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PAPER Special Section on Mathematical Systems Science and its Applications

Distributed Observer over Delayed Sensor Networks for Systems
with Unknown Inputs

Ryosuke ADACHI†a), Nonmember, Yuh YAMASHITA††, and Koichi KOBAYASHI††, Members

SUMMARY In this paper, we consider the design problem of an
unknown-input observer for distributed network systems under the exis-
tence of communication delays. In the proposed method, each node esti-
mates all states and calculates inputs from its own estimate. It is assumed
that the controller of each node is given by an observer-based controller.
When calculating each node, the input values of the other nodes cannot be
utilized. Therefore, each node calculates alternative inputs instead of the
unknown inputs of the other nodes. The alternative inputs are generated by
own estimate based on the feedback controller of the other nodes given by
the assumption. Each node utilizes these values instead of the unknown in-
puts when calculating the estimation and delay compensation. The stability
of the estimation error of the proposed observer is proven by a Lyapunov–
Krasovskii functional. The stability condition is given by a linear matrix
inequality (LMI). Finally, the result of a numerical simulation is shown to
verify the effectiveness of the proposed method.
key words: sensor network, data aggregation, communication delay, dis-
tributed estimation

1. Introduction

In recent years, sensor networks that include many sen-
sors have attracted significant attention. Many sensors con-
tribute to improving the sensing accuracy in a sensor net-
work. Fault-tolerant sensing can be realized with redun-
dant sensors. Past studies of applications to sensor networks
have the most interest about communication efficiencies. To
reduce communication traffic, distributed consensus algo-
rithms have been proposed. In [1]–[4], a distributed ob-
server that combines a consensus and Kalman filters was
proposed. The consensus filter can calculate an average
consensus value from the communication between neighbor
nodes in a network. An estimate of the observer proposed
by [1]–[4] is calculated from a Kalman filter based on the
consensus value. A gossip algorithm [5] is also a distributed
consensus algorithm for a sensor network. In this algorithm,
each node selects received data from the neighbor nodes
in the network at random. Finally, each node obtains the
consensus value with less communication. When there are
communication delays in the network, a data aggregation
protocol is useful for collecting the information of the other
nodes. We can calculate the estimate from aggregated data
by using a delay-compensated observer. In addition, it was
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indicated in [6] that a data aggregation protocol can reduce
the power consumption of each node.

Distributed estimation in sensor networks can be ap-
plied to distributed control systems. In observer-based dis-
tributed control, each estimator that is collocated with the
actuator has to estimate the state without inputs from the
other actuators except for its own node. For these reasons,
some unknown input observers were proposed in past stud-
ies. In [7], a delayed unknown input observer for a discrete-
time system was proposed. The delayed unknown input
observer provides only a delayed estimate. However, this
observer can reconstruct the unknown inputs with delays.
On the other hand, in [8], [9], unknown input observers for
a continuous-time system were proposed. These observers
can calculate the estimate from the no delay output without
some inputs. However, the unknown input observer pro-
posed in [8], [9] cannot calculate the state in real time under
the existence of a communication delay.

In our past work, we proposed a data-aggregation-
based estimation for a sensor network with a communica-
tion delay in [10]. In this work, it is assumed that each
node is connected by the actuator network without a com-
munication delay. Therefore, all nodes can obtain all in-
put values of the other nodes and estimate the state from
the delay-compensated observer. However, in many cases,
the assumption of an actuator network without a communi-
cation delay is not satisfied. Thus, in this paper, we con-
sider unknown input observer problems in a sensor network
with communication delays. The communication delays de-
pend on communication paths in the network. Therefore,
we need a multi-delay-compensated observer for estimation
in the network. A multi-delay-compensated observer was
also proposed in [11], [12]. However, both observers utilize
a memory of the inputs to compensate the delay included in
the outputs. Thus, instead of an unknown input, an alter-
native input is needed in the calculation of unknown input
observers with a delay compensation.

