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Generalized Sabban curves in the Euclidean n-sphere and
spherical duality

Shyuichi IZUMIYA and Takayuki NAGAI

April 24, 2017

Abstract

In this paper, we define generalized Sabban frames of curves in S™ and investigate the
singularities of the spherical duals of the curves by using invariants with respect to such
frames.

1 Introduction

In this paper we consider regular curves in the unit hypersphere in the Euclidean n + 1-space
(8™ c R™"!) which is called generalized Sabban curves. We denote that a x b is the vector
product and a - b is the canonical scaler product of a,b € R"*1,

Let v : I — S? C R? be a unit speed regular curve. Then we have an orthonormal frame
{~v,t,n} along ~, where t(s) is the unit tangent vector of v at s and n(s) = v(s) x t(s). We
have the Frenet-type formula:

v (s) = t(s),
t'(s) = —y(s) + ry(s)n(s),
n'(s) = —ry(s)t(s),

where r,(s) = t/(s) - n(s) is the geodesic curvature of v at s. This frame was introduced by
Sabban (cf. [8]) and it is called a Sabban frame of ~. For a unit speed curve in 5%, we always
have the Sabban frame. However, we need some assumptions to define the Sabban type frame
for regular curves in S, where n > 3. We say that a unit speed curve v : I — S® C R* is a
Sabban curve (or, a spherical Frenet curve) if ||t'(s)+~(s)|| # 0 at any point s € I. Then we have
an orthonormal frame {~, ¢, 11,1y} of R* along v, where ny(s) = (¥ (s) +~(s))/|[t'(s) +~(s)|
and no(s) = v(s) x t(s) x ny(s). Here, a; x ay X a3 is the generalized vector product in R*
(cf. §2). Then we have
() = t(s),

(s) = —7(s) + Ki(s)mi(s),

1(s) = —r1(s)t(s) + ra(s)na(s),
ny(s) = —ra(s)t(s),
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where k1(s) = |[t'(s) + v(s)|| # 0 and ka(s) = n)(s) - ny(s). We call {v,t,n;,ns} a Sabban
frame along a Sabban curve ~. In §2, we construct an orthonormal frame {~,¢,n,..., 1, 1}
along v : I — S™ C R™"! under some conditions on 4. We call the above orthonormal frame
a generalized Sabban frame. In this case = is called a generalized Sabban curve, which is an
analogous notion of Frenet curves in R™ (cf. [6, 7])

In this paper we consider spherical dual hypersurfaces of generalized Sabban curves. For a
generalized Sabban curve 7 we define a hypersurface (7)* in S™ by

() = {&mi(s) + -+ &amals) s € L&+ + €, =1}

Then we call (v)* a spherical dual hypersurface of «. In §4 we give an interpretation why (7)*
can be called a spherical dual of 7 as an application of the theory of Legendrian dualities. The
main purpose in this paper is to give classifications and characterizations of the singularities of
(7)* by using the geometric properties of the generalized Sabban frame (cf. Theorems 5.6 and
6.2). These results are generalizations of some of the results on curves in S? or S® [2, 9, 10].

2 Notations and Definitions

In this section we consider a regular curve in the unit hypersphere in the Fuclidean space. Let
S™ be the n-dimensional unit sphere in the Euclidean space R***. Given a vector n € R"*1\ {0}
and a real number ¢, the hyperplane with a normal vector n is defined to be HP(n,c) = {x €
R"™ | n -z = ¢}, where v - w is the canonical scalar product of v, w € R™"!. A sphere in S™
is given by

S Hn,e)=S"NH(n,c)={xecS" |n-z=-cl

We say that S"!(n,c) is a great hypersphere if ¢ = 0 and a small hypersphere if ¢ # 0,

respectively. Here, we call n a polar vector of S"!(n,c). For any a; = (a},a?,...,a]™") €
R™™! (i =1,...,n), the vector product a; x ay x -+ X a,, is defined by

el e? ... et!

al a? ... at!

a; X as X -+ X a, =det ) o ) ,
12 nt1

al a® ... a®

where {e', e?, ..., e""1} is the canonical basis of R""!. We can easily show that a; xasx- - -xa,

is orthogonal to any a; (i = 1,...,n).

We now define generalized Sabban frame of a spherical curve in S™. Let v : I — S™ be
a regular curve, where [ is an open interval in R. We can reparametrize < by the arc-length.
Hence, we may assume that «(s) is a unit speed curve, so that we have the tangent vector
t(s) = v'(s) = (dv/ds)(s) with |[t(s)|| = 1. In the case when |[t'(s) + v(s)|| # 0, we have a
unit vector ny(s) = (t'(s) +v(s))/|[t'(s) +v(s)||. We can easily show that n,(s) is orthogonal
to y(s) and t(s) by a straight forward calculation. We write x1(s) = ||t'(s) + v(s)||. Next we
consider ra(s) = ||ni(s) + k1(s)t(s)||. In the case when kq(s) # 0, we have another unit vector
ny = (ni(s) + k1(8)t(s))/]n1(s) + k1(s)t(s)||. By repeating the method similar to the above,



