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Abstract

The purpose of the present paper is to analyze correlation structures of the
ground states of the Schrodinger operator. We construct Griffiths inequalities for
the ground state expectations by applying operator-theoretic correlation inequali-
ties. As an example of such an application, we study the ground state properties
of Schrodinger operators.
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1 Introduction

The so-called “Ising model” was introduced by Lenz [20] to study ferromagnetic prop-
erties of a magnet. This model was discussed in his PhD thesis by Ising [16], and
has been actively studied by both mathematicians and physicists. The Ising model on
A = [~L,L)¥NZ%is defind as follows. For each spin configuration o = {0, },er € Q =
{—1,+1}" on A, the energy of the Ising system is

H(o)=— Y Juyoa0y, (1.1)

z,yEN
where J,, is a nonnegative coupling constant. The thermal average is defined by
(0a) = Y oac PO [ 75 75 = 3" PHE), (1.2)
oef) oef)

where 04 = [],c4 02 for each A C A. In his study of Ising ferromagnets [12, 13, 14],
Griffiths discovered the well-known Griffiths inequalities. Kelly and Sherman refined
the Griffiths inequalities as follows [17]:

e First inequality:

(o4) >0, ACA; (1.3)



e Second inequality:

(caop) — (oa)(og) >0, A,BCA. (1.4)

These inequalities played an important role in the rigorous study of the Ising model
[15]. Accordingly, we can expect that the Griffiths inequalities express the essential
idea of correlation in the Ising system. Therefore, it is logical to ask whether similar
inequalities hold for other models. An attempt to find a solution of this question can be
regarded as an exploration of the model-independent structure of correlations. Ginibre’s
work [10] was a first important step toward understanding this model-independent
structure. His framework of constructing the Griffiths inequalities still hold for several
classical models [34]. However, we know of a few examples of quantum models that
satisfy Griffiths inequalities; it has been actively studied to construct the inequalities
for quantum models, see, e.g., [2, 19, 33].

In recent studies, Miyao established the Griffiths inequalities for both Bose and
Fermi systems [29]. His theory was constructed from the veiwpoint of operator-theoretic
correlation inequalities. According to this theory, we can unify the method of reflection
positivity in the theory of phase transitions [5, 8, 9], Lieb’s spin reflection positivity in
the Hubbard model [22, 26, 30, 38, 40] and Griffiths inequalities. In this way, the new
theory is expected to describe a universal aspect of the notion of correlation.

The Schrodinger operator is undoubtedly one of the most important models in
quantum theory. Hence, we can expect that this model will provide a crucial clue,
leading to better understanding of the universal aspects of correlation. Conversely,
there has been little research on correlation structures of the ground states of this
model.! The principal aim of the present paper is to analyze correlation properties
of the ground states of the Schrodinger operator in terms of the operator-theoretic
correlation inequalities. This kind of the study is expected to be useful, when we
examine the entanglment structures of many-body systems. Through this analysis,
we clarify the Griffiths inequalities for ground state expectations. As we will see, our
correlation inequalities provide qualitative information on the shape of ground states.
The forms of the obtained results are consistent with (1.3) and (1.4), as we will see
in Section 2. This is more than coincidence because our construction is based on our
previous work [29] which is a generalization of the Griffiths inequalities. Finally, remark
that our method can be applied to many-body Schrédinger operators.

The remainder of this paper is as follows. In Section 2, we display results from the
analysis of operator theoretic correlation inequalities.

In Section 3, we introduce several operator inequalities associated with self-dual
cones. As we will see, these inequalities are very useful to study correlation structures
of the ground states.

Sections 4-9 are devoted to the analysis of the ground states of Schrédinger operators
in terms of the theory constructed in Section 3.

In Appendix A, we construct a general theory of correlation inequalities as operator
inequalities associated with self-dual cones. Although many of the results in this section
are already proved in previous studies [6, 11, 24, 26, 27, 28, 29, 30, 31], we have specified
them here the for readers’ convenience.

'For example, see [1, 21]. In [1], Hydrogen-like atoms in constant magnetic field are studied. In
[21], the Born-Oppenheimer energy is investigated.
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2 Results

2.1 Definitions and assumptions

We will study the Schrédinger operator
H=-A,-V (2.1)

acting on the Hilbert space L?(R%; dz). As usual, A, is a self-adjoint realization of the
d-dimensional Laplacian, and V' is a potential.

To state our results, we need the assumptions (A), (B), and (C) below.

Our first assumption concerns the self-adjointness of H.

(A) The potential V : R — R is chosen such that H is self-adjoint on dom(—A,) and
bounded from below.

Example 1 If V € L"(R% dx) + L>®(R% dx) withn = 2 ford < 3, n > 2 for d = 4
and n = d/2 for d > 4, then V satisfies (A), see, e.g., [36, Theorem X. 29]. ¢

As usual, the Fourier transform of f is defined by
F(p) = (2m) /2 / do e~ f(2). (2.2)
Rd

Our second assumption is stated as follows.

(B) There exists an approximating sequence V;, # 0 for V such that (i)—(iii) hold:

(i) Let H, = —A, —V,,. H,, converges to H in the strong resolvent sense as n — 00.2

(ii) For all n € N and a.e. p, the Fourier transform Vn(p) exists and satisfies V;, €
LY(R% dp), Viu(p) > 0 and V,,(—p) = V,(p) a.e. p. Moreover, there exists an
e > 0 such that suppV,, D B.(0), where suppV,, = {p € R?|V,(p) # 0} and
B(0) = {p € R![[p| <}

(iii) Vp(p) is monotonically increasing in n, i.e., Vo(p) < Vii1(p) a.e. p for all n € N.

&

Remark 2.1 In concrete applications, it often happens that V does not exist, or that
V exists, but V ¢ L'(R%; dp). Even in these cases, we can apply our theory of operator-
theoretic correlation inequalities on the basis of the assumption (B). This is the prin-
cipal reason for introducing {V,,}52,. &

2Let {A,}52, be a sequence of self-adjoint operators on L?(R%; dz). We say that A, converges to
A in the strong resolvent sense if (A, — z)~' converges to (A — 2z)™! in the strong operator topology
for all z with Imz # 0.
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Example 2 Let us consider the Yukawa potential, V(z) = with m > 0. In the

||
21/2

R Clearly, V(p) ¢ L*(R%;dp). In this
m

three-dimensional case, we have V (p) = 5

b
case, we set
Vala) = 215 [ eV, (p)a. (2.3)
R3
where
~ V(p) iflp|<n
ADES BRI (2.4
0 if [p| > n

Then, V,, satisfies the assumption (B).3

We can also deal with the case where m = 0 by extending the above arguments. In
this case, we have V(p) = 21/2/p. Set V,,(p) = V(p)x1, (p), where x;, is the indicator
function of a set I, = B, (0)\B1/,(0). Then we can readily confirm that V. satisfies
the assumption (B). ¢

Example 3 We consider the three-dimensional case: d = 3. Let V be a potential such
that V € S(R3), the Schwartz class, and V(—x) = V(x). We assume that V(p) > 0 for
all p € R3. Then the following properties are readily obtained:

e V(0)> 0
e V(p) is continuous in p.

Therefore, there exists a number £ > 0 such that suppV D B.(0). By setting V,(p) =

V(p) for all n € N, we see that the assumption (B) is satisfied. A typical example is
V(z) = Voe /%" with Vy > 0 and a > 0.

For a given linear operator A, we denote by o(A) spectrum of A. The following
assumption concerns the least eigenvalue of H.

(C) There exists an ng € N such that, for all n > ng, inf o(H,,) is an eigenvalue of
H,,. In addition, inf o(H) is an eigenvalue of H. <

Example 4 Let us consider the Yukawa potential given in Example 2. If m is small,
then inf o(H) is an eigenvalue. This is because H™) converges to H(™=0) | the Hamil-
tonian of the hydrogen-like atom, as m — +0 in the strong resolvent sense. Here, we
clarify the m-dependence of H by expressing H as H(™). Since H, converges to H in
the strong resolvent sense as n — oo, inf o(H,,) must be an eigenvalue, provided that
n is large enough. <

3 Proof. (ii) and (iii) of the condition (B) are easy to check.

(i) Remark that ||V;, — V||z2 = |[Va — V|22 = 0 as n — oo. Thus, for each ¢ € C§°(R?), we see that
(Ve = V)ellze < ||V = VlzzllellLee — 0 as n — oo, which implies that (—A, — V4,)¢ converges to
(=Ag —V)p as n — oo. Because C§° (R3) is a common core for —A, —V,, and —A, — V', we can apply
a general theorem [35, Theorem VIII. 25 (a)] and conclude that —A, — V,, converges to —A, — V in
the strong resolvent sense. O



Definition 2.2 We say that the potential V' is regular if it satisfies (A), (B), and (C).
¢

Example 5 (i) The Yukawa potential discussed in Example 2 is regular, if m = 0
or m is sufficiently small.