In this paper, we propose an unknown input observer
by using alternative inputs. In our method, all nodes calcu-
late full states from the information obtained from the sensor
network. It is assumed that an input of each node is gener-
ated by an observer-based controller. Thus, each node cal-
culates the input values from its own estimate. Instead of the
inputs generated by the other nodes, each node calculates the
alternative inputs from its own estimate based on the feed-
back controller of the other node given by the assumption.
We expect that the alternative inputs converge to a real in-
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put of each node if the converge rates of each observer are
sufficiently high. The estimate and delay-compensated term
of each node are calculated from the alternative inputs in-
stead of the unknown inputs. The stability of the estimation
error of the proposed observer is proven by the Lyapunov–
Krasovskii functional proposed in [13]. Finally, the stability
condition of the proposed observer is given by LMIs.

The paper is organized as follows. The problem and
some assumptions are explained in Sect. 2. We provide de-
tails of the alternative input observer and present the main
results in Sect. 3. The results of a numerical simulation are
shown in Sect. 4. Section 5 concludes the paper.

2. Notation and Problem Setting

2.1 Notation

We utilize Sn
++ as a set of n-dimensional positive definite ma-

trices. The function He (·) means He (X) = X + XT . The no-
tation diag (Ai)i∈S denotes a matrix arranged Ai diagonally,
where S is an index set. Similarly, row (Ai)i∈S denotes a ma-
trix arranged Ai horizontally. For example, if S = {1, 2, 3},
then diag (Ai)i∈S and row (Ai)i∈S are

diag (Ai)i∈S =

A1 0 0
0 A2 0
0 0 A3

 ,
row (Ai)i∈S =

(
A1 A2 A3

)
.

2.2 Problem Formulation

We consider a distributed network system as shown in Fig. 1.
The network has N nodes, which include sensors and actu-
ators. Each node collects the observed values of the other
nodes via a network and estimates a state. The input of
each node is calculated from the estimate of its own node,
as shown in Fig. 2. The dynamics of the plant in Fig. 1 can
be represented by

ẋ = Ax +

N∑
i=1

Biui

y = Cx

(1)

where x ∈ Rn is the state, and ui ∈ R
mi is the distributed in-

put of node i. y ∈ Rp is the output of the system. The output
y consists of all redundant raw measurements. Therefore,
rank C may be less than p, and p may be larger than n.

To represent the network, we utilize an undirected
graph. The set of nodes is defined by V := {1, 2, ....,N},
and the set of edges is defined by E ⊆ V ×V . From V and E,
the network is expressed by G := (V, E). In this paper, it is
assumed that G is connected. If G is connected, then there
exists at least one tree T := (V, Ê) that is a subgraph of G,
where Ê is a set of the edges that satisfy Ê ⊆ E.

The nodes that have their own sensors provide mea-
surements to the sensor network. Let us define the scalable

Fig. 1 Distributed network system.

Fig. 2 Detail of each node.

communication as follows.

Definition 1 (Scalable Communication on T ). When the di-
mension of communication data on all edges in Ê is inde-
pendent of N = |V |, we call the communication scalable.

This paper considers aggregations of the sensor mea-
surements by scalable communications. The redundant raw
output y is aggregated into a q-dimensional vector

yagr = Fy = Cagrx, (2)

where F ∈ Rq×p represents the relationship between y and
yagr, and Cagr = FC. By renumbering the elements of y, we
can decompose the matrix F as

F =
[

F1 · · · FN
]
,

where Fi corresponds to the output of the i-th node. There-
fore, the outputs of the nodes, which are mapped to the ag-
gregated output space, are defined as

y1 =
[

F1 0 · · · 0
]
y = C1x

...

yN =
[

0 · · · 0 FN
]
y = CN x,

(3)

where Ci =
[

0 · · · 0 Fi 0 · · · 0
]
C. If one can

obtain the current outputs yi with no transmission delay, then
the aggregated output of yi coincides with yagr, i.e.,
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Fig. 3 Example of tree network.

yagr =

N∑
i=1

yi. (4)

We assume that the physical meaning of measurements
should be preserved in the aggregation. For example, the
aggregations of positions and velocities are prohibited by
this assumption. In addition, we also prohibit aggregations
that cancel the measurements each other.

