"\\
/
\\

HOKKAIDO UNIVERSITY

<o)
2Ny
N

Regulators of K-2 of hypergeometric fibrations

Title
Author(s) Asakura, Masanori
Citation Etet);g?/r/(égii.rc])rrg;l;rlnot.)%gﬁsog’935?318-0116-2
Issue Date 2018-04-26
Doc URL http://hdl.handle.net/2115/75259
Type article (author version)

File Information

K2-HG.v3.pdf

°

Instructions for use

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP



https://eprints.lib.hokudai.ac.jp/dspace/about.en.jsp

REGULATORS OF K; OF HYPERGEOMETRIC FIBRATIONS

MASANORI ASAKURA

1. INTRODUCTION

In the paper [AO2], Otsubo and the author introduced a certain class of fibrations
of algebraic varieties which we named hypergeometric fibrations (abbreviated HG
fibrations, see §2.1 for the definition). In a series of joint papers [AO1]...[AO4], we
studied K7 of HG fibrations and the Beilinson regulator. Our main results are to
describe the regulators via the generalized hypergeometric functions

ai,...,ap B > (@1)n - (ap)n =™ .
pr_l (bla R bp—l 7 x) a 7;) (bl)n e (bp—l)n n!’ (a)" . F(a - n)/r(a)
We refer the reader to [B], [E] and [S]] for the fundamental theory on hypergeometric

functions.

In this paper we study K» of HG fibrations. Let f : X — P! be a HG fibration
defined in §2.1, and X; = f~!(¢) a smooth fiber, then we discuss the Beilinson
regulator map

reg : Ko(X;) — HZ(X,Z(2))

to the Deligne-Beilinson cohomology group (e.g. [Sch]). We shall discuss the fol-
lowing cases.

e f is of Fermat type given in §2.2,

e f is of Gauss type given in §2.3,

e f is an elliptic fibration (e.g. the Legendre family).
In the above cases, there are nontrivial elements in K(X;). The main theorems
are to give explicit descriptions of the regulators by linear combinations of the
hypergeometric functions of the following types

a,a,a a,b,1,1
F [ ad) . F s Uy by & )
3 2(b,a+1’x>’ 4 3( 2.2,2 ,$>

The precise formulas are given in Theorems 3.2, 3.6, 3.4 in §3.2 for the Fermat type,
and in Theorem 4.6 in §4.2 for the Gauss type.

In §5, we give similar formulas for some elliptic fibrations, such as the Legendre
family. With the aid of MAGMA, we give some numerical examples verifying
the Beilinson conjecture on L(E,2), the L-function of an elliptic curve over Q.
In [RZ], Rogers and Zudilin proved certain formulas which describes L(F,2) by
special values of hypergeometric functions. Applying their result, we can obtain a
“theorem” on the Beilinson conjecture for an elliptic curve of conductor 24. This
seems a new approach toward the Beilinson conjecture for elliptic curves. The
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2 MASANORI ASAKURA

author hopes that the study of the Beilinson conjecture by the hypergeometric
functions will be developed more and bring a new progress.

Finally we note that there are previous works [O1], [O2] by Otsubo on hypergeo-
metric functions and regulators on Ky of Fermat curves. Although we were inspired
a lot by his works, our results and methods are entirely different.

The author expresses sincere gratitude to Professor Noriyuki Otsubo for the
stimulating discussion, especially on special values of L-functions of elliptic curves.
He also expresses special thanks to Professor Wadim Zudilin for reading the first
draft carefully and providing the proof of Lemma 3.5.

2. HYPERGEOMETRIC FIBRATIONS
Throughout this paper, we denote the fractional part of € Q by {z} :

{z} :=x — |z].

The Gaussian hypergeometric function
a,b
2 F1 ( ;JU)
c

2.1. Definition. Let R be a finite-dimensional semisimple commutative Q-algebra.
Let e: R — E be a projection onto a number field E. For a R-module H, we write

H(e) :=EQ¢nrH,

is simply written by F(a,b, ¢; z).

and call it the e-part of H.

Let X be a projective smooth variety over a field k. Let f : X — P! be a
surjective morphism over k which is smooth over U C P'. Let A = Pic(} — U be
the Picard scheme over U. We say f is a hypergeometric fibration with multiplication
by (R,e) (abbreviated HG fibration) if it is endowed with a ring homomorphism
(called a multiplication by R)

R — EndU(A) ® Q

and the following conditions hold. We fix an inhomogeneous coordinate ¢ € PL.
e f is smooth outside ¢ = 0, 1, 0o, hence we may take U = P!\ {0, 1, c0}.
e Denote by A(e) — U the e-part of the abelian fibration which corresponds
to the e-part (R!f.Q;)(e) of a l-adic sheaf,
TiA(e) ® Q = R £.Qu(e).

Then dim(A(e)/U) = [E : Q] or equivalently dimg, (R f.Q;)(e) = 2[E : Q].
e The abelian fibration A(e) — U has a totally degenerate semistable reduc-

tion at t = 1.
The last condition is equivalent to say that the local monodromy T on (R! £.Q;)(e)
at t = 1 is unipotent and the rank of log monodromy N := log(T') is maximal,

namely rank(N) = 1 dimg(R' f.Q;)(e) (= [E : Q] by the second condition).

Example 2.1 (Elliptic fibrations). The simplest example of hypergeometric fibra-
tions is an elliptic fibration f : X — P! which satisfies that f is smooth over
P!\ {0,1,00} and has a multiplicative reduction at ¢t = 1. In this case we take
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R=F =Q, e =id. We refer the reader to [H] for the classification of elliptic fibra-
tions over P! which has singular fibers at most over 3 points. In particular, there
are 14 cases of such fibrations which have at least one multiplicative reduction.

2.2. HG fibration of Fermat type. Suppose that the characteristic of &k is 0. Let
f: X — P! be the fibration such that the general fiber X; = f~1(¢) is a smooth
projective curve defined by an equation

@ -Dy"-1)=1-¢t n,m>2.

We call f a fibration of Fermat type'. One can show that the genus is given by
g(X¢) = (n—1)(m — 1) (e.g. by the Hurwitz formula). Moreover f is smooth
outside t = 0,1, 00, and f has a totally degenerate semistable reduction at ¢ = 1.
We denote by up C %~ the group of k-th roots of unity. Suppose pn, tim C k.
The action (z,y,t) — (Co, Gy, t) for (CnyCm) € fn X fim gives a multiplication
by the group ring R = Q[un X pim]. If e : R — E factors through projections
P X fhm, = fin OT fip X [ — fm, then H(X;)(e) = 0. Therefore

H'(X,) =D H" (X)(e),

where e does not factor through projections i, X fhm — tn O iy X fm —> fhn -

Lemma 2.2. Put
-1 -1
el -1 M dw _ i—1, j—1 n_dy
wij =y yml(zn —1) —z' Ty ZnL(ym —1)
fori,j € Z. Then I'(X;,Q,) is (n — 1)(m — 1)-dimensional with basis {w; ; | 1 <
i<n—1,1<j<m-—1}. Hence
0 e factoring through pi, X fym — ln OT [y X m — [
1 others.

dimp H'(X;)(e) = {

f is a HG fibration with multiplication by (R, e) if and only if dimg H*(X;)(e) = 1,

and then
F(Xt,Q‘lxt)(e) = @ k-wi,j
(i,5)€le
L. == {([sio}n [sjolm) | s € (Z/nmZ)*}, (2.1)

where (ig, jo) is a fized index such that a homomorphism R — k, (Cny Gn) = CL0CI0
factors through e, and [al,, denotes the unique integer such that [a], = a mod n and
0 < [a], < n.

