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1 Introduction

Vortices in type-II superconductors have not only a single magnetic flux quantum and
circulating supercurrents, but also accumulated charge. This vortex-core charging has
attracted the interest of numerous researchers. The earliest phenomenological studies on
the vortex-core charging were carried out by London and Khomskii et al. [1,2]. London
proposed the phenomenological equations of superconductivity with the Lorentz force act-
ing on supercurrents, and showed that supercurrents in the magnetic field induce the Hall
electric field. When we consider the vortex state in type-II superconductors, we can also
show the existence of the vortex-core charge due to the Lorentz force acting on circulating
supercurrents [1,3]. Khomskii and Freimuth considered a simplified model, with the pair
potential in the form of the step function, and calculated the vortex-core charge due to
the chemical potential difference between the vortex-core in the normal state and its sur-
rounding region in the superconducting state [2,4]. Goryo studied the vortex-core charging
in a chiral p-wave superconductor based on the Ginzburg-Landau (GL) Lagrangian with
the Chern—Simons term [5]. After these phenomenological studies, more microscopic cal-
culations of the vortex-core charge were performed. Matsumoto and Heeb calculated the
vortex-core charge in chiral p-wave superconductors by solving the Bogoliubov—de Gennes
(BdG) equations with Maxwell’s equations self-consistently [6]. Although the standard
Eilenberger equations [7] (i.e., the quasiclassical equations of superconductivity) cannot
describe the static vortex-core charging [3,8,9], the dynamical dipole charge in the vortex
core in type-II superconductors under an AC electromagnetic field was calculated based
on the standard Eilenberger equations in the Keldysh formalism by Eschrig et al. [10,11].
In this thesis, we study the vortex-core charge as a function of temperature, magnetic
field, and a material parameter such as the quasiclassical parameter [12] based on the two
different approaches, namely; the quasiclassical theory and the BdG theory.

1.1 Quasiclassical theory

Although it is well-known that the standard Eilenberger equations are a powerful tool
for studying inhomogeneous superconductors in the presence of magnetic fields, the force
terms which are necessary for transparently describing electric charging in equilibrium
superconductors were missing from the standard formalism [7,13-15]. Recently, the aug-
mented quasiclassical (AQC) equations of superconductivity with the three force terms
as seen in Fig. 1.1, namely; (i) the Lorentz force that acts on supercurrents [1, 16,17,
(i) pair-potential gradient (PPG) force [8,9,12,18], and (iii) the pressure difference of
the chemical potential arising from the slope in the density of states (SDOS) [2,4, 9],
were derived and used to study the vortex-core charging in type-II superconductors. The
main part of this AQC equations were derived by incorporating the next-to-leading-order
contributions in the expansion of the Gor’kov equations [19,20] in terms of the quasiclas-
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Figure 1.1: Schematic representation of the Lorentz force, PPG force and SDOS pressure which lead to
vortex-core charging. N(e) is a normal density of states, ps and p, are the chemical potentials in the

superconducting and normal states, respectively.

sical parameter 0 = 1/kpy [9]. Here kp is the amplitude of the Fermi wavenumber and
& = hvp/A is the coherence length, where A is the energy gap at zero magnetic field
and zero temperature, and vp is the amplitude of the Fermi velocity.

The vortex-core charge near the lower critical field, was calculated in an isolated vortex
of s-wave superconductors with a cylindrical Fermi surface [8] and a spherical Fermi
surface [9], based on the AQC equations with the three force terms. The temperature and
magnetic-penetration-depth dependence of the vortex-core charge in an isolated vortex
of s-wave superconductors with a spherical Fermi surface was plotted in Ref. [9] as seen
in Fig. 1.2. It is shown that the vortex-core charging is dominated by the PPG force
near zero temperature and by the SDOS pressure near the superconducting transition
temperature when the magnetic penetration depth is larger than the coherence length,
and the PPG force also gives dominant contribution at low temperatures even if the
magnetic penetration depth is almost the same as the coherence length [9]. Thus, the
vortex-core charge in s-wave superconductors with an isolated vortex is dominated by the
PPG force in a wide parameter range. We also studied the spread of charge around the
vortex core estimating the charge () accumulated below radius r of s-wave superconductors
with a cylindrical Fermi surface as seen in Fig. 1.3 [8]. As the result, we found that the



charge accumulation by the PPG force is concentrated in the core region. On the other
hand, that by the Lorentz force is smaller at the core center but extends far outside the

core over the magnetic penetration depth.
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Figure 1.2: Charge density at the vortex core p(0) in units of pg = Agep/|e|€2 due to the Lorentz force
(green square points), PPG force (blue circular points), and SDOS pressure (red triangular points) in an
s-wave superconductor with a spherical Fermi surface as a function of (a) temperature and (b) magnetic

penetration depth [9].
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Figure 1.3: Charge redistribution p(r) due to the PPG force (a), and the Lorentz force (b) in units of
po = Ageo/leléd over 7 < & at T = 0.2T,, and accumulated charge Q(r) below the radius r in units of
Qo = Aoep/|e| within r < 3.5¢, [8].

The vortex-core charging was studied in s- and chiral p-wave superconductors with an
isolated vortex using the AQC equations with the Lorentz and PPG forces by Masaki [21].
The PPG force terms are divided into three parts, namely; the radial parts, which are
the radial derivatives of the cylindrical coordinates around the vortex center, the angular
parts, which are the angular derivatives, and the vector potential terms originating from

the gauge invariance of the AQC equations. He pointed out that the vortex-core charging



is dominated by the angular parts arising from the phase of the pair potential in the
PPG force terms. Therefore, since the phase coming from the chirality and vorticity
cancels each out if they are antiparallel, i.e. L, = 0, the vortex-core charge is very
small. Here L, denotes the total angular momentum. The vortex-core charge chiral p-
wave superconductors with the parallel chirality and vorticity, i.e. L, = 2 is also more
enhanced than that in s- and antiparallel chiral p-wave superconductors with L, = 1 and
L, = 0, respectively. These results are consistent with those obtained from the BdG
equations proposed by Matsumoto et al. [6]. However, despite these efforts, we have not
yet fully understood the vortex-core charging due to the PPG force. On the other hand,
it is well known that the vortex-core charging due to the Lorentz force arises from the
magnetic Hall effect due to the Lorentz force acting on a vortex of supercurrent, and we
also see roughly that the vortex-core charging due to the SDOS pressure comes from the
(effective) chemical potential difference between the core and its surrounding region by
assuming a roughly normal metal at the core [9]. One may think about what the difference
between the charging due to the PPG force and the SDOS pressure is, since the chemical
potential difference between the normal and superconducting states of the homogeneous
system is exactly equal zero when taking into account only the PPG force [9]. This issue
is discussed by using the recent results [8,9,21] and the calculation in this thesis.
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Figure 1.4: Charge density in units of pg = 2|e|N(0)T, for (a) the s-wave superconductor (L, = 1) and
the chiral p-wave superconductors with (b) the parallel vortex (L, = 2) and (c) the antiparallel vortex

(L, = 0). The inset of each panel shows the radial profile of the pair potential [21].

Kohno et al. calculated the vortex-core charge as a function of the magnetic field in
the vortex lattice [23] of s-wave superconductors with a cylindrical Fermi surface [22] as
shown in Fig. 1.5 and d-wave superconductors with anisotropic Fermi surfaces used for
cuprates [24] using the AQC equations with only the Lorentz force. They showed that the
charge density at the vortex center has a large peak as a function of the magnetic field.
Therefore, one may expect that the vortex-core charge due to the Lorentz force may be

larger than that due to the PPG force at strong magnetic fields.
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Figure 1.5: Charge density at the vortex center p(0) in units of pg = Ageg/|e|¢2 as a function of magnetic
field calculated for T' = 0.2T¢ (red line) and T = 0.57, (green line) [22].

1.2 Bogoliubov-de Gennes theory

Type-II superconductors magnetic field host quasiparticle states in their vortex core,
with discrete energies which are below the bulk superconducting gap. This discretized
energy levels are called the Caroli-de Gennes-Matricon (CAGM) modes [25], and the
energy intervals are given by A/2kp&y or A2/ep, where ep is the Fermi energy. The
energy interval of the CAGM modes is very small in conventional superconductors as
Ag/ep ~ 1073 and the discretization cannot be found in experimental data of NbSe,
[26]. On the other hand, in cuprate and heavy fermion superconductors, the coherence
length is smaller and the quasiclassical parameter, § = (kp&)~!, is larger than that in
conventional superconductors. Therefore, it is expected that the discretized energy levels
of the vortex states in these anisotropic superconductors are observed experimentally.
Hayashi et al. calculated the local density of states (LDOS) around the vortex core in
type-11 superconductors near the quantum limit of § = 1 based on the BAG equations [27],
and showed in the LDOS as seen in Fig. 1.6 that the spectra are discretized below the
gap energy and consist of several isolated peaks, each of which corresponds to the energy
levels of the vortex states, the particle-hole asymmetry appears even if the normal-state
density of states is symmetric, and the spatial variation also exhibits the Friedel-like
oscillation [28]. Recently, the discretization of the energy levels was observed in the
LDOS of YNiyB,C using scanning tunneling spectroscopy with high energy resolution [14].
More recently, the parameter o of the layered iron-based superconductor FeSe has also
been reported to reach about the quantum limit § ~ 1 [29]. Thus, the vortex states of
conventional and unconventional superconductors are very different in this regard.

As mentioned above, since the standard Eilenberger equations [7] are obtained from the
Gor’kov equations [19,20] by taking the limit § = 0, the calculated LDOS has continu-

ous and particle-hole symmetric spectra [30], and the charging and Hall effect cannot be
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Figure 1.6: Local density of state in units of the normal-state density of states at the Fermi surface at
T = 0.05T; and kr&, = 8 [28]. E and r are normalized by Ag and &p, respectively.

calculated using them [12,16]. Recently, the augmented Eilenberger (or AQC) equations
with the quantum corrections of the first-order in § were derived to study the vortex-
core [8,9,21,31] and surface [32] charging. These standard and augmented Eilenberger
equations are valid for superconductors which can be described by small values of the
quasiclassical parameter, but not for those whose values of ¢ fall near the quantum limit.
Therefore, one may want to investigate the vortex-core charge in type-1I superconductors
near the quantum limit. Hayashi et al. also studied the carrier density in type-1I su-
perconductors near the quantum limit based on the BAG equations, and found that the
carrier density at the core center increases monotonically as a function of the quasiclassi-
cal parameter (see Fig. 1.7) and the Friedel oscillation appears at low temperatures [33].
Thus, the BAG equations are suitable for studying the vortex states in superconductors
near the quantum limit. However, the calculations performed by Hayashi et al. did not
include Maxwell’s equations, which are necessary for transparent interpretation. There-
fore, the charge density they calculated does not meet the necessary charge neutrality
condition. Machida et al. calculated the vortex-core charge by solving the BdG equations
with the Poisson equation self-consistently, and showed that the charge density satisfies
the neutrality condition. The vortex-core charge is suppressed due to the screening effect,
and the decay length of the charge density around the vortex core increases monotonically
as the quasiclassical parameter approaches the quantum limit [34]. On the other hand,
they did not calculate the charge density at the vortex center as a function of the qua-
siclassical parameter and temperature. Therefore, one may wonder that the vortex-core
charge increases monotonically even near the quantum limit, or it is suppressed by the

screening effect and has a peak as a function of .
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Figure 1.7: Carrier density difference dng = |ng — ning| between the vortex center ng and far away from
the core ni,s in units of the carrier density far away from the core n;ys as a function of temperature
calculated for kr&y = 4,6,8 and 10 [33].

1.3 Purpose of the thesis

The main purpose of this thesis is to construct a numerical method based on the AQC
equations for studying the temperature and magnetic field dependence of the vortex-
core charge in the Abrikosov lattice [23] of type-II superconductors microscopically, to
study the forces responsible for the charging in the Abrikosov lattice, and to clarify the
temperature and magnetic field dependence of the vortex-core charge in the Abrikosov
lattice within the AQC equations and the d-dependence of the vortex-core charging near
the quantum limit using the BAG equations.

