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Abstract

The class of selfdecomposable distributions in free probability theory was introduced by Barndorff-
Nielsen and the third named author. It constitutes a fairly large subclass of the freely infinitely divisible
distributions, but so far specific examples have been limited to Wigner’s semicircle distributions, the
free stable distributions, two kinds of free gamma distributions and a few other examples. In this paper,
we prove that the (classical) normal distributions are freely selfdecomposable. More generally it is
established that the Askey-Wimp-Kerov distribution p. is freely selfdecomposable for any ¢ in [—1,0].
The main ingredient in the proof is a general characterization of the freely selfdecomposable distributions

in terms of the derivative of their free cumulant transform.
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Keywords: Free infinite divisibility, free selfdecomposability, free cumulant transform, normal distribu-

tions, Askey-Wimp-Kerov distributions.

1 Introduction

Infinitely divisible distributions and Lévy processes have constituted a major role in the development of
probability theory for more than eighty years (see [22] for some main aspects). Following Voiculescu’s
foundation of free probability theory in the early 1980’s he further introduced the class of infinitely divisible
distributions with respect to free additive convolution H (see [23, 9]). We denote this class by I(H), and
refer to its members as freely infinitely divisible (FID) distributions. As in classical probability the FID
distributions can be characterized as those admitting a Lévy-Khintchine representation of the free analog

of the cumulant transform. This was established by Bercovici and Voiculescu in [9]. Specifically the free



cumulant transform C, of a (Borel-) probability measure p on R is defined in terms of its Cauchy-Stieltjes

transform G, given by

Gulo) = [ —utd.  zech,
where CT (resp. C™) denotes the set of complex numbers with strictly positive (resp. strictly negative)
imaginary part. Note in particular that Im(G,(z)) < 0 for any z in C*, and hence we may consider the
reciprocal Cauchy transform F),: Ct — C* given by F,(z) = 1/G,(z) for z in C*. For any probability
measure 4 on R and any A in (0, 00) there exist positive numbers «, 3 and M such that F), is univalent on

the set Ty g := {z € C* [Im(2) > 3, |Re(2)| < alm(z)} and such that F},(T's,5) D I'x a. Therefore the right

inverse F- L of F, exists on I'y as, and the free cumulant transform C, can be defined by
Cp(w) = wFljl(l/w) —1, for all w such that 1/w € I'y u. (1)

The name refers to the fact that C, linearizes free additive convolution (cf. [9]). Variants of C,, (with the
same linearizing property) are the R-transform R,, and the Voiculescu transform ¢,, related by the following
equalities:

Cu(w) = wRy(w) = wep,(L). (2)
The free version of the Lévy-Khintchine representation now amounts to the statement that a probability

measure 4 on R is in [(H), if and only if there exist a > 0, n € R and a Lévy measure! v such that

1
1—wx

Cu(w) = aw® + nw + /]R ( —1—wzli_y (x)) v(dx). (3)

The triplet (a,7,v) is uniquely determined and referred to as the free characteristic triplet for u, and v is
referred to as the free Lévy measure for pi. In terms of the Voiculescu transform ¢,, the free Lévy-Khintchine

representation takes the form:

oo =+ [ o, (zech), (@)

where the free generating pair (v, ) is uniquely determined and related to the free characteristic triplet by

the formulas:

1+ 2

V(dt) = T . 1R\{0} (t) O‘(dt)7
1

n="+ /Rt(q_l,l](t) - 1?2) v(dt), (5)
a=0c({0}).

In particular o is a finite measure. The right hand side of (4) gives rise to an analytic function defined
on all of C*, and in fact the property that ¢, can be extended analytically to all of C* also characterizes
the measures in I(H). More precisely Bercovici and Voiculescu established in [9] the following fundamental

result:

Theorem 1.1. A probability measure p on R is in I(B), if and only if the Voiculescu transform ¢, has an

analytic extension defined on CT with values in C~ UR.

1A (Borel-) measure v on R is called a Lévy measure, if #({0}) = 0 and [ min{1, 2%} v(dx) < oo.



Research on FID distributions developed rapidly since 1999, when Bercovici and Pata introduced and
studied a natural bijection between the classes of classically and freely infinitely divisible distributions (see
[10] and [6]). As a natural step in this development the class of freely selfdecomposable (FSD) distributions
was introduced in [5]. A probability distribution u on R is said to be FSD, if, for any ¢ in (0,1) there
exists a probability measure p. such that gy = D.(u) B p., where D () denotes the scaling of u by the
constant ¢. We denote the set of all freely selfdecomposable distributions by L(H). Chistyakov and Goetze
[12, Theorem 2.8] identified the class L(H) with the set of possible weak limits of

5anEEDbn(N1EEH2E"'EEHn)7 n:172737"'7 (6)

where a, € R,b, > 0 and 1, po, ... are probability measures on R such that {Dy,, (%) }1<k<n,1<n forms
an infinitesimal array. This is in complete analogy with the classical limit theorem for (classically) selfde-
composable distributions (see e.g. the book of Gnedenko and Kolmogorov [14]).

If 11 is FSD then p is automatically FID (see [5]), and therefore has a Lévy-Khintchine representation. The
FSD distributions can then (in full analogy with selfdecomposability in classical probability) be characterized
as the FID measures for which the free Lévy measure v (appearing in the free characteristic triplet) takes

the form:

v(dz) = ]ﬁlk\{o} (x) dz, (7)

where the function k: R\ {0} — [0, 00) is non-decreasing on (—o0,0) and non-increasing on (0,00). From

this characterization one can readily list a number of examples of FSD distributions.

Examples 1.2. (i) For any a in R and r in (0, 00) the semi-circle distribution centered at a and of radius

r is the probability measure v, . given by

2
’Ya,T(dt) = ?\/ T2 — (t — a)2].[a_r7a+r] (t) dt

These distributions are freely selfdecomposable, as 7, has free characteristic triplet (%, a,0).

(ii) The free stable distributions with index « € (0,2) are FSD, as they have free characteristic triplets
(0,m,v), where v has the form (7) with

k(x) = cx™10,00) () + |27 Zs0,0y (2),

and ¢, ¢’ are parameters in [0,00). The main distributional properties of the free stable distributions

were uncovered by Biane in the appendix to [10].

(iii) The free Meixner distributions have been studied intensely by e.g. Saitoh and Yoshida [21], Anshelevich
[2] and Bryc and Bozejko [11]. In [11] these distributions are introduced as the two-parameter family

{lta,p | @ € R,b > —1} of probability measures with Cauchy-Stieltjes transforms given by

(1+2b)z+a—+/(z—a)?—4(1+)

+
2(b22 +az +1) ’ (zeC).