Proof. See [AO2] §3.3. O

Suppose that the base field is C. Let €1 € p, and €5 € py, and let P(eq,e3)
denote the singular point (z,y) = (e1,e2) of f~1(1). Let §(e1,e2) € H1(X¢,Z) be
the vanishing cycle at t = 1 which “converges to P(e1,e2)”, namely it is a homology
cycle characterized by

1 *
- t= €1,€2

IThe reason why we call “Fermat type” is that the fiber over t =0 is
" —DEm—1)=1 < z "4y "=1,

so that the Fermat curve appears in the degenerating fiber.
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where 27 is the tubular neighborhood of f~!(1) and Resp : H3z (2™*) — C is the
Poincare residue map at P = P(eq,€3).

For later use, we here give a down-to-earth description of a path d(e1,e2). For
(¢1,(2) € pn X pm, we denote by o((1,(2) the automorphisms of X; given by
(x,y) = (C17,Coy). Suppose |t — 1] < 1 and fix ¥/t Let Qi(z,y) = (1,00) and
Q¢(z,y) = (¥/t,0) be points of X;. Define a (unique) path u from Q; to @, such
that the projection onto the y-plane is a line arg(y) = —m/m from y = 0 to y = 0o
Put

5(1,1) == (1 — o(1,

Vv—1R

Nu, d(e1,e2) :=o(er1,e2)0(1,1). (2.2)

A

\\\\\\*

Figure of §(1,1)

Lemma 2.3.

/ wij = — 22 ony/—1F (1—2,1—3,1;14).
5(81,52) n m

nm

/ Wi j :/ o(e1,e2)wij = 5§5§/ Wi, j
d(e1,e2) 6(1,1) 6(1,1)

we only need to show the case §(1,1). Write ¢, := €2™V=1/"™ and (y,y, := ™V 1/m

/ Wi j =(1—Cﬁl)/wi,j
6(1,1) u
. . . _1dy
= (1= i—l,g-1_ " Ay
(=G [ s
. o t=y™ w1 n~ldy
_ I Jj—1
(1= )/ (1—?/") L—ym
lfgm —
= / 7 TRty dy

CZ’" nC2’"/ YL y™) T (4 ™)y
0

Proof. Since
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<2m <2m/ y%ﬁ’l(ler)’%(ter)%’ldy
nm o

Cz - / J_q _i i
m — S2m CN)E Yy R (=14 y) N
o, Wy Ty dy

_ G sz/ (y = Dmlyn 2t -1y )y
nm o

Cz — ¢ / i1
m —S2m [ _yElymE (1 (1 - t)y) s
—n [ yity - @ on

i _ i ; ; ' j
:szszB<J71_J)F(l—’,l—’,l,l—t>
nm m m n m

o/ . .
— 2 F(l—l,l—‘j,Ll—t).
n m

nm

O

Lemma 2.4. Let Ty be the local monodromy att = 1. There is a unique homology
cycle y(e1,e2) € Hi(X¢, Q) such that (Ty — 1)y(e1,e2) = 0(e1,€2) and

/ w”_5162B(1—1—]>F(1—Z,1—j,2—z—‘7;t).
v(e1,62) nm n m n m n m

Proof. The uniqueness follows from the fact that the monodromy invariant part
of Hi(X;) is trivial. We show the existence. Write Ev := (§(e1,¢2) | (e1,€2) €
tn X ) € H1 (X, Q). Then it follows from the last condition of HG fibration in
Definition 2.1 that one has

Ny =T, —1: Hi(X;,Q)/Ev — Ev.

Therefore there is a unique homology cycle y(e1,e2) € Hy(X¢, Q) such that (T} —
1)v(e1,e2) = d(e1,e2) up to Ev. Let Ty be the local monodromy at ¢ = 0. Since
To — 1 : Ev — Ev is bijective, we can choose v(e1,e2) such that (To — 1)y(e1,e2) =
0 by replacing vy(e1,e2) with v(e1,e2) + dp. Then we show that this gives the
desired cycle. The monodromy of Gauss hypergeometric functions is well-known,
in particular,

(Th — 1)B(a,b)F(a,b,a + b;t) = —2wv/—1F(a,b,1;1 — t). (2.3)
Therefore letting

f1 = —21/—1F (1 ——1- —, 11— t)

f2::B<1_Zal_j)F(1_l71_JaQ_Z_J;t>7
n m n m n m

iJ i.J
(Ty - 1)/ wi,j = / wi,j = F1% = (T - 1)6162 fa.
v(e1,€2) 5(e1,62) nm nm
On the other hand since (T — 1)y(e1,€2) = 0, we have

we have

i J
(To - 1)/ wig=0=(Tp—1)22
v(e1,€2) nm

fa.
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Thus o
eiel
F = / Wi,j — 2 f,
Y(e1,€2) nm
is invariant under both local monodromies, and this means F' = 0. (]

2.3. HG fibration of Gauss type. Suppose that the characteristic of k is 0. Let
f : X — P! be the fibration whose general fiber is the smooth completion of an
affine curve

yV =21 —2)*(1 —t2)V7’, 0<a,b< N, ged(N,a,b) = 1.
f is smooth over P1\ {0, 1, 00}. Suppose that & contains all N-th roots of unity, and
denote by puy C k™ the group of all N-th roots. The action (x,y,t) — (z,{ny,t)
for {ny € pun gives a multiplication by the group ring R = Q[uy]. Then f is a HG
fibration with multiplication by (R, e) if and only if a projection e : Qun] — E
satisfies ad/N ¢ Z and bd/N ¢ Z where d := fKer[e : uy — E*] ([AO2] §3.2).
Lemma 2.5. Let X; = f~1(t) denotes the general fiber. Put a 1-form
xPr (1 — )4 (1 — tg)—1an an bn
n ‘= dx, n = L ls R
o & LY
forne{1,2,...,N —1}. Putd:=fKerle: uy — E*] and
I..={ne€eZ|1<n<N-1,d|n, ged(n/d, N/d) = 1}.
Then {wy | n € I} forms a basis of the e-part I'(X;, QU )(e).
Proof. [Ar] (13), p.917. O
Lemma 2.6. Suppose k = C. Write a,, := {an/N} and b, := {bn/N}. There are
points Py, P € X; such that x = 0,1 and a homology cycle

Ug € HF(Xta {P07P1};Z)

such that
Wn = B(anabn)F(anabnaan + bn;t) for |t‘ <1

Uo

Moreover letting Ty be the local monodromy att =1 and uy := (1 —T1)ug, we have
/ wp, =27V —=1F(an, by, 1;1 — ).
Ul

The e-part HP (X, Q)(e) is spanned by

Y0 = (L= 0o)ug, 7 :=(1-0)u

as E-module where o is an automorphism of X; given by (z,y) — (z, ezw}v_ﬁy).