To these ends, we calculate the temperature and magnetic field dependence of the
vortex-core charge in a two-dimensional s-wave superconductor due to the Lorentz and
PPG forces using the AQC equations of superconductivity in the Matsubara formalism.
We can neglect the SDOS pressure terms in superconductors with a cylindrical Fermi
surface [8]. A method proposed recently by Sharma in Ref. [35] may be more useful, but
her formulation still only incorporates the Lorentz force. We here perform the numerical
calculation of the vortex-core charging combining the methods in Refs. [8] and [22]. We
also study the charge redistribution around the vortex core based on the BAG equations
to clarify the d-dependence of the vortex-core charging near the quantum limit. These
calculations will be very useful for experimental researchers.

This thesis is organized as follows. In Sect. 2, we present the formalism based on the
AQC equations with the Lorentz and PPG forces in the Matsubara formalism and based
on the BAG equations, and show that the PPG force can be neglected in the Meissner
state. In Sect. 3, we give numerical results for the charging in the Abrikosov lattice and
an isolated vortex near the quantum limit of an s-wave superconductor with a cylindrical



Fermi surface, and discuss the vortex-core charging due to the PPG force. In Sect. 4, we

provide a conclusion.
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2 Formulation
2.1 Augmented quasiclassical equations

We consider clean s-wave superconductors in equilibrium, and then the main part of the
AQC equations with the PPG and Lorentz forces in the Matsubara formalism are given
by [8,9]

A i B
[zenfg—Afg,g}+ith-ag+%e(vaB)-—ap (3,9}
F
ih_ .. 83 ihO) ..
_ oAz, . 29 M9 gAz, — 2.1
28 T3 Opr 2 Opr O0AT3; =0, (2.1)

where §=j(e,,, pr, ) and A= A(r) are the quasiclassical Green’s functions in the Mat-
subara formalism and the pair potential, respectively, ¢, = (2n + 1)wkgT is the fermion
Matsubara energy (n = 0,+1,---) with kg and 7" denoting the Boltzmann constant and
temperature, respectively, vg and pg are the Fermi velocity and momentum, respectively,
e < 0 is the electron charge, B = B(r) is the magnetic-flux density, and the commutators
are given by [, ] = ab— ba, and {a, b} = ab+ ba. The first and second terms in Eq. (2.1)
correspond to the standard Eilenberger equations [7,13-15], the third term is the Lorentz
force [16,17], and the fourth and fifth terms represent the PPG force [8,9,18]. We also

assume spin-singlet pairing without spin paramagnetism. The matrices g, A and 75 are

e —=if] o Lo
I R T A

where the barred functions are defined generally by X (s, pr,7) = X*(¢,,, —pr, 7). The

then given by [13]

0 A
A0

operator @ is also defined by

\% on g or g
2e A
9= V—ZT on forA (2.3)
2e A ~
V+z‘% on f or A*
\

where A = A(r) is the vector potential.

With the procedure in Ref. [3], we expand g and f formally in terms of § as g =
go+gi+--- and f = fo+ f1+---, where gy and f; are the Green’s functions of the stan-
dard Eilenberger equations. The standard Eilenberger equations with the normalization

11



condition go=sgn(e,)(1 — f0f0)1/2 are then given by [7,13-15, 36]

1 2cA
Snf[) + 5FL’UF : (V — Z%) fo = Ago, (24&)
A = 2MorksT Y (folr, (2.4b)
n=0
j =—i2reN(0)ksT > (vr(g0 — g5))r, (2.4¢)
n=0

where j is the current density, I'y is the dimensionless coupling constant responsible for
the Cooper pairing defined by

1 T |
— =In— + 27wkgT — 2.5
r, = g+ 2mhy ;en’ (2.5)
gc is the cutoff determined from e. = (2n. + 1)mkgT and . = 20kgTy, (- - - )r is the Fermi
surface average normalized as (1)p = 1, y is the permeability of vacuum, and N(0) is
the normal density of states (DOS) per spin and unit volume at the Fermi energy. Eq.
(2.4) forms a set of self-consistent equations for fy, A, and A by using Ampere’s laws,
VXxVxA= IU()]

We obtain the equation for g; from the expansion of Eq. (2.1) up to the first-order in
J as [8,9]

dgo 1 dfo 1 dfo

vp - Vg = —e(vp x B) - 222 — ZgA . 210 _ 29

9o 2.6
Opr 2 Opr 2 Opr (2:6)

with g1 = —g1. The first term in Eq. (2.6) is the Lorentz force, and the second and third
terms are the PPG force. We decompose the PPG force into the radial, angular, and
vector potential parts, including (DA /dr)#, (9A/00)(0/r), and —2ie AN /R, respectively,
which are defined by

i OA*  df,  i0A_ 9F,

i (o 1025 9J0  adial part 2.
55" dpr 2 o pe’ radial parts, (2.7a)
i ON* . Ofy i OA, Of

_ 1929 G 190 9N lar part 2.7h
2r 90~ Opr 2r 00 Opp’ ANGHIAL atts, (2.7b)

%A*A . 3—1{2 — %AA . g—;:i, vector potential parts, (2.7¢)

where r and 6 are the radius and the azimuth angle, respectively, in the cylindrical
coordinate system (7 cosf,rsinf). The contribution of the spatial derivative and vector
potential terms to the PPG force come from paramagnetic and diamagnetic supercurrents,
respectively. Therefore, we call the spatial derivative terms (Egs. (2.7a) and (2.7b)) and
vector potential terms (Eq. (2.7¢)) the paramagnetic (PM) and diamagnetic (DM) terms,

12



respectively. The expression for the electric field E = E(r) is also obtained as [8,9]

ThpT & .
~AMpV?E+E =i - Z (Vg1 — 91)) (2.8)

n=0

where A\rp =+/€0d/2e2N(0) is the Thomas—Fermi screening length with €y and d denoting
the permittivity of vacuum and the thickness, respectively [21,32,37]. Using this equation,
we can calculate the electric field and charge density microscopically. See Appendix. A
for details on the derivation of the AQC equations.

2.2 Meissner state

Kita derived the Hall coefficient due to the Lorentz force acting on equilibrium super-
currents in the Meissner state based on the AQC equations with only the Lorentz force,
and showed that it has a finite value in s- and d-wave superconductors [3]. One may
predict that the PPG force also acts on supercurrents even in the Meissner state and
causes the Hall effect near a surface, since the charging in an isolated vortex of type-II
superconductors is dominated by the angular parts which arise from the phase of the
pair potential in the PPG force terms. However, contrary to its expectations, it is shown
below that the PPG force does not act on supercurrents in the Meissner state. To this
end, we derive an expression for the Hall electric field in the Meissner state by solving the
AQC equations with the Lorentz and PPG forces to study the action of the PPG force
on supercurrents. We first assume the form of the pair potential and the anomalous qua-
siclassical Green’s function as A(r) = |A(#)|e™) and fo(e,, e, ) = fo(en, pr, 7)e#™),
respectively, substitute them into Eq. (2.4a), and neglect the spatial derivative of fo.
Then the Doppler-shifted quasiclassical Green’s functions in the standard Eilenberger

equations are given by

En

9o :W, (2.9a)
- (2.9b)

Ve + AR

where £, is defined by &, = €, +imuvg-vs with vy = (h/2m)(Vy—2eA/h) and m denoting
the superfluid velocity and the electron mass, respectively. We also substitute Eq. (2.9)
into Eq. (2.6) and then obtain the g; equation as

0 €n
Ipr /22 + A2

The PPG force terms in Eq. (2.6) all cancel each other out without the low energy

VF Vg1 = —6(’UF X B) . (210)

excitations, since the Doppler shift method is an approximation that neglects the low
energy excitations such as the vortex and surface bound states (see Fig. 2.1). Fig. 2.1

13
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Figure 2.1: LDOS obtained from the Eilenberger equations (a) and the Doppler-shifted Green’s function
(b) in an isolated vortex of s-wave superconductors with a cylindrical Fermi surface in the high-x limit.

r = 0 is the vortex center.

plots the superconducting LDOS Ny (e, r) obtained from the Eilenberger equations and
the Doppler-shifted Green’s function in an isolated vortex of s-wave superconductors with
a cylindrical Fermi surface in the high-x limit. Ny(e,7) is calculated using Eq. (A.87).
Thus, we see that the low energy excitations are important for the PPG force to work. It
is now clear that the larger low-energy excitation at low temperatures is one of the factors
that lead to the larger vortex-core charge due to the PPG force (Fig. 1.2).

To study the action of the PPG force on supercurrents in the Meissner state, we next
assume that the gap amplitude is spatially constant as |A(r)| = |A|, and obtain go, fo,
and vg - Vg; up to the first-order in vy as

— + v A (2.11a)
1mu ———————————— .
o 52 T T G A
) A A
| | - Zm'UF v %, (211b>
2+ AP (e2 + APy
| 9 NE
\Y% — B) — Vg5 2.11
Vr - V1 ie(vp X B) Opr Ur -V (e + |A’2)3/2 ( c)

Substituting Egs. (2.11a) and (2.11b) into Egs. (2.4¢) and (2.4b), respectively, and using
(vp)p = 0, we obtain the gap equation and the London equation as [13]

1
1 =2mTokgT Y —e 2.12a
o Z 2+ AR (2122)

1
VB = )\—ZB (2.12b)

where Ap, is the London penetration depth at finite temperatures A\, = Ao (vr)r[2((1 —
V)2 )p] 7172, Ay is the magnetic penetration depth Ao = [N (0)e?(v2)p] /2, and Y de-
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notes the Yosida function [3,13,38] defined by

A2
Yy=1- 27rkBTZ T AR (2.13)

Furthermore, considering the region outside the vortex core or a surface without any
spatial variation in the gap amplitude, substituting Eq. (2.11c) into Eq. (2.8), and using
g1 = —g1, we then obtain the equation for the electric field in the Meissner state as

—~ M V?E + E = B x Ryj, (2.14)
where Ry is the equilibrium Hall coefficient tensor. The current density and the Hall

coefficient tensor in the Meissner state given by

J =meN(0)(1 = Y){vpvp)pus, (2.15a)

B =570 <%v> (vror)E, (2.15b)

This Hall coefficient is the same as that obtained in Ref. [3], despite considering the

PPG force. Therefore, the Lorentz force acts on supercurrents in the Meissner state as
shown in the previous study [3], but the PPG force does not. It can also be shown that
the PPG force does not act on the shielding currents in anisotropic [32] and chiral [21]

superconductors based on the corresponding AQC equations if vp - V fo is zero.

2.3 Bogoliubov—de Gennes equations

For simplicity, we consider spin-singlet s-wave superconductors with a cylindrical Fermi
surface and adopt the same method in Refs. [34,39], and [6] to solve the BAG equations
self-consistently. We also neglect the vector potential when calculating the vortex-core
charge. These assumptions are valid, as will be shown below, based on the AQC equa-
tions, the vortex-core charging comes from the pair-potential gradient force acting on the
paramagnetic supercurrents [31]. Nevertheless, it is imperative to confirm the validity of
these assumptions within the BAG equations, as a future work.

Then, for clean s-wave superconductors in equilibrium, the BdG equations are given by

{—;—mVQ +ed(r) — ,u} un(r) — A(r)v,(r) = Eyu,(r), (2.16a)
_ {_;—mVQ + e<I>(7‘) - ,U} Un(r) — A*(T)Un(T') = EnUn(T), (2.16b)

where ®(r) and p are the electrostatic and chemical potentials, wu,(r) and v,(r) are
Bogoliubov wave functions labeled by the quantum number n. The pair potential is
determined by

=T Zun )1 —2fp(E,)), (2.17)
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where fp(E,)=1/(ef/*sT 11) is Fermi distribution function at temperature T'. We solve

self-consistently Eqs. (2.16) and (2.17) together with the following Poisson equation:

—V*B(r) = p(r)
— e (n(r) = no)

_262 | (1) 2 fr(En) + [0a ()2 (1 = fi(E,))] — eno, (2.18)

where n(r) is the particle density and ng is the particle density at a sufficient distance
from the vortex center.