we have the following functions and unit vectors;

ki(s) = [|ni_y(s) + Ki1(s)mia(s)],
oy (8) FRia(s)nia(s)  mii(s) + Kica(s)mia(s)
ni(s) - / -
11 (s) + Kic1(s)mi—a(s)]] Ki(s)
fori=1,...,n— 2, where we assume that r;(s) # 0 for all i. Finally, we define
Y(s) X t(s) X my(s) X -+ X 1y _2(8)
nn—l(s) = )
() > t(s) X ma(s) X - X My s(s)]]
Fin-1(5) = 1y, 5(5) - n1(5).
We call ;(s) a ith-curvature of ~(s).
Lemma 2.1. With the above notation, vectors (s),t(s),m1(s),...,My—2(s), n,—1(s) are or-

thogonal to each other.

Proof. By definition, n,,_1(s) is orthogonal to v(s), t(s), n1(s),...,n,_2(s). For other vectors
we can prove by a straight forward calculation. For example,

1

() (s)-mals) = H—I(W(S) t(s) +(s) - v(s))

Because - is a spherical curve, (s)-y(s) = 1, so that we have v(s)-t(s) = 0. Then (vy(s)-t(s)) =
y'(s)-t(s) +v(s)-t'(s) =0, so

v(s)-t'(s) = —7'(s)-t(s)
o OISt
Then )
N=—(=1+1) =0.
()= (141
Therefore v(s) and t(s) are orthogonal. We can prove that all vectors are orthogonal to each
other by the method similar to the above calculation. O
By the above lemma, the set of vectors {7(s),t(s),ni(s),...,n,—1(s)} is an orthonormal
frame of R"*! along 4. We call this frame a generalized Sabban frame along ~v. We also call a
spherical curve v a generalized Sabban curve when k;(s) # 0 fori =1,2,...,n — 2. We remark

that k,_1(s) might be equal to 0.
Here we expect the following Frenet-Serret type formula :

([ Y(s) = ts),
t'(s) = —(s) + rils)na(s),
ni(s) = —ri(s)E(s) + ra(s)na(s),
ni(s) = —ri(s)ni-1(s) + Kir1(s)nisa(s),
N, 5(s) = —Kn a(8)Mn_3(5) + Kn1(s)Mn-1(s)
o (s) = —Ra(s)ma(s).
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We obtain equations for v/(s), - ,m! _5(s) by definition. On the other hand we need a

little calculation to get the equations for n/,_,(s) , n/,_;(s) since the definitions of x,_1(s) and

n,_1(s) are different from other x;(s) and n;(s).

Lemma 2.2. We have the following equations :

M, _o(8) = —kna(8)Mn3(5) + Kn1(s)Mn-1(5)
Ny_1(s) = —Kp-1(8)np-a(s).

Proof. ~ We denote that n),_,(s) = Ay(s) + pn(s) + &na(s) + - + E_1mp_1(s).  Since
~(s), -+ ,mu—1(s) are orthogonal, m,_s(s) - v(s) = 0. Then, it follows that,

(mna(s) - 7(s))" = 15 5(s) - ¥(s) + mns(s) - ¥'(s)
= A+mn, (s)-t(s)
Y
so A = 0. We can prove that p, &, ,&,—4 and &, o are equal to 0 by the same way as the
above. By definition, n),_,(s) - n,—1(s) = &,—1 = Kp—1(s). Finally,

(Pn2(s) - mn3(s))" = 1y 5(s)  Mas(s) + mna(s) - 1, _5(s)

= nz T M0 a(8) - (Fn3(8)nn_a(s) + Kn_a(s)1n2(5))
= &g+ Kn_2a(9).

Since ny,—o(s) - Ny—3 =0, §—3 = —Ky—2(s). We can prove the formula for n/,_,(s) by the same
way as the above. This completes the proof. O

By Lemma 2.2, we have the Frenet-Serret type formulae for the generalized Sabban frame
of a spherical curve. We can write them as follows:

v (s) 0 1 0 0 0 e 0 0 v(s)

t'(s) -1 0 ki(s) 0 0 e 0 0 t(s)

n(s) _ 0 —ri(s) 0  Ra(s) O 0 0 n(s)
!, o(s) 0 0 e 00 —kals) 0 kaa(s) | | mas)
n_,(s) 0 0 e 0 0 0 —Fn—1(5) 0 1)

We can interpret the geometric meaning of the (n — 1)th-curvature x,_1(s) of y(s).

Proposition 2.3. Let v : I — S™ be a generalized Sabban curve. Then there exists a great
hypersphere S™1(n,0) such that v(I) C S" ! (n,0) if and only if k,_; = 0.