Proof. Define a path ug as
(2,9) = (5,58 (1= )V (1 —ts)'"%), s€0,1]

in which s¥, (1 —s)~ take values in R and (1 — ts)!~ ¥ takes values such that
(1 —ts)'~% — 1| < 1. Then

1
/ Wy, = / 21— 2) (1 — ta) Pnda
uo 0
= B(an,bn)F(an, by, an + by;t).
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Hence the assertion for u; follows from (2.3). The last assertion follows from the
fact that dimg HP (X, Q)(e) = 2 and that vy and ~; are E-linearly independent
because their images by the map

HE(X,,Q)(e) — Ow! = Hom(Ow,, 6), / o
vy

are C-linearly independent. O

Lemma 2.7. Let the notation be as in Lemma 2.5. Then
(X, Q% (logY))(e) = P k-
nel,
Proof. Let x : R — k be a homomorphism of Q-algebra factoring through e. Write
(X, 9% (log Y)(x) := k @y kaor (X, Q% (logY)).
Then the assertion is equivalent to that for any x

P(X, 05 (log V) () = k- 5, (24)

where n € {1,..., N — 1} such that x(¢) = (™" for V¢ € puy.
We may suppose k = C. Put Yy = f71(0), Yoo = f~1(c0), S = P\ {0,1,00}
and U := X\ (YUY UYs) = f71(S). Let # = Hz(U/S) be a connection. Then

I(X, Q% (logY + Yy + Yoo)) = F*Hgg (U)

= F?HlR(S, )
= I'(P", Qp (log(0 4+ 1+ 00)) ® ),

where J#, C j,.2#, j : S < P! is Deligne’s canonical extension. Hence

DX, 9% (logY + Yy + Yao))(x) = (P!, O (log(0 + 1 + 00)) @ (X))
Note that X is a nonsingular rational surface (Lemma 4.2 below). The localization
sequence induces an isomorphism
Res : F2H3(U) — F'H®(Y) @ FTHR(Y,) @ FLHR(Y,,)

by the Poincare residue map. Since a,,b, € Z, the local monodromy at ¢t = oo
on H'(X;,Q) has no eigenvalue 1 by Lemma 2.6. This implies the composition
H2;(U)(e) = HR(Y,,) is zero. Hence H{®(Y,,)(e) = 0 and

(X, 9% (log Y + Yo + Yoo)) (x) = I'(X, Q% (log Y + ¥5)) (x)-
Summing up the above we have
0— I'(X, 0% (log Y))(x) = (', 2% (log(0+ 1 + 00)) ® #(x)) 5 HIR(Yy) — 0.

By a computation of the periods in Lemma 2.6, one can get a explicit description
of 77, and then

dt dt
+0b, <1
FPl,Ql log(0 + 1 + A _ <twn7t 1w>(C QA n =
( Ipl( Og( OO)) (X)) <tdtlwn>(c an +bn S 1.

The details are left to the reader because it is a tedious computation, but see the
proof of [AO4] Lemma 3.7. Now (2.4) is immediate. O
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3. REGULATORS OF K5 OF HG FIBRATION OF FERMAT TYPE

In this section the base field is C.

3.1. Let X be a smooth proper variety over C. Let
reg : H', (X, Z(q)) — Ho (X, Z(q)) (3.1)

be the Beilinson requlator map from the motivic cohomology group to the Deligne-
Beilinson cohomology group (cf. [Sch]). If p < ¢ and p # 2¢q, then the right hand
side is canonically isomorphic to Hom(HY | (X,Z),C/Z(q)) modulo torsion. For
¢ e H",(X,Z(q)) and v € HP |(X,Z), we write the pairing by

(reg(§) |v) € C/Z(q)-

Proposition 3.1. Let f : U — S be a smooth proper morphism onto a smooth
curve S over C. Let U, = f~1(t) denotes a fiber. Suppose p = q > 1. Let
¢ e H", (U, Z(p)) and v € HP |(Uy,Z). We think of

F = (reg(&lu,) | ve)

being a multi-valued function of variable t which is locally holomorphic on t € S.
Let

dlog(§) =dt Nw e I'(U, Q7).

F
d—::l:/ w.
dt Yt

Ifp=q=2,let £ =>{f, g} be a Ko-symbol. Thanks to Beilinson’s formula, one

has
F= Z/ logf% — logg(O)%

Yt

Then

where O is the origin of a loop v+ (e.g. [Ha] Proposition 6.3). Then

dr df ~dg
7 —[th, where Z 7 A p =dt \w.

Proof. The regulator map (3.1) sits into a commutative diagram

H",(U,Q(p) ——% Exts(Q, R~ £,Q(p))

| |

H”, (U, Q(p)) —== Ext(Q, H*~ (U, Q(p)))

where Extg (resp. Ext) denotes the group of 1-extensions of admissible variations
of MHS’s (resp. MHS’s), and the vertical arrows are the restriction maps. Let

0— RF'£Q(p) — ¥ —Q—0

be the corresponding l-extension to regg(€). Let eqr € Y4r N FO and eg € ¥ be
local liftings of 1 € Q. Then eqr — ep € RP~1f,Q(p), and

F= :t<edR - 6337t>7
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where (—, —) : H*~1(X,,C)® H? | (X;,C) — C is the natural pairing. Fix a lifting
Yt € Y5 @ Q(p) via the surjective map ¥ ® Q(p) — Hf_l(Xt, Q). Then one has

Q(p)
S SN
+F = (ear, 7t) — (B, 7t)

and hence

dF d

i £<€dRﬁt> = (V(edr), "),

where the last pairing is the natural pairing on Q% ® Hggl(U/S) and HP | (X,,C).
Note that V(eqr) is the extension data of

0— Hc’i’gl(U/S) — Yir — Os — 0.

and this corresponds to the de Rham realization of £&. Hence V(eqr) = dlog(¢),
and the former assertion follows. The latter assertion follows from this and the fact
that d(f7 n) = (fv w)dt for 1-forms 1 and w such that dn = dt A w. O

3.2. Main Theorems. Let f be a HG fibration of Fermat type,
X;=f1't):(@"-D@y™-1)=1—t, n,m>2

on which the group g, X p,,, acts where p,, C C* denotes the group of n-th roots
of unity. We then discuss the Beilinson regulator map

reg : H2y (X1, Q(2)) = Ko(X)® — HZ(X;,Q(2)) = Hom(HP (X;,Z),C/Q(2)).

For (v1,v) € fin X fhy such that vy, s # 1, we consider a Ks-symbol

r—1 y—1 _
e={Z I e ) (32
One immediately has
n—1m—1 ) dt
dlog(€) == > (1=v )1 - ) —wiy. (3.3)
i=1 j=1

The main theorems are formulas describing

(reg(€) [7) = (reg(élx,) [7) € C/Q(2), ~ € HY (X1,Q)

via the generalized hypergeometric functions.