(ii) Let us consider the potantial V' concretely given in Example 3. Then V is regular
provided that Vj is large enough. <

Definition 2.3 Let A be a self-adjoint operator, bounded from below. If info(A) is
an eigenvalue, then the corresponding normalized eigenvectors are called ground states

of A. &
The following proposition is a basic input.

Proposition 2.4 Assume that V is regular. The ground state of H (resp., H,) is
unique. Let v (resp., 1) be the unique ground state of H (resp., Hy). We have the
following:

(i) ¥(x) >0 and Pnp(x) >0 a.e. z.

(ii) P (p) > 0 and Pn(p) > 0 a.e. p.

Remark 2.5 The property (i) is well-known, see, e.g., [37, Theorem XIII.45], however,
as far as we know, the property (ii) is novel. <

We prove Proposition 2.4 in Section 4.
We denote by #($)) the set of all bounded linear operators on a Hilbert space §.

Definition 2.6 Let ¢ (resp., ¥,) be the unique ground state of H (resp., H,). For
each A € B(L*(R% dx)), we define the ground state expectation (A) by

(4) = (P|Av). (2.5)
Similarly, we define (A),, = (VY |Aty). &

2.2 First inequalities

In this study, we write the operator My, for multiplication by the function f, simply
as f, if no confusion occurs.
For each f € L®(RY;dx), a linear operator f(—iV,) is defined by

, 2\ 2 mod
f=ivae=(f0)9) . ¢ e LAR%dn), (2.6)
where V is the inverse Fourier transform.
Let
A={fe LR, dr)n LA RY dx)| f(p) >0 ae. p}. (2.7)

The following theorem corresponds to the first Griffiths inequality (1.3).

Theorem 2.7 Assume that V is regular.

(i) For all f € A, (f) > 0. The equality holds if and only if f = 0.
(ii) For all f € A, (f(—iVy4)) > 0. The equality holds if and only if f = 0.

We prove Theorem 2.7 in Section 4.



2.3 Second inequalities

Here, we state some results related to the second Griffiths inequality (1.4). For this
purpose, we introduce the following:

A ={f € L°°(R%: dx) N L2(RY; dx) ‘ f(p) >0 ae. pand f(—z) = f(z) a.e. x}( |
2.8

By the assumption (i) of (B), we can readily expect that (A),, converges to (A) as
n — 00. The following theorem provides more detailed information on the convergence.

Theorem 2.8 Assume that V is regular.
(i) For all f € Ue, (f)n is monotonically increasing in n and converges to (f).

(ii) For all f € e, <f(—sz)>n 1s monotonically decreasing in n and converges to

We provide a proof of Theorem 2.8 in Section 5.
The following theorem is a generalization of the second Griffiths inequality (1.4).

Theorem 2.9 Assume that V is regular. For all f, g € e, we have the following:

(i) (fg) = {f){g) = 0.
(i) (f(=iVa)g(=iVa)) — (f(=iVa)){9(~iVa)) = 0.
(iii) (f(=iVa)g) — (f(=iVz)){g) < 0.
Remark 2.10 In Section 4.3, we will show the following:
(i) (f(=iVy)g) is a real number;
(i) if f(z) > 0 or g(x) > 0, then (f(—iV,)g) > 0.

Thus, Theorem 2.9 (iii) is meanigful. {
We provide a proof of Theorem 2.9 in Section 6.

Definition 2.11 Let V() and V®) be regular potentials. Let Vn(l) and V7~E2) be the cor-
responding approximating functions appearing in the condition (B). We write V1) >

V@ if there exists an ng € N such that for all n > ng, Vrfl)(p) > Vn@) (p) a.e. p. &

Example 6 Let W be a regular potential. Assume that AW is regular for all A € I,
where I is an open subset of (0, 00). We set VO =\ W and V@ = MW, If A\, A\ € T
and A\; > Ao, then V(1) = (2,

As a typical example, we consider the following. Let W be a potential given in
Example 3: W(z) = Woe="/¢*. The potential W is regular provided that Wy is large
enough. Let I be an open subset of R such that I C [1,00). Then AW is regular for all
rel.



Let V(Y and V® be regular potentials. We consider Schrédinger operators given
by

HY = A, —vO  HO = A, —v®), (2.9)
Let (M) (resp., 1)) be the unique ground state of H) (resp., H®)). We set
(AW = (WAaptt), ()@ = (P ]Ap). (2.10)
In Section 7, we demonstrate the following.
Theorem 2.12 Assume that VY and V@ are regular.
Q) IFVD =V then (YD > (£ for all f € Ae.
(i) FVO =V then (f(—iVa))Y < (F(=iVe))P for all f e 2Ae.

2.4 Application I: Ground state properties

We study some properties of the ground states by the correlation inequalities. In Section
8, we will show the following theorems.

Theorem 2.13 Assume that V is reqular. Let v be the ground state of H. We set

C(V)={x € R|y is continuous at x}, (2.11)
C(V) = {p e RY| ¢ is continuous at p}. (2.12)

Assume that 0 € C(V) and 0 € C(V). Then we have the following:
(i) ¥(0) > (x) for all z € C(V).
(ii) $(0) > $(p) for all p € C(V).
Taking the above theorem into consideration, we define

§p(x) = V¥ (0)? — (). (2.13)

Remark 2.14 1. Let us consider the hydrogen-like atom discussed in Example 2:
V(z) = 212 /|z|. Then we can confirm that all assumptions in Theorem 2.13 are
satisfied.

2. Using [23, Theorem 11.7], we see that 0 € C(V') under additional assumptions on
V. * We can also apply [39, Theorem C.1.1] to check that every potential given
in Example 3 satisfies this condition. <

4For example, suppose that V' € L'(B,), where B, = {z € R?||z| < r}. Suppose that d > 2. If
V € LP(B,) for d > p > d/2, then for all « < 2 — d/p,

() = ¥(y)l < Cloz —y[* (2.14)

for some C' > 0 and all z,y € B,» with ' < r. Hence, C(V) D B, in this case. Note that all potential
given in Example 3 fulfill the assmptions.



Theorem 2.15 Assume that V() and V® are regular. Assume that 0 € C(V(D) N
CVE)., Ifv) = V| then we have the following:

(1) »1(0) > ¢(0).
(ii) oM (x) > 6@ (x) for all z € (V)N C (V).

Next, we define

5 (p) = \/9(0)2 — (p)2. (2.15)

Theorem 2.16 Assume that 14 and V(Q)Aare reqular. Assume that 0 € é(V(l)) N
C(V®). In addition, assume that vV and ?) are bounded. If VY = V) then we
have the following:

(i) ¥ (0) < ¥@(0).
(i) oM (p) < 8P (p) for allp € C(VI)NC(VD).

Example 7 Let W be a regular potential given in Example 6. Let ¢\ be the unique
ground state of Hy = —A, — AW. For simplicity, we assume that ¥, and ) are
continuous on R? for all A € I. We have the following:

(i) d9a(x) is monotonically increasing in A for all x.
(ii) 64 (p) is monotonically decreasing in X for all p.

Roughly speaking, (i) and (ii) above mean that, as A increases the shape of ¥y (z) be-
comes sharper, while that of ¢ (p) becomes blunter. In other words, the wave function
of the particle is more localized around the origin in the position space as A increases,
while in the momentum space, it is delocalized. These facts can be regarded as an

expression of Heisenberg’s uncertainty principle.

2.5 Application II: Properties of |¢(x)|?

Let o(z) = |[¢(x)|?. In the context of quantum mechanics, p(z) is interpreted as the
probability density that the particle is at . We can apply the correlation inequalities
to investigate properties of go(z). Here, we present some examples of applications.
Since ¢ € L'(R%; dx), o(p) exists for all p € R? and is continuous in p.
In Section 9, we prove the following three theorems:

Theorem 2.17 Assume that V is reqular.
(i) 0 < o(p) for all p.
(i) 6(p) < 6(0) = (27)~%2 for all p. There is equality if and only if p = 0.

Al N A L. L.
(iii) (2m)"28(p)o(t) < 56(p = ') + 50(p+1') for all p,p'.
Theorem 2.17 provides information about the shape of the function 4(p).
Let o,(x) = |¥n(x)|?. By the assumption (i) of (B), we readily confirm that g, (p)
converges to 9(p) as n — 0o. The correlation inequalities stated in this section enable
us to obtain further information on the convergence:



Theorem 2.18 Assume that V' is reqular. Then, 0, (p) is monotonically increasing in
n for all p € R

Theorem 2.19 Assume that V) and V@ are reqular, and that VY = V@ Let
oW (@) = [pD(@)]* and o?(x) = [p® (2)]*. Then, o (p) = 6*)(p) for all p € R

Theorem 2.19 suggests that, as the strength of V' becomes larger, the probability
density has a tendency to localized around the origin in the position space. This result
is consistent with the results in Section 2.4.