Proof. Suppose that k,_; = 0. By the Frenet-Serret type formulae (**), n,_; is a constant
vector. We denote that n,,_1(s) = n. We consider a function f : I — R defined by f(s) = ~v(s)-
n. Then we have f(s) =v(s) - n =~(s) - n,-1(s) =0 and f'(s) = t(s) - n =t(s) -n,_1(s) = 0.
Therefore f(s) is constantly equal to 0, so that v(s) € S" N H(n,0) = S"(n,0). For the
converse, suppose that there exists S"~!(n,0) such that v(I) C S"!(n,0). Then the function
f defined as the above is constantly equal to 0. It follows that f'(s) = ¢(s) - mn = 0. Thus,
0= f"(s) =t(s) -n=(—v(s)+ ri(s)ni(s)) - n = ki(s)ni(s) - n. Since k1(s) # 0, we have
n(s) - n = 0. It follows that

0=mni(s) n=(—kri(s)t(s) + ka(s)na(s)) - n = Ka(s)na(s) - n.
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Since ka(s) # 0, we have ny(s) - n = 0. It also follows that
0 =n5(s) - n = (—kKa(s)ni(s) + Kr3(s)ns(s)) - m = K3(s)ns(s) - n.

Since k3(s) # 0, we have ng(s) - m = 0. We continue this procedure. Finally, we have
Kn-1(8)Np_1(s) -m = 0. If n,_1(s) - m = 0, then n is orthogonal to all vectors of the gen-
eralized Sabban frame {7(s),t(s),ni(s),...,n,—1(s)} which contradicts to the fact that the
generalized Sabban frame is a basis of R"™ and n # 0. Thus x,_1(s) =0 forany s € I. O

3 Spherical height functions

In this section we introduce a family of functions on a curve in the sphere that is useful for the
study of invariants of generalized Sabban curve. For a generalized Sabban curve ~ : I — S™,
we define a function H : [ x 8" — R by H(s,v) = ~(s) -v. We call H a spherical height
function on . We write hy,(s) = Hy, () = H(s,vg) for any fixed vector vy € S™. Then we
have the following proposition.

Proposition 3.1. Let v : [ — S™ be a generalized Sabban curve. Then we have the following:
(1) hy,(S0) = 0 if and only if there exist p, &, -+ ,&n—1 € R such that vy = pt(se) + &1ma(so) +
ot &1 (S0) and P+ E+ -+ £ =1,

(2) for k < mn, hyy(so) = hyy(s0) =+ = hg,?(so) = 0 if and only if there exist &, -+ , &1 € R
such that vy = &muy(so) + -+ - + Eno1nn—1(s0) and § +--- + & = 1,

(3) hrug(50) = H'ay(s0) = --- = hy (50) = 0 if and only if vy = £n,_1(s0) and rp-1(s0) = 0,
(4) for k > n, hyy(sg) = Wayy(sg) = -+ = hgz)(so) = 0 if and only if vo = £n,_1(so) and
Fn-1(50) = K,y (s0) = - = 5, (50) = 0.

By the definition of spherical height function, hgf))(so) = (v(s0) - vo)* = vF)(s0) - vy. We
consider v(*)(sq). By the Frenet-Serret type formulae, we have the following lemma.

Lemma 3.2. %) (s) has the following form:
(1) 7'(s) = £(s),
(2) ¥"(s) = =v(s) + ra(s)na(s), o
(3) For 3 <k <mn , there exist functions X(s),7i(s),&1(s), -+ ,&r—2(s) such that
(") M) = As)v(s) +Rals)E(s) + Els)ma(s) + -
+E—a(s)mu—a(s) + Ki(s)kz(s) -+ rp—1(s)mp—1(s).

Proof. By the definition of ¢,n; and 1, (1) and (2) hold.
We prove assertion (3) by using induction. Let & = 3. By the formula (2),

YI(s) = {=(s) + ri(s)nu(s)}
= —t(s) + & (s)n1(s) + k1(s)ni'(s)
= —t(s) + i (s)na(s) + r1(s)(—rr(s)t(s) + ra(s)na(s))
= —(L+rKi(s)t(s) + K1 (s)ma(s) + r1(5)ra(s)ma(5)
The coefficient of ng is £1(s)k2(s). Then (**) holds for k = 3.
We assume that (**) holds for k — 1; that is, there exist \(s),7i(s),&1(s), -+, &_s(s) such that

75D (5) = Rs)y(s) + m(5)(s) + E(s)ma(s) + -+ Eua()muoals) + ma(s)ra(s) - ma-als)mi_a(s)



Here we calculate 4(*) by using the Frenet-Serret type formulae:

YW(s) = (" VY(s)
= N(s)v(s) +A(s)(5) + 7 ()t(s) + F(s)t' () + -+ + Gu—s (5)ma—s(s) + Ges(5)M),_5(s)
H{r1(s)k2(s) - - Kr—a(8)} mu—a(s) + K1 (s)ka(s) - - Ki—2(8) 1) _5(5)
= {N(s) = 7ls)}(s) + {A(s) + T(5) — ka(s) }(s) +
+{5k—4ﬁ)ﬁk—3( 8) + &s (5) + k1(8)ka(s) - Ka(s) br_s(s)
H{&h—s(s)rr—a(s) + (K1(s)ra(s) - - Kp—a(s)) Iru—a(s)
+r1(8)ka(s) -+ Kp—a(S)kr—1(s)NK_1(9)

The coefficient of n,,_1(s) is k1(s)k2(s) - - - kg—1(s). Then (**) holds for all k = 3,4,--- ,n.

