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1 Introduction

One of the most controversial issues in the Bardeen-Cooper-Schrieffer (BCS) theory|[!].
which is remarkably successful in describing weak-coupling superconductors, may be the
superposition over the number of condensed particles in their variational ground-state
wave function.

This is apparently incompatible with particle-number conservation, which manifestly
holds in any closed system, as noted by Schrieffer from the beginning[?] and emphasized
by Peierls|3] and Leggett.[!]

On the other hand, the superposition was used by Anderson|[5] in the context of Bose-
Einstein condensation to discuss emergence of a well-defined macroscopic phase, called
spontaneously broken gauge symmetry,[0, 7] as the key ingredient for superfluidity and
the Josephson effect.

Thus, particle-number fluctuations seem indispensable for bringing macroscopic coher-
ence to the system, which were originally traced by Anderson to the exchange of particles
between subsystems. 5]

However, question may be raised regarding this identification because there are definitely
no fluctuations in the total particle number in any closed system.[!, 7]

AN =0= AP — oco?

If we consider that the fluctuations of particle number AN is absolutely zero, does that
lead to an infinite fluctuation in the superconducting phase? Are the fluctuations real or
a mere artifact in the mathematical treatment of superconductivity? If the former is the
case, where do they originate from? How can we define a macroscopic wave function with
a well-defined phase in isolated superconductors? We aim to answer these questions by
improving the BCS wave function with a fixed particle number.

Weak-coupling superconductors have been described theoretically within the mean-field
framework. The corresponding ground-state with N fermions has been identified as the
anti-symmetrized product of N/2 Cooper-pairs with no superposition,

|DBes) = A]_Vl/Qexp(fTIp)N/ ?|0).

[1, 8, 9] which may thereby have no well-defined phase.[’]
Now, we will see what happens to this wave function when we incorporate many-body
correlations beyond the mean-field treatment, which is given by

D) = @]‘Vl/zexp(ﬁl)@?vcs :

Our physical motivation lies in the following observation: the pair condensation energy
in the weak-coupling region is exponentially small, ~ exp(—1/g) with ¢ > 0 a dimen-
sionless coupling constant, whereas the correlations energy is proportional to ¢ and also
negative for any type of interactions, as seen by the second-order perturbation in terms of



the interaction. In other words, the correlations lower the ground-state energy relatively
far more than Cooper-pair condensation for g < 1.

This fact implies that, formally speaking, Cooper-pair condensation should be studied
only after the correlations effects have been incorporated.

We incorporate the correlation effects to show explicitly that the correlations produce
finite non-condensed particles in the ground-state, which work as a particle reservoir for
the condensate to naturally yield the superposition, in exactly the same way as in the
case of interacting Bose-Einstein condensates.[1(]

Thus, the superposition is a real physical entity that exists in any isolated supercon-
ductor or superfluid. Note in this context that the superposition and coherence have so

far been discussed mostly in terms of condensed particles alone.[5, 7, 11, 12]

This thesis is organized as follows;

We will discuss the improved ground-wave function with many-body correlations.

Section 2 presents formulation.

Section 3 gives numerical results.

Section 4 presents concluding remarks.

We also present details that deriving the formalism from Appendix.

Appendix A describes the mathematical properties of the inner-product of the BCS
ground-state wave function as @),,. The general expression and the asymptotic expression
of @, plays an important role in evaluating the ground-state energy.

Appendix B provides a new method of using the asymptotic expression of @,,, deriv-
ing the current canonical BCS formula, which is more mathematical treatable than the
method emphasized by [1].

Appendix C points out the approximations we adopted in the process of deriving the
formalism, and explain some difficulties it encountered.

Appendix D describes the process of deriving the quasi-particle operator 4 and its
inverse transformation.

Appendix E derives the equations to minimize the variational ground-state energy in-
cluding the 74 correlations in detail.

Appendix F describes how to perform triple sums over wave vectors efficiently in nu-
merical calculations.

Finally, in Appendix G, we present a possible formulation which enables us to evaluate
the ground-state energy with relatively small number of total particles, and points out

the numerical difficulty it may face.



2 Particle-Number Fluctuations in Isolated Superconductors

2.1 Model

We consider a system with N identical fermions (N >1, N:even) with mass m and spin
j:%. The Hamiltonian is given by

[:IBCS = f{o + f{int' (2'1>

The kinetic energy ﬁo and the interaction energy lf[im is given by

Fin. Fin.
H, = Zékéf(aéka, . Z Z U,¢ ckmack, qoCK/a/ Ckars (2.2)
ka kk’q aa’
where ¢, and U, are given explicitly by
thQ —iqr
Se= 5 U, = /U(r)e @« P, (2.3)

Basically, all summations in this thesis are performed over a finite number of particles,
which we denote as "Fin”.

Creation and annihilation operators satisfy the anti-communication relations of fermions:
{Cas Hoar} = O Gactrs {Bar Goar} =0, (2.4)

with o =1, | for a = %, —%, respectively.
This expression of BCS Hamiltonian is obtained through an expansion (see Appendix

B.1) of basis functions satisfying:

V() = éa)eq(), (2.5)

q

where W(€) is the field operator and &(¢) is the one-particle annihilation operator.
The expansion constant ¢,(£) denotes particle wave function, where q denotes momen-
tum and spin {k, a}.

2.2 Number-Fixed BCS wave function

We consider a homogenous system in a box of volume V with periodic boundary condi-
tions and anticipate condensation with s-wave pairing for this model. We introduce the
pair operator frjp by

Fin.

#l = —Z¢ il (2.6)

where ¢, is the Fourier coefficient describes bound-state wave function, which describes

a single Cooper pair.



The Number-fixed BCS wave function is given by the pair creation operator ﬁjp,

[@5e) = Ay’ (71 )M?|0), (2.7)

cp
where Apy/o is the normalization constant defined by the inner product of the ket vector

ﬁjp 0) as follows;

(07, )2 (1) 0)

Anjg = 2.8
v (NJ2)P 2

The vacuum state defined by the annihilation operator satisfies
Ckal0) = 0. (2.9)

Eq.(2.7) can be treated as the N-paticle projection of the grand canonical BCS wave

function

Sy
|<I)>_A“Z I |0>

n

= A,exp(al )|0). (2.10)

where A_ is the normalization constant.
The exponential form of the wave function, Eq.(2.10), which represents an extension of
the homogenous variational wave function emphasized by J.R. Schrieffer. The physical
meaning of this wave function denotes linear combination of states with different particle

number.

2.3 Number-conserving operators

Following the number-conserving BCS wave function, we introduce the number-conserving
creation-annihilation operators as follows;

First, we introduce the creation and annihilation operators (BAIT{&, Bka) by

Blal®F™) = |2850), Bral PX®) = [D55). (2.11)
The physical meaning of these operators is interpreted as increasing (decreasing) the

number of Cooper pairs by one.

These operators is expressible by Cooper pair creation and annihilation operators (frjp, ﬁcp)

-t
g | Ove  Te 2.12
p Qnj21 N/2+1 (2.12)

These operators follows Eq.(2.11) that

as

|BES) 1y < NJ2

Yu,N € 7 .
0: v>N/2

(Bra) (BLa)1055%) = 1055%), (Bla)* (Ba)|05E) =

(2.13)



so that

(Bra)” (Ble)” =1, (2.14)

and

12

(Bla)” (Ba)” = 1. (2.15)

The approximation in Eq.(2.15) becomes practically exact whenever the particle number
condition v < N/2 is satisfied.

Then, we introduce the number-conserving Bogoliubov operator

~

Vka = UkCka — (—1)%_%1{&_1(_&5, (2.16)

which satisfies
Yia| PE) = 0. (2.17)

The functional uy and vy is denoted as

_ 1 P

up = —W, Vg = —W, (2.18)
satisfying
lue|? + |vie)? = 1. (2.19)
The inverse of Eq.(2.20) can be derived as
Cra = UcYka + (=120 AT B (2.20)

(See Appendix D).

We may use the number-conserving Bogoliubov operator 4, to characterize ket vector
denoted by the BCS wave function @JB\,CS> as the "vacuum of quasiparticles”, which we
used the same mathematical structure in Eq.(2.9).

Eq.(2.17) indicates that the Bogoliubov quasi-particles are absent from the mean-field
BCS ground-state given by Eq.(2.7).

It is obvious that the number-conserving Bogoliubov operators also obeys the anti-

symmetric commutation relation of fermions

{:)/kaa ;Yl]:/a/} - 5kk’5aa’7 {:)/kaa ;Yk/o/} =0. (221>

(See Appendix D). We use the number-conserving Bogoliubov operator to create a dy-
namic particle changing process among cooper pairs and non-condensate particles in the

following sections.



2.4 Improved wave function with correlations

We incorporate many-body correlations into the BCS wave function of Eq.(2.7). With
this modification to the BCS ground-state, we investigate the possibility that some of
quasi-particle state become occupied owing to many-body correlations.

Before we introduce our improved variational wave function, let us define the number-

conserving correlations operator 7?1 by

T D0 ) D DX o e (2.22)
K1 K2 K3 Kka

_ 4 . . .
where r; = {k;j, aj}7_; denotes momentum and spin. The variational parameter wy, xyrzr,

is anti-symmetric with respect to any permutation of kikok3k4 by definition
Pw”l“2”3/€4 = (_1>PwI€1H2H3/€4' (223)

This number-conserving correlations operator describes the physical process that two
Cooper pairs broken up into four quasi-particles.
Our improved variational wave function is given in terms of the BCS wave function

Eq.(2.7) and the number-conserving correlations operator fri (2.22) by
D7) = By exp (R} 257%), (2.24)
where the quantity %&1/ ? denotes the normalization constant
By = (D3 ]exp(ra)exp(#]) [ 95) (2.25)

= exp(% Z Z Z Z |Wesnansnal” + Oty (2.26)

K1 K2 K3 Ka

This improved variational wave function has finite occupations of quasi-particles when
Wiy rorsny 7 0 1s realized. The exponent in Eq.(2.26) is expressible as Fig.1 in terms
of connected Feynman diagrams. the first term denotes the lowest-order contribution.
However, we ignored higher order terms of the normalization constant %y in the weak-
coupling region.

