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Abstract
Flames propagating in tubes open at the ignition end typically show two different kinds of thermo-acoustic
instability namely, primary and secondary. Secondary acoustic instability is accompanied by parametric
instability of flame front during which, cellular structures on the flame surface oscillate with half the
acoustic frequency of excitation. The growth rates associated with secondary acoustic instability of flame
structure are higher compared to primary instability of flames leading to very high peak pressures. In this
work we present experimental and theoretical study on parametric instability of downward propagating
C2H4/02/CO; flames at two different Le of 1.0 and 0.8. Lower Le mixtures are found to be more unstable.
Parametric instability of higher acoustic modes is reported for the first time for gaseous fuels. Higher
modes of parametric instability transitioned successively to lower modes as the flame propagated
downward. Growth rate of parametric instability is measured in experiments. Theoretical prediction of
growth rate is done based on velocity coupling mechanism. Theoretical calculations provide good

approximation of growth rates and its variation with frequency.

Keywords: Secondary instability, Downward propagating flames, Combustion tube, Parametric instability,

Lewis number, Higher modes



1. Introduction

Thermo-acoustic instability due to coupling of combustor acoustics and unsteady combustion [1], [2] are
major challenge for design and operation of combustion devices including gas turbine engines, rocket
motors and industrial furnaces. The concern has increased in recent times due to advent of lean premixed
combustors designed to meet emission requirements but are prone to instabilities. The criterion governing
thermo-acoustic instability had been established by Rayleigh [3] more than a century ago, but the
underlying mechanisms has only been investigated from first principles in recent decades. The criterion
states that if the integral of product pressure and heat release fluctuations are positive over a cycle, pressure
fluctuations would be amplified. A simple experiment to generate thermo-acoustic instability is a
downward propagating flame in a tube [4]. Flame when ignited at the top propagates downward and
interacts with self-generated acoustics. Two kinds of instability were observed, namely, primary and
secondary instability. Primary instability is observed for moderately strong mixtures and primary
instability is followed by a secondary instability for sufficiently stronger mixtures, where strength is
identified by laminar burning velocity of mixture. Similar observations were reported for flame
propagating downward in the annulus between two cylinders [5] [6] [7] [8]. Study on turbulization
mechanism [9], onset of primary instability using laser irradiation [10][11][12]and effect of Lewis number
[13] [14] [15] have also been studied in downward propagating flame setup. Effect of geometrical

parameters on thermo-acoustic instability were also clarified [16].

The simplicity of propagating flames in tubes lies in the fact that the combustible mixture can be quiescent,
so, the fluid flow is only due to self-generated acoustics and remains mostly laminar. As it is not a
continuous flow experiment, the instabilities due to inlet turbulence and vorticity production at burner
inlet are non-existent. The possible mechanism of thermo-acoustic instability is through direct effect of
pressure on burning rate (pressure coupling) or change in flame area and burning rate due to action of

acoustic velocity and acceleration on premixed flame (velocity coupling). Due to its simplicity it is



amenable to theoretical analysis considering the laminar flame structure in detail through large activation
energy asymptotic [17] and provides useful information about these important coupling mechanisms.
Pressure coupling mechanism was analyzed theoretically using one-step [18][19] and two-step chemistry
[20]. The effect of pressure on premixed flames have also been studied experimentally [21] and
numerically [22]. Detailed chemical mechanisms have also been used to study premixed flame -acoustics
coupling [23][24]. Velocity coupling was analyzed theoretically, and transfer function was derived for
weakly cellular flames [25] based on effect of hydrodynamics and diffusion on premixed flame stability
[26]. Nonlinear coupled equations were later derived considering both these mechanisms [27] and later
studied for weakly non-linear case [28]. Some aspects of experimental observation e.g. appearance of

secondary instability after primary instability were predicted.

