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Abstract

In geotechnical engineering, the stability of rigid footings under eccentrically inclined loads is an important issue. This is because the
number of superstructures has increased and the situation of structures being subjected to eccentrically inclined loading is occurring more
and more frequently. The objective of this paper was to evaluate the bearing capacity of a rigid footing on the free surface of uniform
sandy and clayey soils under the action of eccentric and inclined loading using a finite element analysis by assuming that the soils follow
the Drucker-Prager yield function. In the two-dimensional analysis of the footing-soil system, the rigid plastic finite element method
(RPFEM) was applied to calculate the ultimate bearing capacity of the eccentric-inclined loaded footing. In the numerical analysis,
an interface element was introduced to simulate the footing-soil system with the rigid plastic constitutive equation developed by the
authors. The footing was considered to be rigid and rough, as it most often is in reality. This study thoroughly considered the effect
of the soil properties on load inclination factors ic and ic in order to investigate the validity of the current design methods. In particular,
the effects of the horizontal load in two directions on the ultimate bearing capacity of the footing and the failure envelopes in the V-H-M

space were clarified, namely, positive and negative horizontal loads. The results showed that the positive horizontal load had a negative
effect on the bearing capacity, while the negative horizontal load had the opposite effect in the presence of eccentrically inclined loading.
The failure mode of the footing-soil system was clearly seen in the difference between the two directions of horizontal load. Through a
series of numerical analyses, new equations were proposed for load inclination factors ic and ic, and for the failure envelopes in the
V-H-M space, taking into account the direction of the horizontal load. The obtained limit load space was proved to be rational in com-
parison to those given in the literature. Furthermore, the applicability of the limit load space to different loading paths, and moreover, to
the independently prescribed loads of V, H, and M, was examined. Consequently, the failure envelope for each type of soil in the V-H-M

space was clearly seen to be unique.
� 2020 Production and hosting by Elsevier B.V. on behalf of The Japanese Geotechnical Society. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The bearing capacity q of a rigid footing subjected to an
inclined load is commonly calculated through the use of

multiplicative modification factors. Meyerhof (1953,
1963) introduced some factors for a rigid footing under
an inclined load, namely, semi-empirical inclination factors
ic, ic, and iq. The ultimate bearing capacity formula is
described as follows:

q ¼ iccNc þ 1

2
iccBN c þ iqcDfNq ð1Þ
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where Nc, Nc, and Nq are the bearing capacity factors
which show the effects of soil cohesion c (kN/m2), soil unit
weight c (kN/m3), and deep surcharge Df (m), respectively.
These factors are the functions of the internal friction angle
of the soil, /, under the footing. B is the width of the foot-
ing (m). Load inclination factors ic, ic, and iq are also the
functions of internal friction angle / and inclination angle
a, where a is the inclination angle of the load with respect
to the vertical plane. Moreover, a division of both sides of
Eq. (1) by soil cohesion c, the non-dimensionalized ulti-
mate bearing capacity of the footing (q/c), depends on soil
weight parameter G = cB/2c. Chen (1975) mentioned that
if G is small, the soil behaves essentially as a cohesive
weightless medium. On the other hand, if G is large, the soil
weight, rather than cohesion, is the principal source of the
bearing strength. Numerical results are presented for G

lying within the range of 0 6 G 6 10.
In practice, rigid footings are subjected to eccentric-

inclined coupled loads. Therefore, the stability of a rigid
footing on the free surface of soils under complex loading
is of practical interest. Meyerhof (1953, 1963); Hansen
(1961, 1970); Vesic (1973, 1975) produced series of model
tests to propose empirical and semi-empirical inclination
factors. However, the applicability of these inclination fac-
tors has not been clarified due to the lack of a systematic
analysis based on a reliable stability method. Therefore,
the validity of the current design methods needs to be ver-
ified by applying load inclination factor formulas for ic and
ic. In recent years, the effect of eccentrically inclined loads
on the ultimate bearing capacity has been investigated by
several researchers using numerical analyses and model
tests. Loukidis et al. (2008); Krabbenhoft et al. (2013);
Tang et al. (2014); and Yahia-Cherif et al. (2017) used
numerical analyses to calculate the ultimate bearing capac-
ity under eccentrically inclined loads on sandy soil.
Georgiadis (2010); Rao et al. (2015); Shen et al. (2016)
reported the effect of eccentrically inclined loads on clayey
soil on the ultimate bearing capacity by the finite element
method. From the numerical results, it was concluded that
the ultimate bearing capacity was significantly changed by
the increase in load inclination angle a. The same results
were also obtained from model tests conducted by Patra
et al. (2012a, 2012b); Ornek (2014); Cocjin and Kusakabe
(2013). Although many works have been performed to
investigate the ultimate bearing capacity under eccentri-
cally inclined loads, a comprehensive understanding of
both the failure mechanism of the footing-soil system and
the failure envelopes in the vertical load - horizontal load
– moment (V-H-M) space has not yet been established.

In the footing-soil system, the ultimate bearing capacity
of the footing depends exclusively on the friction condition
of the footing base. This study models the footing base
under rigid and rough conditions, as it most often exists
in reality, especially in the case of horizontal loads. Pham
et al. (2019b) studied the effect of eccentric vertical loads
on the ultimate bearing capacity of rigid footings on uni-
form sandy and clayey soils using the finite element

method. For sandy soil, they introduced an interface ele-
ment into the footing-soil system in order to properly eval-
uate the interaction between the footing and the soil. For
clayey soil, in particular, they introduced a no tensile
strength analysis into the footing-soil system to assess the
ultimate bearing capacity of the eccentrically loaded foot-
ing. They found that the application of an interface element
and a no tensile strength analysis were effective for deter-
mining the ultimate bearing capacity of a rigid footing
and the failure mechanism of the footing. In the present
study, the interface element and the no tensile strength
analysis are employed to widely investigate the bearing
capacity of an eccentrically inclined loaded footing. The
footing-soil system with a two-dimensional analysis is sim-
ulated using the rigid plastic finite element method
(RPFEM). The RPFEM has been applied in geotechnical
engineering by Tamura et al. (1984, 1990); Asaoka and
Ohtsuka (1986, 1987); Asaoka et al. (1990), and was further
developed by Tamura et al. (1987) for friction material.
Hoshina et al. (2011) introduced a new constitutive equa-
tion for solid elements to simulate the footing and the soil,
and for interface elements to simulate the interface plane
between the footing and the soil. This method is based
on the upper bound theorem in the limit analysis.