Example 8 Let W be a regular potential given in Example 6. Let ¢, be the unique
ground state of Hy = —A, — AW, and let gy(x) = [1)x(z)|>. Then, g,(p) is monotoni-
cally increasing in A € I for all p € R%. ¢

3 Preliminaries

In order to prove the theorems in Section 2, we must introduce several operator in-
equalities associated with self-dual cones.

3.1 Self-dual cones

Let $ be a complex Hilbert space. By a convex cone, we understand a closed convex
set P C $ such that P C P for all t > 0 and PN (—P) = {0}. In what follows, we
always assume that B # {0}.

Definition 3.1 The dual cone of B is defined by
P ={nenllg) > 0ve e P} (3.1)
We say that B is self-dual if B = PBt. &

Definition 3.2 ([6]) Let $ be a complex Hilbert space. A convex cone P in §) is
called a Hilbert cone, if it satisfies the following:

(i) (€lm) =0 for all &7 € B.

(ii) Let $Hr be a real closed subspace of $) generated by B . Then for all £ € Hp,
there exist £,&_ € P such that { =&, — & and (£4|€-) = 0.

(iii) H =9r +iHr = {{ +in|&,n € Hr}p. <

Remark 3.3 Let B be a Hilbert cone in §. For each £ € ), we have the following
expression:

§= (6 —&2) +i(§3 — &a), (3.2)
where {1, &2,§3 and &4 satisfy £1,62,83,84 € B, (§1/€2) = 0 and (£3/64) = 0. &

Theorem 3.4 Let P be a convex cone in $. The following are equivalent:

(i) P is a self-dual cone.



(ii) P is a Hilbert cone.

Proof. For (i) = (ii), see, e.g., [4] or [3, Proof of Proposition 2.58].
Suppose that 9 is a Hilbert cone. We easily see that 8 C BT by Definition 3.2
(i). We will show the inverse. Let ¢ € PBT. By (3.2), we can write £ as & = (§gy —

€r—) +i(€r+ —&-) with €p 4, &1 a €, (Er+1€R,—) = 0 and (£7,4+|€7,—) = 0. Assume
that &7 4+ # 0. Then (£|€7 ) is a complex number, which contradicts with the fact that
(€|n) > 0 for all n € P. Thus, &+ = 0. Similarly, we have £;_ = 0. Next, assume that
Er,— # 0. Because £ — € B, we have

0 < (€lér,-) = -7 <0, (3.3)
which is a contradiction. Hence, we conclude that £ = g 1 € B. O

Definition 3.5 e A vector £ is said to be positive w.r.t. P if & € P. We write this
as £ > 0 wr.t. P.

e A vector n € B is called strictly positive w.r.t. P whenever ({|n) > 0 for all
¢ € P\{0}. We write this as n > 0 w.r.t. B. &

Example 9 For each d € N, we set
L*(R% du)y = {f € L*(R% du) | f(u) >0 a.e. u}. (3.4)

L?(R% du), is a self-dual cone in L?(R% du). f > 0 w.r.t. L2(R%du), if and only if
f(u) > 0 a.e. u. On the other hand, f > 0 w.r.t. L2(R% du) if and only if f(u) > 0
a.e. u.

3.2 Operator inequalities associated with self-dual cones

In subsequent sections, we use the following operator inequalities.

Definition 3.6 Let A, B € A($)). Let P be a self-dual cone in .

If AP C B,°> we then write this as A > 0 w.r.t. PB.5 In this case, we say that
A preserves the positivity w.r.t. . Suppose that AHr C Hr and BHr C Hr. If
(A — B)B C B, then we write this as A> B w.r.t. B. &

Remark 3.7 (i) A>0 wr.t. P < ({|An) >0 for all &, n € P.

(ii) Let A € B(H). If AHr C HRr, we say that A preserves the reality w.r.t. L. The
following fact will be often used: if A preserves the positivity w.r.t. B, then A
preserves the reality w.r.t. . &

The following proposition is fundamental to this paper.

Proposition 3.8 Let A,B,C, D € A($)) and let a,b € R.

(i) If A>0,B>0 w.r.t. B and a,b >0, then aA+bB >0 w.r.t. P.

®For each subset € C §, A€ is defined by A€ = {Azx |z € ¢}.
5This symbol was introduced by Miura [32], see also [18].
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(ii) If A B>0 and C> D0 w.r.t. B, then AC> BD >0 w.r.t. .
(iii) If A>0 w.r.t. B, then A* >0 w.r.t. P.

Proof. (i) is trivial.
(i) f X >0 and Y >0 w.r.t. P, we have XY C XP C PB. Hence, it holds that
XY >0 w.r.t. B. Hence, we have

AC—-BD=_A (C—-D)+(A—-B) D >0 w.rt. B.
~~ ~—
20 o >0 B0

(iii) For each &,n € B, we know that

(€lA™n) = ( > 0. (3.5)

A
A Elm)
20 >0 >0

Thus, by Remark 3.7 (i), we conclude (iii). O

Definition 3.9 Let A € #($). We write A >0 w.r.t. P, if A& > 0 w.r.t. P for all
€ € P\{0}. In this case, we say that A improves the positivity w.r.t. L. &

Definition 3.10 Let A € #(5)). Assume that A>0 w.r.t. 8. We say that A is ergodic
w.r.t. P if for each £, n € P\{0}, there exists an n € {0} UN such that ({|A"n) > 0.
Note that the number n could depend on £ and n.

3.3 A canonical cone in Z?(§)

Let $ be a complex Hilbert space. The set of all Hilbert—Schmidt class operators on §)
is denoted by .Z2(9), i.e., L%(H) = {¢£ € B(H) | Tr[¢*€] < 0o}, L2(H) is a two-sided
ideal in #($). Henceforth, we regard .£2($)) as a Hilbert space equipped with the
inner product (£[n) w2 = Tr[¢*n], £, n € L2($H).

Definition 3.11 For each A € A($), the left multiplication operator is defined by
L(A)E = AL, €€ ZL%(9). (3.6)
Similarly, the right multiplication operator is defined by
R(A)E = €A, (e 22%(H). (3.7)

Note that £(A) and R(A) belong to Z(ZL%($)), where B(£?($)) is the set of all
bounded linear operators on .Z?(). ¢

It is not difficult to check that
L(A)L(B) = L(AB), R(A)R(B) =R(BA), A,B e A(9). (3.8)

Let ¥ be an antiunitary operator on $.” Let ®4 be an isometric isomorphism from
£2($) onto $H® $H defined by

Py(|z)(yl) =z @Iy Vr,y€h, (3.9)

"We say that a bijective map ¥ on § is antiunitary if (9z|dy) = (z|y) for all z,y € $.

11



where the linear operator |z)(y| is defined by |z)(y|z = (y|z)z for all z € §. Then,
L(A) =0, A® 1Dy, RWA) =3, 1@ Ady (3.10)
for each A € %($). We write these facts simply as
HRH=2%$H), A1=L(A), 1o A=TRWAY), (3.11)

if no confusion arises.

The left and right multiplication operators can be extended to unbounded operators
by (3.10) as follows. Let A be a densely defined closed operator on $). The left
multiplication operator £(A) and the right multiplication operator R(A) are defined
as L(A) = <I>I;1A ® 1dy and R(A) = @51]1 ® JA*IPy, respectively.

Remark 3.12 (i) Both £(A) and R(A) are closed operators on .£2($)).
(ii) If A is self-adjoint, then £(A) and R(A) are self-adjoint.
(iii) We will also use the conventional identification (3.11).

Recall that a linear operator A on $) is said to be positive if ({|A&)s > 0 for all
£ € 9. We write this as A > 0.

Definition 3.13 A canonical cone in .£?(§)) is given by
L9, = {5 € 2%9) ‘5 is self-adjoint and £ > 0 as an operator on Y)}. & (3.12)

Theorem 3.14 £2($)y is a self-dual cone in L*($).

Proof. We now check the conditions (i)—(iii) in Definition 3.2.

(i) Let &,n € £2($). Since £/2n¢l/2 > 0, we have (£]n) o2 = Tr[éy] = Tr[¢V/2nel/?) >
0.

(ii) Note that .Z2(H)r = {¢ € L2(9)| € is self-adjoint }. Let £ € £%(H)r. By the
spectral theorem, there is a projection valued measure {E(-)} such that { = [p AdE(X).
Denote &1 = [(¥ AdE(X) and {- = fgoo(—)\)dE()\). Clearly, it holds that £,& =
0,6x € L%($)y and € = &, — ¢, Thus, (ii) is satisfied.

