where huu = 0, hui = −ωi, and hij = δij is the Minkowski metric in Bondi coordinates (u, x).

Note that in the regions |x| < (1 − ε)t and |x| > (1 + ε)t for ε > 0 the asymptotic bounds (14) are
consistent with (9). On the other hand in the region

∣∣t − |x|∣∣ ≤ εt these conditions are consistent with the
asymptotics of the metric g in the stability of Minkowski space, see [3], [1], and [11].

The main result of [19] is to show that by assuming (13) and (14) the estimates (11a) and (11b) imply
uniform decay rates for both linear and nonlinear problems. On the linear side we have.

Theorem 3.1 (Peeling Estimates for the Inhomogeneous Wave Equation). Given any k ≥ 1 there exists an
integer N = N(k) depending (linearly) on k such that if �gφ = 0 one has:

(15)
∑

i+|J|≤k

‖ τ 3
2
+τ

1
2
0 (τ−∂b

u)
i(τx∂

b
x)

Jφ ‖L∞[0,T ] ≤ Ck

∑
|J|≤N

‖ τx(τx∂x)J∂φ(0) ‖L2
x
.

Estimates similar to (15) are shown to hold for solutions to the inhomogeneous wave equation �gφ = F ,
with optimal norms on F . This leads to a nonlinear result:

Theorem 3.2 (Peeling Estimates for Solutions to Null Form Systems). Suppose quadratic forms N are
given which satisfy:

|(τ−∂b
u)

i(τx∂
b
x)

J∂k
φNαβ | ≤ ci,J,k(|φ|) , |(τ−∂b

u)
i(τx∂

b
x)

J∂k
φN uu| ≤ ci,J,k(|φ|)τ0 .

Let φ be a solution to the system of semilinear equations:

�gφ = Nαβ(t, x, φ)∂αφ∂βφ ,

Then for sufficiently small and well localized initial data the solution is global and enjoys the peeling estimates:∑
i+|J|≤k

‖ τ 3
2
+τ

1
2
0 (τ−∂b

u)
i(τx∂

b
x)

Jφ ‖L∞[0,T ] ≤ Ckε .
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The proof of these two theorems uses a graduated series of norms ‖ · ‖Sa which are, roughly speaking, the
local energy decay norm LEs, with additional weighs of τa+τ0 for ∂φ and τa+ for ∂b

xφ. Estimates in the space

Sa come at the expense of local errors which are roughly ‖ τa−1
+ Xαφ ‖L2(r≤R)[0,T ] for X ∈ L̃ = L\{t∂i+xi∂t}.

Such errors can be fed back into the local energy decay estimate (11a) to close the argument.
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we are devoted to establishing a weighted L2 −L2 estimate for the linear
inhomogeneous wave equation with zero initial data in 3-D

∂2
t φ−Δφ = F (t, x), (t, x) ∈ R+ ×R3. (0.1)

{
∂2
t φ−Δφ = F (t, x), (t, x) ∈ R+ ×R3,

φ(0, x) = 0, φt(0, x) = 0, x ∈ R3.
(0.2)

For this purpose, we introduce a Morawetz multiplier

X =(t+ 2 + r)s(∂t + ∂r) + (t+ 2− r)s(∂t − ∂r)

+
1

r

(
(t+ 2 + r)s − (t+ 2− r)s

)
=(t+ 2 + r)s

(
∂t + ∂r +

1

r

)
+ (t+ 2− r)s

(
∂t − ∂r − 1

r

)
.

(0.3)

By using this multiplier, we establish the following weighted L2−L2 inequal-
ity for (0.2)

sup
t

(∥∥(t+ 2− r)s/2∇t,xφ
∥∥
L2(R3)

+

∥∥∥∥(t+ 2− r)s/2
(
φ

r

)∥∥∥∥
L2(R3)

)
≤Cδ

∥∥(t+ 2 + r)s/2(t+ r − 2)1/2+δF
∥∥
L2(R+×R3)

,

(0.4)

1 This talk is presented in The 11th Mathematical Society of Japan (MSJ) Seasonal In-
stitute (SI)- The Role of Metrics in the Theory of Partial Differential Equations, Hokkaido
University, Sapporo, Japan, July 2-13, 2018. The result is supported by Natural Science
Foundation of Zhejiang Province(LY18A010008), NSFC(11501273, 11726612, 11726611,
11771194, 11771359), Chinese Postdoctoral Science Foundation(2017M620128), the Scien-
tific Research Foundation of the First-Class Discipline of Zhejiang Province (B)(201601).
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for any constant δ > 0 and 1 < s < 2. And Cδ denotes a positive constant
depending on δ.

The weighted L2−L2 inequality (0.4) can be used to provide a new proof
of global existence for the Cauchy problem{

∂2
t φ−Δφ = |φ|p, (t, x) in R+ ×R3,

φ(0, x) = εf(x), φt(0, x) = εg(x), x ∈ R3 (0.5)

for 1+
√
2 < p < 3, which has been proved by [2] and [3]. Also, by combining

strong Huygen’s principle for wave equations in 3-D, we may prove global
existence for the Cauchy problem{

∂2
tΦ−ΔΦ+

2

1 + t
Φt = |Φ|p, (t, x) in R+ ×R3,

Φ(0, x) = εf(x), Φt(0, x) = εg(x), x ∈ R3,
(0.6)

for pc(5) < p < 3, which was proved by [1] under radial symmetrical assump-
tion. Here pc(n)(n ≥ 2) denotes the positive root of the following quadratic
equation

(n− 1)p2 − (n+ 1)p− 2 = 0.
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GEOMETRIC NONLINEAR PROBLEMS AND GIT STABILITY

THROUGH MOMENT MAPS

AKITO FUTAKI (TSINGHUA UNIVERSITY, BEIJING)

Let (Z,Ω) be a symplectic manifold, i.e. Ω is a closed non-degenerate 2-form on
Z. Here the 2-form Ω is said to be non-degerenerate if i(v)Ω = 0 for a tangent vector
v implies v = 0. Let K be a Lie group acting on Z preserving Ω and k = Lie(K)
the Lie algebra of K. The moment map μ for the action of K is the K-equivariant
map μ : Z→k∗ such that, for any X ∈ k, if we define the smooth function μX on Z
by

〈μ(p), X〉 = μX(p), p ∈ Z

then μX is a Hamiltonian function for X	, that is,

i(X	)Ω = −dμX

where X	 is the vector field on Z induced by X. When Z is a Kähler manifold
and K acts on Z isometrically, and thus the complexification G = Kc of K acts on
Z holomorphically, Kemph-Ness theorem says that for any p ∈ Z the orbit G · p
is GIT stable if and only if μ has a zero in G · p. Here GIT is an abbreviation of
Geometric Invariant Theory, which is a theory due to Mumford that considering
the orbit space of stable and semi-stable ones will give us a good moduli space of
algebraic objects.

The purpose of this talk is about the philosophy that if a geometric nonlinear
PDE problem is set up in the moment map picture then the the existence of the
solution to the PDE should be related to GIT stability in algebraic geometry. Here
moment map picture of the PDE problem is meant by a picture that the rele-
vant function space has an infinite dimensional symplectic manifold structure with
Hamiltonian group action and the solutions of the PDE are zero set of the moment
map.

The typical successful examples are
(i) Kobayashi-Hitchin correspondence of Hermitian-Einstein metrics on stable bun-
dles in the sense of Mumford and Takamoto. [2], [11].
(ii) Kähler-Einstein metrics on K-stable Fano manifolds. [1], [10].

The examples we expect this philosophy can be applied are
(a) Kähler metrics of constant scalar curvature on K-stable polarized manifolds
(M,L). Here L → M is a holomorphic line bundle with positive first Chern class
c1(L) so that c1(L) can be considered as the space of Kähler forms. [3]
(b) Conformally Kähler, Einstein-Maxwell metrics. [5], [6], [8].
(c) Kähler metrics with constant Cahen-Gutt moment map, which is related to
closedness of Fedosov’s star product. [7].

In all these examples, using the derivative of the norm squared moment map
‖μ‖2, one obtains two obstructions to the existence of the PDE. One is a Lie
algebra character Fut : g→ R of the Lie algebra g of the holomorphic vector fields

Date: April 1, 2018.
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on M , typically given in [4] for Kähler-Einstein metrics on Fano manifolds, and a
structure theorem of the same Lie algebra g, [9]. The Lie algebra character Fut is
used to define “K-stability”. The conjecture is the equivalence of the existence of
the solution to the PDE and K-stability.

For a Kähler metric g, the scalar curvature Scal(g) of g is given by Scal(g) =
−Δg log det g. But if we choose a Kähler metric g̃ so that the Kähler form of
g̃ belongs to the same cohomology class as the Kähler form of g, g̃ is given by

g̃ij = gij +
∂2ϕ

∂zi∂zj
for a smooth function ϕ where z1, · · · , zm are local holomorphic

coordinates. Thus in (a), finding a constant scalar curvature metric in a fixed
Kähler class is reduced to solving

−Δg̃ log det(gij +
∂2ϕ

∂zi∂zj
) = constant.

The PDEs for (b) and (c) include the scalar curvature, and the problem is reduced
to solving PDEs similar to the above.

A compact Kähler manifold of complex dimension m is said to toric if it has an
effective Hamiltonian and isometric action of real m-dimensional torus. Then it has
a moment map. On the moment map image, the scalar curvature is expressed as

Scal = −
∑
i,j

φij
,ij

where φ is the symplectic potential, which is the Legendre transform of the Kähler
potential on the moment map image, φij is the inverse of the Hessian (φij) and , ij
denotes the covariant derivative. Thus on compact toric Kähler manifolds, PDE’s
involving the scalar curvature are reduced to equations involving

∑
i,j φ

ij
,ij . The

K-stability condition in (a) is expressed in terms of certain integral over themoment
map image, see [3]. For m = 2, Donaldson has completed the proof of (a).
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EXISTENCE THEOREM FOR BRAKKE FLOW

YOSHIHIRO TONEGAWA

A family of n-dimensional surfaces {Γ(t)}t≥0 in R
n+1 is called the mean

curvature flow (abbreviated by MCF) if the velocity is equal to its mean
curvature at each point and time. Given a smooth surface Γ0, one can find
a smoothly moving MCF starting from Γ0 until some singularities such as
vanishing or pinching occur. The presence of singularities necessitates a
weak formulation of MCF, and there have been intensive research dealing
with this aspect in the last few decades. Among such attempts, Brakke
started a theory of MCF (“Brakke flow”) inclusive of singularities in the
framework of geometric measure theory in his seminal book [1]. In partic-
ular, he developed a general existence theory of MCF: starting from any
integral varifold (with a minor technical restriction) of any codimension, he
showed that there exists a family of varifolds satisfying the motion law of
MCF in a weak sense and existing for all time. One major concern for the
validity of his existence theorem is that the proof does not guarantee the
non-triviality of the solution when Γ0 is not a smooth surface. In [3], we
rectify this point of non-triviality by introducing a few framework and also
modifying Brakke’s original argument. The main existence theorem of [3]
may be stated roughly as follows.

Theorem 1. Suppose that Γ0 ⊂ R
n+1 is a closed countably n-rectifiable set

whose complement Rn+1 \ Γ0 equals ∪N
i=1E0,i, where E0,1, . . . , E0,N ⊂ R

n+1

are mutually disjoint non-empty open sets and N ≥ 2. Assume that the n-
dimensional Hausdorff measure of Γ0 is finite or grows at most exponentially
near infinity. Then, for each i = 1, . . . , N , there exists a family of open sets
{Ei(t)}t≥0 with Ei(0) = E0,i such that E1(t), . . . , EN (t) are mutually disjoint
for each t ≥ 0 and Γ(t) := ∪N

i=1∂Ei(t) coincides with the space-time support
of a nontrivial Brakke flow starting from Γ0. Each Ei(t) moves continuously
in time with respect to the Lebesgue measure.

We may regard each Ei(t) ⊂ R
n+1 as a region of “i-th phase” at time t,

and Γ(t) as the “phase boundaries” which move by the mean curvature in a
generalized sense. Some of Ei(t) shrink and vanish, and some may grow and
may even occupy the whole R

n+1 in finite time. Note that the continuity of
Ei(t) guarantees that Γ(t) �= ∅ at least for a short initial time interval, and
Γ(t) �= ∅ unless Ei(t) = R

n+1 for some i.
Notion not stated clearly in Theorem 1 is that of Brakke flow, which is

as follows. For simplicity, assume Γ0 has a finite n-dimensional Hausdorff
measure, Hn(Γ0) <∞.
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Definition 1. A Brakke flow starting from Γ0 is a family of n-varifolds
{Vt}t≥0 satisfying the following.