In addition, most of the previous studies, such as those
by Loukidis et al. (2008); Krabbenhoft et al. (2013); Shen
et al. (2016), investigated the bearing capacity of eccentri-
cally inclined loaded footings without considering the effect
of the direction of the horizontal loads on the failure envel-
opes in the V-H-M space or the failure mechanism of the
footing-soil system. Their findings raise a question as to
whether the direction of the horizontal loads has an effect
on the ultimate bearing capacity and the failure mechanism
in the presence of eccentrically inclined loading. The focus
is placed here on the ultimate bearing capacity of a footing
against the action of eccentric and inclined loading taking
into account the direction of the horizontal loads. The sign
convention for the eccentrically inclined loading in this
study, based on the one suggested by Butterfield et al.
(1997), is shown in Fig. 1. The combined loading on the
rigid footing can be represented by a resultant load Q at
eccentricity e and inclination angle a which is divided into
three statically equivalent loads, namely, V, H, and M.

Moment load M is positive when acting clockwise and hor-
izontal load H is positive in the positive direction of the x-
axis. Inclination angle a is positive when acting counter-
clockwise. The objective of this study is to determine the
failure envelopes in the V-H-M space. As shown in
Fig. 1, the failure envelope of (V, H, M) is similar to that
of (V, -H, -M), and the failure envelope of (V, -H, M) is
similar to that of (V, H, -M), due to the symmetry of the
problem. Thus, this study only considers positive eccentric-
ity e (corresponding to M > 0), while the direction of the
horizontal loads should be considered for both positive
and negative loads. For these purposes, load inclination
factor ic is reported in the results as a function of the fric-
tion angle of the soil, while the failure envelopes in the V-
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H-M space are reported as equations of an ellipse depend-
ing on the positive and negative directions of the horizontal
loads. The failure envelopes in the V-H-M space are further
investigated for two problems in which the loading paths
are different, and the moment component is the indepen-
dently prescribed moment with vertical and horizontal
loads.

2. Rigid plastic constitutive equation for finite element

method

2.1. Rigid plastic constitutive equation for solid elements

Tamura et al. (1987) developed a rigid plastic constitu-
tive equation for frictional materials. The present study
employs the rigid plastic constitutive equation based on
their derivation. The Drucker-Prager yield function is
expressed as follows:

f rð Þ ¼ aI1 þ
ffiffiffiffiffi
J 2

p � b ¼ 0 ð2Þ
where I1 is the first invariant of stress rij, and I1 = tr(rij) for
which the extension stress is defined as positive. J2 is the
second invariant of deviator stress sij, defined as

J 2 ¼ 1
2
sijsij, and coefficients a ¼ tan/ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ12tan2/
p and

b ¼ 3cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ12tan2/

p are the material constants corresponding to

the shear resistance angle and cohesion, respectively, under
the plane strain condition. Strain rate _e, which is a purely
plastic component, should satisfy the volumetric constraint
condition for the dilation property of the soil, as follows:

h _eð Þ ¼ _ev � 3affiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2 þ 1

2

q _e ¼ _ev � g _e ¼ 0 ð3Þ

where _ev and _e indicate the volumetric strain rate and the
norm of the strain rate, respectively. Parameter g is
defined in Eq. (3). Hoshina et al. (2011) derived the con-
stitutive equation by introducing the constraint condition
on the strain rate directly into the constitutive equation
with the use of the penalty method (Hoshina et al.,
2011; Pham et al., 2019a, 2019b). The stress–strain rate
relation for the Drucker-Prager yield function is expressed
as follows:

r ¼ bffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2 þ 1

2

q _e

_e
þ j _ev � g _eð Þ I � 3affiffiffiffiffiffiffiffiffiffiffiffiffiffi

3a2 þ 1
2

q _e

_e

0
B@

1
CA ð4Þ

where j is a penalty constant and I is the unit tensor. The
FEM, together with this constitutive equation, provides an
equivalent analysis of the upper bound theorem for plastic-
ity; the method is called the RPFEM in this study. It is a
noted property of this constitutive equation that the rela-
tionship between the stress and the strain rate is specified.
The rigid plastic constitutive equation becomes applicable
to clayey soil by employing the Mises yield function instead
of the Drucker-Prager yield function. The rigid plastic con-
stitutive equation is simple and effective for assessing the
limit state of the ground due to the advantage of requiring
only a few soil parameters. The treatment of the constitu-
tive equation in the rigid body can be found in Hoshina
et al. (2011).

2.2. Rigid plastic constitutive equation for contact planes

Hoshina et al. (2011) developed a rigid plastic constitu-
tive equation for interface elements. At the contact plane
where the displacement velocity is discontinuous, the stress
at the limit state is expressed by the following Coulomb
yield function:

f ðtÞ ¼ tsj j � cs þ tntan/s ð5Þ
where ts and tn are the shear and normal components of the
stress vector at the contact plane. /s and cs are the material
parameters corresponding to the internal friction angle and
the cohesion at the contact plane, respectively.

In the present analysis, an interface element of zero
thickness is introduced into the contact plane between
two bodies, as seen in Fig. 2(a). D _u is the vector of the rel-
ative displacement velocity at the discontinuous line of dis-
placement velocity, and D _u ¼ _uþ � _u� is shown in Fig. 2(b).