We next consider a two-dimensional superconductor with an isolated vortex, neglect
the kinetic term with the z direction, and use A(r) = A(r)e™ as the form of the pair
potential with the cylindrical coordinates (r,6). The Bogoliubov wave functions, u,(r)
and v, (7), which are classified in terms of the angular momentum [, are expanded as

un(,r,) _ un zl& chl¢l zl9 (2.19&)

Un<T) S l l+1)6’ Zdnl¢l+l z(l+1 (219b)
where ¢ is given by ¢L(r) = v2J,(alr/R)/RJi41(al), Ji(x) is the Bessel function of I-th
order, a! is the i-th zero of J;, R is radius of a vortex, and i is integer ranging from

1 =1to N with N denoting the cutoff depending on the temperature and quasiclassical
parameter. We can rewrite the BdG equations to eigenvalue problem for 2N x 2N matrices

Kl é Cn’l c”vl
<AT _[_{l-‘rl) <dn’l> = E"»l (dn’l> ) (220&)

with simplified forms:

-h2 l 2 | R
(K = % <%> — K 6@-—/0 rdr}(r)®(r)¢l(r), (2.20b)
Fl1 -h2 O‘é’ i - r I+1 I+1
(K = R —H 5ij_/0 rdre; ™ (r)®(r)¢; (r), (2.20c)
- i
@y =~ [ rardlname o), (2.20d)
0
cn’l = [qul l7 Cg l7 e ]TJ dn’l = [d?la dg’lv e ]T' (2208)

Similarly, by expanding with the orthogonal function system, the pair potential and the

number of particles can be expressed as

=To Y > ) dy ol () (1= 2fe(Eny) (2.21)

n, %,J
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= QZ Z [( nl¢l n,l¢§(r) . d;z,lgbé-i—l(r)d?,lqsé—i-l(T)) fF(En,l)

n,d %,J
TG ()| (2.22)

The normalization condition,

/ &1 (Jun(P) + [0 (T)2) = Suns (2.23)

is also translated as

1:27r/ rerZ(”l "l dnld"l¢l+l( )¢;+1)

=1 j=1

- 271'2 ( + (A2 ) (2.24)

We finally estimate the coupling constant I'y by assuming a uniform system at absolute

zero. In a uniform system, each component of the matrix is diagonalized as

(A)i; = Aoy, (2.25a)
h2 OzlA l
J e,
(K)ij = om R~ p| 0i = fj 0ij- (2.25b)
Thus, the BAG equations are written as
et 0| Ay 0 vl !
fg,l AO Cazl,l C;L,l
0 0 ) : :
Ao 0 | —& 0 at T |
AO _fg"l d";:l d;’l
&' A 0 At o
Ny - ar d
— : =F, ' , 2.26
&M Ag C?’l ! c?’l ( )
Ao - d;" ;"
0 X )

which is a two-line, two-column eigenvalue equation:

n,l m,l n,l
A w %
(i 5g’l) (fﬂ) F (fﬂ) | 220
0 75 i i

17



The eigenvalues and eigenfunctions of this expression are

Eni=+1/(§")? + A3, (2.284)

1 & 1 &

n,l 0

AL R ) [ d" =, —(1F=|. 2.28b
K in ( EM)’ i in ( T B (2.28b)

Since the Fermi distribution function at 7'=0 is a step function, Eq. (2.21) becomes

Ao =Ty Z Z C?’ld?’lﬁbé(”% (r)(1 = 20(—Ey)). (2.:29)

nd 1,J

Furthermore, by operating fOR rdr to both sides of Eq. (2.29) and using Eq. (2.28), we
can obtain the coupling constant as

11 (1 —20(—En))
Iy 27R? ;Z En,

1 1 1
T orR2 Z E,, E,
OSEn,l ’ En,l<0 ’
1 1
— - 2.30
w2 Bl (2:30)
0<| By, 1| <Fe ’

where E, is the energy cutoff, and we set E, = 10A,. ), <|Bo 1| <Fe denotes the summation
of all positive quantum numbers n, [, and i that satisfy 0 < |E, ;| < E..
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3 Numerical Results
3.1 Numerical procedures

We solve Egs. (2.4), (2.6), and (2.8) numerically for a triangular vortex lattice of an s-
wave superconductor with a cylindrical Fermi surface by combing the methods in Refs. [§]
and [22]. We choose the magnetic field to be along the axial direction of the cylinder. We
can also express the corresponding vector potential in terms of the average flux density
B = (0,0,B) as A(r) = (B x 7)/2 + A(r), where A denotes the spatial variation of
the flux density. Functions A(r) and A(r) for the triangular lattice have the following
periodic boundary conditions [40-42]:

Alr+ R) = A(’r‘)ei%B‘(rXR)H%BX(a1—02)'R+i7m1n2 (3.1b)

?

A(r +R) = A(r), (3.1a)
3.

where R = nja; + nsao with the integers nq; and no, and a; = ag(\/§/2,1/2,0) and
ay = ay(0,1,0) are the basic vectors of the triangular lattice with the length as determined

as
a;

Vortex center

Figure 3.1: Schematic representation of a vortex-lattice.

(a) B =0.15Bc (b) B =0.42B. (c) B =0.88B¢
2 T T 1 1 2 ] 1
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Figure 3.2: Gap amplitude |A(r)| at temperature T' = 0.27, in units of the zero temperature gap Ag on
a square grid with = and y ranging from [—2&, +2&] for the average flux densities (a) B = 0.15B.2, (b)

B =0.42B3, and (c) B = 0.88Ba.
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(a) B =0.15B (b) B =0.42Bc, (c) B =0.88Bc,
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Figure 3.3: Magnetic-flux density B(r) at temperature T = 0.27, in units of By = h/2|e|¢? on a square
grid with 2 and y ranging from [—2&y, +2&,] for the average flux densities (a) B = 0.15B, (b) B =

0.42B.5, and (c) B = 0.88Bca2.

by the flux-quantization condition (a; x ay) - B = h/2|e|. We first solve the standard
Eilenberger equations (2.4) self-consistently for the vortex lattice using the Riccati method
[13,30,43,44], and substitute the solution into the right-hand side of Eq. (2.6), which is
solved by using the standard Runge-Kutta method. Here, we have chosen the following

A(r) = Apy[1— Liz;i A(r) =0, (3.2)

where A7 is the energy gap obtained by solving the weak-coupling gap equation [Eq.
(2.12a)], Bea = poHes is the upper critical field obtained from the Helfand-Werthamer
theory [45,46], and ¥ denotes the Abrikosov’s solution of the linearized GL equations in

initial conditions:

a symmetric gauge without prefactors [13,41]. Then, we have used the periodic conditions
of the Green’s functions:

go(en, R.(n/3)pr, R.(n7/3)r) = go(en, P, T), (3.3a)
folen, R.(nm/3)pr, R.(nw/3)r) = fo(en, Pr, r)e_"”r/?’, (3.3b)

where R,(0) is a rotation operator that rotates the vortex center by an angle 6 around
the z-axis, and n is an integer. Next, the electric field is obtained by substituting the
solution of Eq. (2.6) into Eq. (2.8) and solving Eq. (2.8), and then the charge density
p is calculated from Gauss’ law p = €,dV - E numerically. We choose the parameters
as Arr = 0.03&), \o = 5& and 6 = 0.03. The average magnetic flux density, which is a
parameter, is normalized by using the upper critical field Bes.

To study the d-dependence of the vortex-core charge in s-wave superconductors with a
cylindrical Fermi surface near quantum limit, we also solve the eigenvalue equation [Eq.
(2.20)] obtained form the BAG equations together with the gap [Eq. (2.21)] and Poisson
equations [Egs. (2.18) and (2.22)] self-consistently and numerically. We use ® = 0 and
A = Agtanh r/& when we first solve Eq. (2.20).
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Figure 3.4: Supercurrent j(r) = (j,(r),j,(r)) at temperature 7' = 0.2T in units of jo = fipo/2e|&3, on
a square grid with x and y ranging from [—&, +&o], for the average flux densities (a) B = 0.15B., and
(b) B = 0.42Be, (c) B = 0.88Bcs.

3.2 Vortex-core charging in the Abrikosov lattice

Figs. 3.2, 3.3, and 3.4 show the spatial variations of the gap amplitude |A(7)[, the
z-component of the magnetic-flux density B(r), the current density j(7), respectively, at
temperature T = 0.27 for the average flux densities from B = 0.15B, to B = 0.88B,.
We find that the gap amplitude away from the vortex core and its slope at the core
become small together, and the B/B at the core is also small, i.e. the flux density
becomes spatially uniform at strong magnetic fields compared with weak fields. We also
see in Figs. 3.2, 3.3, and 3.4 that the distance between the two vortices becomes closer
and each vortex has the strong six-fold symmetrical anisotropy at strong magnetic fields.
Thus, we have reproduced the results in the previous work proposed by Ichioka et al. [42].

Figs. 3.5 and 3.6 show the spatial dependence of the charge density p(r) and the
electric field E(r) due to the Lorentz force, and the spatial derivative terms of the pair
potential and the terms for the product of the vector and pair potential in the PPG force,
respectively, at temperature 7' = 0.27, for the average flux densities from B = 0.15B.; to
B = 0.88B,,. We see that the charges are accumulated at the core where the pair potential
is zero. The charge redistribution due to the Lorentz force and the PM terms in the PPG
force are very similar, but the charge due to the PM terms in the PPG force is larger at
weak magnetic fields compared to that due to the Lorentz force. On the other hand, the
charge due to the DM terms in the PPG force has an opposite sign and almost the same
magnitude as that due to the Lorentz force. We also find that larger charge accumulates
between two neighboring vortices at strong magnetic fields since the distance between the
two vortices becomes smaller and circulating supercurrents in the opposite direction from
that around the core are generated between the two vortices at strong magnetic fields as
found in Fig. 3.4(c). We also see in Fig. 3.6 that the Hall electric fields are orthogonal to
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(a) Lorentz, B = 0.15B.2

(b) Lorentz, B = 0.42B.2

(c) Lorentz, B = 0.88B.2
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Figure 3.5: Charge density p(r) due to the Lorentz force ((a), (b), and (c)), and the paramagnetic ((d),
(e), and (f)) and diamagnetic ((g), (h), and (i)) terms in the PPG force at temperature 7' = 0.27¢ in
units of pg = Ageod/|e|€2 on a square grid with z and y ranging from [—2&, +2&] for the average flux
densities B = 0.15B3, B = 0.42B.y, and B = 0.88B; from right to left, respectively. PM and DM

denote paramagnetic and diamagnetic, respectively.
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Figure 3.6: Electric field E(r) due to the Lorentz force ((a) and (b)), and the paramagnetic ((c) and (d))
and diamagnetic ((e) and (f)) terms in the PPG force at temperature T' = 0.27 in units of Eyg = Ao/|e|&o
on a square grid with = and y ranging from [—&g,+&] for the average flux densities B = 0.15B.s,
B = 0.42B.s, and B = 0.88B,, from right to left, respectively. PM and DM denote paramagnetic and

diamagnetic, respectively. 93
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Figure 3.7: Zoomed-in plots of (a) the current density j(r), (b) the electric field E(r) (b), and (c) the
charge density p(r) due to the PM terms in the PPG force for temperature 7' = 0.27; and the average flux
density B = 0.88B.s on a square grid with = and y ranging from [—0.3&, 0.7&o] in units of jo = huo/2|e|&3
Eo = Ag/le|éo, and pg = Ageod/|e|€2, respectively.

supercurrents and strong around the core and between two neighboring vortices at strong
magnetic fields. To make it clear to understand the relationship between the supercurrent,
electric field, and charge redistribution, the zoomed-in plots of Figs. 3.4(c), 3.5(f) and
3.6(d) are shown in Fig. 3.7.