A primary instability occurs when a hydrodynamic (D-L) instability of flame front is suppressed by flame-
acoustic interaction and sustained pressure oscillations are generated in the process. Growth rates of
primary acoustic instability has been measured in experiments and matched within a factor of two with
their theoretical predictions based on velocity coupling mechanism with an artificial modification suitable
for non-linear cells [29]. Secondary instability is generated by existing primary instability and is
accompanied by a parametric instability. Considerably higher growth rates are observed during secondary
acoustic instability. The structures on flame front oscillate with half the frequency of acoustic oscillation
during the parametric instability. This is similar to Faraday instability. The parametric instability was
studied experimentally in a stabilized flame setup and theoretically using laminar flame theory [30]. The
wavenumber of flame cells at the onset of parametric instability was well predicted. Analytical solution
was developed for parametric instability in the limit of high frequency acoustic oscillations [31].
Parametric instability of flame front in H2/air mixtures were also studied and the growth rate of parametric
instability was presented [32] [33]. The growth rate of parametric instability of structures on flame front

is not the same as the growth rate of acoustic pressure amplitude during secondary acoustic instability



observed in downward propagating flame experiments which is also caused by parametric instability. The
measurement of growth rates was done in propagating flame in Taylor-Couette combustor [6]. Moreover,
there had been no attempts to predict the growth rate of secondary instability. This is the motivation of
the present work. The occurrence of sudden high amplitude pressure oscillations in practical combustors

can be due to a similar mechanism as secondary instability. However, this aspect is yet to be studied.

The current work presents an experimental and theoretical study of secondary acoustic instability induced
by parametric instability of downward propagating flames in tubes. Flame dynamics and effect of Lewis
number, Le on secondary instability is discussed. Growth rates are measured, and a simple analytical

framework is discussed to compute the growth rates.



2. Experimental method

A schematic of the experimental setup is shown in Fig. 1. A transparent acrylic tube of length 70.2 cm
and diameter 5.0 cm is fixed vertically to investigate the secondary instability of downward propagating
flames. The combustion tube was closed at bottom and a lid was fixed on springs on the upper side which
can be opened by the action of an electromagnet. The tube was filled with C2H4/O2/CO2 mixture which
was allowed to settle for five minutes. Then, the mixture was ignited at the open end by an electric spark.
The spark ignition electrodes were positioned at 7.0 cm from top open end for all the experiments. During
the flame propagation from top to bottom, the tube had one end open and another end closed. The
downward propagating flame was filmed using a high-speed camera, FASTCAM at 3000 to 5000 frames
per second. The pressure fluctuations during flame propagation were measured at sampling rate of 10 kHz
using a PCB Piezotronics 106B52 dynamic pressure sensor which was flush-mounted at the bottom of the

tube.

44— Electromagnet
Igniter m—
[:mmﬂ = 4= Combustion tube
High speed
camera
F - Microphone

Figure 1. Schematic of experimental setup.

C2H4/02/CO, mixture of two equivalence ratios (®) 0.8 (Le ~1.04) and 1.2 (Le ~0.80) was used. This

facilitated the study of effect of Lewis number on secondary instability. CO2 dilution was varied to obtain
different laminar burning velocity (S.) of the fuel/air mixtures at constant equivalence ratios. S was
calculated with chemical kinetic mechanism of USC 1l [34] using CHEMKIN Pro. The initial temperature

(~300 K) and pressure (1 atm) are at ambient conditions. The mixture compositions used in current work
6



and respective properties are tabulated in Table 1. ® is equivalence ratio, D is thermal diffusivity of
mixture, ¢ is sound speed, p is density of mixture. The subscripts 1 and 2 refer to unburnt and burnt mixture

conditions.

Table 1. Mixture composition and properties.

CH, ©O, €O, s le D1 D &9 P

(%) (%) (%) (cmis) (cm’s) (cm’ls) 2 P2

1 7.16 26.84 66.00 2754 08 1059 0.134 4.276 0.380 7.022

Mix.