The nodes that have actuators calculate the input val-
ues from an estimate of the state. The estimate of node i is
denoted by x̂i. Based on x̂i, the input of node i is given by

ui = Ki x̂i. (5)

The nodes that have no sensors provide no informa-
tion to the sensor network, and the corresponding Fi has no
column. Therefore, we model them as nodes whose output
matrices are zero matrices, i.e., Ci = 0.

In the sensor network, each node communicates the in-
formation of the measurements to the other nodes via the
paths in E. We define a set of neighbors of node i connected
by T as Ji := { j; (i, j) ∈ Ê}. Node i can mutually com-
municate to the nodes included by Ji. Once a root of the
undirected tree T is fixed, a parent node and child nodes of
each node are determined. The set of child nodes of node
j is represented by Pi j, where i is a fixed root node. In
Fig. 3, if i , 4, 8, 9, then the set of child nodes in node 4
is Pi4 = {8, 9}.

A communication delay from node i to j is denoted by
d(i, j). In the case where j < Ji, d(i, j) represents a total delay
on the simple path from node i to j. For example, d(1,8) in
Fig. 3 is d(1,8) = d(1,2) + d(2,4) + d(4,8).

Each node collects the observed data of the other nodes
through a data aggregation protocol:

ȳi j(t) = yi(t) +
∑

k∈Ji\{ j}

ȳki(t − d(k,i)), (6a)

ŷi(t) = yi(t) +
∑
j∈Ji

ȳ ji(t − d( j,i)), (6b)

where ȳi j is the send data from node i to j, and ŷi is an
aggregated output in node i. We can represent ŷi as

ŷi(t) =

N∑
j=1

Cix(t − d(i, j)). (7)

When the communication delay is sufficiently small to be
ignored, ŷi for all i becomes yagr.

If (A,Ci) is an observable pair for all i ∈ V , then each
node does not require communication over the network. If
this assumption is not satisfied, then all nodes need to col-
lect other measurements to estimate the states. In addition,
we can obtain some benefits, for example, fault tolerance
and the reduction of observation noises, from using all mea-
surements. However, to collect all measurements individu-
ally, we require a significant amount of communication traf-
fic. Therefore, data aggregation is important over sensor
networks.

The main problem is the design of a distributed ob-
server with data aggregation over delayed sensor net-
works. To design the observer gains L1, · · · , LN , which
are defined in Sect. 3.2, a set of system parameters Λ :=
{A,T, {d(i, j); (i, j) ∈ E}, {Bi,Ki,Ci; i ∈ V}} is required. In the
calculation of estimates, node i can utilize aggregated output
ŷi(t) and histories of its own input ui(τ) and estimate x̂i(τ),
τ ∈ [t, t − d(i,max)], where d(i,max) is the maximum delay ex-
pressed by d(i,max) = max j∈Ji d( j,i). Then, the main problem
is expressed as follows:

Problem 1. For a given set of system parameters Λ, find
distributed observers

˙̂xi(t) = fi(x̂i(t), ui(t), ŷi(t), Ξ̂i(t)),

Ξ̂i(t) = ĥi({Ξ̄ ji(t − d( j,i)); j ∈ Ji},

{x̂i(τ); τ ∈ [t, t − d(i,max)]}),

Ξ̄i j(t) = h̄i j({Ξ̄ki(t − d(k,i)); j ∈ Ji,

{x̂i(τ); τ ∈ [t, t − d(i,max)]})

such that

lim
t→∞

(x(t) − x̂i(t)) = 0.

Remark 1. In many cases, it is assumed that d(i, j) =

d( j,i). This is a natural assumption. However, our proposed
method does not need this assumption.

3. Alternative Input Observer for Distributed Network
Systems

3.1 Alternative Input Observer with No Delays

In the case that d(i, j) = 0, Problem 1 becomes 2. Consider
the following problem:

Problem 2. Solve Problem 1 under the assumption that the
communication delay d(i, j) is 0.

In [8], [9], Problem 2 is considered an unknown input
observer problem, and a linear system with unknown inputs
is expressed as

ẋ = Ax + Bu + Dv,
y = Cx,

(8)
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where u is a known input, and v is an unknown input. In the
problem of this paper,

Bu = Biui,D =
∑
i, j

B j,C = Cagr.

