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Abstract: We study properties of hadrons in the O(4) linear σ model, where we take into account ﬂuctuations of
mesons around their mean ﬁeld values using the Gaussian functional (GF) method. In the GF method we calculate
dressed σ and π masses, where we include the eﬀect of ﬂuctuations of mesons to ﬁnd a better ground state wave
function than the mean ﬁeld approximation. Then we solve the Bethe-Salpeter equations and calculate physical σ
and π masses. We recover the Nambu-Goldstone theorem for the physical pion mass to be zero in the chiral limit.
The σ meson is a strongly correlated meson-meson state, and seems to have a two meson composite structure. We
calculate σ and π masses as functions of temperature for both the chiral limit and explicit chiral symmetry breaking
case. We get similar behaviors for the physical σ and π masses as the case of the mean ﬁeld approximation, but the
coupling constants are much larger than the values of the case of the mean ﬁeld approximation.
Key words: linear σ model, sigma and pion, Gaussian functional method, Bethe-Salpeter equation, NambuGoldstone theorem, ﬁnite temperature
PACS: 21.65.Mn, 21.65.Jk, 21.30.Fe
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Introduction

quations.
The resulting dressed mass of the Nambu-Goldstone
boson is, however, not zero, even when the chiral symmetry is spontaneously broken in the chiral limit. This
problem was studied by several authors in the GF framework [3–8]. In order to recover the Nambu-Goldstone
theorem, we have to solve the Bethe-Salpeter (BS) equations (or four-point Green function SD equations) [9, 10].
The physical meson masses are deﬁned as the poles of
the scattering matrices, while the dressed masses in the
GF mass-gap equations are considered as single meson
masses in the meson spectrum. The single meson spectrum corresponds to the single particle spectrum of nucleons obtained in the Hartree-Fock (HF) approximation
in nuclear physics. We should then introduce the Random Phase approximation (RPA) after the HF procedure in order to recover the translational symmetry and
the particle-hole excitation spectrum for nuclear many-

The linear σ model is used for the O(4) symmetry
case to discuss chiral symmetry breaking and the appearance of Nambu-Goldstone bosons. The mean ﬁeld
approximation (MFA) is often used for this discussion,
but the MFA may not be justiﬁed for the case of large
coupling constant. An improvement of MFA is achieved
by introducing ﬂuctuations around the mean ﬁeld values using the Gaussian functional (GF) method [1].
This method corresponds to the CJT method [2] and is
sometimes called Hartree-Fock approximation for bosons. The ground state energy is obtained by solving the
Schrödinger equation with the trial Gaussian wave functional in the GF method. The mean ﬁeld equation for
the ﬁeld vacuum expectation values and the mass-gap equations for the dressed meson masses are determined by
the minimization condition of the energy, i.e., the oneand two-point Green function Schwinger-Dyson (SD) e-
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body system. The Nambu-Jona-Lasinio (NJL) model uses the same procedure for the mass generation of fermions and the appearance of the zero mass pseudo-scalar
bosons [11]. This whole procedure was later studied by
Okopińska using the optimized expansion (OE) method
for the eﬀective action (potential), where the second order derivatives of the classical ﬁelds provide the physical
masses of the Nambu-Goldstone bosons [12, 13]. She
was able to derive the BS equations in the OE method
and showed that the Nambu-Goldstone theorem is recovered. Nakamura and Dmitrašinović studied this problem in detail using the GF+BS methods for the O(4)
case [9]. They did not, however, give numerical results
for physical sigma and pion masses to compare with experimental values [14]. Tsue et al. formulated the BS
equations using the linear response theory [7]. Lenaghan
et al. studied the SU(3) case using the CJT method
at ﬁnite temperature [15]. However, they did not solve
the BS equations for mesons. It remains to study that
the Nambu-Goldstone boson masses vanish in the chiral
limit at zero and ﬁnite temperatures and the scalar meson masses are reasonable in energy and their property,
when the chiral symmetry is spontaneously broken both
for O(4) and SU(3) cases.
There is another line of thought to overcome the
problem of the Nambu-Goldstone theorem, following detailed studies of the linear σ model in the CJT method
by Nemoto et al. [16] and Markó et al. [17]. Knowing
that the physical meson masses are to be obtained by
the second order derivatives of the CJT eﬀective action,
the CJT eﬀective action to be minimized is expressed
in terms of the physical meson masses by carefully examining the renormalization procedure. This method is
further developed in the form of a symmetry-improved
CJT (SI-CJT) action proposed recently by Pilaftsis and
Teresi [18]. In the SI-CJT method, instead of the minimization equation of the two-loop CJT action in terms
of the mean ﬁeld, a condition of making the Goldstoneboson mass being zero is imposed in the chiral limit. Using the SI-CJT method, they calculated the phase transition and the variation of the Higgs and Goldstone bosons at ﬁnite temperature for the O(2) case. This SI-CJT
method was then used for the O(4) case by Mao [19].
Qualitatively similar results were obtained for the Higgs
and Goldstone masses at ﬁnite temperature as those of
the MFA and the order of the phase transition at ﬁnite
temperature turned out to be second order. The linear σ
model at large N limit was studied using the CJT model
by Petropoulos [20], where the phase transition was of
second order, and the order of the phase transition was
generally studied by Ogure and Sato [21]. Chiku and
Hatsuda studied the meson properties at ﬁnite temperature in an optimized perturbation theory using order
by order renormalization scheme [22]. In this case the

