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In this paper, the influence of a small amount of noncondensable gas on shock wave
generation inside a collapsing vapor bubble is examined by combining numerical analysis
of a bubble dynamics equation and of the Boltzmann equation for gas flow inside a bubble.
We show the importance of the high Knudsen number in the flow, i.e., the nonequilibrium
gas flow, to the temperature field inside the collapsing bubble. We also show that the
maximum mean Knudsen number inside the collapsing bubble can be evaluated from the
initial Knudsen number and the initial number density ratio of noncondensable gas and
vapor molecules. As a result, we conclude that a small amount of noncondensable gas
strongly affects the temperature field inside the collapsing bubble, preventing shock wave
generation inside the bubble in the final stage of collapse.

DOI: 10.1103/PhysRevFluids.4.063603

I. INTRODUCTION

Bubble dynamics continues to be investigated, for example, in the field of sonochemistry [1].
It is well known that a collapsing bubble filled with vapor is strongly influenced by condensation
or evaporation of vapor molecules at the vapor-liquid interface [2]. Owing to vapor condensation,
violent bubble collapse occurs; this leads to a high-temperature or high-pressure field inside the
bubble. The extreme conditions inside the collapsing vapor bubble continue to be discussed. For
example, shock wave generation when a vapor bubble collapses has been investigated [3]. The
shock wave generation inside the collapsing bubble is strongly dependent on the temperature field
(e.g., [4]). When the temperature at the center of the bubble takes the maximum value as the bubble
collapses, the shock wave cannot occur inside the bubble because the speed of sound becomes faster
closer to the center of the bubble owing to the higher temperature than that near the bubble wall. On
the other hand, if the temperature near the bubble wall becomes higher than that at the center of the
bubble, a shock wave can occur inside the bubble. However, it is difficult to ascertain the extreme
conditions in the final stage of vapor bubble collapse based on classical fluid mechanics because the
collapsing bubble size is very small [e.g., for Ref. [5], the minimum radius Rmin is O(μm)]. This
may lead to high-Knudsen-number gas flow inside the bubble, and the condensation/evaporation
process is essentially a nonequilibrium problem at the interface.

On the other hand, the dynamics of a bubble filled with vapor and noncondensable gas with heat
and mass transfers at the bubble wall has been studied extensively (e.g., Refs. [6–8]). However, these

*These authors contributed equally to this work.
†Author to whom correspondence should be addressed: kobakazu@eng.hokudai.ac.jp

2469-990X/2019/4(6)/063603(10) 063603-1 ©2019 American Physical Society

http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevFluids.4.063603&domain=pdf&date_stamp=2019-06-11
https://doi.org/10.1103/PhysRevFluids.4.063603


YAMAMOTO, KOBAYASHI, WATANABE, FUJII, KON, AND TAKAHIRA

studies were conducted based on fluid-dynamics-type equations with a model boundary condition
(e.g., the Hertz-Knudsen equation). Recently, the influence of noncondensable gas on the collapse
of vapor bubbles has been discussed using molecular gas dynamics analysis based on the Boltzmann
equation without using the model boundary condition [9]. In the study, it was shown that noncon-
densable gas affects the maximum pressure and temperature inside a collapsing bubble. The drift
of the noncondensable gas on the vapor-liquid interface also affects the value of the condensation
coefficient (i.e., the so-called mass accommodation coefficient) of vapor when the bubble collapses.

In actual experiments, conducting bubble collapse filled with perfect pure vapor is extremely
difficult because there is a small amount of dissolved noncondensable gas in the liquid. The
dissolved gas may be supplied as a degassing agent from the liquid into the bubble or it may
form bubble nuclei. Here, we investigate the influence of a small amount of noncondensable
gas on the temperature field inside a collapsing vapor bubble. We also discuss the importance
of high-Knudsen-number gas flow for the extreme conditions inside the collapsing bubble. To
investigate nonequilibrium gas flow, the analysis based on the Boltzmann equation is essential. The
bubble motion is obtained by the Fujikawa-Akamatsu equation [2], and the gas mixture flow inside
the bubble is obtained by the Andries-Aoki-Perthame model [10], which is the model equation
of the Boltzmann equation. Based on the results, we discuss the influence of a small amount of
noncondensable gas on shock wave generation inside a collapsing bubble.