It will turn out below that Eq.(2.17), Eq.(2.22) and Eq.(2.26) suffice to perform an
evaluation of the ground-state energy up to the first order in the correlations parameter
Wy, karskg» Which is beyond the framework of the mean-field theory.



O—=0 O——=@
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Figure 1: (Color online) Diagrammatic expansion of LnZy up to the second order in m4. An open (filled)
circle with four outgoing (incoming) arrows denotes fr:[(7r4). The weight below each figure denotes the

number of combinations to realize the connection.

2.5 Expression for the ground-state energy

We now evaluate the expectation of BCS Hamiltonian with the improved variation wave
function of Eq.(2.24) follows

Ecom. = (O™ | Hy o | 5 ). (2.27)

Corr.

This ground-state energy can be performed exactly in the same way as that for the
interacting Bose-Einstein condensates.

The inverse of the number-conserving Bogoliubov quasi-particle operator (2.20) follows

. . 1o 4 A
Cka = UkVka + (_1)2 Uk'}/ik,aﬁ- (228)
With the inverse transformation (3] ,%a) — (&, ¢ka), the evaluation of . can be
performed subsequently.
Particularly, with Eq.(2.28), the interaction energy ﬁim can be performed as

<(blc\;)rh H/\—int ’(I)?\?m >
1 Fin. R L A R
:W Z Z Uq<(I)]CV0”- [uk+qu11+q,a] + <_1)é Uk+q7—k—q7—aﬁT]
kk’q aa’

A

A 1 o« ~
X [uk/_q’)/;i,_q7a,] + (—1)2 a Uk/*q,}/fk/+q7*a’ﬁ1i|

x [ueAa + (=1)2 " 0ed 0 0B8] % [ + (—1)2 %0d Bl |05).  (2.29)



With careful calculation of Eq.(2.29), we obtain the following terms as

Corr. ] Corr.
<<I>N Hint | DS >
1 Fin.
— Corr. ”\T AT 2 2 Corr.
_szUqZuk+quk’—quk’“k<¢N Vit T — g Ve Tia| PF )
kk/q aa’
1 Fin.
Corr. | 2 ”\T /\T Corr.
vV § Uq § Uk+qvk’—qvk’vk<q)N ’Y—k—q,—a’y—k’-‘rq,—a”y_k'_a/771{7@|<I>N >
kk/q aa!
Fin.
Corr. | R ”\T L, "T Corr.
E Uy D Oierqtio—quio Ui D8 [m-a e —quar I Vi a |95
kk’ aa!
1 Fin.
Corr. AT L AT 3, Corr.
t3y E U, E Ul Ui —qUio Ul P [y g o V-t aar T e o e P5P)
kk'q aa’
Fin.
l—a—ao/ Corr. | L AT A.I- 2 Corr.
E Uy Vgl —qUirti(—1) (P ka0 —q T e Ve[ DK™ )
kk’ aa’
Fin.
l—a—a Corr. | 2 Corr.
E Uy ) therqUio—quicvi(—1) (@5 et qaV-t-+ama oo kol PR
kk’ aa’
Fin.
l—a—a' Corr. AT ,f—i' AT ,:T C,()n
E :U E :Uk+qu1_qu/Uk(—1) <(1)N ’\/k+q,o¢ /k’fq.a/’yfk’fa/ . a >
kk’ aa’
(2.30a)
Fin.
l—a—a’ Corr. /- Corr.
+_ E U § Uk—‘,—qvk’—quk’uk(_l) <(1)N (ﬁT) ’}/ k—q, u’Y k/'+q,—a’ /k’u koz‘(I)N >
kk’ aa’

(2.30D)

Firstly, compared with the mean-field BCS theory is the finite average, a new pair of
ingredient which includes its conjugate, emerged from the evaluation of €, , precisely
the terms colored red in the evaluation of Hi, i.e.(2.30a) and (2.30b), which can be
performed as

5LH@N

OWry kyrara

<®§]\;}rn

~ w:1H2H3H47 (231)

2 2 2 Q A2 orr. J—
AL AL AL AL B DS =

where we used Eq.(2.26) in the second approximation.

We also notice the following calculation

,YH|(I)COH > B 1/2{%,€Xp 7T4 |(I)BCS>
= {%, (FD}HES)

- 5 D Wenarand WAL, (2.32)

KoK3k4

holds. Moreover, we define another finite average 7y, which denotes a important quantity

10



as

At oA 1
’yl];a’yka|q)§:\})rr'>:§ Z |w5/€2/§3n4|2- (233)

M = <(I)]C\;>rr.
KaK3ka
We assume that both variational parameter ¢y and wyiy,4x, are real number through the
calculation.
It is convinent to introduce two basic expectations with the improved variational wave
function |@§™)

My = (5™ |6l Cical 5™ ) = vig + (uip — vy (2.:34)
Fk = <(I)?\}m' BTé,k,aéka‘(I)]C\;’rr'> = ukvk(l — 277k) (235)

Using Eq.(2.31), Eq.(2.33), Eq.(2.34) and Eq.(2.35), we obtain an expression of the
ground-state energy estimated with improved variational wave function |(I>]C\;“> (see Ap-
pendix E) in the weak-coupling region as

6Corr. = <@?V0”' HBCS|®?\;)”->
N 1 o 1 ——
=2 Zeknk -+ V Z(2U0 — U‘k,k/|)nknk/ + V Z U|k,k/‘Fka/ -+ Z Ck, (236)
k kk’ kk’ k
where the last term (,
1 oo
k= Z 5k1+kz+k3+k4,0U\k1+k3|uklukzvksvkzl X Z<_1)1 Wkyiokza'ka—a'kg—a-
k1k2k3k4 aa’

(2.37)

denotes the correlations energy.

The first term denotes the kinetic energy, the second term denotes the Hartree-Fock
energy, the third term denotes the pair-condensation energy.

Moreover, we should recognize that the characteristic function ” 7,7 and 7F,_ 7, as
shown in Eq.(2.34) and Eq.(2.35), also influenced by many-body correlations numerically,
which eventually influenced the kinetic energy, the Hartree-Fock energy and the pair-
condensation energy.

Setting Wyu,ran, tO zero, we can reproduces the BCS expression for the ground-state

energy including the Hartree-Fock contribution.

11



2.6 Minimization of the ground-state energy

Let us minimize the ground-state energy for a fixed total particle number N.

First we incorporate the constraint condition

Fin.

N =2 n, (2.38)
k

in terms of Eq.(2.34) by the method of Lagrange multipliers. We introduce the energy
functional

Fin.

E=c+py (N-—2m), (2.39)

with p denoting the Lagrange multiplier.
Then, we set the energy functional ¢ with respect to the variational parameters

(ly Pry Wiy korar,) Siultaneously

5z
— =0, 2.40
5o (2.40)
o6&

T 0. (2.41)

The resultant expression of the variation with respect to p yields the constraint condition

Eq.(2.38), the resultant expression of the variation with respect to ¢y yields

~&+ E
ok = %, Ey =1/& + | Akl (2.42)
k
which Eq.(2.18) acquires the standard BCS expression
1
uy, = 5(1+—), o =1/z(1— =) (2.43)

However, many-body correlations are incorporated into the single particle energy &, and
gap energy Ay as

Ge=60 +&7, (2.44)
A=A + AW, (2.45)
where we define
0 1 Fin.
l(() =€ — U+ v Z(QUO - U|k—k’|)'ﬁfk', (2.46&)
k/
( ) 1 Fin.
0) sk
Ak f— _V ; U|k7k"Fk’7 (246b)

12



1) — 1 5k+k2+k3+k4,0
é.k :<1_27]k) 2 5:
(0) (0) (0) (0)
% v B+ B + B+ By,

X U|k+k2|{U|k+k2| (UIQQ - uiz)(ukavkzl + Ukauk4)2
— Ulietkes | (Ve Vkes. — Uie Uieg ) (U Uiy, + Vieg Uy ) (Uhes Uiy + kg Uiey) (2.47a)

1 2 Ok +ka+ks+ka,0

Al((l) = (1 _ 277k) 1 < Z 2t+kstkyq,
2 0 0 0 0
V k2k3k4 El({ ) + El({z) + El(cs) + El(<4)

2
X Ulierica {Ujicrka  Uka Uk (Uka Vka + Vka Uky)

— Ulicka | Uk Uk (Uka kg F Vka Uy ) (Uka Vky + Uk Uk ) }s (2.47b)
where El((o) is defined as
El((o) = (up — vg) 1((0) + 2ukval({0), (2.48)

in terms of 51((0) and Al({o) .

The Eqs.(2.46) follows the same mathematical structure as the mean-field BCS theory,
and Eqs.(2.47) denotes the correlations energy with respect to the single-particle energy
and the gap energy.

The solution of Eq.(2.41), variation with respect t0 Wy, xyxsr, can be calculated explicitly

as
Hranarara = = 7H0) 5k1+((1>()2+k3+(1$70 © - [Oen —auz B, g (= 1) 7174
Ey)+E, + B, +EV
X Uiy ks (Vg Vi + Vigy Ukey ) (Ui Uiy + Ve Uie,) + (tWO terms)], (2.49)

where the two terms obtain from the first term in the square brackets by the two cyclic
permutations of (2,3,4) (see Appendix E).

