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Journal Name

Theoretical Analysis of Crystallization by Homoge-
neous Nucleation of Water Droplets

Kyoko K. Tanaka,∗a and Yuki Kimurab

We propose a novel method of analyzing the crystallization process from supercooled water
droplets. The method, which is based on nucleation theory, simultaneously evolves the homo-
geneous ice nucleation, and crystal growth in the cooling process and obtains the crystallization
temperature and the number of crystal nuclei in the droplet. The model can reproduce not only the
crystallization of water but also vitrification process. The model well replicated the results of previ-
ous laboratory experiments, especially, the different responses of the crystallization temperatures
of the micrometer- and nanometer-sized particles as functions of cooling rate. For particle sizes
ranging from 1 to 1000 µm and cooling rates below 104 Ks−1, the crystallization temperature was
230-240 K. At cooling rates above 104 Ks−1, the crystallization temperature decreased rapidly.
On the other hand, the crystallization temperature of 10 nm particles was 200–230 K at cooling
rates below 104 Ks−1. When describing the interfacial tension by σ = 29.1+ 0.1(T − 273.15) erg
cm−2 (where T is the water droplet temperature in K), the analyses explained well the previously
reported crystallization temperatures of droplets sized from a few nm to 100 µm under various
cooling conditions. Our model also predicts the critical cooling rate for vitrification of the liquid wa-
ter droplets. The critical cooling rate of vitrification is predicted as 107 −108 Ks−1, consistent with
the experimental rates. These analyses are useful not only for comprehensively understanding
the ice nucleation process but also for predicting the crystallization processes in various environ-
ments such as cirrus clouds, which are difficult to reproduce in experiments.

1 Introduction
The crystallization process of water droplets is of great practi-
cal and fundamental importance in science and technology and
is largely dependent on climate. For instance, supercooled water
droplets are often observed at very low temperatures (≃ 235 K),
below the equilibrium melting temperature in the Earth’s tropo-
sphere1. The temperature of homogeneous nucleation (235 K)
is often called the homogeneous ice nucleation limit (or temper-
ature), but this is a practical definition only because the actual
temperature of homogeneous nucleation depends on the droplet
size, cooling rate, and other conditions2. Understanding of the
ice nucleation kinetics is important for determining the efficiency
of ice particle formation in clouds.

Homogeneous ice nucleation of water droplets has been ex-
plored in numerous experiments using a variety of methods such
as expansion cloud chambers, the supersonic nozzle method, opti-
cal microscopy, and levitation3–13. Table 1 lists the crystallization
temperatures of pure water droplets at various cooling rates (on
the order of 10−3 to 105 Ks−1) and droplet sizes (from a few nm

a Tohoku University, 985-8578, Sendai, Japan. Tel: +81-22-795-6501; E-mail: kk-
tanaka@astr.tohoku.ac.jp
b Institute of Low Temperature Science, Hokkaido University, 060-0819, Sapporo,
Japan.

to 100 µm). The crystallization temperature ranges from 200 to
240 K. However, when the cooling rate is extremely large, the wa-
ter droplets vitrify rather than crystallize. In several experiments,
pure liquid water has been vitrified by high pressure jet freezing.
The critical cooling rate that vitrifies liquid water was suggested
to exceed 106−107 Ks−1, but the exact cooling rate is not clarified
yet.

Figure 1 plots the crystallization temperatures and vitrification
conditions as functions of cooling rate. The characteristics of
these plots are summarized below.

• The crystallization temperature of micrometer-sized
droplets is around 235 K over a wide range of cooling rates
(from 10−3 to 104 Ks−1). Moreover, different methods yield
similar values3,5–10,12.

• For small (nm-sized) droplets, the crystallization tempera-
ture drops into the “no man’s land” region (∼ 200 K) at high
cooling rates (≃ 105 Ks−1)4,11.

• The liquid water droplets vitrify at cooling rates above 106 −
107 Ks−1 2,14,15.

