
 

Instructions for use

Title Primitivoids and inversions of plane curves

Author(s) Izumiya, Shyuichi; Takeuchi, Nobuko

Citation Beiträge zur Algebra und Geometrie / Contributions to Algebra and Geometry, 61, 317-334
https://doi.org/10.1007/s13366-019-00472-9

Issue Date 2019-11-04

Doc URL http://hdl.handle.net/2115/79674

Rights This is a post-peer-review, pre-copyedit version of an article published in Beiträge zur Algebra und Geometrie. The
final authenticated version is available online at: http://dx.doi.org/DOI:10.1007/s13366-019-00472-9

Type article (author version)

File Information Beitrage zur Algebra und Geometrie Nov 2019.pdf

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP

https://eprints.lib.hokudai.ac.jp/dspace/about.en.jsp


Primitivoids and inversions of plane curves

Shyuichi IZUMIYA and Nobuko TAKEUCHI

October 26, 2019

Abstract

The pedal of a curve in the Euclidean plane is a classical subject which has a singular
point at the inflection point of the original curve. The primitive of a curve is a curve given
by the inverse construction for making the pedal. We consider relatives of the primitive of
a plane curve which we call primitivoids. We investigate the relationship of primitivoids
and pedals of plane curves.

1 Introduction

For a regular curve in the Euclidean plane, the pedal of a plane curve is the locus of the
points on the tangent line of the curve, which are given by the projection image of the position
vector of the curve along the normal direction. A point on the pedal determines the tangent
line of the original curve at the corresponding point. Therefore, the passage to the pedal is
sometimes called the formation of a “derivative”. The inverse operation is called the formation
of a“primitive”. The primitive of a curve in the plane is the envelope of the normal lines to
its position vectors at their ends (cf.[1, pp. 91]). It is known that the singularities of the
pedal correspond to the inflection points of the original curve. In this paper we introduced
the notion of the anti-pedal of a curve whose singularities also corresponding to the inflection
points of the original curve. Moreover, we show that the primitive is equal to the anti-pedal
of the inversion image of the original curve. In [7] we defined the ϕ-pedaloid of a curve as the
locus of the points on the line with a constant angle ϕ to the tangent line of the original curve
which are given by the projection image of the position vector of the original curve along the
normal direction of the line. Therefore, the π/2-pedaloid of a curve is the pedal of the curve.
Then the family of ϕ-pedaloid is called the pedaloids. The notion of pedaloids is an analogous
notion of evolutoids in [6]. In [7] we investigated the relation between pedaloids and evolutoids
of a curve. In this paper we also introduce the notion of primitivoids of a plane curve, which
are relatives of the primitive. There are two ways to define the primitivoids. One is called a
parallel primitivoid. For r ∈ R \ {0}, the r-parallel primitivoid of a curve is defined to be the
envelope of the family of normal lines to its position vectors at their r times the ends. Another
is called a slant primitivoid. For ϕ ∈ R, the ϕ-slant primitivoid of a curve is defined to be
the envelope of the family of lines with the constant angle ϕ to the position vectors at their
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ends. We give the exact parametrizations of both of the r-parallel primitivoid and the ϕ-slant
primitivoid of the curve. In [7] we have drawn the pictures of pedaloids which have complicated
shapes. By definition, the shape of the primitivoids might be also complicated. However, we
show that the shapes of all primitivoids of a given curve are similar (cf. Theorems 3.1 and 4.4).
We remark that the primitivoids and the evolutoids of a circle around the origin are the same
(i.e. concentric circles). However, these are quite different for general curves. The notion of
primitivoids is deeply related to the notion of apertures of plane curves (cf. [8]). Finally we
extend the notion of primitivoids for a kind of singular curves (i.e. frontals) in the plane.

2 Pedals, anti-pedals and primitives

In this section we quickly review the properties of pedals and primitives. Moreover, we introduce
the notion of anti-pedals which plays an important role in this paper. Let γ : I −→ R2 be
a unit speed plane curve, where R2 is the Euclidean plane with the canonical scaler product
⟨a, b⟩ = a1b1 + a2b2 for a = (a1, a2), b = (b1, b2) ∈ R2. The norm of a is defined to be
∥a∥ =

√
⟨a,a⟩ =

√
a21 + a22. Then we have the Frenet formulae:{

t′(s) = κ(s)n(s),
n′(s) = −κ(s)t(s),

where t(s) = γ ′(s) is the unit tangent vector, n(s) = Jt(s) is the unit normal vector and κ(s) =

x′1(s)x
′′
2(s)−x′′1(s)x′2(s) is the curvature of γ(s), where J =

(
0 −1
1 0

)
and γ(s) = (x1(s), x2(s)).

The pedal curve of γ is defined to be Peγ(s) = ⟨γ(s),n(s)⟩n(s) (cf. [3, Page 36]). Since

Pe′γ(s) = −κ(s)(⟨γ(s), t(s)⟩n(s) + ⟨γ(s),n(s)⟩t(s)),
the singular points of the pedal of γ is the point s0 where γ(s0) = 0 or κ(s0) = 0 (i.e. the
inflection point). If we assume that γ does not pass through the origin, the singular points of the
pedal Peγ are the inflection points of γ. Therefore we assume that γ does not pass through the
origin. By definition, Peγ(s) is the point on the tangent line through γ(s), which is given by the
projection image of γ(s) of the normal direction. Thus, Peγ(s)−γ(s) generates the tangent line
at γ(s). The primitive of a curve γ in the plane is the envelope of the normal lines to its position
vectors γ(s) at their ends (cf.[1, pp. 91]). For a unit speed plane curve γ : I −→ R2 \ {0}, we
define a family of functions H : I × (R2 \ {0}) −→ R by H(s,x) = ⟨x − γ(s),γ(s)⟩. For any
fixed s ∈ I, hs(x) = H(s,x) = 0 is an equation of the line through γ(s) and orthogonal to the
position vector γ(s). The envelope of the family of the lines {h−1

s (0)}s∈I is the primitive of γ.
Since ∂H/∂s(s,x) = ⟨x− 2γ(s), t(s)⟩, the primitive Prγ : I −→ R2 \ {0} of γ is given by

Prγ(s) = 2γ(s)− ∥γ(s)∥2

⟨n(s),γ(s)⟩
n(s).

