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Characteristic polynomials of Linial
arrangements for exceptional root systems

Masahiko Yoshinaga*
May 11, 2017

Abstract

The (extended) Linial arrangement L} is a certain finite trunca-
tion of the affine Weyl arrangement of a root system & with a pa-
rameter m. Postnikov and Stanley conjectured that all roots of the
characteristic polynomial of £F have the same real part, and this has
been proved for the root systems of classical types.

In this paper we prove that the conjecture is true for exceptional
root systems when the parameter m is sufficiently large.

The proof is based on representations of the characteristic quasi-
polynomials in terms of Eulerian polynomials.

Keywords: Hyperplane arrangements, Linial arrangements, charac-
teristic polynomials
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1 Introduction

1.1 Background

A hyperplane arrangement A = {H;,..., H,} is a finite collection of affine
hyperplanes in an /-dimensional vector space K*. Despite its simplicity, the
theory of hyperplane arrangements has fruitful connections with many ar-
eas in mathematics ([20, 23]). One of the most important invariants of an
arrangement A is the characteristic polynomial x(A,t) € Z[t]. Indeed the
characteristic polynomial is related to several other invariants, such as the
Poincaré polynomial of the complexified complement M (A) [19], the num-
ber of chambers for real arrangements [31], the number of F -rational points
[10, 26], Chern classes of certain vector bundles [18, 1], and lattice points
countings [7, 14, 15, 16, 30].

1.2 Main results

Let V = R’ be an /-dimensional Euclidean space. Let ® C V* be an ir-

reducible root system. Fix a positive system & C ®. For a positive root
a € & and k € Z, define

Hyp={z€V|a(r) =k}

The set of all such hyperplanes is called the affine Weyl arrangement. Finite
truncations of the affine Weyl arrangement have received considerable atten-
tion ([2, 3, 4, 5, 11, 21, 22, 27, 29]). Among others, the (extended) Linial
arrangement Ly is defined by

m—{Hoyp|la€ed k=12 .. m}

(where £ = () by convention). In [21], Postnikov and Stanley studied combi-
natorial aspects of Linial arrangements. They posed the following conjecture.
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Conjecture 1.1. ([21, Conjecture 9.14]) Suppose m > 1. Then every root
a € C of the equation x(L§,t) = 0 satisfies Reaw = mTh, where h denotes the
Coxeter number of ®.

The conjecture was verified for & = A, by Postnikov and Stanley [21],
and for & = By, Cy, and D, by Athanasiadis ([4]). These works are based on
explicit representations of x(L§,t) for the corresponding root systems. (The
case & = (G5 is also easy.)

For exceptional root systems, some partial answers have recently been
reported in [30]. Namely, for & € {Fg, E;, Es, F,;}, Conjecture 1.1 has been
verified when the parameter m > 0 satisfies

= _1 mod 6, P = Eﬁ, E7,F4,
m= mod 30, & = .

The purpose of this paper is to prove Conjecture 1.1 for exceptional root
systems when m > 0. The main result is the following.

Theorem 1.2. (Corollary 5.14) Let ® € {Eg, E7, Eg, Fy}. Suppose m > 0.
Then, every root oo € C of the equation x(LF,t) =0 satisfies Reaw = 2.

1.3 What makes roots lie on a line?

The proof of Theorem 1.2 relies on the expression of the characteristic quasi-
polynomial Xquasi(L£4, q) in terms of the Ehrhart quasi-polynomials and Eu-
lerian polynomials developed in [30]. (See §2.) However, the key result that
enables us to conclude “having the same real part” is the following elementary
lemma.

Lemma 1.3. Let f(t) € R[t]. Suppose M is a real number that satisfies the
inequality

M > 2 -max{Rez | z€C, f(z) =0}.
Let w € C be a complex number with |w| = 1.
equation

Then, any root z of the

Jt) —w-f(M =1) =0

: _ M
satisfies Rez = .