Gpay(2) =

More generally all increasing affine transformations of the measures p,; are also referred to as free
Mexiner distributions. It was shown in [21] that ug p is B-infinitely divisible when b > 0. If a = b =0,

Ia.b is a semi-circle distribution and hence FSD. The case b = 0, a # 0 corresponds to the free Poisson



distributions, which are not FSD (see (vi) below). If b > 0, the free Lévy measure for D¢(uq,p) is given
by

1 /4bc? — (z — ca)?

V(dx) = % .’£2 1[00,726\/5700,«%26\/3] (.27) dz

for any positive number c¢. Elementary calculus shows that the function

1 /4bc® — (x — ca)?

k(:l?) - 2771'1) |.’13| 1[ca—20\/g,ca+2cﬁ] (‘T)

satisfies the monotonicity property described in (7), if and only if 4b > a?. Thus D.(uap) is FSD, if
and only if 4b > a?. In case this inequality is strict, tap is termed a pure free Meixner law in [11],

whereas the case 4b = a? is referred to as a free gamma distribution.

(iv) Pérez-Abreu and Sakuma [20] introduced another type of free gamma distributions, namely the images
of the classical gamma distributions under the Bercovici-Pata bijection. They have free Lévy measure

in the form:

—Qax

ce

v(dr) = 1 (g ) () do,

X

where a and ¢ are positive parameters. As the function x +— ce™**

is non-increasing on (0, co),
these free gamma distributions are also FSD. Their main distributional properties were uncovered by

Haagerup and Thorbjgrnsen in [15].

(v) The Student t-distribution with 3 degrees of freedom is the probability measure given by the Lebesgue
density
t2

f(t) = %ﬁ(l + 3)72, (t € R).

In the recent paper [16] it was found that this distribution is FSD.

(vi) For Ain (0,00) and « in R\ {0} the free Poisson distribution with parameters (A, &) is the probability

measure fy o given by

1

fin e (dt) = (1= N)Too(dt) + m\/@\a? —(t— a1+ X))z aavmyy (@) dt

(see e.g. [19]). This distribution is FID but not FSD, since its free Lévy measure is v(dt) = Ao, (dt).
Note that, in some contexts, the free Poisson distributions are also referred to as free gamma distri-

butions (not to be mistaken with the two classes described above).

The examples above illustrate the general fact that all FSD distributions are unimodal (in full analogy
with classical probability theory). This was established in [17].

Triggered by a question of Pérez-Abreu, it was recently proved by Belinschi et al. (see [7]) that the
classical normal (or Gaussian) distributions are FID. The proof is based on the characterization of I(H) in
Theorem 1.1. As a natural follow-up question Marek Bozejko asked whether the normal distributions are
FSD or not. In order to answer Bozejko’s question (in the positive), this paper establishes a characterization
of the free cumulant transform of FSD distributions akin to Theorem 1.1 (see Theorem 2.7 below). Based on
some facts about the Voiculescu transform of the normal distribution, established in [7], and a fundamental

theorem due to Kerov (see Theorem 3.1), we can subsequently argue that the normal distributions satisfy this



characterization. More generally we prove, using the same method, that the Askey-Wimp-Kerov distribution
tte is FSD for any ¢ in [—1,0]. Let us recall here (see e.g. [18]) that for any ¢ in (—1, c0) the Askey-Wimp-

Kerov distribution p. is the measure on R with Lebesgue density

1 N
Ke(t) = mﬂj—c(“ﬂ ?, (teR),

where D_.(z) is the solution to the differential equation:

satisfying the initial conditions:

F(l)z—c/Q F(_l)2—(c+l)/2
D_.(0) = 276, and D’ (0)= —Z ———
D(45) I'(g)

When ¢ > 0, the solution D_. has the integral representation
e—z2 /4

D) = g

e 2
/ e # e /2 4.
0

It was proved in [3] that for any ¢ in (—1,00) the measure p. is a probability measure. The case ¢ = 0
corresponds to the standard Gaussian distribution N(0,1), and the family (ic)ce(—1,00) can be extended
continuously at —1 by defining u—_; to be the Dirac point mass dg at 0. Then for all ¢ in [—1,00) the

Cauchy-Stieltjes transform G, has the continued fraction expansion:

1
Guc(z) = ?
c+1

c+2

c+3

z —
2 — e

or, equivalently, the orthogonal polynomials (H,(;¢))nen, With respect to y. are given by the recurrence
relation:

Hyi1(z;5¢) = xHp(z5¢) — (¢ +n)Hp—1(x;¢), (n>1),

with Ho(z,¢) = 1 and H;(z;¢) = x. In the case ¢ = 0, one recovers the Hermite polynomials (the orthogonal
polynomials with respect to N(0, 1)), and for general ¢ the polynomials H, (z; c) are referred to as associated
Hermite polynomials (cf. [3]). Further information is available in [3, 7, 18].

The remaining part of the paper is organized as follows: In Section 2 we establish the above mentioned
characterization of the free cumulant transforms of FSD distributions. The proofs of some technical (but
rather elementary) lemmas in this section are deferred to an appendix in order to maintain a steady flow
of the paper. In Section 3, we prove the free selfdecomposability of the Askey-Wimp-Kerov distribution
e for any ¢ in [—1,0], and as an immediate corollary we conclude that all normal distributions are freely

selfdecomposable.



2 A characterization of free selfdecomposability in terms of the
free cumulant transform

In this section we establish a characterization of free selfdecomposability akin to the characterization of free
infinite divisibility in Theorem 1.1. To prove this result (Theorem 2.7 below), we first need to establish
some lemmas. The first four lemmas below are rather elementary, but for completeness we include proofs
of Lemma 2.1, Lemma 2.3 and Lemma 2.4 in the appendix. A proof of Lemma 2.2 can be found in e.g. [13,
page 150].

Throughout the paper log(z) denotes the usual (real-valued) logarithm of z, whenever z is a positive
real number. When 2z is a complex number, the relevant branch of the logarithm will be specified, if it is

not clear from the context.

Lemma 2.1. Let a,b be real numbers, such that a < b, and let f: [a,b] — R be a continuous function.