Theorem 3.2. Write a; := 1—i/n and b; :=1—j/m. Let d(e1,€2) be the homology
cycle as in §2.2. Then for |t —1| <1

n—1m-—1

(reg(€) | 8(z1,22)) = Co+Crlog(1—t) + > Y (1 -1 )1 —157)

i=1 j=1

i+ 1,b+1,1,1
xaibj(l—t)4F3 (a + 2]2_; ;1—t>

1
2my/—1

i.J
€162

nm
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modulo Q(1) = 2mv/—1Q where

—log(nm(l —11)(1 —12)) (e1,e2) =(1,1), (11,v2)
log(nm(l—yl)(l—yg)) (51,52) = (17V2),(V1,1)

log % e1=1andes # 1,v
Co = { log % e1#1L,vy andes =1
log 5822:1}2 €1 =vy and g9 # 1, v
log 5811—_1/11 e1 #Z1,v1 and eo = v
0 others
1 (en,e2) = (1,1), (v1,12)
Ci=4q-1 (e1,62) = (1,10),(v1,1)

0 others.

Remark 3.3. It is worth noting

n—1m—1

- )RR (251 — b(a) — b)) mod Q1)

; : nm
i=1 j=1

1m-—1 67‘6‘7
1— —1 1— —J 1=2
L Y (-,

j
where 9(x) = I"(x)/T'(x) is the digamma function. Hence we can rewrite

1m—1

3

n

) i
e CECILCR R DO WIS TP

(2000 + (e + 0005) o1~ )+ a0 - am (UL )

modulo Q(1).

<
Il

Proof of Theorem 3.2. Put

1
= ——(re 0(e1,€92)).
27T\/_—1< 8(&) [ d(e1, €2))
By Proposition 3.1 and (3.3)
n—1m-—1 1
(t—l (1—v (1 —vy? Wi j-
2; 00T Senen ™
By Lemma 2.3
n—1m-—1 5 5
t—l S (—vH(1 -y ) L 2F(az,b],1,1—t) (3.4)
=1 j=1

This immediately implies the desired formula except the constant term “Cy”. There-
fore it is enough to show

F=Co+Cilog(l—1t)+o(t—1) mod Q(1) (3.5)
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for |t — 1] <« 1. Here “o(t — 1)” denotes a continuous function which converges to
0 as t — 1. To do this we use Beilinson’s formula (e.g. [Ha] Proposition 6.3)

a
f

where O is the origin of a loop v € 71 (X}, O) (it is important to fix the origin in the
above formula). We show (3.5) only in case (e1,£2) = (1,1) (the others are proven
in a similar way):

(reglfog} | 1) = / log f%g “logg(0)

F = —log(nm(l —v1)(1 —1e)) +1log(l —t) 4+ o(1 —¢t). (3.6)

Recall the loop ¢ := 6(1,1) with the origin y = 0 from (2.2). Beilinson’s formula
yields

1 z—1 y—1 1
= — 1 dl —1 dl .
2my/—1 /5 ( o8 T —v ogy — V2 0g(v2 ) og - Vl)
When |t — 1| < 1, ¢ is a circle in a neighborhood of (z,y) = (1,1) and

1-—¢ 1-—t¢
—1= 1 e n—1 71:7 t_l
x ym—l( +ax+-+a") nm(y—1)+0( )
on 6. Therefore
1—ﬂu—ug*> y—1
1st term of ' = lo dlo +o(t—1
27Tv g( m(y —1) gy*Vz ( )

- mf o ()

o1 o (1—t)(1—vy)? dy off —
21 y_11g< m(y — 1) )yvﬁ =1

-1 dy (1—1%)
_ log(y — 1 +1
2y —1 Jy og(y = 1) =7 +log o a— S
1 dy
+ log(y — 1 Yot —1
2Wﬁylog@/ I ot 1)

(1-1) dy
nm(1l — 1) 277\/7 % log(y — 1)y — 1y

where fy:l” denotes the integral along a path with the origin ¥y = 0 which goes

= log +o(t—1) mod Q(1)

around y = 1 in the counter-clockwise diretion and comes back to the origin (see
figure).

y=20

N
N/
Since
/log = log(—12) — L % log(y — v2) dy
QTFF y — 12 21V —1 Sy y—1
= log(—r2) —log(1 — 1)
= log(r2) —log(1 — v2) mod Q(1),
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we have

1-1t
nm(l — 1/1)(1 — 1/2)

1st term of F' = log < > +log(vz) +o(t —1) mod Q(1).

On the other hand

1 —
2nd t fF=—"1+= [log(vy")dlog | —— t—1
nd term o 27T\/_71/§og(1/2 ) Og<nm(y—l)>+0( )
=log(vy ') +o(t —1).
We thus have
1-1¢
F=1 t—1).
o8 (o) oY
the desired assertion (3.6). This completes the proof of Theorem 3.2. (]

Theorem 3.4. Put z := (1 —t)~! and

sin(wa) _ T(b—a)
“* T T(1—a)l(b)

Ca,b =

Then we have an alternative description of the requlators in Theorem 3.2

1m—1

1 — % , - gigd

- — 1 — (1 — 7y 2122

o ,jl(reg(f) | (g1, €2)) 2 j:1( vy )1 =) i
X (a'i_lcambj(_z)ai Fai7bj (Z) + bj_lcbj,al(_z) Fbj#h (Z))

modulo Q(1) = 2m/—1Q.

Proof. This is immediate from Remark 3.3 and the following lemma due to W.
Zudilin. O

Lemma 3.5 (Zudilin). Let z = (1 —t)~'. Then

i+ 20(1) — (a) — 9(b) — log(1 — ) — ab(1 — t) 4 Fy <a+1’b+1’1’1;1t>

2,2,2

b,b,b
—1 _ b F » Yy .
z)—l—b Cha(—2)° 3Fs 1—a+b,b+1’z ,

a,a,a

)

1—|—a—b,a—|—1;

7

= ailca,b(—z)“ 3F2 (

where Y(x) =T (x)/T(x) is the digamma function.
Proof. Apply zd% on both sides. Then it turns out,
2F1(a,b,1;1 —t) = Cyp(—2)*F(a,a,1 +a—b;z) + C’b,a(—z)bF(b7 b1 —a+b;z),

and this is valid ([NIST] 15.8.2). This proves Lemma 3.5 modulo constant. To
remove ‘modulo constant’, we consider the limit ¢ — 0~ so that z = (1—¢)7* — 1~.