order of the phase transition is ﬁrst order opposing the
case of the SI-CJT method. Roh and Matsui studied
the chiral phase transition at ﬁnite temperature in the
one-loop level eﬀective potential [23]. The O(4) linear
σ model was studied by Tsue and Matsuda in the line
similar to the present study [8]. There are renewed interests on this subject recently raised by the improved
CJT method [17, 19] and it is important to study further
the GF+BS method on the order of phase transition and
compare with the improved CJT approach.
In this paper we shall study hadron properties using the GF method for the O(4) linear σ model, and
then use the BS equations to demonstrate the NambuGoldstone theorem in the chiral limit [24–31]. To this
end, we consider the O(4) linear σ model as a low energy
eﬀective theory of QCD, and introduce the cut-oﬀ momentum to regularize the GF+BS equations. We follow
the recent study of the QCD Lagrangian using the ChoFadeev-Niemi (CFN) variables, where the high energy
gluon mode acquires mass around 1∼2 GeV and the NJL
Lagrangian with conﬁnement is obtained by integrating
over the high energy mode [32]. The O(4) linear σ model
is then obtained by bosonization of the NJL Lagrangian
using the auxiliary bosons for quark-antiquark composites with and without the conﬁnement eﬀect [33, 34]. We
shall see the properties of mesons after solving the BS equations with a reasonable range of parameters in the
linear σ model Lagrangian. We discuss the recovery of
the chiral symmetry at ﬁnite temperature and the behavior of sigma and pion masses for both the chiral limit and
explicit chiral symmetry breaking case. Before studying
the interesting but complicated ﬂavor SU(3) case [10],
it is a reasonable step to study the ﬂavor SU(2) case so
that we know the amount of shifts of meson masses due
to the BS equations and the interaction strengths in the
linear σ model Lagrangian.
This paper is organized as follows. In Sec. 2 we
brieﬂy introduce the O(4) linear σ model and use the
GF method to calculate the dressed masses of the σ and
π mesons, denoted as Mσ and Mπ . These results are then
used in Sec. 3 to calculate their physical masses using the
Bethe-Salpeter equations, denoted as mσ and mπ . The single channel BS equation of the σ-π scattering T-matrix
gives the physical π mass, and the coupled-channel BS
equations of the σ-σ and π-π scattering T-matrix give
the physical σ mass. The numerical analyses are made
for the both the chiral limit and explicit chiral symmetry
breaking case, both at zero temperature in Sec. 4, and
at ﬁnite temperature in Sec. 5. A summary of this work
is presented in Sec. 6.
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Gaussian functional method

We use the gap equations for the dressed σ and π masses, denoted as Mσ ≡ Mi=0 and Mπ ≡ Mi=1,2,3 , respectively. Here the “dressed” means that we still need to
use the Bethe-Salpeter equations to calculate their physical masses, which will be done in the next section. The
Hamiltonian is written as
∫
( 1
δ2
H =
dyδ(y − x) −
2 δϕi (x)ϕi (y)
)
1
+ ∇x ϕi (x)∇y ϕi (y) + V (ϕ2 ) + HχSB . (10)
2

The Lagrangian density of the O(4) linear σ model is
L =

1
2
(∂µ ϕ) − V (ϕ2 ) ,
2

(1)

where ϕ = (ϕ0 , ϕ1 , ϕ2 , ϕ3 ) = (σ,⃗π ) is a column vector and
the potential V (ϕ2 ) is
1
λ0
2
− µ20 ϕ2 + (ϕ2 ) ,
(2)
2
4
which contains two parameters: the mass µ0 and the
coupling constant λ0 .
The chiral symmetry can be both explicitly and spontaneously broken. The explicitly broken case can be expressed by adding the following term:
V (ϕ2 ) =

LχSB = −HχSB = εσ ,

We write down the vacuum (ground-state) energy
density:
1
λ0
−ε⟨ϕ0 ⟩ − µ20 ⟨ϕ⟩2 + [⟨ϕ⟩2 ]2
(11)
2
4
∑
1
1
+
[I1 (Mi ) − µ20 I0 (Mi ) − Mi2 I0 (Mi )]
2
2
i
∑
λ0 ∑
+
[6
⟨ϕi ⟩2 I0 (Mi ) + 2
⟨ϕi ⟩2 I0 (Mj )
4
i
i̸=j
∑
∑
2
+ 3
I0 (Mi ) + 2
I0 (Mi )I0 (Mj )] ,

E(Mi , ⟨ϕi ⟩) =

(3)

This expression is suggested by the underlying NambuJona-Lasinio (NJL) model, which is caused by the bare
quark mass [11, 34]. In the MFA, we introduce a ﬂuctuation ﬁeld s ≡ σ − ⟨σ⟩0B and express the potential as,
V (σ,⃗π ) =

1 2 2
(m s + m2πB⃗π 2 )
2 σB
λ0
2
+λ0 vB s (s2 +⃗π 2 ) + (s2 +⃗π 2 ) , (4)
4

i

where the two integrations I0 (Mi ) and I1 (Mi ) are:
∫
1
d3 k
1
√
(12)
I0 (Mi ) =
3
2
2 (2π)
k + Mi2
∫
d4 k
1
= i
,
(2π)4 k 2 − Mi2 + iϵ
∫
1
d3 k √ 2
I1 (Mi ) =
k + Mi2
(13)
2 (2π)3
∫
d4 k
i
log (k 2 − Mi2 + iϵ) + const.
= −
2 (2π)4

where the vacuum expectation value ⟨σ⟩0B and masses
of the σ and π mesons of the corresponding ﬂuctuation
ﬁelds are:
⟨σ⟩0B
m2σB
m

2
πB

ε
v3
+ λ0 B2 ,
2
µ0
µ0
2
2
= −µ0 + 3λ0 fπB ,
ε
2
= −µ20 + λ0 fπB
=
.
vB
= vB = fπB = −

i<j

(5)
(6)
(7)

The ﬁeld vacuum expectation value ⟨ϕi ⟩ and dressed
π and σ masses can be obtained by the minimization condition, i.e., by varying the energy density (11) with respect to the vacuum expectation values ⟨ϕi ⟩ and dressed
meson masses Mi , respectively,
(
)
∂E(Mi , ⟨ϕi ⟩)
= 0 , for i = 0 . . . 3.
(14)
∂⟨ϕi ⟩, Mi
min