Consider further the standard argument function arg: C\ {iy | y € (—o00,0]} — (=%,2F). Then the

following assertions hold:

(i) Asv |0 we have that
b b
i / f(x)log((z — u)* +v*) dz — / f(z)log(|z — u|) dz uniformly w.r.t. u € [a, b].
(ii) For any anti-derivative F' of f, we have that
b
/ f(z)arg(u+iv — ) de — in(F(b) — F(u)) as v | 0, uniformly w.r.t. u € [a, b].
(i) As u+iv — 0 from C* we have that
b b
/ f(z)log((u — z)* + v?) de — / f(z)log(z?) du.

Lemma 2.2. Let p be a finite Borel measure on R, and let a,b be real numbers such that a < b, and such
that p({a}) = p({b}) = 0. Let further l(z) = p((z,00)) for any x in R. Then for any f in C*([a,b]) we have
that

b b b
/ f(@) plde) = —[f@)I@)]" + / f(@)i(x) d.

Lemma 2.3. Let p be a Borel measure on R such that [;log(2 + |z]) p(dx) < oco. Consider further the
function k: R\ {0} — [0,00) given by

oo 2 .
I p(dy),  if x>0,

k(x) = .
fioo ‘55’ p(dy), ifx <0.

Then k is increasing on (—00,0), decreasing on (0,00), and the following assertions hold:
(i) The measure %1]1@\{0}(%‘) dz is a Lévy measure.

(i) 22k(z) — 0 asx — 0.

(i) k(z)log(|z|) — 0 as |z| — .



(iv) For any z in C~ we have that

Tz

|z]— 00

)k(x) =0= alclg% <log(1 —xz)+ 72>k(x),

14+

where log is the standard branch of the logarithm on C\ (—o0,0].

Lemma 2.4. Let a,b be real numbers, such that a < b, and let m be a positive integer. Suppose further

that f: (a,b) — R belongs to L'((a,b),dz) N C™((a,b)). Consider also the Cauchy transform of f:

Gy(z) = bﬂdw, (z€CH).

0« 2T

Then G and all of its derivatives up to order m —1 can be extended to continuous functions on C*t U (a,b).

Lemma 2.5. Suppose that k is a function in C°(R\ {0}) with bounded support and such that k and all its
derivatives are bounded functions on R\{0}. Suppose in addition that k is increasing on (—oo,0) and decreas-
ing on (0,00), and let pu be the measure in L(HB) with free characteristic triplet (0, fil sign(t)k(t) dt, % dt).

Then the free cumulant transform C,, extends to an analytic function C,: C~ — C, such that Im(C,,(2)) <

0 for any z in C™.

Proof. For each t in R\ {0} we put k(t) = sign(t)k(t). Since u € L(B) C I (M), it follows from Theorem 1.1
and (2) that C,, can be extended to the analytic function C,: C~ — C given by

%@O=w/i%wdﬁyé(ljwt—1—wﬂ[mﬁﬁkﬁdﬁzé(ljwﬁ—gﬁﬁdt

:w/ ¢ @dt:w/ﬂdt

for any w in C~. Setting w = £ we find for any z in C" that

Cu (1) :i/k(t)dt:/Rk(t)tdt =: G (2). (8)

LT L o

Choosing n in N such that the support of k is contained in [—n, n], it follows by application of Lemma 2.4
to the restrictions of & to (—n,0) and (0,n) that Gy, and all its derivatives can be extended to continuous
functions on C* U (—n,0) U (0,n). Letting n — oo, we conclude that G, and all its derivatives can be

extended to continuous functions on C* U (R \ {0}). From (8) we have that
CL(3) = —2*Gi(2) (9)

for any z in C*. In particular we thus deduce that the function z > C;,(1/z) can be extended to a continuous
function on C* U (R\ {0}), and hence C;, can be extended to a continuous function on C~ U (R\ {0}). With

n chosen as above, we note further by dominated convergence that

n 2 ~ n _
C,(1) :/ ( : t)2k(t) dt — k(t)dt = / k(t)dt  as|z] = o0, z€ CTUR.
_n (2= —n R

It follows thus that the function ¥: C~ UR — C given by

W) - C(w),  ifweC™U(R\{0})

Jek(t)dt, ifw=0,

is continuous. In addition Im(¥) is harmonic on C~. We shall argue below that



(a) Im(¥(x)) <0 for any z in R.
(b) ¥(w) — 0, as |w| = o0, w e C~ UR.

Once (a) and (b) are verified, the proof is completed as follows: Given any € in (0, 00) and wg in C~, we
choose R in (0, 00), such that R > |wp|, and such that |¥(w)| < € for all w in C~ UR satisfying that |w| > R.

Putting vg = {Re® | 0 € [-7,0]}, it follows now by the maximum principle for harmonic functions that
Im(C’L(wO)) = Im(¥(wo)) <sup {Im(¥(w)) | w e [-R,R|Ur} <,

Since € was arbitrary, we conclude that Im(Cj,(wo)) < 0, as desired.
It remains to verify (a) and (b): Regarding (a) consider a fixed number a in (0,00). Then for any z in

(a,00) and any positive integer n it follows from (9) that

n

Gi(z+ 1) =G,~€(a+%)+/ Gr(t+£)dt
=Gjla+ 1) - /a (t+ )72+ 5) ™) dt —— Gjla) - /a t72C, (1) dt,
where the convergence follows e.g. by uniform continuity of z z_QCl’L(z_l) on [a, z] X ([0,1]). At the same
time the method of Stieltjes Inversion yields for Lebesgue-almost all z in (a, 00) that

R(z) = — 2 lim Im(Gi(x + £)) = —2Im(Ci(a)) + — /mt_le(C;L(t_l)) dt.

T n—oo s i

Since k is continuous, this equality actually holds for all z in (a, o), and hence we further deduce that

K (z) = %mﬂlm(CfL(afl)) (10)

for all z in (a,00). Since a was chosen arbitrarily in (0,00), (10) holds for all z in (0,00) and by similar
argumentation also for all  in (—o0,0). Thus for any x in R\ {0}, we conclude that Im(Cl’L(%)) = 122k (z) <
0 by the definition of & and the assumptions on k.

Regarding (b), we show that C,,( 1y > 0asz— 0,2 CHUR\ {0}. We note initially that

b 22 0 52
C.(3) = =G (=) Z/O mk(t)dt—/_b Wk(ﬂdt

for z in C*. Moreover, the assumptions on k entail the existence of the limits &’(0+) and &’(0—), since

(with b chosen as above)

b b
K (z) = 7/ K'(t)dt — 7/ K'(t)ydt  asz 0,
T 0
and similarly

T 0
K (z) :/ k//(t)dt*}/fbk”(t) dt  asx10.