Recall the formula (4.3.3) in Slater’s book [S]] (also on page 15 of Bailey’s book
[B]), which we write for the case d = e = 1 for the choice + of the sign in the
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exponent:
r(a)r(b)r(c)3F2<“’1”’10 1)
_ul@PG—alc—a) awaa [
B I'(l1—a)? 2\1+a—b1+a—c
T(H)D(a — b)D(c— b) b, b, b
7ib [g)
e I(1—b)2 ] S SRR
WicF(c)F(a’ — C)F(b — C) ¢ ¢ C
e I(1—c)? s {1 e a1qe—b|t)

Dividing both sides by T'(a)T'(b), putting the two summands on the right on one
side and taking the limit as ¢ — 0 we get

-1 _mia X a, a, a -1 _mia A b7 b7 b
a e Ca,b 3F2<1—|—a—b,1+a‘1>+b e Cb,a 3F2(1+b—a,1+b‘1)
) L(e)(a—c)T'(b—rc) ¢ ¢ C
— 1 ux1e ) b 1
013%)(6 @I —c02 > *\l+c—a,1+c—b

—T(c) 35 <a,17b,1c 1>) '
We have
tim T(0) (F (ai’bi c 1) 1)  im = <a>n<b>2!1;<c ) 5 <a>n<2;r(n>

b !
(@1 (B)nsan! ab4F3(1+a’212+37 v ‘ 1)'

We are left with the limit
. e™T'(a — c)['(b—c) ¢ ¢ c
L‘l‘i%r(c)< Farora—oz 2\ te—a1+e-b|t) 1)
We now use I'(c) = I'(1 + ¢)/c ~ 1/¢, €™¢ = 1 + mic + o(c), ['(z — ¢) = '(z) —
I(xz)e+ o(c) =T (x)(1 — ¢(x)c) + o(c) for x € {a,b,1}, and

()3 o (n—1)!
n(l+c—a),(1+c—0b), ¢ A (L — a)n(l— b + o(c®)

=o(c?) forn=1,2,3,...,

as ¢ — 0. This implies that

1/e™T(a—c)I'(b—c
L=lm c( I‘(a)(F(b)le(— c)2) -1
— iy} (Lo o)~ 0N~ Bl ole) )
P (1= d(l)e+ o(c))?
— i — (a) — B(b) + 206(1)
as required. ([l

Theorem 3.6. Let e : Q[un X um] — E be a projection onto a number field E which
does not factor through projections (i, X fm —> fn OT ln X fym — fm. We denote
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by reg(¢)(e) € Hom(H{ (X, Q)(e), C/Q(2)) the e-part, and y(e) € HF (X¢)(e) as
well. Let I, be the set of indices as in (2.1). Put z:= (1 —t)~! and

. _ D(a)l'(b—a) . a,a,a .
B, == B(a,b—a) = 0 . Fap(2) :=3F 1+a—b,a+1’z .
Write a; :==1—1i/n and b; :=1—j/m. Assume
a; #bj (& i/n#j/m), V(i,j)€ L (3.7)

or equivalently the diagram

Z(1) = im, py ——> i = pin, % {1}

o, =2 {1} X o, ———— EX

does not commute. Then for |t] <1

iJ
—i _i\E1€
(re(©)(e) [ 2o ea)(@) == Y2 (1)1 — ) L2
(i,3)€le
X (ai_lBai,bj 2% Fai,bj (Z) + bj_lejyai,ij Fbj7(li (Z))
modulo Q(2).
Proof. Put
F = (reg(€)(e) | v(e1,22)(e)).
By Proposition 3.1 and (3.3)
dF — iy
-0 == X -t [
(i,j)eIe 7(51,52)
By Lemma 2.4
dF i _ieied
(=10 == 3 (-0 - v) D2 Blay by Flas byas + bit). (39)
(i.5)€ele

In particular F' is holomorphic at |t| < 1. For a # b there is a formula ([NIST]
15.8.3)

B(a,b)F(a,b,a+b;t) = Bayz*F(a,a,14+a—b;2)+ By 2" F(b,b,1—a+b; 2). (3.9)
Here we take the branches such that F'(a, b, a+b;t), F(a,a,14a—b; z) and F'(b,b,1—
a+b; z) are holomorphic on the region [t| < 1 < [1—t| (< |z] < 1 and Re(z) > 1/2)

and 2% and 2 take the principal values on |arg(z)| < 7. Then (3.8) and (3.9)
immediately imply the desired formula except the constant term:

. . EiEj
F=C 17 Y (1—vy ) 22(a; By, 2% Fa, b, By 0, 2% Fy 0, (2)).
+ Z ( vy )( Yy )nm (az Ba“bgz Fal,bg(z)"’b; Bbwal'z ]Fbj,al(z))
(1,5)€le
To conclude C' € Q(2), we see the local monodromy T, at ¢ = co. We fix a loop

T such that the origin is a point in the interval —1 < ¢ < 0 and it goes along the
negative real axis and turns around ¢t = oo.
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—
= oo — t=0
k/l PrE— Figure of T
et

The eigenvalues of T, on HP(X;)(e) are those of the hypergeometric function

F(a;,bj,a; + bj;t), and hence they are

pi :=exp(2mv—1a;), q; :==exp(2nV—1b;), (i,]) € L.
Put a mondromy operator

Q=[] (Tow—pi)(Tw —q;) € ZITw).
(4.5)€le

We use the notation in the proof of Proposition 3.1

F = (ear — ep, V) = (€ar,Vt) — (€, 7t), v = V(€1,€2).

Note that ep = ep+ may have nontrivial monodromy. Apply @ to the above, we

then have
Q(2) Q(2)

/_/$ /—/5
QF = (ear, Qi) —Q (eB,t; 1) € Q(2).
On the other hand, since Fy, ,(2) and Fy, q,(2) are holomorphic along the loop T
fixed above, one has

(Too = pi) (2% Fay,(2)) = 0, (T = ¢5)(2% Fy, 0,(2)) = 0.

Therefore
QF=QC=| ] -p)1-g)|CeQ).
(i,4)€le
Since p;, q; # 1 by definition, one concludes C' € Q(2). This completes the proof of
Theorem 3.2. (]

4. REGULATORS OF K5 OF HG FIBRATION OF (GAUSS TYPE
In this section the base field is C.

4.1. Construction of elements of H?,(X;,Q(2)). Let f : X — P! be a HG
fibration defined with multiplication by (R,e). Let Y = f71(1),qa be the re-
duced fiber over t = 1. We assume that Y is a normal crossing divisor in X. Let
O H2(X\Y,Q(2)) = H3, (X,Q(2)) be the boundary map arising from the
localization sequence of motivic cohomology groups. Let cg : H %’Y(X,Q@)) —
H(X,Q(2)) N H*°. be the Betti realization map. Let

d:=cpody:H*(X\Y,Q(2) — HY(X,Q(2))nH"O
be the composition, which we call the boundary map. There is a natural injection
T := Coker[T} —1: R'f£,Q(2) — R'f.Q(1)] — H(X,Q(2))

where T} denotes the local monodromy at ¢ = 1. One has TNH®? = H3 (X, Q(2))N
H%C, The ring R acts on T and hence on T N H%%. By the last condition of HG
fibrations (see §2.1), T(e) & F as E-module and the Hodge type is (0,0). Therefore
T(e)NHY? =T(e) = E. We write by

d(e): H>,(X\Y,Q(2)) — (TNH*(e)=T(e)nH** = E (4.1)
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the composition of 9 with the projection onto the e-part.
Theorem 4.1. Let f be a HG fibration of Gauss type
X, =fYt):yN =221 —2)’A —tz)N?, 1<a,b< N, ged(N,a,b) =1

with multiplication by (Q[un],e) such that the projection e : Qlun] — E satisfies
ad/N,bd/N € Z, d := tKer(e : uy — E*). Suppose

ged(N, a) = ged(N,b) = 1. (%)
Then the map 9(e) in (4.1) is surjective.