Since we assume spin-singlet during the calculation, the variational parameter wy, jopx444
reduces to four dimensional anti-symmetric tensor, which is only relates to the momentum
space.

We now summarize our self-consistent equations. Eq.(2.33), Eq.(2.34), Eq.(2.35), Eq.(2.43),
Eq.(2.44), Eq.(2.45) and Eq.(2.48), combined with Eq.(2.38), form the closed non-linear
equations, which can be used to evaluate the ground-state energy of s-wave Cooper pair
condensation for any given potential U(r).

Moreover, the corresponding normal state energy can be obtained by replacing (uy, vi)
with the step function 0(x)

(we, vi) = (0(k — kr), 0(kr — k), (2.50)

which eventually gives us the normal state distribution functional
ny = 0(kp — k), (2.51a)
me = (1= ni)0(ke — k) + meb(k — k). (2.51b)

13



The Eq.(2.51a) denotes the normal state functional of non-interacting expression, and
Eq.(2.51b) denotes denotes the normal state functional with correlations, where kg is
the Fermi wave number, which exhibits a discontinuity. It should be noted that, in the
limit of Egs.(2.51) and n, — 0 reduces the normal ground-state energy evaluated by the

second-order perturbation expansion.

2.7 Superposition over the number of Cooper pairs

In the preceding sections, we discussed the correlations operator 7?1 decreases the Cooper
pairs into quasi-particles by two. We then realize that the improved wave function ]q)?\?>
is made up of superpositions over different number of Cooper pairs.

The superposition can be quantified as follows;

First, the normalization constant %y of |Q>§{;’> can be expanded by (7, 7?1) as

By =exp( Y Ju), (2.52)
=1

where Jy is defined as

(@RS (exp(7y)) exp(7])|95)

(112

We may neglect terms of [ > 2, only incorporate the [ = 1 contribution as justified in the

Ty = ezt (2.53)

weak-coupling region. According to Eq.(2.26), quantity Jy can be expressed as
1
Ji= 5 Zk: e, (2.54)

where we used Eq.(2.33).
We thereby estimate the overlap ]<% — 2n|®§{;’”‘>\2, which denotes the resultant proba-
bility of having Cooper pairs in the fixed system by Poisson distribution
pe s

2 n!

We note that N o) approaches a Gaussian distribution in the thermodynamic limit as
seen that .J4 is proportional to total particle number N.

14



3 Numerical Calculation
3.1 Model potential

We consider a model with attractive potential

hz Qo

- 3
2mrg

U(r) e’/ (3.1)

with parameters (ag, 7o), where ag < 0 and 9 > 0.

This potential can be expanded in plane waves as

Arh2ag
=— 0 2
Vb = T e (3:2)

It is also convenient to express the potential U(|k; — ka|) as

Uk) = U(lks —ka|) = Y Ui(ka, ko) Y 4m¥ipn(ka)Yir, (ka), (3.3)

m=—I
where Y}, and Y} are spherical harmonics function.

Then, we set the expansion coefficient in Eq.(3.3) for [ = 0, then we get

47 h2 ap

m (1 +r3k? + r3k’?)? — Argk2k">

Us(k, k') = (3.4)

There are several reasons that we finally choose such potential model like Eq.(3.2) with
a finite range, instead of the contact attractive model, which is frequently used in the
literatures[4].

The contact attractive model can only have an equivalent, however artificial mathemat-
ical approximation towards momentum integral range around Fermi’s surface. Compared
to the contact attractive model, the exponential type model can have a un-artificial in-
tegral range corresponds to a certain combination of the potential parameter (ag, 7o), in
accordance with the solution of gap equation. It naturally make our calculation free from
the ultraviolet divergences inherent.

Also, such artificial mathematical approximation of the momentum space in the contact
attractive model does not contain any information about many-body correlations, pre-
cisely does not contain the variational parameter wy, s .41, It is essential to test whether
our improved variational wave function \CDJC\;’> actually decreases the ground-state energy
compare to the current BCS wave function |<I>}3VCS> , which is directly caused by many-body
correlations rather than other artificial reasons.

15



3.2 Numerical procedures

For example, setting the potential parameter (ag,ro) = (—O.l?kz;l,O.lk;l) yields a

0

. is the non-

weak-coupling transition temperature T, ~ 1.16 x 107¢%/k_, where ¢
interacting Fermi energy and k, is the Boltzmann constant.
In order to make the evaluation of correlations energy more tractable with high accuracy

numerically, we have chosen
(ap, m0) = (—0.19k ", 0.1k 1), (3.5)

which yields a weak-coupling transition temperature 7, ~ 2.0 x 1072¢? /. The sums over
(kokskg) in Eq.(2.44) can be expressed into vectors of triple radial and double angular
integrals, which simplifies in Appendix(F). The radial integrals were performed on the
interval of 0 < k < k

We express the momentum k = k(1 + sinh(x)?), and discretizing variable x at interval

., Where the integer upper limit k_, ~ 50k, .

equally, so that can accumulate integration points around the Fermi’s surface k.. It turned
out that the quantity Ejyo defined in Eq.(2.48) can be negative, which cause instability
when evaluating quintuple sum. This numerical problem was eventually moved by re-
placing Ej to the absolute value |&|, where |£]!| denotes the normal state single-particle
energy follows the replacement of distribution functions in Eq.(2.51b). This numerical
procedure corresponds to choosing the parameter wy, x4, sSlightly away from extremal
value for numerical stability at the expense of increasing the variational ground-state
energy. Our numerical calculation was performed by setting the natural unit

We have confirmed convergence of the solution of self-consistent equations within &~ 1%
error in the pair condensation energy by choosing 130 points for each radial integral and

20 points for each angular integral.
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3.3 Numerical results

Let us present the numerical results for (ag,79) = (—0.19k_",0.1k_") self-consistently.
Fig. 2 plots the gap energy Ay/ 52 as a function of momentum k/kg. The red line denotes
the gap energy Ay = Ag)) +AS), which includes 7, correlations. The blue line denotes the
gap energy ABCS/ 52 by the mean-field BCS theory without 7, correlations. We observe
that the correlations reduce gap energy from the mean-field value, and also produce a
small dip around Fermi’s surface k = kg.

0
><8F

0.04

DeltakBCS
DeltakPAl4 ——
0.035 [ |

0.03 |

0025 \
002f

0.015 | \\
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0.005 |
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k XI{JF

50

Figure 2: Energy gap Ay in unit of 52 as a function of momentum k in comparison with AECS without

74 correlations

Table 1 summarizes the normal-state energy and pair condensation energy of both the-
ories. We choose non-interaction kinetic energy g = 2, €,0(kr — k) as unit to evaluate
the normal-state energy and pair condensation energy. As expected, the correlation en-
ergy is seen to be much larger in magnitude than pair condensation energy due to 74

correlations.
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%% 1: Normal-state energy and pair condensation energy in unit of non—interaction kinetic energy £q for
parameters (ag, 7o) = (—0.19k_ 1, 0.1k 1).

| (n—c0)/co (e —en)/e0 |
Mean-field BCS theory —6.877 x 1072 —7.81 x 1074
Theory with 74 correlations —1.033 x 10! —5.06 x 1074

It should be noted that the mean-field condensation energy is in excellent still agreement
with the BCS prediction

o0 (AECS)Q
FEeonda. = 2N () / (& — Bx + —2)dé&
0 L)
1 oy
= — 5 N(er) (AR
= —7.81 x 107 ¢y, (3.7)

which is given in terms of the energy gap AEFCS = 0.0354e% at the Fermi level and the
density of states N(ep) = mkpV /272h2.

The quantity 7, is essential to characterizes the m, correlations. In the normal state, it
describes the deviation of Eq.(2.51b) from the non-interacting expression Eq.(2.51a), and
the reultant reduction of the discontinuty of k = kg from 1.
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Fig. 3 plots n, in the pair condensed state in comparison with normal state. The latter
exhibits a discontinuity Anr = 3.48 X 1073 of at k = kp, which is blurred in 7, due to

condensation.

0.007

0.006 -
0.005
77 Jc 0-004
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0.002 |

0.001 |

"Normal state
Superconductive state

2 25

3
XkF

Figure 3: Plots of superconducting 7, (blue line) as a function of in the pair condensed state in comparison

with n (red line) of normal state.

This finite quantity n, also produce a superposition over the number of Cooper pairs in

the condensate which is expressible as Eq.(2.55) in the weak-coupling region.

Fig. 4 and Fig. 5 show the Poisson distribution of number of Cooper pairs for a total

particle number from a relatively small number N = 1000 to larger number N = 20000.

We observed that the distribution shifts to the right as total particle number increasing.
Especially the redline of Fig. 3 which denotes the total particle number N = 20000
already has the appearance of a complete Gaussian.
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Figure 4: (Redline) Plots of probability Py _,, of having Cooper pairs in the ket |®Se) for the total
particle number N=20000.
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Figure 5: Plots of probability P N _op) of having Cooper pairs in the ket |®5™ > for a certain total particle

number N. We observe that the distribution shifts to the right as total particle number increasing.
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4 Summary and Conclusion

The present research has clarified the correlations naturally produce a superposition
over number of Cooper pairs in the ground-state wave function. This superposition,
which is given by Eq.(2.55) and shown in Fig.4, enables us define the "anomalous” average
unambiguously as Eq.(2.35) within the number-conserving formalism, in contrast to the
mean-field BCS theory, where the average becomes finite only between states with different
particle numbers as (P85, [6_x_alia| P53 ).[1] Indeed, the destruction of a single Cooper
pair in our improved wave function \<I>§{;’> is accompanied by the creation of a pair of
non-condensed particles.