The volumetric constraint condition for the Coulomb
yield function is expressed as follows:

h D _uð Þ¼ D _usj jtan/s�D _un ¼ Dus
Dusj j � tan/s �1

� �
D _us
D _un

� �
¼ a �D _u¼ 0 ð6Þ

where D _un is a component of the relative displacement
velocity normal to the discontinuous line and D _us is a tan-

a) Positive horizontal load (+H) b) Negative horizontal load H -H

+M
+H

+V

Q
α

e
>0 and e>0

+M
-H

H (- )H
+V<0 and e>0

e

Qα

α α

Fig. 1. Sign convention for positive and negative combinations of H and M.
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gential component. Following the associated flow rule, the
stress and relative displacement velocity relation for the
interface element is expressed as the following equation
by directly considering the volumetric constraint condition
with penalty constant n:

t ¼ cs
cos/s 1þ tan2/sð Þ

D _u

k D _u k þ n a � D _uð Þa ð7Þ

3. Ultimate bearing capacity for inclined central load

3.1. Case studies for sandy soil

As was mentioned in the Introduction, this study intro-
duces a two-dimensional model to investigate the behavior
of a footing under an inclined load. Fig. 3 shows a typical
finite element mesh and the boundary conditions of a foot-
ing under an inclined load at the center of the footing.
Regarding the type of finite element, while a four-node
1st-order element is employed for the displacement veloc-
ity, a one-node 0-order element is employed for the stress
component described by the penalty method. For the num-
ber of nodes and elements, a mesh with approximately 4000
four-node iso-parametric rectangular elements was used to
model the footing and the soil. A finer density mesh was
employed around the footing base. The dimensions of the
domains were set to be large enough so as to ensure that
the boundaries would have no effect on the calculated
results. The footing was assumed to be perfectly rough such
that the friction angle of the interface elements between the
footing and the soil would be taken as equal to the friction
angle of the soil (/s = /soil). The footing was modeled as a
solid element, the strength of which was set to be extremely
high in order to simulate a rigid footing. Nguyen et al.

(2016) reported that the size effect of the footing width
has been observed in the ultimate bearing capacity. In this
study, a series of analyses was conducted for the inclined
loaded footing with the footing width in the range of
B = 1.0 m to 10.0 m. However, it was found that the foot-
ing width had a negligible effect on the shapes and sizes of
the failure envelopes in the V-H-M space. The greatest dif-
ference in the shapes and sizes of the failure envelopes
among the various footing widths did not exceed 3%. These
results agree well with the study of Tang et al. (2014). Thus,
the footing width of B = 5.0 m was used for all the analy-
ses. The footing and the soil were modeled as rigid perfectly
plastic materials with the following properties: the unit
weight of both the footing and the soil was cf = csoil = 18
kN/m3, the shear strength of the footing material was
cf = 50000 kPa, and the internal friction angle of the foot-
ing was /f = 0�. Small cohesion of the soil of c = 0.5 kPa
was introduced to stabilize the computation process, and
the effect of the cohesion on the bearing capacity was sys-
tematically surveyed by changing the value of c and esti-
mating it to be within 1% of the exact value.

Some expressions were adopted by different design codes
for the load inclination factors giving a relatively wide
range of results. The best known expressions have been
suggested by Meyerhof (1963); Hansen (1970); Vesic
(1975); Loukidis et al. (2008), as shown in Table 1.
Although many studies have been conducted on this issue,
no formula is totally accurate. This study examines the
effect of the internal friction angle of the soil on load incli-
nation factor ic and the failure envelope in the V-H plane in
the case of a concentric load. The internal friction angle
varies among the values of 30�, 35�, and 40�. In the compu-
tation process, horizontal capacity Hult is basically
unknown and it was determined under the prescribed ver-
tical load V. The loading point is set on the bottom of
the footing surface so as not to be affected by the moment
component caused by the horizontal load.

Regarding the inclined central load on sandy soil, the
inclination factor is commonly considered through a mod-
ification by the conventions of Terzaghi (1943)’s bearing
capacity equation. For a rigid footing placed on sandy soil
with no embedment, the conventional bearing capacity
equation is reduced to the following:

(a) Stress conditions on interface surface      (b) Line of motion on interface surface

++

(B)

(A)

Fig. 2. Stress vector and vector of relative displacement velocity.

α

B

Q

Fig. 3. Typical finite element mesh and boundary conditions of rigid footing under inclined central load.
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V ¼ 1

2
iccB2N c ð8Þ

Fig. 4 shows load inclination factor ic for various inter-
nal friction angles of the soil in the case of an inclined cen-
tral load. The figure demonstrates that load inclination
factor ic depends greatly on the value of the internal fric-
tion angle, although Hansen (1961); Vesic (1975) proposed
inclination factors that do not depend on the value of the
internal friction angle. Moreover, according to the
Meyerhof (1963) solution, the curvature of the ic versus
tan (a) line increases with an increasing /, as shown in
Fig. 4, while Loukidis et al. (2008); Zheng et al. (2019) ana-
lyzed load inclination factor ic subjected to the effect of the
internal friction angle of soil using the finite element
method. They reported that ic is a function of internal fric-
tion angle / and inclination angle a, where ic decreases with
an increasing /. It is feasible to express the results seen in
Fig. 4 independent of the internal friction angle in the same
way as that proposed by Hansen (1970); Vesic (1975). Since
differences are found among the obtained results, this study
positively proposes inclination factor ic as a function of the
internal friction angle, as seen in Loukidis et al. (2008);
Zheng et al. (2019).

ic ¼ 1� 0:76
tana
tan/

� � 1:7tan/þ0:4ð Þ2

ð9Þ

Fig. 5 shows the results of the failure envelopes in the V-
H plane obtained for case studies of / = 30�, 35�, and 40�.
It shows that the sizes and shapes of the failure envelopes
in the V-H plane seem to be dependent on the value of /
. The maximum horizontal loads, Hmax, are approximately
equal to 0.114 Vult for / = 30�, 0.109 Vult for / = 35�, and
0.104 Vult for / = 40� at a value of vertical load V around
0.44 to 0.48 Vult, in which, Vult indicates the ultimate bear-
ing capacity of the centric vertical load. Loukidis et al.
(2008) suggested that the maximum Hmax values fall in
the range of 0.09 Vult to 0.11 Vult and occur at V in the
range of 0.42 to 0.46 Vult (a = 11� to 15�). Moreover,
Georgiadis and Butterfield (1988); Gottardi and
Butterfield (1993) conducted model tests and concluded
that the values of Hmax were in the order of 0.12 Vult. From
a comparison with past work, it can be concluded that the
results of the RPFEM generate good estimations under the
rough footing. From Eq. (9), the failure envelope in the V-
H plane is derived based on the results computed with the
RPFEM, as seen in Fig. 5.