From Eq. (7), we ﬁnd that the Nambu-Goldstone theorem is fulﬁlled in the chiral limit as the pion mass mπB
goes to zero for ε → 0.
The MFA does not take into account radiative corrections and ﬂuctuations around the mean ﬁelds, even for
the case of large coupling constant. A better and natural method is the Gaussian functional method to treat
ﬂuctuations around the mean ﬁelds [1, 9]. We use the
following Gaussian ground state wave functional:
( 1∫
Ψ0 [ϕ] = N exp −
dxdy[ϕi (x) − ⟨ϕi (x)⟩] ×
4
)
×G−1
(8)
ij (x, y)[ϕj (y) − ⟨ϕj (y)⟩] ,

These energy minimization conditions provide us with
the following equations, which express the behaviors of
spontaneous symmetry breaking in the Gaussian functional method:
⟨ϕ0 ⟩
⟨ϕi ⟩

where ⟨ϕi ⟩ is the vacuum expectation value of the i-th
ﬁeld (i = 0, . . . , 3), and we deﬁne the meson propagators
as
∫
1
1
d3 k
√
Gij (x, y) = δij
eik·(x−y) .
(9)
2
(2π)3 k2 + Mi2

(15)
(16)

M

= v,
= 0 for i = 1, 2, 3 ,
ε
= − + λ0 [v 2 + 3I0 (Mσ ) + 3I0 (Mπ )] ,
v
= −µ20 + λ0 [3v 2 + 3I0 (Mσ ) + 3I0 (Mπ )] ,

M

= −µ + λ0 [v + I0 (Mσ ) + 5I0 (Mπ )] .

(19)

µ20
2
σ
2
π

3

2
0

2

(17)
(18)
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3

Note that Eq. (17) corresponds to the one-point Green
function SD equation as shown in Fig. 1, and Eqs. (18)
and (19) correspond to the two-point Green function SD
equation as shown in Fig. 2.

= 12

+ 61

In the previous section we have used the GF method
to calculate the dressed σ and π masses, Mσ and Mπ . To
calculate their physical masses, mσ and mπ , we still need
to solve BS equations, which correspond to ﬁnd masses
of the ﬂuctuation ﬁelds. The single channel BS equation
of the σ-π scattering gives the physical pion mass mπ
and the coupled-channel BS equations of σ-σ and π-π
scattering give the physical σ mass mσ . This method
corresponds to the second order variation of the eﬀective potential in terms of the ﬂuctuation ﬁelds [13]. We
note that by using the BS equation for the pseudoscalar
ﬁelds the Nambu-Goldstone theorem can be fulﬁlled in
the chiral limit due to the property of the polarization
integral at zero energy (39) [9, 10].

+

Fig. 1. The diagrammatic expression of the onepoint Green function Schwinger-Dyson equation.
The thin solid line denotes the bare meson ﬁelds,
the bold solid line is the dressed meson ﬁelds, the
shaded blob together with the bold line is the vacuum expectation values of the ﬁeld, and the solid
dot in the interaction of the four lines denotes the
bare four-point vertex. The diagrams are explicitly multiplied by their symmetry factors.

+ 21

=

Bethe-Salpeter equation

3.1

Single Channel σ-π Scattering

The single channel Bethe-Salpeter equation for the σπ scattering gives the physical π mass. To do this, ﬁrst
we write the interaction kernel with the invariant energy
s = p2 in this channel:
[ (
)]
2λ0 v 2
Vσπ→σπ (s) = 2λ0 1 +
,
(22)
s − Mπ2
which is shown diagrammatically in Fig. 3.
With this interaction kernel we can get the T-matrix
Tσπ→σπ (s) of the total four-point scattering amplitude
T (s, t, u) as

+ 21

Tσπ→σπ (s)
Fig. 2. The diagrammatic expression of the twopoint Green function Schwinger-Dyson equation
with their symmetry factors.

= Vσπ→σπ (s) + Vσπ→σπ (s)Gσπ→σπ (s)Tσπ→σπ (s) ,
which is shown diagrammatically in Fig. 4.

The latter two equations can be further simpliﬁed by
inserting the third equation (17):
Mσ2

=

Mπ2

=

ε
+ 2λ0 v 2 ,
v
ε
+ 2λ0 [I0 (Mπ ) − I0 (Mσ )] .
v

(23)

(20)
Fig. 3. The diagrammatic expression of the interaction kernel entering the Bethe-Salpeter equation.

(21)

These two equations are convenient to obtain the dressed
meson masses Mσ and Mπ , when we know the sigma
mean ﬁeld value v ≡ ⟨ϕ0 ⟩. From Eq. (21), we ﬁnd that
the Nambu-Goldstone theorem is not trivially fulﬁlled in
the chiral limit any more as the pion mass Mπ does not
simply (naturally) go to zero for ε → 0. However, if one
solves the Bethe-Salpeter equations using the property of
the polarization integral at zero energy (see Eq. (39)) and
calculates the physical pion mass, the Nambu-Goldstone
theorem is recovered. This has been veriﬁed for both the
O(4) and SU (3) cases [9, 10].