—b
The same argument ensures the existence of the limits k”(0+) and £”(0—). Hence, for z = x + 4y in CT,

we can perform integration by parts twice as follows:

/Ob(i)Qk(t)dt—ZQ [@Tﬁ/j@dt
z z 0 z

b
= —zk(0+) — z2([ —log(z — t)k'(t)]g + /0 log(z — t)k" (t) dt)

b

= —2k(0+) — 22 log(2)k'(04) — 22/0 log(z — t)k" (t) dt,



where log is the standard branch of the logarithm on C\ {iy | y < 0}. Here —zk(0+) — 2% log(2)k’(0+) — 0,
as z — 0, 2 € CT. For the last term note that k" extends to a continuous function on [0, b], since the limit

k" (0+) exists in R as mentioned above. Hence we can apply Lemma 2.1(iii) to establish that

b b

lim sup ‘ / log(z — t)k” (t) dt| = lim sup %/ log((t — 2)* + y*)k" (t) dt + z/ arg(z —t +ay)k" (t) dt
z4>0 z—0 0 0
z€ z€Ct

b
<[4 [ w0 on() | + 1 b

b
< LRl / | og(t)] dt + | oo < oo,

so that 22 fob log(z — t)k"(t)dt — 0, as z — 0, z € CT. We conclude that fo t)zk:(t) dt — 0 as z — 0,
z € C*, and similar arguments show that f b 2t)2 k(t)dt — 0 as z — 0, 2 € CT. Thus we have established
that 22Gj(z) — 0 as z — 0, z € CT, and since the function z — 2?Gj/(z) is continuous on C*T U (R \ {0}),

this immediately implies that the same convergence holds as z — 0, z € CT U (R \ {0}). |

The following lemma is a modification of Lemma 4.1 in [17]. For completeness we include a full proof in

the appendix.

Lemma 2.6. Let k: R\{0} — [0, 00) be a function which is increasing on (—o0,0), decreasing on (0,00) and
such that I(I Ip\{0}(t) dt is a Lévy measure. Then there exists a sequence (ky) of functions k,: R\ {0} —

[0,00) satisfying the following conditions for all n in N:

(a) kn has bounded support.

(b) ky € C®(R\{0}), and k,, and all its derivatives are bounded functions.
(c) ky is increasing on (—00,0) and decreasing on (0,00).

) e, 1),

(d) 11 e t  asn — oo.

With the preceding lemmas in place we are now ready to prove the following characterization of the

freely selfdecomposable distributions on R.
Theorem 2.7. For a probability measure p on R the following statements are equivalent:
(i) p e L(B).

(ii) The free cumulant transform C, of p extends to an analytic map C, : C- — C, satisfying that
Im(C,,(w)) <0 for any w € C™.

(iii) There exists & in R and a measure p on R, satisfying that [, log(|z| + 2) p(dx) < oo, such that C;, can
be extended to all of C™ wvia the formula:

c;(w)=g+/ Y dr),  (weC). (11)

r1—xw



If (1)-(iii) are satisfied, then the pair (&, p) in (iii) is unique, and the free characteristic triplet for u is given
by (a,n, %dz), where

= 2o({0}),

f°° L p(dy),  if >0,

T

k(z) = (12)
1. 1;%’ p(dy), ifx<0.

Remark 2.8. Tt is a bit unexpected that the condition (ii) implies in particular that p € I(H) and hence the

condition in Theorem 1.1: Im(p,(2)) <0 for all z in C*. We provide an interpretation of this implication

in terms of free cumulants in Remark 2.11.

Proof of Theorem 2.7. (i) = (ii): Assume that p € L(H) with free characteristic triplet (7, a, I(z dx),

x|

where k is increasing on (—o0,0) and decreasing on (0,00). Then note that (cf. (3))

m(C,,(w)) = 2alm(w) + Im(dcfu / ( LI 1—twlj_qq(t) = k() dt) (weC™). (13)

1—tw [t]
Since a Im(w) < 0 for any w in C~, we may assume without loss of generality that a = 0. Furthermore, since
the right hand side of (13) does not depend on 7, it suffices to show that there exists a real constant 7y, such
that Im(C;, (w)) < 0 for all w in C~, where pg is the measure with free characteristic triplet (0, 7o, kl(t? dt).

By Lemma 2.6 we can choose a sequence (k, )nen of functions satisfying conditions (a)-(c) of that lemma,

and such that o, (dt) — o(dt) weakly as n — oo, where o, (dt) = ‘tlk (t) dt and o(dt) = EEIE? dt. Then let

n, and po be the measures in L(H) with free generating pairs (cf. (4) and (5)) (0,0,) and (0, ), respectively.

For any fixed z in C* we then have that

1+tz 1412
o) = [ ottt —— [ T otd) = 0 (2
R R

zZ — zZ —

and that

() = = [ et o = [ et = 6,2,

1+tz

as the functions ¢ — and t — (1+t)2 are both continuous and bounded on R. This further implies that

Cro () =00, (2) = 29, (2) —— €, (3)

n—oo
for any z in C*. By Lemma 2.5 we have that Im(C,, (w)) < 0 for any w in C~ and 7 in N, and hence also
m(C,,, (w)) < 0 for any w in C~. Since po has free characteristic triplet (0, 7o, &‘)) for some real constant
No, we have established the necessary condition described above.
(ii) = (iii): Assume that (i) is satisfied. Then the function z — —C, (1) is analytic from C* into
C* UR, and hence by Nevanlinna-Pick representation (see e.g. [1, Formula (3.3)]) there exist ¢ in [0, 00), &

in R and a finite measure p on R such that

—C;(%) :cz—g—l—/Rl—i—xZ p(dx), (z€CH).

r—Zz

Then

Cuw) =~ +e+ [ S pd), e

10



and it remains to establish that ¢ = 0 and that [, log(|z| + 2) p(dz) < oco. For y in (0,00) we note that
y
C(—iy) = Cy(—i) — i / c! (—it) dt,
1
so that

Re (Cu(—iy)) = Re (Cy(=i)) + Im (/jj cl (~it) dt)

= Re (C,(—i)) —/1y <§+Amp(d$)) dt

= Re (Cu(—1)) +clog () +/ (/yl 1 +a?%) dt)p(dm)

R ]. + t2x2
1+ 22
+ 1292

= Re (Cu(—1)) +clog (5) + %/R 1 ;24” log (1 ) p(dz).

