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INTRODUCTION 

1.1. Axial-Injection End-Burning Hybrid Rockets 

The artificial satellite market has continued to expand in recent years. Market analysts expect the scale 

to double within the next ten years [1]. While the number of large satellites launched has remained 

constant, the number of small and microsatellite launches of 50 kg or less has increased dramatically 

[2]. Nowadays, the orbit insertion of small and microsatellites is primarily carried out via 

piggybacking, which refers to the use of surplus space surrounding the primary satellite in large rocket 

launches for delivering clusters of small satellites. The releasing of these small satellites can also be 

carried out from the ISS (International Space Station). Since it is difficult to put satellites into suitable 

orbits for the mission at hand when piggybacking, share-riding, and ISS release, the demand for small 

launchers which can deliver small satellites to selective orbits keeps increasing. The need for low-cost 

and small-scale rockets is urgent, because the small rockets currently in operation are still expensive, 

and there are few launch opportunities [3].  

Hybrid rockets attract attention as an attractive rocket because it is superior in safety and can 

significantly reduce launch costs. This is because hybrid rockets generally use a liquid phase oxidizer 

and a solid phase hydrocarbon polymer compound as fuel. However, despite years of research, only 

Scaled Composites' Space Ship One has successfully yielded practical use, and it itself cannot place a 

payload into orbit. Low thrust and oxidizer to fuel ratio shifting (O/F shifting) during firing and 

throttling operation, which decrease performance, are the main reasons why hybrid rockets have not 

been put into practical use [4]. It is necessary to improve the fuel regression rate so that hybrid rockets 

can generate thrust enough to reach an orbit. Such methods as imposing a vigorous swirl to the oxidizer 

flow supplied to the combustion chamber or using low melting point fuels are still under development. 

However, no research had reported fuel regression rates that exceed the burning rate of composite 

solid propellants; e.g., the burning rate of SRB-A, which is a solid rocket booster of H-IIA rockets, is 

around 10 mm/s under operational chamber pressure of 10 MPa, but that of conventional hybrid 
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rockets is less than1.0 mm/s [5,6]. 

    Nagata et al. proposed the concept of axial-injection end-burning hybrid rockets (AIEB) shown 

in Fig 1.1, which employ a cylindrical fuel having numerous ports in the fuel axis direction and only 

burns at the downstream end surface [7–10]. An AIEB hybrid rocket employs stabilized combustion, 

which results when an oxidizer flows through submillimeter order ports at a velocity such that a 

diffusion flame maintained at the port exit does not propagate upstream – i.e., into the port. Stabilized 

combustion sustained at every small port forms an aggregate of minute diffusion flames, and the rear-

end surface regresses in the upstream direction with a constant burning area. Saito et al. have revealed 

that the fuel regression rate is proportional to chamber pressure, and that O/F remains constant during 

firing [11,12]. Furthermore, Okutani et al. experimentally confirmed that the fuel regression rate 

exceeds 10 mm/s at a chamber pressure of around 1 MPa when using gaseous oxygen as the oxidizer, 

and suggested that it is possible to overcome the disadvantages of low thrust under higher pressure 

conditions [13]. The regression rate reported in these investigations exceeds that of solid rockets and 

conventional hybrid rockets. Saito et al. also revealed that O/F shifting did not occur in a throttling 

operation during firing tests [14]. These investigations prove that AIEB hybrid rockets may overcome 

all the biggest problems that have hindered the realization of conventional hybrid rockets, and can be 

put into practical use as launch vehicle propulsion systems.  

In recent years, Hitt et al. and Okuda et al. have researched supplying gaseous nitrous oxide as a 

storable oxidizer. They have shown the achievement of end burning similar to gaseous oxygen, whose 

results develop the other use of AIEB hybrid rockets for the thruster on spacecraft [15,16].  