Fig. 4. The diagrammatic expression of the BetheSalpeter equation (or four-point Green function
Schwinger-Dyson equation) with the T-matrix
and the interaction kernel. All lines represent the
dressed ﬁelds.
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The polarization function for meson masses is

Here, a denotes σ and π. The solution to the matrix
equation (28) is written in the matrix form:

Gσπ→σπ (s)
(24)
∫
d4 k
1
= i
.
(2π)4 [k 2 − Mσ2 + iϵ] [(k − p)2 − Mπ2 + iϵ]

1
T = (1 − VG)−1 V ,
2

(32)

The solution of Eq. (23) is simply expressed as
Tσπ→σπ (s) =

Vσπ→σπ (s)
.
1 − Vσπ→σπ (s)Gσπ→σπ (s)

As discussed in Ref. [9], the discriminant of this equation
can be simpliﬁed to be roots of

(25)

The energy s, where the T-matrix diverges, corresponds
to the pole condition:
1 − Vσπ→σπ (s)Gσπ→σπ (s) = 0

(s − Mσ2 )T (s) = 0 ,

(26)
where

One can verify the Nambu-Goldstone theorem that the
pseudoscalar meson has a zero mass in the chiral limit using this Bethe-Salpeter equation together with the mass
gap equations (17)-(19) listed in Sec. 2 and the property
of the polarization integral at zero energy (39). This has
been done in Refs. [9, 10]. In this paper we shall show
this again numerically in Sec. 4.
3.2

T (s)
(34)
= 1 + 6λ0 Gσσ→σσ (s)Gππ→ππ (s)Vσσ→ππ (s)
)
1(
−
Vσσ→σσ (s)Gσσ→σσ (s) + Vππ→ππ (s)Gππ→ππ (s) .
2

Coupled Channel σ-σ and π-π Scattering

4

The coupled channel Bethe-Salpeter equations of the
σ-σ and π-π scattering give the physical σ mass. To do
this, ﬁrst we write the interaction kernels in these channels:
(
)
Vσσ→σσ Vσσ→ππ
V =
(27)
Vππ→σσ 13 Vππ→ππ
] [
] 
 [
2λ0 v 2
2λ0 v 2
1 + 3 s−M
3 1 + 3 s−M
2
2
σ
σ


,
= 2λ0 
 [
]
[
] 
2λ0 v 2
2λ0 v 2
1
1 + 3 s−M 2
5 + 3 s−M 2
3
σ

σ

1
T = V + VGT ,
2
(
T =
(
G =

Tσσ→σσ
Tππ→σσ

Tσσ→ππ
1
T
3 ππ→ππ

Gσσ→σσ
0

0
3Gππ→ππ

Numerical results

In order to understand the GF+BS method, we ﬁrst
study the zero temperature case in this section, and the
ﬁnite temperature case will be studied in the next section. Moreover, in this section we ﬁrst study the chiral
limit (ε = 0) and then study the explicit chiral symmetry
breaking case (ε ̸= 0).
Here we give the general form of the necessary threedimensional integrations, including the temperature T =
1/β. We use the Matsubara formalism. The zero temperature integrals can be simply obtained by taking the
limit T → 0. First we write integrals for the Gaussian
functional method in Eqs. (12) and (13), including the
temperature T = 1/β:

where we have used the matrix form. With this interaction kernel we get the T-matrices T(s) also in the matrix
form:

where

(33)

(28)

I0 (Ma , T )

)
,

(29)
I1 (Ma , T )

)
.

(30)

The polarization functions Gσσ→σσ and Gππ→ππ are given by

∑∫

d3 k
1
3 (iω )2 − ω 2
(2π)
n
a
n
(
)
∫
3
1
d k 1 1
+
, (35)
=
(2π)3 ωa 2 eωa β − 1
∑ ∫ d3 k
= −T
ln((iωn )2 − ωa2 )
3
(2π)
n
∫
d3 k 1
=
[ωa + T ln(1 − e−ωa β )] ,(36)
(2π)3 2

=

−T

√
where ωa = k2 + Ma2 and the Matsubara frequencies
ωn = 2πnT .
We write polarization integrals for the Bethe-Salpeter
equations (24) and (31), also including the temperature

Gaa→aa (s)
(31)
∫
1
d4 k
.
= i
(2π)4 [k 2 − Ma2 + iε] [(k − p)2 − Ma2 + iε]
5
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T = 1/β:

energy mode χ of the Cho-Niemi-Fadeev variables in the
QCD Lagrangian, shown by Kondo [32]. Hence, we naturally have a physical scale on the order of the mass of
χ (1 ∼ 2 GeV), and introduce here a three-dimensional
cut-oﬀ momentum Λ to represent the low energy scale.
For the temperature dependent part, we take the integral
over momentum up to inﬁnity. Even if we introduce Λ in
the temperature dependent part, the results are changed
only slightly and the present discussions are qualitatively
unchanged.

Gσπ→σπ (s, T )
(37)
[
∫
3
d k
1
√
=
(2π)3 2ωσ [(ωσ + s)2 − ωπ2 ]
1
√
+
2ωπ [(ωπ − s)2 − ωσ2 ]
(
1
1
√ 2
+
2ωσ (ωσ − s) − ωπ2
)
1
1
√ 2
+
ω
β
2
σ
−1
(ωσ + s) − ωπ e
(
1
1
1
√
√
+
2ωπ (ωπ + s)2 − ωσ2 e(ωπ + s)β − 1
)]
1
1
√
√
+
,
(ωπ − s)2 − ωσ2 e(ωπ − s)β − 1
Gaa→aa (s, T )
(38)
[
(
)
∫
3
d k
1
1
=
1 + ωa β
(2π)3 ωa (s − 4ωa2 )
e
−1
(
1
1
1
√
√
√
+
2ωa s
s + 2ωa e(ωa + s)β − 1
)]
1
1
√
+ √
,
s − 2ωa e(ωa − s)β − 1
√
√
where ωσ = k2 + Mσ2 , ωπ = k2 + Mπ2 . They satisfy
the following relations:

4.1

Chiral Limit (ε = 0)

First we consider the chiral limit, ε = 0. In Ref. [9] the
authors have explicitly shown that the pion decay constant fπ is similar to the sigma mean ﬁeld value, fπ ≈ v
(see their Eq. (4.15)) using the axial Ward-Takahashi identity, even for the correlated pions. Therefore, we ﬁx
the sigma mean ﬁeld value at v = 93 MeV for zero temperature at the beginning.
The linear σ model Lagrangian contains three parameters; λ0 , µ0 and Λ in the chiral limit. The constraint
that the mean ﬁeld value is ﬁxed to v = 93 MeV provides the relation among these three parameters. We
shall vary the coupling constant λ0 to present numerical
results. We show ﬁrst the relation between dressed σ and
π masses, Mσ and Mπ , for various cut oﬀ Λ in a large
mass range in Fig. 5.