The unknown input observer of system (8) can be expressed
by

ż = Nz + Ly + Gu,
x̂ = z − Ey.

(9)

In [9], a stability condition of the observer (9) is indicated
as algebraic equations of N, L,G, and E. On the other hand,
in [8], the stability condition of the observer (9) is shown
as the LMI. A difference between a general unknown input
observer and our problem is an assumption that the input of
each node is given by (5). Note that the estimate of each
node converges to x̂1 = · · · = x̂N = x if the estimation errors
of each node are stable. If the convergence rates of the esti-
mation errors are sufficiently high, then we can expect that
each node can estimate the unknown input of the other nodes
from its own estimate. Therefore, we utilize an alternative
input ûi j instead of u j in the calculation of the observer on
node i. By using x̂i, the alternative input ûi j is calculated by

ûi j = K j x̂i.

Based on the alternative inputs, the observer in node i can
be expressed by

˙̂xi = Ax̂i + Biui +
∑
i, j

Biûi j + Li(ŷi −Cagr x̂i). (10)

The stability condition of the estimation error on (10) is
given by Theorem 1.

Let B̄i be a matrix in which B jK j are horizontally ar-
ranged except for the ith block element. In the B̄i, the ith
block element is the negative sum of B jK j except for BiKi.
Thus, B̄i can be expressed by

B̄i =

B1K1, · · · , Bi−1Ki−1,−
∑
i, j

B jK j, · · · , BN KN

 .
For example, if N = 3, then B̄2 can be expressed by

B̄2 = [B1K1,−(B1K1 + B3K3), B3K3] .

By using B̄i, Ā is defined by

Ā = diag (A)i∈V −


B̄1
...

B̄N

 .
Theorem 1. If there exist Pi ∈ S

n
++ and the observer gains

Li that satisfy

He
(
diag (Pi)i∈V (Ā − diag (LiCide)i∈V )

)
< 0, (11)

then the estimation error ξi = x − x̂i of the observer (10) is

stable.

Proof. Let ξ ∈ RnN be a vector that is expressed by

ξ = [ξT
1 , · · · , ξ

T
N]T .

By using ξ, the error dynamics of (10) can be expressed by

ξ̇ = (Ā − diag
(
LiCagr

)
i∈V

)ξ.

We consider a Lyapunov function candidate V as

V = ξT diag (Pi)i∈V ξ.

By time-differentiating V , we can get

V̇ = ξT He
(
diag (Pi)i∈V (Ā − diag (LiCide)i∈V )

)
ξ.

Therefore, we can obtain Theorem 1 as a stability condition
of the estimation error of the observer (10). �

Both the alternative input observer (10) and the un-
known input observer (9) are also solutions to Problem 2.
However, the unknown input observer cannot provide the
estimate in real time for a network with a communication
delay. Therefore, we propose a distributed observer with de-
lay compensation by using the alternative inputs in the next
subsection.

3.2 Alternative Input Observer with Delay Compensation

An observer with sensor delays was proposed by Watanabe
[12]. A delayed output Cix(t − d(i, j)) can be compensated
by adding a delay compensation term Ξ(t), which can be
expressed by

Cix(t − d(i, j)) + Ξ(t) = Cie−Ad(i, j) x(t), (12a)

Ξ(t) = Cie−Ad(i, j)

∫ t

t−d(i, j)

eA(t−τ)
N∑

i=1

Biui(τ)dτ. (12b)

Each node obtains all observed data of the other nodes via
the aggregated data (6a) with multiple delays that depend
on the communication paths. Therefore, a distributed cal-
culation of the delay compensation terms is necessary. In
addition, the unknown input is needed to execute the calcu-
lation of the delay compensation in each node. In this paper,
we utilize the alternative input in calculating the delay com-
pensation. The delay compensation term sent from node i to
j can be expressed by

Ξ̄i j(t) =
∑

k∈Ji\{ j}

Ξ̄ki(t − d(k,i))

+ C̄(k,i)e−Ad(k,i)