(iii) For each ¢ € £%($), we have & = &g + i€y, where &g = (€ + £%)/2 and
& = (€ —€9)/2i. Trivially, €g, &1 € £?($H)r. Hence, £?(§), is a Hilbert cone. By
Theorem 3.4, we conclude that .Z2($)), is a self-dual cone. O

Proposition 3.15 Let A € Z($). We have L(A*)R(A) >0 w.r.t. L*(H),.
Proof. For each & € £%($))+, we have L(A*)R(A)E = A*¢A > 0. O

Remark 3.16 As we noted in references [29, 31], Proposition 3.15 is closely related to
spin reflection positivity [22]; see also references [6, 11].
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4 Proof of Proposition 2.4 and Theorem 2.7

4.1 Proof of Proposition 2.4
Let F be the Fourier transformation on L?(R?; dx):
(FNE) = a2 [ ewef@pds, f e L@ da). (1.1
Ra

It is known that F is a unitary operator from L?(R%; dx) onto L?(R%; dp).
Let H, = —A, — V,, and let H,, = FH,F~'. We have

H, = p* — Vo (—iVy), (4.2)
where p? stands for the multiplication operator. Of course, H,, acts on L2 (RY; dp).

Remark 4.1 By the condition (B), V,, € L'(R% dp), which implies that V,, € L= (R?; dz).
Thus, the linear operator V;,(—iV)) can be defined by (2.6).

Lemma 4.2 For all n € N, we have the following:
(i) Vn(=iV,) >0 w.rt. L*(R% dp),, where L2(R% dp)y is defined in Example 9.

(ii) exp(—BH,) >0 w.r.t. L2(R%dp) for all 8 > 0.

Proof. Let V), = (Dp,, ..., Dy,), where D, is the (generalized) differential operator on
L(R%; dp).

(i) Since *(=V») is a translation, we see that e’*(=*Ve) >0 w.r.t. L?(R% dp), for
all k € RY. Thus, by (ii) of (B) and the fact Fe'** F~1 = ¢*(=V») | we have

V(—iV,) = (2m) %2 / P Vo) (kY dk >0 wort. L2(R% dp),. (4.3)
R4 *EO \,-/20

(ii) We know that the multiplication operator e~PP” satisfies e PP’ >0 w.r.t. L?(R% dp), .
Thus, applying Theorem A.3, we conclude (ii). O

Before we proceed, we take note of the following fact.

Lemma 4.3 Let B be the Borel algebra on R?. Let By, By € B? with |Bi| > 0 and
|B2| > 0, where | -| is the Lebesque measure. For any e > 0, we set

s = {(P,pl,...,pz) e R™UHD\pe By, p+pr+--+pr € Bi,pr,...,pr € Be(0) .
(4.4)

Then, for each € > 0, there exists an ¢ € Ng := {0} UN such that ‘Sg(é)‘ > 0.
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Proof. Without loss of generality, we may assume that B; and By are connected sets.
For each pi,...,p; € R and € > 0, we set

S9(pr, ... po) = {PeRd’pEBQ,p—Fpl-l-"'-l-pg eBl}. (4.5)

Note that Sg(e) (p1,...,pe) could be empty. For each ¢ > 0, there exist an ¢ € Ny and

P1,---,Pe € Ba(o) such that ’Bgﬁ (Bl —pp— - —pe)‘ > O, where Bl —-—p1— =
pe ={p—p1— - —pe|p € B1}. Thus, for these £ € Ny and p1,...,pr € B:(0),
’Sa(@(pl, e ,pé)‘ > 0. Because ‘wa)(Plv - ,pz)| is continuous in py,...,py, we have
‘56(5)‘ = / dpy - - -dpg’csa(g)(pb e ,pg)‘ > 0. (4.6)
(Be(0))**

This completes the proof. O

Proposition 4.4 For each n € N, V,,(—iV,) is ergodic w.r.t. L*(R%dp), (see Defi-
nition 3.10).

Proof. Recall that, by (ii) of the assumption (B), there exists an € > 0 such that
suppVy, D B.(0).

Let fi, fo € L2(R% dp),\{0}. Because f; and fo are non-zero, there exist By, By €

4 such that |B1| > 0, |Ba| > 0, and fi(p) > 0 on By, f2(p) > 0 on Bs. By Lemma

4.3, there exists an £ € Ny such that ‘Sg(g)‘ > 0. In addition, we have
L) (P E ) () = L) AG+p ) >0 (&)

for all p,p1,...,p; € R? such that (p,p1,...,pe) € 85(6). Therefore, we obtain

(f2|VE(=iVp) f1)

=(27) nd/Z/d dp/ ) < dpe Vo (p1) -+~ Vau(pe) fo(p) fr(p + p1+ -+ + Do)
R R - -
>(2m)"/? /(Z) dpdpy - -~ dpe Va(p1) -+ Vi (pe) f2(p) fr(p + p1 + - + pu)
5 >0 >0
>0- (4.8)

This completes the proof. O
Proposition 4.5 We have exp(—ﬁﬁ) >0 w.r.t. L2(R%dp)y for all 3> 0.

Proof. By Lemma 4.2 (ii), Theorem A.6 and Proposition 4.4, we have exp(—ﬁf[n) >0
w.r.t. L2(R% dp), for all >0 and n € N.
For each m,n € N with n > m, we have, by the assumption (iii) of (B),

Vi(—=iV,) = Vin(—iV,) = (27) %/ /R k)~ TR k0 (49)
>0 =0
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w.r.t. L2(R% dp)y. By Theorem A.4, we obtain that exp(—BH,) > exp(—ﬁffm) w.r.t.
L?(R% dp), for all B > 0. Taking n — oo, we conclude that exp(—BH) > exp(—SH,,)
w.r.t. L2(R%dp), for all B > 0, where H = FHF . Since exp(—Bﬁm) >0 w.r.t.
L?(R% dp), for all 3 > 0, we finally arrive at

exp(—BH) > exp(—BH,,) >0 w.r.t. L2(R%dp), for all 8> 0. (4.10)
Thus we are done. O
Proof of Proposition 2.4

It is well-known that exp(—SH) > 0 and exp(—BH,) > 0 w.r.t. L?(R%dx), for all
B > 0, see, e.g., [37, Theorem XIII. 45]. Thus, we conclude the uniqueness of ground
states by [37, Theorem XIII. 4.4]. Simultaneously, we obtain (i).
By [37, Theorem XIII. 45] and Proposition 4.5 , we conclude (ii). O

4.2 Proof of Theorem 2.7
Lemma 4.6 Let f € 2.

(i) FfF >0 wrt L3R dp)y.

(ii) f(—iVy) >0 w.rt. L2(R%dr),.
Proof. (i) Because F fF~' = f(—iV,) and Fe** F~1 = ¢ (=iVo)>0 wor.t. L2(R? dp),

we have

FfF1=0n) % | fk)eFCEVIdk>0 wrt. L2(R%dp)y. (4.11)

d N~
RET oo

(ii) Because e*(=1Vz) >0 w.r.t. L?(R% dz), we have

F(=iVy) = 2m)~ 2 | f(k)e®* Vo) dk >0 wort. L2(RY dx),. (4.12)
Rd VZO _V_Eo

This completes the proof. O
Proof of Theorem 2.7

(i) By Proposition 2.4 (ii) and Lemma 4.6 (i),

(fy=( 0 |FfF ' ¢ )>0. (4.13)
NN N
>0 >0 >0

By Theorem A.7, the equality holds if and only if f = 0.
(ii) By Proposition 2.4 (i) and Lemma 4.6 (ii),

(f(=iVg)) = <\¢/!f(—ivx)j;> > 0. (4.14)
>0 >0 >0

By Theorem A.7, the equality holds if and only if f =0. O
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4.3 Proof of Remark 2.10

(i) Let J be a natural involution defined by Ji = 1 for each ¢» € L?(R%;dx). Thus, we
have

(IxlJe) = (xle), X9 € L*(RY da). (4.15)
Because g is in e, we have g(x) = g(—x) = g(z), that is, ¢ is real-valued, which implies
that JgJ = g. Because Je*(=iVa)J = ¢ (=iVa) e have Jf(—iV,)J = f(—iV,).
Therefore, since J¢ = 1) by Proposition 2.4 (i), we have

(W1f(=iVa)g) = (JY|T f(=iVe)g) = (JY|J f(=iVe) T g ] ) = <¢|f(—ivx)€¢>-)
4.16

Thus, we conclude (i).
(ii) First, assume that g(z) > 0. Then g>0 w.r.t. L2(R% dx),. Thus, f(—iV,)g>0
w.r.t. L?(R% dx), by Lemma 4.6 (ii), which implies that

(¥ |f(=iVa)g ¥ ) >0. (4.17)
N — =
>0 >0 >0

Next, assume that f(z) > 0. Remark that f(p) > 0 and g(—iV,) = FgF ' >0 w.r.t.
L*(R% dp)+ by Lemma 4.6 (i). Hence, by Proposition 2.4 (ii),

W f(—=iVa)g¥) = (b | f(p)g(—iV,) ¥ ) >0. (4.18)
~ O~
>0 >0 >0
Thus we are done. O
5 Proof of Theorem 2.8
5.1 Extended Hamiltonian
Consider the extended Hamiltonian
H,=H,1+1® H, (5.1)

acting on the doubled Hilbert space Hext 1= H @ $H = L2(R? x R?; dxydas).
Let us introduce a new coordinate system (X7, X5) by

X, — 962\;;717 Xy = 3?2;;1. (5.2)
Trivially,
Vo, = _ivxl + LVsz Vi, = LVXI + iVXg’ (5.3)
V2 Ve V2T Ve
implying
—Ag, — Ay, = —Ax, — Ax,. (5.4)
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We define an antiunitary operator ¢ on L?(R%; dX) by
(06)(X) = 4(X) ae. X (5.5)
for each ¢ € L?(R%; dX). Using ¢, we obtain the following identifications:
L*(R%; dx) ® L*(RY; dx)

2 Rd X Rd; dxlde)

-FJext (
L(

= L2(Rd x R%: dX1dX,)
(
2

~ [2(R% dX) ® LA(R% dX)
= Z*(L*(R% dX)). (5.6)

In the last equality, we use the identification (3.11) with ¥ given by (5.5). Taking the
identifications (5.6) into account, we introduce a self-dual cone Pext in Hext by

Pext = L2(L*(R%dX))4. (5.7)
Lemma 5.1 Under the identifications (5.6), we have the following:
(i) Val+1®V, >0 w.r.t. Poxt-
(i) fRI1I£1® f>0 w.r.t Pext for each f € Ue.