Fig. 3.8 shows the charge density at the vortex center as a function of the magnetic
field for temperatures 7' = 0.27, and T' = 0.57, respectively. It is shown that the vortex-
core charge due to the Lorentz force has a large peak of upper convexity as seen in the
previous work [22]. However, the vortex-core charge due to the Lorentz force obtained
by us is about 10 times larger than that calculated in the previous study [22], even if
the same quasiclassical parameter is used. This is because the method in the previous
study neglected the component perpendicular to the Fermi velocity of in Vg;. We have
here adopted a direct method to solve the equation for g; [Eq. (2.6)] used in Refs. [8,9].
We also note that the vortex-core charge has the Arp-dependence and is not linear as a
function of § using § = Arp/&, even within the AQC theory. On the other hand, the
vortex-core charge due to the DM terms in the PPG force has an opposite sign and almost
the same magnitude as that due to the Lorentz force at all temperatures and magnetic
fields within our calculation. Therefore, the charge due to the Lorentz force and the DM
terms in the PPG force almost cancel each other out. Consequently, the total charge is
almost the same as that due to the PM terms in the PPG force. We also find that the
vortex-core charge due to the PM and DM terms, respectively, in the PPG force also has
a peak at about half the upper critical field as a function of the magnetic field. This
may be due to the fact that the PM and DM supercurrents also have peaks because it
is expected that the magnetic field dependence of the charge due to the PPG force is
the same as that of the supercurrents. Based on this, we can find in Fig. 3.9 that both
the charge due to all the PPG force terms and the total supercurrents around the core
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Figure 3.8: Charge density at the vortex center p(0) due to the Lorentz force (green circular points), and
the paramagnetic (blue square points) and diamagnetic (red triangular points) terms in the PPG force

in units of pg = Ageod/|e|€3 as a function of the magnetic field calculated for temperatures (a) T' = 0.2,

and (b) T = 0.5T.. PM and DM denote paramagnetic and diamagnetic, respectively.
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Figure 3.9: (a) The x-component of a supercurrent j,(r) in units of jo = huo/2|e|&3 over y < 0.5, at
x =0 for several B, and (b) charge density at the vortex center p(0) due to the Lorentz force (green
circular points), and the PPG force (blue square points) in units of py = Agegd/|e|€2 as a function of the

magnetic field calculated for "= 0.27,. PM and DM denote paramagnetic and diamagnetic, respectively.

decrease monotonically with an increase in magnetic field. We can also explain that the
peak of the total charge originates from the competition between the charges due to the
PPG force, which is dominant at weak fields, and the Lorentz force, which is dominant
at strong fields as shown in Fig. 3.9(b). Thus, measurements should be performed at
low temperatures and about half the upper critical field to detect the vortex-core charge
experimentally.

Fig. 3.10 shows the )y dependence of the charge density at the vortex center due the
Lorentz and PPG forces [8] and the spatial dependence of the magnetic-flux density with
an isolated vortex in a two-dimensional s-wave superconductor at temperature 7" = 0.27-.
As Ao becomes larger, the wider and more gently the magnetic flux penetrates, so the
magnetic-flux density at the vortex center becomes smaller. Therefore, p(0) due to the

Lorentz force rapidly decreases as A is increased. On the other hand, even in the high-x
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Figure 3.10: (a) Magnetic-penetration-depth dependence of the charge density p(r) at the vortex center
due to the Lorentz and PPG forces and (b) the spatial dependence of the magnetic-flux density B(r)
with an isolated vortex s-wave superconductors at temperature 7' = 0.2T. in units of pg = Ageod/|e|&2

and By = h/2e|€2, respectively.

limit, which can be regarded as a zero field, the PPG force charging is relatively large, if
it is a vortex state where low-energy excitation occurs.

We next calculate the order of magnitude for the accumulated charge around a vortex
to compare our result with the vortex-core charge measured by the NMR/NQR [47]. We
choose the core region of radius 0.2¢, and the thickness d = 10 A to roughly estimate the
peak value of the accumulated charge (). The vortex-core charge in YBCO at T' = 0.27.
and B = 0.73B. is given by Q ~ 107%|e| for the following appropriate parameters:
ket ~ 1.0 A, Ay ~ 28 meV [48], and & ~ 30 A [47]. The amount of charge that
we estimate based on our present calculation is an order of magnitude larger than the
charge reported in Ref. [22], owing to the difference in the method and the Thomas—Fermi
screening length described above. The order of magnitude of the estimated charge in
YBCO using our calculation is roughly consistent with the experimental results measured
by Kumagai et al. [47].

We finally discuss what the vortex-core charging due to the PPG force is. The vortex-
core charge due to the PPG force at weak magnetic fields has the following characteristics:
(i) the dominant contribution from the angular parts, i.e. the angular derivatives of
the cylindrical coordinates around the vortex core [21], (ii) the PPG force acts on only
supercurrents in the vortex state in the core, and (iii) it is relatively large even in the high-
x limit and in the isolated vortex system [8,9]. The PPG force terms are dominated by the
angular parts arising from the phase of the pair potential, and they all cancel each other
out away from the core as seen in Subsect. 2.2. Therefore, the presence of supercurrents
is essential to PPG force charging in the vortex state. Furthermore, since the vortex-core
charge is relatively large even in the high-x limit and in the isolated vortex system, the

large vortex-charging is caused by the PPG force acting on circulating supercurrents in
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Figure 3.11: Charge density at the vortex center p(0) without the Poisson equation (blue line), with the
Poisson equation (red line) in units of py = epegkid/|e| calculated for T = 0.27; at (a) § = 1.0 and (b)
0=0.1.

the vortex state even in an area that can be considered zero magnetic field as seen in Fig.
3.10. Thus, we can deduce that the vortex-core charging due to the PPG force is the
anomalous Hall effect on supercurrents in the vortex state.

3.3 Charging in an isolated vortex near the quantum limit without the vector
potential

Fig. 3.11 plots the spatial variations of the charge density around an isolated vortex
core at temperature T = 0.27. for the quasiclassical parameters 6 = 0.1 and 1 based on
the BAG equations with and without the Poisson equation, simultaneously. We confirm
that the charge density satisfies the neutral condition by solving the BAG equations with
the Poisson equation self-consistently, and the Friedel-like oscillation of the charge density
around the core obtained from the BdG equations with the Poisson equation is stronger
than that without the Poisson equation. Thus, we have reproduced the result proposed
by Machida et al. [34]. We also see that the Friedel-like oscillation cannot be found in the
quantum limit. This may be because the period of the oscillation is longer and number of
the energy peaks in the LDOS decreases [49] as the quasiclassical parameter approaches
the quantum limit § = 1.

Fig. 3.12 plots the quasiclassical parameter dependence of the vortex-core charge at
temperature 7" = 0.27, based on the BdG equations with and without the Poisson equa-
tion, simultaneously. The charge density at the vortex center increases almost linearly
within 0.1 < § < 1 and the vortex-core charge with the quantum limit § = 1 is more
than 10 times larger than that with 6 = 0.03 that we used above when solving the AQC
equations. Hayashi et al. showed the d-linear behavior of the vortex-core charge based
on the BdG equations without the Poisson equation [33]. We find that this d-linear be-
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Figure 3.12: Charge density at the vortex center p(0) without the Poisson equation (blue circular points),

with the Poisson equation (red square points) in units of py = epegkd/|e| as a function of § calculated
for T = 0.2T...

havior of the vortex-core charge does not change even if we solve he BdG equations with
the Poisson equation self-consistently. We here note that the J-dependence of the charge
density at the core is calculated in units of gy = erpeokid/|e|, assuming that kp is constant
and considering & changes since it is expected that k;' of a wide range of materials is
about 1 A. Therefore, to measure the vortex-core charge, we should choose a material
that is close to the quantum limit and has a short coherence length.
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4 Conclusion

We have developed a numerical method for the study of electric charging in the vortex
lattice state of type-II superconductors based on the AQC equations with the Lorentz
and PPG forces. Using it, we have calculated the charge distribution in the vortex lattice
of s-wave superconductors with a cylindrical Fermi surface. We have shown that the
vortex-core charge due to the Lorentz force and the terms for the product of the vector
and pair potential coming from DM supercurrents in the PPG force almost cancel each
other out, and the total vortex-core charge becomes almost the same as that due to the
spatial derivative terms of the pair potential coming from PM supercurrents in the PPG
force. We have also found that low temperatures and magnetic fields about half the
upper critical field are suitable for the experimental measurement of electric charge in
the vortex core. Moreover, we have shown that the PPG force does not contribute to
the charging in the Meissner state. On the other hand, the PPG force contributes to the
vortex-core charging even at zero field such as the isolated vortex system and the high-x
limit, and is dominated by the terms of the pair potential phase, which are related to
supercurrents. Therefore, it can be understood that the vortex-core charging due to the
PPG force is caused by the anomalous Hall effect on supercurrents in the vortex state. We
again emphasize that only the Lorentz force acts on supercurrents away from the vortex
core and the Lorentz force may be important for transport phenomena [18,50].

We have also studied the coherence length dependence of the vortex-core charging in
an isolated vortex of s-wave superconductors neglecting the vector potential. We have
shown that the vortex-core charge increases almost linearly within the large quasiclassical
parameter region. Therefore, we should choose superconductors near the quantum limit
when we measure the vortex-core charge.

There still remains many interesting problems in relation to the study of vortex lattice
systems using the AQC equations. For example, we can use the method developed in
this thesis, together with the AC response theory based on the standard Eilenberger
equations [10,11] to calculate the flux-flow Hall effect in the Abrikosov lattice, and to also
study the vortex lattice in *He [51-55].

Kumagai et al. estimated the vortex-core charge in cuprate superconductors by the
NMR/NQR measurements. However, they used the local electric field gradient obtained
from changes in the nuclear quadrupole resonance frequency to estimate the vortex-core
charge experimentally. To the best of our knowledge, direct observation of the vortex-core
charge such as the atomic force microscopy measurement has not been achieved yet. The
temperature, magnetic field, and quasiclassical parameter dependence of the vortex-core
charge calculated in this thesis will be very useful when experimental researchers choose
the external parameters and a material to try to measure the vortex-core charge directly.
I hope that our present study will stimulate more detailed experiments on vortex-core
charging.
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Appendix

A Derivation of Augmented Quasiclassical Equations in Mat-

subara formalism

Using the static gauge E(r) = —V®(r) and B(r) = V x A(r), we can also derive
the AQC equations of superconductivity with the Lorentz and PPG forces, and SDOS
pressure, following the procedure in Ref. [9,13,17].

A.1 Matsubara Green’s functions and Gor’kov equations

As a starting point, we introduce the Heisenberg representations of the creation and

annihilation operators for electrons by

di (1) = e (g )e ™
{ bo(1) = i (g)e (&.1)

where the variable £ is defined explicitly as £ = (7, «) with r and « denoting the space
and spin coordinates, the argument 1 in the round brackets denotes 1 = (&1, 71), and the
variable 7 lies in 0 < 71 < 1/kgT with kg and T' denoting the Boltzmann constant and
temperature, respectively. Using them, we define the Matsubara Green’s function:

~

Gij(1,2) = —0(1 — 72) (Vi (1)1h3—(2)) + 0(72 — 1) (th3—;(2)2(1))
= —(Thi(1)¥3-;(2)), (A.2)

where (7) is the step function, (---) denotes the grand-canonical average, and T, means
ordering in 7: the @/A) under T, are placed from left to right in order decreasing “time”
7. [56]. The elements of G;;(1,2) satisfy

Gij(1,2) = =G3-j3-4(2,1) = G};(&m1, &), (A.3)

where the superscript * is the complex conjugate. The Matsubara Green’s function can
be expanded as

Gy(1,2) = kgT Z Gij (&1, &g5 8, ) on (7™, (A.4)
where €, = (2n 4 1)wkgT is the fermion Matsubara energy (n = 0,+1,...). We separate
the spin variable o =7, | from £ = (7, @) to write the four new notation for each G;; as

= Fal,aQ (Tla T2; gn)a
== _Fal,ag (T‘l, TQ; 5n)7 (A5C
= —Gayao(r1,T2i60). (A.5d



Then, we express the spin degrees of freedom as the 2 x 2 matrix

GTT(T'1,”“2;€n) GN(Th?‘Q;&?n)

G(ri,re;e,) = A.6
Gry,aien) Gu(ry,rosen) Gu(r,ro;en) (A.6)
In matrix notation, G and F satisfy the following symmetry relations: [13]
G(r1,m9:60) = Gl (ra, 713 —2,) = G (19,715 —5), (A.7a)
E(rlv T2; gn) = _F (r2a T — ) = _F (r27 Ty, _En)a (A7b)

where T and T denote the Hermitian conjugate and transpose, respectively. It follows
from these symmetry relations that G(ry,ry;e,) = G*(r1,79;6,) and F(ry,ry;e,) =
F*(ry,79;€,) hold. Using G and F, we define the Nambu matrix as a 4 x 4 matrix,

Glry,ry;e,) = (A.8)

Q(7“177°2;€n) E(Th’rz;ﬁn)
—E*(T1,7’2;€n) —Q*(T‘lﬂ‘z;%?n) .