We do not know whether it is possible to remove the assumption () in the above
statement.

Before the proof of Theorem 4.1 we first show the following lemmas.
Lemma 4.2. X is a rational surface (without assumption (x)).
Proof. Put z :=1 —tz. Then
yV =21 —2)’(1 —t2)V 7 = (y/2)N =2°(1 —x)b270

Let y; = y/z and z; := (1 — x)/z. Then yI¥ = 292%. Let 2y := z;/y then
YVl = 2028 I N —b > b, let z3 := 2zy/y and then y¥ ~2° = 2928, If N — b < b, let
Y2 = y/z2 and then yév b= xangfN . Continuing this argument, we finally have
a surface yg = 22, d := ged(N, b) which is birational to X. Note gcd(N, a,b) =
ged(d,a) = 1. Apply the same argument for the variables yy and =, we then have a
surface y = wz§ which is birational to X. Therefore X is a rational surface. [

Lemma 4.3. Let NS(X) be the Neron-Severi group. The e-part NS(X)(e) is gen-
erated fibral divisors and a section of f (without assumption (x)). Here we say a
divisor D 1is fibral if f(D) is a point.

Proof. Let S :=P!\ {0,1,00} and U := f~1(S). Then
H?*(X)/(fibral divisors) = WoH*(U)
and there is an exact sequence
0 — HY(S,R?f,Q) — H*(U,Q) — H*(X;,Q) — 0.

Since the last term is spanned by the image of the cycle class of a section, it is
enough to show WoH(S, R f.Q) = 0. Let j : S — P!. Since there is an exact
sequence

0 —— HYPY, j. R f,Q) —— H'(S, R* f.Q) — H° (P!, R*j,R* f,.Q) ——=0

WoHY (P!, R' Q)

it is enough to show that H'(S, R'f.Q)(e) — H(P!, R'j.R' f.Q)(e) is injective,
or equivalently

dim H'(S, R' f.Q)(e) < dim H°(P', R'j. R' £.Q)(e). (4.2)
Since H°(S, R f.Q)(e) = 0, one has
dim H'(S, R' £.Q)(e) = —x(8, (R' f:Q)(e)) = —x(8, Q) dim(H" (X;)(e)) = 2[E : Q]



REGULATORS OF K; OF HYPERGEOMETRIC FIBRATIONS 17

by the second condition of HG fibration in §2.1. On the other hand, letting Tp
denotes the local monodromy at P,

H°(P', R'j,R' £.Q)(e) = @ Coker[T, — 1 : H*(X;)(e) — H'(X;)(e)].
P=0,1,00

By Lemma 2.6 the eigenvalues of each Tp are known. In particular both of T, and
Ty have eigenvalue 1. This implies dim H°(P!, R'j.R'f.Q)(e) > 2[E : Q]. Thus
(4.2) follows. O

We prove Theorem 4.1. There are the localization sequences of the motivic
cohomology groups and the Deligne-Beilinson cohomology groups which sit in a
commutative diagram

H2,(X\Y,Q(2)) —2“— H3, , (X,Q(2)) —— H?,(X,Q(2))

Tegx\yi regf(l Nlmgx

HE(X\Y,Q(2) — Hj, (X,Q(2)) — H5(X,Q(2))

H} (X, Q(2)) N HO.

where cg is the canonical surjective map, and the bijectivity of regy follows from
the fact that X is a smooth projective rational surface (Lemma 4.2). Note, cg =
cgoregY. is the Betti realization map, and hence 9 = cgoregk 00, 4 is the boundary
map as above. Our goal is to show that there is a subspace W C Hi/;,Y(XvQ@))
such that (W) = 0 and W is onto T'(e) by cg oregk. Let Y = 3" V; be the irre-
ducible decomposition, and T' C Y the singular locus. Then there is the canonical
isomorphism

H (X,Q(2)) 2 Ker [(PC(V)* 2Q=5 P Q- Py
i P,eT
where div is the map of divisor. For f € C(Y;)* ® Q, we denote by
1, Yil e PCr)* ®Q
an element of placed in the component of Y;.
To show Theorem 4.1 we first describe Y in detail. Let ¢ = C[[t — 1]] and
§: X" :=SpecOlz,y]/(y"N —2z°(1 — 2)°(1 — tz)N~b) — SpecO.

The surface X* has two isolated singularities (z,y,t) = (0,0,1),(1,0,1). Let Xo —
X* be the blow-up at (z,y,t) = (1,0,1), and U C X, an affine open set such that

U = SpecOlz, yo, tol /(o — 2*(1 + tox)" ") € Xo

where the morphism given by yo = y/(1 — ) and to = (1 —t)/(1 — ). Let D C X,
be the proper transform of the central fiber of fy over t = 1, and E the exceptional
curve of the blow-up:

DNU = {to =0, yy ="} = SpecOla, 1]/ (yy —z*),
EnU={xz=1, yév =1+ to)N*b} = Specﬁ[yo,to]/(yév -1 tho)N*b).
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By the assumption (x), the curves D and E are irreducible.

(xay07t0) = (O’ Oa 0)

(@, 90,t0) = (1,0,—1)

Let X — X be a desingularization, then the fiber over t = 1 is Y. Hence there is
an embedding of the nomalization of D U E into Y.
e 0D =D, oF = FE for any automorphism o € puy.
e DNU has a singular point (x, yg,to) = (0,0,0) unlessa = 1. Let ¢« : D' — D
be the normalization, then D’ 2 P! and .~1(DNU) = Al
e ENU has a singular point (x,yo,to) = (1,0,—1) unless b = N — 1. Let
¢ E' = E be the normalization, then ' = P! and .~ (ENU) = Al.
e D and E intersect transversally and DN E C U. Moreover U is regular at
each point of DN E.

We denote by u and v the affine coordinates of :=*(DNU) and :~}(E NU) respec-
tively such that

(Yo, 2)|p = (u*,u™),  (yo,1+1t0)lp = (v ", 0").
The intersection points of DN E consist of {u =(| (€ puntor {v=C|C € un}.
A point u = ¢ corresponds to v = ¢’ if (¢ = (¢')N~b = (¢’)~°. Thinking of D’ and
E’ being components of Y = f~1(1), we consider elements

—a/b
E(C1,¢) = [U_CI,D/} - [U_ClzuE/
U= v =Gy “/
for (1, (s € pn in the motivic cohomology supported on Y. Define W C HE”)Y(X7 Q(2))
to be the subspace generated by =((1,(2)’s.
We first show (W) = 0. Note H3,(X,Q(2)) = (C* @ NS(X)) ® Q since X is a
rational surface (Lemma 4.2). Giving generators F,’s of NS(X) ® Q which intersect

with D’ U E’ properly outside the points u = {; or v = Ci_a/b, one has

Z(E(Cla CQ)) = ch X Fna
m —a/b —me
. u— (1 g v—{(; ¢
Cp — H (u — C > X H (—a/b € CX
PEF,ND’ 2lp QeF.nE’ \V ~ G2 Q

where mp, mg denote the intersection numbers. By Lemma 4.3, the e-part NS(X)(e)
is generated by fibral divisors and a section. If F), is a section of z = oo, then P
and ) are the points defined by u = oo and v = oo respectively. Therefore ¢,
is torsion. Suppose that F, is an irreducible fibral divisor which is not D’ or E’.