Since ¢, (iv) = o(v) as v — oo (see Bercovici-Voiculescu [9, Proposition 5.6]), it follows that lim, o C,(—iy) =

—limy o iyp(iy~1) = 0. On the other hand the monotone convergence theorem yields that

. 1+ a2 1+ 22 1+ 22 9
im [ L tog (557) plde) = [ 5 loa(1 +4%) pldo) € 0,0

We thus conclude that
22

O:Re(C,L(fi))+c~oo+/le;2 log(1 + &) p(dx).

As a result, we obtain that ¢ = 0 and [, log(|z| 4 2) p(dz) < oo, as desired.

(iii) = (i): Assume that (iii) holds, and note initially that this implies that C,, also extends to an analytic
function on all of C~. Next let 2a = p({0}) and let z be a fixed point in C~. Then we denote by [—i, z] the
straight line from —i to z, and by sz C;,(w) dw the path integral of C,, along [~i, 2]. Since z,—i € C7, it is
standard to check that

Sup{’“—“’ |z € R, we [—i,2]} < oo,

l—zw

and hence we may apply Fubini’s Theorem in the following calculation:

€z =Cul-i)+ [ Cl(w)as

= C,u(—i) +[ (§+/R ff;: pld) ) dw

2

:cﬂ(—z‘)+/z (§+2aw+/R v p(dz) ) da

\{0} 1— 2w

—1

:Cu(—i)+€(z+i)+a(z2—i2)+/ﬂ{\{0} (/_ 2L 00) o)

W )r=z 1+ a2

{(flog(l — Tw) — 22

p(dz),

:C#(—i)+i§+a+fz+a22+/ -

R\{0}

where log is the standard branch of the logarithm on C\ (—o0,0]. By second order Taylor expansion, it

follows that log(1 — wz) = —wz — Fw?x? 4 o(2?), and therefore
3
log(1 —wz) + oo 1w?2? +o(2?), asz —0, (14)

1+22  1+a2
for each fixed w in C~. This implies that
xi |1+

log(1 + zi) — —— |—=— p(dz) < o0,
/[1,1]\{0} | 1+a2l 22

11



and since also

xi |1+ a? / . / 1
log(1 + =i dr) < 2|log(1 + x1 dx dzx
J o s = < [ ot wlptan) + [

< / 2(log(1 + laf) + 7) plde) + p(R\ [~1,1]) < ox,
R\[~1,1]

1+x2 2

by the assumptions on p, it follows that the integral fR\{O}(log(l + xi) — & )1+ar:2 p(d) is a well-defined

complex number. We thus conclude that

Tz 1+ 22
Culz) = A—&—fz—l—azz—i—/ m)TP(d@y (15)

( —log(l —zz) —
R\{0}

where A =C,,(—i) +i{ +a+ fR\{O} (log(1 + @) — 2,) 1422 p(da).

1422 2

Now we put

Ool+§’2 dy), ifxz>0
vy I

I 1;;%’ p(dy), ifz<0.

Then for any continuity points r, s of p, such that 0 < r < s, we find by application of Lemma 2.2 that

/TS(—log(l—xz) i )ler p(dx)

1+22/) a2
= [(1og(1 — z2) + —=— + = _ L) )k(2) da (16)
1+ 1 Tz I+
x x—a:3 T
:{(10g(1—xz)+1+ +/ 17112— (1+x2)2) (x>dx

Here Lemma 2.3(iv) entails that

[<log(17:1:z)+1f_72x2)k(x)}i — 0, asr ] 0and s 1 oo. (17)

Note further that

/: (1 fzm - z(fixx;’y) k(;) de = /: (1 —1:172 -1- le[,l,l](x))@dx + /: gz(x)@ dz, (18)

where
2T 1 T — 23 1—a?
90 = T ~ 1o P el — e = (@) ~ ()
Since g.(x) — 0 as |#| — oo and g.(x) = o(z?) as ¥ — 0, and since @dx is a Lévy measure (cf.

Lemma 2.3), it follows that [~ |gz(:z:)|@ dz < .
Considering now sequences (r,,) and (s, ) of continuity points for p, such that r, — 0 and s,, — oo as

n — 00, it follows by combining (16)-(18) that

/OOO (— log(l —zz) — &)1—1—7;32 p(dx)

1+ 22 2
Sn

1 2
= lim (—log(l—xz)— i )i

1122 pldz)

= z/ooo 55(1[*1,1](33) - (11;;22)2)]{:?) dz + /000 (1 sz —-1- le[,l’l](x))@ de.

x2

12



By similar arguments, it follows that

/0 (— log(l — zz) — i )ﬂ p(dx)

oo 1+22/) a2
0 2 0
1—2* \ k() 1 k(x)
= Z/;oo x(l[_171](;v) - m)m dx + /_OO (1 . —-1- 1'21[_171]((E))W de,
and combining these two formulas with (15), we obtain the expression:
1 k(x
Cu(2) = A+nz+a2? —i—/R (1 — L—z2l_q (x)) (73|) dz, (19)

where 1) = £+ [ 2(1_11j(2) — %)% dz. Finally, let u' be the measure in L(H) with free characteristic

triplet (a, ,M dz). Then by two applications of [9, Proposition 5.6] we find that 0 = lim,4C,(iy) =
n y1o by

||

A +limyp Cpr (iy) = A. Thus p = p/ € L(H), and this completes the proof. ]

Before stating the following corollary to Theorem 2.7 we recall that for a compactly supported probability
measure y on R the R-transform R, can be extended analytically to an open neighborhood of 0. Thus

Cu(z) = 2R, (2) admits a power series expansion:
Cu() = 3 hnln)e” (20)

in a ball around 0, and the coefficients {k,(u) | n > 1} are the free cumulants of u (see e.g. [8]). For a
general measure p on R with moments of all orders the free cumulants are defined from the moments via
Mobius inversion (see [19]) and (20) only holds as an asymptotic expansion (see [8]). Recall that a sequence
{an}p2, of real numbers is said to be conditionally positive definite if the N x N matrix {a;4;}; ;- is

positive definite for any N > 1 (see [19]).

Corollary 2.9. Let p be a Borel probability measure on R with moments of all orders, and let {£, (1)},

be the free cumulant sequence of . Then the following statements hold:
(i) If i is FSD then {nk, ()}, is conditionally positive definite.

(ii) Suppose further that u has compact support. Then u is FSD if and only if {nk,(u)}52 is conditionally

positive definite.

Remark 2.10. A Borel probability measure x4 on R with finite moments of all orders is compactly supported
if and only if the sequence {k,(1)}52; does not grow faster than exponentially; i.e., there exists ¢ > 0 such
that |k, (u)] < ¢™ for all n > 1. This is also equivalent to the property that the Lévy measure of u is

compactly supported. See [19, Lemma 13.13, Proposition 13.15].