In the mean-field approximation, the Nambu Green’s function satisfy the Gor’kov equa-
tions: [13,19]

0 (te, + K7)ay

[(zsn —Ki)ay QA ] G(71, 795 €n)

~

- /d3r3z;{BdG(r1> T3)G(T3, 7“2;5n) = 5(7“1 - 7"2), (A-9)

where g, and 0 denote the 2 X 2 unit and zero matrices, respectively. Operator K is
defined by
I&l = —

2m

2
—zhi - eA(’rl)} +ed(ry) — p, (A.10)
87‘1

where m is the electron mass, e < 0 is the electron charge, and p is the chemical potential.

Matrix Z;IBdg(rl, r3) denotes

Z/A{BdG(le 7“2) =

QHF(’H; "”2) é(rlu 7“2) (A.ll)
—é*(’ﬁﬂb) —ZAEF(’H,?@) ’

where matrices Upyp(r1,79) and A(ry, ) are the Hartree-Fock and pair potentials, re-
spectively, and have the following definitions;

Upp(r1,m2) = 0(11 — Tz)Uon/d rsV(ry — r3)ksT Z (13,73, €0)0 0~

—V(ry —ro)kgT Z (P, 795 80)e "0, (A.12)
A(ry,re) =V(ry — ro)kpT Z (r1,72;€n), (A.13)
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where 0_ denotes an extra infinitesimal negative constant. Finally, matrix d(r; — r5) on

the right-hand side of Eq. (A.9) is defined by

Q 5("‘1 - Tz)go 0

(5(7‘1 — 7‘2) = (A14)

0 5(7‘1 — TQ)QO

A.2 Gauge-covariant Wigner transform

Eq. (A.9) has an important property called gauge invariance [13].
We introduce the gauge transformation in terms of a continuously differentiable function

x(r) by

A(’I"1) = Al(’l‘1) + a)é’(ril)

=g .
1/;2(1) = @2;(1)91_1'@((7‘1)/71

where a prime " distinguishes f’ from f as different functions. The corresponding variations

of the Green’s function (A.8) and potential (A.11) are expressible in terms of the matrix

~ o goeieX("'l)/h Q
@(7’1) = Q goe—iex(rl)/ﬁ , (A16>
as
G(r1,72;60) = O(11) G (11,795 £,) 0% (3), (A.17a)
Upac (r1,72) = O(r) ) Upas(r1,72)0% (1), (A.17b)
Moreover, using
0 , , 0
[:tha_rl . eA(Tl)]Qe:I:zex(m)/ﬁ _ ein(m)/h[:Fiha_Tl . eA’(rl)]2, (A18)
the Ky term of Eq. (A.9) is expressible as
% . R _x!
Kigo Ol gy — 6 |12 0 (A.19)
0 Kigy 0 Kiag

Substituting Egs. (A.17a) and (A.17b) into Eq. (A.9), then use Eq. (A.19), and multiply
the resulting equation by ©*(r;) and ©(r,) from left and right, respectively. We then
realize that the resulting equation in terms of A’(r1), G'(ry,rs;¢,) and Ul (71, 72) is
identical in form to Eq. (A.9). This is gauge invariance, implying that there is an
arbitrariness in the choice of vector potential.

The original Wigner transform [57] may be defined, for example, in terms of the Nambu
matrix (A.8) as follows: Let us introduce the “center-of-mass” and “relative” coordinates

as
T+ 7o

2 Y

T12 = Ti9 =711 — To. (AQO)
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The Wigner transform is defined as the Fourier transform with respect to the relative

coordinates,

N

G(En,p,T12) E/d3F12€ip.FlQ/hé(rlaTZSEn% (Azl)

where G’s on both sides are different functions distinguished by their arguments. However,
the original Wigner transform breaks the gauge invariance with respect to the center-of-
mass coordinate when applied to the Green’s functions of charged systems. Therefore, we
apply an extended version for describing superconductors [13,16]. The gauge-covariant
Wigner transform for the Green’s functions Eq. (A.8) is defined by

N

G(en, P, T12) E/dgflze_ipiu/hf(""m,7‘1)@(7“1,7‘2;€n)f‘(7‘2,7‘12)

= %(€n7p7 7'12) E*<€nap7 Ir12) 7 (AQQ&)
_E (571’ —D, T12) _Q (5717 —D, T12)
the inverse relation
A r d’p ip-T1a/h A r
G(r1,7r2;6,) = L1, 712) ;PTG (e, py 1) (112, 72). (A.22D)
(2mh)
Here, matrix [ is given by
N iI(r1,r2) 0
_ | %0 Y
F(’I‘l,’l"z) = [ 0 goe—il(m,m)] ’ (A23>
with the line integral
I(ry,m) = % A(s) - ds, (A.24)
T2
where s denotes a straight-line path from 7, to 7.
Using Eq. (A.17a) and
D(r1,75) = O(r)L (11, 72) O (1), (A.25)
it follows easily that G (€n, P, T12) changes under the gauge transformation,
G(en,p,712) = O(r12)G' (64, P, 712) 0" (r12). (A.26)

Thus, only the center-of-mass coordinate is relevant to the variation of G (€n, P, T12) under
the gauge transformation.
Similarly, we transform the mean-field potential (A.11)

Z;deG(p, Ti2) = /dgrlze_ipﬁQ/hf(T12,Tl)z;{BdG(”’177‘2)f‘(T2>T12)

ZL{HF<p> 7‘12) é(l% 7‘12) (A.27a)
—é*(—pa 7“12) _ZL{*HF(_pa 7“12) ’
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whose inverse reads

. . B
Upac(T1,T2) = F(ﬁﬂ“m)/(—p

QWh)geip.im/hz;{BdG(pa 7°12)f(7“12, T3). (A.27D)

Note that potentials Uyp(p, r12) and A(p, r15) satisfy the following relations: Uy (p, 712) =
QLF(Z% 712) and A(p, r12) = A (=p,T12).

A.3 Kinetic-energy terms in the Wigner representation

Let us express the kinetic-energy terms of Gor’kov equation (A.9) in the Wigner repre-
sentation.

First, we prepare the functions:

e —1 —=u!

& (u) = /dne”“: - Z—', (A.28)

o0

/dn/ dge@—e i Z n_ (A.29)

=2

with which we can express basic phase factors (A.24) as

Ilrro) =5 [ Als)-ds
e ri2 0 T2
= hfl < B 8’]”12) A(’l"lg) 9 y (A30a)
r 0 T
I(r1z,m2) = %51 <—$ - 0r12> A(ry2) - % (A.30b)

USiIlg 0/87‘1 = 0/87‘“12+(1/2)0/8r12 and Eq (A30), (8/87“1)[(7“1, 7"12) and (8/8’)"1)](7’12, 7"1)

become

@—rl[(’r‘l, 7“12) ;A(T‘l) — %A(’l"u)

4h |: 81 (7 87‘12> ( 5 7‘12):| (’I"lg) X 7119, (A31a)
0 B e T12
8_7"1[(T12’ 7’2) %A(T'lg) 477,5 < 2 87‘12> 7’12 X 7‘12 (A?)lb)

Now, we focus on the kinetic-energy term in Eq. (A.9) given by

[161Q0 0

: G(ri,1a6n) = A.32
0 —Kig, (r1,72;60) ( )

IC1Q(?‘17 T2 En) KlE(?‘h T9;En)
KiE (11, 79;6,) KiG (r1,79560) |
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To perform the calculation of the kinetic-energy term KiG (r1,79;€,), as a first, we obtain

0 . .
e = Ay | G,
07‘1
, , 0I(ry,7r12) 0l(ryp,re) . O
— oH(rimi2) gil(riz,m2) | j 1,712 B 12,72) .y A a
’ ’ [ ory * ory Tor, € ()| GEn, P 12)

, . 3
r ot (rmiz)gi(riars) {eA(ﬁ) - gA(le) - geB(le) X T2

e e .0
+§A("“12) - §B(T12) X T — Zha— - 6A(""1):| Q(Enapa 7“12)

™

; ; 0 ih 0 e
_ otl(r1,r2) jil(r12,m2) | ih e _‘B _ G ' A 33
) ’ { T Xm} Glon o) (4.33)

Here, we have neglected spatial derivatives of both E and B, which amounts to assuming
& — 1 and & — 1/2. In addition, we also neglect the terms of the second-order in 8,,,,
E, and B except that of 831 ,» we then expand ® around 715 up to the first order in 715 as
O(ry) =~ &(r12) — E(r12) - 712/2. By these procedure, we thereby obtain l@lg(rl, T9;En)
as

G (€n
2m ory G(r1,m25€n)

3 , 2
%e”(””’”)e”(”?’”)/ @b {L [ h 0 o _ EB(’PQ) X 7_'12}

2
RaGlrn, 191 21) = li (—mi - eA<r1>) T ed(r) - g

(27Th>3 2m - 877'12 2 87“12 2
+6(D<T1) - ,LL} eip-?12/hg(€n7 Db, 7“12)

%eil(rl,rlg)eil(ru,rg)/ d3p L _h2 82 —h2 a . a _h_2 82
(27Th)3 2m 877%2 8’17"12 (97'12 4 (97“%2

. _ 8 ip-T )
+ihe(B(r13) X T12) - o } +ed(ry) — ,u} PTG (e, P, o)
12

3
~ ei[(’l‘l ,Tlg)eif(rlz,rz) / d p eip“?‘lg/ﬁ
(2nh)?
{ p2 p a hZ 82

— —th— 57— ——5 +ted — 1| G(en, P,
om ! 2m  Oriy  8mor, +e®(ri2) 4 G(en, po712)

) . d3 e r L
+ e“(”’m)e”(’“”“)/ (27;;)3 [—ﬁ - (B(r12) X T12) — eE(r13) - %} PTG (e, P, T12)

. . Bp 2 R o?

r et (rumz)+il(riz,ra) / —(277];)36”’ T2/l {p_m +e®(ri2) — p

e 0 P gy s L S eBr) - 2 G pore) (A.34a)
12 op 5 12 o[~ ny P, T12)- .

Note that

o L 0
/d3P f’lzelp'rm/hG(p, T127€n) = Z'h/ d3P emru/h—a G(P> T12, 871)7
D
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because of the Green’s functions equal to 0 at p,, p,, p. — £00. In the same way, we can
transform another each submatrix on the right-hand side of Eq. (A.32) as

’€1E(7°1> Tr2; 5n)

‘ ‘ P r p? o 2e 2
~ ot (r1,712)—il(r12,72 ip-F12/h .
~ e ( ) ( ) / We p / X {% + 6@("'12) - K 8_m |:§ - Z%A(TIQ):|
th 0 2e th 0 ih 0
- 5% ‘ {_(97“12 - ZﬁA(Tu)} - ZG% : {B(’rm) X ﬁ_p] - EGE(TIQ) : 8_p}E<5”’p’ T12),

(A.34D)

KTE*("H, T2, €n)

| . Bp 2 Rro 2 ?
~ —il(r1,r12)+il(r12,72) ip-ri2/h) £ o o, A
¢ / (27rh)3e { 2m Fe(rn) —p 8&m | Or ! h (r12)

1h

0
?eE(TjQ) . %}E*(Sna —D, r12)7

thp 0 2e th p 0
—_ - |f9’r12 +ZﬁA(T12):| —|—7,Zea . |:B(’l"12) X a—p:| —

(A.34c)

ICTQ* (”'1, T2, €n)

. . d3p L p2
~ —il(r1,r12)—il(r12,72) ip-T12/h x P o .
€ / (27Th)3e {2m +€ (7‘12) :u

h* 0?