∫ t

t−d(k,i)

eA(t−τ)
N∑

l=1

Blûil(τ)dτ

 ,
where C̄(i, j) is a matrix defined by

C̄(i, j) = Ci +
∑

k∈Ji\{ j}

C̄(k,i)e−Ad(k,i) . (13)
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Note that ûii = ui and the calculation of (13) can be executed
off-line. Each node calculates Ξ̂i as

Ξ̂i(t) =
∑
j∈Ji

Ξ̄ ji(t − d( j,i))

+C̄( j,i)e−Ad( j,i)

∫ t

t−d( j,i)

eA(t−τ)
N∑

k=1

Biûik(τ)dτ

 .
(14)

By using ŷi, Ξ̂i and the alternative inputs, the observer of
node i can be expressed by

˙̂xi(t) = Ax̂i(t) +

N∑
j=1

B jûi j(t)

+ Li

(
ŷi(t) + Ξ̂i(t) − Ĉi x̂i(t)

)
,

(15)

where Ĉi is a matrix given by

Ĉi = Ci +
∑
j∈Ji

C̄( j,i)e−Ad( j,i) .

In the case where each node can obtain all inputs in real
time, the estimation error of the observer (15) is asymptoti-
cally stable if and only if A − LiĈi is Hurwitz. On the other
hand, the stability condition of the estimation error for (15)
under the existence of alternative inputs is given by Theo-
rem 2.

Let Ē(i) be a set of edges whose elements are a part of
simple paths from node j to i for all j , i. For example,
Ē(1) in Fig. 3 is given by

Ē(1) = {(2, 1), (3, 1), (4, 2), (5, 2), (6, 3),
(7, 3), (8, 4), (9, 4)}.

The density of Ē(i) is N − 1 regardless of i. For each i, we
define Pi ∈ S

n
++ and Mi ∈ R

n×p = PiLi. In addition, for
each i and e ∈ Ē(i), the matrices iQe ∈ S

nN
++, iWe ∈ S

nN
++ and

iRe ∈ S
n
++ are defined. By using iRe, iΩe is given by

iΩe=( j,k) =

∫ de

0
eAθ B̄ j

iR
−1
e B̄T

j eAT θdθ. (16)

From Ā, Pi, Mi, Ĉi, and iQe, the matrix Φ is calculated by

Φ = He
(
diag (Pi)i∈V Ā − diag

(
MiĈi

)
i∈V

)
+

N∑
i=1

∑
e∈Ē(i)

iQe.

We set C̃i, iΩ as

C̃i = row
(
C̄e

)
e∈Ē(i)

, iΩ = diag
(

iΩe

)
e∈Ē(i)

.

Lemma 1. Let us consider the function V1 as

V1 = ξT (t)diag (Pi)i∈V ξ(t).

The time differentiation of V1 satisfies the following in-
equality:

V̇1 ≤ ξ
T (t)Λξ(t)

+

N∑
i=1

∑
e=(k, j)∈Ē(i)

ξT (t)PiLiC̄e
iΩeC̄T

e LT
i PT

i ξ(t)

+

N∑
i=1

∑
e=(k, j)∈Ē(i)

∫ t−d( j,i)

t−d(k,i)

ξT (τ)B̄T
j

iReB̄ jξ(τ)dτ,

Λ = He
(
diag (Pi)i∈V

(
Ā − diag

(
LiĈi

)
i∈V

))
.

Proof. Let iΞ̂ jk be a delay-compensated term sent from node
j to k when node i is a root node. The term iΞ̂ jk can be
expressed by

iΞ̂ jk(t) =
∑
l∈Pi j

iΞ̂l j(t − d(l, j))

+ C̄(l, j)e−Ad(l, j)

∫ t

t−d(l, j)

eA(t−τ)
N∑

p=1

Bpû jp(τ)dτ

 .
(17)

In the protocol (14), each node does not need to distinguish
where the node is a root. For example, iΞ̂13, i = 3, 6, 7 are
equal to Ξ̄13 in Fig. 3. However, the notation of (14) is not
convenient for the proof, so we use Eq. (17) in this subsec-
tion. Note that iΞ̂ii = Ξ̂i. Let an error between actual inputs
and the alternative input be ũi j = u j − ûi j. By substituting
ûi j = u j − ũi j into the Eq. (17), we can get

iΞ̂ jk(t) = iΞ jk(t) + iΞ̃ jk(t),

iΞ jk(t) =
∑
l∈Pi j

iΞl j(t − d(l, j))