2 7.35 2756  65.08 30.00 1.061 0.135 4.421 0377 7.145
3 7.53 28.25 6421 3250 1.062 0.136 4.537 0374 7.261
4 7.71 28.92 63.37 3498 1.063 0.136 4.689 0.371 7.367
5 7.88 29.56 6256 37.50 1.065 0.137 4.815 0.369 7.470
6 8.06 30.21 61.74 40.01 1.066 0.137 4935 0.367 7.565
7 8.21 30.80 60.99 42.50 1.067 0.138 5.059 0.365 7.654
8 8.38 3141 60.21 45.00 1.069 0.138 5.159 0.364 7.741
9 8.53 31.99 5948 47.50 1.07  0.139 5267 0.362 7.824
10 8.68 3255 58.77 50.00 1.071 0.139 5371 0.361 7.902

11 9.15 2287 6798 2253 1.2 08 0131 4.484 0379 7.332

12 942 2355 67.03 2498 0.802 0.131 4.67/5 0.375 7.503
13 9.69 2423 66.08 2751 0.804 0.132 4.862 0.372 7.656
14 994 2486 6520 30.00 0.806 0.133 5.034 0.369 7.799
15 10.20 2549 6431 3251 0.808 0.133 5.201 0.366 7.935
16 10.44 26.09 63.47 35.00 0.81 0.134 5355 0.364 8.060

17 10.67 26.69 62.64 37.50 0.812 0.134 5.503 0.362 8.176



18 10.89 27.24 61.87 40.00 0.814 0.135 5.642 0.360 8.285
19 1112 27.79 61.09 4250 0.815 0.135 5.780 0.358 8.391

20 11.33 28.33 60.34 45.01 0.817 0.135 5910 0.357 8.489

3. Analytical method

The acoustics in the tube is treated considering the wall losses and radiation loss from the open end of

tube following [18]. The spatio-temporal (x, t) pressure and velocity fluctuations can be written as

Op12 = {412 exp(nl,zx) + By, eXp(—nl,zx)} exp(iwt) (1)
n .
uy, = _ﬁ{Al,z exp(nl,zx) — By exp(—nl,zx)}exp(lwt) (2
where
iw
Ny =—14+¢12) 3)
C1,2
and
1 (¢,—C,). DY _
12 = {Pr2 + E—F 7z(1=0 (4)
= "RQw)
(CCy)?

w is the circular frequency, p;  is density, c; , is speed of sound, Pr, Prandtl number, C,, C, are specific
heats, D; , are thermal diffusivities and R is the radius of the tube. The subscripts 1 and 2 refer to unburnt
and burnt sections of the gas. The constants A, , and B;, can be eliminated using four boundary

conditions. Two boundary conditions at the closed and open ends of tube can be written respectively as

du; =0atx = —rL (5)

and



Oop, = Kypycdu,atx = (1 —r)L (6)
where,

w?R? 8wR

K, = +1i
27 2¢2 3mc,

(7)

Considering low Mach number assumption, it is assumed that there is no pressure jump across flame front.
This can be written as
ép, = 6patx =0 8)

The velocity fluctuations across flame front are related by the velocity coupling transfer function, I'

Su,(0)
Su;(0)

1+0D) (9)

After eliminating A , and Bj , using boundary conditions from Eqn. 5, 6, 8 and 9, eigen mode equation

is obtained as

In(K)

Cq _
57 —(1—7")C—ZX(1+¢2)}(1+F)— 1 (10)

P26 (1 + ¢4)
pic1 (1 + ¢3)

tan{rX(1 + ¢,)} tan {

Here, c is speed of sound; ¢ is wall loss parameter; K is radiation loss parameter; r represents flame

position along the length of tube varying from 0 at closed end to 1 at open end; normalized frequency,

X =%Land

1

Kz_Cznz -1
K=-® 11
Kjcon, +1 (1)
iw

The free eigen mode equation, assuming no losses and no velocity coupling (flame as passive surface),

can be obtained from eigen mode equation, Eqn. 10 and is written as



191%;

P1C1

tan{rX,} tan{(l —-71) Z—lXO} =1 (12)
2

Calculated values of 22 and z_z are used for each burning velocity. Figure 2 shows first four free eigen

P1 1

modes of the tube for S.=20 and 50 cm/s for equivalence ratio of 0.8. The frequency is slightly higher for

higher burning velocity.