 8morl,

971 ih
2

0
_eE(TIQ) : a_p}g* (€n7 —D, 7'12)_ (A34d>

Thus, using the gauge-invariant differential operator

(0
— G, G"
8r12 oni, M
0 2¢ A
O = —— F A.35
12 87“12 ! h on = ’ ( )
0 2¢eA
. Jog
\ 67‘12 ! h on =
the kinetic-energy terms in the Wigner representation translated as
e S 0 1. :
dPrpe”PTR/ (pyy, 1 (izn /=0 = G(ri,ro6,) (o, 7
J (ri 1)[ R RSP
2 ‘ 2 :
D th p h ih ol 4
=13, +e®(ri2) — p — oo 01 — 8_m8122 - EGE(TIQ) : 0_p 3G (en, P, T12)
th p 0 A . A . . oA
+ S B(r3) x o [SG(Sn,p, r12) + 73G(n, P, r12)7'3] +ie,G(en, P, T12). (A.36)
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A.4 Self-energy terms in the Wigner representation

We consider the Wigner representation of the self-energy terms in Eq. (A.9). Let us

introduce matrices:

J(ry,r5e,) = /d?"r’gZLlHF(rl,1"3)Q(r3,r2;5n), (A.37a)
K(r,re5e,) = /d3r3é(r1,fr3)ﬁ*(r3,r2;5n), (A.37D)
L(ry,ro;e,) = /dgrggHF(rl,rg)E(rg,rg;gn), (A.37c)
M(ry,ro;e,) = /d3T3é<7’1,Tg)Q*(Tg,TQ;Sn). (A.37d)

Using them, the self-energy terms in Eq. (A.9) is expressed as

/d3T37;{BdG(7"177‘3)é(7‘377‘2;5n)

| L, reien) — K(r,mo5en)  L(ry,roe) — M(71, 705 60) (A.38)
B L*(Tl,’r2;5n) —M*(”’1,7‘2;6n) l*("“1,7°2;5n) —K*(Tl,m;én)- '

Firstly, let us focus on Eq. (A.37a). Substituting Eqgs. (A.22b) and (A.27b) into Eq.
(A.37a) gives

. , d3p d3p'
T o) = zI(r1,7'12)+11(7°12,7‘2)/ / /d3
L(riraien) = e @rnp | Cmnp | T
% ei¢123+ip~?13/ﬁ+ip/~7‘32/hziHF (p7 7“13)@(5”, p/7 7'32), (A.39)

Here, the phase integral ¢qo3 is defined by

bos=<d A(s)-ds=> | B(r)-ds, (A.40)
h C123 h

S123

where we used the Stokes theorem. Next, perform a variable transformation shown in
Fig. A.2:

TET12+(U—%)T32+(U—%)T13 (0<u<l, 0<v <),
dS = (733 X 713)dudv, (A.41)
S1 ESUSLESUSU,
2 2
So Ogugé,ogvgu,
Ss 1Sugl,()gvgl.
2 2

Furthermore, since we are considering short-range interactions, we expand at a point

at the center-of-mass coordinate 715 and use the approximation B(r) ~ B(72), ¢123
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Figure A.2: Change of variables.

becomes
¢123 ~ —B(’l"12 1"32 X 7‘13 / / dv du = —B(’l"lg) (’I°32 X ’17"13). (A42)

By the same procedure as the standard Wigner transformation [58], J(ry,72;€,) can be
expressed as
. . Bp
J r 7,,., ,577, ~ ’LI(’I‘1,1‘12)+ZI(7’12,1‘2)/
J(r,ro5e0) e —(27rh)

(ih/2)eB(r12)- (8 px 8 p) ) 6i1/2) 9128 —(iﬁ/2)<5,,‘3ug(€mp’ o). (A.43)

ip-F1a/h
P2/ QHF(pﬂ“m)
X e

Note that the left (right) arrow on each differential operator acts on the left potential
(right Green’s function). We similarly introduce the phase integral ¢ + ¢o + @3, ¢13 + @2,
and @1 + ¢as,

¢1+¢2+¢3E% CA<) d3+; Als)- ds—i—; A() ds
~ % (1"12) 39 X T13 [/ / dv du —f-/ / dv du — / / dv du]
—0, (A.44)
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P13+ P2 = o

2
St o®
oo
<3
o
o
S~—
—~
i
o
5
X
=
&
—
mﬁ
N@
QL
4
QL
N
|
c\
[V
N
QL
4
QL
N
=

e
= EB(TH) . (77"32 X 77"13), (A45)
¢1 + gbgg A( ) ds -+ E A(S) -ds

h & h Cas

e 1 u 1 % % u
~ —B(72) - (P32 X T13) / / dv du —/ / dv du —/ / dv du

h 1)1 1 Jo 0o Jo
= ——B<’r12) (’I"32 X ’f‘lg), (A46)

4h

with the integral paths given by Fig. A.1. Substituting Eqs. (A.22b) and (A.27b) into Egs.
(A.37b), (A.37¢c), and (A.37d), the matrices K (ry,79;¢,), L(T1,72;6,), and M(r1,7r9;e,)
are given by

) , d3p d3p/
K e,) = zI('r'177'12)+ZI(7‘12,7“2)/ / /d3
_(7“1>7"‘2a5 ) € (27rh)3 (27rh)3 "3

% ei(fbl +po+¢3)—2il(r13,712)—2iI (712 7T32)+ip'f‘13/ﬁ-l-ip/"?‘sz/ﬁé(

Db, r13)E*(6n7 _p/7 7"32)

3
~ ei[(’l‘l,’l‘lz)—‘rif(’r‘lg,’r‘g) / d p eip"?lz/h
(2mh)3

e e
x A(p, 712)e"? 812:Fp—(ih/2) 8’°312E* (€n, =P, T12), (A.47)

. . d3p d*p/
I g,) = 11(7'1,7'12)%1(1“12,7‘2)/ / /d3
L(ry, myren) = e (2wh)® ) (27h)3 "

x el t2) 2l (rsoria)tip s/ Ibip' w2/ (pv13) F (0, P, T32)

3
~ ei[(?‘1,7’12)—i1(7’12,7’2)/ d p eip~’7'12/ﬁ
(2mh)3

)e(ih/4)eB(r12)~(<5p><3p)e(ih/2)<512-gpf(iﬁ/Q)%p-gmﬁ(gn7 P, 713),

(A.48)

X MHF(P; T12

d3 d3p/
M JEn) = il(r1,r12)—il(r12,72) / /d3
M(ry,ro;e,) =e @rh)3 | (2nh)? r3

% ei(¢1+¢23) 2¢1(r13,712)+ip-T13/h+ip’ Tsz/hA<

d3p
(27Th)
X A(p r12)e—(ih/4)63 I‘12 p><3 Zh/Q 812 3 iﬁ/2)<5p~312G*(

D, T13)Q* (5717 _p/7 TSZ)

’L'I(’I‘l,’r‘lg)fif(’l‘lz,’r‘z) eip“f‘lg/ﬁ

~ e

€n, —D, 7“12) .
(A.49)
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Since substituting Eqs. (A.43), (A.47), (A.48), and (A.49) into Eq. (A.38), we finally
obtain the self-energy terms of the Gor’kov equation in the Wigner representation as

/d?’ﬁzeipmf(rm, 1) /d37’32;deG(7“1, T3)G(T3, T2, €n)f(7°27 T12)
~ A(I% "”12) o é(gn,p, "“12) + Z/{HF<p)7A—3 © é<€n7p7 7“12)

+FeBir) { (0= 2) x o [3Gpr) + 1GGp A b (a5

8 m

We have expanded the Hartree—Fock potential formally as Uyp(p,7) = Unr(p)o, +
O(A*(p, r)) with Unr(p) denoting the Hartree-Fock potential in the homogeneous normal
state, also have neglected all terms of the product of two momentum derivatives of the

pair potential and Green’s function. 73 is defined by

. [QO 0 ] , (A.51)
0 —og
the operator o is given by
a(p,r) o b(p,r) = a(p,r)exp [%_L (% : 31, - %p : 3)} b(p, ), (A.52)
v is the velocity in the normal state given by
v = %—Z, Ep = % + Unr(p). (A.53)

A.5 Augmented quasiclassical equations with the Lorentz and PPG forces

Using Eqgs. (A.9), (A.36), and (A.50), we obtain the Gor’kov equations in the Wigner

representation as

s v h?0? ih 71 . -
{imi= g i 0= G- Sebr) o) ) Cenpr)

« A h A A A
- A0 Glenpir) + oo | B x | [3660 ) + Gl pr)] =1

(A.54)

where &, is defined by &, = ¢, + e®(r) — o with €, denoting the single-particle energy,
m* is the effective mass defined by m* = p/v, 1 denotes the 4 x 4 unit matrix, 8 is given
by

.
0 \
o :on Gor G
i 2e
0= R p— : . A.55
5 ) : (r) :on F ( )
0 L% P
\ E + Z% (T) .on [



We take Hermitian conjugate of Eq. (A.54), use symmetries U, ., (p, ) = Upac(p, r) and
GT<€n,p, r)= G’(—an,p,r), and replace €, — —&, to obtain

A NP hv n?e*  ih 0
Genpir) {iend =[G4 i% -0 G Gem) ||
: A in 971 - L
- G(Enapa T) o A(p7 T) - §€’U ’ B(T) X a_p |:3G(€n7pa T) + TSG(€n7p7 T)Tg] = 1.

(A.56)

We next operate 73 from the left- and right-hand sides of Eq. (A.56), and the resulting
equation is subtracted from Eq. (A.54) and added to Eq. (A.54). Then, we obtain the
following two equations:

|:2'5n723 - A(p, 7‘)7237 723671(571’ D, 'I‘):| + ihv - a%SGA((En> D, Ir)
0 . 4 h 0 . .
+ theE - 8—p%3G(5n,p,r) + %ev . (B X 8_p> {%3, 73G(en, P, 'r)} =0, (A.57a)
1. . A A A A . A A
S{izn = A Gl )} — GTaClenp.r) — 1

h20?
8m*

oA ih 0 A )
+ 73G(en, P, T) + gev- (B X a—p) [Tg,TgG(é‘:n,p,'f’)} =0, (A.57b)

with [4,0), = a@ob—bod and {a,b}, = @0 b+ boa. Now, in terms of Eq. (A.22a), we
introduce the quasiclassical Green’s function,

§(en, pp,T) = P/ &ifgé(gn,p,r)
e T
= .gig’mpF)r) _ii(gnprar) (A58)
_Zi <€n,—pF,T> _Q (gnv_pF7T>

where P denotes the principal value. It follows that the upper elements g and f satisfy
9(en, pr,7) = =g (—€n, pr,7), flen, Pr.T) = —iT(—sn, —pr, 7). To derive the equation
for g from Eq. (A.57a), we express 9, = 9 + v(0/9) with p| denoting the component
on the energy surface { = &,, set p = pp except for the argument of G, integrate Eq.
(A.57a) over —e. < €, < &, and use v X Oy, = v X G, and

P/ d@,%@(en,p,r) =0. (A.59)
o0 P

We also neglect terms with eE - BPH and take the limit ¢. — oo. We thereby obtain the
AQC equations with the Lorentz and PPG forces in the equilibrium Matsubara formalism

for clean superconductors :

~

ienTs — A(pr, )73, §(€n, Pr, 7“)} + thvg - 0g(e,, Py, T)

h 9, L R
+ %evF . (B X 8_1?F> {73,9(en, pr,7)} = 0. (A.60)
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We also include the effects of impurity scatterings in the self-consistent Born approxima-
tion by [9]

h [ dQy

5_imp(€n> ): _ZZ 4_9(5napFa )7_37 (A61)

where €2, denotes the solid angle of momentum. Then, the AQC equations including

impurity scatterings in the Matsubara formalism are given by

[igni—?; - A(pr ) Ulmp(5n7 )7—37 g(gnapF7 'I")i|

[e)

: R i 0 .
+ ihvp - 8G(en, Pr,T) + %evp : <B X %) {73, g(en, pr,7)} = 0. (A.62)
F

With the same procedure on Eq. (A.60), from Eq. (A.57b), we obtain the equation for

g(1)<€n;pF7 ) - P/ ip [ng3G(€nap7 ) + j-:| 3 (A63)
as
R 1. . N N
9(1)(€mpF, 7“) = 5 {@€n7'3 - A(pF, T)T3u9(5n,PF,"“)}O
h20? ih 0 . A
+ %9<5n,pm r) + gG’UF : <B X 8_pF) (73, G(en, PR, T)] - (A.64)

Neglecting the second and third terms in Eq. (A.64) to take the leading-order as

. I R ..
g(l)(gnapFa ’I‘) ~ 5 {Z€n7—3 - A(pF> T)7—37 g(sn:va T)} ; (A65)

we use it to calculate the terms of the slope in the DOS.

A.6 Local density of states

The LDOS in the superconducting state can be expressed as
Ni(e,r) = Tr/ p 1IGR( )
= m r
(27h)3 27 =P

= —Tr / dépN (Ep + 11— e®(r)) dﬁ 21 ImG® (e, p, ), (A.66)

—0o0

where G®(e,p,7) = G(e, — —ic + n,p,r) is the retarded Green’s functions with 7
denoting the infinitesimal positive constant, and the normal DOS N(e) is defined by

N(e) = / (2‘2—5)35(6 —e). (A.67)

We here assume that (i) the superconducting DOS approaches the normal one as the

single-particle energy increases and (ii) the energy variation of the normal DOS is slowly.
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Figure A.3: Superconducting DOS N;(g) (blue solid line) and normal DOS N(e) (red dashed line) in
units of N(uy) over —50Ag < e < 10Ag at T = 0.17¢ [9].