In the previous studies, various parameterizations of the rate
of homogeneous ice nucleation were performed based on classi-
cal nucleation theory12,13,16,17. The key terms in classical theory
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Fig. 1 Crystallization temperature versus cooling rate in various experi-
ments of homogeneous ice nucleation of water droplets shown in Table
1. TH(= 235 K) is called the homogeneous nucleation temperature. The
water droplets vitrify at extremely large cooling rates >

∼ 106 −107 Ks−1.

are the self-diffusion energy and the ice-liquid interfacial energy
between the ice embryo and supercooled water13,16. These val-
ues are determined by fitting the classical model to laboratory
homogeneous ice nucleation data sets. On the other hand, in
the laboratory experiments, the crystallization temperatures are
measured and the nucleation rate was evaluated from the ob-
tained crystallization temperature under two assumptions: fixed
temperature of water droplets (isothermal condition) and a sin-
gle nucleus in the water droplet. The number of nuclei generally
depends on the laboratory condition, thus the single nucleation is
not valid for cases of rapid cooling rate and large droplet size.

By comprehensively understanding the results of diverse exper-
iments, we could not only elucidate the ice nucleation process of
droplets but could also predict the crystallization process in var-
ious environments, which is difficult to achieve in experiments.
However, the characteristics of the above mentioned experimen-
tal results have never been explained by an all-encompassing
analysis. Motivated by this deficit, we construct a new model
of water-droplet crystallization that evolves the processes of ho-
mogeneous nucleation and crystal growth during cooling.

In the previous models, different experiments were compared
in terms of the nucleation rates, but would be more directly com-
pared in terms of their crystallization temperatures because the
method of evaluating the nucleation rate differs among experi-
ments. In this study, we can obtain the crystallization temperature
and compare directly the experimental data. Furthermore, we ob-
tain the evolution of number of nuclei in a droplet. The model re-
produces not only the crystallization of water but also vitrification
process. The model explains well most of the experimentally ob-

tained crystallization temperatures of supercooled water droplets
and evaluates the crystallization temperatures in various environ-
ments. Our analysis can also predict the critical cooling rate of
vitrification. The analytical model of the crystallization process
assists our understanding of ice nucleation and predict the crys-
tallization process in environments that cannot be replicated in
the laboratory. Section 2 of this paper describes the model of
crystallization of water droplets, which solves the time evolutions
of homogeneous ice nucleation and crystal growth throughout
the cooling process. The model obtains the crystallization tem-
perature and the number of crystal nuclei. Section 3 presents the
results and compares them with the results of previous experi-
ments. The study is summarized in Section 4.

2 Basic equations

In general, droplets crystallize by two consecutive processes: the
nucleation from liquid to crystal and crystal growth of the nu-
clei. These processes rely on two important quantities. First is
the surface energy at the liquid-solid interface, which determines
the nucleation rate from liquid to crystal. The other is the ac-
tivation energy of molecular diffusion in the liquid16. We con-
sider the crystallization of liquid droplets while cooling from the
melting temperature Tm(=273.15 K). This study revises our previ-
ous model18, which determines the interfacial tension σ between
melt and the crystalline phase, and the activation energy Ea of
molecular diffusion in a silicate melt. The model in18 ignores the
size dependence of the crystallization process because it assumes
a fixed droplet size and many nuclei in the droplet. In fact, if
the number of nuclei in the droplet is much larger than unity, the
size effect vanishes because there is no size dependence in the
temperature-dependent nucleation and growth rates. However,
the crystallization process of smaller droplets starts later than that
of larger droplets because growth requires at least one nucleus.
The present study incorporates the size effect.

The nucleation rate is calculated as2:

J = nZ f exp
{
−∆G∗

kT

}
, (1)

where n is the number density of the molecules in the liquid par-
ticle, T is the droplet temperature, k is the Boltzmann constant, f
is the attachment rate of molecules to a critical nucleus with size
i∗, and Z is a factor called the Zeldovich factor. Using the imping-
ing rate of molecules per surface molecule Dn2/3 (where D is the
self-diffusion coefficient) and the number of surface molecule of
a critical nucleus Ai2/3

∗ n2/3, f is given by

f = Ai2/3
∗ n4/3D, (2)

with

D = D0 exp
(
− E

kT

)
, (3)

where E is the activation energy of diffusion and D0 is a constant.
∆G∗ in Eq.(1) is the minimum work of forming an embryo of crit-
ical size i∗. ∆G is given by

∆G =−∆µi+σAi2/3, (4)
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Table 1 Sizes, cooling rates, and crystallization temperatures Tc [K] of water droplets obtained in various experiments

size cooling rate [Ks−1] Tc [K] method reference
3.3 nm 5.0 ×105 200 Supersonic nozzle 4