35
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Figure 2. First four free eigen modes of tube computed for S.= 20 cm/s and 50 cm/s of C2H4/O2/CO>

mixture with equivalence ratio 0.8.

Stability analysis can be performed by expanding Egn. 10 around the computed free eigen modes of the
tube, Xo obtained by solving Eqn. 12. Substituting, X = X, + 6X in Eq. 10 and treating ¢, , , K as small

parameters, so that their higher order terms can be neglected, we obtain for non-dimensional growth rate

L

of linear instability, —Im(6X) =

C1Tinst

—Im(8X){r(1 + tan?(rX,y)) + (1 — r)%(l + tan? <(1 - r)%X()) tan®(rXy)} = Im(I) tan(rX,) —

(tanz(rXo)@ + %) Re(Ky) + Im(p){rXo(1 + tan?(rXy)) + tan(rXo)} + Im(¢p,){(1 — (13)

P11 p2C2

a 2 P2z | pacy) _
r) -, Xo (tan (rXy) s + PzCz) tan(rXy)}
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The instability appears when I'm(5X) is negative. The theoretical growth rate can be found by evaluating

—Im(6X) from Eqn. 13. The values of % and Z—Z are noted in Table 1 for each Si.. To find the growth rate,
1 1

first X, is obtained for a given r and Si by solving Eqgn. 12. Corresponding r and X, are substituted in
Egn. 13 along with calculated values for Im(T), Im(¢,,) and Re(K,) to find growth rate. The

expressions for 1m(¢1,z) and Re(K,) are taken from [18] and depend on diameter and length of tube.

() 7 14)
2Lc;” L 0

—Im(¢p15) = 1.74(

R
Re(K,) = 0.5(2—2)2(?2()(0)2 (15)

D, , is given in Table 1. ¢; = 26700 cm/s (for COz) is used for all the mixtures. ¢, for actual mixture is

higher than that for pure CO; but use of actual c; for each mixture has negligible influence on calculated

growth rate.

Finally, we consider the transfer function I' . Present theoretical analysis of growth rate of secondary
acoustic instability of downward propagating flames is based on the velocity coupling mechanism. The
velocity coupling transfer function (") for marginally stable cellular flame where ak <« 1 (a is amplitude
and k is wavenumber of flame cell) was initially derived by Pelce and Rochwerger [25] to study vibratory
instability of flames. Clanet et al. [29] argued that this transfer function can’t be used as it is for flames
where ak = 1 and suggested an artificial modification to the transfer function. The modified velocity
coupling transfer function was applied to flames where ak = 1 and utilizes average measured values of
wavenumber and amplitude of the cellular flame. Until now, this mechanism has only been used to study
the primary acoustic instability and calculate its growth rates. In the primary acoustic instability, a cellular
flame when subjected to acoustic fluctuations undergoes flame shape modulation leading to instability. If
we consider the secondary instability, a similar mechanism is at work. The flame under primary instability
develops corrugations which leads to sudden increase in amplitude of pressure oscillations, possibly

11



through a similar velocity coupling mechanism. Only difference being that the wavenumbers can be
considerably larger than those of primary acoustic instability. Hence, it is possible to study the growth
rates of secondary instability using these models. In this work, we consider these two analytical models
along with a model used in our last work [16] and compare their predictability. These models are called

Model I, Model Il and Model 111 and are described in appendix A.