II. PROBLEM SETTING

The details of the numerical simulation method in this study are the same as in our previous
paper (see Ref. [9]). We consider a spherically symmetric problem for bubble collapse. The initial
bubble radius is 50λv

0, where λv
0 is the initial mean free path of vapor molecules. The initial

temperature is uniformly T0 inside or outside of the bubble. The initial total pressure inside the
bubble is p0 = pv

0 + pg
0, where pv

0 is the saturated vapor pressure at temperature T0, and pg
0 is the

initial noncondensable gas pressure. The liquid pressure far from the bubble is p�
∞ = 5p0. The most

important parameter is the initial number density ratio, n̄r
0, inside the bubble:

n̄r
0 = ng

0

nv
0 + ng

0

= ng
0

n0
= pg

0

p0
, (1)

where ng
0 is the initial number density of noncondensable gas, and nv

0 is that of vapor, which is equal
to the number density of the saturated vapor at T0. For ease of analysis, we assume that the mass of a
vapor molecule is the same as that of a gas molecule and that these molecules are monatomic. We set
n̄r

0 = 10−3, 10−4, 10−5, 10−6, and 0 to evaluate the influence of a small amount of noncondensable
gas on the collapse of the vapor bubble, where n̄r

0 = 0 denotes the pure vapor bubble case.
The boundary condition for the Boltzmann equation for vapor molecules is the mixture type

composed of perfect condensation and diffusion reflection at the liquid temperature [11,12]. The
value of the condensation coefficient included in the boundary condition is 0.9 at low liquid
temperature (e.g., see Refs. [12–16]). The influence of noncondensable gas on the value of the
condensation coefficient is not considered in this study [9,17]. Additionally, the boundary condition
for the Boltzmann equation for noncondensable gas molecules is diffusion reflection at the liquid
temperature.

III. RESULTS AND DISCUSSION

Figure 1(a) shows the temporal evolution of the bubble radius, R(t ), for several values of n̄r
0, and

Fig. 1(b) shows that of the bubble wall velocity, Ṙ(t ). The abscissa is normalized by t0, the so-called
Rayleigh’s collapsing time [3,18,19]:

t0 = 0.915R0

√
ρ�∞

(p�∞ − p0 + 2σ/R0)
, (2)

063603-2



INFLUENCE OF A SMALL AMOUNT OF NONCONDENSABLE …

FIG. 1. Temporal evolution of (a) bubble radius, R(t ), and (b) bubble wall velocity, Ṙ(t ), for each value of
n̄r

0 when the bubble wall velocity |Ṙ(t )|/c0 � 2.0. The enlarged view for each figure shows the bubble radius
and bubble wall velocity in the final stage of collapse. The bubble radius decreases with time, and exhibits the
same tendency in spite of the difference in n̄r

0. However, in the final stage, there is a slight difference shown in
enlarged view.

where ρ�
∞ is the density of the liquid and σ is the surface tension coefficient. The enlarged view

in each figure shows the bubble radius and velocity in the final stage of collapse. These values are
shown when the bubble wall velocity is 0 � |Ṙ(t )|/c0 � 2.0, where c0 = √

γRT0 is the speed of
sound of the gas mixture at the initial condition, γ is the ratio of specific heats of the gas (γ = 5/3),
and R is the gas constant. The numerical calculation is stopped when |Ṙ(t )| exceeds 2c0, owing
to the restriction of the equation of bubble motion; |Ṙ(t )| � 0.5c�

∞ is required for the equation of
bubble motion [2], where c�

∞ is the speed of sound of the liquid. In case of water, 0.5c�
∞ is about 2c0.