(1) V0 = |Γ0| =unit density varifold induced from Γ0.
(2) For L1 a.e. t ∈ R, Vt is an integral varifold with L2 generalized mean

curvature vector h(·, Vt).
(3) ‖Vt‖(Rn) is decreasing in t and

∫∞
0

∫
Rn+1 |h(·, Vt)|2 d‖Vt‖dt ≤ Hn(Γ0).

(4) For any 0 ≤ t1 < t2 <∞ and φ ∈ C1
c (R

n+1 × R
+;R+), we have

‖Vt‖(φ(·, t))
∣∣∣t2
t=t1

≤
∫ t2

t1

∫
Rn+1

{∇φ(·, t)+φ(·, t)h(·, Vt)}·h(·, Vt)+
∂φ

∂t
(·, t) d‖Vt‖dt.

Here, ‖V ‖ is the weight measure of V .

The property (4) is a weak form of the motion law of MCF. The property
(2) allows a possibility of having a higher (≥ 2) multiplicity representing a
“folding” of surfaces (whether it happens or not is not clear). When the
multiplicity stays 1 for a.e. t > 0, we say that the flow is a unit density flow.
Almost everywhere regularity of unit density flow for general Brakke flow
has been studied originally by Brakke and is recently completed by [2, 5, 4].
If the flow is a limit of smooth MCF, White’s regurality theory [6] gives also
the almost everywhere regularity. Theorem 1 includes as a part of theorem
the existence of {Vt}t≥0 satisfying the Definition 1. We may then define a
Radon measure μ on R

n+1 ×R
+ by dμ = d‖Vt‖dt. The claim of Theorem 1

is that {x ∈ R
n+1 : (x, t) ∈ sptμ} = Γ(t) for all t > 0.

In my talk, I will mostly concentrate on how one actually constructs the
time-discrete approximate MCF.
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Multipliers on the wave-like blow-up for
nonlinear damped wave equations 1

Hiroyuki Takamura
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We are interested in the critical exponent pc(n) of the following problem.⎧⎨⎩ utt −Δu+
μ

(1 + t)β
ut = |u|p in Rn × [0,∞),

u(x, 0) = εf(x), ut(x, 0) = εg(x),
(1)

where μ > 0, β ∈ R. ε > 0 is a “small” parameter. For simplicity, we
assume that f ∈ H1(Rn), g ∈ L2(Rn) with compact support and n ≥ 2. The
“critical” means that, for the energy solution, we have the global-in-time
existence when pc(n) < p and the blow-up in finite time when 1 < p ≤ pc(n).

It is known that there is no such a pc(n) when β < −1 (overdamping
case), namely we have the global existence for any p > 1. For −1 ≤ β < 1
(effective damping), we know that pc(n) = pF (n), where

pF (n) := 1 +
2

n
is so-called Fujita exponent which is the critical exponent for ut −Δu = up.
For β = 1 (scaling invariant damping), there is a conjecture such that{

μ ≥ μ0(n) =⇒ pc(n) = pF (n) (heat-like),
0 < μ < μ0(n) =⇒ pc(n) = pS(n+ μ) (wave-like),

(2)

1This talk is presented in the 11th MSJ-SI, Hokkaido University, Sapporo, Japan, July
9-10, 2018. All the results in this talk are based on joint works with Ning-An Lai (Lishui
Univ. China), which are partially supported by the Grant-in-Aid for Scientific Research
(B)(No.18H01132) and (C)(No.15K04964), Japan Society for the Promotion of Science.
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where

μ0(n) :=
n2 + n+ 2

n+ 2
and pS(n) :=

n+ 1 +
√
n2 + 10n− 7

2(n− 1)

is so-called Strauss exponent which is the critical exponent for utt−Δu = |u|p.
We note that

pF (n) < pS(n) and that 0 < μ < μ0(n)⇐⇒ pF (n) < pS(n+ μ).

The existence part of the conjecture (2) is still open. All the references
appear in Introduction of [1].

In this talk, I will introduce you a new conjecture for β > 1 (scattering
damping) that

pc(n) = pS(n) for all μ > 0. (3)

Making use of a multiplier exp
(
μ(1 + t)1−β/(1− β)

)
for a differential equa-

tion or inequality of
d

dt

∫
Rn

u(x, t)dx,

we succeed to prove the subcritical part of (3). Also the lifespan estimate will
be discussed. All results in this talk are from [1]. I would like to show you
also that this multiplier is useful for another nonlinearity |ut|p (see [2]) and
their combined nonlinearity |ut|p+ |u|q (see [3]). If I have enough time more,
I will introduce another multiplier which makes us to consider a “negative”
mass term in the equation.
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Numerical relativity : generating space-time on computers

Yuichiro Sekiguchi (Toho University)

1 Introduction

Einstein’s theory of general relativity contains the rules of gravity and provides the basis for modern
theories of astrophysics and cosmology. The fundamental equations, Einstein’s equations, are among
the most complicated seen in (classical) physics. For many years, a number of efforts have been made
to develop mathematical techniques to solve them. Despite more than 70 years of intense studies, only
a handful of special solutions for Einstein’s equations which are relevant for astrophysics and cosmology
have been presented. The theory remains largely untested yet, except in the weak-field, slow velocity
regime. Also, many of the dynamical phenomena thought to occur in nature have not been studied in
detail. With the advent of supercomputers, however, the situation has been drastically changed: We
are now able to tackle these complicated equations numerically and explore astrophysically realistic,
high-velocity, strong-field systems. This is the field of numerical relativity, which is reviewed in my
talk together with recent applications.

2 Numerical Relativity : a brief summary

Here we list a brief summary of characteristic feature of numerical relativity. We will use metric
signature (− + + +), Einstein’s summation convention, and the geometrical unit with c = G = 1,
where c and G are the speed of light and the gravitational constant, respectively.

- Einstein ’s equations as a Cauchy problem: Einstein’s equations in their covariant form,

Gab = 8πTab, (1)

where Gab and Tab are Einstein tensor and stress-energy-momentum tensor, contain complicated mixed
derivatives in time and space. Thus, we must decompose the spacetime into time and space (3 + 1
decomposition) and rewrite Einstein’s equations as a Cauchy problem [1].

- No absolute background spacetime: In general relativity, the notion of time and space is not
absolute but relative (general covariance) so that the time and spatial axes must be specified. We have
four degrees of freedom in specifying the 3 + 1 decomposition: the lapse function, α which determines
the time slice Σt with unit normal vector na; and shift vector, βa which controls the spatial direction
of the time axis vector ta = αna + βa. Then, the spacetime metric, gab, is decomposed in terms of
lapse, shift and the induced metric on a slice γab = gab + nanb:

ds2 = −(αdt)2 + γij(β
idt+ dxi)(βjdt+ dxj). (2)

Based on geometric insight and numerical experimentations, there have been several good gauge con-
ditions for treating important astrophysical problems [2].

- Einstein’s equations as a constrained system: Taking parallel and perpendicular projecting
of Einstein’s equations with respect to na, we have a 3 + 1 decomposition of Einstein’s equations

R+ trK2 −KabK
ab = 16πE (Hamiltonian constraint), (3)

DbK
b
a −DatrK = 16πPa (Momentum constraint), (4)

(∂t − Lβ)Kab = −DaDbα [Rab + trKKab − 2KacK
c
b ]− 4πα (2Sab − γab(trS − E)) , (5)
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where E = nanbTab, Pa = −nbγcaTbc, and Sab = γcaγ
d
bTcd. R, Rab, and Da are Ricci scalar, Ricci tensor,

and covariant derivative with respect to γab. Lβ is Lie derivative with respect to the shift vector βa.
Kab is the extrinsic curvature of the slice Σt:

(∂t − Lβ) γab = −2αKab. (6)

These equations are known to as ADM (Arnowitt-Deser-Misner) system [3]. It is important to note
that ADM system is a constrained system which consists of 4 constraint equations (Hamiltonian and
momentum) and 12 evolution equations for Kab and γab.

- Construction of initial data: Before starting simulations, we must specify gravitational fields
on the initial slice that are compatible with the constraints. The constraint equations are coupled
nonlinear elliptic-type equations and it is computationally expensive to solve them numerically. Also,
we need astrophysically realistic configuration of the gravitational and matter fields. Construction of
such initial data is one of the important issues in numerical relativity [4].

- Reformulating the ADM system: Mathematically, it is guaranteed that the constraint con-
ditions are always satisfied in the later time provided that the evolution equations are solved correctly
and the constraint conditions are satisfied initially. However, it is not possible to solve the equations
without numerical error in numerical simulations. Then, violation of constraints increases with time
and simulations break down eventually in ADM system. This is because the ADM system is only
weakly hyperbolic [5]. So we need a reformulation to obtain strongly or symmetric hyperbolic system.
Among such systems, the so-called BSSN (Baumgarte-Shapiro-Shibata-Nakamura) system [6], which
is strongly hyperbolic, outworks.

- Matter fields: Besides gravity, we should solve the equation of motion of ’matter’ field:

∇aT
ab = 0. (7)

Relativistic hydrodynamics is particularly important in many astrophysical systems. Magnetic fields
also play an important role. In many astrophysical applications, the gas is highly ionized and a very
excellent conductor of current. Then the idealmagneto-hydrodynamics should be applied to treat them.
When photons and neutrinos are involved, we must include a radiation stress-energy tensor, which is
determined by solving equations of radiation-hydrodynamics. Inmany astrophysical phenomena shocks
are formed in general. Classical finite difference schemes based on Taylor expansion present deficiency
in dealing with the shock discontinuities and we need so-called high-resolution shock-capturing schemes
[7], based on the conservation laws and characteristic structure of the system.
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Recent developments on metric measure spaces with Ricci
bounds from below

Shouhei Honda ∗

We say that a triple (X, d,m) is a metric measure space if (X, d) is a complete separable
metric measure space and m is a Borel measure on X with suppm = X. It makes sense that
(X, d,m) has a lower bound K ∈ R on Ricci curvature and an upper bound N ∈ [1, ∞] on
dimension, so called RCD(K, N) condition (see [LV09, St06, AGS14b, G15a]). The study
of such spaces, RCD(K, N) spaces, are quickly, widely developed. In particular most of
parts in Cheeger-Colding theory [CC96, CC97, CC00a, CC00b] are already generalized to
the RCD setting (c.f. [BS18, G13, MN14]).

In this talk I will introduce several recent developments including [AH16, AH17,
AHT18, AHPT18] which show Γ-convergence of p-Cheeger energies, that of BV-energies,
Weyl’s law and so on for such spaces.

For example the following will be explained;

Theorem 0.1. [AH16] Let us denote by M := M(K, N, D) the set of all isometry classes
of RCD(K, N) spaces with the diameter at most D. We define a function F on M× [1, ∞]
by

F ((X, d,m), p) :=

⎧⎪⎪⎨
⎪⎪⎩

2(diam X)−1 if p = ∞,

(λ1,p(X, d,m))1/p if p ∈ (1, ∞),
h(X, d,m) if p = 1,

where diam, λ1,p, h denote the diameter, the first positive eigenvalue of p-Laplacian, the
Cheeger constant of (X, d,m), respectively. Then F is continuous.

One of the fundamental problems in RCD theory is to find continuous functions on M
as many as possible. It is important that the theorem provides uncountably many such
examples.

As a corollary we obtain;

Corollary 0.2. Let (X, d,m) be a compact RCD(0, N) space. Then

(λ1,p(X, d,m))1/p N� h(X, d,m) N� (diam X)−1

for all p ∈ (1, ∞), where a
N� b means that there exists C := C(N) > 1 such that C−1a ≤

b ≤ Ca.

This corollary is a kind of isoperimetric inequalities and it is new even for smooth
Riemannian manifolds (Mn, g, vol) with the Riemannian volume.