Proof of Proposition 3.1. By using the generalized Sabban frame, there exist A\, pu, &1, -+ , &1 €
R such that:

Vo = )\’7(80) -+ ,ut(So) + 6177/1 (50) + -t $n,1nn,1(so).
Then we have
ha (50) = ¥ (S0) - vo = A.

Therefore assertion (1) holds.
We prove assertion (2) inductively. Let k = 1. By assertion (1) of Lemma 3.2 , we have

My (50) = ' (s0) - vo = t(s0) - vo = p.

Thus Ay, (s0) = hy,(50) = 0 means A = p = 0, then (2) holds for £ = 1. We now assume that
(2) holds for k — 1. This means that hy,(so) = hl, (s9) = -+ = hE*(sp) = 0 if and only if there
exist &, -, &1 € R such that vy = §_1ny_ 1(30) + ot {n 1nn 1(s0). By assertion (3) of
Lemma 3.2, we have

hf,o(so) = ’Y(k)(s) -vo = (A(s)7(s0) + -~ + Ra(s0)ka(s0) - - k-1 (s0)18-1(50)) - V0.
Therefore, hy,(s0) = hy, (s0) = -+ = hs,lf))(so) = 0 if and only if

0= h{(s0) =¥ (s) - (Gormr-1(s0) + -+ + Ea1mn—1(s0)) = r1(s0)ka(s0) -+ + kr—1(0) - &t

Since k — 1 < n — 1, we have r1(so)ra(s0) -+ fr_1(S0) # 0, so that &_; = 0. We also have

1=wg-vg=E& + - -+ &_,. This completes the induction step. By assertion (2), hqy,(s0) =
Ry, (S0) = = hvz 1)(30) = 0 if and only if vy = £n,,_1(s0). It follows from (3) of Lemma 3.2
that hUO(So) =hly (so) = = h (s0) = 0 if and only if

0 = h{P(s0) =" (50) - (£mn-1(50)) = k1 (s0)R2(50) - - Fn—2(50)n—1(50)

This means that x,_1(s9) = 0. This completes the proof of (3).



We now prove assertion (4) by induction. By assertion (3), hy,(s0) = hy, (s0) = -+ =
hot (so) = 0 if and only if vy = +m,_1(s0), Fn_1(s0) = 0 and hs,?)ﬂ)(so) = 0. By (3) of
Lemma 3.2, we have
Y (s) = As)v(s) +a()t(s) + & (s)ma(s) + -+
HEn-a(s)Mn-a(s) + K1(s)Ra(s) -+ K1 (8)T00-1(5).
If we put K(s) = k1(s)k2(S) - - - kn—2(s), then we have

Y (s) = N(s)v(s) + A(s)t(s) + T (s)(s) + Fi(s)(—(s) + Fa(s)ma(s))

6 ()11 () + &1(5) (= ra(5)8(5) + a(s)ma(s)) +

+&0 2 (8)1na(s) + & a(5) (—Kn-a(5)T03(5) + o1 (s)mn-1(5))

+(K(s)hn-1(5) + ( Vi 1(8))mn1(s) — K (s)kp 1 (5)10n-2(5)

= Vis)+Wi(s),
for some V(s) € (v(s),t(s),n1(s),...,mu—2(s))r and
W(5) = (60 sl 1(5) + K'(5)mu1(6) + K)oy () as),

Since V(s) - n,_1(s) = 0 and k1(s)k2(8) -+ Kn_2(s) # 0, vg = £n,_1(80), Kn_1(s0) = 0 and
hi,"oﬂ)(so) = 0 if and only if vg = +n,_1(S0), £n_1(s0) = 0 and &/, ;(sp) = 0. Thus assertion
(4) for k = n+ 1 holds. We now assume that the following conditions hold for k = n+ (r —1):
Py (S0) = N oy (S0) = h&,’f) (so) = 0if and only if vy = £n,_1(s0) and k,—1(S0) = k,_1(50) =

= £k""D(s0) = 0 and yW(s) = V(s )+W( ), where V(s) € (y(s), t(s), m1(5), . .., n_2(s))r
and there exist functions 7y(s), 71(s), . .. n—2(s) such that

(Zm ) + K(s)A! f><s>> M (s).

Therefore, we have V (s) = V(8)4((8)1,_2(s) for some V(s) € (v(s),t(s), n1(5), ..., mp_3(5))r.
It follows that

V'(s) = V'(5) + (' (5)10n-2(5) + ((5)(=Fn-a(s)mn-3(s) + Kn-1(5)100-1(5))
and

W'(s) = ( (1 (s)m0L 4 (5) + mi(s) k) (5)) + K ()R (s) + K (s)k ”1<s>> n, 1(s)

=

2

- ( ()i (5) + K(sms_f)(s)) Fin-2()nn-2(s).