Proof. We apply Ginibre’s idea [10].
(i) By the elementary fact

b -b
cosa+cosb:2cosa+ COSa2 , (5.8)
we have
Va@ 14+ 1@V, = Vy(z1) + Va(x2)
—v, Xo — X1 > —|—Vn<X1+X2>
V2 V2
~ Xo— X Xo+ X
= —d/2 22T Al A2 Al
(2m) /Rd Vn(p){ Ccos (p 7 ) + cos (p 7 )}dp
. X X
— —d/2 el Rl
(2m) y 2 V,;(f) E[cos (p \/§>]R|:COS (p \/§>] dp
- >0 by Prol?)rosition 3.15
>0 wart. Poext- (5.9)
(ii) By (5.8) and
. a . b—a
cosa — cosb = 2sin sin ——, (5.10)
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we have

2\£p/)£ cos (p-\)/;)}R[cos (p-\)/;)}dpk(), (5.11)

/ZO
.

fol+1 f=(2r)"%?

>0 by Proposition 3.15

frl1l-1x f= —d/2 2 A(p)ﬁ sm (p~£>}7€[sin (p\‘;;)} dp>0 (5.12)

V2

>0 by Proposition 3.15

~—~—
>0

w.r.t. (’Bext- O
Theorem 5.2 Assume that V is reqular. We have e PHn >0 w.r.t. Pey for all § > 0.
Proof. We set H,, = Hy — V,,, where Hy = (=A,) @ 1+ 1® (-A;) and V,, =V, @ 1+

1® V,. Note that, by Lemma 5.1, we know that V,, > 0 w.r.t. Pext. By (5.4) and the
identifications (5.6), we have

Hoz—Axl—AXQ:E(—AX)JrR(—AX). (5.13)
Thus, by Proposition 3.15,
e PHo — E[eﬁAx}R[eﬁAX] >0 (5.14)

w.r.t. Peoxs. (Remark that, because €52+ is bounded, the RHS of (5.14) is bounded as
well.) Now, we can apply Theorem A.3 and conclude the theorem. O

Lemma 5.3 Let f € .. Under the identifications (5.6), we have the following:
() f(=iVy) @M1+ 1® f(—iVs) >0 w.r.t. Bexs.
(i) f(—iVy) @1 —-1® f(—iVy) <0 w.r.t. Pexs.
Proof. Note that
I(—iVx )9t =4iVy. (5.15)

(i) Since f(—z) = f(x), we have

f() = (2m) 42 / F(p) cos(p - z)dp. (5.16)

Rd
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By (5.3), (5.8) and (5.16),

f(=iVy) @1+ 1® f(—iVy)
= f(_/[:vxl) + f(_ivm)
1 Vi, - ) 1

en! (ﬁ V2
i 2 f@){ cos [p- (J59x = 55V )]+

1

+ cos {p- (— EVXI — \%VXQ)} }dp

= 2(2m)" 2 y f(p) cos (M) Cos (vaz)dp

]
Vx, —

%VXJ + f( — E VX2>

(5.8) \@ V2 '
= 2(2m) "2 Rdiﬁ?ﬁ[cos (WHR[COS (Z]iﬁvXﬂ dp
N >0 by Proposition 3.15
>0 w.r.t. Pext. (5.17)

This proves (i). Similarly, by (5.3), (5.10) and (5.16),
f(=iVy) @1 —-1® f(—iVy)
(57— 5¥0) ~1 (= 5%~ 5vx)
_ omi2 [ f ‘ -
i 2 [ g ol (G5~ G5

—cos[p( \;ﬁ X, \;ﬁvxzﬂ}dp

(5?0) 2(27r)_d/2 sin < > sin <—Z'p\‘/§VX2 )dp
= 2(271’)_d/2 [sm ( )]R[ 9 sin (w\/.;x)ﬂ_l ]dp
=—sin (*”;;X> by (5.15)
<0 wor.t. Pext- (5.18)

This proves (ii). O

5.2 Duhamel expansion
Let Q(z) = 7~%%exp(—|z|?/2) € L*(R%; dx) and let Z5,, = |le™?7Q||2. We introduce
a vector ¢g, € L?(R%dz) by

e PHnQ)

Y/

(5.19)
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Lemma 5.4 (A), = ma (Ggn|Adgn).
— 00

Proof. By Proposition 2.4, we have (Q[i,,) > 0. Hence, we obtain
1, = strong ﬂli_)n; 8.n- (5.20)
Thus we are done. O
Lemma 5.5 Under the identifications (5.6), we have Q @ Q > 0 w.r.t. Pext.
Proof. By (5.2) and (5.6),
Q0 =1 "exp]{ - (X7 +X3)/2} = Q@ Q=|Q)(qQ], (5.21)

where Q(X) = n~ ¥4 exp(—|X|[?/2) € L*(R%; dX). The RHS of (5.21) > 0 w.r.t. Pexs,
because the projection |Q)(Q)| is positive as a linear operator on L?(R%;dX). O

Theorem 5.6 Let A € B(L?*(R%; dx)).
(i) fFART—-1® A>0 w.r.t. Pext, then (A), is monotonically increasing in n.
(i) fFARL—-1® A<0 w.r.t. Pext, then (A), is monotonically decreasing in n.

Proof. Suppose that n > m. Note that

. ZB,m
(A)p = (A)m = Jim Zon 78 (5.22)
where
_BHnQ A _BHnQ —6HmQ A —BHmQ 7 n
j/j — <€ | € > _ <€ ‘ € > ,8: . (523)
Zﬁ,m Zﬁ,m Z,B,m

Let 6 =V, — V,,. By the Duhamel formula,

e B = = BHm=0) _ Z/ 8(s1) - 0(sp)e PHmdsy - - - dsy, (5.24)
§>0 T;(8)

where §(s) = e~ *Hmsestm and T;(8) = {(s1,...,5;)|0 < s1 < --- < s; < B}. The RHS
of (5.24) converges in the operator norm topology.
For each A € B(L*(R% dx)), we set

w(A) = (Ppm|APsm)- (5.25)
The following formula is useful:

Lemma 5.7 We have

Ts=Y /T » /T » {w(XZ-(s)AYj(t)) —w(A)w(Xi(s)Yj(t))}dsl---dsidty--dtj,
i,j>0" 71 J
(5.26)

where X@(S) = 5(81)5(8171) s 5(81) and ij(t) = 5(t1) s (S(tjfl)é(tj).
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Proof. By (5.19) and (5.24), we have
<e_5H“Q|Ae_5H"Q>

Z8.m
/ / BH’”Q‘X AY()*5H’“Q>dsl~--dsidt1mdtj
T;(B) gm

/ / (t))dsl ce dsidtl ce dtj. (527)
7;(8)

As for the term Zg ,,/Zg 1, we have, by (5.27),

4,720

4,70

Zgm <e_5H"Q‘]le_BH"Q>
Zsm Zg.m

- Z/ /T(ﬁ) )Yi(t))dsy - - - dsidty - - - dt;. (5.28)

4,720

Inserting these formulas into (5.23), we obtain the desired identity. O

Thus, to prove the theorem, it suffices to prove the following proposition.
Proposition 5.8 Let A € #(L*(R% dx)).
(i) fFART—-1® AD>O0 w.r.t. Pext, then we have
w(X;(s)AY;(t)) — w(Xi(s)Y;(t))w(A) >0 (5.29)
for all s € T;(B) and t € T;(B).
(ii)) fARL1—-1® A<0 w.r.t. Pext, then we have
w(X;(s)AY;(t)) — w(Xi(s)Y;(t))w(A) <0 (5.30)
for all s € Ti(B) and t € T;(B).
Proof. (i) For each B € #(L*(RY%; dx)), we set
By =B®1+1®B. (5.31)

By (5.8),

6, = 2(2m)"4? /Rd (Vn(p) — Vin(p)) E[cos (p )}R[COS (p\/;(” dp>0 w.r.t. Pext.