∗Tohoku University, shonda@m.tohoku.ac.jp
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SIMONS CONE AND SADDLE SOLUTIONS OF THE ALLEN-CAHN
EQUATION

KELEI WANG
(A JOINT WORK WITH YONG LIU AND JUNCHENG WEI)

There is an intricate connection bewteen the Allen-Cahn equation

(0.1) −Δu = u− u3 in R
n, |u| < 1,

and minimal surfaces. De Giorgi [6] conjectured that for n ≤ 8, if a solution to (0.1) is
monotone in one direction, then its level sets are all hyperplanes. De Giorgi conjecture
is parallel to the Bernstein conjecture in minimal surface theory, which states that if
F : R

n → R is a solution to the minimal surface equation, then F must be a linear
function in its variables.

The Bernstein conjecture has been shown to be true for n ≤ 7, see [11]. The famous
Bombieri-De Giorgi-Giusti minimal graph (see [2]) gives a counter-example for n ≥ 8. As
for the De Giorgi conjecture, it has been proven to be true for n = 2 (Ghoussoub-Gui [8]),
n = 3 (Ambrosio-Cabré [1]), and for 4 ≤ n ≤ 8 under an additional limiting condition
(Savin [10]). Counterexamples for n ≥ 9 have been constructed in [7].

Savin [10] also proved that if u is a global minimizer in R
n and n ≤ 7, then u is one

dimensional. While the monotone solutions of Del Pino-Kowalczyk-Wei provides examples
of nontrivial global minimizers in dimension n ≥ 9, it is still not known whether there are
nontrivial global minimizers for n = 8.

It is known that in R
8, there is a minimal cone with one singularity at the origin which

minimizes the area, called Simons cone. It is given explicitly by:{
x2

1 + ... + x2
4 = x2

5 + ... + x2
8

}
.

The minimality (area-minimizing property) of this cone is proved in [2].
It turns out there are analogous objects as Simons cone in the theory of Allen-Cahn

equation. They are the so-called saddle-shaped solutions, which are solutions in R
2m of

(0.1) vanishing exactly on the Simons cone (Cabré-Terra [3, 4] and Cabré [5]). In [3, 4]
it is proved that for 2 ≤ m ≤ 3, saddle solutions are unstable, while for m ≥ 7, they are
stable ([5]). It is also conjectured in [5] that for m ≥ 4, the saddle solution should be a
global minimizer.

Our main result is (see [9] for more details) For any m ≥ 4, there exists a global
minimizer U(a) of the Allen-Cahn equation (0.1) indexed by a ∈ R.

If one could show that this family of solutions Ua depends continuously on a and is
ordered, then the saddle solution will be a global minimizer. However, our variational
construction gives no information on the ordering and continuity in a.
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2 KELEI WANG (A JOINT WORK WITH YONG LIU AND JUNCHENG WEI)

[3] X. Cabré; J. Terra, Saddle-shaped solutions of bistable diffusion equations in all of R
2m. J. Eur. Math.

Soc. (JEMS) 11 (2009), no. 4, 819–843.
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EDGE-CONE EINSTEIN METRICS AND YAMABE METRICS

KAZUO AKUTAGAWA∗

Abstract. For any closed smooth conformal n-manifold (M,C) (n ≥ 3), the Yamabe
problem is always solvable (cf. [8], [10]), that is, a minimizer ǧ ∈ C (i.e, a Yamabe
metric) of the functional I below always exists:

I : C → R, g �→
∫
M

Rgdμg

V
(n−2)/n
g

.

Here, Rg, dμg and Vg denote respectively the scalar curvature and the volume measure
of g, and the volume of (M, g).

Contrary to the smooth case, the Yamabe is not always solvable for the singular
case, even for compact orbifolds (with finitely many singularities). The class of almost
Riemannian metric-measure spaces is one of appropriate wide classes of singular spaces
to consider the Yamabe problem (cf. [2]), which includes orbifolds, conic manifolds,
simple edge-spaces, more over iterated edge-spaces. The Aubin’s inequality for Yamabe
constants can be generalized to the one for Yamabe constants Y (X, [g]) of almost
Riemannian metric-measure space (X, g) as

Y (X, [g]) ≤ Y�(X, [g]) · · · (∗) .
Here, Y (X, [g]) is called the local Yamabe constant of (X, [g]), which is a generalization
of the Yamabe constant Y (Sn, [gS]) of the standard round n-sphere (Sn, gS). In [2], we
have proved that, when Y (X, [g]) < Y�(X, [g]), a singular Yamabe metric always ex-
ists. However, Viaclovsky [11] has proved that some compact 4-orbifolds satisfying the
equality in (∗) do not admit orbifold Yamabe metrics. His proof is a nice modification
of the proof of Obata’s Theorem for Einstein metrics.

In this talk, we show a second example of singular spaces which have no Yamabe
metrics.

Definition. (cf. [6]) The standard round metric gS = gSn of constant curvature 1 on
the n-sphere Sn can be written as a doubly warped product

gS = dr2 + sin2 rdθ2 + cos2 r · gSn−2 =: h1

on Sn − (Sn−2 � S1) = (0, π
2 ) × S1 × Sn−2 	 (r, θ, x). For each β > 0 (β 
= 1), we

define the standard edge-cone metric hβ of cone angle 2πβ on (Sn, Sn−2) by

hβ := dr2 + β2 sin2 rdθ2 + cos2 r · gSn−2 .

Since each hβ is locally isomorphic to h1 = gS, hβ is of constant curvature 1, and hence
it is an edge-cone Einstein metric.

Our main result is the following :

Theorem ([4]). For any β ≥ 2, there is no (edge-cone) Yamabe metric on (Sn, [hβ ]).

Remark. (1) Our proof depends on a branched covering version of Aubin’s Lemma
for finite coverings [7], [5], which is quite different from Viaclovsky’s one. We also note
that the dimension of the singularities of Viaclovsky’s example is 0. On the other
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2 Edge-cone Einstein metrics and Yamabe metrics

hand, the one of our example is n− 2, which is the highest one among the dimensions
of singularities.
(2) We conjecture that, for any β (1 < β < 2), the same conclusion as that in Theo-
remB still holds.

Outline of Proof of Theorem. Let P : (Sn, hβ) → (Sn, hβ/2) be the natural

branched double covering along Sn−2. One can check that the Aubin type Lemma still
holds for the branched covering P , that is,

Y (Sn, [hβ ]) > Y (Sn, [hβ/2])

provided that
(1) the existence of a Yamabe metric u4/(n−2) · hβ (u > 0) on (Sn, [hβ ]),
(2) the following equality holds :∫

Sn

uΔhβ
u dμhβ

= −
∫
Sn

|∇u|2dμhβ
.

Suppose that the assertion (1) holds. Set r(p) := disthβ
(p, Sn−2) for p ∈ Sn. By the

regularity result of solutions for the Yamabe-type equations in [2, 3], on each ε-open
neighborhood Uε := Uε(S

n−2)

0 < c ≤ u ≤ C, ∂ru(r, θ, x) = O(r
1
β−1) as r ↘ 0.

(The regularity also implies that the Yamabe metric is an edge-cone metric.) Hence,∫
Sn−Uε

uΔhβ
u dμhβ

+

∫
Sn−Uε

|∇u|2dμhβ
=

∫
∂Uε

u ∂ru dσhβ
= O(ε

1
β ) ↘ 0

as ε ↘ 0. Then, the assertion (2) holds. On the other hand, if β/2 ≥ 1, Mondello’s
result [9] (cf. [1]) implies that

Y (Sn, [hβ ]) = Y (Sn, [gS ]) = Y (Sn, [hβ/2]).

This contradicts the previous strict inequality. �
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Evolution by curvature of planar networks

Matteo Novaga, University of Pisa

Abstract

We give an overview of the state–of–the–art of the motion by curvature of planar networks
collecting classical, recent and new results.

A strong motivation to studying this flow is the analysis of models of two–dimensional
multiphase systems where the problem of the dynamics of the interfaces between different
phases arises naturally. As an example, the model where the energy of a configuration is
simply the total length of the interfaces has proven to be useful to model the growth of grain
boundaries in the ideal case of a pure metal.

Another motivation is more theoretical: the evolution of such a network of curves is the
simplest example of motion by mean curvature of a set which is essentially singular. Despite
the mean curvature flow of a smooth submanifold has been extensively studied and deeply,
even if not completely, understood, the evolution of generalized possibly singular submani-
folds (for instance varifolds) presents a series of different challenge that the classical results
cannot solve.

To treat the case of the motion by curvature of non–regular sets many generalized (and
weak) definitions of the flow has been introduced in the literature. In his seminal work K. Brakke
proved existence of a global (very) weak solution, in a geometric measure theory context,
called “Brakke flow”. Unfortunately it is not granted that his solution is not trivial as the
empty set is always a solution of the Brakke flow. Recently this issue was overcome by L. Kim
and Y. Tonegawa in the case of the evolution of grain boundaries in R

n. They proved a global
existence theorem and they also show that there exists a finite family of open sets which move
continuously with respect to the Lebesgue measure and whose boundaries coincide with the
space-time support of the mean curvature flow. For a global existence result in any codi-
mension and with special regularity properties, obtained adapting the elliptic regularization
scheme of Ilmanen. Despite these recent improvements Brakke’s definition is apparently too
weak, if one is interested in a detailed description of the flow. Another definition of evolution
is based on minimizing movements: an implicit variational scheme introduced by F. Almgren, J.
Taylor and L. Wang. The functional to be minimized in this time–discrete variational scheme is
a perturbation of the length functional. Hence at every step the minima automatically satisfy
the Herring condition namely at the junctions the sum of the unit tangent vectors of the con-
curring curves is zero. A very recent conditional compactness theorem by T. Laux and F. Otto
give a limit flow sharing such a property at almost every time. Another possibility is the “level
set” approach by L. C. Evans and J. Spruck or, alternatively, by Y. G. Chen, Y. Giga and S. Goto.

Notice that all these approaches provide a globally defined evolution. Unfortunately they
also have in common a not negligible issue: the solutions are not unique.

In our context the definition of the flow is the first problem one has to face, due to the
contrast between the intrinsic singular nature of a network and the reasonable desire to have
something as “smooth” as possible. Our choice is suggested by the variational nature of the
problem. The flow can be regarded as the gradient flow in the space of networks of the Length
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functional (the sum of the lengths of all the curves of the network). At every internal point of
the curves of the network (not at the end–points of the curves) the normal velocity that induces
the steepest descent of the energy with respect to the L2–inner product is the curvature vector
of the curve. It must anyway be said that the ”space of networks” does not share a natural
linear structure and such a “gradient” is not well defined at the multiple junctions. At the
multi–points the unit tangent vectors of the concurring curves have to sum up to zero: this
is only information at the junctions that comes from understanding the motion as a gradient
flow. From the energetic point of view it is natural to expect that configurations with multi–
points of order greater than three, being unstable for the length functional, should be present
only in the initial network or that they should appear only at some discrete set of times during
the flow. This property is also suggested by numerical simulations and physical experiments.
We call regular a network that presents only triple junctions where the unit tangent vectors
of the three concurrent curves form angles of 120 degrees. Following the “energetic” and
experimental motivations we simply impose such regularity condition in the definition of a
curvature flow for every positive time (at the initial time it could fail). If the initial network
is regular and smooth enough, we will see that this definition leads to an almost satisfactory,
“classical” short time existence theory.

When instead the initial datum is a non–regular network (namely a network with multi–
points of order greater than three of triple junction not satisfying the Herring condition), sev-
eral difficulties arise. Consider for instance the simplest example of a network described by
two curves crossing each other forming a 4–point. There is definitely more than one good
candidate for the flow: the concurrent curves can separate in two pairs of curves moving in-
dependently, or they can stay attached at the 4–point (but it is not clear how the angles should
behave). It could also be allowed the possible “birth” of new multi–points from such a single
one. One would like to have a definition of the flow that on one hand takes into account all
the just describe plausible behaviors, but on the other hand that get uniqueness of the mo-
tion at least for “generic” initial data and ”generically” force the network by a instantaneous
regularization to have only triple junctions satisfying the Herring condition, with the possible
exception of some discrete set of times. One may expect that some sort of parabolic regulariza-
tion could play a role. For instance if only two curves meet at a multi–point, it can be shown
that the two curves become instantaneously a single smooth curve moving by curvature. If at
the junctions concur more that three curves at the moment there is not complete answer to the
behavior of the flow.