From the results (Fig. 1), we can see that the bubble radius for each n̄r
0 decreases with time and

exhibits the same tendency in spite of the difference in n̄r
0. This tendency is the same as for the

collapse of an empty cavity, i.e., the so-called Rayleigh collapse [18,19]. However, in the final stage
shown in the enlarged view, there is a slight difference for the temporal evolution of the bubble
radius: the compression of a small amount of noncondensable gas prevents the bubble collapse, as
the value of n̄r

0 is larger. Additionally, the bubble wall velocity rapidly increases in the final stage of
bubble collapse when the bubble wall velocity exceeds c0 for all n̄r

0.
Figure 2 shows the temperature field inside a collapsing bubble when the bubble wall velocity

is 1.0 � |Ṙ(t )|/c0 � 2.0. The origin of the abscissa denotes the bubble center and the filled circles
for each line denote the position of the bubble wall. We also show a supplemental movie of the
temperature field inside the bubble starting from the initial condition in the case of n̄r

0 = 10−6 [20].
The temperature profile inside the bubble maintains its initial value uniformly when the bubble wall
velocity does not exceed the speed of sound of the gas. Then, if the bubble wall velocity exceeds
the speed of sound, the temperature inside the bubble rapidly increases with time. In the case of
n̄r

0 = 10−3 [Fig. 2(e)], the temperature at the center of the bubble takes the maximum value as
the bubble collapses. This tendency is the same as for the bubble collapse filled with noncondens-
able gas (e.g., see Ref. [21]). In this condition, the shock wave cannot occur inside the bubble
because the speed of sound becomes faster closer to the center of the bubble owing to the higher
temperature than that near the bubble wall [4].

However, in the cases of n̄r
0 = 0, 10−6, and 10−5 [Figs. 2(a), 2(b), and 2(c)], the temperature

near the bubble wall becomes higher. In all simulations, the liquid temperature, T �, is T �/T0 ≈ 1.0;
the temperature jump at the bubble wall becomes larger with the decrease of n̄r

0 owing to strong
condensation by the violent bubble collapse. We cannot observe the shock wave propagation inside
the bubble in this simulation. However, with this temperature profile, a compression wave can
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FIG. 2. Temperature fields inside a collapsing bubble for each n̄r
0 when the bubble wall velocity is

1.0 � |Ṙ(t )|/c0 � 2.0. The filled circles for each line denote the position of the bubble wall at each time.
r/R0 = 0 denotes the bubble center. In the case of small n̄r

0, the temperature near the bubble wall becomes
higher. On the other hand, in the case of large n̄r

0, the temperature at the center of the bubble takes the maximum
value.

propagate inside the bubble if the bubble wall velocity decreases owing to the rapid decrease of
the liquid pressure outside the bubble.

To investigate the reason for the difference in temperature fields shown in Fig. 2, we show in
Fig. 3 the vapor and noncondensable gas temperatures, T v and T g, inside the collapsing bubble at
the same time as in Fig. 2. The solid line denotes the vapor temperature and the dotted line the
noncondensable gas temperature. As shown in the figure, the temperature profiles agree with each
other except for the slight difference at the bubble wall in the case of n̄r

0 = 10−3 [Fig. 3(e)]. However,
as the value of n̄r

0 becomes smaller, the difference between T v and T g becomes larger, as shown in
Figs. 3(b), 3(c), and 3(d). In these cases, the maximum value of T g is taken near the center of the bub-
ble. On the other hand, that of T v is near the bubble wall. When these temperatures take on different
values, the relaxation process by collisions between vapor and noncondensable gas molecules is not
sufficient to maintain local equilibrium. In this case, the gas flow inside the bubble is in nonequilib-
rium, i.e., high-Knudsen-number gas flow, owing to the dilution of the gas inside the bubble.