(5.32)

Similarly, §— &> 0 w.r.t. Pext- In addition, A_ > 0 w.r.t. Pexy by the assumption.
We define

[ ﬁ ﬁ 5(sa)] , (5.33)
a=1
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where H B, = B;B;_1---ByBj, an ordered product. Let

a=1
bs[s] = e Hm g etm, (5.34)

Since § ® 1= (64 +6_) and 1® 6§ = (64 — §_), we obtain

i 7

Xi(s)=27" ﬁ {5+ [$a] +0_ [sa]} 4+ 27¢ ﬁ {5+ [$a] — 0 [sa}}. (5.35)

a=1 a=1

For each € = {e1,...,&;} € {+,—}?, we define

- f[ 5. [5al- (5.36)
a=1

In terms of this notation,

ﬁ {5+[Sa] +5—[8a]} = > Oels], (5.37)

a=1 ec{+,—}*
H {5+[Sa] - 5—[304]} = Z o(e)de[s], (5.38)
a=1 ec{+,—}
where o(e) = (e11)(e21) - - - (¢41) = +1 if the number of ¢, = — is even, o(e) = —1 if
the number of ¢, = — is odd. Thus, we have
Xi(s)=2"0"D 3" 4[s], X (s)=2"0"Y Z Oe| (5.39)
0’(€)=+1 a' =

Because, for each s € T;(f),
e_BHmée[s] — e~ (B—si)Hn o2, e~ (simsi-)Hm o —(s2—s1)Hm o, e s1Hm > (5.40)
~

w.r.t. Pext, we conclude that efﬁHmXi(s) >0 w.r.t. Pext by (5.39). Similarly, we can
prove that Y (t)e™PHm > 0 w.r.t. Poxs.
Because

e PHn X (s) A_ Y_(t)e PHm >0 (5.41)
\—,_/v\ﬁ,_/
>0 >0 >0

w.r.t. Pext, we have, by Lemma 5.5,

<¢ﬂ,m X ¢,3,m'X+(S)A—Y— (t)¢ﬁ,m & ¢B,m>

= ZE%< Q®0 67’6]1'HT”X+(.S)A_Y_(t)e*ﬁHm Q®0N > >0, (5.42)
’ SN—— —
=0 >0 >0
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implying that

w(Xi(8)AY; () — w(Xi(s)Y;(H)w(A)
+ w(AY; (1) (Xi(s)) = w(Yj(8))w(Xi(5)4) > 0. (5.43)

On the other hand, we have e ##m X _(s)A_Y, (t)e PHm >0 w.r.t. Pox, which implies

W(X(8)AY; () — w(Xi()Y; (6))(4)
—w(AY;(t))w(Xi(s)) + w(Y;(t))w(Xi(s)A) > 0. (5.44)

Combining (5.43) and (5.44), we obtain the desired result. We can prove (ii) similarly.
O

Proof of Theorem 2.8

By Lemma 5.3 and Theorem 5.6, we conclude Theorem 2.8. O

6 Proof of Theorem 2.9

We begin with the following proposition.
Proposition 6.1 Ifn > m, then e BHn > e=BHm > () 4.1 ¢, Bext for all 5> 0.
Proof. By (5.32), we already know that §; = V,, — V,, > 0 w.r.t. Pex. Because
H,, = H,,, — d+, we conclude the assertion by using Theorem A.4. O
Let

H=Hx1+1® H. (6.1)
Theorem 6.2 ¢ PE >0 w.r.t. Pext for all 5> 0.

Proof. By Proposition 6.1, we know that e #Hn > e=PHm > 0 w.r.t. Py for all 5> 0,
provided that n > m. Since e strongly converges to e “?H by the assumption (B),
we obtain e PH > ¢=Alm > () w.r.t. Pext for all 5 > 0 by Proposition A.1. O

Corollary 6.3 Let ¢ be the unique ground state of H. Under the identifications (5.6),
YR >0 wrt. Poxt.

Proof. Let ¥ =9 ® 1. Since the ground state of H is unique, V¥ is the unique ground
state of H. Thus, by Proposition A.2 and Theorem 6.2, we conclude the assertion. O

Theorem 6.4 Let A, B € B(L*(R% dx)). Under the identifications (5.6), we have the
following:

(i) fARL1-1®A>0and B1—-1® B>0 w.r.t. Pext, then (AB) —

=
&
v
[a)

(i) fAR1-1®A<0 and B 1-1® B <0 w.r.t. Pext, then (AB) — (A)(B) > 0.
(iii) fAR1-1®A<0 and BRI1—-1® B>0 w.r.t. Pext, then (AB) — (A)(B) < 0.
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Proof. (i) By Corollary 6.3,

2((AB) — (A)(B)) = (¢ | (A0 1- 10 4) (Be1-18B)yey) 20. (6.2)
>0 >0 >0 >0

Thus, we obtain (i). We can prove (ii) and (iii) similarly. O
Proof of Theorem 2.9

By Lemmas 5.1, 5.3 and Theorem 6.4, we conclude Theorem 2.9. O

7 Proof of Theorem 2.12

Let Vn(l) (resp., Vn@)) be an approximating sequence of V1) (resp., V(Q)) in condition
(B). Let

HY = -A, ~VD, H® =-A, -V, (7.1)
Then,
HY =HP —-W,, W,=v"-v®. (7.2)

As previously, we study the extended Hamiltonian

HY =V @1+ 10 HY, HO=HD @1+l H?. (7.3)
By (7.2),
HY =H® -W,, W,=W,1+1W,. (7.4)

Lemma 7.1 W, >0 w.r.t. Pext-

Proof. In a similar manner as in the proof of Lemma 5.1 (i), we see that

W, = 2(2r)"%? /Rd (Ar;)(k) - f/752)(k;)) L[cos (%{)}R[cos (k\/g()] dk>0 (7.5)
>0 ~
> 0

w.r.t. mext- O

Theorem 7.2 Let A € B(L*(R%; dx)).
() FART—1® A>0 w.r.t. Pex, then (A)D > (4)3),
(i) FART—1® A0 w.rt Pex, then (A)D < (A)3),

Proof. The proof of this theorem is similar to that of Theorem 5.6. Hence, we provide
only a sketch of the proof. Let wy(ll) (resp., 1#7(12)) be the unique ground state of I—L(ll)
(resp., HT(LQ)). For each A € B(L*(R% dx)), we set

(AYD = (P Apd), (AP = (pP|AyP). (7.6)
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Corresponding to (5.22), we obtain

where Zéj) = He‘ﬁHﬁbj)QHg (j =1,2) and

<e—5H7(L1>Q‘ Ae—BHY Q> <€—5H7(L2>Q‘ Ae—BHY Q> 7

5
SB= @ - @ @ (7.8)
Zg Zg Zg

Since (A4)(@) = lim (4)®) for each a = 1,2, it suffices to prove that F3 > 0 for all
n—oo
8> 0.

Let ¢£Lz) = efﬁHf(LZ)Q/\/ Zg). We set
3(4) = (62 ]46D), A€ BIARdr). (7.9)

By the Duhamel formula, we obtain

s =i;0 /T " /T » {2(X(9)4V,(8)) = S( )@ (Xi(9)V5(8)) bdsy -+ dsidty -~ by,
(7.10)

where Xj(s) = Wy, (s;)Whn(si—1) -+ Wy(s1) and Yj(t) = Wy(t1) - - - Wi (tj—1)Wha(t;). By
Proposition 7.3 below, the RHS of (7.10) is positive. O

Proposition 7.3 Let A € B(L*(R% dx)).
() FARN—1® A>0 w.r.t. Pexs, then we have
@(Xi(s)AY;(t)) — o (Xi(s)Y;(t))@(A) > 0 (7.11)
for all s € T;(B) and t € T;(B).
(i) FART—1® A<0 w.r.t. Pex, then we have
@(Xi(s)AY;(t)) — @(Xi(s)Y;(t))@(A) <0 (7.12)
for all s € T;(B) and t € T;(B).

Proof. We can prove Proposition 7.3 in a manner similar to that in the proof of
Proposition 5.8. O

Proof of Theorem 2.12

By Lemmas 5.1, 5.3 and Theorem 7.2, we conclude Theorem 2.12. O
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8 Proof of Theorems 2.13, 2.15 and 2.16

8.1 Proof of Theorem 2.13

For each f € 2 and a € R?, we set
Gl = F+ ST — )+ FC+a), (1)
Gl = F - G- @)+ +a)) (32)
Proposition 8.1 %" maps A into .
Proof. Let €%[f] be the Fourier transform of 4=[f]. We have
Ca [f](p) = {1 £ cos(p- a)} f(p) > 0. (8.3)
Thus we are done. O
Proof of Theorem 2.13

(i) Choose a € C(V) arbitrarily. By Theorem 2.7 (i) and Proposition 8.1, we have
(€:[f]) > 0. By a limiting argument,® we have

Y02 ~ {(a)? +b(-a)’} 2 0. (55

Because 1(—a) = ¢(a), we obtain the desired result.