We underline that even starting with an initial regular network, in the long time behavior
analysis one has to deal with non–regular networks. Indeed during the flow some of the triple
junctions could “collide” along a “collapsing” curve of the network, when the length of the
latter goes to zero (hence modifying the topological structure of the network). If this is the
case, one has to ”restart” the evolution with an initial datum which has multi–points of order
higher than three.
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Global existence and degeneracy in finite time for 1D

quasilinear wave equations

YUUSUKE SUGIYAMA∗

The University of Shiga Prefecture

In this talk, we consider the Cauchy problem of the following quasilinear wave equation:⎧⎨⎩
∂2
t u = ∂x((1 + u)2a∂xu), (t, x) ∈ (0, T ]× R,

u(0, x) = u0(x), x ∈ R,
∂tu(0, x) = u1(x), x ∈ R,

(1)

where u(t, x) is an unknown real valued function and a > 0. The wave equation (1) arises
in the theory of elasticity and elasto-plasticity.

Throughout this talk, we always assume that there exists a constant c0 > 0 such that

1 + u0(x) ≥ c0 (2)

for all x ∈ R. This assumption enables us to regard the equation in (1) as a strictly
hyperbolic equation near t = 0. By the standard local existence theorem for strictly
hyperbolic equations, the local solution of (1) with smooth initial data uniquely exists
until the one of the following two phenomena occurs. The first one is the blow-up:

lim
t↗T ∗ (‖∂tu(t)‖L∞ + ‖∂xu(t)‖L∞) = ∞.

The second is the degeneracy of the equation:

lim
t↗T ∗ inf

(s,x)∈[0,t]×R

1 + u(s, x) = 0.

When the equation degenerates, the standard local existence theorem does not work since
the equation in (1) loses the strictly hyperbolicity. The aim of this talk is to obtain a
sufficient condition for the occurrence of the degeneracy of the equation in finite time.

Theorem 1. Let (u0, u1) ∈ H3(R)×H2(R). Suppose that the initial data (u0, u1) satisfy
that (2),

u1(x)± (1 + u0(x))
a∂xu0(x) ≤ 0 for all x ∈ R (3)

and ∫
R

u1(x)dx <
−2

a+ 1
. (4)

Then there exists T ∗ > 0 such that a local unique solution u ∈ C([0, T ∗);H3(R)) ∩
C1([0, T ∗);H2(R)) of (1) exists and the degeneracy occurs at T ∗.

The equation in (1) is formally equivalent to the following 2×2 hyperbolic conservation
system:

∂t

(
U
V

)
− ∂x

⎛⎝ V
(1 + U)2a+1

2a+ 1

⎞⎠ = 0

where U(t, x) = u(t, x), V (t, x) =
∫ x
−∞ ∂tu(t, y)dy and u is a solution to the equation in

(1). The global existence of solution to more general 2× 2 conservation systems has been
known (e.g. Johnson [1] and Yamaguchi and Nishida [5]). By applying the global existence
theorem, we can show the following proposition.

∗e-mail:sugiyama.y@e.usp.ac.jp
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Proposition 2. Let (u0, u1) ∈ H3(R) × H2(R). Suppose that the initial data (u0, u1)
satisfy that (2), (3) and ∫

R

u1(x)dx >
−2

a+ 1
.

Then (1) has a global unique solution u ∈ C([0,∞);H3(R))∩C1([0,∞);H2(R)) satisfying
that there exists a constant c1 > 0 such that

1 + u(t, x) ≥ c1

for all (t, x) ∈ [0,∞)× R.

This proposition and our main theorem say that −2
a+1 is a threshold of

∫
R
u1(x)dx

separating the global existence of solutions (such that the equation does not degenerate)
and the degeneracy of the equation under the assumption of (3). The assumption (3)
means that Riemann invariants are decreasing functions with x at t = 0. The decreasing
property of the Riemann invariants conserves for t ≥ 0. If (3) is not satisfied, solutions
can blow up in finite time.

We give a known result on the degeneracy of the following parameterized equation:

∂2
t u = (1 + u)2a∂2

xu+ aλ(1 + u)2a−1(∂xu)
2, (5)

where 0 ≤ λ ≤ 2. We consider this equation with initial data (u0, u1). When λ = 0, 1 or
2, the equation of (5) has some physical backgrounds. (5) with λ = 2 is the equation in
(1). If λ 
= 2, then the equation of (5) does not have the structure of conservation system.
However, the decreasing property of the Riemann invariant conserves for t ≥ 0, which is a
motivation to consider the equation (5). In [2, 4], the author has shown that the equation
of (5) with 0 ≤ λ < 2 can degenerate regardless of

∫
R
u1(x)dx as follows:

Theorem 3. Let 0 ≤ λ < 2, (u0, u1) ∈ H3(R) × H2(R) and u1 
≡ 0. Suppose that the
initial data (u0, u1) satisfy that (2) and (3) Then there exists T ∗ > 0 such that a solution
u ∈ C([0, T ∗);H3(R))∩C1([0, T ∗);H2(R)) of (5) exists uniquely and that the degeneracy
occurs at T ∗.

Our proof of Theorems 1 and 3 are based on a contradiction argument for the function
F (t) = − ∫

R
u(t, x)−u0(x)dx. The idea for the proof is to divide the real line R into three

parts by using the plus and minus characteristic curves in the estimate of F (t).
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The blow-up curve of solutions for semilinear wave equations

with Dirichlet boundary conditions in one space dimension

Takiko Sasaki∗

School of Science and Technology, Meiji University

This talk is based on the joint work with Professor Tetsuya Ishiwata.

We consider the nonlinear wave equation⎧⎪⎪⎨⎪⎪⎩
(∂2

t − ∂2
x)u = 2p|∂tu|p−1∂tu x ≥ 0, t ≥ 0,

∂tu(0, t) = 0 t ≥ 0,

u(x, 0) = u0(x), ∂tu(x, 0) = u1(x) x ≥ 0,

(1)

where u = u(x, t) is a real-valued unknown function. In this talk, we assume that p is a

positive constant such that p = 2, 3 or p ≥ 4.

We introduce φ = φ(x, t) and ψ = ψ(x, t) defined by

φ = ∂tu+ ∂xu, ψ = ∂tu− ∂xu.

Then, we can rewrite (1) as follows⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(∂t − ∂x)φ = |φ+ ψ|p−1(φ+ ψ) x ≥ 0, t ≥ 0,

(∂t + ∂x)ψ = |φ+ ψ|p−1(φ+ ψ) x ≥ 0, t ≥ 0,

(φ+ ψ)(0, t) = 0 t ≥ 0,

φ(x, 0) = f(x), ψ(x, 0) = g(x) x ≥ 0,

(2)

where f(x) = u1(x) + ∂xu0(x) and g(x) = u1(x)− ∂xu0(x).

Let Q∗, R∗, S∗ and T ∗ be positive constants and

BR1,R2
= {x ∈ R | R1 < x < R2}, K−(x0, t0) = {(x, t) ∈ R

2 | x, t, > 0, |x0 − x| < t0 − t},
K1 =

⋃
x∈BQ∗+T∗,Q∗+T∗+R∗

K−(x, T ∗), K2 = K−(0, S∗), K = K1 ∪K2.

where R1, R2, x0 and t0 are nonnegative constants. In what follows, we assume Q∗+T ∗ <
S∗ < Q∗ + 2T ∗.

We then consider the following function

T (x) = sup {t ∈ (0, T ∗) | |∂tu(x, t)| < ∞} for x ∈ B0,Q∗+T∗+R∗ .

The function T (x) is the blow-up time of the classical solution of (1) at x.

The blow-up curve has been studied from the viewpoints of its differentiability and

singularity. For example, the differentiability of the blow-up curve was proved by Caf-

farelli and Friedman [CF] if the initial conditions are large and smooth enough. On the

other hand, Merle and Zaag [MZ] showed that the blow-up curve has singular points

under suitable initial conditions.
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However, it is not clear for the author why the blow-up curve has singular points. In

this talk, we consider when the blow-up curve has singular points for (1) and we limit

the discussion to the case ∂tu is an odd function. Particular, we show

T ′(x) ↓ −1 as x ↓ 0

under suitable initial conditions.

To state main results, we will make the following

assumptions:⎧⎪⎪⎪⎨⎪⎪⎪⎩
d

dt
φ̃ = |φ̃+ ψ̃|p−1(φ̃+ ψ̃) t ≥ 0,

d

dt
ψ̃ = |φ̃+ ψ̃|p−1(φ̃+ ψ̃) t ≥ 0,

φ̃(0) = γ, ψ̃(0) = 0.

where φ̃ = φ̃(t) and ψ̃ = ψ̃(t) are real-valued

unknown functions and γ is a positive constant.

R∗

T ∗
S∗

Q∗ x

t

t = T (x)

S∗ −Q∗ − T ∗

K1

K2

Figure 1. The dependence domain.
Then, there exists a positive constant T̃ depending only on γ such that

(φ̃+ ψ̃)(t) → ∞ as t → T̃ .

We make the following assumptions.

(A1) T̃ < S∗ −Q∗ − T ∗.

(A2)

{
f ≥ γ, g ≥ −γ in B0,Q∗+R∗+2T∗ ,

g ≥ 0 in BQ∗,Q∗+R∗+2T∗ .

(A3) f, g ∈ C4(B0,Q∗+R∗+2T∗).

(A4) ∃ε0 > 0 such that

2γp ≥ (1 + ε0)(|∂xf |+ |∂xg|)
in BQ∗,Q∗+R∗+2T∗ .

(A5.1) ∂xf ≥ 0, ∂xg > 0 in B0,S∗ .

(A5.2) ∂2
xf, ∂2

x(f + g) ≥ 0 in B0,S∗ .

(A5.3) ∂3
xf, ∂3

xg ≥ 0 in B0,S∗ .

(A6) ∂x(f − g) ≥ 0 in B0,S∗ .

We now state the main results of this paper.

Theorem 1. Let Q∗, R∗, S∗ and T ∗ be arbitrary positive constants. Assume that Qt ∗
+T ∗ < S∗ < Q∗+2T ∗ and (A1)–(A6) hold. Then, there exists a unique C1(B0,Q∗+R∗+T∗)

function T such that 0 < T (x) < S∗ (x ∈ B0,Q∗+R∗+T∗) and a unique (C3,1(Ω))2 solution

(φ, ψ) of (2) satisfying

φ(x, t), ψ(x, t) → ∞ as t → T (x)

for any x ∈ B0,Q∗+R∗+T∗ , where Ω =
{
(x, t) ∈ R

2 | x ∈ B0,Q∗+R∗+T∗ , 0 < t < T (x)
}
.

Moreover,

T ′(x) ↓ −1 as x ↓ 0.
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A novel integral transform approach to solving

hyperbolic equations in the curved space-times

Karen Yagdjian

School of Mathematical and Statistical Sciences,
University of Texas RGV, 1201 W. University Drive,

Edinburg, TX 78539, USA

Abstract

In the talk we will present the integral transform that allows us to construct solutions of the
hyperbolic partial differential equations with variable coefficients via solutions of a simpler equation.
This integral transform is aimed to generate representation formulas for the solutions to the equation

utt − a2(t)A(x, ∂x)u−M2u = f, t ∈ (0, T ), x ∈ Ω . (1)

where M ∈ C and A(x, ∂x) is elliptic operator A(x, ∂x) =
∑
|α|≤m aα(x)∂

α
x , with smooth coefficients

aα(x) ∈ C∞(Ω) in the domain in Ω ⊆ R
n. For the given smooth function f = f(x, t) defined in

Ω× [0, T ] consider a solution w = w(x, t; b) of the problem{
wtt −A(x, ∂x)w = 0, t ∈ (0, T1), x ∈ Ω,
w(x, 0; b) = f(x, b), wt(x, 0; b) = 0, x ∈ Ω,

(2)

with the parameter b ∈ (0, T ) and 0 < T1 ≤∞. We define the operator EEA by w = EEA[f ]. Next we
introduce the integral operator

K : w �−→ u,

which maps function w = w(x, t; b) into solution u of the equation (1). The integral operator K is
defined by

u(x, t) = K[w](x, t) :=

∫ t

0

db

∫ |φ(t)−φ(b)|

0

K(t; r, b;M)w(x, r; b) dr, x ∈ Ω, t ∈ (0, T ).