€ Hiy v(X,Q(2)
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Then the intersection points of D’ and F,, are at most u = 0 or u = co. Therefore
the first term of ¢, is torsion. In the same way, the second term is also torsion, and
hence so is ¢,. Let F,, = E'. Replace E’ with E” = E' — div(zx — 1). Let EJ be
the image of E” in Xy. Then any component of E{] is neither D or E. Moreover it
intersects with D NU (resp. ENU) at most at the singular point (yg,z) = (0,0)
(resp. (to,yo) = (—1,0)). Therefore the intersection points of E” N D’ or E' N E’
are at most u = 0,00 or v = 0, 00. Hence ¢, is torsion. Finally let F,, = Dj.. Then
replace D), with Dj —div(t—1), a fibral divisor without component D;,. Hence this
is reduced to the above. This completes the proof of i(Z((1,(2)) = 0, and hence
i(W) = 0.

There remains to show that W is onto T'(e). Let D* := D"\ {u’ = 1}, and let

T = Hp , 5(X,Q(2)NHY = H'(D* = P e
CeEnN
be the composition of the Poincare residue maps. An automorphism o € puy such
that o(y) = (yy acts on the last term by o(u) = Jl\,/au. The above map induces
an isomorphism T'(e) = H'(D*,Q(1))(e) on the e-part. Under this identification,
one directly has
I(E(C, Q) =(u=G) = (u= ().

This means that W is onto H*(D*,Q(1)) and hence onto T'(e) = H*(D*,Q(1))(e).
This completes the proof. O

Problem 4.4. Find explicit descriptions of the Ka-symbols in Ko(X \'Y) con-
structed in Theorem 4.1.

If f is a HG fibration defined by
yN =21 —2)VN 1 - tx),

then one finds Ks-symbols
{y—C1(1 —x) (1-2)°
y— Gl -z) 2?(1-1)

and shows that their boundary span T'(e) (hence we do not need Theorem 4.1 in
this case). We do not know how to find such symbols for general yV = z%(1 —

x)b(1 — to)N 0,

Corollary 4.5. Let f be a HG fibration of Gauss type as in Theorem 4.1. Let
Res : I'(X, 0% (logY)) — HME(Y) = HP(Y,C) be the Poincare residue map at
t=1. Let

} € Kay(X\Y), G € pn, (4.3)

dlog : H% (X \ Y,Q(2)) — I'(X, Q% (logY))(e) = €5 C-
nele

be the dlog map (see Lemma 2.7 for the right hand side). Then the dlog map is
onto a set of 2-forms

dt
V.= {Z >\7L <t_1wn) s.t
nel.

where w, and I, are as in Lemma 2.5.

5 it (2 ) € HE(Y, @><e>}

nel.
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‘We note

>t (720 ) S HPVLQO = A€ QW Epv. (1)

nele nel,

Proof. Obviously Im(dlog) C V. Since dimg Im(dlog) = [E : Q] by Theorem 4.1, it
is enough to show dimg V' < [E : Q]. However this is immediate from (4.4). O

4.2. Main Theorem. Let f be a HG fibration of Gauss type
X, =1ty =221 — 2)°(1 —tz)V 7, 1<a,b< N, gcd(N,a,b) =1

with multiplication by (Q[un], ) such that the projection e : Q[uy] — E satisfies
ad/N,bd/N ¢ Z, d := fKer(e : uy — E*). Let £ € H?,(X \ Y,Q(2))(e) be an
element of the e-part, and let

dlog(¢) = > An (lfltlwn) . (4.5)

nele

Note A,’s satisty the condition (4.4). Conversely if gcd(N,a) = ged(N,b) = 1, then
it follows from Theorem 4.1 that, for any \,’s satisfying (4.4) there exists & such
that (4.5) holds.

Theorem 4.6. Suppose a # b. Let v = (1 — o)ug and 1 = (1 — o)uy be the
homology cycles as in Lemma 2.6. Write a, = {an/N}, b, := {bn/N}, z =
(1—-t)~! and

" an+ 1,0, +1,1,1
4F3( )(t) 5=4F3< " " ; >

2,2,2 ’
Then
T res() | )
= 3" (1= C)A20(1) — Plan) — D(by) —log(1 — 1) — anba(l — t)aFy™ (1 )]
nele
= (1 - CKI))‘n [aglcan,bn(_z)an Fan,bn (Z) + brzlcbn,an(_z)bn an,an (Z)]
nel,.
and

(reg(€) [70) = Z (1- C]T\Lf)/\n[arlean,bnzan Fo, b, (2) + bngbn,anzbn Fy, a, (2)];

nel.
where By y, Cop and Fop(2) are as in Theorems 8.6 and 3.4.

Proof. The same proof as Theorems 3.2, 3.4 and 3.6. O

It is worth noting that Theorem 4.6 is proven without knowledge of explicit
description of the Ks-symbol £ (cf. Problem 4.4).

Conjecture 4.7. The first equality in Theorem 4.6 is valid even when a = b.
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5. REAL REGULATORS OF K5 OF ELLIPTIC FIBRATIONS AND THE BEILINSON
CONJECTURE

For an elliptic curve E over R we discuss the real regulator map
regg : H*,(E,7Z(2)) — R

which is defined in the following way. Let F,, : E(C) — E(C) be the infinite
Frobenius map of real manifolds. We denote by “F, = 17 (resp. “Fo, = —17) the
fixed part (resp. anti-fixed part). Then regg is defined as the composition

H' (B, Z(2)) = Hom(H{ (E(C), 2)"™=="1,C/Z(2))
— Hom(H{ (E(C), Q)™= R(1))
= R(1)
=R
where the 2nd arrow is given by the projection C/Z(2) — R(1) = /—1R, the 3rd

given by a fixed base of HZ(E(C),Q)f>="! = Q, and the 4th arrow given by
multiplication by (27/—1)~".

Conjecture 5.1 (Beilinson conjecture for an elliptic curve over Q, cf. [Sch], [DW]).
Let E be an elliptic curve over Q, and L(E,s) the motivic L-function of E. Then
there is an integral element & € H?,(E,Z(2)) in the sense of Scholl [S] such that

regg(€) ~ox ™ °L(E,2)
where x ~gx y means zy # 0 and zy~' € Q.

Beilinson further conjectures that the space H%,(E,Q(2))z of integral elements
is 1-dimensional, spanned by £ in the above, though we will not discuss this issue.

5.1. Legendre family. Let f : X — P! be the Legendre family of elliptic curves
given by an affine equation

X, =f't):9? =2(1 —2)(1 — tx).
Consider a Ks-symbol

y—z+1 (z-1) -1
= Ky(X\Y Y = 1). 1
e={ S b ey, v )
One immediately has
dx dt
dlogf—?/\m.