+ C̄(l, j)e−Adl, j

∫ t

t−d(l, j)

eA(t−τ)
N∑

p=1

Bpup(τ)dτ

 ,
iΞ̃ jk(t) =

∑
l∈Pi j

iΞ̃l j(t − d(l, j))

− C̄(l, j)e−Ad(l, j)

∫ t

t−d(l, j)

eA(t−τ)
N∑

p=1

Bpũ jp(τ)dτ

 .
The term iΞ jk is the actual delay compensation term from
node j to k. On the other hand, iΞ̃ jk is the error between
the actual delay compensation term and that based on the
alternative inputs. Therefore, iΞii can be expressed by

iΞii(t) =

N∑
j=1

Cie−Ad( j,i)

∫ t

t−d( j,i)

eA(t−τ)
N∑

k=1

Bkuk(τ)dτ.

By adding iΞii to ŷi, we can compensate the communication
delays as

ŷi(t) + iΞii(t) = Ĉix(t).

Let Ξ̃ be Ξ̃ = [1Ξ̃
T
11, · · · ,

NΞ̃
T
NN]T . Note that the following
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equation holds:

N∑
j=1

B jũi j = −B̄iξ.

Thus, the dynamics of estimation error ξ for observer (15)
can be expressed by

ξ̇(t) =
(
Ā − diag

(
LiĈi

)
i∈V

)
ξ(t) − diag (Li)i∈V Ξ̃(t),

(18a)

iΞ̃ jk(t) =
∑
l∈Pi j

iΞ̃l j(t − d(l, j))

+ C̄(l, j)e−Ad(l, j)

∫ t

t−d(l, j)

eA(t−τ)B̄ jξ(τ)dτ
 .

(18b)

The time differentiation of V1 can be expressed by

V̇1 = ξ(t)T Λξ(t) − 2
N∑

i=1

ξ(t)T PiLi
iΞ̃ii(t). (19)

By substituting (18b) into the second term on the right side
of Eq. (19), we can obtain

− 2ξT (t)PiLi
iΞ̃ii(t)

= − 2
∑
j∈Pii

ξT (t)PiLi
iΞ̃ ji(t − d( j,i))

− 2
∑
j∈Pii

∫ t

t−d j,i

ξT (t)PiLiC̄( j,i)eA(t−τ−di j)B̄iξ(τ)dτ.
(20)

Let a and b be a, b ∈ Rn, and R be R ∈ Sn
++. For a, b, and R,

the following inequality holds:

2aT b ≤ aT R−1a + bT Rb.

Therefore, the integral term in (20) can be expressed by

− 2
∫ t

t−d( j,i)

ξT (t)PiLiC̄( j,i)eA(t−τ−d( j,i))B̄iξ(τ)dτ

≤ 2
∫ t

t−d( j,i)

|ξT (t)PiLiC̄( j,i)eA(t−τ−d( j,i))B̄iξ(τ)|dτ

≤ ξT (t)PiLiC̄( j,i)
iΩ( j,i)C̄T

( j,i)L
T
i PT

i ξ(t)

+

∫ t

t−d( j,i)

ξT (τ)B̄T
i

iR( j,i)B̄iξ(τ)dτ.

The first term in (20) can be expressed by

− 2ξT (t)PiLi
iΞ̃ ji(t − d( j,i))

= − 2
∑
k∈Pi j

ξT (t)PiLi
iΞ̃k j(t − d(k,i))

− 2
∑
k∈Pi j

∫ t−d( j,i)

t−d(k,i)

ξT (t)PiLiC̄(k, j)eA(t−τ−d(k,i))B̄ jξ(τ)dτ.

(21)

The integral term in (21) is also expressed by

− 2
∫ t−d( j,i)

t−d(k,i)

ξT (t)PiLiC̄(k, j)eA(t−τ−d(k,i))B̄ jξ(τ)dτ

≤ ξT (t)PiLiC̄(k, j)
iΩ(k, j)C̄T

(k, j)L
T
i PT

i ξ(t)

+

∫ t−d( j,i)

t−d(k,i)

ξT (τ)B̄T
j

iR(k, j)B̄ jξ(τ)dτ.