Proof. Set f(t) = a(t — aq)(t — ag) -+ (t — an), (a # 0). As f(¢) is a real
polynomial, @; is also a root of f(t). Set §; = M — @;. Then, «; and f;
are symmetric with respect to the line Rez = &, and we have f(M —t) =
(=) -a-[I,(t—B). If Rez < &, then |z — oy| < |z — B for all i (note
that Rea; < &), and hence | f(2)| < |f(M —z)|. Similarly, Re z > 4 implies
|f(2)] > | f(M—2)|. Therefore, f(z) = wf(M—z) implies that Rez = &. [
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The basic strategy of the proof of Theorem 1.2 is to construct F™(t) €
Q[t] such that

X(Lg,t) = F™ (1) + (=1)" - F™ (mh — ),
where / is the rank of @, then apply Lemma 1.3.

The remainder of this paper is organized as follows. In §2, we recall the
notion of the characteristic quasi-polynomial Xquasi(A, ¢) for an integral ar-
rangement 4. The characteristic quasi-polynomial xquasi(L4', ¢) of the Linial
arrangement L3’ can be expressed in terms of the Ehrhart quasi-polynomial
Lg(t) of the fundamental alcove and the Eulerian polynomial Re(t) of ®.
The relation between these objects is described as follows (Theorem 2.9)

Xauasi (£, q) = Ra(S™ ") Lo(q),

where S is the shift operator. In §3, using the symmetry of the Eulerian poly-
nomial (Proposition 2.5), we introduce the truncated characteristic quasi-
/2 ( m

polynomial Xéuasi @ q), which satisfies

m 1/2 m l 1/2 m
X (L5 0) = X (£ 0) + (= 1) Xgpost (€5 10D — ).
(Proposition 3.5). Since these functions are quasi-polynomials, it does not
make sense to consider the roots. However, we will see that the limit
1/2 / pm
. uasi , g
Fo(q) :== RY*(S)¢" = lim Xopuasi (£, 10)

m—00 mé

becomes a polynomial in ¢ (Proposition 3.1). The location of the zeros of
Fy(t) is crucial for m > 0. Indeed, we will check, case-by-case, that the real
parts of the zeros are less than % (Proposition 3.7).

Because the proof for the quasi-polynomials is complicated, we will first
give a simplified “polynomial version” of the main result as a “toy-case” in
84.

In §5.1, we summarize those properties of quasi-polynomials and Eulerian
polynomials that are necessary for the proof of the main result. This is mainly
to simplify the notation. In §5.2, we present a weaker version of the main
result for the asymptotic behavior of the real parts of roots. In §5.3, we prove
the main result.

2 Preliminaries

2.1 Quasi-polynomials with the GC D-property

A map F : Z — C is called a quasi-polynomial with a period p > 0 if F(q)
can be expressed as a polynomial in ¢ that depends only on the residue class
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g mod p. In other words, there exist polynomials fy, fi,..., f,—1 € C[t] such
that

F(q) = fi(q)

if ¢ =4 mod p. The polynomials fy,..., f,—1 are called the constituents of
F'. The period p is said to be the minimal period if F' does not have smaller
periods than p. The quasi-polynomial F' can be expressed as

F(q) = co(@)q” + e1(q)g" ™ + - + cala), (1)

where ¢; : Z — C is a periodic function with a period p (i.e., ¢;(¢+p) = ¢i(q)
for all ¢ € Z).

We say that the quasi-polynomial F" has a constant leading term if ¢(q)
in (1) is a nonzero constant function. In this case, d is called the degree of
the quasi-polynomial F'.

The quasi-polynomial F' is said to have the GC D-property if the con-
stituents satisfy: ged(i, p) = ged(7, p) = fi(t) = f;(t).

Remark 2.1. In this paper, we distinguish the roles of the variables ¢ and
t. The variable ¢ always runs through Z (or Z), whereas ¢t runs through R
or C. Under this convention, the variable of a quasi-polynomial should be ¢,
and its constituents may have a variable t.