Here φ(t) =
∫ t

0
a(τ) dτ is a distance function produced by a = a(t), M ∈ C. Integral transform K

is applicable to the distributions and fundamental solutions as well. In fact, u = u(x, t) takes initial
values u(x, 0) = 0, ut(x, 0) = 0, x ∈ Ω. This operator generates solutions of different well-known
equations. A class of operators for which we have obtained representation formulas for the solutions
includes a(t) = t�,  ∈ R, a(t) = e±t. If EEA is a resolving operator of the problem (2), then, by
applying integral transform, we obtain the solution operator u = GA[f ] = K ◦ EEA[f ].
Klein-Gordon equation in the de Sitter space-time. Here a(t) = e−t. This is the first important
application of the our integral transform approach. Define a chronological future D+(x0, t0) and a
chronological past D−(x0, t0) of the point (x0, t0), x0 ∈ R

n, t0 ∈ R: D±(x0, t0) := {(x, t) ∈ R
n+1 ; |x−

x0| ≤ ±(e−t0 − e−t) }. Then, for (x0, t0) ∈ R
n × R, M ∈ C, we define the function

E(x, t;x0, t0;M) := 4−MeM(t0+t)
(
(e−t0 + e−t)2 − (x− x0)

2
)M− 1

2

×F
(1
2
−M,

1

2
−M ; 1;

(e−t0 − e−t)2 − (x− x0)
2

(e−t0 + e−t)2 − (x− x0)2

)
,

where (x, t) ∈ D+(x0, t0) ∪ D−(x0, t0) and F
(
a, b; c; ζ

)
is the hypergeometric function. In fact, E

depends on r2 = (x − x0)
2, that is E(x, t;x0, t0;M) = E(r, t; 0, t0;M). For this equation we set
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K(t; r, b;M) = E(r, t; 0, b;M). We note that the operator A(x, ∂x) is of arbitrary order, that is, the
equation of (2) can be an evolution equation, not necessarily hyperbolic.
The Huygens’ principle. In [8] it is proved that the value m =

√
n2 − 1/2 is the only value of the

physical mass m, such that the equation Φtt+nΦt−e−2tΔΦ+m2Φ = 0, obeys the Huygens’ principle,
n ≥ 3 is an odd number. Moreover, it is also proved in [8] that two Klein-Gordon equations obey the
incomplete (that is the second initial datum vanishes) Huygens’ principle if and only if n = 3 and
m1 = 0, m2 =

√
2. In fact, Paul Ehrenfest in 1918 raised the question: “Why has our space just three

dimensions?”. In quantum field theory the interval (0,
√
2) is known as the so-called Higuchi bound.

In the talk a special attention will be given also to the global in time existence of self-interacting scalar
field in the de Sitter universe, to the Higuchi bound of the quantum field theory, and the Klein-Gordon
equations with the Higgs potential.
The Einstein-de Sitter space-time, the generalized Tricomi equation. For this equation
M = 0 and a2(t) = t�,  ∈ C. We define the integral operator with the kernel

K(t; r, b) := c�
(
(φ(t) + φ(b))2 − r2

)−γ
F
(
γ, γ; 1;

(φ(t)− φ(b))2 − r2

(φ(t) + φ(b))2 − r2

)
,

with the distance function φ(t) = 2t(�+2)/2/(+ 2) and the numbers γ := /(2(+ 2)),  ∈ C \ {−2},
and c� = (+ 2)

− �
�+2 4

�
�+2 . There are four important examples of equations which are amenable to

the integral transform approach, when  = 3, 1,−1,−4/3; those are the small disturbance equations
for the perturbation velocity potential of a two-dimensional near sonic uniform flow of dense gases
in a physical plane, the Tricomi equation, the equation of waves in the radiation dominated universe
and in the EdeS space-time, respectively.
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On some effects of background metrics

for several partial differential equations

Makoto Nakamura (Yamagata University) ∗

We denote the spatial dimension by n ≥ 1, the Planck constant by � := h/2π,

the mass by m > 0, and the speed of light c > 0. Let σ ∈ R, a0 > 0, a1 ∈ R. We

put T0 := ∞ when (1 + σ)a1 ≥ 0, T0 := −2a0/n(1 + σ)a1(> 0) when (1 + σ)a1 < 0.

We define a scale-function a(t) for t ∈ [0, T0) by

a(t) :=

⎧⎨⎩ a0

(
1 + n(1+σ)a1t

2a0

)2/n(1+σ)

if σ 
= −1,

a0 exp
(

a1t
a0

)
if σ = −1.

(1)

Let λ ∈ C, 1 ≤ p < ∞, −π/2 < ω ≤ π/2, and Δ :=
∑n

j=1 ∂
2/∂x2

j . We define a

weight function w(t) := (a0/a(t))
n/2. We consider the equation

±i
2m

�
∂tu+

1

a2e2iω
Δu− λ

e2iω
|uw|p−1u = 0. (2)

We use a change of variable s = s(t) :=
∫ t

0
a(τ)−2dτ . For 0 ≤ μ0 < n/2 and

0 < S ≤ S0, we consider the Cauchy problem given by⎧⎨⎩ ±i
2m

�
∂su(s, x) +

1

e2iω
Δu(s, x)− λa(s)2

e2iω
(|uw|p−1u

)
(s, x) = 0,

u(0, ·) = u0(·) ∈ Hμ0(Rn)
(3)

for (s, x) ∈ [0, S)× R
n.

Let us consider the well-posedness of (3). For any real numbers 2 ≤ q ≤ ∞ and

2 ≤ r < ∞, we say that the pair (q, r) is admissible if it satisfies 1/r + 2/nq = 1/2.

For μ0 ≥ 0 and two admissible pairs {(qj, rj)}j=1,2, we define a function space

Xμ0([0, S)) := {u ∈ C([0, S), Hμ0(Rn)); max
μ=0,μ0

‖u‖Xμ([0,S)) < ∞}

with a metric d(u, v) := ‖u− v‖X0([0,S)) for u, v ∈ Xμ0([0, S)), where

‖u‖Xμ([0,S)) :=

⎧⎨⎩‖u‖L∞((0,S),L2(Rn))∩⋂j=1,2 L
qj ((0,S),Lrj (Rn)) if μ = 0,

‖u‖L∞((0,S),Ḣμ(Rn))∩⋂j=1,2 L
qj ((0,S),Ḃμ

rj2
(Rn)) if μ > 0.

∗Faculty of Science, Yamagata University, Kojirakawa-machi 1-4-12, Yamagata 990-8560,
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We note that the scaling critical number of p for (3) is p(μ0) := 1 + 4/(n − 2μ0)

when a(·) = 1. For σ 
= −1, we put

p1(μ0) := 1 +
4

n− 2μ0

·
(
1 +

4

n− 2μ0

· 2μ0

n(1 + σ)

)−1

.

Theorem 1. Let n ≥ 1, λ ∈ C, 0 ≤ μ0 < n/2, and 1 ≤ p ≤ p(μ0). Let ω satisfies

0 ≤ ±ω ≤ π/2 and ω 
= −π/2. Assume μ0 < p if p is not an odd number. There

exist two admissible pairs {(qj, rj)}j=1,2 with the following properties.

(1) (Local solutions.) For any u0 ∈ Hμ0(Rn), there exist S > 0 with S ≤ S0 and

a unique local solution u of (3) in Xμ0([0, S)). Here, S depends only on the norm

‖u0‖Ḣμ0 (Rn) when p < p(μ0), while S depends on the profile of u0 when p = p(μ0).

The solutions depend on the initial data continuously.

(2) (Small global solutions.) Assume that one of the following conditions from

(i) to (vi) holds: (i) μ0 = 0, p = p(0), (ii) μ0 > 0, p = p(μ0), a1 ≥ 0, (iii)

1 < p < p(μ0), a1 > 0, σ < −1, (iv) 1 < p < p1(μ0), a1 < 0, σ > −1, (v)

p1(μ0) < p < p(μ0), a1 > 0, σ > −1, (vi) μ0 > 0, 1 < p < p(μ0), a1 > 0, σ = −1.

If ‖u0‖Ḣμ0 (Rn) is sufficiently small, then the solution u obtained in (1) is a global

solution, namely, S = S0.

Corollary 2. Let μ0 = 0 or μ0 = 1. Let λ > 0. Let 1 ≤ p < 1 + 4/n when

μ0 = 0. Let 1 ≤ p < 1 + 4/(n− 2) and a1(p− 1− 4/n) ≥ 0 when μ0 = 1. For any

u0 ∈ Hμ0(Rn), the local solution u given by (1) in Theorem 1 is a global solution.

Corollary 3. Let μ0 = 1, λ < 0, a1 ≥ 0 and 1 ≤ p < 1 + 4/n. Let ω = 0 or

ω = π/2. For any u0 ∈ H1(Rn), the local solution u given by (1) in Theorem 1 is a

global solution.

Corollary 4. Let μ0 = 1 and λ < 0. Let ω 
= 0, π/2. Put p0 := 2/(sin 2ω)2 − 1. Let

p0 < p ≤ 1+ 4/(n− 2). Let a1(p− 1− 4/n) ≤ 0 and S0 = ∞. For any u0 ∈ H1(Rn)

with negative energy ∫
Rn

1

2
|∇u0(x)|2 + λa20|u0(x)|p+1

p+ 1
dx < 0, (4)

the solution u given by (1) in Theorem 1 blows up in finite time.

Corollary 5. Let μ0 = 1 and λ < 0. Let ω = 0 or ω = π/2. Let 1 + 4/n ≤
p ≤ 1 + 4/(n − 2). Let a1 ≤ 0 and S0 = ∞. For any u0 ∈ H1(Rn) which satisfies

‖|x|u0(x)‖L2
x(R

n) < ∞ and (4), the solution u given by (1) in Theorem 1 blows up in

finite time.
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Uniqueness problem for closed non-smooth hypersurfaces

with constant anisotropic mean curvature

Miyuki Koiso

(Institute of Mathematics for Industry, Kyushu University, Japan)

We discuss a variational problem for piecewise-smooth hypersurfaces in the (n + 1)-
dimensional euclidean space R

n+1. Our energy functional is an anisotropic surface energy
which is a natural generalization of area for surfaces. An anisotropic surface energy is the
integral of an energy density that depends on the surface normal over the considered surface,
which was introduced to model the surface tension of a small crystal. The minimizer of such
an energy among all closed surfaces enclosing the same 3-dimensional volume is unique and it
is (up to rescaling) so-called the Wulff shape. The Wulff shape and equilibrium surfaces of this
energy are not smooth in general. In this talk, we give uniqueness and non-uniqueness results
for closed (not necessarily smooth) equilibrium hypersurfaces and applications to anisotropic
mean curvature flow.

Let γ : Sn → R>0 be a positive continuous function on the unit sphere Sn = {ν ∈
R

n+1 | ‖ν‖ = 1} in R
n+1. The boundary Wγ of the convex set

W̃ [γ] := ∩ν∈Sn

{
X ∈ R

n+1 | 〈X, ν〉 ≤ γ(ν)
}

(1)

is called the Wulff shape for γ, where 〈 , 〉 means the standard inner product in R
n+1. Let

us give two simple examples: For γ ≡ 1, Wγ is Sn. For γ(ν) = γ(ν1, · · · , νn+1) =
∑n+1

i=1 |νi|,
Wγ is the cube {x = (x1, · · · , xn+1) ∈ Rn+1 | max{|x1|, · · · , |xn+1|} = 1}.

The homogeneous extension γ : R
n+1 → R≥0 of γ is defined by

γ(rX) = rγ(X), ∀X ∈ Sn, ∀r ≥ 0.

If γ is convex and satisfies γ(−X) = γ(X), γ defines a norm on R
n+1, and the unit sphere

{Y ∈ R
n+1 | γ∗(Y ) = 1} of the dual norm γ∗(Y ) = sup{〈Y,Z〉 | γ(Z) ≤ 1} coincides with Wγ .

Definition 1. A continuous map γ : Sn → R>0 is called a convex integrand (or simply,
convex) if its homogeneous extension γ : R

n+1 → R≥0 is a convex function.

We formulate our piecewise-smooth hypersurfaces as follows. Let M = ∪k
i=1Mi be an

n-dimensional oriented connected compact C∞ manifold, and X : M → R
n+1 be a piecewise-

C3 immersion. This means that X is continuous on M and it is a C3 immersion on each
Mi, where Mi is an n-dimensional submanifold of M with smooth boundary. We sometimes
say that X is a piecewise-smooth hypersurface. Also, we sometimes identify X with X(M).