We also show in Fig. 4 the number density fields of vapor and noncondensable gas, nv and ng,
inside the bubble at the same time as in Figs. 2 and 3. The solid line denotes the vapor number
density and the dotted line the noncondensable gas number density. As shown in the figure, the
noncondensable gas molecules drift on the bubble wall surface in spite of the difference of n̄r

0 as the
bubble collapses. Also, as the value of n̄r

0 becomes larger, the maximum value of the number density
of noncondensable gas molecules near the bubble wall exceeds that of vapor molecules, and takes
an extremely high value at the wall surface in the case of n̄r

0 = 10−3, which leads to the formation
of a thin density layer near the wall surface. The condensation at the wall surface is suppressed
and compression of vapor slightly occurs due to the formation of this thin layer. The suppression of
vapor condensation by the thin noncondensable gas layer was shown in the previous study [22]. In
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FIG. 3. Vapor and noncondensable gas temperature fields inside a collapsing bubble for each n̄r
0 when

the bubble wall velocity is 1.0 � |Ṙ(t )|/c0 � 2.0. The filled circles for each line denote the position of the
bubble wall at each time. Additionally, r/R0 = 0 denotes the bubble center. In the case of small n̄r

0, the vapor
and noncondensable gas temperatures take different profile. On the other hand, in the case of large n̄r

0, these
temperature profiles agree with each other except for the slight difference at the bubble wall.

this case, the total number of molecules becomes larger inside the bubble and relaxation processes
easily occur; Tv and Tg takes the same temperature profile in almost all of the region inside the
bubble in the case of n̄r

0 = 10−3. However, as the value of n̄r
0 becomes smaller, the number density

of noncondensable gas becomes smaller than that of vapor molecules. In these cases, the difference
between Tv and Tg occurs due to the dilution of the gas.

Based on the above considerations, we investigated the mean Knudsen number inside the
collapsing bubble to estimate the nonequilibrium. Figure 5(a) shows the temporal evolution of the
mean Knudsen number of the gas mixture from the numerical simulation when the bubble wall
velocity is |Ṙ(t )|/c0 � 2.0. The enlarged view of the figure shows the Knudsen number in the final
stage of bubble collapse. The Knudsen number is defined as

Kn(t ) = λ(t )

R(t )
= Kn0

λ(t )/λ0

R(t )/R0
, (3)

where λ is the mean free path composed of total molecules inside the bubble, Kn0 is the initial
mean Knudsen number [Kn0 = λ0/R0 ≈ λv

0/(50λv
0 ) = 0.02 in this simulation], and λ0 is the initial

mean free path of total molecules. As shown in Fig. 5(a), the mean Knudsen number gradually
increases with time. In all cases, the Knudsen number reaches its maximum value when t/t0 ≈
1.0. The maximum Knudsen number exceeds 0.1 predominantly for n̄r

0 � 10−4, which leads to the
temperature difference between vapor and noncondensable gas as shown in Fig. 3. The Knudsen
number then decreases owing to the high compression of the gas mixture inside the bubble. From
these results, we conclude that the high Knudsen number, i.e., the dilution of the gas inside the
bubble, is important to the temperature field inside the collapsing vapor bubble.

063603-5
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FIG. 4. Number density fields of vapor and noncondensable gas inside a collapsing bubble for each n̄r
0

when the bubble wall velocity is 1.0 � |Ṙ(t )|/c0 � 2.0. The filled circles for each line denote the position
of the bubble wall at each time. Additionally, r/R0 = 0 denotes the bubble center. The noncondensable gas
molecules drift on the bubble wall surface in spite of the difference of n̄r

0 as the bubble collapses.

As shown in the above results, the Knudsen number is an important factor in the extreme
conditions during the final stage of bubble collapse. To estimate the mean Knudsen number inside
the bubble, we propose a rough estimation method of the Knudsen number as follows.

FIG. 5. Temporal evolution of the mean Knudsen number inside the collapsing bubble for each n̄r
0: (a) the

Knudsen number obtained from the numerical simulation and (b) that obtained from Eq. (9). The enlarged view
is shown in each figure in the final stage of bubble collapse. As shown in the figure, Eq. (9) can evaluate the
value of the mean Knudsen number inside the bubble in the case of large n̄r

0.