Remark 2.11. Suppose that p is compactly supported. It is well known that p is in I(H) if and only
if {kn(p)}52, is conditionally positive definite (see e.g. [19, Theorem 13.16]). Our result then shows the

implication
{nkn(p)}o2, is conditionally positive definite =  {k, (1)}, is conditionally positive definite.

This implication can be proved more directly from the following two facts: The sequence {%}j’f’:l is condi-
tionally positive definite since % is the (n — 1)-th moment of the uniform distribution on (0, 1); the product

of two conditionally positive definite sequences is again conditionally positive definite.

13



Proof of Corollary 2.9. (i) From Theorem 1.3 in [8], the asymptotic expansion of the free cumulant

transform exists up to any order, and then according to Lemma A.1 in [8], the equation

o0

C(z) = D (n+ Drnrr(p)2". (21)

n=0

holds in the sense of an asymptotic expansion. Applying the second part of [1, Theorem 3.2.1] to the
function —C;,(1/z) + s1(p) (which maps C* into C* UR by Theorem 2.7) then implies that the sequence
{(n 4+ 2)Kn42(1)}5%, is a moment sequence of a finite measure.

(ii) The sufficiency is already proved in (i), so it suffices to show the necessity. This proof is similar
to the discussion in [19, Chapter 13]. Suppose that {nx,(u)}52, is conditionally positive definite. Since
{nkn(u)}n>1 does not grow faster than exponentially, Proposition 13.14 in [19] yields the existence of a
finite measure p on R with compact support such that

(0 + D) = [ 2" ), (0> 0)

Therefore, for all z with sufficiently small absolute value, we have that (cf. (20))

G = ka0 + Y0+ D (2" = w0 + 3 ([ ot )

n=1 n=1

([ 18) -
a0~ [ i) + i [ o) + i [ ptas)

=il = [ wptan) + [ T ptae),

1— 2z

where we put p(dz) = fffg

From the resulting expression of this calculation it follows that C; extends to
an analytic function on C~, and hence a correctly chosen anti-derivative of CL is an analytic extension of

C, to all C~. Since C;, has the form (11) it follows from Theorem 2.7 that p is freely selfdecomposable. m

3 Free selfdecomposability of the normal distribution

In this section we prove that the classical normal (or Gaussian) distributions belong to the class L(B) of freely
selfdecomposable probability distributions, and more generally that the Askey-Wimp-Kerov distributions
e belong to L(E) for all ¢ in [—1,0]. Apart from Theorem 2.7 the proof is based on results from Belinschi
et al. [7] and the following Theorem due to Kerov (see [18, Theorem 8.2.5]).

Theorem 3.1. For any c¢ in (—1,00) there exists a probability measure 7. on R, such that the following

relation holds between the Cauchy-Stieltjes transforms:
d
—log G () =Cr(2),  (z€CH).

As a final preparation we introduce the class UZ consisting of those Borel probability measures on R
for which there exists a simply connected domain  in C, such that Q D C* and such that the reciprocal
Cauchy-Stieltjes transform F), can be extended to an analytic bijection Fj,: @ — C*. If p is in UZ, then it
is FID, as was proved in [4]. For distributions in 4/Z Theorem 2.7 then yields the following characterization

of free selfdecomposability:

14



Lemma 3.2. Let u be a measure in UL with domain ) as described above. Then the following statements

are equivalent:

(i) p e L(8).

(i) Im(w— 242) <0 for all w in Q.
In

Proof. By the definition of the free cumulant transform (see (1)) and analytic continuation we have that

Cu(z) = 2zF, ' (£) — 1 for all z in C™. Setting w = F,; *($) € Q, we then get that

e =1 (3) —ry (3) = D)

z z z a Fl(w)

Since F,,: @ — C7* is a bijection, condition (ii) in the lemma is thus equivalent to the condition that

Im(C},(2)) < 0 for all z in C~. According to Theorem 2.7 the latter condition is, in turn, equivalent to (i)

in the lemma. [ ]
Theorem 3.3. For any c in [—1,0] the Askey- Wimp-Kerov distribution u. is freely selfdecomposable.

Proof. When ¢ = —1, p. is a Dirac measure and the theorem is trivial. So let ¢ be a fixed number in
(—1,0]. According to the proof of Theorem 3.1 in [7] we have that p. € UZ, so the reciprocal Cauchy
transform F),, extends to an analytic bijection F), : © — C* defined on some region ) containing C* (and
depending on ¢). According to Lemma 3.2 we then have to establish that
He
for any z in Q. We consider first z in C* and observe that
ACHPRY PR A
Fu(z)  "7d2\G,(2)
where log is the standard branch of the logarithm on C\ {iy | ¥ > 0}. Thus, according to Kerov’s Theorem

d
= ——1
Gp.(2) dz 08 G (2);

(Theorem 3.1), there exists a probability measure 7. on R, such that

F/
e (?) =G, (z), or equivalently Fu.(2) = F,.(2), (z€C™h).
Fu.(2)

F.(2)
This implies in particular that

Im(z—;’zzgj;) =Im(z— F: (2)) <0, (zeCh),

where the inequality follows from Corollary 5.3 in [9].
Next consider w in Q \ C*. Then according to formula (3.5) in [7] we have that

L’/‘C(w) =w— w) — ¢
Fulo) ¢ @y

and therefore

'”‘(M) = Im(w) = Im(F},, (@)) = cIm(1/F,. (@) <0,

since Im(w) < 0 and —c¢ > 0, and since F), (w) € C*, so that 1/F),_ (w) € C™. It follows that

im{w— izzfiii) =Imlw) - 'm(mw)}m(w)) <0

and this completes the proof. n
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Corollary 3.4. For any ¢ in R and o in (0,00), the normal distribution N (&,02) is freely selfdecomposable.

Proof. If ¢ = 0 and 02 = 1, this corresponds to the case ¢ = 0 in Theorem 3.3. The general case

subsequently follows from the fact that L(H) is closed under scalings and translations. [ ]

Remark 3.5. Let £ and o be a real and a positive number, respectively. For any ¢ in (0, 00) the probability

measure N (&, 02)® may be defined as the law at time ¢ of a free Lévy process (X;) such that X; has law
N(&,02). In particular the free Lévy measure for N (&, 02)® is tv, with v the free Lévy measure of N (€, 0?),

and hence N (€&,02)® is FSD as well. In particular this implies that N (&, 02)® is unimodal (cf. [17]).