H
V ult

¼ tan/
0:76

V
V ult

1� V
V ult

� �1= 1:7tan/þ0:4ð Þ2" #
ð10Þ

The obtained results for the strain rate distributions of
the footing under an inclined central load on sandy soil
of / = 30 deg at load inclination angles of a = 100 and
200 are shown in Fig. 6. The norm of the strain rate, pre-
sented by contour lines, is in the range of _emax to
_emin ¼ 0ð Þ. The distribution of _e shows the failure mode of
the ground and reflects the footing-soil interaction effect.
Fig. 6(a) indicates that the failure mode of the footing
has an asymmetric shape and becomes largely one-sided
as load inclination angle a increases, as seen in Fig. 6(b).
The observations of the failure mechanisms agree well with
those in the results of Loukidis et al. (2008) using the finite
element method. Moreover, the ultimate bearing capacity
of the rigid footing was obtained at about Q = 2232 kN/
m for an inclination angle of a = 100, and was Q = 1077
kN/m for an inclination angle of a = 200. The difference
in ultimate bearing capacities due to the increase in load
inclination angle a is seen to be very large. This is because
the vertical and horizontal extents of the failure mechanism
decrease with increasing load inclination a, which corre-
sponds to a smaller bearing capacity. It indicates that the
RPFEM can provide reasonable predictions of the bearing
capacity and the failure mode of a rigid footing on sandy
soil under an inclined central load.

3.2. Case studies for clayey soil

The effect of inclined central loading on the undrained
bearing capacity of a rigid footing is commonly taken into
account through the application of load inclination factor
ic into the bearing capacity equation. For undrained
conditions, the ultimate bearing capacity of a rigid surface
footing can be expressed by

Table 1
Summary of load inclination factor ic for bearing capacity of footing.

Meyerhof (1963) Hansen (1970) Vesic (1975) Loukidis et al. (2008)

ic ¼ 1� a
/

� �2 ic ¼ 1� 0:7tanað Þ5 ic ¼ 1� tanað Þ3
ic ¼ 1� 0:94 tana

tan/

� � 1:5tan/þ0:4ð Þ2

Fig. 4. Effect of internal friction angle of soil on load inclination factor ic
in sandy soil.
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V ¼ iccuNcB ð11Þ

where cu is the undrained shear strength and ic is the load
inclination factor. There are various expressions for calcu-
lating the undrained inclination factor ic proposed by
Hansen (1961); Meyerhof (1963); Vesic (1973), as shown
in Table 2.

where H is the horizontal load, sliding failure along the
footing base takes place when H 6 Bcu, and a is the load
inclination angle. Meyerhof (1963) reported that with val-
ues of a greater than 16.1�, the footing fails by sliding along
its base. In Vesic’s formula, Nc is the bearing capacity fac-
tor on clayey soil and the exact plasticity solution of Nc is
5.14.

In this section, an interface element is applied to assess
the ultimate bearing capacity under an inclined load on
clayey soil. The undrained shear strength of the soil and
the interface element are set at cu = 100 kPa, /u = 0 degrees
and cs = 100 kPa, /s = 0 degrees, respectively. To discuss
the effect of the inclined load on load inclination factor ic
and the failure envelopes in the V-H plane, horizontal

capacity Hult was computed by considering the change in
vertical load V varying in the range of 0.0 Vult to 1.0 Vult.
Fig. 7 shows load inclination factor ic with an increasing
inclination angle tan (a). It can be seen that load inclination
factor ic significantly decreases as inclination angle a
increases. The results obtained with the RPFEM are
observed as being slightly higher than those of Hansen
(1961); Meyerhof (1963) at small inclination angles for a.
However, they show a good agreement with the above
studies at large inclination angles for a. This is because hor-
izontal capacity Hult reached the constant value of Hult =-

B.cu. After the past work by Hansen (1961); Meyerhof
(1963); Vesic (1973), load inclination factor ic is derived
based on the results computed with the RPFEM, as seen
in Fig. 7.

ic ¼ 1� H
Bcu

� �1=7:4

ð12Þ

Fig. 8 represents the failure envelope in the V-H plane
obtained from the RPFEM for different load inclination
angles a. It is noted that for vertical loads V with less than
half the value of bearing capacity Vult, the footing fails
when the shear strength between the footing and the soil
is fully mobilized, generating sliding failure at the value
of constant horizontal capacity of Hult = B.cu. From the
results of the RPFEM, it is concluded that the footing fails
by sliding along its base at values of a greater than 16.4�.
This is in excellent agreement with Meyerhof’s solution,
and smaller than the solutions of Hansen (1961), Vesic
(1973), and Kobayashi (2005) of 21.3�. From Eq. (12),

Fig. 5. Effect of internal friction angle on failure envelopes in V-H plane
in sandy soil.

a) e/B=0.0 and 10o (Q=2232 kN/m)

b) e/B=0.0 and =20o (Q=1077 kN/m)

α=

0 maxe

Q α= o

Q α=20o

10

α=

α=

Fig. 6. Deformation diagrams of footing-soil against inclined central load
in case of sandy soil / = 30 deg.

Table 2
Summary of load inclination factor ic for bearing capacity of footing.

Hansen (1961) Meyerhof (1963) Vesic (1973)

ic ¼ 0:5þ 0:5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� H

Bcu

q
ic ¼ 1� a

90o
� �2

ic ¼ 1� 2H
BcuNc

0.00

0.20

0.40

0.60

0.80

1.00

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

i c=
V/

V u
lt

tan (α) 

RPFEM

Hansen (1961)

Meyerhof (1963)

Vesic (1973)

Equation (12)

Fig. 7. Relationship between inclination angle tan (a) and load inclination
factor ic.
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the failure envelope in the V-H plane is derived based on
the results computed with the RPFEM for clay, as seen
in Fig. 8.