The pedal and the primitive of a regular curve generally have singularities. Then the primitive
of the pedal and the pedal of the primitive for the regular part is well defined, respectively.
Suppose that Peγ and Prγ are regular curves. Then we have PrPeγ (s) = PePrγ (s) = γ(s). These
arguments for singular cases can be naturally interpreted by using the notion of frontals in §3.

On the other hand, it is known that the pedal is given as the envelope of a family of circles
as follows: Let G : I × R2 −→ R be a function defined by

G(s,x) =

∥∥∥∥x− 1

2
γ(s)

∥∥∥∥2

− 1

4
∥γ(s)∥2 = ⟨x,x− γ(s)⟩.

2



If we fix s0 ∈ I, G(s0,x) = 0 is the equation of the circle with the center 1
2
γ(s0) which passes

through the origin.

For a fixed s ∈ I, gs(x) = G(s,x) = 0 is an equation of a circle through the origin. Therefore
the inversion image of it is a line. We define the inversion Ψ : R2\{0} −→ R2\{0} at the origin

with respect to the unit circle by Ψ(x) =
x

∥x∥2
. Then we have Ψ(g−1

s (0)) = {x | ⟨x,γ(s)⟩ = 1}.

Thus, we define a family of functions F : I× (R2 \{0}) −→ R by F (s,x) = ⟨x,γ(s)⟩−1. Then
we have

∂F

∂s
(s,x) = ⟨x, t(s)⟩,

so that F = ∂F/∂s = 0 if and only if

x =
1

⟨γ(s),n(s)⟩
n(s).

We define a mapping APeγ : I −→ R2 \ {0} by

APeγ(s) =
1

⟨γ(s),n(s)⟩
n(s),

which is called an anti-pedal curve of γ. By definition or a straightforward calculation, we have
Ψ ◦ APeγ = Peγ and Ψ ◦ Peγ = APeγ . We have the following proposition.

Proposition 2.1. For any unit speed plane curve γ : I −→ R2 \ {0}, we have

Prγ(s) = APeΨ◦γ(s) and PrΨ◦γ(s) = APeγ(s).

Proof. We do not use the parametrization of the primitive and use the properties of the
envelope of the family of lines {h−1

s (0)}s∈I . Since H(s,x) = ⟨x,γ(s)⟩ − ∥γ(s)∥2, H(s,x) = 0
if and only if ⟨x,Ψ ◦ γ(s)⟩ = 1. Therefore, the envelope of the family of lines {h−1

s (0)}s∈I is
equal to the anti-pedal of Ψ ◦ γ. This means that Prγ(s) = APeΨ◦γ(s). Since Ψ ◦ Ψ = 1R2\{0},
we have

APeγ(s) = APeΨ◦Ψ◦γ(s) = PrΨ◦γ(s).

This completes the proof. 2

Since Ψ is a diffeomorphism, the pedal Peγ and the anti-pedal APeγ = Ψ◦Peγ have the same
singularities, which correspond to the inflection points of γ. Therefore, the singularities of the
primitive Prγ = APeΨ◦γ correspond to the inflections of the inversion curve Ψ ◦ γ. Therefore,
we now calculate the curvature of Ψ ◦ γ.

Proposition 2.2. For a unit speed curve γ : I −→ R2 \ {0}, the curvature of Ψ ◦ γ at s ∈ I
is κΨ◦γ(s) = −κ(s)∥γ(s)∥2 − 2⟨γ(s),n(s)⟩.

Proof. We denote that γ̃(s) = Ψ ◦ γ(s). Since γ̃ ′ = ∥γ∥2t−2⟨γ,t⟩γ
∥γ∥4 , ∥γ̃ ′∥ = 1/∥γ∥2. Let σ be the

arc-length parameter of γ̃. Then dσ/ds = 1/∥γ∥2. We also have

t̃ =
d̃γ

dσ
=

∥γ∥2t− 2⟨γ, t⟩γ
∥γ∥2

=
(⟨γ,n⟩2 − ⟨γ, t⟩2)t− 2⟨γ, t⟩⟨γ,n⟩n

∥γ∥2
.

It follows that

ñ = J t̃ =
2⟨γ, t⟩⟨γ,n⟩t+ (⟨γ,n⟩2 − ⟨γ, t⟩2)n

∥γ∥2
.
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By the Frenet formulae and the relation γ = ⟨γ, t⟩t+ ⟨γ,n⟩n, we have

κΨ◦γñ =
dt̃

dσ
= ∥γ∥2 dt̃

ds
= −(κ∥γ∥2 + 2⟨γ,n⟩)

(
2⟨γ, t⟩⟨γ,n⟩t+ (⟨γ,n⟩2 − ⟨γ, t⟩2)n

∥γ∥2

)
.

This means that κΨ◦γ(s) = −κ(s)∥γ(s)∥2 − 2⟨γ(s),n(s)⟩. 2

Therefore, we have κ′Ψ◦γ(s) = −κ′(s)∥γ(s)∥2, so that the following corollary holds.

Corollary 2.3. For a unit speed curve γ : I −→ R2\{0}, κ′(s0) = 0 if and only if κ′Ψ◦γ(s0) = 0.