 

 

Fig.1.1 Schematic drawing of axial-injection end-burning hybrid rockets. 
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1.2. Flame Spreading into a Solid Fuel Duct 

The combustion of AIEB hybrid rocket is an aggregation of minute diffusion flames sustained at each 

small port exit. Previous experimental studies by Saito et al. have revealed that single-port fuels and 

multi-port fuels employed under the AIEB hybrid rockets configuration have the same combustion 

characteristics [12] [10]. Therefore, the study of flame spreading into single-port fuel is enough to 

understand the essential combustion characteristics of AIEB hybrid rockets.   Hashimoto et al. and 

Matsuoka et al. studied the flame spreading into single-port fuels using gaseous oxygen. Hashimoto 

et al. found a new combustion mode that the diffusion flame could not enter into a virgin port and 

sustained behind the tip of an enlarged port when the oxidizer port velocity exceeds a certain level 

[17]. Beyond this velocity, the flame spread rate coincides with the axial fuel regression rate. Thus, 

the flame is maintained at the port exit, and expands the port exit region into a bell-shape. They named 

this new combustion mode stabilized combustion. Stabilized combustion flames sustained at the exit 

of an array of numerous small ports results in the end-burning mode of AIEB hybrid rockets. 

Hashimoto et al. also reported that the axial fuel regression rate of stabilized combustion using gaseous 

oxygen decreases with increasing oxidizer port velocity and proportionally increases with increasing 

ambient pressure. They reported no apparent effect of a port diameter on the axial fuel regression rate 

and proposed the following empirical formula of the axial fuel regression rate; 

 

 𝑉𝑓 = (
𝐶1

𝑉𝑜𝑥
+ 𝐶2) 𝑃𝑐

𝑛  ( 1.1 )  

 

𝑉𝑜𝑥  is the oxidizer port velocity, 𝑃𝑐  is the ambient pressure, and 𝐶1 , 𝐶2 , and 𝑛  are empirical 

constants. In particular, 𝑛 is called the pressure exponent, and they reported 𝑛20.951, which was 

close to unity. When the unit of each parameter is [m/s] for 𝑉𝑓 and 𝑉𝑜𝑥 and [Pa] for 𝑃𝑐, they also 

showed the remaining empirical constants were 𝐶121.34×10-7, 𝐶221.61×10-9. 

    In addition to investigating the axial fuel regression characteristics of stabilized combustion, they 

also experimentally investigated the conditions which sustain stabilized combustion. When oxidizer 

port velocity is below a certain level, diffusion flame spreads into the port at high speed. This 

combustion mode is called flame-spreading combustion to distinguish it from stabilized combustion. 

Because spreading combustion mode causes backfiring in AIEB hybrid rockets, it is necessary to 

prevent the mode from occurring. Hashimoto et al. focused on momentum transport from the 

mainstream to the vicinity of an inner port wall surface. They showed that the friction velocity on the 
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inner port wall surface could explain the transition from flame spreading mode to stabilized 

combustion mode [18]. Matsuoka et al. proposed a theory of the transition between two combustion 

modes according to the Damkohler number. They concluded that when the oxidizer port velocity 

reaches blow-off condition, the tip of an enlarged duct sustains the diffusion flame without blowing 

off, and the combustion mode becomes stabilized combustion [19]. In this way, Hashimoto and 

Matsuoka et al. have studied the physical mechanism of the transition between stabilized combustion 

and flame-spreading combustion. Still, the axial fuel regression rate of stabilized combustion is limited 

to experimental research, and there has not been any research working on the construction of a physical 

model. 

 

1.3. Model of Opposed Flow Flame Spreading over a Solid Fuel 

    Although there is a difference in the flame spread rate between flame-spreading combustion and 

stabilized combustion, the principal mechanism should be that the diffusion flame moves upstream 

while heating and decomposing - i.e., regressing - the surrounding fuel surface in the same manner. 

Many studies to date have proposed models for flame spread rate over a solid fuel surface [20,21]. 

Focusing on the heat energy balance between the fuel and diffusion flame, Williams and Pello et al. 

showed that the thermal feedback from a diffusion flame to an unburned fuel surface dominated the 

flame-spread rate [22,23]. Although there are multiple heat transfer paths to unburned fuel, Ito et al. 