2.2 Characteristic quasi-polynomials

Let A = {Hi,...,H,} be an arrangement of affine hyperplanes in R".
Throughout this paper, we assume that the hyperplanes are defined over
Z. More precisely, there exists an integral linear equation

ai(xl, Ce ,.Z‘g) = Q1 T1 + -+ QyTy + bz

(aij, b; € Z) that satisfies H; = a; 1(0) € RY. For an arrangement A, we can
associate the modulo ¢ > 0 complement:

M,(A4) = (2/az) < T

where H; = {z € (Z/qZ)" | a;(z) =0 mod g}.
The following theorem was given by Kamiya, Takemura and Terao.

Theorem 2.2. ([14, 15, 16]) #M,(A) is a quasi-polynomial with the GCD-
property for sufficiently large ¢ > 0 such that all constituents are monic of
degree (.



We denote the quasi-polynomial by xquasi(A, ¢), which is called the char-
acteristic quasi-polynomial of A. The characteristic quasi-polynomial has a
constant leading term; hence, it is of the form

Xaquasi(A, @) = ¢ +c1(q) - ¢+ + elq),

where ¢; : Z — Z, 1 =1, ..., ¢ are periodic functions. It is also known that
the prime constituent of xquasi(A, ¢) is equal to the characteristic polynomial
of A [2, 4], 1. e., the characteristic polynomial x(.A4,t) has the form

XA ) =t e (1) - 7 (D).

2.3 Eulerian polynomials for root systems

We first recall the terminology of [8, 13].

Let V = R’ be the Euclidean space with inner product (-,-). Let ® C V
be an irreducible root system with exponents ey, ..., e,, Coxeter number h,
and Weyl group W. (See Table 1 for explicit values.) For any integer k € Z
and o € @7, the affine hyperplane H, j is defined by

Hop={x €V |(a,z) =k} (2)

Fix a positive system @1 C ® and the set of simple roots A = {ay, ..., a.} C
®*. The highest root, denoted by & € ®*, can be expressed as a linear com-
bination a = Zle ciay (¢ € Zsp). We also set ag := —a and ¢y := 1. Then,
we have the linear relation

cotg + cra+ -+ cpap = 0. (3)
The coweight lattice Z(®) and the coroot lattice Q(®) are defined as
Z(®)={z eV | () €Z,a; € A},
Q@) =Yz

(@, )

The coroot lattice Q(®) is a finite index subgroup of the coweight lattice
Z(®). The index #% = f is called the index of connection.

Let w; € Z(®) be the dual basis of the simple roots ag, ..., ay, that is,
(i, @) = 0i5. Then, Z(®) is a free abelian group generated by @/, ..., @/
We also have ¢; = (@), @).



Each connected component of V'~ |J H,x is an open simplex, called

acdt
kEZ

an alcove. Define the fundamental alcove og by
o (v, x) >0, (1<i<Y)
%—{“V’ (@,1) < 1

The closure 05 = {z € V | (i, 2) >0 (1 <i <), (a,z) < 1} is a simplex
with vertices 0, i—llv, e % € V. The supporting hyperplanes of facets of o5,
are Hal,(], cey Hal’o, H&,l-

Using the linear relation (3), we define the function asc : W — Z.

Definition 2.3. Let w € W. Then, asc(w) is defined by

asc(w) = Z Ci.

0<i<t
w(a;)>0

Definition 2.4. The generalized Eulerian polynomial Re(x) is defined by
Ral(z) = % 3 et
weW
The following proposition gives some basic properties of Reg(z).

Proposition 2.5. ([17])

(1) deg Ro(x) =h — 1.

(2) (Duality) 2" - Re(1) = Ro(z).
(3) Ra(z) € Zla].
(4)

4) Ry,(x) is equal to the classical Eulerian polynomial. (See [9, 12, 24]
for classical Eulerian polynomials.)

The polynomial Rg(z) was introduced by Lam and Postnikov in [17].
They proved that Rg(z) can be expressed in terms of cyclotomic polynomials
and classical Eulerian polynomials.