3.2 nm (4-4.5) ×105 202 Supersonic nozzle 11

3.5 nm (4-4.5) ×105 205 Supersonic nozzle 11

4.3 nm (4-4.5) ×105 214 Supersonic nozzle 11

5.8 nm (4-4.5) ×105 215 Supersonic nozzle 11

0.1µm 4.0 ×103 228 Expansion cloud chamber 3

7.5 µm 3.3 ×103 227 Gas dynamic virtual nozzle 12

0.1 µm 4.0 ×103 233 Expansion cloud chamber 3

20 µm 10 235.5 Cold stage 10

20 µm 7.5 235.75 Cold stage 10

20 µm 5 236.2 Cold stage 10

20 µm 2.5 236.4 Cold stage 10

80 µm 2-100 235-237 Microfluidic instrument 9

5 µm (0.38-1.166) ×10−2 236-237 Large aerosol chamber 7

(140-490) µm 0.1 -1.3 237.1 Levitator 6

(10-70) µm 293 236-237 Levitator 5

where σ is the interfacial tension between the liquid and crys-
talline material and Ai2/3 is the surface area of a size-i embryo.
For a sphere, A = 4πr2

0i2/3 with r0 (the mean inter-particle sepa-
ration in the liquid phase). ∆µ is the difference of the chemical
potential between liquid and crystalline phases. It is calculated
as ∆µ = kT ln(Psw/Psi), where Psw and Psi are the saturation va-
por pressures over liquid water and ice, respectively. At the criti-
cal size i∗ = [2Aσ/(3∆µ)]3 and given Z =

√
Aσ/(πkT )/(3i2/3

∗ ), the
nucleation rate is rewritten as2,19,20

J =
A
3

n7/3
√

Aσ
πkT

D

×exp
{
− 4

27
[Aσ/(kT )]3

[ln(Psw/Psi)]2

}
. (5)

Meanwhile, the growth rate of crystalline phase is given by21,22

da
dt

= Dn1/3
[

1− exp
(
−∆µ

kT

)]
, (6)

where a is the crystal radius. The second term in the bracket in
Eq.(6) describes the effect of the latent heat deposition, which
re-melts crystalline surface.

We consider a cooling gas with a cooling rate u(= dTgas/dt)
and melt droplet cooling by heat conduction through the ambient
gas and thermal radiative cooling. The gas temperature Tgas and
droplet temperature T are, respectively, given by

Tgas = Tm −ut,

4
3

πr3ρdCd
dT
dt

= −4πr2α(T −Tgas)

−4πr2σSBε(T 4 −T 4
gas)+H, (7)

where the droplet is assumed isothermal because of its small size.
Cd is molar heat capacity and ρd is the density of the droplet18.
The first term on the right-hand side of Eq.(7) describes conduc-
tive cooling. α is the heat transfer coefficient of the ambient gas,
which generally depends on the gaseous number density ng, i.e.,
α ≃ 2ngvthk, vth is the thermal velocity of gas18. In this study, α is

determined by fitting the given cooling rate. The second term on
the right-hand side of Eq.(7) is thermal radiative cooling, and σSB

and ε are the Stefan Boltzmann constant and efficiency of ther-
mal radiation emission, respectively. H is the heating rate due to
deposited latent heat of crystallization, expressed by

H =
4
3

πa3ρdL
dθ
dt

, (8)

where L is the latent heat of crystallization per unit mass.

The number N(t ′) of critical crystal nuclei in a particle formed
between times t ′ and t ′+dt ′ is

Nv(t ′)dt ′ = [V0 −Vc(t ′)]J(t ′)dt ′, (9)

where the nucleation rate J is the number of nuclei formed per
unit time per unit volume, V0 is the volume of initial liquid parti-
cle, and Vc is the crystal volume in the particle, given by

Vc(t) =
∫ t

0
[V0 −Vc(t ′)]J(t ′)βva3(t, t ′)dt ′, (10)

where βva3 is the volume of a growing crystalline nucleus. The
geometrical factors βv depends on the morphology of the crystal
growth; for spherical growth (as assumed in this study), βv =

4π/3. Using (10) and the volume fraction of the crystal in the
particle, θ ≡Vc/V0 is given by