It follows that there exist functions 7j,(s), . .. 7,_,(s) and V(s) € (v(s),£(s),11(s), ..., n2(s))r
such that

YD) = V(s) + ( Ti(5)nla (5) + K(s)mﬁ“ll(s)) M- (s).

S (so) = 0 if and only if
vo = £n,,-1(80) and k,—1(s0) = Kl,_1(s0) = -+ = k) (so) = 0. This completes the proof for
assertion (4). O



4 Spherical Legendrian duality

According to the results of Proposition 3.1, we now define a mapping D : I x S"~% — S™ by

Dy (5,8) = &ma(s) + -+ + Euoanna(s),

where £ = (&1,...,&,-1) € S" 2. Then (v)* = Dy(I x S"?) is called a spherical dual hypersur-
face of ~v. In this section we clarify the reason why (7)* is called the spherical dual of ~. For the
purpose we now briefly review some properties of contact manifolds and Legendrian submani-
folds. Let W be a 2n + 1-dimensional smooth manifold and K be a tangent hyperplane field
on W. Locally such a field is defined as the field of zeros of a 1-form «. If tangent hyperplane
field K is non-degenerate, we say that (W, K) is a contact manifold. Here K is said to be
non-degenerate if a A (da))™ # 0 at any point of W. In this case K is called a contact structure
and « is a contact form. Let ¢ : W — W’ be a diffeomorphism between contact manifolds
(W, K) and (W', K'). We say that ¢ is a contact diffeomorphism if dp(K) = K’'. Two contact
manifolds (W, K) and (W', K') are contact diffeomorphic if there exists a contact diffeomor-
phism ¢ : W — W’. A submanifold i : L C W of a contact manifold (W, K) is a Legendrian
submanifold if dimL = n and di,(T,L) C K,y at any point p € L. We consider a smooth
fiber bundle 7 : N — A. The fiber bundle 7 : N — A is called a Legendrian fibration if its
total space W is furnished with a contact structure and its fibers are Legendrian submanifolds.
Let m : N — A be a Legendrian fibration. For a Legendrian submanifold ¢ : L C N, a map
moi: L — Ais called a Legendrian map. The image of the Legendrian map mo1 is called a wave
front of i which is denoted by W (7). For any p € W | it is known that there is a local coordinate
system (Z1,...,Tp,P1, .-, Pn, 2) around p such that m(z1,..., 20, p1,. -, Pn, 2) = (T1, ..., Ty, 2)
and the contact structure is given by the 1-form o = dz — > | p;dx; (cf [1], Part IIT ).
We now consider the following double fibrations of S™:

A={(v,w)e S"xS"v-w =0},
m A3 (v,w) —ovelS", m o A3 (v,w) —we S,

0 =dv-w|pa, 0y =1v- dw|a.

Here, dv - w = )" jw;dv; and v - dw = )" v;dw;. Since d(v - w) = dv - w + v - dw and
v-w =0onA, §;'(0) and 6;'(0) define the same tangent hyperplane field over A which is
denoted by K. Since A can be identified with the unit tangent bundle of S™, we have the
following result (cf. [3]).

Theorem 4.1. Under the above notation, (A, K) is a contact manifold and both of m; are
Legendrian fibrations.

By definition, A is a smooth submanifold in R"*! x R"*! and each m; ( = 1,2) is a smooth
fibration. Moreover, by the definition of the contact forms 6,6, all fibers of m and w5 are
Legendrian submanifolds in (A, K). If we have a Legendrian submanifold L C A, then we say
that m(L) C S™ and mo(L) C S™ are spherical Legendrian dual to each other. Since both of
v X S(v,0) = 7 (v) and S(v,0) x v = 7, (v) are Legendrian submanifolds of A, a point
v € S™ and the great hypersphere S(v,0) C S™ are spherical Legendrian dual to each other.
This means that this duality is analogous to the classical duality in the projective geometry.
We have the following theorem.

Theorem 4.2. Let v : I — S™ be a generalized Sabban curve. Then ~(I) and (7v)* are
spherical Legendrian dual to each other.



Proof. We define a mapping £ : I x S"2 — A by L(s,€) = (v(s), D4(s,£)). By definition,
L is a well defined mapping. Moreover, we have

oL oD, oL

i

Os " 0s )7 04
Therefore, {0L/0s,0L/0&,...0L]0E,—1} are linearly independent. This means that £ : [ x
R~ — A is immersive. Then the restriction of the above mapping to I x S"2 is also

immersive. Moreover, we have £*0; = t(s)ds- D(s,&) = 0, so that £(I x S"7?) is a Legendrian
submanifold of A. This completes the proof. O

= (0,m;(s)) .

Then we have the following corollary:

Corollary 4.3. For any generalized Sabban curve v : I — S™, (4)* is a wave front of
L(I x S™2) with respect to the Legendrian fibration ;.