M →M ,M →M

a
a
Gσπ→σπ (s, T ) −−σ−−−−
−−π−−−→
Gaa→aa (s, T ) ,

2000

2000

1500

1500

1000

1000

500

500

s→0

[MeV]

Gσπ→σπ (s, T ) −−−−−−−−−−→
I0 (Mσ , T ) − I0 (Mπ , T )
. (39)
Mσ2 − Mπ2

M

We show explicitly the Nambu-Goldstone theorem in
Eq. (39) for the GFM case. We note that this is an equation relating one-particle loop and two-particle loop.
There may be similar equations relating these loops to
multi-particle loops which can be important to recover the Nambu-Goldstone theorem when including the
higher-order eﬀects. We note that Eq. (39) is important
to recover the Nambu-Goldstone theorem when solving
Bethe-Salpeter equations [9, 10]. This means that the
above relation of Gσπ→σπ (s, T ) with I0 (Mσ , T )−I0 (Mπ , T )
should not be broken in any regularization and renormalization procedures.
These loop integrals can be separated into two parts:
one part contains the temperature T , that is ﬁnite, and
the other does not contain it, that is inﬁnite. Therefore, we have to regularize the temperature independent
part, which needs some discussion. We consider that the
linear σ model is a low energy eﬀective theory, which
is obtained by the bosonization of the NJL Lagrangian
using the auxiliary boson ﬁelds for quark-antiquark states [33, 34]. The NJL model is also a low energy eﬀective theory, which is obtained by integrating out the high

0
0

200

400

600

800

0
1000

M [MeV]
Fig. 5. The relation of the dressed σ mass Mσ and
the dressed π mass Mπ , ﬁxing the sigma mean
ﬁeld value at v = 93 MeV. The short-dashed, solid and long-dashed curves are for Λ = 600, 800
and 1000 MeV, respectively. The calculations are
done in the chiral limit.

Generally Mσ is larger than Mπ , and the ratio between Mσ and Mπ decreases as Λ increases. In order to
understand the behaviors of these masses and their relations to the original Lagrangian, we plot µ0 as a function
of λ0 in the top panel of Fig. 6, and the dressed masses
of the σ and π mesons, Mσ and Mπ , also as functions of
λ0 in the bottom panel of Fig. 6, ﬁxing Λ = 800 MeV. Mσ
and Mπ both increase with λ0 . We would like to point
out that the dressed pion mass Mπ is nonzero, when the
6
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coupling constant λ0 is ﬁnite. This means that we need
to solve Bethe-Salpeter equations in order to get the zero
physical pion mass in the chiral limit.
3000

2000

2000

v(T = 0) = fπ = 93.0 MeV ,
Mσ (T = 0) = 1200 MeV ,

1000

1000

0
0

50

100

150

Mπ (T = 0)
mσ (T = 0)

=
=

580 MeV ,
500 MeV ,

mπ (T = 0)

=

0.0 MeV .

(41)

We ﬁnd that in order to obtain the physical sigma mass
mσ around its experimental value 500 MeV [14], we need
to take a large coupling constant λ0 = 83.6. It is interesting to point out that the pion and the sigma mesons both gain large energies of about 600∼700 MeV from
their dressed masses due to the residual interaction treated by the Bethe-Salpeter equations.

0

3000

These values provide

0
200

0

2000

800
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500

200

M
500
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1000

M
1000

1000

[MeV]

1500

1000

m

1500

M

[MeV]

2000

400

400
200
m

0
0
0

50

100

150

0
200

-200
0

0

= 83.6 ,
= 1680 MeV ,
800 MeV .

400

600

M

[MeV]

800

-200
1000

We discuss here the nature of these physical σ and π
mesons. First of all the σ model Lagrangian has a origin
from quark dynamics as the Lagrangian can be derived
from the NJL model by bosonization using mesons as
auxiliary ﬁelds of quark-antiquark states [33, 34]. The
GF method provides the optimum single meson (quarkantiquark state) spectra by variation as the HartreeFock method provides the optimum single particle states of nucleons for nucleus. The BS method then provides physical meson states through interactions among
meson-meson states and with single meson states. The
threshold energy of meson-meson states with spin-parity
0+ consisting of π−π states is Mπ+Mπ =1160 MeV, which
is below the single sigma state at Mσ =1200 MeV. The
interaction among π −π states pushes down one state at
500 MeV and the lowest scalar state should be a strongly correlated π −π state, that indicates the lowest scalar
state as a four quark state [35]. On the other hand, in
the pseudoscalar channel the single pion state has the
energy of Mπ =580 MeV, while σ−π conﬁguration starts

We then plot the physical sigma and pion masses,
mσ and mπ , as functions of the dressed pion mass Mπ in
Fig. 7 by solving the Bethe-Salpeter equations (25) and
(32). The physical pion mass is zero throughout, which
means that the Nambu-Goldstone theorem is recovered
after solving the Bethe-Salpeter equations. The physical sigma mass mσ increases with Mπ . We ﬁnd that the
energy gain of the physical sigma and pion masses from
their dressed masses are very large and of order Mπ .
The physical sigma mass is around 500 MeV [14] and
therefore we choose the parameters in the linear σ model
Lagrangian as:

Λ =

200

0

Fig. 7. Physical σ and π masses, mσ and mπ , as
functions of Mπ for Λ = 800 MeV using the BetheSalpeter equations (25) and (32). The physical
pion mass mπ stays zero when Mπ is ﬁnite. The
calculations are done in the chiral limit.