In this case, superconducting DOS (A.66) may be expressed in terms of g and g(l). To
this end, we expand N(e¢) at e = u — e®(r) as
N(&p + 1 — e®(r)) ~ Nt — ed(r)) + N'(s1 — ed(r))é. (A.68)
Using N'(pn)Ao/N (pn) = O(0), 0/ Ao = O(0) and |e|]®/Ag = O(), we obtain
N(p—e®(r)) = N(um)[1 + O(5%)], (A.69)

where oy = p — py is the chemical potential difference between the normal and super-
conducting states (p,: chemical potential in the normal state). Thus, we rewrite the
expansion for N (&, + p — e®(r)) as

N(&p +p—e®(r)) = N(pm) + N'(1n)p- (A.70)

Substituting it into Eq. (A.66) and using Eqgs. (A.58), (A.63) and (A.65), we obtain the
superconducting LDOS as

N (piy s
Ny(e,r) =~ (;)Tr/ 4;

N' (i)
N (ftn)

RegR(e,pF, r) +

ReﬂR(l)(&PF,"‘)] O(1€c| = le)
+ N(e+p—e®(r)0(le] — [ec])

N N ds? N’ n
R~ (M)Tr/ p{RegR(é,pF,?‘)+ G )aRegR(&pF,”‘)

2 47 N(pm)

—N/ - R R A .
%Néjn))lm [é(pF,’l")i (e,pp,7) + f (a,pp,r)é(pF,r)] }9(]€C| —le))
+ N(e+p—e@(r)f(le] — I]), (A.71)

where the retarded Green’s functions and barred functions in the Keldysh formalism are

defined generally by g% (e, pp, ) = g(en = —ic+n, pr, 7) and g¥(e, pr, ) = g™*(—¢, —pr, 7),
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respectively. The cutoff energy €. > 0 is determined by

/ Ny(g,r)de = / N(e+ p—ed)de. (A.72)

We note that the notation of the Fermi-surface DOS in the body is used as N(0) but we
adopt the notation in Appendix. A as N(u,). This notation N(p,) is the same as that
in Ref. [9].

Fig. A.3 plots the normal DOS and superconducting DOS at T = 0.17; for s-wave
superconductors with a spherical Fermi surface in the homogeneous system [9]. The
superconducting DOS has the particle-hole asymmetry by including SDOS pressure terms
and connect approximately with the normal one at a the cutoff energies +£.. These

behaviors cannot be described by the standard Eilenberger equations without the slope
in the DOS.

A.7 Pair potential

We express the self-consistency equation for the pair potential using the quasiclassical
Green’s function. First, substituting Eqs. (A.22b), (A.27b), and

Viiral) = [ svyerel (AT
2 (27h)® P ’ '
into Eq. (A.13), we obtain A(p, r12) as
dp”®
é(p, 7“12) = (2 h) V|p p|k’BT Z F En,p 7"12) (A74)

n=—oo

Next, we expand the interaction V),_,| with respect to the surface harmonics Y, (p) as

Vip-p| = ZVz p.p) Z AY i (D) Yir (D). (A.75)

m=—I1

we also assume that a single [ is relevant. Eq. (A.74) then becomes

o0 Q ,
émﬂ:/c@w@+u%ﬂw Ly

- drr
x Vi(p,p') i AT Yo (DY (D)) kT Z (ens ')
m=—1 e —oo
= /_ dép N (& + p1 — e®(7)) dZ{”
v Z AmYin (D) Y5, (D)) kT Z (n, P, 7) (A.76)
m=—1 —

Here, we assumed the constant and weak-coupling interaction, so we rewrote the inter-
action potential as V;(p,p’) = v}eﬁ)e(sc —1&p])0(ec — |§p|) with the constant potential
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V(eff) [13]. Furthermore, using Eqgs. (A.58), (A.63), (A.65) and (A.70), we see that only
the value at p = pr contributes to A(p,r) as

Z 47Y}n (D) Y, (D)

x wkpT Z {i(sn,pF, ) — %]]\\[,((5 )) [é(p%,r)g(fn,p%,r) —g(fn,p%,r)é(p%,r)]}-

A(pr,r) ~ VN /

(A.77)

Finally, expanding A(pg,r) with respect to the surface harmonics as
Alpr,7) = Y Ay, (0)VATYi (D), (A.78)

the self-consistency equation for the pair potential is given by

Ay (x )—27TF01€BTZ/de\/_Ylm( ){ (€n, PR, T)

) [é(pFa T)Q(&m Dr, ’I‘) - 2(571» Dr, r)é(pE T>:| }7 (A79>

where I'y = —Vl(eﬁ) N (y) denotes the coupling constant. Neglecting the spin magnetism
as g = ga,, the gap equation (A.79) becomes the same as that in the standard Eilenberger
equations.

A.8 Charge and current densities

We here express the charge density using the quasiclassical Green’s function. First, we
introduce the electron density n(r) by

< . < N
n(r) = kgTTr Z G(r,riep)e = = 2/ dgez-:/ké?:—)l'

n=—oo

(A.80)

Substituting Eq. (A.71) into Eq. (A.80), the electron density is expressible in terms of
gR and QR(D as

& 1 dQ, N'(ftn
n(r) %N(un)Tr/ de / {Reg (e, pr, ) + G )RegR“)(é?,pF,r)

e, e/l dm N ()
*  N(e+pu—ed(r)) . N(e+p—-ed(r))
+ 2/_00 de e —2 /_ée de T L1 (A.81)
We also introduce the electron density at the normal state n, as
- > N(e+ pm)
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Using it, the charge density p(r) = en(r) — en, is given as

= 1 dQ, N (piy
p(r) =~ eN(,un)Tr/ de / {Reg (e,pp,T) + MRegR(l)(s,pF,T)

e e/ 4 A N (pn)
iy e dgN(5+u—e(I>(r))
&, eE/k’BT + 1
2 h de N 1 L A.83
T e . € (5) elete®(r)=du—pm)/keT 4 1  ole—pm)/ksT +11° ( ) )

Let us carry out a perturbation expansion with respect to the Lorentz and PPG forces
as gR = QOR + glf‘ -+ and QR(I) = QOR(I) + g_]lf”(l) -+ [3,8,9], and it is performed below up to
the first order in the quasiclassical parameter 6. We also use Eq. (A.65), the g? and gap
equations in the standard Eilenberger equations and the following approximation for the
distribution function:

1 1 d 1
elete®(r)=du—pn)/ksT 1 1~ ele—mn)/ksT | | T de e(e=mn)/ksT 11 [e®(r) — op). (A.84)

Then, we obtain the formula for the charge density as

L [ d9
p(r) ~ 2wk TeN (1) Tr / — Img, (0, pr, 1)
n=0

N'(pm) [* .
de— = [Noo(e,7) = 2N (41
+€N(Nn) /_5C geg/kBT+1 [Nyo(e, ) (1in)]

— (1Yo N () ”“ T Z |80, (1) = 26N () [e®(r) = 4], (A.85)

where the cutoff 71, is obtained from (27, + 1)7kgT = &., the coefficient ¢ defined by

o1 €
= — tanh A.
c /—5C d52€ tan ST (A.86)
with Ny (e, r) is the LDOS obtained from the standard Eilenberger equations defined by
N (pn ds?
Ny(e,r) = (s )Tr 4—pReg§(5,pp,r). (A.87)
T

Using the Gauss’ law V - E = p/¢, we obtain an equation for the electric field as

krT
CXWV2E(r) + B(r) = -l gmy Z / By 1ing. (€0 r,7)

l

Ec B NS()(g"r) e N/( ) ,
1 Tr A
/_ée dses/kBT+ 1V N () + (1) — 2 N >V Z 1A, ()%

1N ()
e N(pm)

m=—1

(A.88)

where Atp = \/€9/2¢2N(j,) is the Thomas—Fermi screening length. This expression
include the same screening effect as that in Refs. [10,14,59].
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Figure A.4: Superconducting chemical potential g (blue solid line) and normal chemical potential y, (red

dashed line) in units of A as a function of temperature [9].

On the other hand, using (vp)r = 0, we obtain the formula for the current density by

the same procedure as

: s 1 <Yy,
j(r) = eN(u,)Tr /—5C dses/kBT n 1/ g Pop

N’ (n)
N (pm)

Reg™ (e, pr,7)

+ Regli(e, pr, 7) + Regt™M (e, pr, 1) | (A.89)

The second and third terms in Eq. (A.89) with respect to g_]? and g_]?(l) are the correction
terms due to the spatial variation of the electron density. Hence, neglecting the second
and third terms in the above expression to take the leading-order, we use the formula for
the current density as

, Z 1 49,
i)~ Nt [ de e [ S eRege per)

[ dQ
:ZWkBTeN(Mn)TrZ/T:vplmgo(en,pp,r). (A.90)
n=0

A.9 Chemical potential

We also obtain the expression for chemical potential p from Eq. (A.85) and using
[ &rp(r)=0 as

e Qp 1
= —WkBTTI‘Z/d \/d?’rlmg (€n7pF7 )

L) / oo [ [Nelen)
un) . ea/’“BTJer N (ptn)

N
Lo Trz 5 [ Erldnmp e [@rem. o

2

47



Note that the expression in (A.91) is different from that proposed by van der Marel [60]
and Khomskii and Kusmartsev [4] even the for the homogeneous s-wave pairing case.
Fig. A.4 plots the superconducting and normal chemical potentials as a function of
temperature. The superconducting chemical potential is smaller than the normal one,
and it is consistent with that by van der Marel [60,61] and Khomskii and Kusmartsev [4].
A minimum value near 7" = 0.67, of the superconducting chemical potential arises from
difference in temperature dependence between the third and fourth terms in Eq. (A.91)
with respect to the slope in the DOS.
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B Derivation of Bogoliubov—de Gennes Equations for s-Wave

Superconductors

In this chapter, we derive the BAdG equations following the procedure in Ref. [62].

B.1 Effective Hamiltonian

As a model for s-wave superconductors, we consider the following Hamiltonian with an
attractive contact interaction:

7‘2 :7:[0—1-7‘21, (B.la)

Ho = /dg’rzlﬁl(’r) [—% (V - @) + Us(r) — M] Va(T), (B.1b)

~

H, = % / d*r > L)l () s (r)da(r). (B.1c)
ap

Here, o denotes the spin coordinate, Uy(r) is a one-body potential which captures the
effects of impurities and other scalar potentials, Iy < 0 is the coupling constant for
short-range attractive interaction, m is the electron mass. The field operators satisfy the

relations

Using Pauli exclusion principle (o # 3) and {¢4(r), s(r)} = {ﬁg(r),z/};(r)} =0, Hy
becomes

Fo =Ty [ @rifr)d](r)iu ()i (o) (B.3)

Also, since H, is a two-body interaction term and cannot be calculated exactly, we use
the Wick decomposition for the mean-field approximation.