Theorem 2.6. ([17, Theorem 10.1]) Let ® be an irreducible root system of
rank €. Then,

Ra(2) = [cola - [a1]a - [cala -+ [e)a - Ra, (@), (4)

where [c], =

We will give an alternative proof of Theorem 2.6 in §2.5 using Ehrhart
series.



2.4 Ehrhart quasi-polynomials for root systems

It is known that the number of lattice points Lo(q) = # (¢- 03 N Z(®)) in
the dilate g-o§ is a quasi-polynomial in g, called the Ehrhart quasi-polynomial
of 05. (See [6, 24] for details on Ehrhart theory.) Suter [25] explicitly com-
puted the Ehrhart quasi-polynomial Lg(g). Several useful conclusions may
be summarized as follows.

Theorem 2.7.

(Suter [25])

(i) The Ehrhart quasi-polynomial Lg(q) has the GC D-property.

(i1) Lo(q) has a leading coefficient which is the constant ﬁ

(15i) The minimal period is n = lem(cy, o, . .., Cp).

values.)

() If q € Z is relatively prime to the period n, then

(v) rad(FD)|h,

La(q) =

where rad(n

H p is the radical of n.

p:prime

p|n

(vi) The Ehrhart series Ehrq>( ) of Lo(q) is

lv’;|<q+e1><q+e2>-~

(q+ee).

(See Table 1 for explicit

1
Ehrg (2 ZLP (1 —z00)(1 —z¢1) - (1 — z¢%) (5)

d ‘ €1, .., Ep ‘ Clyeve,Cp ‘ h ‘ f W] ‘ n ‘rad(ﬁ)

Ay 1,2,...,¢0 1,1,...,1 0+1 + (¢+1)! 1 1
By, Cy 1,3,5,...,20—1 1,2,2,...,2 20 2 20. 01 2 2

D, 1,3,5,...,20—-3,0—1 1,1,1,2 2 | 20—2] 4 201 .1 2 2

Eg 1,4,5,7,8,11 1,1,2223 12 3 27.34.5 6 6

Er; 1,5,7,9,11,13,17 1,2,2,2,3,3,4 18 2 210.3%4.5.7 | 12 6

Eg 1,7,11,13,17,19,23,29 | 2,2,3,3,4,4,5,6 30 1 21 .3%5.52.7 | 60 30

F, 1,5,7,11 2,2,3,4 12 1 27 .32 12 6

Gs 1,5 2,3 6 1 22.3 6 6

Table 1: Table of root systems.

The following proposition follows from Ehrhart—Macdonald reciprocity.

Proposition 2.8.

Lao(—q)

(-1)°

(See [30, Corollary 3.4] for a more general formula.)

(6)




2.5 Characteristic quasi-polynomials of Linial arrange-
ments
Let S be the shift operator that replaces the variable ¢ by ¢ — 1 (or ¢ by

t —1). More generally, the polynomial o(S) = ag + a;S + - - - + azS? acts on
a function f(q) as

o(S)f(q) = aof(q) +arflg—1)+--+aaf(q—d).

The characteristic quasi-polynomial Yquasi(£%,¢) can be expressed in terms
of the Eulerian polynomial Rg(z), and the Ehrhart quasi-polynomial Lg(q)
of the fundamental alcove.

Theorem 2.9. ([30])

Xquasi(£$7 Q) = R<I>(Sm+1)L<I>(Q)- (7)

Remark 2.10. The formula (7) holds for m = 0 if we consider £} to be the
empty arrangement. In that case, we have

¢" = Ro(S)La(q). (8)

This can be considered as a root system generalization of the Worpitzky
identity [28].

Note that Theorem 2.6 by Lam and Postnikov follows from the Worpitzky
identity (8) and Theorem 2.7 (vi). Indeed, equation (8) is equivalent to

[e.9]

Rg(2) Ehre(2) = Z K2k, 9)

k=0

Note that the right-hand side depends only on the rank ¢. A comparison of
(9) with & = A, shows that

R@(Z) _ RA@(Z)

(1 —zo0)(1T—z01)---(1—2¢) (1—2)H1

This yields Theorem 2.6.