The author is supported in part by JSPS KAKENHI Grant Number JP18H04487.
E-mail address: koiso@math.kyushu-u.ac.jp
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Denote by S the set of singularities of X. Here a singularity of X is a point in M at which
X is not an immersion. Let ν : M \ S → Sn be the “outward-pointing” unit normal vector
field along X|M\S . We can think that ν is defined on each Mi. An anisotropic energy Fγ(X)
of X is defined as follows.

Fγ(X) :=
k∑

i=1

∫
Mi

γ(ν) dM,

where dM is the n-dimensional volume form of M induced by X. In the special case where
γ ≡ 1, Fγ(X) is the usual n-dimensional volume of the hypersurface X.

The (n + 1)-dimensional volume V (X) enclosed by X is given by V (X) := 1
n+1

∑k
i=1∫

Mi
〈X, ν〉 dM . The anisotropic mean curvature Λ of X at each regular point is defined as

Λ :=
1
n

(−divMDγ + nHγ),

where Dγ is the gradient of γ and H is the mean curvature of X. If f : D(⊂ R
2) → R is a

C∞ function and X : D → R
3 is a graph X(u1, u2) = (u1, u2, f(u1, u2)) of f , then

Λ =
1
2

∑
i,j=1,2

γxixj

∣∣∣
(−Df,1)

fuiuj , fi := fui , fij := fuiuj , Df := (f1, f2).

Hence, if γ is strictly convex, then the equation “Λ ≡ constant” is elliptic.
X is a critical point of Fγ for all (n + 1)-dimensional volume-preserving variations if and

only if Λ ≡ constant and X satisfies a certain condition about ν at the singularities. If X

satisfies these conditions, we call X a closed CAMC (constant anisotropic mean curvature)
hypersurface. A closed CAMC hypersurface X is said to be stable if the second variation of
Fγ for any (n + 1)-dimensional volume-preserving variation is nonnegative. X is said to be
embedded if it does not have self-intersections.

The following uniqueness and non-uniqueness results for closed CAMC hypersurfaces hold.

Theorem 1. (Koiso [1], [2]). Assume γ : Sn → R
+ is of C3 and it is the convex integrand

of its Wulff shape W . Let X be a closed CAMC hypersurface in R
n+1 for γ. If X is either

stable or embedded, then it is (up to translation and homothety) the Wulff shape Wγ.

Theorem 2. (Koiso [2]). There exists a C3 function γ : Sn → R
+ that is not a convex

integrand such that there exists a closed embedded CAMC hypersurface for γ which is not
(any homothety and translation of) the Wulff shape Wγ.

Let us give some remarks about the regularity of the Wulff shape Wγ and CAMC hy-
persurfaces. When Wγ is a smooth strictly convex hypersurface (which is equivalent to the
condition that the matrix D2γ+γ1 is positive-definite at each point in Sn), any closed CAMC
hypersurface X is also smooth, and the conclusions in Theorem 1 were known. In fact, if X

satisfies either one of the following conditions (i)-(iii), it is a homothety of the Wulff shape:
(i) X is stable (B. Palmer 1998). (ii) X is embedded (Y. He-H. Li-H. Ma-J. Ge 2009). (iii)
n = 2 and the genus of M is zero (M. Koiso-B. Palmer 2010, N. Ando 2012).

In this talk, we also discuss the case when γ is not differentiable.
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Regularity of minimal and CMC stable hypersurfaces

Neshan Wickramasekera

In the late 1970’s and early 1980’s, a fundamental regularity and compactness
theory for uniformly mass bounded stable minimal hypersurfaces was established by
the work of Schoen–Simon–Yau [SSY75] (in low dimensions) and of Schoen–Simon
[SS81] (in general dimensions). The methods employed in these works required the
a priori assumption that the singular sets are sufficiently small (and completely ab-
sent in [SSY75]), and yielded curvature estimates for the hypersurfaces and sharp
bounds (in general dimensions) on the size of their singular set. This work implied
embeddedness (away from a small singular set) of the weak minimal hypersurfaces
(stationary integral n-varifolds) in compact (n+ 1)-dimensional Riemannian mani-
folds whose existence had been established by a deep min-max theory for the area
functional developed by Almgren in the 1960’s ([Alm65]) and strengthened by Pitts
in the 1970’s ([Pit77]).

In a series of works in the past several years, beginning with the speaker’s 2014
work [Wic14] on stable minimal hypersurfaces followed by its recent extension [BW18]
(joint with C. Bellettini) to CMC hypersurfaces, and the work [BCW18] (joint with
O. Chodosh and C. Bellettini) establishing curvature estimates for weakly stable
CMC hypersurfaces, the Schoen–Simon–Yau and Schoen–Simon theories have been
strengthened and extended. This work considers a general class of n-dimensional
hypersurfaces V , namely, codimension 1 integral n-varifolds whose generalized mean
curvature is locally summable to a power > n. It follows from the Allard regularity
theory that the C1 embedded part reg1 V of the support of such a varifold V is
dense, but examples show that the singular set sptV \ reg1 V need not have zero n-
dimensional measure (even when the generalized mean curvature is locally bounded).
The work [BW18] assumes that any orientable portion of reg1 V is stationary with
respect to the mass functional for volume preserving deformations. This hypothesis
implies that the C2 immersed part of sptV is a classical constant-mean-curvature
(CMC) immersion. The work further assumes that this C2 immersed part is weakly
stable, i.e. stable (as an immersion) with respect to volume preserving deformations.

The main new discovery in [Wic14], [BW18] is that for varifolds V satisfying the
above variational hypotheses, in contrast to a smallness hypothesis on the entire
singular set as in Schoen–Simon–Yau and Schoen–Simon theories, two considerably
less stringent structural conditions (described below) are sufficient (and necessary)
to give the same sharp size control on their singular sets. Specifically, the work shows
that if V satisfies these structural conditions, then except on a closed set Σ (to be
thought of as the genuine singular set) of Hausdorff dimension at most n−7, sptV is
a CMC hypersurface of class C2 (and hence is smooth or real analytic depending on
whether the ambient metric is smooth or real analytic) and is quasi-embedded, i.e.
locally is either a single embedded disk or precisely two embedded disks intersecting
tangentially with each piece lying on one side of the other. Furthermore, the work
establishes compactness of any family of varifolds as above satisfying additionally a
locally uniform mass bound and a uniform mean curvature bound.

The first structural condition is that V has no classical singularities; a classical
singularity is a point p near which the support of V is the union of three or more
embedded C1,α hypersurfaces-with-boundary for some α ∈ (0, 1) that meet only
along a common free boundary containing p. This is the only structural condition
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necessary in the special case of minimal hypersurfaces considered in [Wic14], i.e.
when the stationarity and stability conditions as above hold for deformations that
are not required to be volume preserving. The second structural condition, which is
necessary for the more general CMC case (in addition to the no-classical-singularities
hypothesis), requires that every touching singularity—which by definition is a point p
near which sptV is the union of two distinct C1,α embedded hypersurfaces for some
α ∈ (0, 1) that meet at p tangentially—has a neighborhood in which the density
of V is almost everywhere (with respect to the n-dimensional Hausdorff measure)
less than the density at p. By the De Giorgi structure theory, this conditions is
automatically satisfied in the important special case when the hypersurface is the
boundary of a Caccioppoli set.

The advantage of these structural conditions is that they are local conditions
involving only the parts of the varifold consisting of C1,α regular pieces coming
together in a regular fashion. In fact in the above results, somewhat surprisingly all
hypotheses except for summability of the generalized mean curvature to a sufficiently
high power concern only the regular parts of the varifold, making them easy to check
in principle.

Among the applications of this work is a considerably more efficient PDE theoretic
alternative to the Almgren–Pitts existence theory for minimal hypersurfaces. This
new approach, a result of the combined work of Guaraco ([Gua18]), Hutchinson–
Tonegawa ([HT00]), Tonegawa ([Ton05]) and Tonegawa–Wickramasekera ([TW12]),
constructs the minimal hypersurface as a weak (i.e. varifold) limit of level sets of a
sequence of solutions to singularly perturbed elliptic Allen–Cahn equations. It uses
a standard PDE mountain pass lemma in place of the varifold min-max construction
of Almgren and Pitts. The full strength of the sharp regularity theory of [Wic14] is
used to establish regularity of the varifold limit of the level sets.

In this lecture we shall discuss these recent developments and outline some future
directions.
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Multidimensional traveling fronts in reaction-diffusion equations

Masaharu Taniguchi∗

Department of Mathematics, Faculty of Science, Okayama University

3-1-1, Tsushimanaka, Kita-ku, Okayama City, 700-8530, JAPAN

We study the Allen–Cahn equation

∂u

∂t
= Δu+ f(u) x ∈ R

N , t > 0,

u(x, 0) = u0 x ∈ R
N .

(1)

Here Δ =
∑N

j=1Djj with Dj = ∂/∂xj and Djj = (∂/∂xj)
2 for 1 ≤ j ≤ N . Now N ≥ 3 is a given

integer, and u0 is a given bounded and uniformly continuous function from R
N to R.

(A1) f ∈ C1[−1, 1] satisfies f(1) = 0, f(−1) = 0, f ′(1) < 0 , f ′(−1) < 0,
∫ 1
−1 f(s)ds > 0.

(A2) For a∗ ∈ (−1, 1), one has f(s) < 0 if s ∈ (−1,−a∗), and f(s) > 0 if s ∈ (−a∗, 1).

There exists a one-dimensional traveling front Φ with speed k > 0 and it is unique up to
translation. The Allen–Cahn equation by a moving coordinate system with speed c is given by

(Dt −Δ− cDN )w − f(w) = 0 x ∈ R
N , t > 0,

w(x, 0) = u0(x) x ∈ R
N .

(2)

We assume c > k. We denote the solution of (2) by w(x, t;u0). Two-dimensional V-form fronts
are studied by [3, 1]. An axially symmetric traveling front solution U is studied by [1, 6].
Traveling fronts of pyramidal shapes and convex polyhedral shapes are studied by [4, 2, 5].
Let a surface be the boundary of a convex compact set in R

N−1 and assume that all prin-
cipal curvatures are positive everywhere. For any positive-valued function g ∈ C2(SN−2) let
Dg =

{
rξ | 0 ≤ r < g(ξ), ξ ∈ SN−2

}
and let Cg = ∂Dg = {g(ξ)ξ | ξ ∈ SN−2}. Then, if all prin-

cipal curvatures of Cg are positive at every point of Cg, Dg is a strictly convex compact set in
R
N−1. Let G be given by

{
g ∈ C2(SN−2) | g > 0, all principal curvature of Cg are positive at every point of Cg

}
.

For any g ∈ G and a ≥ 0 we define g1 = τag by

Cg1 =
{
z ∈ R

N−1\Dg | dist(z, Cg) = a
}
.

Then τa becomes a mapping in G. We define an equivalence relation g1 ∼ g2 if and only if one
has either g1 = τag2 or g2 = τag1 for some a ≥ 0.

∗taniguchi-m@okayama-u.ac.jp
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Figure 1: The graph of a level set of Ũ .

Theorem 1 Assume c > k. For any given g ∈ G, there exists a unique solution Ũ to(
−

N∑
i=1

∂2

∂x2i
− c

∂

∂xN

)
Ũ − f(Ũ) = 0 in R

N , (3)

lim
s→∞ sup

|x|≥s

∣∣∣∣Ũ(x)− min
ξ∈SN−2

U(|x′ − g(ξ)ξ|, xN )

∣∣∣∣ = 0. (4)

Here x = (x′, xN ). Let Ũj be the solution to (3)–(4) associated with gj ∈ G for j = 1, 2, respec-
tively. Then one has

Ũ2(x1, . . . , xN−1, xN ) = Ũ1(x1, . . . , xN−1, xN − ζ) (5)

for some ζ ∈ R if and only if g1 ∼ g2.
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Approximation methods for oscillatory
and constrained interfacial dynamics

Elliott Ginder1
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Abstract

We investigate the use of threshold dynamics for approximating the motion of oscillating
interfaces. Interfaces are encoded within the signed distance vector field and, instead of
utilizing a diffusion process to evolve the curve, are propagated by the wave operator. Initial
conditions are selected to accumulate velocities over each time step and prescribe acceleration
to the target motions.