(i) Let p € C(V). By Theorem 2.7 (ii) and Proposition 8.1, we have (€, [fl(=iVyz)) >

0. Since (f(—iV,)) = (1| f1), we have <1[)|$aﬂp_ [f]¢) > 0. By a limiting argument, we
have

$(0)% — %{i(p)Q +(—p)?} > 0. (8.6)

Because 1)(—p) = 1h(p), we conclude the assertion. O

8.2 Proof of Theorems 2.15 and 2.16

Proposition 8.2 %”ai maps A into As.

Proof. Tt is easy to check that €.F[f](—x) = €7 [f](z). Thus, the assertion follows from
Proposition 8.1. O

Proof of Theorem 2.15

8To be precise, take f € C3°(R?) with ||f||z2 = 1. Set fo(x) = e~¥2f(z/e). Then we have, by the
dominated convergence theorem,

[ 0@ @)z = 6(0)° (5.4)

as € — +0. Thus, (%, [f]) > 0 implies (8.5).
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Let a € C(V)NC(V®). By Theorem 2.12 and Proposition 8.2, we have (€2[f])!) >
(£[f1)®. By a limiting argument, we obtain that
Y (0)* + %{w(”(a)2 +9(=a)’} > v (0)* + %{1/}(2)(@)2 +4P(=a)’t. (8.7)
Because ¥ (—z) = ) (z), we have
P 1(0)? £9M(a)® = v®(0)% £ 4P (a)*. (8.8)
Thus we are done. O
Proof of Theorem 2.16

Choose p € C(VID)NC (V@) arbitrarily. By Theorem 2.12 and Proposition 8.2, we have
(CEIF1(—iVa))Y < (CEf1(~iV,))?). Because (f(~iV,))D) = (00| 50y, j =1,2,
we have @(1)\‘5;[ [floM) < w@)\‘gpi [f]¢¥®). By a limiting argument, we obtain that

SO0 £ IO+ 80} < IO £ LA @R+ (pP). (89)
Because 97 (—p) = ) (p), we have

$W(0)2 + 9D (p)? < 3 (0)2 £ P (p)2. (8.10)

This completes the proof. O

9 Proof of Theorems 2.17, 2.18 and 2.19

9.1 Proof of Theorem 2.17
(i) By Theorem 2.7 (i),
(1) =Cay " [ afwle™ ) = [ anfwa) >0 91)
for all f € AN LY(R?; dx) with f # 0. Thus, we conclude (i).
(ii) Since V(—z) = V(x) a.e. z by the assumption (ii) of (B), we know that
Y(—z) = Y(z) a.e. z, which implies

(] sin(p - x)) = 0. (9.2)

2
Using the elementary fact that 1 — cosf = 2{ sin(9/2)} , we have, by (9.2),

1 @0 2a0) = @I — ) =2l {sm (B5) F o). 03)

2 2
Note that the multiplication operator {sin <%)} satisfies {sin (%)} >0 w.r.t.

L?(R% dx),, and is nonzero if and only if p # 0. Hence, by Proposition 2.4 (i) and
Theorem A.7, the RHS of (9.3) is strictly positive if and only if p # 0.
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(iii) Note that if f € 2, then f € A, as well. Thus, by Theorem 2.9 (i), we have
(fg) = (Mg, (f9) = (@) (9-4)
Since (g) = (g),
(Fa)+(f3) = 2(f){g)- (9.5)

Let Co(R?) be the set of all continuous functions on R? with compact support. Observe
that, for all f, g € Ao N Co(RY),

(fg) = (2m)~? / dpdy! F(p)a(0)o(p + ¥), (9.6)
R xRE
(fg) = (2m) /2 / dpdy! $(p)s()a(p — ) (9.7)
R4 x R4
and
() g) = / dpdp’ F(0)a(0)o(p)o(s). (9.8)
R xRE

Since g(p) > 0, f(p) >0 and §(p) >0 for all f, g € A, N Co(R?), we arrive at
(2m) Y {o(p+ ) + olp — )} = 26(p)o(p)- (9.9)

This completes the proof of (iii). O

9.2 Proof of Theorems 2.18 and 2.19

These theorems follow immediately from Theorems 2.8 and 2.12. O

A General theory of correlation inequalities

In this appendix, we will review some basic results concerning the operator inequalities

introduced in Section 3. Almost all results are taken from the author’s previous works
[24, 26, 27, 28, 29, 30, 31].

Proposition A.1 Let {A,}22, C AB($) and let A € B($). Suppose that A, converges
to A in the weak operator topology. If A, >0 w.r.t. P for alln € N, then A>0 w.r.t.

L.

Proof. By Remark 3.7 (i), ({|An,n) > 0forall {,n € P. Thus, ({|An) = 1i_>m (€|Apn) >0
for all £&,n € B. By Remark 3.7 (i) again, we conclude that A >0 w.r.t. . O

Proposition A.2 Let A be a self-adjoint positive operator on §). Assume that e PA>0
w.r.t. P for all B > 0. Assume that E = inf o(A) is an eigenvalue of A. Then there
exists a nonzero vector & € ker(A — E) such that € > 0 w.r.t. *B.
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Proof. Let n € . By Theorem 3.4, we can express i as 1 = ng + iny with ng,nr € Hr.
Now, we define an antilinear involution J by Jn = nr — in;. Clearly,

1 1
nR = §(n+J77), nr = 27.(77*!]?7)- (A.1)

Moreover, Hr = {n € $|Jn =n}. Because e PP C P, we see that e BPAHR C Hy for
all 8 > 0, see Remark 3.7 (i). Hence, for all § > 0, we obtain

Je A = =PA] (A.2)

Let € € ker(A— E) with € # 0. £ can be expressed as & = g+ i€ with &g, &1 € Hr.
Because £ # 0, we have g # 0 or & # 0. By (A.1) and (A.2), we know that
Er,&r € ker(A — E) N Hr. Without loss of generality, we may assume that {g # 0. By
Definition 3.2 (ii) and Theorem 3.4, we have a unique decomposition {g = &g+ — &R, —,

where {p 1+ € P with (Er |€r,—) = 0. Let [{g| = {r 4 + Er,—. Because [[Er| = [||¢r]],
we have

e PE|1Er|? = (¢rle P ¢R) < (I€rlle PAIER]) < e PF|I¢RI1. (A.3)

Thus, |{r| € ker(A — E). Clearly, [£g| > 0 w.r.t. B. O

Theorem A.3 Let A be a self-adjoint positive operator on $ and B € B($). Suppose
that

(i) e BA>0 w.r.t. P for all B> 0;
(i) B> 0 w.r.t. *B.
Then we have e~ P(A=B) >0 w.r.t. P forall 5>0.

Proof. By (ii) and Proposition A.1,

n
sy O g
e’ = p B" >0 w.r.t. B for all g > 0. (A4)
n>20~~ >0
>0

Hence, by (i) and Proposition 3.8 (ii),

(e_ﬁA/" e’BB/”>n >0 w.r.t. B forall g >0. (A.5)
>0 >0

Using the Trotter—Kato product formula(e.g., [35, Theorem S. 21]) and Proposition
A.1, we arrive at the desired assertion. O

Theorem A.4 Let A, B be self-adjoint positive operators on $. Assume that B =
A — C with C € #($). Suppose that

(i) e PA>0 w.r.t. P for all B > 0;
(ii) C >0 w.r.t. P.

Then we have e PB > ¢ B4 y.rt. B for all 5> 0.
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Proof. By the Duhamel formula, we have the norm-convergent expansion

e PP =" D.(p), (A-6)
n=0
Dy (B) = / (®) e ACeAC e ACe (T A, (A7)

_y -1 o
where fSn(ﬁ) = foﬁ dsy foﬁfsl dsy - - féﬁ 2= % ds,, and Do(B) = e P4, Since C >0 and

e >0 w.r.t. P for all > 0, it holds that, by Proposition 3.8 (ii),

—s1A 0 24 omsA o0 (B0 s)A (A.8)
N~ N e—— ——
>0 >0 0 >0 0 >0
provided that s;1 > 0,...,s, > 0and 8 —s; —--- — s, > 0. Thus, by Proposition A.1,

we obtain D, (5) >0 w.r.t. B for all n > 0. Accordingly, by (A.6) and Proposition A.1
again, we have e P8 > D,,_(8) = e #4 w.r.t. P for all > 0. O

Remark A.5 By (i), there exists a unique £ € $ such that £ > 0 w.r.t. P and
Py = [€)(£]. Of course, £ satisfies A =info(A)E. &

Theorem A.6 Let A be a self-adjoint positive operator on $, and let B € HB($).
Suppose the following:

(i) e PA>0 w.r.t. P for all § > 0.
(ii) B is ergodic w.r.t. B.
Then, e PA=B) > 0 w.r.t. P for all B > 0.