θ(t) =

{
0 t < t0,∫ t

0 [1−θ(t ′)]J(t ′)βva3(t, t ′)dt ′ t0 < t,
(11)

where t0 is the onset time of ice nucleation with unity number
of critical nuclei Nv in a particle. It should be noted that the
condition (11), which involves t0, is excluded in18. From Eq.(9),
Nv is given by

Nv(t) =
∫ t

0
N(t ′)dt ′ =

∫ t

0
[V0 −Vc(t ′)]J(t ′)dt ′. (12)

Solving Eqs. (5), (6), (7), and (11), we obtain the time evolu-
tions of nucleation rate,crystal growth, particle temperature, and
volume fraction of the crystal, respectively. In solving these equa-
tions, we need several thermal quantities of water. Especially im-
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portant quantities are the liquid-solid interfacial surface tension
and the activation energy of diffusion of molecules in liquid. For-
tunately, many data of interfacial tension for water are available
within some range. In this study, we adopt the liquid-solid inter-
facial tension given by

σ = 29.1+0.1(T −273.15)erg cm−2, (13)

where the interfacial tension at the melting point σ0 =

29.1 erg cm−2 was evaluated in23 and was recommended in late
studies16,24. As the crystallization temperature depends largely
on the interfacial tension, we varied the interfacial tension in the
model calculations. According to our results, the interfacial ten-
sion given by Eq.(13) can explain most of the water crystalliza-
tion results obtained in previous experiments, as will be shown in
Section 3.

We adopt two sets of diffusivity data. The first is diffusivity for
amorphous ice (ASW), determined by26:

D = 2.8×10−3 exp
(

−892
T −119

)
cm2s−1. (14)

The second is the diffusivity of supercooled liquid (SCL) water27,
which is extrapolated to low temperature with Arrhenius equa-
tion:

D = 1.5×10−2 exp
(
−2045

T

)
cm2s−1. (15)

Fig. 2 plots the diffusivities of ASW and SCL versus temperature.
There is no large difference between two diffusivities at tempera-
tures above 230 K, but at lower temperatures, the SCL diffusivity
is much lower than the ASW diffusivity. It should be noted that
Eq. (15) agrees well with the diffusivity at T ≃ 60 K obtained
by28, who demonstrated that liquid-like water forms from the
UV-irradiated vapor-deposited amorphous ice around 50-140 K.
The other thermal quantities of water adopted in this study are
shown in Table 2.

As the previous studies suggested, the internal pressure
in nanometer-droplets is several orders greater than in a
micrometer-droplet due to the Laplace pressure12,13. The large
pressure may cause the deviation of the self-diffusion coefficient
D in nanometer-sized water droplets, but the effect would not be
large because the pressure dependence of D in liquid is generally
small. However, there is another possibility that the self-diffusion
in nanometer-droplets is larger than the bulk value because of the
surface effect, i.e., the molecules in small droplets were more dif-
fusive than in the bulk liquid due to the surface effect of the finite
boundary31. This effect increases the nucleation rate, although
the dependency is not fully understood yet. Furthermore, it is
suggested that the interfacial tension between liquid water and
ice in nanometer-droplets deviates from bulk value due to the
pressure effect17. If the interfacial tension in nanometer droplets
is larger than the bulk value, the nucleation rate decreases17.
Because of the lack of thermodynamic quantities in nanometer
droplets, we did not take into account the size dependence. Addi-
tional future experiments for nanometer-sized droplets will pro-
vide constraints for thermodynamic quantities and improve the
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Fig. 2 Diffusion coefficients of amorphous ice (ASW, black) given by
Eq.(14) 25,26 and supercooled liquid water (SCL, red) given by Eq.(15) 27

as functions of temperature. The diffusivity at T = 60 K obtained by 28

with the use of D = kT/(6πηro) with viscosity η , is also shown.

analysis for small droplets.

3 Results and discussion
Figure 3 shows a typical example of the model simulations. The
droplet is 10 µm in size, and the cooling rate is 30 Ks−1 with α =

1.1×105 erg s−1cm−2K−1 and ε = 1. Fig. 3(a) shows the evolving
temperature of the water droplet. The droplet starts to crystallize
at T = 235 K at t = 1.4 s. Hereafter, the temperature at which
crystallization begins is called the crystallization temperature Tc.
The temperature jumps from the crystallization temperature to
the melting point Tm as latent heat of crystallization is released.
Fig.3(b) shows the number of critical nuclei included in a droplet
(left vertical axis) and the volume ratio of the crystal to initial
volume (right vertical axis) over time.