Moreover, the gauge transformation {@, Wy, xpnsra t xsr) {1 Wy, napraras €X} in
Eq.(2.7) and Eq.(2.24) changes Eq.(2.35) as Fi, — Fjxe*X without affecting the ground-
state energy. Thus F(ry —r2) = Y., Fie’*1772) has the property of a macroscopic wave
function with a well-defined phase. It follows from Eq.(2.24) that the superposition is
realized and sustained energetically by the exchange of quasi-particles between states
with different numbers of Cooper pairs, similarly to the way that two weakly coupled
superconductors is realized and mediated by the exchange process between them.[!, 5]
Thus the correlations are identified as being responsible for the emergence of macroscopic
coherence in isolated superconductors. The present study also makes it clear that fluctu-
ations in the number of condensed particles AN.ona., instead of those in the total particle
number as discussed frequently, are responsible for the appearance of a macroscopic well-
defined phase, in accordance with the concept of coherence in optics,[18] and also the
gauge invariance.

Thus, the present theory supports the mean-field description of superconductivity using
grand-canonical ensemble[l, 8, 9, 15] in the thermodynamic limit. For systems with a
small number of particles or with low dimensions, on the other hand, the fluctuations
A N¢ona. are expected to have substantial effects on the physical properties and realization
of coherence. However, the present theory cannot be applied directly to finite systems
because of the mathematical approximation introduced around Eq.(2.11) (see Appendix
C), which becomes valid for N > 1. We are planing to report some progress in removing
the approximations in the future research (see Appendix G).
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Appendix

A Mathematical Preparation for Deviating the Formalism
A.1 General expression of (),

First, we introduce the pair operator 7' as

=" pech el (A1)
q1q2
where {¢; }i=12 = {ki, @i }i=1,2 denotes momentum and spin, and ¢, 4, is assumed to have
the symmetry ¢q,4, = 0¢@q,4,, With 0 = £1 denotes statistical properties for bosons and
fermions respectively.
Let us define the canonical commutation relation for bosons (¢ = +1) and fermions

>

,Blo—i1 = | A, B] = AB — BA, (A.2a)

A A

A, B} = AB + BA. (A.2D)

Y

[
(A, Blo—s

It is straightforward to prove that the pair operator and its Hermitian conjugate operator

satisfies the following canonical commutation relations (A.2):

{éqvﬁ—T} - Zgqué:;l? (A'?’a)

{##1} = —Trgbng +oy él(goh), ey (A.3b)

Q1q
q1 q1

It is also convenient to express the commutation relation {7, (#7)"} as follows;

={&, (F)HE) T+ A {7 (7?*)}(7?*)"’1--- +(7)" (AT)}W)”’1 + (0" @A)
(

notn— — n n A
25(7“) 1Tr@T +o—— 2 Z gquﬁT qlq q1 q2 + on(zh)"! Z cT gbng
q192 q14;
(A.4)
With these preparation, we define the following quantities:
_ (0(x)"(#1)"]0)
QTL - <n|)2 ) (A5a’)
P, = <0|<7Ar>n 1éq1éQ2 T>n|0> (A.5b)
(n)?
I, = Tr(gbng) (A.5¢)
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It is easy to prove the following equation

160,
"0,

holds. Then, we obtain the recurrence formula for @,, and P, by using Eq.(A.4) and the

definition of vacuum ¢,[0) = 0 as

) Lr, 7rT
(OI#) (i e o) =L

<O] ()" e Cqn (ﬁT)n}|O> _
(n!)?

We give examples to calculate the first few terms of Eq.(A.7) as

Pn(Ql»QQ) = = JPn(QQv(h)' <A6>

0, — I ; L Trgg P _)), (A.7a)

P - = %(Qn_@ +(n— 1P 10) (A.7h)

q1q2°

nZO? QOZL B[):Q;
n=1, Q1=1, 21209;

n=2, Qv= (Qili + 3 Trog'o0)

QL+ I

- btk

Py = (Quo + 0Plo);

=3, Qs=3(Quhi + 53 Tog 90 + 09'o6h)

_ Q211 + Q11 + I3

3 b

2@ ~0(Qi6' + 0ol po")9)
(Q2

+ 0Q1¢¢T¢ + %0801 0);
Qsl, + deﬂ 6(3 Qo + 2—@@1@ +¢09'9)¢")

20 +
¢

n =4, =

(
(Qsh + 5 (Q2f2 + Q113+ Iy))

I + QQI2 + Q113 + Qoly
4 )

= 1(Qs0+30 (5@ + Q10910 + 790'69'0))0 )
= 1(Qs0+ Q20910+ *Qu89' 6010 + o* Qo' 60'96'0);

Quly + Q3ly + Qo3 + Q114 + Qols
5 )

"~ 3
g
3
1
4
1
4
_ Qs

n:47 Q4:
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From these results, we suggest that P, and (),, may be expressed generally as

Qn = % Z Qn—llla (A8a)
=1
P, = % z": Qnid(¢'p) 1o (A.8b)

These two expression can be proved by induction as follows; First, it is obviously that
the expressions holds for n = 1. Then we suppose that they are vaild for n < m — 1, we
obtain that for n = m,

m—1 l
Qn=[Quli + > Qu-rni g T )

1 m—1
= (Qu—1 11 + Z Qm-1-11141]

=1

1 m
= —> Qul, (A.9a)
m =1

— %zm: L(6Te) ol (A.9b)

Moreover, we set ¢ — {k,a} which denotes the relations between Egs.(A.9) can be
expressed as

K =130 Y o (1),
=1 k

== " Pa(k), (A.10a)
k

Pu(k) = % Z Q10w PV (1) (A.10Db)
=1

with

e
k
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An alternative expression of ), is expressible as follows;

Qn=Y_ W w3 I

V1,V2,..-5Vn

- Z 5u1+2u2,...,+nl/n,n H (Il/l)yl 5 (All)

Vl!
V1,U2,...sUn =1

where the weight W (v, vy, ..., 1) is obtained as

Oui2 n! )
W e n — V1+ V2,..uy +7’Ll/n7n
(V17V27 y V ) (n')Q |:V1<1!)V1V2(2!)V2 Vn(n')”n}
x vilel Ly (110D (21172 L (nl(n — 1))
= (51/1+21/2, L +nvn,n (A 12)
vilvel .y l1n2e e .

The factor of square bracket denotes the number of combinations to distribute n persons
into (11, s, ..., V) rooms, where v, denotes the number of rooms with 1 beds. Factor !
denotes the number of combinations for connecting v; pairs of operators (7!, (#1)!). Factor

(I'(I — 1)!) denotes the number of possible connections within each (7!, (77)!) pair.

A.2 Asymptotic expression of (),

The generating function of (), can be constructed as follows;

Q) = Z Qne™
n=0

0oy (@0
= exp[§ Z(ae Q)Zf_]
1=0
=exp| — %Tr(l - U@ZO@T)Z]. (A.13)
The inverse transform of Q,, — Q) is given by
do —zn
Qn = / 5.¢ Qo (A.14)
The differential of Logorthm Qg with respect to (dg,q,, ¢}, ,,) yields
(SLHQ i 5LDQ i _
D = (911 - 098], T [(1 - oeegh) 6] . (Ad5a)
¢q1Q2 ¢q1tI2

Using the generating function @), we derive an asymptotic expression of @), which
holds for n € Z*. We have assumed homogeneous system with spin-singlet pairing. We
set ¢; — {ki, a;}, then according to Eq.(A.13) and Eq.(A.14), the @, is expressible as

" d@ —in 1
Qn = /_7r _27'('6 eexp[ Ek Ln(l +e 9|¢k’2)}7
do
= ) Al
/_7r 27r6 ’ (A.16)
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where we define

fal0) = —ind +> " Ln(1 + ¢’|gu]?). (A.17)
Kk
For future purpose, we calculate the first two derivatives with respect to 6 as
fal0) = n+Z w|¢k|2 (A.18a)
T+ ) |
) = (=2 S ﬂ (A.18D)
! — 1+ o]

We suppose that f(/N/z)(Q) = 0 satisfies at § =0

2
f(’N/Q)(e)ZOH—z( N/2+Z ‘¢"‘qu’2):0,

HN—QZM:O (A.19)

This mathematical suggestion corresponds to the constrain condition, in which the total
particle number is fixed. The expansion of f(n/2)(f) at 6 = 0 can be expressed as

1
Jv2)(0) = fnyz)(0) + 5f(zv/z)(0)92 +O(6")

2 92
=Y " Ln(l+ o) - Z - ‘fll{czt g+ 00" (A.20)
k

We substitute this Taylor expression into @), (A.16), and performing the integration over
6 asymptotically, we obtain that

0, = /7r 49 1.0

_p2m
~efny2(0) / LSV OROT
oo 2m
= exp[ZLn(l + |on|?)] QWZ 1 j‘fbib B 1/2. (A.21)
k
k

Thus the logarithm of @)y/, is given by

1 2
LnQnys = ZLn (1+|owl?) — Ln[Qﬁz%}

%ZLD 1+ |ow]?), (A.22)
k

where we neglect the second term of order Ln/N in comparison with the first term with
order N in the last approximate equality.

This asymptotic expression of @),, (A.22) enables us deriving the canonical BCS formu-
lation mathematical properly (see Appendix B) compared to other methods, which are
frequently emphasized.[2, 3, /]
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B Mathematical Reconstruction of Canonical BCS Formalism
B.1 Deviation of the BCS Hamiltonian

We consider a system of N (even) identical particles (N > 1), with mass m and spin
+1/2 (¢ = —1) described by Hamiltonian

= /dgqﬁ —+U( )] (&) +%/d§1/d&\iﬁ(ﬁl)\iﬁ(fg)U(]rl — 1o )W (&) V(&)
(B.1)
Here (UT(&), W(€)) are field operators obeying the Fermion communication relations.