Example 2.11. Let ® = Go. Since Ra,(7) = z + 2%, we have

Re,(x) = 1+ 2)(1 + 2+ 2°)(x + 2%) = x + 32° + 42° + 32" + 2°.



The closed fundamental alcove ¢35 is the convex hull of 0, %, %Y The period
is m = 6. The Ehrhart quasi-polynomial is

(

5(@+1)(g+5), ifg=1,5 mod 6,

Hlq+2)(g+4), ifg=24 mods6,

LGz(Q) =
L(g+3)%, if g=3 mod 6,

L(¢*+6g+12), ifg=0 mod 6.

\

It is known that the characteristic quasi-polynomial of the Weyl arrangement
Ap = {Hapo | @ € &1} can be expressed as Yquasi(Ae, ¢) = (—1)5#[@(—(1)
[5, 16]. Thus, we have

([ (q—1)(¢—5), ift=1,5 mod 6,
(g—2)(g—4), ift=2,4 mod 6,

Xquasi(AG27 Q) =
(g —3)?, if t=3 mod 6,

| ¢*—6¢+12, if¢t=0 mod6.
The characteristic quasi-polynomial of the Linial arrangement is
2 _
ol | ¢ —-6g+11 ¢g=1 mod 2,
Xausi (L0 0) = { ¢ —6¢g+14 ¢g=0 mod 2.

3 Limit Polynomials

3.1 Normalized limit polynomials

Let f(S) € CI[S] be a polynomial of the shift operator S, and g(t) € CJ[t].
Assume deg g(t) = ¢. Let us consider the polynomial

gm(t) = F(S™)g(t) (10)
for m > 0.
Proposition 3.1.

lim gm(rft) = f(9)t. (11)

m—00 m
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Proof. Write f(S) = ch\/:o a,S* and g(t) = Zf:o cit*™" (co # 0). Then, we
have,

N l
gm(t) = J(S™)g(t) = 3D anci- (£ = k(m + 1))

Hence,

3.2 Truncated Eulerian polynomials

Suppose Rg(z) = Y'~'a;z’. Define the truncated Eulerian polynomial
1/2
Ry~ (t) by

S adt, if h is odd,
" 1<i<h
Ry () - o 12
> at + LM if his even.
1<i<h

Example 3.2. Let ® = GG5. Then, R}I)/Z(x) =z + 322 + 223,
The following is straightforward from Proposition 2.5 (2).
Proposition 3.3. Re(z) = R}D/Q(x) + - R}Dﬂ(x_l).

Using the truncated Eulerian polynomial R}I,/ Q(ZL‘), we define the half char-

acteristic quasi-polynomial X(lll/lisi(ﬁg, q) as follows.

Nguasi(£8-4) = Ry/*(5™*") La(q). (13)
Note that Xéﬁsi(ﬁgl,q) is a quasi-polynomial of the period n, however, it

does not have the GC D-property.

11



Example 3.4. For ® = G5, we have

6¢%+10q

= qg=0 mod 3,

Re, (S)Lay(a) = | “T55=t g =1 mod 3

% g =2 mod 3,

and
( 3‘12%6‘1‘*‘12 ¢g=0 mod 6,
—3‘12—68‘1+5 q= mod 6,
3¢2—8¢+10 _

s 19 M =2 mod 6,
qu/lasi(ﬁéb’ Q) - RG/Z (S2>LG2 (Q) - ?qu—gqﬂ)’ q= mod 6

6
2
3¢ 8¢tld =4 mod 6,

6
2_
(| 22l =5 mod 6.

Proposition 3.5. The half characteristic quasi-polynomial X;ﬁsi(ﬁg, q) sat-
isfies the following.