Fig. 6. In the top panel, we show µ0 as a function
of λ0 . In the bottom panel , we show dressed σ
and π masses, Mσ and Mπ , as functions of λ0 .
We ﬁx Λ = 800 MeV. The sigma and pion masses
go to zero as λ0 → 0. The calculations are done
in the chiral limit.

λ0
µ0

600

m

(40)
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4.2

To do the numerical analysis, we follow the same
procedures as the case of chiral limit. Again we ﬁx
v(≈ fπ ) = 93 MeV. The relation of Mσ and Mπ is shown
in Fig. 8 for three cut-oﬀ momenta Λ = 600, 800 and
1000 MeV, which can be compared with the results of
Ref. [9] as well as Fig. 5.
The two cases provide essentially the same results except for the existence of some threshold eﬀects. We show
µ0 and the dressed masses of σ and π as functions of λ0 in
Fig. 9 for Λ = 800 MeV. These results are similar to those
obtained in the chiral limit, except that the dressed pion mass has a threshold value due to the explicit chiral
symmetry breaking term.

Explicit chiral symmetry breaking case (ε ̸=
0)

1500

1000

1000

500

500

0
0

200

400

600

M

[MeV]

800

1000

1000

50

100

150

0
200

[MeV]

2000

1500

1500
M
1000

M

1000
M

500
0
0

50

100

150

500
0
200

0

Fig. 9. µ0 and the dressed σ and π masses as functions of λ0 for Λ = 800 MeV. The calculations are
done with an explicit chiral symmetry breaking
parameter ε ̸= 0.

M

[MeV]

1500

2000

0

where the parameter mπ0 is ﬁne-tuned to be mπ0 =
142 MeV, so that the physical pion mass is calculated
to be around its physical value 138 MeV [14] by solving
the Bethe-Salpeter equation.
2000

2000

2000

(42)

2000

3000

0
0

The explicit chiral symmetry breaking is due to the
term LχSB = εσ, and we have an extra free parameter ε
in the model Lagrangian. As suggested in Ref. [9], we
use the following expression
ε = fπ m2π0 ,

3000

0

at the energy of Mπ +Mσ =1780 MeV. The interaction among these conﬁgurations brings down one state at zero
energy and hence the physical pion should have a mixed
nature of pion and pion-sigma states. These features of
compositeness should eventually lead to the non-linear σ
model expression of chiral dynamics.
It is interesting to point out that the BS equations do not develop imaginary terms for the σ meson, since the physical masses are smaller than the dressed
masses. This is completely diﬀerent from the mean ﬁeld
case, where the BS equation for the sigma meson provides imaginary term, which corresponds to the decay of
the sigma meson into two pions. It is our future work
to calculate the transition strength of a composite sigma meson into two composite pions. We should further
study the properties of the physical pion in detail.
Based on these values, we shall study ﬁnite temperature eﬀects in the case of chiral limit in Sec. 5, and
we have indicated those observables at zero temperature
with “T = 0” in Eqs. (42), which depend on temperature. Before going to ﬁnite temperature, we discuss the
case of the explicit chiral symmetry breaking in the next
subsection.

0
1000

Using the Bethe-Salpeter equations (25) and (32), we
can obtain the physical pion and sigma masses, as shown
in Fig. 10 as functions of the dressed pion mass Mπ . The
physical pion mass mπ is ﬁnite and close to its physical
value 138 MeV. The physical sigma mass mσ increases
with Mπ .

Fig. 8. The relation of the dressed σ mass Mσ and
the dressed π mass Mπ for the case of explicit chiral symmetry breaking. The short-dashed, solid
and long-dashed curves are for Λ = 600, 800 and
1000 MeV, respectively.
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800

800

600

200

600

m

400
m

0
-200
0

200

400

600

M

[MeV]

near the critical temperature indicating ﬁrst order phase
transition. This is caused by the use of large coupling
constant, λ0 = 83.6, in order to reproduce the sigma meson mass at zero temperature.

800

400

100

100

200

80

80

60

60

40

40

20

20

0

0

0
v [MeV]

[MeV]

1000

m

1000

-200
1000

Fig. 10. Physical π and σ masses, mσ and mπ , as
functions of Mπ obtained by solving the BetheSalpeter equations (25) and (32). The calculations are done with an explicit chiral symmetry
breaking parameter ε ̸= 0.

-20
0

= 1422 × 93.0 MeV3 = 1.86 × 106 MeV3 ,
= 75.5 ,
= 1610 MeV ,
(43)

These values provide
v(T = 0)
Mσ (T = 0)

=
=

fπ = 93.0 MeV ,
1150 MeV ,

Mπ (T = 0) = 564 MeV ,
mσ (T = 0) = 500 MeV ,
mπ (T = 0) = 138 MeV .

5

(44)

1500

Finite Temperature Analyses

In this section we study the behavior of hadron properties at ﬁnite temperature. We shall use the parameters
ﬁxed in the previous section, which are obtained at zero
temperature, and study both the chiral limit (ε = 0) and
the explicit chiral symmetry breaking case with ε ̸= 0.
By doing this we shall see how the chiral symmetry is
recovered at ﬁnite temperature.
5.1

[MeV]

800 MeV .

The dressed sigma and pion masses, Mσ (T ) and
Mπ (T ), are shown in Fig. 12 also as functions of T . Mσ
stays at a large value around 1200 MeV, and starts to
drop around TC , while it increases above this temperature. The dressed pion mass Mπ is almost constant
around 600 MeV until TC , and also increases above this
temperature. We note that above the critical temperature TC = 194 MeV the chiral symmetry is recovered, and
the dressed sigma and pion masses Mσ and Mπ coincide
in the chiral limit.

1000

M

Λ =

-20
300

200

T [MeV]
Fig. 11. The sigma mean ﬁeld value v as a function
of the temperature T in the chiral limit. The clear
discontinuity of v around T = 194 MeV indicates
a ﬁrst order phase transition.