The field operator can be expressed as a linear combination of one-particle creation-

annihilation operator form, with coefficients given by basis functions ¢,(&) = <§ |q> as

V() =) da)pq(€). (B.2)

q

The basis functions ¢,(§) = <§|q> , satisfying
> {dlg)y =0, > la){al = 1. (B.3)
q q

which forms a complete orthonormal system.
Hence the Hamiltonian (B.1) is expressible into the form given by

- TR 1
H = ZKq/qC(T/C‘I + e Z Uy o qlq2cT &, cQ2cq1, (B.4)
dq 092 q,9
where K, and U, vid g, A€ given by
?
Ky, = [ ded O[3+ Ui]an), (B.52)
Unawis = 3 | 461 [ 462U = ra) iy ()37, () (12160, (). (B.5b)

We denote ¢; — {k;,;} for momentum and spin, then we have the form of BCS

Hamiltonian mentioned in section(2.1) as

Fin. Fin.
H= E €kaaCk a—i— — E E Uck+qack, qack/ 1Crars
ko kk’q aa’

where

h*k? :
S = 5 ;and U, = /U(r)e_zqrdi)’r.
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B.2 Homogeneous system

We replace ¢ by k,« in Eq.(B.5), and consider the system in a box of volume V with

periodic boundary conditions. Thus, the basic matrix elements are given by

R2k?
Kq/q - Kkloq,kzaz = 6k1k25a1a25k1, €k17: om (B6a)
1
Uqlqa;qllq; — Uklal,kzaz;k/lall,k;a; = V(S +k k1+k25a1a1 a o (|k - k1|) (B-Gb)
We assume the pair wave function for spin-singlet pairing is expressible as
¢k1a1,k2042 = 61(1,*1(25042,*041(_1)a1_l/2¢k1 (B7)
= (6a1T5a2¢ - 5a2T5a1¢)6k1,7k2 ¢k17 (BS)
with the assumption of ¢_, = ¢y.
Thus the matrix representation for the spin degrees of freedom is given by
0 ok .
¢k1k2 = (¢k1a1,k2a2) = (Skl,sz Y= (5k1,7k2¢kllg27 (B-9)
¢, O
where g, is the second Pauli matrix.
Thus, the Cooper-pair annihilation operator Eq.(2.6) is expressible as
Fin. Fin. Fin. Fin.
) Z O (el — Alyelig) = Z Dl + 3 Z Ol il = Z Ol
(B.10)

Now, we calculate basic expectations with the BCS ground wave function ]@?VCS> as

= <®BCS’H

BCS

’@BCS> — <(I)BCS|H T+ H

BCS int Q}]BVCS>' (Bll)

First, the kinetic energy can be transformed as

Fin.

<(DBCS|H |(I)Bcs> Z <(DBCS|CkaCka|q)BCS>

- <O|7TN/2 (CkTCtki - éhéim) (at)(N/2=D) |0> N

—N-1 _
2 /) 7%
0,30 (O (Al + iyl )ENMIO) N
i (/2] 2
B Fin. 5@]\/‘/2
:QN}Q Z 5k¢k 5¢k
Fin. 6L
SIPRLE .12
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where we also used the assumption of ¢_, = ¢. Next, we evaluate the interaction energy

as follows;
<(I)BCS’H (I)Bcs>
Fin.
Z ZU <®Bcsyck+qaék’ qo (ke 'Cka|q)113\/cs>
kk’q aa’
1 Fin. . . . A 1 Fin. . . . .
_V Z Z U0<(I)]JBVCS |CLaC;r(/o/ck'a' Cka|(p]]3\fcs> + W Z Z Uq<Q)JBVCS |CJlr(+qaCI{aCk+qacka’q)JB\fcs>
kk/’q aa’ kk'q oo
Fin.
ZZU <(I)BCS|Ck+qocC k— qa/c kﬂ'cka|q)BCS>
kk’q aa’
Fin. Fin.
S S 8 e el 85) — 2 55 5 s (B el )
kk’q aa’ kk/q ao’
1 Fin.
+_ZZU|1< k’\<<I>B S|Ck’ Ck’ 'Cka’cka|¢Bcs>
kk/'q aa’
Fin. Qlj/VQ
o — R 2)—1
ZZ 57, (®8s(el ey Gt |‘PNCSQ>¢k¢k’Q1—//2)
kk’q aa’ N/2
1 Fin. Q].]/VZ/ )
_ 1 2)—1
57 2 S Ui (B et oo D56 e~
kk/q ao’/ QN/Q
Fin.
ZZ(SQ _aU|k k/‘<® |Ck/ —k'«a /C ka/Cka|¢BCS>
kk’q aa!
~ Qe i(w ) 2 Tz ZU L 5 Quyzyt (B.13)
N/QV Kk’ ° el 22 5¢k¢k’ N/ZV K =1 |22 5¢k’¢k )
1 X o ¢k OLnQ N2
= Qni— Y (2Us — Up o =
Qnj2yr §( 0 = Uewer) 55 (QN/Z > oo —)
o 16 15LHQ(N/2)+1
U it OV
+QN/2V ; |k—k’ |2¢* (Q N/2)+12 S )
1 5 dw OLnQnj2\ Pk OLnQnyay w0 P OLnQn o
- VZ(QUO ~ Uk (5 S ey S )+ S (5 S )]
kk’ !
+Q(N/2)+1 1 Z . [(1(5LHQ(N/2)+1)(léLnQ(N/2)+1)+1 ) (15LHQ N/2) +1)}
Quez Vg "MB2 ag, 2 dox 2065, 2 0o
Fin.
¢k’ 5LI1QN/2 gbk 5LHQN/2
— N7 (U — Uy [(BL 282y (D 22 N/2
< 00~ U (5 ) (3 5]
+Q(N/2)+1 i o Upeie| [(léLnQ(N/Z)H) (15LHQ(N/2)+1)]' (B.14)
Onp V -~ 2 (Yo 2 dPx

Where, we neglect two-fold differential of ¢y in the last equality, since these terms are
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proportional to dg, which are negligible in the thermodynamic limit.
Thus, with Eq.(B.12) and Eq.(B.13), we obtain an estimation of the ground-state energy
with [PR) as

€ E<®A7BVCS |ﬁBCS BCS>

y’ 6
Nzgk(bk&LnQN/Q VZ(QUO Ulk k,‘)[(gbk LnQN/Q)(%(SLHQN/Q)]

BCS

o 2 Oow 2 0ok
N/2 )+1 1 % 1 0LnQ (N/2)+1 1 5LHQ(N/2)+1
U, — . B.15
Qe V Zkk, w3 303, )G . (B.15)

B.3 Minimization of the ground-state energy

We have discussed the asymptotic expression of @),, (A.22) as

Ln@Qn 2~ Z Ln(1 + ¢y,
Kk
thus, we can rewrite the ground-state energy Eq.(B.15) using the logarithm of @Q,, as
E:BCS E<®BCS |}A[BCS ’®BCS >

Fin. Fin. 2 2

ol | P | (o

~2 € (2Uy — U

Z 1+ oul? VZ 0= U T8 B T [P

kk’

Quy2)+1 1< o Pr
U,
QN/2 V%{; T w2 T+ |2

Fin.

NQZg |¢k 4= iQU U ) |€Z5k'|2 |¢k|2
K1+ |onf? O T o P 1+ |2

kk’
Fin.
Pwr P
U,
v Z KT (o P T+ ow P
Fin. Fin. Fin.
—228 Nk + — Z 2U0 — U|k k/‘)nknk/ + — ZUu{ k/|Fka/ (B16)
kk’ Kk’
with
_ 2 oLn@ _ 1 oLn@
o= (= ANy o (- Sy
1+ ¢l I 1+ |ox O

where QQn/2 is denoted as
(0] (7., )M2(71 )N2|0)
(N/2)!

Let us define the following quantity £ under the constraint condition of total particle

Qnj =

number conservation N = 2 7™ ny as

Fin.

£= BCS+MZ — 27y, (B.17)
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where p is the Lagrange multiplier. Then we minimize £ with respect to (u, ¢x) as

Fin. Fin. Fin.

1
2ee —p+ = Z (2Up — U—w|) e | — —ZU|1< W Fodh + — ZU|1< w/Fe = 0.
k/
(B.18)
This equation can be written concisely by introducing the following quantities as
1 Fin.
§k =¢p — 1+ V ;(QUO — U‘k_k/|)nk/, (Blg)
1 Fin. B
Ap=— Xk: Ui F, (B.20)

where & denotes the single particle energy, and Ay denotes the gap energy.
Thus Eq.(B.18) becomes

Ajldul? + 26 — A = 0, (B.21)

and it can be easily solved formally by imposing ¢, — 0 for & — co as

_ —&k + Ex — 2 2
Ok = T, By =1/& + |Axl?, (B.22)

With this expression, we can transform the quantities ny and Fi as

Ey — & Fzﬁ
E. T 2B

it = (B.23)

C Approximation in the Current Formulation

Several approximations are necessary for deriving the current BCS formalism.
1) First approximation was performed in the process of deriving the quasi-particle op-
erators (Bia, Bi,). Let us operate & on the ket vector ) = QNl/Q( NN210), and

transform the resulting expression as

A QN%Q A (AT\N/2
CQ’CI)N> - (N/2){cq’ (ﬂ— ) }’O>
Qle
iy b )
QN/2—1 o 1o C1
QT/QZ%qquJ N-2)- (C.1)

This Equation can be written as

(éq _ Qév]/; L Z¢qql & )ych> = 0. (C.2)
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As we mentioned in Section(2.3), the explicit expression of (Bka, Bla) is given by

A . - Qnjpp @
Bl 1@y) = |® C B ®a) =Py ), A= .
k | N> | N+2> k | N> | N 2> QN/2+1 N/2—|—1

We multiply Eq.(C.2) by u,y = (1 — J@T);;,/ ? and subsequently sum it over g. Then

the resulting equation is expressible as

. QN1 45
Z (uqq/cq - QZ(W qu/02/5> [@y) =0. (C.3)

q/

Here we introduce the approximation Qn/2—1/@n/2~1, which holds in thermodynamic
limit as N — oo. If so, we can express Eq.(C.3) as

fyq\ch> =0, (C.4)

with the definition of 4, as

¢ = Z (uqq’éq - qu’é:r,ﬁ)- (C.5)
¢

We set ¢ — {k, a}, then we obtain Eq.(2.20).
Similar approximation also performed in Eq.(B.16), where we evaluate the ground-state
energy by using the approximation of QN/QH/QN/Q%l as for N — oo.