Xauasi (L85 0) = Xl (Lo @) + (1) X2 (Lo mh — q). (14)

Proof. Write R(ID/ (z) = ZlLZ/IZJ alz’. From Theorem 2.9 and Proposition 3.3,
it follows that

Xauasi (£, 0) = (R2(S™ ) La)(q) + (S"™VRY* (ST Le)(q).  (15)

The first term on the right hand side is equal to Xé/ > (Lm q) in (13). We

uasi

shall prove that the second term is equal to (—l)fxéﬁsi(ﬁg'}, mh—q). Indeed,
using Proposition 2.8, we have

Lh/2]
(S"m VR (ST ) La) (@) = Y apS" L (g)
i=1
Lh/2]
= diLa(g— h(m + 1) + (m + 1)i)
=1
Lh/2) (16)
=(-1)" Y dLo(—q+hm — (m+ 1))
i=1
Lh/2] .
= (-1) Z a;S(mH)zL@(—q + hm)
i=1

= (—1)'x2 (L mh — q).

12



The next corollary follows immediately by replacing ¢ by mh—q in Propo-
sition 3.5.

Corollary 3.6. Xquasi(ﬁgla Q) = <_1)€Xquasi(£7ga mh — q)

Consider Fg(t) := R}D/Q(S)tf = thi/lzj al(t—1i)* as a polynomial in t. The
distribution of the roots of Fg(t) = 0 will play a crucial role.

Proposition 3.7. Let & € {Eg, Er, Es, Fy, G5} be an exceptional root sys-
tem. Suppose Fg(a) =0, € C. Then, Rea < %

Proof. This proposition can be verified computationally. We describe the
method for the case ® = Fj. The other cases are similar. First, using Table
1, Theorem 2.6, and Ra,(x) = x+ 5722+ 30223 + 3022* + 572° + 25, we have

Rp,(z) =(1 4+ 2)3(1 + = + 2*)(x + 572 + 3022° + 302" + 572° + 2°)
=z + 612 + 5372 + 19162 + 37822 + 46862° + 378227
+19162° + 53727 + 6121 + 2.

Therefore, we have
R () = x + 612° + 5372 + 19162 + 37822° + 23432°
and
RZ(S)t8 = (t—1)5461(t—2)5+537(t—3)5+1916(t—4)°+3782(t—5)°+2343(t—6)°.

The roots of R}E?(S)tﬁ = 0 (approximation by Mathematica) are t = 4.55334+
0.465487+/—1,4.78675 £ 1.55735y/—1, and 5.37033 &+ 3.11072y/—1. All roots

have real parts that are less than g = 6.

The maximum real parts of the roots are presented in Table 2. O]

® | max{Rea} | h/2
Eg 5.3703 6
E; 8.4367 9
Eg 14.6604 15
Fy 4.8967 6
Goy 2.166 3

Table 2: The maximal real parts of roots.
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4 A Toy Case

Let ® € {Fs, Er, Eg, Fy,Go}. Denote its exponents by eq,...,e, and the
Coxeter number by h. Let g(t) € R[t] be a real polynomial of deg g = ¢ that
satisfies g(t — h) = (—=1)*g(—t). (Note that such a polynomial exists, e. g.,
¢
g(t) =[Liei(t +ei).)
Theorem 4.1. With the above notation, for sufficiently large m > 0, every
root o € C of the equation (Re(S™™)g)(t) = 0 satisfies Re v = %,
Proof. Set gm(t) := (RY*(S™1)g)(t). Then, we have
(Ra(S™1)g)(t) = gm(t) + (=1) g (mh —1).
(The proof is similar to that of Proposition 3.5.) By Proposition 3.1,
m (TNt
lim < (mt) = R(lb/Z(S)tZ =: Fp(t).

m—ro0 mé

From Proposition 3.7, it follows that the real parts of the roots of the equation
Fs(t) = 0 are less than % By the continuity of the roots of polynomials, for
sufficiently large m > 0, the real parts of the roots of g,,(mt) = 0 are also
less than g, which is equivalent to saying that the real parts of the roots of
gm(t) = 0 are less than mTh Then Lemma 1.3 completes the proof. O]

5 Main Results

In this section, by generalizing the argument in §4, we will prove the main
result. The main difficulty is related to the fact that Lg(q) is a quasi-
polynomial. We will use the idea of averaging constituents to resolve this
problem. We will work in the generalized setting described in §5.1 for the
sake of notational simplicity.