H
V ult

¼ 1

pþ 2
1� V

V ult

� �7:4
 !

ð13Þ

Fig. 9 shows the failure mode of a rigid footing obtained
for various values of inclination angle a = 10� and 20�.
They are completely different in shape; the failure mecha-
nism of inclination angle a = 10� is presented as the
scoop-wedge shear zone on the right-hand side of the foot-
ing, while the failure mechanism of inclination angle
a = 20� is presented as the sliding mode and the deforma-
tion area becomes smaller and shallower than that of
a = 10�. Moreover, the ultimate bearing capacity of a rigid
footing achieved about Q = 4.33 Bcu for the case of
a = 10�, and Q = 2.93 Bcu for the case of a = 20�. As
expected, in the same way as that for sandy soil, combina-
tions of vertical and horizontal loadings led to a decrease in
the bearing capacity with an increasing inclination angle a.
From the results obtained by the RPFEM, the effect of the

inclined central load on the failure envelopes in the V-H

plane and the failure modes of the footing on clayey soil
have been clarified.

4. Ultimate bearing capacity for eccentrically inclined load

4.1. Case study for sandy soil

In practice, rigid footings are often subjected to
eccentric-inclined coupled loads. Loukidis et al. (2008)
evaluated the ultimate bearing capacity of a footing against
an eccentrically inclined load on sandy soil. However, they
ignored the effect of the horizontal load direction on the
bearing capacity of the footing and the failure envelopes
in the V-H-M space. Only a few researches have been con-
ducted to evaluate the bearing capacity of a rigid footing
for two directions of horizontal load, namely, positive
and negative loads. In this study, a series of analyses was
conducted for the case of sandy soil of / = 30 deg taking
into account the direction of the horizontal load. In partic-
ular, the study investigates three different loading paths, in
which the values for vertical load V, the load inclination
angle tan (a), and eccentricity length e are controlled as
constant, respectively. In each path, horizontal capacity
Hult is basically unknown, and it was determined under
the designated condition of vertical load V and eccentricity
length e, which are varied to widely survey the limit load
space in the V-H-M space.

Fig. 10 shows the failure envelopes in the V-H plane for
several values of eccentricity length e. At the limit of a zero
vertical load, the horizontal load was not sustained. It is
seen that, when eccentricity length e increases, the size of
the failure envelopes in the V-H plane decrease for both
positive and negative horizontal loads. This is because
the bearing capacity of the rigid footing decreases with
an increase in eccentricity e regardless of the direction of
the horizontal loads. It can be observed from Fig. 10 that
the shapes of the failure envelopes for the positive horizon-

0.00

0.05

0.10

0.15

0.20

0.25

0.0 0.2 0.4 0.6 0.8 1.0

N
or

m
al

iz
ed

 h
or

iz
on

ta
l l

oa
d H

/V
ul

t

Normalized vertical load V/Vult

RPFEM
Hansen (1961)
Meyerhof (1963)
Vesic (1973)
Equation (13)

Fig. 8. Comparison of failure envelopes in V-H plane on clayey soil.

a) e/B=0.0 and =10o (Q=4.33Bcu)

b) e/B=0.0 and =20o (Q=2.93Bcu)
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Fig. 9. Deformation diagrams of footing-soil against inclined central load
on clayey soil of cu = 100 kPa.
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tal load are presented as nearly symmetric shapes, while
those for the negative horizontal load are presented as
asymmetric shapes. The maximum value of normalized
horizontal load H/Vult for the positive horizontal load is
seen to be smaller than that of the negative horizontal load
corresponding to each value of e. The difference is caused
by the fact that the direction of the horizontal load affected
the failure envelopes in the V-H plane. Fig. 11 shows the
failure modes obtained for e/B = 0.3 and a = 10� in two
cases of positive and negative horizontal loads. The figure
shows that the detachment between the footing and the soil
occurred around the left-hand side of the footing for the
positive horizontal load, while the detachment did not
occur for the negative horizontal load at large eccentricity
e. The failure domain is concentrated most largely on the
right edge of the footing where the eccentric vertical load
is placed. However, the failure mode forms more deeply
and is larger along one side of the footing in the same direc-
tion as the horizontal load. The ultimate bearing capacity
of the footing was computed using the RPFEM, as
Q = 545 kN/m for the positive horizontal load and
Q = 709 kN/m for the negative horizontal load. This can
be easily understood with the failure mode presented in
Fig. 11(b) which represents an extended failure mechanism
in both horizontal and vertical directions compared with
the failure mode presented in Fig. 11(a). The numerical
results of the RPFEM showed that the effects of the hori-
zontal load direction on the failure envelopes in the V-H

plane and the failure mode of the footing-soil system are
considerable.

The failure envelopes in the V-M plane for both positive
and negative horizontal loads are plotted in Fig. 12. It is
interesting that the failure envelopes in the V-M plane
are seen to be totally affected by the direction of the hori-
zontal load. At the limit of a zero vertical load, the moment
load was not sustained. For the positive horizontal load,
the Mmax reached approximately 0.065 BVult and 0.049

BVult for eccentricity lengths of e = 0.1 B and e = 0.2 B,
respectively, while for the negative horizontal load, the
Mmax was approximately 0.076 BVult and 0.064 BVult at
e = 0.1 B and e = 0.2 B, respectively, which are equally
1.17 to 1.30 times the value of the positive horizontal load.
It can be seen that giving consideration to the direction of
the horizontal load leads to an increase in moment capacity
Mult in the case of the negative horizontal load. The rigid
footing can support a higher applied load at the negative
horizontal load. The effects of the eccentrically inclined
load and the direction of the horizontal load on the failure
envelopes in the V-H and V-M planes and on the failure
mode of the rigid footing have been clarified.