We choose the following parameters in the linear σ
model Lagrangian for the explicit chiral symmetry breaking case:
ε
λ0
µ0

100

500

0
0

1500

M

1000

M

100

M

200

500

0
300

T [MeV]
Fig. 12. The dressed sigma and pion masses, Mσ
and Mπ , as functions of the temperature T . Mσ
and Mπ coincide above the critical temperature
TC = 194 MeV, where the chiral symmetry is recovered v = 0. The calculations are done in the
chiral limit.

Chiral limit (ε = 0)

We discuss ﬁrst the case of chiral limit (ε = 0). The
sigma mean ﬁeld value v is shown in Fig. 11 as a function of temperature T . It starts at v = 93 MeV, and stays
around this value for a while and suddenly drops to zero
around the critical temperature TC = 194 MeV. At this
temperature, the free energies at v = 0 and v ∼ 80 MeV
agree with each other and the corresponding free energy is F ∼ −5 × 108 MeV4 . There are multiple minima

We solve the Bethe-Salpeter equations (25) and (32)
to calculate the physical sigma and pion masses. The
resulting masses are plotted in Fig. 13 as functions of T .
We see that the physical pion mass stays at zero until
TC =194 MeV, which means that the Nambu-Goldstone
9
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theorem is recovered as long as the chiral symmetry is
spontaneously broken (v = ﬁnite). When the chiral symmetry is recovered above TC , the physical pion mass is
not zero any more. It coincides with the physical sigma
mass, and they both increase with the temperature T .
These physical masses correspond to the dressed masses
in the chiral symmetric phase.

800

800

[MeV]

1000

600

m

1000

200

5.2

We repeat the same calculation for the case of explicit
chiral symmetry breaking. We use the mean ﬁeld equation and mass-gap equations, Eqs. (17), (18) and (19) to
calculate the sigma mean ﬁeld value v and the dressed
sigma and pion masses, Mσ and Mπ . The sigma mean
ﬁeld value v is shown in Fig. 14 as a function of the temperature T . It gradually decreases as the temperature
increases until the critical temperature TC = 198 MeV,
and suddenly drops to a small ﬁnite value. After this
critical temperature, it gradually decreases towards zero
due to explicit chiral symmetry breaking. The dressed
sigma and pion masses are shown in Fig. 15 as functions
of T . Their behaviors are similar to those in the chiral
limit. Again these behaviors indicate a ﬁrst order phase
transition even for the explicit chiral symmetry breaking
case opposing to the MF case.

600

m
m

400

400
200

m
0
-200
0

0
100

200

-200
300

v [MeV]

T [MeV]
Fig. 13. The physical sigma and pion masses, mσ
and mπ , as functions of the temperature T . The
pion mass mπ stays at zero mass until the critical temperature. The sigma mass mσ is ﬁnite
and drops to a small value at the critical temperature. They coincide above the critical temperature TC = 194 MeV, where the chiral symmetry is
recovered. The calculations are done in the chiral
limit.

In order to understand the behavior of the physical
mass, we multiply m2π−Mπ2 to the pole condition equation
1 − Vσπ→σπ (s)Gσπ→σπ (s) = 0. We then ﬁnd the following
equation:

100

80

80

60

60

40

40

20

20

0

0

-20
0

100

-20
300

200
T [MeV]

Fig. 14. The sigma mean ﬁeld value v as a function of the temperature T . The calculations are
done with an explicit chiral symmetry breaking
parameter ε ̸= 0.

(45)

This equation indicates that in the range mπ < Mπ , mπ
goes to Mπ as v → 0. This means that the BS equation
does not provide a bound state of pion-sigma composite above the critical temperature. Hence, the pion mass
becomes the thermal mass, which increases with the temperature.
We make a comment on the cut-oﬀ momentum dependence of the calculated results. We have been using the cut-oﬀ momentum of Λ = 800 MeV. In order
to see the cut-oﬀ momentum dependence, we calculated the case of Λ = 1000 MeV. Deﬁnitely, all the numbers
changed from the original case. We used a constraint on the parameters that the sigma physical mass was
mσ = 500 MeV. We found that the behavior of phase
transition was almost identical to the original case where
the sigma mass mσ and the sigma mean ﬁeld value
v dropped with temperature and the critical temperature was essentially unchanged from the original case of
Λ = 800 MeV.

1500

1500

[MeV]

4λ20 v 2 Gσπ→σπ (m2π )
.
1 − 2λ0 Gσπ→σπ (m2π )

100

1000

M

M

m2π = Mπ2 +

Explicit chiral symmetry breaking case (ε ̸=
0)

500

M

0
0

1000

M

100

200

500

0
300

T [MeV]

Fig. 15. The dressed sigma and pion masses, Mσ
and Mπ , as functions of the temperature T . They
almost coincide above the critical temperature
TC = 198 MeV, where the chiral symmetry is almost recovered. The calculations are done with
an explicit chiral symmetry breaking term ε ̸= 0.
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m

[MeV]

We solve then the Bethe-Salpeter equations (25) and
(32) to calculate the physical sigma and pion masses,
mσ and mπ . The results are shown in Fig. 16. In this
case, the pion mass stays around mπ = 138 MeV below
TC = 198 MeV and then increases suddenly to a large
value. Again the physical sigma and pion masses have
almost the same values above TC , where the chiral symmetry is almost recovered. The reason of this behavior is
similar to the case of the chiral limit. The meson masses
above the critical temperature correspond to the thermal
masses.
1000

1000

800

800

600

600

m
m

400
200

m

400
200

0
-200
0

cut-oﬀ momentum Λ. In addition, the Goldstone theorem to be recovered needs the excitations of σ−π states,
which have similar excitation energies as the σ−σ states.
Instead, we expect some states associated with the χ ﬁeld
due to the pure gluon dynamics around 1∼ 2 GeV as intruder states in the meson spectrum. As for the order of
phase transition, even for the explicit symmetry breaking
case the contribution of the explicit symmetry breaking
term to the free energy near the critical point is about
one order smaller than other terms and it remains a ﬁrst
order phase transition. Hence, the order of the phase
transition was not inﬂuenced by the explicitly symmetry breaking term. If we increase the magnitude of ε,
the phase transition has a tendency to become second
order as the gap of the order parameter v at the critical
temperature becomes smaller with ε.