If node j is the leaf node, iΞ̃k j(t) satisfies that iΞ̃k j(t) = 0.
Thus, V̇1 is recursively given by

V̇1 ≤ξ
T (t)Λξ(t)

+

N∑
i=1

∑
e=(k, j)∈Ē(i)

ξT (t)PiLiC̄e
iΩeC̄T

e LT
i PT

i ξ(t)

+

N∑
i=1

∑
e=(k, j)∈Ē(i)

∫ t−d( j,i)

t−d(k,i)

ξT (τ)B̄T
j

iReB̄ jξ(τ)dτ.

(22)

�

Theorem 2. If there exist matrices Pi, Mi, iQe, iWe, and iRe
that satisfydiag

(
iΩ−1

)
i∈V

diag
(
C̃T

i MT
i

)
i∈V

diag
(
MiC̃i

)
i∈V

−Ψ

 > 0 (23a)

de
iWe −

iQe < 0 (23b)

B̄T
j

iReB̄ j −
iWe < 0, (23c)

then the estimation error ξi = x − x̂i of (15) is stable.

Proof. We consider V = V1 + V2 + V3 as a Lyapunov
Krasovskii functional candidate, where V2 and V3 are ex-
pressed by

V2 =

N∑
i=1

∑
e=(k, j)∈Ē(i)

∫ t

t−d(k,i)+de

ξT (τ)iQeξ(τ)dτ, (24a)

V3 =

N∑
i=1

∑
e=(k, j)∈Ē(i)

∫ 0

−de

∫ t−d(k,i)+de

t−d(k,i)+de+θ

iVe(τ)dτdθ

iVe(τ) = ξT (τ)iWeξ(τ).

(24b)

The time differentiations of V2 and V3 are given by

V̇2 =

N∑
i=1

∑
e=(k, j)∈Ē(i)

(
ξT (t)iQeξ(t)

− ξT (t − d( j,i))iQeξ(t − d( j,i))
) (25a)

V̇3 =

N∑
i=1

∑
e=(k, j)∈Ē(i)

(
deξ

T (t − d( j,i))iWeξ(t − d( j,i))

−

∫ t−d( j,i)

t−d(k,i)

ξT (τ)iWeξ(τ)dτ
)
.

(25b)
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From Lemma 1 and Eq. (25), we can obtain the inequality
about V̇ as

V̇ ≤ ξT (t)Ψξ(t)

+

N∑
i=1

∑
e=(k, j)∈Ē(i)

ξT (t − d( j,i))(de
iWe −

iQe)ξ(t − d( j,i))

+

N∑
i=1

∑
e=(k, j)∈Ē(i)

∫ t−d( j,i)

t−d(k,i)

ξT (τ)(B̄T
j

iReB̄ j −
iWe)ξ(τ)dτ,

where Ψ is given by

Ψ = Φ +

N∑
i=1

∑
e=(k, j)∈Ē(i)

PiLiC̄e
iΩeC̄T

e LT
i PT

i .

The time differentiation of V satisfies V̇ < 0 except for ξ = 0
if (23b), (23c), and the following matrix inequalities hold:

Ψ < 0. (26)

By applying Schur complements to (26), (23a) is obtained.
�

The Eq. (23) is not the LMI for Pi, Mi, iQe, iWe, or iRe.
However the Eq. (16) can be transformed into

He
(
AiΩe

)
= eAde iR−1

e eAT de − iR−1
e .

Therefore, the Eq. (23) becomes the LMI for Pi, Mi, iQe,
iWe, iRe, and iΩe with equality constraints. However, in the
numerical calculation of a semidefinite programming prob-
lem, the equality constraint is undesirable. Thus, it is con-
venient that iRe is given in the actual calculation.

To solve (23), all delay values are already known
and invariant. This assumption is not practical because
there are communication jitters owing to modeling er-
rors/disturbances in actual wireless networks. However, the
LMI can be utilized to design the controller for a system
with uncertainty. Therefore, our proposed method can be
applied to a system with unknown communication delays
with some modifications.