4. Results and discussion

4.1 Experimental flame regimes

Three flame regimes showing parametric instability of different acoustic modes are observed in current
experiments for burning velocity of mixture between 20 cm/s and 50 cm/s with Mix. 1 to 20 from Table
1. These are described here in order. Regime I to IV are described in our previous work [16]. Figure 3
shows representative images at various locations of a downward propagating flame for Regime V for
SL=27.5 cm/s (Le=1.0). In regime V, cellular structures are formed on the flame front soon after ignition.
The amplitude of flame cells reduces slightly as the flame travels downstream due to primary acoustic
instability. Thereafter, highly corrugated structures with deep vibrating cells are formed leading to
fluctuating turbulent flame. This is called the secondary instability of flame which is accompanied by high
amplitude pressure oscillations. The pressure fluctuations during flame propagation and corresponding
FFT analysis are also shown in Fig. 3. The dominant frequency of pressure fluctuation is close to the
fundamental mode of the tube (Ideally ~ 100 Hz). As the flame moves downward the average temperature
of tube increases which leads to increase in the fundamental frequency. The characteristics of Le=0.8

mixtures were similar, but the instability began slightly earlier and at lower S. compared to Le=1.0 case.

12
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Figure 3. Representative flame images during flame propagation of regime V for Mix. 1 a) pressure

fluctuations during flame propagation b) FFT of pressure signal.

Figure 4 shows characteristics of regime V1. In regime VI, instability corresponding to the first harmonic
Is observed after the flame moves some distance downward after ignition. On visual inspection of flame
motion, it was revealed that the flame undergoes parametric instability during the first harmonic instability
I.e. the structure on the flame oscillate with half the frequency of acoustic oscillations. Moreover, in some
cases, primary instability of fundamental mode is observed just after ignition for a brief time before first
harmonic instability sets in. Thereafter, the first harmonic instability decreases, and flame undergoes a
silent phase with minimal instability. Soon, the corrugations develop on flame and a secondary instability
corresponding to fundamental mode is observed, similar to regime V. For Le=0.8, the transition generally
happened sooner. The pressure fluctuation time history clearly shows two different phases of instability.

It can also be seen that maximum pressure amplitude corresponding to fundamental mode parametric

13



instability is higher than that of first harmonic instability. Two characteristic frequencies corresponding

to fundamental and first harmonic modes can be clearly observed from the FFT analysis of pressure time

history.
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Figure 4. Representative flame images during flame propagation of regime VI for Mix. 4 a) pressure

fluctuations during flame propagation b) FFT of pressure signal.

Figure 5 shows characteristics of regime VII. Flame undergoes primary instability as soon as it is ignited.
As the flame moves down, an instability corresponding to second harmonic is observed. This instability
is also parametric in nature. After that the instability transitions into a first harmonic instability which
later transition into a fundamental mode parametric instability. The flame images show the representative
flame images of various stages discussed here. Pressure time history also shows three different phases of

instability corresponding to first three modes of tube. The transition from one mode of instability to

14



another is not so smooth and it was found on many occasions that pressure fluctuations of different modes

exist simultaneously.
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Figure 5. Representative flame images during flame propagation of regime VI for Mix. 8 a) pressure

fluctuations during flame propagation b) FFT of pressure signal.

FFT analysis of pressure time history shows the frequency corresponding to first three acoustic modes for
a tube closed at one end and open at another. On a first look it appears that the frequencies are f:2 f:3 f,
( f is fundamental frequency) while it should be f:3 £:5 f, which is appropriate for an open-closed tube.
This can be explained by understanding that the natural frequency increases as the flame moves
downstream. As second harmonic is closest to the open end the frequency is close to 600 Hz which is five

times of natural frequency of around 120 Hz. First harmonic is observed at more downward location at
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around 400 Hz which is three times of natural frequency of around 130-140 Hz at that location. So, the

frequencies observed do correspond to first three harmonics of the tube.