The point s0 ∈ I with κ′(s0) = 0 is called a vertex of γ. Thus the above corollary asserts that
the vertices of γ and Ψ ◦ γ are the same. It is known that the vertex of a curve is the point
where the osculating circle has four point contact with the curve. Since the inversion Ψ is a
conformal diffeomorphism, it sends the osculating circle of γ to the osculating circle of Ψ ◦ γ.
Therefore the above result is reasonable. By definition, a point s0 ∈ I is an inflection point of
γ if and only if κ(s0) = 0. We also have the following corollary.

Corollary 2.4. For a unit speed curve γ : I −→ R2 \{0}, s0 ∈ I is an inflection point of Ψ◦γ
if and only if κ(s0)∥γ(s0)∥2 + 2⟨γ(s0),n(s0)⟩ = 0.

We now consider the geometric meaning of the condition κ(s0)∥γ(s0)∥2 + 2⟨γ(s0),n(s0)⟩ = 0.
We assume that ⟨γ(s0),n(s0)⟩ ̸= 0, so that κ(s0) ̸= 0. The center of the curvature at s0 is given
by

x0 = γ(s0) +
1

κ(s0)
n(s0).

The osculating circle of γ at s0 is defined by the equation

∥x− x0∥2 =
1

κ(s0)2
.

Therefore, the osculating circle contains the origin if and only if∥∥∥∥γ(s0) + 1

κ(s0)
n(s0)

∥∥∥∥2

= ∥x0∥2 =
1

κ(s0)2
.

The last condition is equivalent to κ(s0)∥γ(s0)∥2 + 2⟨γ(s0),n(s0)⟩ = 0. Therefore, we have
shown the following lemma.

Lemma 2.5. With the same assumptions as above, an inflection point of Ψ ◦ γ corresponds to
the point of γ such that the osculating circle of the point passes through the origin.

We remember that the osculating circle of a curve at a point is the circle which has three
points contact with the curve at the point. If the osculating circle passes through the origin,
the inversion image is a tangent line of the inversion curve which has three points contact. This
means that the point is an inflection point of the inversion curve. Therefore the above result is
also reasonable.

We now consider the singularities of primitives. By Proposition 2.1, we have Prγ(s) =
APeΨ◦γ(s) = Ψ ◦ PeΨ◦γ(s). Since Ψ is a conformal diffeomorphism, the singularities of the
primitive Prγ are equal to the singularities of the pedal PeΨ◦γ of the inversion curve Ψ ◦ γ.
Here, s0 ∈ I is a singular point of PeΨ◦γ if and only if κΨ◦γ(s0) = 0. Therefore, we have shown
the following proposition.
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Proposition 2.6. Let γ : I −→ R2 \ {0} be a unit speed curve such that s0 ∈ I satisfies
⟨γ(s0),n(s0)⟩ ̸= 0. Then s0 is a singular point of the primitive Prγ if and only if s0 is an
inflection point of the inversion curve Ψ ◦γ. Moreover, such a point satisfies the condition that
the osculating circle at the point γ(s0) passes through the origin.

As an application of the unfolding theory of functions of one-variable, we have the following
proposition (cf. [3, Page 166]).

Proposition 2.7. The pedal Peγ of a curve γ around Peγ(s0) is locally diffeomorphic to the
ordinary cusp C = { (x, y) ∈ R | x = t2, y = t3 } if and only if κ(s0) = 0 and κ′(s0) ̸= 0.

We say that γ(s0) is an ordinary inflection of γ if κ(s0) = 0 and κ′(s0) ̸= 0. Then we have
the following theorem.

Theorem 2.8. Let γ : I −→ R2 \ {0} be a unit speed curve such that s0 ∈ I satisfies
⟨γ(s0),n(s0)⟩ ̸= 0. Then the following conditions are equivalent :

(1) The primitive Prγ around Prγ(s0) is locally diffeomorphic to the ordinary cusp,

(2) the pedal PeΨ◦γ of Ψ ◦ γ around PeΨ◦γ(s0) is locally diffeomorphic to the ordinary cusp,

(3) κ(s0)∥γ(s0)∥2 + 2⟨γ(s0),n(s0)⟩ = 0 and κ′(s0) ≠ 0,

(4) the point γ(s0) is not a vertex γ and the osculating circle of γ at γ(s0) passes through the
origin,

(5) the point Ψ ◦ γ(s0) is an ordinary inflection of Ψ ◦ γ.

Proof. By Proposition 2.7, conditions (2) and (5) are equivalent. By Corollaries 2.3 and 2.4,
conditions (3) and (5) are equivalent. By Corollary 2.3 and Lemma 2.5, conditions (4) and (5)
are equivalent. By Proposition 2.1, APeΨ◦γ = Prγ . Since Ψ is a diffeomorphism, the pedal PeΨ◦γ
around PeΨ◦γ(s0) is locally diffeomorphic to the ordinary cusp if and only if APeΨ◦γ = Ψ◦PeΨ◦γ
around APeΨ◦γ(s0) is locally diffeomorphic to the ordinary cusp. Thus conditions (1) and (2)
are equivalent. This completes the proof. 2

3 Parallel primitivoids

In this section we give a parametrization of the r-parallel primitivoid of γ for r ∈ R.We consider
a family of functions H : I × (R \ {0}) −→ R defined by H(s,x) = ⟨x − rγ(s),γ(s)⟩. Then
{h−1

s (0)}s∈I is a family of lines which are orthogonal to γ(s) through rγ(s), where hs(x) =
H(s,x). By definition, the envelope of this family of lines is the r-parallel primitivoid of γ.
Since {t(s),n(s)} is an orthonormal frame along γ, there exist λ, µ ∈ R such that x− rγ(s) =
λt(s) + µn(s). We have

∂H

∂s
(s,x) = ⟨−rt(s),γ(s)⟩+ ⟨x− rγ(s), t(s)⟩ = ⟨x− 2rγ(s), t(s)⟩.