2) As we mentioned in Appendix B.2, another approximation was performed in deriving

the interaction energy as Eq.(B.13)

1
= 2 = o[ S G S ()
¢ CRBILES U [( 2 (PG ()
g Dot~ Ui (G ) (G )
# G LS [ ) () ©o

We suggest that the red terms are negligible in the thermodynamic limit since they are
proportional to the delta function.
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3) Finally, we also expressed the quantity @, asymptotically Eq.(A.22) in Appendix
A2 as

1 2
e ELHG +lo) - 5LH[2W¥ 1 Libl’:’ﬁklz]

~ ) Lo(l+ o).
k

We neglect the second term of order Ln/N in comparison with the first term with order
N.

We aim to remove these mathematical approximation mentioned, and develop new set
of formula to evaluate the ground-state energy more properly from a relatively small
number of particles to the thermodynamic limit, as for the particle-number-fixed model
(see Appendix G).

D Quasi-particle Operator and its Inverse Operator

We derived the quasi-particle operator in Appendix C. Here we introduce the method
of deriving the inverse of quasi-particle operators (&kaﬂm).
The operator of Eq.(C.5) is now given by

’A)/kT = ukékT — UkéT_k¢B, (Dla)
Y| = UkCk| — UkéT_kTB- (D.1b)
Note that o =1, does denote the eigenstate of 5, but is only used here to distinguish
the two quasi-particle operators conveniently. In Section 2, we have rewritten Eqs.(D.1)
into Eq.(2.20) as ke = UkCka — (—1)%_%1{611(_&3.
Using Eq.(2.12), we can show that

(G Y0 ) = (| LD (6, 1o, ) (02)

holds in the thermodynamic limit. Hence, we set

{ékaaBT} = {éka7/3} = 0. (Dg)
Hence Eq.(D.1b) with k — —k and its Hermitian conjugate can be approximated as

Yoty = Ubxey + By, (D.4a)

;Yiki = vltékTBT + ukéf_ki- (D4b)

We multiply the operator (D.4b) by B from the right side, then we obtain

’AYT—mﬁ = Uy Cip + Ukéiuﬁ- (D.5)
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Then Eq.(D.1a) and Eq.(D.5) can be written as

B | o (me o) [ Aa ) (D.6)

The inverse of Eq.(D.6) is given by

G ) ) (D.7)
é—k¢5 —Vx  —Ug &T—mﬁ

The second row is given explicitly by

éT—m = _Uli’AYkTBT + Uk’AYT_ky (D.8)
from which we obtain

Coxy = _Uk%T(TB + Uk:ﬁky (D.9)

Thus, the expression of Eq.(D.8) and Eq.(D.9) can be written together as

A

Cka = Wia + (1) 7030, 6. (D.10)

It is also straightforward to prove the anti-symmetric commutation relation of the quasi-
particle operator as follows;

{Aa Ao}
—{tebra — (—1)2 vty Bl — (—1)7 vl oo BT}
—tgetine {Cxears Oy } 4+ (1) g {el e}
=01 Oaer ([ |* + [01c]?)

B (D.11)

{Akar e }
={UkCka — (—1)%_avkéikiaﬁ,uk/ék/a/ — (—1)%—a'vk,@ik,_alﬁ}
= — (1) Y {lka, ¢ 3B — (D)2 v {el . Gew} B
=0k 10 0a—ar (—1) 7 ugevyc[(—=1)2* + 1]
=0. (D.12)
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E Extremal Conditions of 7; Correlation Theory

The variation of Eq.(2.39) can be calculated concisely with chain rule.
Let us introduce following quantities in terms of the explicit dependences of £.

Fin.

0) — l§ — & — 1 U, — U, i E.1
k=55 Ek M+V§( 0 k—k/| )T’ (E.1)
— Fin.
0__ 1o 1 Une 1 F* E.2
0 2 —a—ao
'LL_ v Z 5k+k2+k3+k4,0U‘k+k3|uk2’Ukavk4 X Z(_l)l Wkakaa'kg—a'ks—as (E3>
k k2k3k4 aa’
0 2 1+a+a’
w vV Z Ok-+kz-+ks-+ka,0U [kt ks| Ukp Uks Uk X Z(_l) Wkakza'ks—a'ks—a-  (E-4)
k
koksky ao!

Subsequently, we use of Eq.(2.34) and Eq.(2.35) to differentiate (figq, Fra, Uk, Vx) With

respect to ¢k and Wxakyasksasksas-

First, the differentiation with respect to ¢y can be performed as

ke 20n 2 )
son 7 Jo (L7 31 2 Uekacakanakica)
= 2¢nup (1 — 2n), (E.5)
6 F 1 — |¢wl? 2 )
= 1- =
ot (1 + |o?)? ( 3! KZ Wkakzazksasksos)
= (1 — di)up (1 — 2m), (E.6)
Oup /g
0K (1 + [¢x/?)?
- _uivkv (E?)
% _ 1/uy
opx (14 [¢kl*)?
= v} (E.8)

Next, we consider the stationary condition of Equation with respect to Wkakyasksaskaaa-
The basic differentiation of (i, Fy, () can be performed as follows;

4
ony,
_ 2 2
5 = E 5kjk(ukj — Ukj)wklak2a2k3a3k4a47 (E9>
Wk4 akaasksaskaoa =1
= 4
0F}
5 = -2 E Ok (U, Uk ) Wiy akpazksaskaoas (E.10)
Wk, akoasksaskaoa =1
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0Ck
5wk1 akaagkgaskaaa
_5 E Ok -tz s+, 0U ey s | Uy Uy Vkes Ve
kikaksks

X Z(_1)l_a_a/wklak20¢,k4—ﬂ/k3—a) /5(wk1ak2a2k3a3k4a4)

2
= V5k1 +ka+ks+ky,0

X [5011, (5043 *a4(_1)1ialia3 X U|k1+k2|(uk1vk2 + Uk1uk2)<uksvk4 + Uksuk4)
+5011, 0436014, a2(_1>17&170&4 X U|k1+k3|<uk1vk3 + Ukluk3)(ukzvk4 + Ukzuk4)
+5a1 a46a2 70[3(_1)170417042 X U|k1+k4|<uklvk4 + Ukluk4)(ukzvk3 + Ukzuks)] : (E'll)
In deriving the differentiation of (j with respect to Wkakyasksasksas, W€ used the iden-
tities (—1)*"* 04,0 = —0a,—ar and (—1)*T = (=1)7** for a, @’ = £1.

Then, we can transform d&/d¢y = 0 the extremal condition into

Aol + 2601 — AP + xi = 0, (E.12)
with the expression of y; as
11
k= (1—2n) 1V Z Ulk4ks|Ok1 +ka+ks+ka,0U ks +ks|
kokska
Ujey Uty Ui o
X —4(¢k2 ¢k¢k3¢k4) Z(_l)l Wk;akea'ks—a’'ka—as (El?’)

aa!

where we used (—1)**®" = (=1)7** for a, ¢/ = £1.
Also, using Equations from Eq.(E.1) to Eq.(E.4), and Equations from Eq.(E.9)

Eq.(E.11), the extremal condition of /0w, xyrsks = 0 can be performed as

to

2
2 Z ( ) + 2Uk 'Uk A( :|wk1ak2a2k3a3k4a4 + V5k1+k2+k3+k4,0

X [5a1 0200 —as (1)1 77 X Uiy tep | (i Vics + Vkey Uiy ) (Uiey Vicy + Vicy Uiy )

l—a1—a
X U|k1+k3|(uklvk3 + UklukB)(uk2vk4 + Ukzukzl)

+50¢1,—O¢3 5044,—042 (_
0 (E.14)

1)
+5o¢1,—o¢ a27_a3(_1)1—a1—a2 X U|k1+k4|(uklvk4 + Ukluk4)(uk2vk3 + Ukzuka)} = 0.