The pressure fluctuations of regime V1 and VII are consistent with the growth rates of instability shown
in Fig. 11 or 12 (Appendix A). The growth rate of higher modes peak closer to the open end. Thus, second
harmonic occurs first in regime VII and as the flame travels towards closed end first harmonic and
fundamental mode instability occurs. Flame responses similar to regime VI and VI were earlier reported
by Clanet et al. [29] for n-decane spray flames but were not observed for gaseous propane flames of similar
Sv as in current work. They noted that the higher harmonics became unstable in spray flames owing to a
different mechanism related to difference in motion of gaseous molecules and fine fuel droplets which
leads to stronger instability. However, current experiments show that these regimes can also be observed
for gaseous fuel flames. There are two possible reasons for this observation. First, the diameter of tube
used in current work (5.0 cm) is lower (10.0 cm) compared to that in [29]. Smaller diameter leads to
stronger instability as was shown in our earlier work [16]. Second, CO> dilution is used in current work
compared to N2 dilution in [29] for similar S.. It may appear counterintuitive at first that CO> dilution
also leads to stronger instability because CO: is usually added to enhance flame stability and eliminate
flashback [35]. The stabilizing effect is due to reduction in flame temperature and S [36]. However, here
we compare CO2 and N2 dilution cases at similar S.. To get same Si. of 35 cm/s for C.H, at equivalence
ratio of 0.8, CO2/02 mole ratio is 2.19 but N2/O> ratio is 4.47 (In air, N2/O> ratio is 3.76). This means that
CO2 dilution required is much less compared to N dilution if we keep Si. constant. We can check from
Table 1 that molar ratio of CO2 in mixture decreases as we increase S.. Hence at higher S_ the CO>
dilution is even less. Of course, if we keep same diluent/O> ratio CO> diluted mixture will have much
lower flame temperature and burning velocity and thus very low instability compared with N2 diluted

mixture. Due to lower dilution in case of CO3 diluted mixture for same S, CO2 diluted mixture will have

16



higher adiabatic flame temperature than N2 diluted mixture. This will lead to higher coupling constant

and thus higher instability [13].
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Figure 6. Overall flame responses for Mix. 11-20 from Table 1 (® = 1.2, Le=0.8) (top) and Mix. 1-10
from Table 1 (@ = 0.8, Le=1.0) (bottom). Relative position at onset of instability of various modes are

also shown.

The mixtures with Le=0.8 (Mix. 11-20 from Table 1) also show similar flame responses. Figure 6 shows
effect of S on the flame regimes observed for two different Le mixtures. As the Sy is increased the flame
regimes change from V to VI to VII. Effect of Le can be clearly observed. Low Le mixtures show stronger

instability as the S at the onset of regime VI and VI are lower than that for Le=1.0 mixture.

Searby and Rochwerger [30] noted that the parametric instability of the flame can be the reason for high
amplitude pressure oscillations in downward propagating flames. However, it has not been clearly proven

yet. Here, we provide a conclusive evidence of the fact that parametric instability of flame leads to higher

17



growth rate and large amplitude pressure fluctuations. Figure 7 shows measured growth rate before and
after the onset of parametric instability. Only fundamental mode data is considered. It can be clearly seen
that the growth rate increases significantly after the onset of parametric instability. The increase in growth

rate is around ten to fifteen times for regime V. For regime VI and VII the growth rate increases around

two-fold.
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Figure 7. Measured growth rates before and after the onset of parametric instability of fundamental mode

for Mix. 1-10 from Table 1(® =0.8).
4.2 Growth rates: Effect of Lewis number

Growth rates of secondary acoustic instability was measured for two different Le mixtures at various

burning velocities of employed mixtures and are shown in Fig. 8 for first three modes. The horizontal axis,

. . . D . . 1 . .
ot denotes ratio of chemical time scale, T = S—; , to acoustic time scale - Here, o is circular frequency,
L

2xf, f, being the measured frequency. To get the measured frequency, FFT is done of pressure signal in
duration t+0.04 s, t is the time when parametric instability is generated for each mode. So, this frequency
contains the effect of position along the tube at which the parametric instability is generated for each mode.

The growth rate is measured using the pressure time history. Clanet et al. [29] use the equation p =

t 1

)cos(wt + () to fit their pressure time history, here is the growth rate of instability. The

Aexp(

Tins Tins
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frequency in their work is constant. It is understandable, as, during the primary instability the frequency
doesn’t increase much. But, during secondary instability the frequency changes significantly because the
increase in flame area is much higher compared to primary instability leading to larger temperature change

and thus acoustic frequency. So, in our work, we take the envelope of amplitudes of pressure fluctuations

t

Tins

and fit an exponential curve p = A exp ( ) to find the growth rate.