We also have

⟨x− 2rγ(s), t(s)⟩ = ⟨−rγ(s) + λt(s) + µn(s), t(s)⟩ = −r⟨γ(s), t(s)⟩+ λ,

so that ∂H/∂s(s,x) = 0 if and only if λ = r⟨γ(s), t(s)⟩. Moreover, F (s,x) = 0 if and only if
λ⟨t(s),γ(s)⟩+ µ⟨n(s),γ(s)⟩ = 0. Thus F (s,x) = ∂H/∂s(s,x) = 0 if and only if

0 = ⟨r⟨t(s),γ(s)⟩t(s) + µn(s),γ(s)⟩ = r⟨t(s),γ(s)⟩2 + µ⟨n(s),γ(s)⟩.
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Suppose ⟨n(s),γ(s)⟩ ̸= 0. Then F (s,x) = ∂H/∂s(s,x) = 0 if and only if

x = rγ(s) + r⟨t(s),γ(s)⟩t(s)− r⟨t(s),γ(s)⟩2

⟨n(s),γ(s)⟩
n(s)

= r

(
γ(s) +

⟨t(s),γ(s)⟩⟨n(s),γ(s)⟩t(s)− ⟨t(s),γ(s)⟩2n(s)
⟨n(s),γ(s)⟩

)
.

Since γ(s) = ⟨γ(s), t(s)⟩t(s) + ⟨γ(s),n(s)⟩n(s), the last expression equals to

r

(
γ(s) +

⟨n(s),γ(s)⟩γ(s)− (⟨n(s),γ(s)⟩2 + ⟨t(s),γ(s)⟩2)n(s)
⟨n(s),γ(s)⟩

)
= r

(
2γ(s)− (⟨n(s),γ(s)⟩2 + ⟨t(s),γ(s)⟩2)

⟨n(s),γ(s)⟩
n(s)

)
= r

(
2γ(s)− ∥γ(s)∥2

⟨n(s),γ(s)⟩
n(s)

)
.

Therefore, the r-parallel primitivoid is parametrized by

r

(
2γ(s)− ∥γ(s)∥2

⟨n(s),γ(s)⟩
n(s)

)
,

which is denoted by r-Prγ(s). Since

Prγ(s) = 2γ(s)− ∥γ(s)∥2

⟨n(s),γ(s)⟩
n(s),

we have the following theorem.

Theorem 3.1. Suppose ⟨n(s),γ(s)⟩ ̸= 0. Then we have r-Prγ(s) = rPrγ(s) = Prrγ(s).

Proof. For rγ(s), the unit tangent vector is rt(s)/∥rt(s)∥ = t(s), so that n(s) is the unit
normal vector of rγ(s). Thus, we have

Prrγ(s) = 2rγ(s)− ∥rγ(s)∥2

⟨n(s), rγ(s)⟩
n(s) = r

(
2γ(s)− ∥γ(s)∥2

⟨n(s),γ(s)⟩
n(s)

)
.

This completes the proof. 2

4 Slant primitivoids

Following the definition of the evolutoids of curves in the plane [6], we introduced the pedaloids
of curves in [7]. For ψ ∈ R, define

Pe[ψ]γ(s) = ⟨γ(s), cosψt(s) + sinψn(s)⟩(cosψt(s) + sinψn(s)).

We call it a ψ-pedaloid of γ. If ψ = π/2 + nπ, 3π/2 + nπ for n ∈ Z, then Pe[ψ]γ(s) = Peγ(s).
If ψ = nπ for n ∈ Z, then Pe[ψ]γ(s) = ⟨γ(s), t(s)⟩t(s), which is known as a contrapedal (i.e.
a C-pedal for short) (cf. [10]). The C-pedal is denoted by CPeγ(s). Analogous to the notion
of pedaloids, we define a ϕ-slant primitivoid as the envelope of the family of lines with the
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constant angle ϕ to the position vector of the curve. Therefore, if ϕ = π/2 + nπ for n ∈ Z, it
is the primitive of the curve. We now give the precise definition as follows: For a unit speed
curve γ : I −→ R2 \{0}, we have γ(s) = ⟨γ(s), t(s)⟩t(s)+ ⟨γ(s),n(s)⟩n(s), so that π/2-couter
clockwise rotated vector is Jγ(s) = −⟨γ(s),n(s)⟩t(s) + ⟨γ(s), t(s)⟩n(s). For ϕ ∈ R, we define

N[ϕ](s) = cosϕγ(s) + sinϕJγ(s)

= ⟨γ(s), cosϕt(s)− sinϕn(s)⟩t(s) + ⟨γ(s), sinϕt(s) + cosϕn(s)⟩n(s).

We now consider a function F : I × R2 \ {0} −→ R defined by F (s,x) = ⟨x − γ(s),N[ϕ](s)⟩.
For any s ∈ I, fs(x) = F (s,x) = 0 is a equation of the line through γ(s) orthogonal to N[ϕ](s),
which means that the angle between the line and the position vector γ(s) is ϕ + π/2. The
envelope of the family of lines {f−1

s (0)}s∈I is called a ϕ-slant primitivoid of γ. By definition,
the nπ-primitivoid is the primitive of γ.We consider a parametrization of the ϕ-slant primitivoid
of γ. The ϕ-slant primitivoid of γ is denoted by Pr[ϕ]γ(s).

Theorem 4.1. Let γ : I −→ R2 \ {0} be a unit speed curve such that ⟨γ(s),n(s)⟩ ̸= 0. Then
we have

Pr[ϕ]γ(s) = cosϕ (cosϕPrγ(s) + sinϕPrJγ(s)) .