4.2. Case study for clayey soil using no tensile strength

analysis

Pham et al. (2019b) introduced a no tensile strength
analysis into the footing-soil system to assess the ultimate
bearing capacity of the eccentrically loaded footing. They
reported that the application of a no tensile strength anal-
ysis was effective for analyzing the interaction between the
footing and the clay. The study employed the no tensile
strength analysis to calculate the undrained bearing capac-
ity against the eccentrically inclined loading on clayey soil.
The focus was placed on the ultimate bearing capacity of a
footing subjected to the effect of the direction of the hori-
zontal load. This section investigates two different loading
paths, namely, normalized eccentricity e/B and the inclina-
tion angle tan (a), which vary stepwise from 0.0 to 0.3. A
series of analyses was conducted for the case study of
clayey soil of cu = 100 kPa.

Fig. 13 shows the failure envelopes in the V-H plane for
various values of eccentricity length e. It can be seen that
the shapes of the failure envelopes are similar for all values
of eccentricity length e. However, the sizes of the failure
envelopes decrease with increasing eccentricity length e

regardless of the direction of the horizontal load. For each

a) e/B=0.3 and =10o (Q=545 kN/m) – Positive horizontal load (+H)

b) e/B=0.3 and =-10o (Q=709 kN/m) - Negative horizontal load (-H)
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Q α=10o

Qα=-10o

Fig. 11. Deformation diagrams of footing-soil against eccentric inclined
load taking into account direction of horizontal load (e/B = 0.3, sandy soil
of / = 30 deg).
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value of eccentricity length e, the sizes of the failure envel-
opes in the V-H plane for the negative horizontal load were
observed to be slightly greater than those for the positive
horizontal load. It was found that the direction of the hor-
izontal load had a negligible effect on the failure envelopes
in the V-H plane. The strain rate distributions of the foot-
ing in the case of e/B = 0.3 and a = 10� for the positive and
negative horizontal loads are shown in Fig. 14(a) and (b),
respectively. It is noted that the failure mechanism of the
footing is typically one-sided. This is because the detach-
ment between the footing and the soil occurred around
the left-hand side of the footing regardless of the direction
of the horizontal load. The failure mode for the positive
horizontal load shows a slipping mode, while the failure
mode for the negative horizontal load shows a single circu-
lar arc slip. Moreover, the ultimate bearing capacity of the
rigid footing was obtained as a value close to 2.12 Bcu for
the positive horizontal load and 2.15 Bcu for the negative
horizontal load. The difference in ultimate bearing capaci-
ties due to the direction of the horizontal load is not so

large. However, it can be seen that the circular arc slip
mode is more dominant with a slightly larger bearing
capacity than that of the slipping mode. Fig. 15 shows
the failure envelopes in the V-M plane for the positive
and negative horizontal loads with various values for the
load inclination angle tan (a). At the limit of a zero vertical
load, the moment load is observed as being equal to zero.
The figure indicates that the direction of the horizontal
load has almost no influence on the failure envelopes in
the V-M plane. Moreover, the sizes of the failure envelopes
become smaller than those in the case of a decreasing load
inclination angle tan (a). This is due to the decreasing ver-
tical capacity corresponding to an increasing load inclina-
tion angle a. Finally, it can be observed from Figs. 13
and 15 that the failure envelopes in the V-H and V-M

planes are slightly affected by the direction of the horizon-
tal load. The results for clayey soil are observed as being
completely opposite those for sandy soil.

5. Failure envelopes for ultimate bearing capacity in V-H-M
space

5.1. Limit load space for sandy soil

The failure envelopes in the V-H-M space for the effect
of eccentric-inclined coupled loads have relatively complex
geometries. In most of the previous studies on sandy soil,
such as those by Loukidis et al. (2008); Krabbenhoft
et al. (2013); Tang et al. (2014), only the effect of the
eccentric-inclined coupled load on each failure envelope
in the V-H, V-M, andH-M planes was reported; the overall
failure envelopes in the V-H-M space were not considered.
The present study investigates the failure envelopes in the
V-H-M space for various loading paths of eccentricity
length e, the inclination angle of tan (a), and normalized
vertical load V/Vult. Pham et al. (2019b) studied the bearing
capacity of an eccentrically loaded footing on sandy soil,
for which the moment load reached maximum moment
Mmax at a normalized vertical load of around V/Vult = 0.46
regardless of the internal friction angle. A series of analyses
was conducted in the case of sandy soil of / = 30 deg with
various values for V/Vult.

Fig. 16 shows the failure envelopes in the H-M plane
under eccentric-inclined coupled loads at V/Vult = 0.25,
0.46, and 0.75. It can be seen that the sizes and shapes of
the failure envelopes are dependent on the level of normal-
ized vertical load V/Vult. Moreover, these diagrams clearly
show that the rigid footing can support a higher applied
load with the combination of negative horizontal and pos-
itive moment loads. This is because the direction of the
horizontal load affects the failure envelopes in the H-M

plane. Similar findings were also observed by Loukidis
et al. (2008); Krabbenhoft et al. (2013); Tang et al.
(2014). Most of the past works modeled the failure envel-
opes in the H-M plane by considering the equation for
an ellipse by Butterfield and Gottardi (1994). This study

a) e/B=0.3 and =10o (Q=2.12Bcu) – Positive horizontal load

b) e/B=0.3 and =-10o (Q=2.15Bcu) – Negative horizontal load

0 maxe
Q α=10o

Qα=-10o

Fig. 14. Deformation diagrams of footing-soil against eccentric inclined
load taking into account direction of horizontal load (e/B = 0.3, clayey
soil).
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proposes fitting parameter C = 0.195 for failure envelopes
in the H-M plane of the RPFEM on sandy soil, as follows:

H
Ho

� �2

þ M
Mo

� �2

þ 2:C
H
Ho

� �
M
Mo

� �
¼ 1 ð14Þ

where Ho is equal to the H values yielded by Eq. (10) and
Mo is equal to theM values yielded by Eq. (15), which were
proposed by Pham et al. (2019b) and correspond to the
specific value of Vo. According to the work of Loukidis
et al. (2008), parameter C is equal to 0.267, and Ho and
Mo are given by Loukidis’s equations. The failure envelope
by the RPFEM is in excellent accordance with that by
Loukidis et al. (2008) at Vo = 0.46 Vult, as seen in Fig. 16.