From Eq. (11), we can confirm that if we can select the
observer gains of each node to be sufficiently high, then the
estimation error of each node converges to 0 in the no-delay
case. This result does not contradict the motivation of the
introduction to the alternative inputs. If a communication
delay exists, then the stability condition (23a) can be trans-
formed into Eq. (26). From Eq. (26), it is also necessary
that the observer gains of each node are high to estimate
the state. On the other hand, it is also confirmed that when
we raise the observer gain too high, Eq. (26) is not satisfied.
Thus, there exist some systems that have no solution to (23).
For example, let us consider systems whose states are given
by a scalar. In this case, (26) becomes a quadratic inequal-
ity against the observer gains. Hence, the observer gains are
bounded to satisfy (26). In addition, there exists no solu-
tion to (26) if iQe becomes large. Therefore, it is difficult

for us to obtain the observer for a system with high-gain
controllers or large delay networks because (23b) and (23c)
indicate that these systems require a large iQe.

4. Numerical Simulation

In this section, we consider a linear system with 10 nodes
that can be expressed by(

ẋ1
ẋ2

)
=

(
0.050 −0.105
0.015 0.085

) (
x1
x2

)
+

10∑
i=1

Biui. (27)

The network that observes and controls system (27) has a
topology shown by Fig. 4. The odd-numbered nodes can
measure x1 and inject the input to x2. On the other hand, the
even-numbered nodes can measure x2 and inject the input to
x1. Therefore, the input and output matrices of each node
are given by

Bi =


(
1 0

)T
if i ≡ 1 mod 2(

0 1
)T

if i ≡ 0 mod 2

Ci =



0 0
0 1

 if i ≡ 1 mod 21 0
0 0

 if i ≡ 0 mod 2.

The communication delays in the network are uniformly
0.25. The feedback gains of each node Ki are determined
such that the eigenvalues of the following matrix (28) be-
come (−0.05,−0.1).

A +

10∑
i=1

BiKi (28)

We give the parameter matrices iRe as, uniformly, I2×0.001.
Under the above conditions, we solve the LMI (23) to find
the observer gains of each node. We can confirm that some
observer gains become height compared to the system ma-
trix of (27). For example, we can obtain the observer gain
for the 2nd node as

Fig. 4 Topology of network.
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Fig. 5 Time response of estimation error on x1.

Fig. 6 Time response of estimation error on x2.

L2 =

(
36.9160 −10.9542
−10.0549 2.9931

)
.

The time responses of the estimation errors on x1 and x2 are
shown in Figs. 5 and 6. It is also confirmed that the estima-
tion errors converge to 0.

From a series of other numerical simulations, we con-
clude that the condition (23) is very severe for the system
condition. Of course, there exist cases in which the LMI
(23) becomes feasible, as in the example above. However, in
many cases, for example, a case in which the feedback gain
is high, the system matrix A has a large unstable eigenvalue,
or the communication delay is large, the LMI (23) becomes
infeasible. On the other hand, if the communication delay is
small enough to be ignored, then we can estimate the state
from the alternative input observer with high gain. In addi-
tion, if each node can obtain all inputs of the other nodes,
then the observer (15) can estimate the state if and only if
(A, Ĉi) is an observable pair. Therefore, it is important for
us to collect either the input or the output in real time to
estimate the state without delays.

5. Conclusion

In this paper, we proposed an alternative input observer for
a sensor network with communication delays. Each node
estimates the state and calculates the input from its own es-
timate. To calculate the observer and the delay compensa-
tion, each node utilizes the alternative input that is calcu-
lated from its own estimate instead of the input of the other
nodes. The stability condition of the alternative input ob-
server is given by the LMI.

We introduced a stability condition from the Lyapunov–
Krasovskii functional analysis, which means that the result
of this paper is conservative. We may be able to relax the
stability condition of the alternative input observer under the
existence of a communication delay. However, we conclude
that it is important for us to collect either the input or the
output in real time to estimate the state without the delays.

This work was partly supported by JSPS KAK-
ENHI Grant Numbers JP17K06486, JP19H02157, and
JP19H02158.
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