Proof. Since N[ϕ](s) = cosϕγ(s) + sinϕJγ(s), we have N[ϕ]′(s) = cosϕt(s) + sinϕJt(s) =
cosϕt(s) + sinϕn(s). Therefore, F (s,x) = 0 if and only if there exits λ ∈ R such that x −
γ(s) = λ(cosϕJγ(s)− sinϕγ(s)). We remark that ⟨Jγ,n⟩ = ⟨γ,tJn⟩ = −⟨γ, Jn⟩ = ⟨γ, t⟩ and
⟨Jγ, t⟩ = ⟨γ,tJn⟩ = −⟨γ, Jt⟩ = −⟨γ,n⟩. With the condition F (s,x) = 0, we have

∂F

∂s
(s,x) = −⟨t,N[ϕ]⟩+ ⟨x− γ,N[ϕ]′⟩ = −(cosϕ⟨t,γ⟩ − sinϕ⟨n,γ⟩)− λ⟨γ,n⟩.

Therefore, F (s,x) = ∂F (s,x)/∂s = 0 if and only if

x− γ(s) = −⟨γ(s), cosϕt(s)− sinϕn(s)⟩
⟨γ(s),n(s)⟩

(cosϕJγ(s)− sinϕγ(s)).

Since γ = ⟨γ, t⟩t + ⟨γ,n⟩n, we have Jγ = −⟨γ,n⟩t + ⟨γ, t⟩n. Moreover, we have ∥γ(s)∥2 =
⟨γ(s), t(s)⟩2 + ⟨γ(s),n(s)⟩2, so that

x = −⟨γ(s), cosϕt(s)− sinϕn(s)⟩
⟨γ(s),n(s)⟩

(cosϕJγ(s)− sinϕγ(s)) + γ(s)

=
cosϕ

⟨γ(s),n(s)⟩
((− cosϕ⟨γ(s), t(s)⟩+ sinϕ⟨γ(s),n(s)⟩)Jγ(s)

+(sinϕ⟨γ(s), t(s)⟩+ cosϕ⟨γ(s),n(s)⟩)γ(s))

=
cosϕ

⟨γ(s),n(s)⟩
((2 cosϕ⟨γ(s), t(s)⟩⟨γ(s),n(s)⟩+ sinϕ(⟨γ(s), t(s)⟩2 − ⟨γ(s),n(s)⟩2)t(s)

+(cosϕ(⟨γ(s),n(s)⟩2 − ⟨γ(s), t(s)⟩2) + 2 sinϕ⟨γ(s), t(s)⟩⟨γ(s),n(s)⟩)n(s))

=
cosϕ

⟨γ(s),n(s)⟩
(2⟨γ(s), t(s)⟩⟨γ(s),n(s)⟩(cosϕt(s) + sinϕn(s))

+ sinϕ(2⟨γ(s), t(s)⟩2 − ∥γ(s)∥2)t(s) + cosϕ(2⟨γ(s),n(s)⟩2 − ∥γ(s)∥2)n(s))

=
cosϕ

⟨γ(s),n(s)⟩
(cosϕ(2⟨γ(s),n(s)⟩γ(s)− ∥γ(s)∥2n(s))

+ sinϕ(2⟨γ(s), t(s)⟩γ(s)− ∥γ(s)∥2t(s))

= cosϕ

(
cosϕ

(
2γ(s)− ∥γ(s)∥2

⟨γ(s),n⟩
n(s)

)
+ sinϕ

(
2
⟨γ(s), t(s)⟩
⟨γ(s),n(s)⟩

γ(s)− ∥γ(s)∥2

⟨γ(s),n⟩
t(s)

))
.
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Here, Prγ(s) = 2γ(s) − ∥γ(s)∥2
⟨γ(s),n⟩n(s), Jγ(s) is a unit speed curve such that the tangent vector

is Jt(s) = n(s) and the normal vector is Jn(s) = JJt(s) = −t(s). Therefore, we have

PrJγ(s) = 2Jγ(s)− ∥Jγ(s)∥2

⟨Jγ(s), Jn(s)⟩
Jn(s) = 2Jγ(s) +

∥γ(s)∥2

⟨γ(s),n(s)⟩
t(s).

Since Jγ = −⟨γ,n⟩t+ ⟨γ, t⟩n and γ = ⟨γ, t⟩t+ ⟨γ,n⟩n, the last formula is equal to

2(−⟨γ(s),n(s)⟩t(s) + ⟨γ(s), t(s)⟩n(s)) + ∥γ(s)∥2

⟨γ(s),n(s)⟩
t(s)

=
2

⟨γ(s),n(s)⟩
(−⟨γ(s),n(s)⟩2t(s) + ⟨γ(s),n(s)⟩⟨γ(s), t(s)⟩n(s)) + ∥γ(s)∥2

⟨γ(s),n(s)⟩
t(s)

=
2

⟨γ(s),n(s)⟩
(⟨γ(s), t(s)⟩(γ(s)− ⟨γ(s), t(s)⟩t(s)− ⟨γ(s),n(s)⟩2t(s))) + ∥γ(s)∥2

⟨γ(s),n(s)⟩
t(s)

=
2

⟨γ(s),n(s)⟩
(⟨γ(s), t(s)⟩γ(s)− ∥γ(s)∥2t(s)) + ∥γ(s)∥2

⟨γ(s),n(s)⟩
t(s)

= 2
⟨γ(s), t(s)⟩
⟨γ(s),n(s)⟩

γ(s)− ∥γ(s)∥2

⟨γ(s),n⟩
t(s).

Thus we have

PrJγ(s) = 2
⟨γ(s), t(s)⟩
⟨γ(s),n(s)⟩

γ(s)− ∥γ(s)∥2

⟨γ(s),n⟩
t(s).