5.1 Settings

Let n, h > 0 be positive integers and L(q) be a quasi-polynomial with period
n.

Assumption 5.1. L(gq) has a constant leading term of degree ¢ > 0. In
other words, L(q) has an expression of the form

L(g) = coq" + c1(q)g" " + -+ culq),

where ¢; : Z — Q (i = 1,...,{) is a periodic function and ¢y is a nonzero
constant.

14



Assumption 5.2. L(q) satisfies the following.
L(~q) = (~1)'L(g — h). (17)
Let R(z) € Q[z] be a polynomial of deg R(x) = h — 1.
Assumption 5.3. R(x) satisfies the following.
"R(z™) = R(z). (18)

Write R(z) = a1o + agx® + - -+ + ap_12""L. Define the truncation R'(x)
of R(x) by

ST at, if h is odd,
1<i<®
R(z) =
; a . .
> at + 222 if his even.
1<i<%

We also write R'(z) = ZZLZ/IQJ alz'. Tt is easy to see that R(x) satisfies
R(z) = R'(z) + 2"R'(z7).
Next, we make an assumption on the location of the roots of the polynomial
Lh/2]
R(S)t =" aj(t—i). (19)
i=1

Assumption 5.4. Every root a € C of R/(S)t* = 0 satisfies
h
Rea < 3 (20)

The following is our main example.

Example 5.5. Let & € {Fg, E7, Eg, Fy,Go}. Then, the Ehrhart quasi-
polynomial Lg(q), period n, Coxeter number h, and Eulerian polynomial
R (x) satisfy Assumptions 5.1, 5.2, 5.3, and 5.4.

Remark 5.6. Although Example 5.5 is the main example, we can construct
many other examples that satisfy the above assumptions. For instance, for
n = 1, some arbitrary A > 3 and ¢ > 0, L(q) = (¢+ %)" and R(z) = z + 2!
satisfy the above assumptions.
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5.2 Asymptotic behavior of roots
For m > 0, define the quasi-polynomials L™ (q) and L'™)(q) of period 7 by
L™ (q) = (R(S™)L)(q)

and
L' (q) = (R'(S™)L)(q).

By Assumption 5.2 (and Assumption 5.3),
L™(g) = L'™(g) + (=1)'L""(mh — q). (21)

Let us denote the constituents by Lém) (t) € QJt] for each residue class d
mod n (or 0 < d < n), namely,

L™ (q) = LY (q), when ¢=d mod 7.

Note that the constituents have the following expression:

h—1 V4
L (1) = Jaiy_ei(d—(m+ 1)) (t = (m+ 1)),

The relation (21) can also be written as
Ly(t) = L™ () + (=1)° - Loy y(mh — 1) (22)
at the level of the constituents.

Proposition 5.7.
L/(m) "
Jim D =y RS
In particular, the limit does not depend on the residue d.
Proof. Recall L™ (t) = S22 al S0 ej(d — (m + 1)i)(t — (m + 1)i)*.
Hence,

mJ m

L i) a;écj(d—(mﬂ)i) (t_m“i)g_j.

When j > 0, since ¢; is a periodic function, we have lim,, W = 0.

By the assumption, ¢o(d — (m + 1)i) = ¢ is a nonzero constant. We have

lim —4——72 =¢;- Z aj(t — i)
YA )
=Co- R%S)te

16



Definition 5.8.

70" = max{Rea | a € C, Li"(a) = 0},
f&m) :=min{Rea | a € C, Lilm)(oz) = 0}.