Keywords: curvature dependent acceleration, threshold dynamics, interfacial motion

1 Introduction

We consider an approximation method for interfacial motions governed by the following equation:

αV ′ + βV = −κn, (1)

where V ′ and V denote the normal acceleration and velocity of the interface, respectively, and
n is the outer normal vector along the interface. Here κ refers to the mean curvature of the
interface, and both α and β are nonnegative parameters. In addition to an initial configuration,
the interface is accompanied by an initial velocity field, which is assumed to act normal to the
interface.

2 Threshold dynamics

Let τ > 0 be a small time step and M be a nonnegative integer. Then the approximation method
that we consider evolves an interface by repeating the following, for k = 1, ...,M :

(1) Evolve the interface by solving the wave equation for a time τ :⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

utt = c2Δu, in (0, τ)× Ω,

u(0,x) = a((2zkε (x)− zk−1
ε (x)), in Ω,

ut(0,x) = −bzkε , in Ω,
∂u
∂ν = 0 on ∂(0, τ)× Ω

(2)

where the initial conditions are constructed using the signed distance vector field (SDVF):

zkε (x) =
N∑
i=1

piχ{di(x)>ε/2} +
1

ε

( ε

2
+ di(x)

)
piχ{−ε/2≤di(x)≤ε/2}. (3)

1This research was supported by the JSPS Grant-in-aid for Young Scientists (B), 15KT0099.
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Here ε > 0 is an interpolation parameter, χE denotes the characteristic function of the set
E, and di(x) denotes the signed distance to the boundary of phase i at location x (taken
positive inside the phase region, and negative outside):

di(x) =

{
infy∈∂P k

i
||x− y|| if x ∈ P k

i ,

− infy∈∂Pk
i
||x− y|| otherwise.

Each pi denotes the ith coordinate vector of a regular simplex in RN−1, i = 1, ..., N where
N denotes the number of phases.

(2) Determine the location of the interface after its evolution The location of the ith phase
can be obtained through the following process:

P k
i = {x ∈ Ω | 〈u(kτ, x),pi〉 = max

j=1,...,N
〈u(kτ, x),pj〉}, Γk

i = ∂P k
i .

We remark that, in the two phase setting, this step is equivalent to finding the zero level
set of the solution to (2) (figure 1B shows an application of the SDVF in 3D).

(3) Reconstruct the signed distance functions and the signed distance vector field.

For appropriate choices of a, b, c, one can show that, upon repeating the above process for k =
1, 2, ..., the sequence of interfaces {Γk

i }k∈N approximates evolution by (1) with order O(τ).

A B

t

t = 0

C

Figure 1: (Left) Vapor-Liquid-Solid simulation. (Center) Interfaces within the SDVF, in 3D. (Right)
An oscillatory, multiphase volume preserving motion.

We will show applications of the SDVF related to vapor-liquid solid simulations and, using
minimizing movements, to computing motion by multiphase volume preserving hyperbolic mean
curvature flow (see figure 1A and 1C).
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LARGE EXPONENT BEHAVIOR OF POWER CURVATURE
FLOW AND APPLICATIONS

Qing Liu
Department of Applied Mathematics, Fukuoka University
Email: qingliu@fukuoka-u.ac.jp

Abstract. Motivated by applications in image processing, we study asymptotic
behavior for the level set equation of power curvature flow as the exponent tends to
infinity. More precisely, we consider the level set equation

ut − |∇u|
∣∣∣∣div

( ∇u

|∇u|
)∣∣∣∣

α−1

div

( ∇u

|∇u|
)

= 0 in R
n × (0,∞) (1)

with a Lipschitz initial value u0 in R
n. Here α > 0 is a given exponent and the power

function is understood as κα = |κ|α−1κ to maintain the parabolicity of the operator.
It is well known [3] that for any given α > 0 there exists a unique viscosity solution
uα of the initial value problem associated to (1). We are particularly interested
in the limit behavior of uα as α → ∞, which has important applications in image
denoising [1].

If u0 satisfies

(Quasiconvexity) {x ∈ R
n : u0(x) ≤ c} is convex for any c ∈ R and

(Coercivity) inf
|x|≥R

u0(x) → ∞ as R → ∞,

the limit equation can be characterized as the following stationary obstacle problem
involving 1-Laplacian:

min

{
− div

( ∇U

|∇U |
)
+ 1, U − u0

}
= 0 in R

n. (2)

In [5], we discuss various properties of the obstacle problem and show that
uα(·, t) → V locally uniformly in R

n as α → ∞ for any t > 0, where V is the
minimal supersolution of (2) .

The situation is much more complicated when the assumption on quasiconvexity of
u0 is dropped. In this case, for simplicity we only talk about the following simplified
equation in one space dimension:

ut − |uxx|α−1uxx = 0 in R× (0,∞) (3)

with a Lipschitz initial value u0 that is not necessarily convex in R.
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When u0 is compactly supported in R, we show that the unique solution uα of
(3) converges locally uniformly in R × (0,∞) as α → ∞ to V , where the limit V
again depends only on the space variable and can be characterized via the following
analysis of initial layer.

Assuming first that u0 is of class C1,1(R) and applying the scaling

Uα(x, t) = uα

(
x,

tα

α

)
for (x, t) ∈ R× (τ,∞),

one can show that Uα → U locally uniformly in R × [τ,∞) as α → ∞, where U
solves at least formally a fully nonlinear parabolic equation

Ut(x, t) = F (t, Uxx(x, t)) in R× (τ,∞), (4)

where F : (0,∞)× R → R is a discontinuous operator given by

F (t, z) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 if |z| < 1/t,

sgn(z)/t if |z| = 1/t,

∞ if z > 1/t,

−∞ if z < −1/t.

It turns out [4] that the large exponent limit V of the solution to (3) coincides with
U(·, 1). We justify the convergence of Uα to U by proving a comparison principle
for the Cauchy problem for (4). The convergence of uα in R× (0,∞) for a general
Lipschitz initial value u0 can be obtained by approximation.

We finally discuss another application of the large exponent analysis for (3), which
is closely related to a math model established in [2] to describe unstable sandpiles.

References

[1] F. Cao. Geometric curve evolution and image processing, volume 1805 of Lecture Notes in
Mathematics. Springer-Verlag, Berlin, 2003.

[2] L. C. Evans, M. Feldman, and R. F. Gariepy. Fast/slow diffusion and collapsing sandpiles. J.
Differential Equations, 137(1):166–209, 1997.

[3] H. Ishii and P. Souganidis. Generalized motion of noncompact hypersurfaces with velocity
having arbitrary growth on the curvature tensor. Tohoku Math. J. (2), 47(2):227–250, 1995.

[4] Q. Liu. Large exponent behavior for a power-type diffusion equation and applications. in prepa-
ration.

[5] Q. Liu and N. Yamada. An obstacle problem arising in large exponent limit of power mean
curvature flow equation. preprint.



－145－

On the dynamics for the volume-preserving geometric flows

Yoshihito Kohsaka

Graduate School of Maritime Sciences, Kobe University

A dynamics of curves or surfaces governed by the volume-preserving geometric flows
will be studied. Let Γ(t) be a evolving curve or surface with time t. As the volume-
preserving geometric flows, we will consider the volume-preserving mean curvature flow
and the surface diffusion equation:

V = H −Hav, (1)

V = −ΔΓ(t)H. (2)

Here V and H are the normal velocity and the mean curvature of Γ(t), respectively. In
our sign convention, the mean curvature H for spheres with outer unit normal is negative.
Moreover, Hav is the mean value of H given by

Hav =

∫
Γ(t)

H dSt∫
Γ(t)

dSt

and ΔΓ is the Laplace-Beltrami operator on Γ(t).
(1) and (2) are represented as the gradient flow for the area functional A[Γ(t)]. Indeed,

setting

L2
0(Γ(t)) :=

{
ϕ ∈ L2(Γ(t))

∣∣∣
∫
Γ(t)

ϕdSt = 0
}
,

H−1(Γ(t)) :=
{
ϕ ∈ [H1(Γ(t))]∗

∣∣∣ 〈ϕ, 1〉 = 0
}
,

where [H1(Γ(t))]∗ is the dual space of H1(Γ(t)) and 〈 · , · 〉 is the duality pairing of
[H1(Γ(t))]∗ and H1(Γ(t)), the volume-preserving mean curvature flow (1) is the gradi-
ent flow for A[Γ(t)] in L2

0(Γ(t)) and the surface diffusion equation (2) is that in H−1(Γ(t))
(see [8]). Note that if the normal velocity V satisfies∫

Γ(t)

V dSt = 0,

then it follows that
d

dt
V [Γ(t)] =

∫
Γ(t)

V dSt = 0,

where V [Γ(t)] is the volume of the domain enclosed by Γ(t). This means that both of
the flows have a variational structure that the area A[Γ(t)] decreases with time t whereas
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the volume V [Γ(t)] is preserved. We also remark that (1) is described as the 2nd order
nonlinear parabolic PDE with a nonlocal term and (2) is characterized as the 4th order
nonlinear PDE.

When we analyze the motion of curves or surfaces governed by (1) or (2), we will try to
find the steady states or particular solutions as traveling waves and self-similar solutions
and study their stability (cf. [1, 2, 3, 4, 5, 6, 7]). In this talk, we will focus on one of their
topics.
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Convergence of a threshold-type algorithm
for mean curvature flow

Katsuyuki Ishii
Graduate School of Maritime Sciences, Kobe University

In this talk I would like to consider a threshold-type algorithm for curvature-dependent
motions. We say a family {Γ(t)}t≥0 of hypersurfaces in R

N is a curvature-dependent
motion (CDM for short) if Γ(t) moves by the sollowing equation:

(1) V = κ+ 〈b,n〉+ g on Γ(t), t > 0.

Here n is the inner unit normal vector of Γ(t), V is the velocity of Γ(t) in the direction of
n, κ denotes the sum of all the principal curvatures of Γ(t), b is a given vector field and
g is a given forcing term. In particular in the case b ≡ 0 and g ≡ 0, the above motion
is often called a mean curvature flow (MCF). The (CDM) arises from various fields such
as geometry, material science, phase transitions, image processing and so on. From the
viewpoints fo these applications, the numerical computations have been studied by many
people.

In this talk we treat the following algorithm: Let C0 be a compact set in R
N and fix a

time step h > 0. For k = 0, 1, 2, . . ., set bk(t, x) := b(t+kh, x) and gk(t, x) := g(t+kh, x).
Let w0 = w0(t, x) be a solution of the initial value problem for the linear parabolic equation
with k = 0:

Lk[w] + gk = 0 in (0, h)× R
N , Lk[w] := wt −Δw + 〈bk, Dw〉,(2)

w(0, x) = d(x, Ck) for x ∈ R
N ,(3)

where d(x,E) is the signed distance function to ∂E defined by

(4) d(x,E) :=

{
dist (x, ∂E) for x ∈ E,
−dist (x, ∂E) for x /∈ E,

for each closed subset E( �= ∅) of RN . We then set

(5) C1 := {w0(h, ·) ≥ 0}(:= {x ∈ R
N | w0(h, x) ≥ 0}).

Let w1 be a unique solution of (2) - (3) with k = 1. Again we define C2 as the set in (5)
with w1 replacing w0. Repeating this process, we have a sequence {Ck}+∞

k=0 of compact
subsets of RN . We set

(6) Ch(t) := Ck for t ∈ [kh, (k + 1)h), k = 0, 1, 2, . . .

Letting h → 0, we formally obtain a limit flow {C(t)}t≥0 of compact sets in R
N and

observe that ∂C(t) moves by (1) starting from ∂C(0) = ∂C0.
The above algorithm was numerically studied by e.g., [9], [5], [10] and so on. On the

other hand, our algorithm is regarded as a variant of the Bence - Merriman - Osher (BMO
for short) algorithmand that by Chambolle. (cf. [2] and [3]). Many people studied their
algorithms and generalizations (e.g., [6], [1], [4], etc.).
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The purpose of this talk is to present the convergence of the algorithm to the general-
ized CDM and its optimal rate to the smooth and compact CDM. The strategies of their
proofs are the level-set approach and suitable constructions of sub- and super-solutions
of the level-set equations of CDM.