6

Summary and Conclusion

0
100

200

We have studied the hadron properties using the O(4)
linear σ model, where we have used the Gaussian functional (GF) method to improve the mean ﬁeld approximation by including ﬂuctuations around the mean ﬁeld
values. The GF method provides a ﬁnite pion mass for
the case of spontaneous chiral symmetry breaking in the
chiral limit, and does not respect the Nambu-Goldstone
theorem at this stage. To this end, we have solved the
Bethe-Salpeter (BS) equations for the physical sigma and
pion masses. We have found that the physical pion mass
drops to zero by solving the BS equation after the GF
method, indicating that the sigma model respects the
Nambu-Goldstone theorem at this stage [9, 10].
We chose the parameters of the sigma model so as to
get mσ = 500 MeV. In the case of chiral limit, the physical pion mass is always zero due to the Nambu-Goldstone
theorem; while in the case of explicit chiral symmetry
breaking, it is not zero any more. Accordingly in the
latter case there is an extra parameter to represent explicit chiral symmetry breaking, ε ̸= 0. It is ﬁne-tuned
so that the physical pion mass becomes mπ = 138 MeV.
These parameters are shown in Eqs. (40) and (43). We
found that the change from the dressed sigma and pion
masses to their physical masses is very large and of order
of 600∼700 MeV. Therefore, in order to obtain a reasonable physical sigma mass around 500 MeV, we ought to
take a large dressed sigma mass around 1200 MeV, and
consequently a large coupling constant around λ0 ≈ 80.
This large coupling of mesons causes large changes of sigma and pion masses from their dressed values to physical
values. The sigma meson is considered as a strongly correlated meson-meson state, that indicates it as a four
quark state [35]. Moreover, this coupling constant is so
large that the order of the phase transition at ﬁnite temperature is of ﬁrst order.

-200
300

T [MeV]
Fig. 16. The physical sigma and pion masses, mσ
and mπ , as functions of the temperature T . They
almost coincide above the critical temperature
TC = 198 MeV, where the chiral symmetry is recovered. The calculations are done with an explicit chiral symmetry breaking parameter ε ̸= 0.

We compare our results with those of Tsue and Matsuda [8]. In their calculation, they dropped the contribution of σ−σ excitations for the physical σ mass in the
BS equation, by saying that the threshold energy of σ−σ
excitations is much larger than the value of the cut-oﬀ
momentum. This made the physical σ state to appear
at higher energy by about 400 MeV as compared to our
case, where the σ−σ excitations were included explicitly
in the BS equation. Hence, they could take smaller coupling constants with smaller cut-oﬀ momentum in order
to obtain the physical σ mass at mσ = 500 MeV. This procedure made the loop contributions much smaller than
our case. In this case, they found a second order phase
transition for the explicit chiral symmetry breaking case
as the MF approximation. In our case, we prefer to include explicitly the σ−σ excitations in the BS equation.
In construction of the linear σ model, the higher energy
mode has been integrated out at the quark-gluon level in
QCD and the resulting interactions among mesons after
bosonization by integrating out quark ﬁelds and the low
energy gluon ﬁelds take care of the quark-gluon dynamics [32]. This procedure naturally introduces a certain
momentum scale due to the compositeness of mesons.
Hence, we take all the excitation modes produced in the
linear σ model up to a certain momentum in terms of the
11
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Using these parameters, i.e. Eqs. (40) and (43), which
are ﬁxed at zero temperature, we have calculated the
sigma mean ﬁeld value and the sigma and pion masses as functions of temperature by using the GF + BS
method, for the chiral limit and explicit chiral symmetry breaking case. For the latter case the pion mass
stays at around mπ = 138 MeV until the critical temperature TC = 198 MeV. At this temperature, the order
parameter, i.e. the sigma mean ﬁeld value (condensate)
v, changes rapidly from v ≈ 93 MeV to a small value,
and then gradually decreases to zero with temperature.
Reﬂecting this behavior, both the dressed and the physical pion masses jump up rapidly at TC = 198 MeV, to
large values, corresponding to the sigma masses. This
behavior is caused by the large coupling constant λ0 for
the meson interactions, when we consider ﬂuctuations
around the mean ﬁeld values using the GF method, and
the physical pion and sigma mesons gain large binding
energies of dressed pion and sigma meson obtained by
solving the BS equations in the case of chiral symmetry
breaking below the critical temperature. On the other
hand, above the critical temperature the BS equations do
not provide bound states in both channels and the sigma

and pion masses become those of the thermal masses.
In general discussion, the linear σ model with O(4)
symmetry provided second-order phase transition at
large temperature. However, when the critical temperature is close to the hadron scale, we have to introduce
a model assumption. In the discussion by Ogure and
Sato, they made one assumption for the self energy of the
Goldstone boson to have zero mass in the spontaneously broken phase [21]. On the other hand, probably due
to the large coupling constant we are using, the present
GF+BS formalism provided a ﬁrst-order phase transition, where we have considered the linear σ model as a
low energy eﬀective theory of QCD, and introduced the
cut-oﬀ momentum at some physical scale. There is further a discussion on the setting-sun diagram, which may
become important around the phase transition temperature [18]. It is our future work to make clear this point. It
is also very interesting to study the properties of mesons
for the SU(3) ﬂavor case using the GF+BS method.
We thank Prof. V. Dmitras̆inović for fruitful discussions and comments and S. I. acknowledges Dr. H. Iida
for useful comments.
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5 Dmitras̆inović V, Nakamura I. J. Math. Phys, 2003, 44: 2839.
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