5 Unfoldings of function-germs

We use some general results on the singularity theory for families of function germs. Detailed
descriptions are found in the book [4]. Let F' : (R x R",(sg,z9)) — R be a function germ.
We call F' an r-parameter unfolding of f, where f(s) = Fj,(s,x0). We say that f has an A-
singularity at so if f®(sq) = 0 for all 1 < p < k, and f*+Y(s5) # 0. Let F be an unfolding
of f and f(s) has an Ag-singularity (k > 1) at so. We write the (k — 1)-jet of the partial
derivative g—£ at sp by j(k_l)(g—z(s,xo))(so) = E;:é @ji(s — sp)? for i = 1,...,r. Then F is
(k <r). We introduce an important set concerning the unfoldings relative to the above notions.
A discriminant set of F' is the set

F
Drp = {x € R"| 3s such that F' = 88— =0 at (s,2)}.
s

We also define

Di = {x € R"| ElssuchthatF—%—Z—---— (?)s}:
which is called an ith-order discriminant set of F. By definition, the first-order discriminant set is
the discriminant set. Then we are interested in classification of D% by diffeomorphisms. We say
that two function germs f, g : (R,0) — R are R-equivalent if there exists a diffeomorphism
germ ¢ : (R,0) — (R,0) such that f o ¢(s) = g(s) + (f(0) — g(0)) for any s € (R,0). If
f : (R,0) — R has an Ag-singularity at 0, then f is R-equivalent to g(s) = £s**1 (cf.[4,
Theorem 3.3]). We can also easily show the following proposition (cf. [4, 6.6]).

Proposition 5.1. The unfolding G : (R x R", (0,0)) — (R, 0) given by

=0at (s,2)}

G(s,z) = " + o) + w95+ - st

is an R-versal unfolding of g(s) = s at 0.

Let F,G : (RxR",(0,0)) — (R, 0) be unfoldings of f, g : (R,0) — (R, 0), respectively. We
say that F, G are P-R-equivalent if there exists a diffeomorphism germ @ : (R x R, (0,0)) —
(R x R",(0,0)) of the form ®(s,z) = (¢1(s,x), p2(x)) such that F o ® = G. By definition, if
F, G are P-R-equivalent, then f, g are R-equivalent. By the uniqueness of R-versal unfolding
(cf. [5]), we have the following theorem.



Theorem 5.2. Let F,G : (R x R",(0,0)) — (R,0) be unfoldings of f,g : (R,0) — (R,0),
respectively. Suppose that F,G are R-versal unfoldings of f,g respectively. If f,g are R-
equivalent, then F,G are P-R-equivalent.

By straightforward calculations and an induction, we can show the following proposition.

Proposition 5.3. Let F,G : (R xR",(0,0)) — (R, 0) be unfoldings of f,q: (R,0) — (R, 0),
respectively. If F, G are P-R-equivalent, then there exists a diffeomorphism germ ¢ : (R",0) —
(R",0) such that ¢(D) = Di as set germs for any i.

For the unfolding G : (R x R",(0,0)) — (R, 0) given by
G(s,z) = £s" + oy + 295+ - + 2",

we can show that = (z1,...,7;) € D5 (1 <i < k—1) if and only if

( k+1 k—1

Ty = +s —STg— -+ — 8" T,
1y =F(k+1)s* — 2505 — -+ — (k —1)s* 2y,
(***) o :F(kzl)ksk i 355154 L (k71)2(k72)8k_37
| 2 = :Fwskﬂ—i (i 4 1) 8T — e — (k—l)(kéi)l..).!(k—i—i-l)Sk_ixk'

We now consider a map-germ DAF : (RF1 0) — (R¥,0) defined by

k-1 k-1
DA (uy, ... up_q) = (£uf™ + Z(z — Dby, F(k 4 Dub — Z it g, ug, L Ugy).
i=2 i=2

We remark that (Im DAF,0) is diffeomorphic to the cusp C = {(t?,#%) |t € (R,0)} and
(Im DAF, 0) is diffeomorphic to the swallowtail SW = {(3u*+u?v, 4u*+2uv, v) |(u,v) € (R?,0)}
as set-germs. By Theorem 5.2 and Proposition 5.3, we have the following classification.

Theorem 5.4. Let F': (RXR", (sg,z9)) — R be an r-parameter unfolding of f(s) which has an
Ay singularity (k < r) at sg. Suppose that F is an R-versal unfolding. Then (D, (so, o)) is
diffeomorphic to (Im DA x R"™* 0) as set-germs. Moreover, (D", (s0,20)) is diffeomorphic
to (Imo[2,3,...,k, k+1] x R"7*.0) as set-germs, where a[2,3, ...,k k+1] : (R,0) — (R¥,0)
s a curve defined by
(2,3, ..k k+1](t) = (£33, .. tF "),
Proof. By the system of equations (***) for ¢ = 1, we have
k

1 = T — 5wy — - — 5Py,
Ty = F(k+1)s* — 2sz3 — -+ — (k — 1)s" 2.