L)L () (r) s (r)
~ (VI ) + I (P]dhy) — (Dl )Ty — DTy (lejr)
+ (LD by + PI] (W dy) — (Dl (D) + (1)) (fedy) — (DN (ydhy). (B4)

We then define the molecular fields U(r) and A(r) as follows;

U(r) = Co(df(r)dy(r)) = Lo(b](r)dy(r), (B.5a)

A(r) = To(dy(r)idr(r), A"(r) = Lo(dl(r)d](r)). (B.5b)

In Eq. (B.5a), we assumed that the average particle number density of particles with up
spin is equal to that with down spin. We also introduce an effective Hamiltonian Heg that
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ignores the constant term and does not take into account external fields or interaction
potentials that change the spin direction of the particles. Therefore, the Hamiltonian

takes the form

Her = Ho + H,, (B.6a)

H, E/d?’r U(r) Y 0L(r)da(r) + A(r)l(r)d](r) —A*(T)%(T)W"‘)] . (B.6b)

B.2 Ground and excited states of the effective Hamiltonian

To determine the excitation field of 7:[63, we find the fermion operator 4, , and €, , that

satisfy [’Ayn,a, ’HAeH} = €n,0Vn,o and anticommutation relation

{'?maa ’A}/jl/’a/} = 5n,n/5a,o/7 {ﬁ/n,om :)/n’,a’} = {;sz,aa PA}/::’,Q'} =0. (B7)

As a first step, we find [%@, 7-[63} = €n,0Yn,a Dy letting [%,a, 7:[] operates to ’yjlhalﬂ%w
A% a]9). €nq is the energy eigenvalue of states (n,«), and the excitation energy of
excited state 4%, AL, 00 A, 6, l9) 0 Heg is 22:1 €nja;-
A (1 < k < 1) operates to excited state 45 o 0, 0y A 00 19)

fs/nk,ak?y’jll,alﬁ/jlg,ag T ’A}/J’.Ll,al |g>

:(1)k1T 5 o1 CAT lg)
f)/nl alvng (e %) fynk,akfyﬂk,ak an,al g

= (-1)15]

7n17a1 %12,00 ’ fynkflyakfl ’ynk+1704k+1 e fynz,al |g>

(B.8)

Here, we have used the relationship of {%,a, %/,a/} = OpnOaa ad J,qlg) = 0. It follows
that
|:’?nk70¢k ) Heﬂ‘i| /3/71‘;1,&1 ’?71‘12,0(2 e ,?jll [a7] |g>

— A [ oAt 2 AT
- ’ynk 70%7-[6&77“ Ko7l P)/n27a2 P}/nl,al ’g> effﬁ)/nk:ak ’ynl , Q1 777/2,042 Pynl ,Q ‘g>
l

— § 2 Il 1 AL
- Enj,aj Vnk,akfynl,oqung,ag 777,1,04[ ‘g> eﬁ"ynk,aklynl a1 7’”27a2 fynlval ’g>
7=1

l
k=12 . . . .
= (Z €nj,a; — Heff) ( 1) 77];1 al,y;fu ag " Vlk,l,ak,lfylwrl,awrl T ’7;[”,011 ‘g>

l k—1 l
= 2 : ”170‘1 2 : nJ7aj - z : an,aj
j=1 j=1 j=k+1
Cqyk=lat oAt at . At
X (=) o Vs Vo1 Tsrsanss " Vs |9)

= Enk,ak;}/nk,akﬁ/il,alﬁlz,az o "A)/;rzl,al |g> (Bg)

~

Thus, we showed [%w, Heﬁ‘i| = €naVn,a-
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Next, we show that the following equation

(01 (r), Hese| = by () + A(r)B (7). (B.10a)
(), Flas| = haiy(r) = A)f(r), (B.10b)
h= —% (V - #) +Up(r) +U(r) — p. (B.10c)
Eq. (B.10a) is obtained as
Hothr (r)
- [ [z G )+ A0 ) A*(rfwur'w«wwmr)]
= §y(r)Her — by () — A(r)0. (B.11)

Here, each term in the second line was calculated as follows
] i)
= di(r /d?’ PIUICITNRY KD SURUIER ST
(r /d3r'2¢; ) habe () — hapr(r), (B.12a)

/ N COTDICOTACOTNCS
- / & A YL )BT - / & A6 — Y ()

= ii(r) [ @A)l - Ao, (B.12D)
[ ) = ) [ES NG (B
Similarly, Eq. (B.10b) has obtained by calculating as
Heathy (1)
- [ [Z DL Vo) () + A YY)y ) — A% )y () () ()
= Py (r)Her — hiy (r) + A(r)l(r). (B.13)

Here, each term in the second line is

/d?”zw Vhho (7' )b, () = oy (r /d“ZM Vo (') — hi)y (r),  (B.14a)
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/ &' A Y (e Y (i () = () / ' A )] + Ar)dl(r),  (B.14D)

/ AP A* (), (r )iy () () = 4y () / AP A ()b, (7)) iy (). (B.14c)
For these expressions to be satisfied, we write 1/%(1") as

dy(r) = (wnlr)ing + 0ir)3h,) (B.15)

n

Substituting Eq. (B.15) for the left side of {zﬂT(r), 1@(7”)} =0(r—17'),
(r')

{Z( n(T )%wv*(r)ﬁl,Q, (um 7/ %Tﬂm(r')@m)}

=2 {( P + 0030, ) () + i)}

- Z Z (entr {w G} 05 o) {311 s })

- Z Z ()5, (1) B+ 05,70 (7))

= Z Un (7 ) + v (r)un(r)). (B.16)
We thereby obtain

> (Un(P)up(r') + V) (r)oa(r') = 8(r — 7). (B.17)

n

Similarly, we assume that ), (r) is

Dur) =7 (wnlr)ins + a3l ) (B.18)

n

Since it can be written as 1a(7) = 32 1, (7)jn.a in the case of A = 0, we added ’ to v, (r)
only. {&T(r), ) i("")} = 0 is expressible as

{%(T)ﬂ/ﬂ(r)} = {Z ( (7)Y + v (r %w) > < ).y + V(7 )yjm>}
XX (e ]+ )
= Z Z (n ()01, (1) O + V(1) (7) G )

_Z (7 ) + v (r)u, (1)) =0, (B.19)
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we obtained v, (1) = —v,(r) and

Gur) = (wnlr)ing = vs(m)3l,) (B.20)

n

Substituting Eqgs. (B.15) and (B.20) into Eq. (B.10a)
U,n(’f') [&R,Ta,}:[eﬁ] —I—'U*('I") [&liaﬂeff} =

Bt (1) g+ oy ()38 4+ A )u, (r)] | = A(r)oa(r) . (B.21)

~ ~ T ~ ~
USiDg [&n,aaﬂeff} = en,a:yn,oz and [&n,aaHeﬁ] = [Heﬁaﬁi,a} = - [&Z,ayﬂeff} = en,a:ﬁ;,ay
Eq. (B.21) becomes

enttn (1) ng — €nVn(F)Ah | = (Bt () = A(r)oa(r)) A + (B0} (r) + A(r)u, (r) 3,

(B.22)

Here, we defined €, 4+ = €, = ¢,. Thus, we obtain the BAdG equations (2.16) as
€nltln (1) = hu, (1) — A(r)v,(7) (B.23)
—€,0 (1) = huy (1) + A(r)u;,(r) (B.24)

In this thesis, we consider that U(r) includes a constant chemical potential. Moreover,
since we restrict our analysis to clean superconductors, we don’t consider the potential
due to impurities in Uy, and only the effect of scalar potential, e®, is taken into account.

B.3 Expectation of the fermion operators

Wl,ﬁmﬁ can be written in terms of the thermodynamic potential €2, a quantum number

q; = (nj, ®;), and an occupancy number ny, = 0,1, and is expressed as
QA
'Vn,ﬂ/mﬁ Z Z (nging, -+ |eﬂ( H)’Yn Amat|ngng, -+ -). (B.25)
nq1 nq2
To perform the diagonal sum of the above formula, we calculate

<nq1nq2 T WLT&mﬂnmnqz ) = <nq1 Mgy~ |5n,m§lﬁ;ynﬁ (ﬁl)nq1 (%2)%2 -~-+]g). (B.26)

In the case of nnr = 0, (ngng, - - |'A7:z¢§/m7T|nq1nq2 +++) = 0 due to Jp4[g) = 0. On the
other hand, in the case of n,+ = 1, Eq. (B.26) becomes

(Ngungs - 13 4 Amalngng, -+ -) (B.27)
= Ny Mgy *** |Onm (&;)nql (%)W .. '%ﬂnﬂlm g
= <nQ1n!I2 T |5n,m (&;)nql (’3/;2)7%2 e ’?l,T - |g>
— (ngugy 1 (11,)" (10,)" -+ U430 450+ 1)
= bnm: (B.28)
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Here, we used {@nm %T} = 1. Therefore, it can express in a unified way as

<ntJ1 Ngy * - Wl,?pymﬁ‘nfhn@ U > = 5n,mnn,?' (B'29)

Using Egs. (B.29) and
,]:leff|nq1nQ2 T > = ang'qu' |nQ1n(I2 T >7 (B30)

<fAy»j;’T’Aym7T> can expressed as

Q ~ N
’Yn T,ym T Z Z Z] 1 Mg €q])<nql nq2 e |771;7T,ym,/|\|nq1 nq2 e >
Ng; Mgy
= nmzz Q ZJ 1an€qJ>’]’L nt
Ng; Mgy

<H;i1 anj e M eqj) Tt
H(]?il an' e_ﬁnqj "
i

—Bnn,ren
ZnnyT:O,l nnuTe "

—Bnp, 1€
Zn,w:(m e inrtn

1
Y B.31
’ eﬁﬁn + 1 ( )

— Unm

= (5n,m

Finally, the expectation of the fermion operators are written as

G Amt) = O fr(en), (B.322)
i) = ((Bm = i) ) = nm (1 = fien) (B.32D)

where fp(e,) = (e + 1)_1 is the Fermi distribution function.

B.4 Pair potential, particle number density and current density

The pair potential A(r) and the particle number density n(r) are rewrite by using Egs.
(B.15), (B.20), and (B.32) as

A(r) = To(iy(r)ir(r))
~ T <Z (40 (r)Fns = 0311 ) 2 ()i + v:;<r>@;,¢)>
=T > (un ) G A1) S A () (3 m))
=T Z un ()05 (r) (1= 2fe(€n)) (B.33)
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n(r) = ni(r) +n,(r)
— (@l(r)in(r)) + w(rw <r>>
- 222( (P ) + a0 (1) G360

= QZ [n () fr(en) + [oa () *(1 = fr(en))] - (B.34)

Next, to derive the formulation of the current density, we introduce a thermodynamic
potential [p] with the density operator p and Hamiltonian in Eq. (B.1) as

.1
Qp] = Trp ('H + Eln[}) : (B.3ba)
1
p=exp|B (QO -y en%’a%,a> , Qo= 3 > In(1+e ). (B.35h)

The kinetic energy term in Eq. (B.35) contributed by the vector potential A; = A(r;)
is expressed as

Qyin = /d&fckmp @ (51752)

=£2

— eA cA

/d3 Z P 2 ( 1),0(1)(51,52) ; (B.36)
§2=61
where pM (&1, &) and Kiin are defined by
. . —eA

P&, &) = (D(&)d(&)), Kin = % (B.37)

In addition, we consider the energy of the magnetic field
Hinag = /d3r— V x A B.38
o= [ diroo(Vx A, (B.33)

where, b =V x A. H,,,e is generally neglected in the normal state. On the other hand,
in superconductors, we should consider H,,,, because a supercurrent can produce a large
magnetic field.

We require that the magnetic field actually realized in the system minimizes  iin +Hmag-

A necessary condition for this is that Qi + Hmag is stationary concerning the variation
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A; — A; + 0A;. The first-order variation is expressed as

0= 6Qkin + 5Hmag

0A1 - (p1 —eAy) + (—p2 — eAy) - A
= —e/d37“12 L (P ) 9 (=P, 2) 04 (1 (&1, &)
m £2=61
1
+/d3r'u—(V < A1) (V x 5A,)
0
. 3 (ﬁl - €A1) + (_ﬁ2 - €A2) (1)
= /d 7”1(5A1 . (—BZ om 1% (61,52) e,
1
+—V xV x Al) : (B.39)
Ho

Here, we have applied the mathematical identity (VxJ§A)-b = V-(JAxb)+IA-(V xb) to
the magnetic energy and subsequently removed (V x§A)-b using Gauss’ low and condition
JA = 0 on the surface. To satisfy Eq. (B.39) with an arbitrary 6 A;, the coefficient of
dA; must be zero. By comparing Eq. (B.39) to Ampere’s low V x b(r) = p,j(r), we
obtain a microscopic expression for the current density as

p1 — eA —ps— €A
jir) = e 30 PR 2R =) e, g . (B.40)
We further simply as follows,
26 (pl D A 1/;
—ih
=- ;me (Vi ~ Va) < ()it + va(r)3, ) D (um<r>am,¢—v:n<m;¢)>
— h
— ZZ 3 (72t (1) (3, 3 1) + 0 (1) (1) Gy 36,00 ) (B.41)
Finally, we obtain the current density as
pr— eA1) + (—Ps — €As) [ 1, - __—
() = ¢ P AV ER R (it jor) + (Bl radinra)|
10
= =3 [ () V(1) = ua(r) V(1)) i)
) e2A
+ (va (1) Vi (r) = 03, (1) Vo () (1= fi(ea))] = ==n(r). (B.42)
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