If L(q) and R(x) satisfy Assumptions 5.1-5.4, then F((im) and ffim) approach
as m — 0o. More precisely, we have the following.

mh

2

Theorem 5.9. For any 0 < d < n,

=(m) m
lim 24— = ljm S =2 (23)
m—oo MM, m—oo M 2

Proof. Let F(t) := co - R'(S)t‘. Then, by (22) and Proposition 5.7, we have

lim M =Ft)+ (-1 - F(h—1t). (24)

m—00 mf

Choose a root «,, € C of L&m) (t) = 0. Then, obviously, %= satisfies the

equation Lfim) (mt) = 0. Hence, <= approaches the (set of) roots of F'(t) +
(=1)¢F(h —t) = 0. Equation (23) follows from Assumption 5.4 and Lemma
1.3. [l

Corollary 5.10. Let ® € {Fg, Fr, Es, Fy}. Fix 0 <d <mn. Let o, € C be a
root of the constituent Xquasia(L4,t). Then,

lim =
m—00 m

Rea,, h
5"

5.3 Exact arrangement of roots

In the previous subsection, we proved that the real part of a root a of a

constituent Lém) (t) = 0 is asymptotically close to ™. Here, we prove a

2
stronger result for some special constituents.

Definition 5.11. (Using the notation in §5.1), the residue d mod n (0 <
d < n) is called an admissible residue if the constituents of L™ (q) satisfy

L) = L, ) = L) () (25)

for all kK € Z and m > 0.
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Example 5.12. Consider the situation in Example 5.5. Then, L™ (q) =
(R(S™)L)(q) is equal t0 X quasi(LF, q), which has the GC D-property. Hence,
d is an admissible residue if and only if

ged(d,n) = ged(d + kh,n)

for all k£ € Z. As rad(n)|h (Theorem 2.7 (v)), d = 1 is an admissible residue.
Other admissible residues (divisors of n) for ® € {FEg, E7, Eg, Fy, Go} are
listed in Table 3.

® | n | rad(n) | h | admissible divisor of 7 | my
Es| 6] 6 |12 1,2.3,6 1
E7 | 12 6 18 1,3 2
Eg | 60 30 30 1,3,5,15 2
Fl12] 6 |12 1,2,3,4,6,12 1
Gyl 6] 6 |6 1,2,3,6 1

Table 3: Admissible divisors.

The following is the main result.

Theorem 5.13. (Using the same notation as in §5.1.) Suppose d (0 < d <

n) is an admissible residue. Let ., be a root of Lfim) (t) = 0. Then, for
sufficiently large m > 0, Re ay,y, = mTh holds.

Proof. Let mq = %. Then, L{™(t) = ng;ch@) = L(”ZHM( t) for k =
0,1,...,mo — 1. Hence, using (22),

. 1 mo—1
Lﬁz () = — Z Ld+kh
1 mo—1 1)4 mo—1 o)
- m_O Z Ld+kh mo ‘ Z L*dJr(m*k)h(mh o t) (26)
k=0
1 mo—1 . 1)€ mo—1 .
=g Z L:i(+kh e Z L/—(d—?-kh(mh —1).
k=0
As LY (t) = L) (1), we also have
mo—1 mo—1

Ly Z L) Z L) (mh—1).  (27)
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Define the polynomial F (gm) (t) by

mo—1

m 1 m m
F(0) = 5 D0 A EEh 0 + L)}
k=0

Then, combining (26) and (27), Lém) (t) can be expressed as
L (1) = Fy™(0) + (=1 Fy™ (mh — 1),
From Proposition 5.7, it follows that

lim —Fém) (mt)

m—00 m[

=co- R(S)t". (28)

Hence, for sufficiently large m > 0, every root a € C of F (gm) (t) = 0 satisfies

mh
R —_—
eq < 5

Applying Lemma 1.3, every root of LE{”) (t) = 0 has the real part 2. O

Corollary 5.14. Let ® € {FEg, E7, Eg, Fy, Go}. For sufficiently large m >
0, every root o € C of the characteristic polynomial x(L§,t) of the Linial

arrangement L} satisfies Rea = mTh

Proof. Recall that the characteristic polynomial is the constituent of the
characteristic quasi-polynomial corresponding to d = 1. Since d = 1 is an
admissible residue, we can apply Theorem 5.13. O
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