Then we have

zy = +sF 4 % + -+ (k= 2)sF

1y =F(k+1)s* —2sw3 — - — (k — 1)s" 2.
If we put s = uy, 3 = ug, ..., = ugp_1, the above system of equations means that (Dg,0) =
(Im DA x R"7*,0). Since f(s) has an Ay, singularity at s = s, f is R-equivalent to +t**1. By
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Theorem 5.2, F' and G are R-equivalent, so that (D, (so, o)) and (Dg,0) are diffeomorphic
as set-germs.
On the other hand, if we continue the above calculation until ¢ = k — 1, we can show that

w1 = M (k)s"™ !, 2y = Xo(k)s®, x5 = As(k)s" ', e = Mi(R)s?,

for some \;(k) € Q\ {0}. By an affine coordinate change on R", we have

T =82 20 =8, ..., Tp_1 = S* xp, = sFTL
This means that (D', 0) is diffeomorphic to (Im&[2,3,...,k, &k + 1] x R"7* 0) as set-germs.
By Theorem 5.2 and Proposition 5.3, we have the assertion. This completes the proof. O

We remark that we can calculate DY, for 1 < i < k — 1. It is, however, rather complicated,
so that we omit the further arguments here.

We now consider spherical height functions on generalized Sabban curve. Let v : I — S™
be a generalized Sabban curve and H : [ x S™ — R the spherical height function on ~. For
(s0,v9) € I x S™, we consider the function germ H : (I x S™, (sg,v9)) — R and H can be
considered as an n-parameter unfolding of h,,.

Proposition 5.5. For vy € S", suppose that hy, has Ag-singularity at sg for any k < n. Then
H is an R-versal unfolding of h,.

Proof. We now consider an orthonormal basis {~(so),t(s0),71(S0),- -, Tn_1(S0)} of R""!. We
have the local representation of v : I — S™ around sy by
v(s) = z1(s)(50) + 22(s)E(s0) + w3(s)n1(s0) + -+ - + Tnga(8)Mn-1(50)-

We also write that vy = Ay(s0) + pt(s0) + Sor—y &m(se) with A2 4 % 4+ 327 €2 = 1. Then we
have
H(s,v0) = Ax1(8) + pxa(s) + &a3(s) + -+ - + En1Tni1 ().

Suppose that &, 1 >0 and &, 1 = \/1 — A2 — 2 = 322 Then we have

TR0 = n1(s) = o)
Z—f@,vw — 02(s) = ),
OH &

a—&@a’vo) = x3(s) —al‘nﬂ(S),

on : : .

vy) = - .
Ge (5w = w(s) = Fra(s)
We now consider the following matrix:
z1(s0) — &%%H(So) 2(s0) — gn’ilxnﬂ(so) Tn(50) Z*f%ﬁtl(so)
A 21 (s0) — gn%x;wl(so) 25(80) — &%x;+1(80) 7, (50) Zj nt1(S0)
217 (s0) — g2 ania(s0) 257 (s0) — g anii(so) o (s0) — £=2a 71 (s0)




If we put a; =* (2:(s0), 75(50), ..., 27 ' (s0)), then we have

A= A 1% 1 571—2
=|(la——ap;1,a0 — —ay11,03 — —Qpi1, .., Qp — ——Cpiq | -

£n—1 gn—l gn—l
It follows that

A
det A = det(ai,ao,...,a,)+ : det(a@,i1,a9,as,...,a,)
n—1
% 57172
+ det(ay, any1,as,...,a,) + -+ det(ay,...,an_1,a,41)
Sn—l gn—l
(=) / (n—1)
i 1’00'(’)’(80)><’Y(30)><"'><'Y (s0))-

By a straightforward calculation, we have

Y(s0) X ¥ (s0) X -+ x ¥V (s0) = K17 (50)55 > (50) - * * Fn—2(S0)Tn—1(S0),

so that
det A = (—1)"k73(s0) Ky 2(50) - - - kin_2(50) # 0.

This means that rank A = n. Thus the assertion for kK = n holds. It follows that the assertion
for k < n also holds. O

By Proposition 3.1, (1) and (2), we have Dy = (v)* and D! = {+n, (s) | s € I}.
Moreover, Proposition 3.1, (2) asserts that h,, has an A singularity at s = sq for k& < n if and
only if there exist (0,...,0,&),&.1,...,&_1) € S" % such that & # 0 and

vy = EEn(s0) + - + & 1mn-1(s0)-
We now define a set (v); C S™ by
(Vi = {&mu(s) + - + Gamna(s) [ G+ + & =1, and s € T},
so that (v); = D¥. By Theorem 5.4 and Proposition 5.5, we have the following theorem.

Theorem 5.6. Let v : I — S™ be a generalized Sabban curve. Then we have the following:

(1) for k < n — 1, the germ of the spherical dual (v)* of v at (s0,£%) = (s0,(€2,...,% ) €
I x S"=2 is diffeomorphic to (Im DA;; x R"™*,0) as set-germs if & = --- = €)_; = 0 and &) # 0.

In this case the germ of ()5 at (so,&°) € I x S"2 is diffeomorphic to (Ima[2,3,... k, k +
1] x R*7* 0) as set-germs,

(2) the germ of the spherical dual (¥)* of v at (sg, ) € IxS™"' is diffeomorphic to (Im DAE | x
R,0) as set-germs if € = (0,...,0,%1) and k,_1(s0) # 0. In this case the germ of the image
of n,_1(8) at ny,_1(so) is diffeomorphic to Ime[2,3,...,n— 1,n] x R,0) as set-germs.