This talk is based on my joint works with Professor Masato Kimura and Mr. Takahiro
Izumi ([8] and [7]).
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Analytical solutions of nonlinear reaction-diffusion
equations in various coordinate systems

Bronwyn H Bradshaw-Hajek
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Mathematical Sciences, University of South Australia, South Australia, Australia

Reaction-diffusion equations with a nonlinear source are used widely to model many
different systems and processes. They are particularly common in biology, for example in
the areas of population dynamics [1], cell proliferation [2], predator-prey systems [3], and
the transmission of nerve impulses [4], but they are also used to model chemical reactions
[5], flow through porous media [6], and heat transfer [7]. The reaction-diffusion equations
typically take the form

∂u

∂t
= D∇2u+R(u)

where D is a constant diffusion coefficient, R(u) is a (often nonlinear) source term and
u(x, t) represents the quantity under consideration, for example, a cell population density
[2] or a gene frequency [8]. In some situations, this equation has been generalised to include
nonlinear diffusion,

∂u

∂t
= ∇ · [D(u)∇u] +R(u) (1)

for example, in [9] where cell diffusion is dependent on contact interactions.
When modelling the types of systems and processes described above, the model equa-

tions are often solved in one (Cartesian) dimension, so that ∇2 is the usual Laplacian
operator in one dimension, ∇2 = ∂2/∂x2, and the solution describes the behaviour of the
system on a line or across a plane (for example, a planar wave). However, in some situa-
tions, the system or process being studied is better represented in two or three dimensions,
or in a different coordinate system (for example, polar, cylindrical or spherical coordinates).
Here, we use the nonclassical symmetry technique [10] to construct solutions for a number
of example problems in different geometries.

Using the nonclassical symmetry technique, Arrigo and Hill [11] and Goard and Broad-
bridge [12] found that when the nonlinear reaction and diffusion terms satisfy a particular
relationship, the temporal and spatial dependence of (1) may be separated. The result was
shown to hold in one and two Cartesian dimensions. The required relationship between
the reaction and diffusion terms can be expressed as

R(u) =

(
A

D(u)
+ κ

)∫ u

u∗
D(u′) du′, (2)
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where A and κ are constants arising from the nonclassical symmetry analysis, and u∗ is
chosen as one of the zeros of R(u). Use of the transformation enables reduction of equation
(1) to

∇2Ψ(x) + κΨ(x),

that is, the Helmholtz (κ > 0), modified Helmholtz (κ < 0) or Laplace equation (κ = 0).
The solution to equation (1) may then be found by calculating the following integral and
inverting to find u(x, t),

μ(u) =

∫ u

u∗
D(u′) du′ = eAtΨ(x) (3)

where μ(u) is known as the Kirchhoff variable.
The transformation (3) described above can be shown to be valid in n-dimensions [5],

and in any orthogonal coordinate system. In particular, we can construct analytic solutions
for Arrhenius reaction-diffusion on a disk, flow in a cylindrical section of porous media with
a web of plant roots, spherically symmetric cell invasion in a sphere, and ion diffusion on
the surface of a sphere. Solutions for these problems can be written in terms of Bessel
functions, spherical harmonics, and hypergeometric functions.

This is joint work with Prof Phil Broadbridge, LaTrobe University.
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Pinned localised solutions in a heterogeneous three-component

FitzHugh–Nagumo model
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April 30, 2018

Abstract
During this talk I will take you on a journey that started nine years ago here at Hokkaido University. I visited the lab of Prof.

Nishiura during the last stage of my PhD project to work on a project related to the pinning of localised solutions by a small

defect, or heterogeneity, in a three-component singularly perturbed FitzHugh–Nagumo model. In nondimensionlised version,

this model is given by ⎧⎪⎨⎪⎩
Ut = ε2Uxx +U −U3 − ε(αV +βW + γ(x)) ,

τVt =Vxx +U −V ,

θWt = D2Wxx +U −W ,

(1)

with a small jump-type heterogeneity, or defect, at x = 0:

γ(x) =

{
γ1 , for x ≤ 0 ,

γ2 , for x > 0 .
(2)

Here, 0 < ε � 1;D > 1;τ,θ > 0;(x, t)∈R×R
+;α,β ,γ1,2 ∈R and all parameters are a priori assumed to be O(1) with respect

to ε . After some numerical exploration, it was soon discovered that the defect – for identical system parameters – can pin

localised solutions in two different ways: at the defect (see the left two panels of Fig. 1) and away from the defect (see the right

two panels of Fig. 1).
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FIGURE 1: The coexistence of pinned pulse solutions supported by (1) pinned at the defect (left two panels) and away from the

defect (right two panels). Adapted from Fig. 5 of [4].

Pinning at the defect
We (Doelman, Kaper, Nishiura, Ueda, PvH) started by analysing the pinning of the simplest localised structures – 1-front

solutions and pulse (or 2-front) solutions – at the defect. By using geometric singular perturbation techniques (GSPT), we first

showed that – under the right parameter conditions – the heterogeneity can pin a 1-front solution at the heterogeneity. Observe

that in the homogeneous setting (i.e. γ1 = γ2) the associated 1-front solution travels with constant nonzero speed and the defect

thus pins the travelling front solutions. We also established the stability of this heterogeneous pinned 1-front solution. Next,

we analysed the pinning of 1-pulse solutions at the defect and derived conditions for their existence, see also Fig. 1. Observe

that the associated homogeneous model supports – due to translation invariance and under the right parameter conditions – a

1-parameter family of stationary pulse solutions. The defect breaks this translation invariance and pinpoints the pulse. The

main results are summarized in the theorem below:
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Theorem 1 (reworded from [4]). Let ε small enough. Then (1) supports

• a stable defect front solution pinned at the defect if and only if γ2 < 0 < γ1.

• a defect pulse solution pinned which its front at the heterogeneity if and only if γ1 > γ2 and there exists a x∗ > 0 solving

f (2x∗) = γ2 , with f (2x∗) := αe−2x∗ +βe−2x∗/D .

Moreover, the width of the defect pulse solution is to leading order 2x∗.

• a defect pulse solution pinned which its back at the heterogeneity if and only if γ2 > γ1 and there exists a x∗ > 0 solving

f (2x∗) = γ1 , with f (2x∗) := αe−2x∗ +βe−2x∗/D .

Moreover, the width of the defect pulse solution is to leading order 2x∗.

Pinning away from the defect
Understanding the pinning of the localised structures away from the defect turned out to be significantly more complicated.

Heuristically, this is because we have to understand how the defect interacts weakly with the localised solution that is pinned

O(1)-away from the defect and detailed higher order computations are thus needed. It was not until 2016 before we (Doelman,

Xie, PvH) obtained the first results. By using a geometric method, we showed – under quite strict conditions on the system

parameters – that these defect front and pulse solutions pinned away from the defect exist [3].

However, the results of [3] did not give any information regarding the pinning distance of a localised structure, i.e. the distance

of the localised structure to the defect, nor about its stability. To study these, we (Chen, Nishiura, Teramoto, PvH) developed a

new analytical technique by combining GSPT with an action functional approach1. In [2], we first benchmarked the method by

deriving known results for the homogeneous version of (1) with the new method, and, in addition we also obtained several new

results for the homogeneous model. Next, we extended the methodology of [2] to study the defect front and pulse solutions

supported by (1) and pinned away from the defect. We obtained the following results:

Theorem 2 (reworded from [1]). Let ε be small enough and let τ and θ be bounded by some O(1)-constant.

• If γ1 = εγ̃1, with γ̃1 = Θ(1), (α,β ,D, γ2) are Θ(1) such that γ̃1 − γ2 = Θ(1) and if there exist an xd > 0 solving

2γ̃1 − 1

2
γ2 f (xd) = 0 , with f (xd) := αe−xd +βe−xd/D ,

then (1) supports a defect front solution that is pinned to the left of the defect and that has leading order pinning distance
xd. The defect front solution is stable if and only if

γ2g(xd)> 0 , with g(xd) := αe−xd +
β
D

e−xd/D .

• If (α,β ,D,γ1,γ2) are Θ(1) such that γ1 − γ2 = Θ(1) and if there exist an x∗ > 0 and xd > 0 solving

f (2x∗) = γ2 , f (xd) = f (xd +2x∗),

then (1) supports a defect pulse solution that is pinned to the right of the defect and that has with leading order width 2x∗
and leading order pinning distance xd. The defect pulse solution is stable if and only if

g(2x∗)> 0 , and (γ2 − γ1)(g(xd)−g(xd +2x∗))> 0 .

• By the symmetries of the system, similar results can be derived for defect front solutions pinned to the right of the defect
and defect pulse solutions pinned to the left of the defect.

Combining the results of Thm. 1 and 2 gives a broad picture of the pinned localised solutions supported by (1).
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Stochastic sensitivity of finite-time Lagrangian motion

Sanjeeva Balasuriya (University of Adelaide)

Physical, biological or chemical mixing occurring in our oceans and atmosphere can
have profound implications to our environment. Physical properties such as heat or
kinetic energy impact the nature of the velocity fields. Biological quantities such as
plankton density in the oceans, or spore distribution by winds, strongly influence biodi-
versity. Chemicals such as ozone in the Antarctic Polar Vortex, oil spills in the ocean,
or pollutants emitted from factories can result in environmental protection and degra-
dation. In all these cases, some quantity gets dispersed in the environment as a result
of advection by the prevailing oceanic/atmospheric velocities, in addition to undergoing
diffusion. If this quantity can be thought of as an evolving probability density ρ of par-
ticles, then it can be modelled by the Fokker-Planck, or forward Kolmogorov, equation
[6]

∂

∂t
ρ(x, t) +∇ · [ρ(x, t)v(x, t)] = ε2

2
∇ · ∇ ·

[
ρ(x, t)σ(x, t)σ	(x, t)

]
, (1)

in which ε is a small parameter (quantifying the magnitude of the diffusion), x ∈ R
n

(typically n = 2 or 3 for the applications cited), t ∈ R is time, v is the unsteady velocity
field, and σ is an n × n diffusion matrix. The usual interpretation is that ρ is the
unknown, everything else is specified or known, and an initial condition ρ(x, 0) is given.

However, in typical applications in oceanic/atmospheric motion, the velocity field is
only known over a finite-time, because it is based on data, imputed for example from
sea-surface height measurements gathered from satellites [5]. Then, in the absence of
diffusion, particle trajectories obey

dx

dt
= v(x, t) ; t ∈ [0, T ] . (2)

Understanding important structures associated with (2) (e.g., oceanic hot-spots, barri-
ers between coherently evolving structures) falls within the framework of ‘Lagrangian
Coherent Structures’ (LCSs) [4, 1]. While there are connections to well-established dy-
namical systems concepts such as invariant manifolds, the nonautonomous and finite-
time nature of (2) provide theoretical difficulties; hence the development of a large class
of heuristic methods for LCS extraction [3].

The analysis of (2) is extended in this presentation to include small stochasticity in
the form of an Itô stochastic differential equation

dx = v(x, t)dt+ ε σ(x, t)dWt ; t ∈ [0, T ] ; |ε| � 1 , (3)

where Wt is Brownian motion. The rationale for this is that, in almost all situations in
using (2) for coherent structure identification, the velocity field v is obtained from data,
and hence contains (hopefully small) uncertainties. The spatio-temporal dependence
of these (e.g., cloud cover over certain areas at certain times when taking satellite
measurements) is accommodated for by allowing σ to be (x, t) dependent; the presence
of x-dependence means this is ‘multiplicative noise.’ The Itô stochastic differential
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equation (3) and the Fokker-Planck equation (1) are equivalent in that the density field
ρ resulting from (3) evolves according to (1) [6]. Thus, rather than considering the
mixing/diffusion of the density through the partial differential equation (1), the idea is
to obtain as much information as possible through the analysis of (3). An advantage is
that the implementation of (3) does not rely on boundary conditions, unlike in (1).

This presentation addresses three aspects of (3), all in relation to n = 2, and to
general (non-divergence-free) v:

1. Can one assign an uncertainty to the evolution of a curve from time 0 to T? In
other words, can the ‘fattening’ of the curve be quantified [2]?

2. Stable/unstable manifolds for (2) in infinite time form flow barriers. Can the
inclusion of the stochasticity via (3) be characterised as a calculable flow barrier
‘region’ in which cross-barrier mixing occurs? [This part in collaboration with
Georg Gottwald, University of Sydney]

3. Is it possible to come up with a measure to explicitly quantify the time-T spread
associated with choosing Dirac-delta initial conditions to the Fokker-Planck equa-
tion? This relates to the important question of determining the sensitivity of
Lagrangian trajectories of (2) towards velocity uncertainties.
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