Thus, the equation can be easily solved as

w _ 5k1+k2+k3+k4 0 1
e T gL B+ 5O+ EOV

X [5a1 5043 —a4(_1)1 MY % U|k1+k2|(uk1vk2 + vklukz)(uksvkz; + Ukaukzl)

001, —a0as,—az (— 1) 7T X Uiy g (i Vicg + Vley Uiy ) (Uieg Viey + Vicy Uiy )

+5o¢1, 0445@2 —ag(_l)l_al_tm X U|k1+k4|(uklvk4 + Ukluk4)(uk2vk3 + ,Ukzuk:s)} .
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Let us substitute Eq.(E.15) into Eq.(E.13). We use the identities

D (=100 = (1) b = =2, Y (1), =4, (E.15)

aa aa’
and exchange variables such as ks <> k4 several times. Therefore, we figure out that

Eq.(E.13) can be divided into two parts, which are proportional to ¢y and (43 — 1)
respectively as

Xie = 2600 + (6f — DAY, (E.16)

where 51((1) and Al((l) denote correlation parts of Eq.(2.44) and Eq.(2.45) respectively, which
are proportional to V2.
We substitute Eq.(E.16) into Eq.(E.12), obtain the equation for ¢y as

Ajldul? + 26 — A = 0, (E.17)

in terms of & = 51({0) +€1((1) and Ay = Al((o) +AS) respectively. The solution of this Equation
satisfies ¢ — 0 for £ — oo is given by

—4+E
o= S o=\ A

which exactly the same structure as the mean-field BCS theory.
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In what follows, we present an elaborate derivation of the expectation of the interaction

energy H._ .
For simplicity, we consider the first term on the right hand side of Eq.(2.30),
1 Fin.
orr. AT AT 2 2 orr.
2V Z U, Z Uk+quk’—q“k’uk<®?\/ 7k+q7a7kuq,a/7k’a’7ka|(I)§jv >
kk’q ao’
1 Wk a1kzaksasksas Wkyaikaakgaskaay
=g 2 Un 2L D ety gt Wa — g 3
q k]_oc]_...k4a4 k&a&kaaa ’ )

x (@ 1AL AL AL AL AL ALALAL D% ). (E.18)

We assume that Wi, aqkyaksagksas 1S Proportional to Ok, 4k, +ks+kq,0, then we obtain

_ 1 ZU Z Z u U U U ’wklalkzak3a3k4o¢4|2 |wk1a1k2ak3a3k4a4|2
2V £ g —a i Ta 3! 3!
q

kiai..kgaq ki of .. kja)

X (5(],0 - 5k1+q,k’1 6041,0/1) ) (Elg)

which gives

_ 1 ZU Z Z u U s Uer U ‘wk1a1k2ak3a3k4a4|2 |wk1a1k2ak3a3k4a4|2
2V a Kt d i, —q g T 3l 3l ’
q

kiai..kaaa Ko .. ko)

(E.20)

Others terms besides the last two terms in Eq.(2.30), are derivable using the same
proceedure.

Furthermore, we show how we obtain the expectation of the new emerged terms,
Eq.(2.30a) and Eq.(2.30b) as follows;

Fin.

1 ’ + N
l-a—«o Corr. AT 210 AT A‘I’ 2 Corr.

oV E :UQE :uk+quk/—qvklvk(_1) <(I)N A/k+q,aﬁ/k’—q,o/’\/—k’—(x’vfkfa<ﬂ> |q)N >

kk'q [e%e%

1 Fin.

l—a—ao' Corr. | { AT\2 2 2, A 2 Corr.
+ or E U, E VkqUk/—q Ui Uk (—1) <‘I’N (B Ak—q—aV—K+q—a’ /k'a'“/ka\(I)N”>
kk'q aa!

1
- W Z Z U‘k1+k3|5k1+k2+k3+k4,0

kikaksky ao’

(BT)Q’AYkl ,Oéﬁ/kz ,a’:)/k4,fa’ﬁ/k3,fa ‘ (I)]C\Frr. >

Corr.
X |:ukluk21)k31}k4 <(I)A;’rr

* % Corr. |/ AT\2 ~ ~ A 2 Corr.
+Uk1vkzuk3uk4<(I)1\;)rr (BT) Vkl,*afykzﬁa’fykma'vk:ha‘(I)Norr },

which finally becomes

1
:W Z ZU|k1+k3|5k1+kz+k3+k4,0

kikaksks ao’

* *
X |:uk1ukzvkgUk4wk1ak2a’k4—a’k3—a + UklUkzukguk4wk1—akz—a’k4a’k3a:| .
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Therefore, using the mathematical properties of the anti-symmetric tensor
Pw/ﬂﬁgfﬂglﬁl = (_1)Pwnlfi2:‘i3li47 <E21>

we can rewrite the correlation energy into a more compact form, for which we denote the

functional (i, for algebraic convenience as follows;

1 /
l—a—a
= ) Okatkatko+ka 0k ia| Uky Uk Vs Vs X D (—1) Wiy akya'ka—a'ks —a-
kikaoksky oo

Ck

(E.22)
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F Expression of Sums Over (ksk3k4)

We now introduce the way to evaluate the triple sums efficiently

1
fk) = 72 Z Uiz | Ut tkes | Oty kg + ks +ka,0 X G(K; K2, K3, Fa). (F.1)
kzkska
First, we choose k along the z-axis and express kg in the polar coordinates. The vector
k + ks is given by
k + ko = (kgsinfycosby, kosindasindy, k + kaocosbs)

= (k12SiI1912cos«912, k’uSiH@uSiHelg, ]{712C08912), (FZ)

where we define k15 and 65 as follows;

]{512 = |k1 + k2|: \/]CQ + kg + 2kk2COS@2, (F?))
_ kQSiHGQ

01 = tan ' —— F.4

12 at k + kocosbs (F4)

The vector k + ks can be also written in terms of the orthogonal matrix as

0
ki+ke=Ri2| 0 |, (F.5)
F1o

where the orthogonal matrix R;s is expressible as
cosbtiacosfy  —sinfy,  sinfiocosbs

Ris = | cosbipsinfy  cosfy  sinfissinb, | . (F.6)
sin912 0 C08912

We can also express ks in terms of the matrix R by

kssinfscosgs
k3 = ng krgsinégsinqgg 5 (F7>
Escosf;

where (s, ¢3) are polar angles in the coordinate system when k + ko lies along the
Z-axis.

This representation enables us to write (k; + kz) - ks and |k; + k3| concisely as

(kl + k2) . k3 = k?lgk?gCOSég, (F8)

ki3 = |k1 + ks|= \/k2 + k2 + 2kks(—sinf;osinfzcosgs + coshipcosls). (F.9)
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Thereby, we can perform the triple sums as follows;

1
Fk) =375 D Uiettea Upeies O +ea 4k ka0 X G (K, Ko, K, Ka)

kokskq
1 [e's) s 2w 00 T B 2 B
:—6/ dkgkg/ dQQSHlHQ/ dqbg/ dkgk%/ d9381n93/ d¢3Uk12Uk13
(2m)® Jo 0 0 0 0 0
x g(k, ko, ko, \ /A3, + k2 + 2khakiakscosts). (F.10)

Integration over ¢, can be easily performed from lower-limit 0 to upper-limit 27. Sub-

sequently, we make a variable exchange as follows;

9_3 — ]C4 = \/1{5%2 + k% + 2]{51{32]{312]{530089_3, (Fll)
_ kiake _
A0y — dky = — 1];”’ 2 5infsdf;. (F.12)
4

Then we can express Eq.(F.10) as

1 ) 00 T kgSineg ki2+ks 2
f(k) =——= dkoks dksks d6s R Ukyy dkykag(k, ko, kaky) dosUg,,.
0 0 0 \ 0

(2m)> 12 k1a—ks|
(F.13)
Further, we exchange the order of integrations over #; and k4 by noting that
|k1o — ka| < ky < k1o + ks
= |ks — ky| < k1o < kg4 ky
(ky — k3)* — k* — k3 (kg + k3)* — k? — k2
< costy < F.14
2k = 8= 2k (F.14)
(F.15)
The last to inequalities are satisfied when the domain
(ky — k3)? — k* — k2 (kg + k3)? — k? — k2
<1 > -1 F.16
2kksy - 2kks - ( )
are simultaneously met.
Thus, we can transform the upper and lower limit of k, as
Fa < kg < kys, (F.17)
where k4 and k4 are written as
k4i = max(O,kz —k—kg,‘k—k3| —kQ), (F18>
kg = min(k + ko + k3, Kyax)- (F.19)
In addition, Eq.(F.16) is expressible in terms of two angles as
Oai < 03 < Oy, (F.20)
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where the definition of (6, f2¢) is denoted as

(ks + ks)® — k* — 13

cosly = min(l, Sk, ),
ky —k3)? —k? — k3
cosflyr = max( — 1, (ks 32)kk2 2). (F.21)

With transformation of variables mentioned, we can transform Eq.(F.13) into

1 %s) 0o kas (2% k 2T
f(k) :—5/ dk2k2/ dk3k3/ dkaky f(k, k27k3,k4)/ d9281H92—2Uk12/ d3Uk,,.
(27)> Jo 0 kai fo; ISP 0

(F.22)

The momentum k5 is defined by Eq.(F.3), and the momentum k3 is defined by Eq.(F.9),
in terms of 015 and A3 which defined by Eq.(F.4) and
ki -k, — K

s =
3 = COS ks

(F.23)

respectively.
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G A Potential Formula for Evaluating the Ground-state Energy
of Particle-Number Conserved System with Minimal Math-
ematical Approximation

As we mentioned in the Conclusion, we aim to construct a formulation removed the

mathematical approximation we talked in Appendix C, which still inside the framework
of the mean-field theory.

G.1 Formulation

First, we introduce the BCS Hamiltonian with exactly the same structure as we used

in the preceding chapters

~ o 1 R R . .
=Y et nt g 3 Ul @)
ka

kk’q aa’

where

h2k? ’
s e ;and U, = /U(r)e“*rd?’r.