This completes the proof. 2

Example 4.2. We consider the ellipse defined by x21 + 3x22 = 1. By Theorem 4.1, the ϕ-slant
primitivoid is parametrized by

Pr[ϕ]γ(t) =

(
cosϕ

6

(
−2 cos t(−4 + cos 2t) cosϕ+

√
3(− sin t+ sin 3t) sinϕ

)
,(

cosϕ

3
(4 cos t sinϕ− cos 2t(

√
3 cosϕ sin t+ cos t sinϕ))

))
.
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0.4
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Fig. 1 : The ellipse Fig. 2 : The 0-primitivoid=the primitive
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Fig. 3 : The π/10-primitivoid Fig. 4 : The π/4-primitivoid
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Fig. 5 : The π/3-primitivoid Fig. 6 : The ellipse and primitivoids

We observe in Fig. 6 that these primitivoids might be similar in shape.

For ϕ ∈ [0, 2π), we denote the rotation matrix by

R(ϕ) =

(
cosϕ − sinϕ
sinϕ cosϕ

)
.

Let γ : I −→ R2 \ {0} be a unit speed curve. We denote the ϕ-rotated curve by γϕ(s) =
R(ϕ)γ(s). Since ϕ-rotated curve is also a unit speed curve, we have tϕ(s) = γ ′

ϕ(s) = R(ϕ)t(s)
and nϕ(s) = Jtϕ(s) = JR(ϕ)t(s) = R(ϕ)Jt(s) = R(ϕ)n(s). It follows that

Prγϕ(s) = R(ϕ)Prγ(s).

Moreover, we have the following lemma.

Lemma 4.3. With the same notations as above, we have

JPrγ(s) = PrJγ(s).

Proof. We have

JPrγ(s) = J

(
2γ(s)− ∥γ(s)∥2

⟨γ(s),n(s)⟩
n(s)

)
= 2Jγ(s)− ∥γ(s)∥2

⟨γ(s),n(s)⟩
Jn(s) = 2Jγ(s) +

∥γ(s)∥2

⟨γ(s),n(s)⟩
t(s).

In the proof of Theorem 4.1, we have shown that

PrJγ(s) = 2Jγ(s) +
∥γ(s)∥2

⟨γ(s),n(s)⟩
t(s).

This completes the proof. 2

Then we have the following theorem as a corollary of Theorem 4.1.

Theorem 4.4. With the same notations as above, we have

Pr[ϕ]γ(s) = cosϕR(ϕ)Prγ(s) = cosϕPrγϕ(s) = Prcosϕγϕ(s).

Proof. It follows from Theorem 4.1 and Lemma 4.3 that

Pr[ϕ]γ(s) = cosϕ (cosϕPrγ(s) + sinϕPrJγ(s)) = cosϕ (cosϕPrγ(s) + sinϕJPrγ(s)) .
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Moreover, for a ∈ R2 \ {0}, if we set b = Ja, then we have

cosϕa+ sinϕb = cosϕa+ sinϕJa = (cosϕI + sinϕJ)a = R(ϕ)a.

Therefore, we have
Pr[ϕ]γ(s) = cosϕR(ϕ)Prγ(s).

This completes the proof. 2

We now consider the relation of primitivoids with pedals. For λ ∈ R \ {0}, we consider
λγ(s). Since (λγ)′(s) = λt(s), we have ∥λt(s)∥ = |λ|, so that tλγ(s) = t(s) for λ > 0 and
nλγ(s) = Jt(s) = n(s). We also have tλγ(s) = −t(s) for λ < 0 and nλγ(s) = J(−t(s)) =
−n(s). Thus, we have Peλγ(s) = λPeγ(s). Then we have the following proposition.

Proposition 4.5. With the same notations as above, suppose that Peγ and Pr[ϕ]γ are regular
curves. Then we have

Pr[ϕ]Peγ (s) = PePr[ϕ]γ (s) = cosϕR(ϕ)γ(s) = cosϕγϕ(s).

Proof. By the above arguments and Theorem 4.4, we have

PePr[ϕ]γ (s) = PecosϕPrγϕ (s) = cosϕPePrγϕ (s) = cosϕγϕ(s)

and
Pr[ϕ]Peγ (s) = cosϕR(ϕ)PrPeγ (s) = cosϕR(ϕ)γ(s) = cosϕγϕ(s).

This completes the proof. 2

We now consider relations of primitivoids with anti-pedals and parallel primitivoids. As a
corollary of Theorem 4.4, we have the following proposition.

Proposition 4.6. Let γ : I −→ R2 \ {0} be a unit speed curve such that ⟨n(s),γ(s)⟩ ≠ 0.
Then we have

Pr[ϕ]γ(s) = cosϕAPeΨ◦γϕ(s) = R(ϕ)(cosϕ-Prγ)(s).

Proof. By Proposition 2.1 and Theorem 4.4, we have

Pr[ϕ]γ(s) = cosϕPrγϕ(s) = cosϕAPeΨ◦γϕ(s).

By Theorem 3.1, we have

cosϕPrγϕ(s) = cosϕR(ϕ)Prγ(s) = R(ϕ) cosϕPrγ(s) = R(ϕ)(cosϕ-Prγ)(s).

2

5 Pedals and primitivoids of frontals

In the previous sections we investigated pedals and primitivoids of regular curves. However,
pedals and primitivoids generally have singularities even for regular curves. In the last section
we consider the pedal (respectively, the primitivoid) of the primitivoid (respectively, the pedal)
of a curve. Therefore, we need to generalize the notions of primitivoids (respectively, pedals)

10



of certain singular curves. One of the natural singular curves in the Euclidean plane for which
we can develop the differential geometry is the notion of frontals [4, 5].