A Proofs of various technical lemmas

Proof of Lemma 2.1.

(1) We initially put [|f|lec := sup,ejq [f(2)| < oo. For w in [a,b] and v in (0,1) we then have that

| /ab F(@)log((z — ) + v?) da — /ab F(@) log((z — w)?) dm‘

b—u
0

0 b—a
</_ 110 log (225 )dw+/ 11 log (55)

b—a
- 2||f||oo/0 log (£2) da.

The resulting expression does not depend on v and tends to 0 as v | 0 by dominated convergence with the

dominating function log(* +1) for all v € (0,1).

(ii) Recall that arg denotes the standard continuous argument function on C\ {iy | y < 0}, and therefore

/ flz 7r — arctan ( )) dx

/ f(z)arg((u — ) + v) dx—/ flx arctan(

for any w in [a,b] and v in [0,00). Note further that

—a b—a
( ﬁx)dac‘ </ ||f|\oo’arctan( )’dy ||f|\oo/ ’arctan(%)’dy,

u
0

and similarly

’ /ub f(@) (7 — arctan (-

b—u
) do = m(F(b) - F(w)| < /0 1flloo| arctan (5)] dy

b—a
< ||f||oc/ ’arctan( ’dy
0

Since fob_a | arctan (%) | dy does not depend on w and converges to 0, as v | 0, by dominated convergence,
the estimates above verify (ii).

(iti) If 0 ¢ [a,b], then sup,c(, s [log((u — )* + v?)| < oo for [u + iv| small enough, and hence the
assertion follows by dominated convergence. We may thus assume in the following that 0 € [a, b], and we

establish only that

b b
/ f(x)log((u — x)* 4+ v?) do — / f(z)log(z?) dx as u +iv — 0 from C™,
0 0
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since it follows symmetrically that ff f(z)log((u—1)?+0?) dz — fao f(z)log((u—x)%+v?)dz as u+iv — 0

from C*. For u in (0,00) we note first that

’/f Ylog((z — u)? + v?) /f ) log(z dx’

= (z +u)log(z® +v?)dx — [ f(z)log(x?)dx
‘/ + u) log(z* + / gz ’ »

<| / " o+ u)loga? +47) da| + | / Tt ) - 7)) logle? + v?) dal
+ ‘ /b ' ) (log(z* 4 v*) — log(z?)) dac‘ + ‘ biu f(z) log(x2)dx‘.

Assuming henceforth that u? + v /\ b, we have here that
0 0
‘ u) log(2? 4 v?) :v‘ < ||f||oo/ —log(z? + v?) dx < —||f\|oo/ log(z?) dz — 0, (23)
—Uu —Uu

as u | 0, by dominated convergence. Similarly we find that
b b
[ f@osa?ds] <17l [ Jlogla?)|de —50,  asulo. (24)
b—u b—u
We note further that
b—u b
| / (f(x+u) = f@)log(@® +v)da| < ( sup |flw+w) - f(2)]) / |log(a? + 0%)| dx
0 z€[0,b—u] 0
b

<( sw |f(x+u)—f(x)})(/0b/\;—log(;ﬁ)d;v—&-/bAl|10g(b2/\i)|v|log(52—|—§)|dx> (25)

z€[0,b—u]

— 0, as u | 0,

since the supremum goes to 0 as u J 0, by uniform continuity of f, and since both integrals in the resulting

expression are finite. Note finally that

‘/b ’ ) (log(z* 4+ v*) — log(z?)) dx’ < I flloo /blog(

since the integral in the resulting expression goes to 0 as v | 0 as seen in the proof of (i). Combining (22)-

)dw—)O as v | 0, (26)

(26), it follows that fo z)log((u — )% +v?) dz — fo x)log(x?) dx as u+iv — 0 from (0, 00) + (0, c0).

A similar argumentation establishes the same convergence when u + iv — 0 from (—o00,0) + (0, 00). |

k(r

Proof of Lemma 2.3. (i) We must show that [,(1 Az ) dx < co. We note first that

/_11 x2k|(;>dx = /01 xk(x) dx + /_01 |z|k(z) da

where, by Tonelli’s Theorem,

/lek(x)dx—/ol(/moomlJz;yZp(dy))d:r_/ooo1Jyrzy2(/0nydm)p(dy)—/O (342/;1)(14—?;) (dy) < oo,

(y/\l)

since p is a finite measure, and the function y — (14 %?) is bounded on (0,00). In the same manner,

f71 |z|k(z) dz < co. Note next that
00 -1
/ k) 4 — / k(=) 4, +/ LI
R\[-1,1] || 1 Z o |7
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where

[ = [T ) o= [T [ L) gt = [ o8 gl < o

since the function y — 1;;%’2 is bounded on [1,00), and floo log(y) p(dy) < co. In a similar way it follows

that f:olo k‘gfl)dx < 00, and this completes the proof of (i).

(ii) For any € in (0, 00), there exists ¢ in (0,1), such that f(o 5](1 + %) p(dy) < 2p((0,6]) < e. Since p is

finite we have that [ y=2(14y?) p(dy) < oo, and we can thus choose 7 in (0, 00), such that v* [J°y=2(1+
y?) p(dy) < e. Now for any x in (0,5 A ~) we find that

) 2 oo 2 1 2 o] 2
1+y 14y 14y 1+y
2’k(z) = 2 / )2 p(dy) + &° /5 /2 p(dy) < / y? " p(dy) +~° B p(dy) < 2,

and this shows that z2k(x) — 0 as 2 | 0. In a similar way, it follows that z?k(z) — 0 as x 1 0, and this

completes the proof of (ii).

(iii) For x in [1, 00) we note first that

2 00 2

log(ak(a)] = [ mlog(xf;y plag) < [ ros) L gt < [ " 2log(y) p(dy) — 0, as @ oo,

since [, log(y) p(dy) < oo. Similarly it follows that log(|z|)k(z) — 0 as @ — —oc.
(iv) Recall that here log denotes the standard branch of the logarithm on C\ (—oo, 0], and let arg denote
the corresponding argument function. For z = v + iv in C~ we then have that

xTrz

‘10g(1 - ZZZ?) + m

’k(:c) = ‘% log((1 — uz)® + v?z?) +iarg((1 — ux) + ivx) + k(x)

Iz ‘
1422

< 3 (10g(r) +108(( — w40 )h(w) + (7 + 7220 Yo(a),

where the resulting expression tends to 0 as |z| — oo by (iii).