In this case, the number of critical nuclei is unity, and the num-
ber of molecules included in a critical nucleus is 111. The crys-
tallization proceeds because of the growth of the critical nucleus.
The nucleation rate increases as the temperature decrease over
time (Fig.3(c)), but nucleation ceases after the start of crystal-
lization because the temperature rapidly increases at that time.

Figure 4 shows the same evolutions as Fig. 3 but for various
cooling rates. The crystallization temperature is very similar at
the three cooling rates, showing a slight increase as the cooling
rate reduces: Tc = 234, 235, and 236 K at the cooling rates of
30, 3.0, and 0.3 Ks−1, respectively. The number of critical nuclei
is unity in all cases, indicating that the crystallization proceeds
quickly once the nucleus forms and the single crystal forms. The
numbers of molecules in the critical nucleus are 111, 115, and
120 at cooling rates of 30, 3.0, and 0.3 Ks−1, respectively. As
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Table 2 Physical properties of water

property value reference
molecular weight MH2O [g mol−1] 18.015 29

density of liquid ρd 0.08 tanh((T −225)/46.2)+0.7415((647.15−T )/647.15)0.33 +0.32 29

Equilibrium vapor pressure [Pa]
liquid Psw exp(54.842763−6763.22/T −4.210ln(T )

+0.000367T + tanh(0.0415(T −218.8))×
(53.878−1331.22/T −9.44523ln(T )+0.014025T )), 123 < T < 332 K 30

ice Psi exp(9.550426−5723.265/T +3.53068ln(T )
−0.00728332T ) at T > 110 K 30

molar heat capacity Cd [Jmol−1K−1] −2.0572+0.14644T +0.06163T exp{−(T/125.1)2}, T > 20 K 30
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Fig. 3 (a) Time evolutions of droplet temperature, (b) number of critical
nuclei in the droplet (left vertical axis, red solid line) and volume ratio
between the crystal and initial volumes (right vertical axis, black dotted
line), and (c) nucleation rate. The droplet is 10 µm in size, and the cooling
rate is 30 Ks−1.
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Fig. 4 Same as Fig. 3 but for various cooling rates (30 Ks−1 (red), 3 Ks−1

(black), and 0.3 Ks−1 (blue)). The crystallization temperatures are 234,
235, and 236 K for cooling rates of 30 Ks−1, 3 Ks−1, and 0.3 Ks−1, re-
spectively. In all cases, the particle contains unity number of nuclei.

stated in Section 1, the crystallization temperatures obtained in
experiments are around 235 K, which minimally change over a
wide range of cooling rates. Our analysis results are consistent
with the experimental findings.

Fig. 5 shows the same evolutions as Fig. 3, but for various and
larger cooling rates. The droplet size is 10 µm. The droplet crys-
tallizes at cooling rates of 2.18× 106 Ks−1 and 1.07× 107 Ks−1.
Note that the number of critical nuclei is much larger than at
the smaller cooling rates shown in Fig. 4, being 1.03× 104 and
2.18×106 at cooling rates of 2.18×106 Ks−1 and 1.07×107 Ks−1,
respectively. In the case that the number of nuclei is larger than
unity, polycrystal forms. The average size of polycrystal is given
by (V0/Nv)

1/3. Accordingly the average size of polycrystal is 0.46
µm (or 0.1 µm) for the cooling rate of 2.18 × 106 Ks−1 (or

Journal Name, [year], [vol.], 1–9 | 5



10−7 10−6 10−5 10−4

150

200

250

10−7 10−6 10−5 10−4

1010

1020

1030
10−7 10−6 10−5 10−4

100

105

1010

0

0.5

1

T [K]

time [s]

Nv

J c
[c

m
−

3 s−
1 ]

V
c /V

0

Fig. 5 Same as Fig. 3 but for various larger cooling rates. At cooling
rates of 2.18×106 Ks−1 (green) and 1.07× 107 Ks−1 (black), the crystal-
lization temperatures are 221 K and 211 K, respectively, the numbers of
critical nuclei are 1.03× 104 Ks−1 and 2.16× 106 Ks−1, respectively, and
the numbers of molecule included in a critical nucleus are 36 and 16, re-
spectively. At much larger cooling rates (blue and pink curves correspond
to the cooling rates of 2×107 Ks−1 and 1.3×108 Ks−1, respectively), the
crystallization hardly proceeds.