Theorem 5.2. Write & := £|x, € Ko(Xy) fort € R\ {0,1}.
(1) Ift >0, then

1—t 3,311
regp (&) = Re |—log 16 + log(1 —t) + 1 1 F5 59 9 1—t)|.
(2) Ift <0, then
. 111
regg (&) = 22353 (2 23 ;Z> , 2=tk
2

We can prove Theorem 5.2 in a similar way to §3, on noting the following.
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Case t > 0: HZ(X;(C),Q)"=="1 is spanned by a homology cycle §; going
around the interval from z = 1 to = ¢t~ !, and

dx
& oa/—1F _
(2 27 7 ﬁ)?

6 Y

Case t < 0: Ve fromxz =0tox =t"1, and

d 11
/QOéF<,,1;z), = (1—t)"
v Y 2°2

Corollary 5.3. Let t € Q\ {0,1} such that & is integral. Then we have an
equivalence

The Beilinson Conjecture 5.1 for X; <= (5.2)
o Re |—1log 16 + log(1 — t) + 11, F; (%%2712’1;14)] t>0
m L(Xt,2) ~Qx 111
Z§3F2<21232 Z) t <O0.
(5.3)

Corollary 5.4. The Beilinson Conjecture 5.1 is true for X_3.

Proof. Rogers and Zudilin show

where Foy is an elliptic curve over Q of conductor 24 ([RZ] Theorem 2, p.399 and
(6), p.386). There is only one elliptic curve of conductor 24 up to isogeny, and X_3
is the one. Hence (5.3) holds. O

5.2. Elliptic fibration 3y? = 223 —322+t. Let f : X — P! be en elliptic fibration
defined by 3y? = 223 — 322 + t. Put

_Jy—=z+1 1-t¢ o
5'_{y+x—1’2(m—1)3}€K2(X\Y)v Y= (1) (5.4)

In a similar way to Theorem 5.2 we have the following theorem.

Theorem 5.5. Lett € R\ {0,1}. If |t — 1| < 1, then

5 Tl
regg (&) = log432 — log(1 — t) — %(1 —t)4F3 (6 262 5 01— t) .

If |t = 1| > 1, then

3 /1 1\ . 111 3 5 5 555
el = [B (6 6) ZO3F2<61676;Z> BT (6 6) 223F2<656116;Z
376 306

where z := (1 — )~}
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5.3. Elliptic fibration y? = 23 + (3z + 4t)%. Let f : X — P! be en elliptic
fibration defined by y? = 2 + (3x + 4t)2. Put

g._{y—3x—4t Y+ 3z + 4t

_8¢ ) St } € KQ(X \ Y)a Y= f71(1)~ (55)

Theorem 5.6. Lett € R\ {0,1}. If 0 < |t| < 1, then

2t 11
regp (&) = log27 — logt — §4F3 (323 ) ;t) )

If |t| > 1, then

regg (&) = V3r !

5.4. Numerical verification of the Beilinson conjecture by MAGMA. As
an application of Theorems 5.2, 5.5 and 5.6, we have numerical examples verifying
the Beilinson conjecture.

Case : y? = 2(1 —x)(1 —tx). By definition of the symbol £ in (5.1), & is integral if
X does not have a multiplicative reduction at any prime p such that ord,(1—t) # 0.
In more practical way, & is integral if

2 _ 1 3
ord,(j(Xy)) = ord, (%) > 0 for any p s.t. ord,(1—¢) #0

1379351517
t=—1,-3,-7,-15,2 17,-,5,5,2,22 =2 Sy
@ ) 37 77 57 73’5797 772727878’474716,16
Put
Ry = regg(&)/(m 2 L(X4,2)).
Here is the list of numerical verification of the Beilinson Conjecture 5.1 for above
t’s with the aid of MAGMA (digits of precision is at least 20).

t | =1 =3|=7|-15] 2 | 3 | 5 | 9 |17 |

Rl 8|6 [ I ] [-32[-24]-20]-18]-17]
tlp |5 | s |5 |5 3] 6 | 5|
Ry | =32 | —48 | =56 | —48 | —48 | —40 | — 5% | —68 |

Case : 3y2 =223 — 322+t Let n>2Dbe an integer and let ¢t =1 — 1/n. Then
J(X;) = 432n?/(n — 1) and

€ = y—x+1 1
T \lytr—12n(@—13["

Therefore if the denominator of 432n2/(n — 1) is prime to 6n, then & is integral.
There exist infinitely many such n’s (e.g. n > 2 such that n = 0,2 mod 6).

n |23 [4]5 ] 6 | 7|8 [9]10]11]

R [72[ 52 [81] 52 [ 50 [ 557 [ 557 [81] 00 52 |

67 2

11 ) L1l 1._/2 2 2 222
B,z )t ok 3337 |+ 2B (2,2 )t 330 | 25,3,
<373) 3 2< %7%; +2 373 342 %72
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Case : y? = 23 + (3z + 4t)%. Let n > 1 be an integer, and let ¢t = Then
J(X¢) = 1296(4 — 27n)3n/(6n — 1) and

3n 2 3n 2

Since the denominator of j(X;) is prime to 6n, & is integral for all n > 1.

n|1]2]| 3] 4 5 [ 6| 7 [ 8 9] 10

R ‘ 405 ‘ 89T ‘ 1377 | 5589 19575 | 135 ‘ 54243 ‘ 1269 ‘ 47T ‘ 13275

t 8 16 20 88 256 2 776 16 8 166
n| 11 |12 | 13 | 14 | 15 | 16 | 17 [18 ] 19 | 20 |
R 70785 ‘ 5751 ‘ 10647 ‘ 15687 | 20025 | 2565 ‘ 788103 ‘ 32T ‘ 1T0T4T1 80325 ‘
t i 128 230 248 32 10172 4 14216 872

1
6n°

5.5. Remark on the Elliptic dilogarithms. Recall the Bloch- Wigner function
D(z) := Im(Iny(z)) + log |z|arg(1 — ).

For q # 0, the elliptic dilogarithms is defined to be

Dy(x) := Z D(zq"),

ne”L
satisfies D,(qz) = Dy(x) and D,(z~') = —D,(z) ([Bl], [GL]).

Recall Bloch’s formla which decsribes the real regulator via the elliptic diloga-
rithm (cf. [GL] p.416-417). Noting that the Ks-symbols (5.1) and (5.5) are defined
by rational functions supported on torsion points, Bloch’s formula implies the fol-
lowing.

Theorem 5.7. If —1 <t <0 then
- ) 111 X )
Ta-7hE | 22250 -071) = D)+ Dyligh) = D, ().

2

If0 <t <1 then

where i = v/ —1 and we put

9 7%71;1_t)
= ex — s .
e F(L T 1)

Theorem 5.8. If1 <t <2 then

11 L 111 1._/22 2
Bz, 2 )t7ssF | 22307 |+ 2B (5,5 |t 53
<373) 32( g’%v +2 373 342

= 6v/3D,(e*™/3)

Wl
> W

wlon
wino

~

|

-
\—/

where
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