We say that (γ,ν) : I −→ R2 × S1 is a Legendrian curve if (γ,ν)∗θ = 0, where θ is
the canonical contact 1-form on the unit tangent bundle T1R2 = R2 × S1 (cf. [2]). The last
condition is equivalent to ⟨γ̇(t),ν(t)⟩ = 0 for any t ∈ I. We say that γ : I −→ R2 is a frontal if
there exists ν : I −→ S1 such that (γ,ν) is a Legendrian curve. If (γ,ν) is an immersion, γ is
said to be a front. A differential geometry on frontals was constructed in [5]. For a Legendrian
curve (γ,ν) : I −→ R2 × S1, we define a unit vector field µ(t) = J(ν(t)) along γ. Then we
have the following Frenet type formulae [5]:{

ν̇(t) = ℓ(t)µ(t),
µ̇(t) = −ℓ(t)ν(t),

where ℓ(t) = ⟨ν̇(t),µ(t)⟩. Moreover, there exists β(t) such that γ̇(t) = β(t)µ(t) for any t ∈ I.
The pair (ℓ, β) is called a curvature of the Legendrian curve (γ,ν). By definition, t0 ∈ I is a
singular point of γ if and only if β(t0) = 0. Moreover, for a regular curve γ, µ(t) = t(t) and
ℓ(t) = ∥γ̇(t)∥κ(t). The Legendrian curve (γ,ν) is immersive (i.e. γ is a front) if and only if
(ℓ(t), β(t)) ̸= (0, 0) for any t ∈ I. So the inflection point t0 ∈ I of the frontal γ is a point
ℓ(t0) = 0. For more detailed properties of Legendrian curves, see [4, 5].

In [7, 9], the pedal of a frontal γ is defined by

Peγ(t) = ⟨γ(t),ν(t)⟩ν(t).

We have shown that if there exist δ(t) and σ : I −→ S1such that γ(t) = δ(t)σ(t) for any t ∈ I,
the pedal Peγ(t) of γ is a frontal. Moreover, the anti-pedal of γ is defined to be

APeγ(s) =
1

⟨γ(t),ν(t)⟩
ν(t).

As we remarked for a regular curve γ in §1, the anti-pedal of a frontal γ is the envelope of the
family of lines {x | ⟨x,γ(t)⟩ − 1 = 0}t∈I .

On the other hand, for a frontal γ with ⟨γ(t),ν(t)⟩ ̸= 0, we define the primitive of γ by

Prγ(t) = 2γ(t)− ∥γ(t)∥2

⟨γ(t),ν(t)⟩
ν(t).

We remark that the primitive of γ is the envelope of the family of lines

{x | ⟨x− γ(t),γ(t)⟩ = 0}t∈I .

Since ⟨x−γ(t),γ(t)⟩ = ⟨x,γ(t)⟩−∥γ(t)∥2, ⟨x−γ(t),γ(t)⟩ = 0 if and only if ⟨x,Ψ◦γ(t)⟩−1 = 0,
where Ψ : R2 \ {0} −→ R2 \ {0} is the inversion defined by Ψ(x) = x

∥x∥2 . Therefore we have
the following lemma.

Lemma 5.1. Let (γ,ν) : I −→ (R2\{0})×S1 be a Legendrian curve such that ⟨γ(t),ν(t)⟩ ̸= 0.
Then we have

Prγ(t) = APeΨ◦γ(t) = Ψ ◦ PeΨ◦γ(t).

Then we have the following lemma.
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Lemma 5.2. Let (γ,ν) : I −→ (R2\{0})×S1 be a Legendrian curve such that ⟨γ(t),ν(t)⟩ ̸= 0.
Then the primitive Prγ of γ is a frontal.

Proof. Since γ(t) ̸= 0, Ψ ◦ γ(t) is well defined and it is not equal to the origin. Thus, PeΨ◦γ
is a frontal. By Lemma 5.1, we have Prγ(t) = Ψ ◦ PeΨ◦γ(t). Here, Ψ is a diffeomorphism, so
that Ψ ◦ PeΨ◦γ is a frontal. 2

Once we obtained parametrization of primitivoids of regular curves, we can generalize these
notions for frontals. Following Theorems 3.1 and 4.4, we respectively define the r-parallel
primitivoid and the ϕ-slant primitivoid of a frontal γ with ⟨γ(t),ν(t)⟩ ̸= 0 by

r-Prγ(t) = rPrγ(t) and Pr[ϕ]γ(t) = cosϕR(ϕ)Prγ(t).

Since ⟨R(ϕ)γ(t), R(ϕ)ν(t)⟩ = ⟨γ(t),ν(t)⟩, we have

R(ϕ)Prγ(t) = R(ϕ)

(
2γ(t)− ∥γ(t)∥2

⟨γ(t),ν(t)⟩
ν(t)

)
= PrR(ϕ)γ(t).

A rotated frontal γϕ is defined to be γϕ(t) = R(ϕ)γ(t). Thus, we have R(ϕ)Prγ(t) = Prγϕ(t).
Then we have the following theorem.

Theorem 5.3. Let (γ,ν) : I −→ (R2\{0})×S1 be a Legendrian curve such that ⟨γ(t),ν(t)⟩ ̸=
0. Then both of the r-parallel primitivoid r-Prγ(t) and the ϕ-slant primitivoid Pr[ϕ]γ(t) of γ
are frontals.

Proof. By Lemma 5.2, the primitive Prγ is a frontal. Since linear map cosϕR(ϕ) : R2 −→ R2

is a diffeomorphism, Pr[ϕ]γ = cosϕR(ϕ)Prγ is a frontal. Moreover, if there exists t0 ∈ I such
that Prγ(t0) = 0, then we have

2γ(t0) =
∥γ(t0)∥2

⟨γ(t0),ν(t0)⟩
ν(t0).