By second order Taylor expansion we note next that log(1 — zz) = —zz — $2%2? + o(2?), and therefore
3
log(1l — zx) + . _T_sz =— 1?332 — 12%2% 4 0(2?), asz — 0.
Consequently,
(log(l —zx) + 1 j_ZgUz)k(a:) = ( -1 —T—xx2 — 1224+ 0(1))x2k(x) — 0, asxz—0,
by (ii). This completes the proof of (iv) and hence the proof of the lemma. |

Proof of Lemma 2.4. We consider initially the case m = 1 and arbitrary a’, b’ such that a < a’ <V < b.
It suffices then to show that G can be extended to a continuous function on C* U (a’,’). For any z in C*
we have that

Gy(z) = /aa % dx + /; % dx + b/b % dz =: G1(z) + G2(2) + G3(z).
It is clear that Gy and G5 can be extended to analytic functions on CT U (a’,b) UC™, and it remains then
to prove that G5 can be extended to a continuous function on C* U (a’,’). In the following we denote by
log the standard continuous branch of the logarithm on C\ {iy | ¥y < 0}. Using integration by parts, we

then obtain for z = u + 4v in C* that
b/
Ga(z) = —f(V)log(u +iv — b') + f(a’)log(u + iv — a’) + / [/ (z)log(u + iv — x) du. (27)

a’
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Here the first and second terms — f (') log(u + iv — b') + f(a’) log(u + iv — a’) are analytic on C* U (o, )
with respect to z = u + iv. Regarding the integral in (27) an application of Lemma 2.1(i)-(ii) yields that

, b ,
/ f(x)log(u +iv — x) dw = %/ f’(x)log((x—u)2+v2)da:+i/ f'(x) arg(u + iv — z) da

— [ F@oslle — ul) do + in(£#) - ()

as v |} 0, uniformly w.r.t. u € (a/,b’). From this it follows readily that G2 can be extended to a continuous

function on CT U (a/, '), where

Ga(u) = —f (V') log(u — V) + f(a) log(u — a’) + / f'(@)log(lz — ul) do + in (£ (V') = f(u))

= —f(V)log(t' — u) + f(a') log(u — a’) + / f'(@)log(lo — ul) dw — im f (u)

for w in (a’,¥).

Suppose next that m > 2, and that f € C™((a,b)). With o/, and G5 as above, it suffices to show that
the derivatives G, GY, ..., Gém_l) can be extended to continuous functions on C* U (a/,d"). For any n in
{1,...,m — 1} it follows by induction and integration by parts that

n-l By 177 Y ey
G () =3 (n—1-k)(-1)"* [f (@) } +/ 7fz (x) dz.
—=a’ a’ -

k=0 (z — )t

From this expression and the preceding part of the proof, it follows readily that GY, .. .,Ggm_l) can be
extended to continuous functions on C* U (@, 1), as desired. [ ]
Proof of Lemma 2.6. For each n in N we introduce first the function k2 : (0,00) — [0, 00) defined by
k(L), ifte(0,1)
ko(t) = Qk(t), ifte[Ln]
0, if t € (n,00),

and we note that k£ < kY, for all n. Next we choose a non-negative function ¢ from C2°(R), such that

supp(y) C [-1,0], and fE1 ©(t) dt = 1. We then define the function R, : (0,00) — [0, 00) as the convolution

0 1
Rn(t):n/_l/ kg(t—s)w(ns)ds:/o K+ B)p(—w)du,  (t € (0,00)). (28)

Since k¥ is a bounded, decreasing function, it follows immediately from (28) that so is R,. Moreover,

supp(R,,) C (0,n] by the definition of k2. Note also that

R,(t) = n/on o(n(t — s))k2(s) ds, (t € (0,00)).

Since k2 as well as the derivatives of ¢ are bounded functions, it follows then by differentiation under the
integral sign that R, is a C*°-function on (0, 00) with bounded derivatives given by
RWP(t) = np+1/ o P (n(t — 5))k2 (s) ds, (peN, te(0,00)).
0

By dominated convergence it follows further for any p in Ny that

ltif{)l RP) (1) = an/ P (—ns)k2(s) ds € R.
0
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For any ¢ in (0,00) and n in N note next that

1 1
Ru(t) < / KO 1 (4 B)p(—u) du < / KOy (4 ) p(—u) du = Ryga (1),

Moreover, the monotonicity assumptions imply that k is continuous at almost all ¢ in (0, 00) (with respect
to Lebesgue measure). For such a t we further consider n so large that ¢t + % € [+, n] for all u in [0,1]. For
such n it follows then that

Ra(t) = /0 K+ 2)p(—w) du —— [ k(E)p(—u) du = k(?)

n— oo 0

by monotone convergence. We conclude that R,,(t) 1 k(t) as n — oo for almost all ¢ in (0, 00).
Applying the considerations above to the function x: (0,00) — [0, 00) given by k(t) = k(—t), it follows
that we can construct a sequence (Lj,)neny of non-negative functions defined on (—o0,0) and with the

following properties:
e For all n in N the function L,, has bounded support.
e For all n in N we have that L,, € C*°((—00,0)), and LP) is bounded for all p in Np.
e For all n in N the function L,, is increasing on (—oo,0).
o L,(t) 1 k(t) as n — oo for almost all ¢ in (—oo,0) (with respect to Lebesgue measure).

We are now ready to define k,: R\ {0} — [0,00) by

R,(t), ift>0,
kn(t) =
L,(t), ift<o.

It is then apparent from the argumentation above that k,, satisfies the conditions (a)-(c¢) in the lemma, and

it remains to show that ‘tl]jr"t(zt) dt — ‘ilfg) dt weakly as n — oo. But for any bounded continuous function

g: R — R we find that

tkn() . [° |t| Ly () © tR.(t) . f° |t| L (1) < ERa(t)
/R o) it = / o) di + /O o(t) dt = / o) dt + /0 o(®) dt

14 1¢2 . 14 ¢2 14 1¢2 oo 1+41¢2 1+1¢2
0 [t1k(2) < th(t) [t1k(2)
—_— t dt t dt = t dt
n—o0 _oog()1+t2 +/0 g()1+t2 Ag()1+t2 ’

where, when letting n — oo, we used dominated convergence on each of the integrals; note in particular

that ‘tll-:ltgt) and B |t|k(t)

are dominated almost everywhere by on the relevant intervals, and here

1 1+¢2 1+¢2
fR |§‘fg) dt < oo, since % dt is a Lévy measure. This completes the proof. [ ]
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