(3) the germ of the spherical dual ()* of v at (so, &%) € IxS"! is diffeomorphic to (Im DAL, 0)
as set-germs if &Y = (0,...,0,%1), k,_1(s0) = 0 and k!,_,(so) # 0. In this case the germ of the
image of n,_1(s) at n,_1(sg) is diffeomorphic to (Imo(2,3,...,n,n+1],0) as set-germs.

Proof. By Proposition 5.5, if h,, has an Ay singularity at s = sg (k < n), then H is an R-versal
unfolding of h,. Since (v); = D%, assertion (1) follows from Theorem 5.4. By Proposition 3.1
((2), (3)) and Theorem 5.4, assertion (2) holds. Similar to the other cases, assertion (3) holds
applying Proposition 3.1 ((3), (4)) and Theorem 5.4. This completes the proof. O
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6 Contact with great hyperspheres

By Proposition 2.3, there exists n € S™ such that v(I) € S" !(v,0) if and only if x,,_; = 0. In
this case n,,_1(s) is a constant vector and n,,_1(s) = v. By definition, v € Dy if and only if there
exists so € I such that h,(so) = hl(so) = 0. If we consider a function b, : S™ — R defined by
ho(x) = T - z, then h;1(0) = S"1(v,0) and b, o (s) = hy(s), sot that h,(se) = hl(sy) =0
if and only if S"~!(v,0) is tangent to v at s = so. We call such a hypersphere a tangent great
hypersphere of ~v at s = s9. We remark that there are infinitely many tangent great hyperspheres
of v at s = sy. We say that a tangent great hypersphere S"~'(v,0) of v at s = sy has at least
k + 1-point contact with ~y if hy(so) = hly(so) = -+ = hg,k)(so) = 0. We also say that S" !(v,0)
of v at s = sg has k + 1-point contact with = if it has at least k£ + 1-point contact but does not
have at least k + 2-point contact with v at s = sog. By Proposition 3.1, we have the following
proposition.

Proposition 6.1. Let v : I — S™ be a generalized Sabban curve and vy € S™. Then we have
the following:

(1) S(vo, 0) is a tangent hypersphere of v at s = sq if and only if there exists £* = (€9,...£Y_|) €
S™L such that vy = &9y (sg) + -+ + &0 _1m,_1(s0),

(2) for k < n, S(vy,0) has at least k+ 1-point contact with ~ at s = sy if and only if there exist
(07 0, 627 £2+17 st 75701—1) € 5" such that Vo = 52"19(30) oot 62_1'"/71—1(30),

(3) S(vg,0) has at least n-point contact with v at s = so if and only if vy = £n,_1(s0),

(4) for k > n, S(vo,0) has at least k + 1-point contact with v at s = so if and only if vy =

+1,_1(50) and kn_1(so) = K, _1(s0) = - = k" (s0) = 0

As a consequence, for k < n, (7); is the locus of the polar vectors v € S™ such that S(v,0)
has at least k + 1-point contact with « at s. In particular, ()5 = {£n,_1(s) | s € I} is the
locus of the polar vectors v € S™ such that S(v,0) has at least n+ 1-point contact with ~ at s.
We call S(v,0) an osculating great hypersphere of v at s = s if v = £n,,_1(s0). As a corollary
of Theorem 5.6 and Proposition 6.1, we have the following theorem.

Theorem 6.2. Let v : I — S™ be a generalized Sabban curve and vy = &)n(sg) + -+ +
& m, 1(s9) € S™ (i.e. S(v,0) is a tangent great hypersphere of v at s = sy). Then we have
the following:

(1) for k < n — 1, the germ of the spherical dual (y)* of v at (s0,&%) = (s0, (£Y,...,6% 1)) €
I x S"2 is diffeomorphic to (Im DA x R*™* 0) as set-germs if S(vy,0) has at least k+ 1-point
contact with v at s = sg, in this case the germ of (v); at (so,&") € I x S"2 is diffeomorphic
to (Imo([2,3,...,k k+ 1] x R**0) as set-germs,

(2) the germ of the spherical dual (¥)* of v at (sg, %) € IxS™"' is diffeomorphic to (Im DAE | x
R,0) as set-germs if S(vg,0) has n+ 1-point contact with ~ at s = sg. In this case the germ of
the image of n,—1(s) at r,—1(s¢) is diffeomorphic to (Ime[2,3,...,n—1,n|xR,0) as set-germs.
(3) the germ of the spherical dual (v)* of v at (so, &%) € Ix.S"! is diffeomorphic to (Im DAE, 0)
as set-germs if S(vg,0) has n + 2-point contact with v at s = sy. In this case the germ of the
image of n,_1(s) at n,_1(sg) is diffeomorphic to (Imo([2,3,...,n,n+ 1],0) as set-germs.
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