063603-6
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We impose the following three assumptions:
(1) The temporal evolution of the bubble radius obeys the following Rayleigh collapse [18,19]:

Ṙ(t )2 = 2(p�
∞ − p0 + 2σ/R0)

3ρ�∞

[(
R0

R(t )

)3

−1

]
. (4)

(2) Vapor inside the bubble is not compressed by the bubble collapse owing to condensation; the
number density inside the bubble is uniformly constant, nv

0.
(3) Noncondensable gas inside the bubble does not dissolve; the total number of gas molecules

is constant, Ng = ng
0(4πR3

0/3) = ng(t )[4πR(t )3/3], where Ng is the total number of noncondensable
gas molecules inside the bubble.

From the above assumptions, the mean number density of vapor at an arbitrary time, nv (t ), is
expressed as

nv (t ) = nv
0. (5)

Additionally, the mean number density of the noncondensable gas is

ng(t ) = ng
0

(
R0

R(t )

)3

. (6)

Hence, the total number density, n(t ), is written as n(t ) = nv (t ) + ng(t ). The mean free path λ(t ) is
written as λ(t ) = [

√
2πd2

mn(t )]−1, where dm is the diameter of the molecules. From the definition
of the mean free path, we can obtain the ratio of the mean free path λ(t )/λ0:

λ(t )

λ0
= n0

n(t )
= n0

[nv (t ) + ng(t )]
, (7)

where n0 is the initial total number density n0 = nv
0 + ng

0. By substituting Eqs. (5) and (6) into
Eq. (7), we can obtain the following equation:

λ(t )

λ0
= 1

1 − n̄r
0 + n̄r

0/[R(t )/R0]3
. (8)

Using the initial Knudsen number Kn0 = λ0/R0 the mean Knudsen number is obtained from

Kn(t ) = Kn0
λ(t )/λ0

R(t )/R0
= Kn0

[R(t )/R0]2(
1 − n̄r

0

)
[R(t )/R0]3 + n̄r

0

. (9)

Figure 5(b) shows the temporal evolution of the mean Knudsen number obtained from Eq. (9).
From the figure, we can see that when the value of n̄r

0 is 10−3, the maximum Knudsen number
obtained from Eq. (9) takes on nearly the same value as the numerical simulation result; its value
is about 0.1. In the case that Kn is about less than 0.1, the gas flow reaches a local equilibrium;
i.e., the temperature profiles of T v and T g exhibit the same tendency shown in Fig. 3. Since the
number of noncondensable gas molecules is dominant (rather than the number of vapor molecules)
in estimating the mean free path of molecules inside the collapsing bubble (shown in Fig. 6), and
the compression effect on the number density is taken into consideration in Eq. (6), the difference
between numerical simulation and Eq. (9) becomes smaller.

On the other hand, the maximum mean Knudsen number by Eq. (9) is overestimated when
n̄r

0 � 10−4. In the case of small n̄r
0, the compression of vapor is dominant for the mean free path

of molecules during the final stage of collapse. However, in Eq. (9), we cannot consider vapor
compression from Eq. (5). As shown in the results, the maximum value of the Knudsen number
takes on different values between the numerical simulation and Eq. (9).

It is emphasized that Eq. (9) is useful in estimating the threshold value of the Knudsen number
(Kn ≈ 0.1), whether the gas flow is nonequilibrium or not; overestimation of the maximum Knudsen
number is not a problem in the case of small n̄r

0 (�10−4).
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FIG. 6. Temporal evolution of the ratio of the number of noncondensable gas molecules, Ng, and that of
vapor molecules, Nv , inside the collapsing bubble for each n̄r

0 obtained from the numerical simulation. In the
final stage of the collapse, the number of noncondensable gas becomes larger than that of vapor molecules in
the cases of n̄r

0 = 10−3 and 10−4.