Generally, with increase in ot, growth rate decreases. Similar result was also observed by Clanet et al.
[29]. For every mode of instability, the lower Le leads to higher growth rates. Lower than unity Le leads
to lower Ma compared to Le=1 which means slightly higher growth rate as can be seen from Fig. 11
(Appendix A). The flame cells are convex towards the unburnt gas, thus owing to Le effect, focusing of
heat flux occurs increasing the effective flame temperature and thus the instability. It is also apparent that

with increase in mode of the instability, the Le effect is more significant.
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4.3 Growth rates: comparison between experiments and theory

In this section, we compare growth rates of secondary instability with their theoretical predictions based
on velocity coupling. Before that we discuss the measurement of wavenumber and amplitude of flame
cells and associated difficulties. The measurement of position of onset of instability along with amplitude
and wavenumber is quite complicated, particularly at higher burning velocity where higher harmonics are
observed. The flame brush length at the onset is not small in many cases. Also, not all flame cells go
through the parametric instability because at the present conditions, hydrodynamic and parametric
instability co-exist [30]. The flame cells most downward are more susceptible to instability and that is
where the instability begins and flame cells in upward location catchup later during the instability cycle.

The observed growth rate is due to combined effect of all the flame cells undergoing parametric instability

over a time.
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Figure 9. Measured and predicted growth rates for first three harmonics.
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Figure 9 shows the measured and theoretical growth rates as a function of flame position at the onset of
parametric instability along the tube for Le=1.0 and Le=0.8 mixtures. The position of onset of instability
is taken as the position of flame tip at the onset. So, the calculated growth rate indicates upper limit of the
growth rate. Both, experimental and theoretical growth rate increases as the onset position of instability
shifts down the tube. The qualitative behavior of growth rates is very well predicted which could suggest
that velocity coupling mechanism with linear theory can predict major characteristics of secondary
instability growth rate. However, the theoretical predictions generally overestimate the growth rate. There
are two possible reasons for such overestimation. First, the unmeasured cells and errors in measurement
of cell sizes due to unclear transition between regimes could affect the average cell parameters used in
calculation. Second, it might be possible that the non-linearities associated with larger cell sizes at ak>1
induce lower growth rates than that predicted by the linear model. However, an order of magnitude
estimate is still predicted. When the flame brush thickness is larger the discrepancy is larger. Despite this,
the predictions of linear model cannot be undermined as the qualitative characteristics of complex

behavior of secondary instability is still predicted within a factor of five as can be seen from Fig. 10.
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Figure 10. Ratio between computed and measured growth rates of parametric instability
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Conclusions

Secondary instability of downward propagating flames was studied experimentally and analytically for
two different Le. Parametric instability of higher harmonics was observed for the first time for gaseous
fuel flames. Lower Le leads to stronger instability. The occurrence of parametric instability was shown to
be the reason for increase in growth rates leading to secondary acoustic instability with high amplitude
pressure oscillations. Velocity coupling mechanism can be successfully used to calculate the measured

growth rates of secondary thermo-acoustic instability in a combustion tube.
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Appendix A
Model |

This model is the simplest and was originally derived by Pelce and Rochwerger [25] for flames with ak «
1. However, to be applicable to current flames, this assumption is relaxed, and the wavenumbers and
amplitude of flame structures used in the definition of transfer function and related functions are taken

from the experimental measurements

1 p1—p 2 iC(kd)
P = @ D = iBkd) (146)
The functions A(kd) , B(kd) and C(kd) are given as follows adopted from [25]

AGkd) = (2 — ) + ykd{Ma — 1 ( ! )} (17)

=(2- a——In

V) +y sy
(kd)? 1

_ Y 158
B(kd) = 2kd + 25— (Ma 1n<1_y)} (158)
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Clkd) = ykd[1 — kd (Ma - %m ( - i y))] (19)