M
BV ult

¼ 0:55
V
V ult

1� V
V ult

� �0:49
 !

ð15Þ

In addition, once the failure envelope in the V-H-M

space of a rigid footing under an eccentrically inclined load
is proposed, the question is raised as to whether it can be
applied for different loading paths. Almost none of the pre-

vious studies considered the uniqueness of the limit load
space. The present study widely investigates the intersect-
ing points in the three-dimensional failure envelopes in
the V-H-M space with three different loading paths,
namely, eccentricity length e, the inclination angle tan
(a), and normalized vertical load V/Vult. A three-
dimensional image of the limit load space under an eccen-
trically inclined load is presented in Fig. 17. The represen-
tations of the failure envelopes in the V-H-M space are
shown as contour plots. The bold red plots denote the
intersecting points calculated from the RPFEM. The figure
shows some intersecting points among the contour plots of
e/B = 0.1, 0.2, and 0.3, of tan (a) = 0.1, 0.2, and 0.3, and of
V/Vult = 0.25, 0.46, and 0.75. It can be seen that the failure
envelopes in the V-H-M space for the different loading
paths are almost coincidental for the same limit surface.
From the numerical results of the RPFEM, it can be con-
cluded that the failure envelope in the V-H-M space is
unique for each value of internal friction angle on sandy
soil. The three-dimensional representation of the limit load
space provides a convenient way to explore the safety of
any specific loading paths, or the consequences of any
changes in the loading.
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5.2. Limit load space for clayey soil using no tensile strength

analysis

Rao et al. (2015); Shen et al. (2016) used the zero-
tension interface to analyze the ultimate bearing capacity
of a rigid footing subjected to eccentrically inclined load-
ing. However, there are few works which have analyzed
the failure envelopes in the V-H-M space for clayey soil.
This study applied a no tensile strength analysis to calcu-
late the three-dimensional failure envelopes in the V-H-M

space. A series of analyses was also conducted for the case
of clayey soil of cu = 100 kPa, and the obtained results were
compared with those of past works.

Fig. 18 shows the failure envelopes in the H-M plane at
intervals of normalized vertical load of V/Vult = 0.25, 0.50,
and 0.75. It can be seen that the sizes and shapes of the fail-
ure envelopes in the H-M plane also completely depend on
the level of V/Vult. The size of the failure envelope in the H-

M plane is the maximum size at normalized vertical V/

Vult = 0.50. Moreover, these diagrams clearly show that
the direction of the horizontal load has a negligible effect
on the failure envelopes. These results are completely in
contrast to those for sandy soil. The obtained failure envel-
ope in the H-M plane shows a good agreement with the
failure envelope described by the FEM of Shen et al.
(2016) at V/Vult = 0.50. The failure envelopes in the H-M

plane for the rigid footing can be described by the circular
ellipse expression proposed by Gourvenec (2007) to
approximate the shapes of the failure envelopes in the H-

M plane. Thus, this study proposes the following new
equation to determine the failure envelopes in the H-M

plane at various values for V/Vult in clay.

H
H 0

� �2

þ M
M0

� �2

¼ 1 ð16Þ

where Ho and Mo are the maximum horizontal load and
moment, respectively, corresponding to the specific value
of Vo. Ho is equal to the H value given by Eq. (13) and

Mo is equal to the M value given by Eq. (17) of Pham
et al. (2019b). The symmetrical elliptical failure envelope
defined by Eq. (16) does not capture the asymmetry
observed in the results obtained with the RPFEM.
Nonetheless, it properly reflects that the effect of the direc-
tion of the horizontal load is not very large.

M
BV ult

¼ 0:63
V
V ult

1� V
V ult

� �0:80
 !

ð17Þ

For clayey soil, a question arises as to whether the fail-
ure envelopes in the V-H-M space are unique for any value
of undrained shear strength cu. This study widely investi-
gates the relationship of the three-dimensional failure
envelopes in the V-H-M space at various values under dif-
ferent loading paths, which are eccentricity length e, incli-
nation angle a, and normalized vertical load V/Vult.
Fig. 19 shows the failure envelopes in the V-H-M space
for various values of e, tan (a), and V/Vult. When the
moment load is converted to the vertical stress distribution
in positive and negative triangular shapes applied to the
footing, the total vertical load obviously equals zero. How-
ever, the limit load space in the V-H-M space of the rigid
footing is made by considering the no tensile strength
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Fig. 18. Failure envelopes in H-M plane for different values of normalized
vertical load V/Vult for clayey soil case.
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analysis for the footing-soil interface. The vertical stress in
the tensile zone is arranged to zero stress, and the vertical
load working on the footing becomes positive. The magni-
tude of moment componentM is correlated to vertical load
V obtained by the computation. In addition, when the
eccentricity length is zero, moment M becomes zero. In this
case, the failure envelope in the V-H space is drawn for the
inclination angle tan (a) of the applying load. Although it
is predicted to be non-linear, horizontal load Hult is
obtained as constant in the range of a large inclination
angle tan (a) since the shear stress at the interface between
the footing and the ground attains the shear strength of the
cohesive soils. Thus, the shape of the limit load space with
the no tensile strength analysis is observed as being com-
pletely opposite that of sandy soil. The bold red plots
denote the intersecting points calculated from the RPFEM.
The figure clearly shows some intersecting points among
the contour plots for eccentricity length e, the inclination
angle tan (a), and normalized vertical load V/Vult. From
Fig. 19, it is seen that the failure envelopes in the V-H-M

space almost coincide for all the different loading paths,
and that these contour plots coexist on the same limit load
surface. It can be concluded that the failure envelopes in
the V-H-M space are unique with any value of undrained
shear strength cu.