1.07×107 Ks−1) in Fig. 5.
In the case of small cooling rates as shown in Fig. 4, once one

nucleus forms, the nucleus grows fast due to high self-diffusivity
and the crystallization proceeds quickly. This indicates that the
first nucleus controls the droplet crystallization, i.e., there is less
chance to form second nucleus. On the other hand, in the case of
large cooling rates, a lot of nuclei forms because of large nucle-
ation rate and crystal growth rate is small due to low temperature,
indicating that the crystal growth rate controls the droplet crys-
tallization rather than the nucleation. In Fig. 5, when the cooling
rate exceeds 2.18×106 Ks−1, the crystallization is incomplete be-
cause the self-diffusivity is too small (i.e., the viscosity is too high)
to grow the crystal nuclei, although many nuclei form.

Figure 6 shows the same evolution as Fig. 3 but for various
droplet sizes. The cooling rate is fixed at 30 Ks−1. The crystal-
lization temperatures depends on the droplet size, i.e., Tc =242,
235, and 223 K for 1000 µm, 10 µm, and 10 nm particles, respec-
tively. This difference among the crystallization temperature can
be explained by the waiting time before the nuclei form, which
depends on the droplet volume. Accordingly, the crystallization
starts earlier for the larger droplets at the same cooling rate.

In the present model, the interfacial tension was used by a stan-
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Fig. 6 Same as Fig. 3(a) but for various droplet sizes. The cooling rate
is fixed at 30 Ks−1. The crystallization temperatures of 1000µm, 10µm,
and 10nm particles are 242, 235, and 223 K for respectively.

dard model (Eq.(13)). To check the effect of interfacial tension
on the temporal evolution of temperature, we changed the inter-
facial tension by ±10% of the standard value. The results are
plotted in Fig. 7. At a smaller interfacial tension, the crystal-
lization begins earlier at higher temperature than the standard
value because decreasing the interfacial tension enhances the nu-
cleation rate. As shown in Fig. 7, a 10% change of the interfacial
tension largely affects the crystallization temperature; specifically,
decreasing (increasing) interfacial tension by 10% increases (de-
creases) the crystallization temperature by 6 K (7 K). Accordingly,
the interfacial tension given by Eq.(13) can reasonably reproduce
the crystallization temperatures obtained in the previous experi-
ments.

We then calculated the crystallization temperatures while vary-
ing the cooling rates and droplet size in the model (Fig. 8 and
Table 3). The solid and dotted curves in Fig. 8 plot the crys-
tallization temperatures as functions of cooling rate for 10 nm,
10 µm, and 1000 µm in the ASW and SCL diffusivity cases, re-
spectively. The crystallization temperature is approximately given
by J(Tc)V0τ ≃ 1 with a cooling time (τ = |Tm/(dTgas/dt)|). Table
3 displays the crystallization temperature, number of critical nu-
clei in the droplet, and the number of molecules included in the
critical nucleus in each scenario.

As shown in Figure 8, the crystallization temperature of par-
ticles sized 1 µm to 1000 µm ranges from 230 K to 240 K at
cooling rates below 104 Ks−1. When the cooling rate exceeds
104 Ks−1, the crystallization temperature decreases rapidly. On
the other hand, the crystallization temperature of 10-nm parti-
cles is 200-230 K at cooling rates below 104 Ks−1. When the
droplets are small, the calculated crystallization temperature is
larger in the ASW-diffusivity scenario than in the SCL-diffusivity
scenario. This result suggests that the diffusivity of the super-
cooled liquid droplet better explains the experimental result of
nano-sized droplets than the ASW diffusivity.