The mean Knudsen number takes on the maximum value Knmax when R(t ) = R0[2n̄r
0/

(1 − n̄r
0)]1/3. The value becomes

Knmax = Kn0

3n̄r
0

(
2n̄r

0

1 − n̄r
0

) 2
3

. (10)

Using the above equation, we can easily estimate the maximum value of the Knudsen number
inside the collapsing bubble using the initial conditions. From the equation, the maximum Knudsen
number, Knmax, becomes larger with large Kn0 and small n̄r

0. For example, the mean free path of
water vapor molecules at room temperature is roughly a few μm. In this case, the initial vapor
bubble radius with O(μm) or O(nm) is needed to realize the high Knudsen number; extremely pure
vapor is required for the experiment to realize the small n̄r

0 value. Additionally, when the value of
n̄r

0 is n̄r
0 = 1/3, the maximum Knudsen number becomes Kn0. This mean that, when the number

of noncondensable gas molecules is greater than 33% of the total number of molecules inside
the bubble, the Knudsen number only decreases with the bubble collapse. In such cases, even if
the initial Knudsen number is O(1), it is most likely that local equilibrium is realized inside the
bubble when the bubble takes on its minimum radius. From the above discussion, we can easily
evaluate the dilution of the gas flow inside the collapsing bubble using Eq. (10).

As shown in the above discussion, the Knudsen number is the important factor contributing to the
temperature field of the collapsing vapor bubble. When the value of the Knudsen number becomes
larger, the vapor and noncondensable gas temperatures take on different values, as shown in Fig. 3.
Here, the temperature of the gas mixture is written as

T = nv

nv + ng
T v + ng

nv + ng
T g. (11)

As is clear from this equation, the temperature of the gas mixture is composed of T g and T v ,
weighted according to the numbers of each molecule. To investigate the gas fraction inside the
bubble, we show the temporal evolution of the ratio of the number of molecules inside the bubble
Ng/Nv , where Nv is the total number of vapor molecules.

Figure 6 shows the temporal evolution of Ng/Nv in the final stage of bubble collapse obtained
from the numerical simulation. As shown in the figure, the noncondensable gas fraction becomes
larger with the bubble collapse in spite of the difference in n̄r

0 owing to the condensation of vapor
molecules. For n̄r

0 = 10−3 and 10−4, the value of Ng/Nv exceeds unity when the bubble collapses in

063603-8
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this simulation; this means that the number of noncondensable gas molecules exceeds that of vapor
molecules during the final stage of bubble collapse. In this case, the influence of noncondensable
gas molecules on the temperature field becomes larger. However, for small values of n̄r

0, there
are numerous vapor molecules inside the bubble, which leads to strong influence of the vapor
temperature on the profile of the gas mixture temperature.

A precise bubble collapse simulation using the hybrid Rayleigh-Plesset molecular dynamics
model was conducted by Schanz et al. [23]. In the paper, the influence of the condensation coef-
ficient (mass accommodation coefficient) and energy accommodation coefficient on the sonolumi-
nescence bubble dynamics and its internal state were discussed. The bubble motion and temperature
field inside the bubble are strongly affected by the values of these coefficients. Also, with regard to
the condensation coefficient, the decrease of the value of the condensation coefficient was discussed
in our previous paper when the bubble collapses owing to the drift of the noncondensable gas
molecules [9]. In such cases, vapor molecules behave as noncondensable molecules. Hence, it is less
likely that high-Knudsen-number gas flow occurs when the bubble collapses, even if n̄r

0 takes on a
small value. Further investigation of the kinetic boundary condition including the condensation and
energy accommodation coefficients at the mixture gas-liquid interface is needed for the treatment
of a bubble collapse problem with strong phase change.

From the above discussion, we conclude that a small amount of noncondensable molecules
affects the temperature profile inside the collapsing vapor bubble, preventing shock wave generation
inside the collapsing bubble. Additionally, dilution inside the bubble is especially important to the
temperature profile.
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