Here, d is flame thickness, y = %, Ma is Markstein number. These functions are defined assuming
1

that product of density and diffusivity is independent of temperature.
Model 11

In this model, the term D is retained in the transfer function which otherwise vanishes for marginally

stable flames.

r= l(P1 - Pz)(ak)z iQC (kd)

2% p, A(kd)Q? — iQB(kd) — D (kd)

(2016)

The expressions for A(kd) , B(kd) and C(kd) are same as model | and the expression for D(kd) is

given as following

D(kd) = %[1 —kd (Ma L (1 ! y))] -1 [Ued)? = (ka)(1
(21)

2
Here, Fr is Froude number defined as ;—;, g is gravitational acceleration taken as 980 cm/s?.

Model 111

This model was proposed by Clanet et al. [29] by artificial modification of model | and it was demonstrated
that it predicted for growth rate of primary instability within an order of magnitude for flames with ak =
1. The expression for transfer function is same as model 1l but the functions A(kd) , B(kd), C(kd) and
D (kd) are defined considering temperature dependence of product of density and diffusivity [29] and

given as following
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A(kd) = (2 —-y) + ykd(Ma — §) (22)

B(kd) = 2kd + 2 gkii); (Ma—])) (23)
Clkd) = ykd[1 — kd (Ma - %)] (24)
kd 2
D(kd) = VF—r [1 — kd <Ma - %)] - 1’%}/ [(kd)? — (kd)*{hy + L= Ma
(25)

2 1
_ 71 +@2Pr—1) f (h — h(8))d6} ]

Here, 6 = ﬂ, is the normalized temperature, h(8) = w, hy, is h(8) in burnt gas and
T;—Ty (PD)g=0
=Y j (D) »
1 ¥ (26)
YJo1+6 T—y

Now, Im(T) needed to calculate the growth rate from Eqgn. 13 can be easily shown for model | to be

_1pi=pp ., QC(kd)ACkd)
) =5 o Y G + BGaDF 0
And for model 11 and Il to be
1p—p C (kd){A(kd)Q? — D(kd)}
Im(T) = 5 @) 07 — D k)2 + (B k)] (28)

Markstein number can be evaluated using the theoretical expression in Searby and Rochwerger [30]. It
was found that Ma varied between 4.8 and 6.2 for Le=1.0 and between 4.3 and 4.6 for Le=0.8. However,

the theoretical growth rate is not so sensitive to Ma value as can be seen from Fig. 11. It is not to say that
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Ma has no effect on growth rate of instability. Effects of Ma or Le can also be contained in the measured
values of amplitude and wavenumber of cellular flames. Hence, in current work, we use values of Ma=5.5

for equivalence ratio 0.8 (Le=1.0) and Ma=4.5 for equivalence ratio of 1.2 (Le=0.8) for simplicity.
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Figure 11. Effect of Ma on growth rate of first three harmonics calculated using model | for same value

of ak; SL=47.5 cm/s, Mix 9.

Figure 12 shows comparison among models for growth rate prediction of first three harmonics. Comparing,
model 1 and model 11 shows the effect of retaining the term D and comparing model Il and model Il
shows the effect of using temperature dependent diffusivities. Retaining the term D leads to slightly
smaller growth rates but the effect reduces at higher harmonics. Slightly higher growth rates are found if
temperature dependence of diffusivities is considered. Computing growth rates from model Il1 is
complicated compared to model I or 1l as it requires computation of various integrals and knowledge of
temperature dependence of diffusivities. Diffusivity and density of unburnt mixture as a function of
temperature is calculated using CHEMKIN. The maximum difference among models is around 5%. The
most important factor turns out to be the amplitude and wavenumber of flame cells at onset of instability.

The inclusion of additional complexity in Model 111 has no clear advantage over other simpler models
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considering that the theoretical model overpredict the growth rate of parametric instability (as presented

in section 4.2) and the theoretical models are only approximate at the conditions where ak ~ 1.
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Figure 12. Comparison among models for growth rate of first three harmonics; S.=47.5 cm/s, Mix 9.
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