The maximum cooling rates calculated using the model (solid
lines in Fig. 8) correspond to the critical cooling rates of vit-
rification. For the 10 nm, 10 µm, and 1000 µm sized parti-
cles, the vitrification rates are 2.9 × 106 Ks−1, 8.9 × 106 Ks−1,
and 1.4× 107 Ks−1, respectively in the ASW-diffusivity scenario
and 9.6 × 107 Ks−1, 1.8 × 108 Ks−1, and 1.8 × 108 Ks−1, re-

6 | 1–9Journal Name, [year], [vol.],



1 2
200

220

240

260

280

T [K]

time [s]

Fig. 7 Temperature evolution in the droplet particles with various interfa-
cial tensions between the liquid and solid (0.9σ (green), σ , (red) and 1.1σ
(purple)), where σ is given by Eq.(13). The droplet size is 10 µm and the
cooling rate is fixed at 30 Ks−1.

spectively, in the SCL-diffusivity scenario. Water droplets vit-
rify at an extremely large cooling rate ( considered to exceed
>∼ 106−7 Ks−1 2,14,15). The obtained critical cooling rates for vitri-
fication are consistent with these of previous experiments.

In the present study, we considered both the ASW and SCL
diffusivity constants. The results of two diffusivity scenarios are
identical for large particle (1 µm to 1000 µm) because there is
a negligible difference between two diffusivities at temperature
around 235K (see Fig. 2). However, for small particles (10 nm),
the crystallization temperature decreases, and the two diffusiv-
ity constants give largely different results, with the SCL diffu-
sivity more accurately describing the experimental results than
the ASW diffusivity. Experiments on small droplets provide low-
temperature information (the no man’s land region of the temper-
ature versus cooling rate plot). Further experiments on particles
sized 10-100 nm are necessary for a more detailed comparison.

As stated in Introduction, since water readily supercools, water
clouds as well as fogs are frequently found in the atmosphere
at temperatures below 0◦C. The supercooled droplets have been
observed at temperatures as low as -40◦C all over the world (e.g.,
-35◦C over Germany, -36◦C over Russia, and -40◦C over the Rocky
Mts.)32. Cloud droplet sizes vary from a few micrometers to 50
µm with average diameters usually in the l0 to 20 µm range33.
Since the cooling rates are considered to be in the range of 10−3

to 1 K s−1 32,33, the crystallization temperatures evaluated by our
analysis are 36-38◦C, which are consistent with the observations.
Our analysis is applicable in microphysics of clouds, especially the
frozen probability in clouds.

4 Conclusions
We proposed a theoretical model that simultaneously describes
nucleation and crystal growth in a water droplet. The model
extends our previous model by incorporating the droplet size-
dependence of the crystallization process. Especially, smaller
droplets begin crystallizing later than larger droplets because they
are less likely to form a nucleating center in a given time. For
a given volume and cooling rate, this model computes the crys-
tallization temperature and the number of crystal nuclei in the
volume.

According to our model, the crystallization temperature de-
pends on the droplet size and the cooling rate. The model well
replicated the results of previous laboratory experiments, espe-
cially, the different responses of the crystallization temperatures
of the micrometer- and nanometer-sized particles as function of
cooling rates. For cooling rates below 104 Ks−1, the crystallization
temperature of particles sized 1 µm to 1000 µm was 230-240 K.
For cooling rates beyond 104 Ks−1, the crystallization temperature
decreased rapidly. However, the crystallization temperature of the
10 nm particles was 200-230 K at the cooling rate below 104 Ks−1.
We also try two diffusion constants: the diffusivity of amorphous
ice (ASW) and the diffusivity of supercooled liquid (SCL) wa-
ter. At low cooling rates, the ASW and SCL diffusivities gave the
same results for micrometer-sized particles, because these parti-
cles crystallize at temperature around the homogeneous nucle-
ation temperature (235K), where both diffusivities are identical.
However, for nanometer-sized particles, the crystallization tem-
perature is lower and the SCL diffusivity is more accurate than
the ASW diffusivity.

This model also elucidated the behavior of vitrifying water
droplets. In the previous experiments, the critical cooling rate
for vitrification was believed to exceed 106−7 Ks−1. In the SCL-
diffusivity scenario, the critical cooling rates for vitrification were
≃ 107−8 Ks−1, consistent with those of previous experiments.

The present analysis is useful not only for the comprehensively
understanding the ice nucleation of droplets but also for applica-
tion in various environments such as cirrus clouds. It will also
supplement practical work by providing accurate predictions in
difficult experimental scenarios.
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