Proof. Set H = A — B. We apply Frohlich’s idea [7] and use the Duhamel expansion:

e P =3"2,(8), (A.9)
n>0
Dn(B) = / » e 1 ABeT2A L gmonA e (B2 ) A, (A.10)

In a manner similar to that used in the proof of Theorem A.4, we know that

In(B) &0, (A.11)
e~ ABe™2A e (B im s A > (A.12)
w.r.t. 3, provided that s; >0,...,s, >0and f —s; —--- — s, > 0.

Let &,1 € P\{0}. Since e P4 >0 w.r.t. P for all B > 0, we have e P4y € P\ {0}.
Let 8 > 0 be fixed arbitrarily. Because B is ergodic w.r.t. B, there exists an n € {0} UN
such that (¢|B™ e #4n) > 0. Now, let

F(si,...,8,) = <f’€7$1AB(2782A AR AT 8j)A77>. (A.13)
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By (A.12), it holds that F(si,...,s,) > 0. In addition, we have F(0,...,0) =

(€|B"e=P4n) > 0. Because F(s1,...,sy,) is continuous in sy, ..., s,, we obtain
(€| Dn(B)) = /S JRICNE (A14)

By (A.9) and (A.11), we see that e ## > 9,,(3), which implies

(le M n) > (€| Zn(B)n) > 0. (A.15)

Since ¢ and 7 are in ¥\{0}, we conclude that e #77 > 0 w.r.t. 9. Since 3 is arbitrary,
we obtain that e ¥ >0 w.r.t. 9 for all 3 > 0. O

Theorem A.7 Let A € B($). Assume that w > 0 w.r.t. B and A>0 w.r.t. P. Then,
(u|Au) = 0 if and only if A =0.

Proof. We will divide the proof into several steps.
Step 1. Let A € B($). If Au =0 for all u € B, then A =0.

Proof. By Remark 3.3, each u € $) can be written as u = v; — vg + i(w; — wy), where
v1, V2, w1, wy € P such that (vi|vy) = 0 and (wq|wy) = 0. Thus, the assumption implies
that Au =0 for allu € $H. O

Step 2. Let A € #(H) with A # 0. Assume that uw > 0 w.r.t. P. If A>0 w.r.t. B,
then Au # 0.

Proof. Assume that Au = 0. Then, (v|Au) = 0 for all v € B, implying that (A*v|u) = 0.
Since u > 0 and A*v > 0 w.r.t. B, we conclude that A*v must be zero. Because v is
arbitrary, A* =0 by Step 1. O

Completion of the proof.

Suppose that (u|Au) = 0. Assume that A # 0. Since Au > 0 and v > 0 w.r.t. B, Au
must be zero. However, this contradicts with Step 2. O

References

[1] J. E. Avron, I. W. Herbst, B. Simon, Schrédinger operators with magnetic fields
ITI. Atoms in homogeneous magnetic field. Comm. Math. Phys. 79 (1981), 529-
572.

[2] C. Benassi, B. Lees, D. Ueltschi, Correlation inequalities for the quantum XY
model. J. Stat. Phys. 164 (2016), 1157-1166.

[3] O. Bratteli, D. W. Robinson, Operator algebras and quantum statistical mechan-
ics. 1. C*- and W*-algebras, symmetry groups, decomposition of states. Second
edition. Texts and Monographs in Physics. Springer-Verlag, New York, 1987.

[4] W. Bos, Direct integrals of selfdual cones and standard forms of von Neumann
algebras. Invent. Math. 37 (1976), 241-251.

31



[5]

[6]

F. J. Dyson, E. H. Lieb, B. Simon, Phase transitions in quantum spin systems
with isotropic and nonisotropic interactions. J. Stat. Phys. 18 (1978), 335-383.

W. G. Faris, Invariant cones and uniqueness of the ground state for fermion
systems. Jour. Math. Phys. 13 (1972), 1285-1290.

J. Frohlich, On the infrared problem in a model of scalar electrons and massless,
scalar bosons. Ann. Inst. H. Poincaré Sect. A (N.S.) 19 (1973), 1-103.

J. Frohlich, R. Israel, E. H. Lieb, B. Simon, Phase transitions and reflection
positivity. I. General theory and long range lattice models. Comm. Math. Phys.
62 (1978), 1-34.

J. Glimm, A. Jaffe, T. Spencer, Phase transitions for go% quantum fields. Comm.
Math. Phys. 45 (1975), 203-216.

J. Ginibre, General formulation of Griffiths’ inequalities. Comm. Math. Phys. 16
(1970), 310-328.

L. Gross, Existence and uniqueness of physical ground states. Jour. Funct. Anal.
10 (1972), 52-1009.

R. B. Griffiths, Correlations in Ising ferromagnets. I. Jour. Math. Phys. 8 (1967),
484-488.

R. B. Griffiths, Correlations in Ising ferromagnets. II. Jour. Math. Phys. 8 (1967),
478-483.

R. B. Griffiths, Rigorous results for Ising ferromagnets of arbitrary spin. Jour.
Math. Phys. 10 (1969), 1559-1565.

R. B. Griffiths, Rigorous results and theorems. In C. Domb, M. S. Green, editors:
Phase Transitions and Critical Phenomena, Vol.1, 7-109, (1972).

E. Ising, Beitrag zur Theorie des Ferromagnetismus, Z. Phys., 31(1925), 253-258.

D. G. Kelly, S. Sherman, General Griffiths’ inequalities on correlations in Ising
ferromagnets. Jour. Math. Phys. 9 (1968), 466-484.

A. Kishimoto, D. W. Robinson, Positivity and monotonicity properties of Cy -
semigroups. I. Comm. Math. Phys. 75 (1980), 67-84. Positivity and monotonicity
properties of Cy -semigroups. II. Comm. Math. Phys. 75 (1980), 85-101.

H. Kitatani, Griffiths Inequalities for Ising Spin Glasses on the Nishimori Line,
J. Phys. Soc. Jpn. 78, 044714 (2009).

W. Lenz, Beitrag zum Verstandnis der magnetischen Erscheinunge in festen Ko-
rpern. Phys. Zs. 21(1920), 613-615.

E. H. Lieb, B. Simon, Monotonicity of the electronic contribution to the Born-
Oppenheimer energy, J. Phys. B: Atom. Molec. Phys. 11 (1978) , 537-542.

32



[22]

[23]

[24]

[25]

[26]

[27]

[31]

32]

33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

E. H. Lieb, Two theorems on the Hubbard model. Phys. Rev. Lett. 62 (1989),
1201-1204.

E. H. Lieb, M. Loss, Analysis, Second Edition, Graduate Studies in Mathematics,
14. American Mathematical Society, Providence, RI, 2001.

T. Miyao, Nondegeneracy of ground states in nonrelativistic quantum field theory.
J. Operator Theory 64 (2010), 207-241.

T. Miyao, Self-dual cone analysis in condensed matter physics. Rev. Math. Phys.
23 (2011), 749-822.

T. Miyao, Ground state properties of the SSH model. Jour. Stat. Phys. 149 (2012),
519-550.

T. Miyao, Monotonicity of the polaron energy. Rep. Math. Phys. 74 (2014), 379-
398.

T. Miyao, Monotonicity of the polaron energy II: General theory of operator
monotonicity. Jour. Stat. Phys. 153 (2013), 70-92.

T. Miyao, Quantum Griffiths inequalities. Jour. Stat. Phys. 164 (2016), 255-303.

T. Miyao, Rigorous results concerning the Holstein—-Hubbard model. Ann. Henri
Poincare, 18 (2017), 193-232.

T. Miyao, Nagaoka’s theorem in the Holstein-Hubbard model, Ann. Henri
Poincare, 18 (2017), 2849-2871.

Y. Miura, On order of operators preserving selfdual cones in standard forms. Far
East J. Math. Sci. (FJMS) 8 (2003), 1-9.

S. Morita, H. Nishimori, P. Contucci, Griffiths Inequalities in the Nishimori Line,
Prog. Theor. Phys. Supplement, 157 (2005), 7376.

J. K. Percus, Correlation inequalities for Ising spin lattices. Comm. Math. Phys.
40 (1975), 283-308.

M. Reed, B. Simon, Methods of Modern Mathematical Physics Vol. I, Revised
and Enlarged Edition, Academic Press, New York, 1980.

M. Reed, B. Simon, Methods of Modern Mathematical Physics Vol. II, Academic
Press, New York, 1975.

M. Reed, B. Simon, Methods of Modern Mathematical Physics Vol. IV, Academic
Press, New York, 1978.

S. H. Shen, Strongly correlated electron systems: Spin-reflection positivity and
some rigorous results. Int. J. Mod. Phys. B 12 (1998), 709.

B. Simon, Schrédinger semigroups. Bull. Amer. Math. Soc. (N.S.), 7 (1982), 447-
526.

G-S. Tian, Lieb’s spin-reflection positivity methods and its applications to
strongly correlated electron systems. Jour. Stat. Phys. 116 (2004), 629-680.

33