Since ∥ν(t0)∥ = 1, we have ∥γ(t0)∥ = 2|⟨γ(t0),ν(t0)⟩|. It follows that

2γ(t0) =
4⟨γ(t0),ν(t0)⟩2

⟨γ(t0),ν(t0)⟩
ν(t0),

so that γ(t0) = 2⟨γ(t0),ν(t0)⟩ν(t0). Thus, we have ⟨γ(t0),ν(t0)⟩ = 2⟨γ(t0),ν(t0)⟩. This contra-
dicts to the assumption ⟨γ(t),ν(t)⟩ ̸= 0. Therefore, Prγ(t) ̸= 0.We now define ψr : R2\{0} −→
R2 \ {0} by ψr(x) = rx. Then ψr is a diffeomorphism and ψr ◦ Prγ = r-Prγ . It follows that
r-Prγ is a frontal. 2

By the above theorem, we can consider the parallel primitivoids and the slant primitivoids
of r-Prγ(t) and Pr[ϕ]γ , respectively. The normal vector fields of the above frontals are denoted
by νr-Prγ (t) and νPr[ϕ]γ (t), respectively. We have the following lemma.

Lemma 5.4. Let (γ,ν) : I −→ (R2\{0})×S1 be a Legendrian curve such that ⟨γ(t),ν(t)⟩ ̸= 0.
For ϕ ̸= π/2 + nπ (n ∈ Z), we have⟨

r-Prγ(t),νr-Prγ (t)
⟩
̸= 0 and

⟨
Pr[ϕ]γ(t),νPr[ϕ]γ (t)

⟩
̸= 0.
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Proof. By the definition of the primitive of γ, the tangent vector of Prγ(t) at s is Jγ(t). So
that the unit normal is

νPrγ (t) = ±JJ γ

∥γ∥
(t) = ± γ

∥γ∥
(t).

It follows that ⟨
Prγ ,νPrγ

⟩
=

⟨
2γ − ∥γ∥2

⟨ν,γ⟩
ν,± γ

∥γ∥

⟩
= ±∥γ∥ ̸= 0.

Since r-Prγ(t) = rPrγ(t), we have νr-Prγ (t) = ±γ/∥γ∥(t), so that the first assertion holds. If
we set νϕ(t) = R(ϕ)ν(t), then we have ⟨γ̇ϕ,νϕ⟩ = ⟨R(ϕ)γ̇, R(ϕ)ν⟩ = ⟨γ̇,ν⟩ = 0. By definition,
we can show that Pr[ϕ]γ = cosϕPrγϕ . Since ⟨γϕ,νϕ⟩ ̸= 0, we have⟨

Pr[ϕ]γ ,νPr[ϕ]γ
⟩
=

⟨
cosϕPrγϕ ,νPrγϕ

⟩
= cosϕ

⟨
Prγϕ ,νPrγϕ

⟩
̸= 0.

This completes the proof. 2

Then we have the following theorem.

Theorem 5.5. Let (γ,ν) : I −→ (R2\{0})×S1 be a Legendrian curve such that ⟨γ(t),ν(t)⟩ ̸=
0. Suppose that ϕ ̸= π/2 + nπ for n ∈ Z. Then we have

cos(ψ + ϕ)Pr[ψ]Pr[ϕ]γ (t) = cosψ cosϕPr[ψ + ϕ]γ(t).

Proof. By Theorem 5.3 and Lemma 5.4, Pr[ϕ]γ is a frontal. Therefore, Pr[ψ]Pr[ϕ]γ is well-
defined. By definition, we have

Pr[ψ]Pr[ϕ]γ (t) = cosψR(ψ)Pr[ϕ]γ(t) = cosψPrR(ψ)Pr[ϕ]γ (t).

Here, we have

R(ψ)Pr[ϕ]γ(t) = R(ψ) cosϕR(ϕ)Prγ(t) = cosϕR(ψ + ϕ)Prγ(t) = cosϕPrγ(ψ+ϕ)
(t).

If ψ + ϕ ̸= π/2 + nπ, then

cosψPrR(ψ)Pr[ϕ]γ (t) = cosψPrcosϕPrγ(ψ+ϕ)
(t) =

cosψ cosϕ

cos(ψ + ϕ)
Pr[ψ + ϕ]γ(t),

so that we have
cos(ψ + ϕ)Pr[ψ]Pr[ϕ]γ (t) = cosψ cosϕPr[ψ + ϕ]γ(t).

If ψ + ϕ = π/2 + nπ, then the both sides are zero. 2

Example 5.6. We give an example of a front and its primitive. We consider a curve defined
by

γ(θ) =

(
1

32
(30 cos θ − 17 cos 3θ + 3 cos 5θ),

1

16
√
2
(sin θ(23 + 4 cos 2θ − 3 cos 4θ))

)
.

We can show that this curve is a front, which is drawn in Fig. 7.
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Fig. 7 : γ(θ). Fig. 8 : The primitive of γ.

The picture of the primitive of γ is given in Fig. 8. The both of the pictures of γ and the
primitive in Fig. 9. We also draw the picture of the family of lines whose envelope is the
primitive in Fig. 10. of γ.

!3 !2 !1 1 2 3

!3

!2

!1

1

2

3

!4 !2 2 4

!2

2

Fig. 9 : γ(θ) and the primitive. Fig. 10 : The primitive of γ with the family of lines.

We can observe the aperture of the family of lines. Since pictures of all primitivoids are similar
to the primitive, we omit to draw these pictures here. We only remark that apertures of slant
primitivoids always shrink to the origin. This fact is related to the shape of distorted iris
diaphragms of cameras. We will discuss the relationship between iris diaphragms, evolutoids
(cf. [6]) and slant primitivoids in elsewhere.
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