We choose the BCS wave function

25 = A2

N/2
N/2 cp) /|0>'

to evaluate the ground-state energy.
Moreover, as we mentioned in the preceding sections, we set ¢ — {k, a}, the relations
between Eqgs.(A.9) can be expressed as

Qulk) = %lZQn_l Sl (1)
=1

== & Pu(k) (G.2a)
Pa(k) = %ZinGﬁk!(ﬁk\Q(l_l)(—l)l. (G.2b)

with

L= (=1)""> |nl™
k
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G.2 Evaluation of the ground-state energy

In Appendix B.2, the kinetic energy can be also written as
<CI)§3\[CS ‘ﬁo |<I)Bcs Z £, CI)BCS ‘Ckacka|q)]]3\fcs>
-1 QN/Q
_QN/Q ? gk ¢k (S(Dk

. 5LHQN/2
_g €k¢k—(5¢k . (GS)

Here, we choose the second equality in (G.3) for convenience.
Next, we evaluate the interaction energy as follows;

BCS | ] BCS
(D |H )
Fin.

ZZU ®Bcs|ck+qack’ qa’Ck'a'Cka@ >

kk’ q ad’

= — Fi 2UO _ U\k k’ [(¢k’ 6LHQN/2) (@5LHQN/2)+¢1(/ 0 ((Pik (5LHQN/2)}

£ 2 2 Oy 2 S S
Q(N/2)+1 1 10LnQy2)+1y 1 0LnQvyz)+1y | 1 5 1 0LnQ(n/2)4+1
o S IIC e 161 ) 550G )]

For convenience, we focus on Eq.(B.13), two steps backwards of Eq.(B.15), which includes

the neglected terms as follows;

<q)Bcs| . (I)JBVCS>
1 X Px P! 52QN/2 - 1 0°Qn/2)+1
= Q= 20Uy — Ujk—w . 4
Qny2yr kEk/( Vo = Unsel) =3~ 5550 N/2v§ U198 50 o (G.4)

Then, we can rewrite the ground-state energy functional based on Eq.(G.3) and Eq.(G.4)

as
e =( DRSS H| %)

Fin. QN/Q Fin. Q'\,/Q (5 Q N/2 41
ST I D R DL T I
N/QZ Ko 4VZ 0 k—k kk5¢gzs ; k—K/| 50 i

Therefore, the energy functional ¢ is expressible in terms of the differential of ¢y, i.e.

1 5@]\//2) (52QN/2) (52Q(N/2)+1)
5{¢k,¢k}—5{$( )z (Gol ) 2 (T )y (G.5)

where the notation £ denotes the summation to the differential of (), with respect to

(¢x, Pxr) in the energy functional.

Now, it is clear to calculate the differential terms respectively.
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First, it is straightforward to calculate the differential of the quantity (), with respect

to ¢ as

0Q
%—[ ZQMDW’ ”/M)] ,

n=N/2
N/2

=205 Y QoD (=) (G.6)

=1

Next, note that the differential of the interaction energy can be expressed as the second-

order differential of the quantity (), with respect to ¢y, it is convenient to denote and

2 2
calculate the second-order differential . (6 h7) 2) R4 <M> as

Sy |7 S P
52@1\1/2) Qw2

Z = / , G.7a
< Oy P/ ; fiex dPr i ( )

6? Qn/2) +1) &? Q(N/2 +1
< ) G.7b
(S5 P (G70)

where we define the quantities fx v and ggx as

Jew = (2Up — U—w|) P, (G.8a)
ik = Uy (G.8b)
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Let us calculate Eq.(G.7a) using Eq.(G.6) .

52
G 7a Z fk Kk’ QN/2

oROW
5 N/2
=3 s (203 Qa1 )
Kk/ -1
5%\ ) .
—Qkak< k)ZQN/2l|¢k’2(l 1)(—1)l !
B ([ 0Qn2 IV
+2kak¢kz( 1) D -1y
N/2 Sl [20-D)
+22fkk¢kZQN/2 l( |¢kg|b )( 1)t

N/2

_QZ (fixle=k') + (fie,—x|p=—r') ZQN/Z oD (=)

I=1
N/2 N/2—1

+4) fiewdi ) <¢;;, > QN/z—Z—m|¢k'|2(m_1)(—1)m_1> [V (1)
kk’ =1 m=1

N/2

—1—22 (fiexle=x') + (fie,—x|o=—r) ¢kz (QN/z 12(1 = 1) g2 g )( 1)
N/2
—22 (ficaelw=rr) + (fre,—xclb=—r") ZQN/Q o0 (=)
N/2 N/2—1
+4kak¢k¢k I A e o el G D
=1 m=1
N/2

+QZ (frexlnr) + (fiesclim—w)] 0505 D Qnpatl 220 = 1)(=1)'7". (G.9)

=1
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Similarly, Eq.(G.7b) can be also calculated as follows;

Q241
A.(G.7h) = ) g
KK’ 001 P

(N/2)+1
— ng K —— 5or (2(;5’1; Z Q(N/2)+1—z|¢k|2(l1)(_1)l1>

Kk'
5 (N/2)+1
=2 Z Ik K (5¢k/) Z Q21| (1)
Kk/ k =1

EA 0Q(N/2)41-1
2 gaedi 3 (—)|¢k|2<l—1><—1>l—1

*
Kk’ =1 5¢k’

(N/2)+1 5|§bk|2(l_l) l
+229kk/¢k Z Q(N/2)+1— l(—*)(_l) -

Kk’ 004
(N/2)+1
=23 [(gieacli=r) + (Ge-rlr=—r)] Y Quvzrr—ild/ (=)
K/ =1

(N/2)+1 (N/2)+1-1

+AY gewdiow Y. Y Quyzsiieml b Mo (— 1)

kk’ =1 m=1
(N/2)+1
+ 2> [(geacli=r) + (Gercli—r)] et D Qujzraiildn*22(1 = 1)(=1)".
k =1

(G.10)

First, we decompose the second term of Eq.(G.10) into two terms, for [ =1 and 2 <1 <
N/2 respectively. Then we combine the first and the third term of Eq.(G.10), we obtain
that

Eq.(G.10)
N/2 (N/2)—1
T i Y- 3 Qo 1
kk’ m=
N/2
+ 42 Ik PP Z Qny2) | e P (—1)m
KK/
(N/2)+1
+ 2> [(giacli=r) + (Ge—xli—i)] i Y Quajpraiildn* 2 (20 = 1)(-1)".
" =1

(G.11)

Finally, we also decompose the last term of Eq.(G.11) into two terms, for [ = 1 and
2 <1 < N/2 respectively, and reset the index of the summation [ — [ + 1 for algebraic
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convenience. Therefore, the last term of Eq.(G.11) is expressible as

=2 Z (Gl k=) + (91 —xc|k=—r)] Q2
« N/2

+2 Z [(gxli=r) + (gr—k|i=—)] PxPie Z Qv il V21 + 1) (=1L (G.12)
K =1

We substitute Eq.(G.7a) for fyxw, Eq.(G.7b) for gxw, and we rewrite the ground-state
energy using Eq.(G.3), Eq.(G.9), Eq.(G.10) and Eq.(G.13) as follows;

c —<(DBCS |H|(I)Bcs>

5@]\//2 Qn)s Qz\/z Q(nj2)+1
=Qu)o Z K Pk 5o G > (20U — Upew)) i S ) U Son o
ki "
N/2
ZQQX{}Q Z £, Pk <2¢1*< Z Qnyai| w7 (—1)l_l> (G.13a)
K =1
) N/2
+ Qz_\r}zvz@UO — Un) ot Y Qupptl i (=1) (G.13b)
Kk’ =1
1 N/2 N/2—1
+ Qnjagr D 200 = Upcwe )b D D Quvpaimlne P Vlen X0 (=)
ki =1 m=1
(G.13c)
) N2
+ QJ‘V}QV > (8Us — Un) b0 Z Qnya—i|o*2 (1= 1) (=1)! (G.13d)
K
N/2 (N/2)
+ QN/2V Z Ulk k'|¢k¢k/ Z Z Q (N/2)—1— m’¢k/\2 m-1) |¢ ’21( )Hmﬂ (G-13€)
Kk’ m—
N/2
+ QN/ZV > Uit Z Q(nj2)—m| 1P (= 1) (G.13f)
ki
+ Q]_V}QWZ(UO + Uszi)@ny2 (G.13g)
K
) N/2
+ Q]‘V}QWZ(UO + Un)dudie Y Quvjz—tl 7020 + 1)(=1)". (G.13h)
K -

Compared with the current canonical BCS ground-state energy, several new terms, the
Hartree-Fock potential with (3Uy — Usy), and the pair potential with (Uy + Usy), emerge
from the second-order differential of Q /2y with respect to (¢, dx).

Using Eq.(G.6) and the same way we derived the ground-state energy Eq.(G.13), it is
straightforward to derive the differential of the ground-state energy ¢ with respect to the
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variational parameter ¢y according to the variational principle,

dEq.(G.13)
Lo

Compared with the current canonical BCS formula, which is valid in the thermodynamic

~0. (G.14)

limit, this method may cause our formula become quite complex eventually. However, this
potential formula can be solved numerically using cumulation method for the total particle
number N. Our numerical procedure is based on the following concept. Once we set a
total particle number N, we obtain a specified variational condition for that total particle
number. We substitute the total particle number to the variational condition Eq.(G.14)
from N=1 to a relatively large number in a sequential order, with which we can solve
Eq.(G.14) and therefore evaluate the ground-state energy cumulatively.

Theoretically Eq.(G.14) offers a possible solution to evaluate the ground-state energy
with any total number of particles, which from a relative small number (N = 1,2,3...)
to a large total number of particles (N ~ 10*). Moreover, the current formulation which
was frequently mentioned in [1, 2, 4, 8], only hold in the thermodynamic limit. We can
also check if the ground-state energy agree with the current canonical BCS formulation
in the thermodynamic limit.

However, to solve Eq.(G.14), we need specific a program for every total particle number,
which is theoretically possible but takes a large amount of time. Thus, we are searching
for a formulation, otherwise a more elegant algorithm, which is simple and elegant enough
both on the mathematical structure and numerical procedures, which still needs further

research.
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