6. Discussion on failure envelopes for ultimate bearing

capacity in V-H-M space

A question arises with the failure envelopes in the V-H-

M space for eccentrically inclined loads as to whether or
not they are applicable to combinations of the V, H, and
M independent variables. This is because once the failure
envelopes in the V-H-M space are proposed, it is possible
to apply them to the assessment of the ultimate bearing
capacity for combined loads of V, H, and M. However,
the application of this limit load space is not clear since
it was originally developed for eccentric vertical loads
which are related to moment loads. Pham et al. (2019b)
studied the impact of combinations of centric vertical and
moment loads on the failure envelopes in the V-M plane
using the RPFEM. They reported that the sizes and shapes
of the failure envelopes in the V-M plane in the case of
combined loads were completely similar to those of eccen-
tric vertical loads. However, most of the previous works
did not consider the above question on the failure envel-
opes in the V-H-M space. This study introduces a compu-
tation process for combining the centric vertical,
horizontal, and moment loads. The moment load is
replaced by a triangular distributed load, the summation
of which is zero in the vertical load, as shown in Fig. 20,
in order to simulate the vertical load, the horizontal load,
and the moment load independently. In this computation
process, moment capacity Mult is basically unknown. It
was determined through prescribed horizontal load H
and specific vertical load Vo. The failure envelopes in the
V-H-M space for the combined loads are symmetrically

investigated for sandy and clayey soils under the rough
condition of the footing surface. A series of analyses was
performed for sandy soil of / = 30 deg at the specific value
of V = 0.46 Vult and clayey soil of cu = 100 kPa at the
specific value of V = 0.50 Vult. The properties of the inter-
face elements employed in the analyses are similar to the
soil properties of sand and clay, respectively.

Fig. 21 shows the failure envelopes in the H-M plane for
sandy and clayey soils subjected to combined loads. The
figure demonstrates that the shape of the failure envelopes
in the H-M plane is presented as an ellipse for both sandy
and clayey soils. However, the size of the failure envelope
for the combined loads on the clayey soil is observed as
being larger than that on the sandy soil. For the sandy soil
of / = 30 deg, the failure envelope shows an asymmetric
ellipse and maximum moment capacity Mmax generally
achieved a value of 0.081 BVult at a horizontal load of
H = 0.0 Vult. For the clayey soil, the failure envelope shows
a nearly symmetric ellipse and maximum moment capacity
Mmax achieved a value of nearly 0.133 BVult. It is interest-
ing that the failure envelope in the H-M plane in the case of
a combination of the centric vertical load, the horizontal
load, and the moment load almost coincides with the envel-
opes in Eqs. (14) and (16) for the H-M plane under eccen-
trically inclined loads on sandy and clayey soils,
respectively, as shown in Fig. 21. These results are prefer-
able from a simulation viewpoint because the behavior of
the eccentrically inclined loads can be simulated by the
combined vertical-horizontal-moment loads.
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Fig. 20. Initial load conditions for rigid plastic FEM.
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Fig. 21. Failure envelopes in H-M plane against combinations of centric
vertical, horizontal, and moment loads for sandy and clayey soils.
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7. Conclusion

This study has investigated the ultimate bearing capacity of
a rigid footing subjected to eccentric-inclined coupled loadson
sandy and clayey soils using the RPFEM. The effect of the
eccentrically inclined loads on the ultimate bearing capacity
and the failure mechanism of the rigid footing were analyzed
by taking into account the direction of the horizontal load.

The conclusions of this study are as follows:

1. Under inclined central loading, this study examined the
effect of the soil properties on load inclination factors ic
and ic. The numerical results of the RPFEM showed that
load inclination factor ic needs to account for the
observed dependence on the value of internal friction
angle/ in the case of sandy soil, while load inclination fac-
tor ic was observed to be unique in the case of clayey soil
independent of the value of the cohesive strength. New
equations for the RPFEM were proposed to determine
load inclination factors ic and ic for applications to the
current design methods.

2. Under eccentrically inclined loading, the failure mecha-
nism of a rigid footing was observed to depend on both
the eccentric-inclined coupled loads and the direction of
the horizontal load. For sandy soil, the failure domain
was concentrated on the edge of the footing as the eccen-
tricity length increased, but the failure zone became lar-
ger and deeper on the opposite side in the same direction
as the direction of the horizontal load. On the contrary,
for clayey soil, the failure mechanism was only largely
one-sided due to the detachment of the footing from
the soil surface on the opposite side regardless of the
direction of the horizontal load.

3. The effect of the direction of the horizontal load on the
failure envelopes in the V-H, V-M, and H-M planes
were clarified in a series of different loading paths. For
sandy soil, the sizes and shapes of the failure envelopes
in the V-H, V-M, and H-M planes were significantly
affected by the direction of the horizontal load. The rigid
footing was able to support a higher applied load at the
negative horizontal load. However, it was almost negli-
gible for clayey soil. New equations were proposed to
determine the failure envelopes in the V-H-M space tak-
ing into account the direction of the horizontal load.

4. This study widely investigated the failure envelopes in
the V-H-M space under eccentrically inclined loading
on sandy and clayey soils with different loading paths.
The diagrams indicated visual intersecting points
between the contour plots of the V-H, V-M, and H-M

planes in the three-dimensional failure envelopes in the
V-H-M space. From the numerical results of the
RPFEM, it was concluded that the failure envelope in
the V-H-M space is unique for each value of internal
friction angle in sand, and that it is also unique for
any value of undrained shear strength in clay. More-
over, a negligible effect of the footing width on the fail-
ure envelopes in the V-H-M space was observed.

5. The study considered the impact of the combination of
the centric vertical, horizontal, and moment loads on
the envelopes in the H-M plane. The results showed
that the sizes and shapes of the failure envelopes in
the H-M plane in the case of combined loads were
completely similar to those of eccentrically inclined
loads. In the numerical analysis, it was possible to sim-
ulate the eccentrically inclined loads by combinations
of the centric vertical load, the horizontal load, and
the moment load.
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