optically observed the temperature distribution inside a solid fuel using a holographic interferometer 

and investigated the dominant heat transfer path from the calculated heat flux [24]. The result revealed 

that the gas-phase heat conduction from a diffusion flame to a fuel surface is dominant in the flame 

spread rate over a parallel flat fuel plate. They also reported that heat conduction in the upstream 

direction in a solid fuel becomes dominant near the blow-off limit, and around 13% of the input heat 

to unburnt fuel was released from the fuel surface [25]. They modeled an opposed flow flame spread 

rate from the obtained energy balances and reported that the spread rate is proportional to the net heat 

flux input to the unburned fuel. Because flame-spreading combustion around the blow-off limit is also 

close to the transition to stabilized combustion, their research's results infer that the net heat input to 

the unburned fuel also determines the axial fuel regression rate of stabilized combustion. The granular 

diffusion flame (GDF) model is one method for estimating the amount of heat input to solid fuel from 

flame [26]. The GDF model is a regression model of a solid propellant in which fuel and oxidizer are 

mixed in advance. Since the model calculates the distance between the flame and the propellant surface, 

taking the diffusion and chemical kinetics of vaporized oxidizer and fuel into account, increasing 



14 

 

pressure reduces the chemical reaction time, leading the flame to approach the fuel surface and 

resulting in increasing the heat flux to the fuel. Applying the GDF model, Saito and Hitt et al. 

constructed a fuel regression model for an AIEB hybrid rocket by estimating the amount of heat input 

from a diffusion flame to a fuel surface. Their models can also explain the pressure dependence of the 

regression rate [27,28]. 

 

1.4. Flame Spreading in a Solid Fuel Duct with Liquid Oxidizer 

    Though, as previously stated, almost all the studies on the flame spreading in solid fuel duct have 

supplied gaseous oxidizers such as air, oxygen, or nitrous oxide, there are also a few studies using a 

liquid oxidizer. Yuasa et al. proposed a gas generator utilizing solid combustion for swirl flow hybrid 

rockets and investigated the combustion characteristics by directly supplying liquid oxygen to solid 

fuel [29]. As a preliminary experiment, they burned a rod of polymethyl methacrylate (PMMA)  in 

liquid oxygen under 5 MPa of ambient pressure, which reported that, despite unstable combustion, the 

flame spread rate was around 3 mm/s. Tomizawa et al. used cylindrical PMMA fuel which has multiple 

ports in the axial direction as a gas generator fuel, and installed it upstream of a swirl flow injector to 

conduct a demonstration firing test [30]. They found that fuel's entire inner port surfaces did not burn 

and a bell-shaped fuel regression shape formed at port exit similar to stabilized combustion. Following 

the AIEB hybrid rocket proposed by Nagata et al., Takei et al. proposed the AIEB type gas generator 

utilizing this combustion mode and constructed an empirical formula for axial fuel regression rate at 

a port diameter of 3.0 mm as the following Eq. 1.2 [31]. 

 

 𝑉𝑓 = 0.043𝑉𝑜𝑥 + 0.28  ( 1.2 )  

 

𝑉𝑓  [mm/s] is axial fuel regression rate and 𝑉𝑜𝑥  [m/s] is oxidizer port velocity. However, in their 

results, there are several uncertain points and unreasonable assumptions. Because they designed the 

experimental setup as a gas generator, which supplied atomized liquid oxygen to each fuel port, the 

measured oxidizer port velocity must have been incorrect. Also, since it was impossible to directly 

observe the combustion state of the solid fuel stored inside the combustor, they constructed the 

empirical formula using fuel mass consumption measured after firing. Therefore, this formula is 

unreliable. In conclusion, the characteristics of flame spreading in a solid fuel duct with a liquid 

oxidizer remains unclear. 
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1.5. Research Purpose 

    The AIEB hybrid rocket concept is attractive for use as a launch vehicle propulsion system due 

to the high fuel regression rates (of over 10 mm/s) and no-O/F shifting. However, all the firing tests 

performed in previous studies have used only gaseous oxidizers, which are impractical for use in 

launch vehicles. Gaseous oxidizers require large-capacity and/or heavy oxidizer tanks that can 

withstand high internal pressure. As with existing liquid rockets, launch vehicles need to load and store 

an oxidizer as a liquid phase because a liquid phase density is much higher than that of a gaseous 

phase. To supply an oxidizer to the fuel in a gaseous phase requires a gas generator or a regenerative 

cooling device to gasify a liquid oxidizer, which leads to a complicated structure and an increase in 

cost. Since small satellite launchers are required to be inexpensive, it is preferred to eliminate these 

gasifying devices and directly supply an oxidizer to the fuel in a liquid phase. However, the fuel 

regression and the flame spreading characteristics in a solid fuel duct with a liquid oxidizer remain 

unclear. The studies by Takei et al. cannot explain in enough detail these characteristics. The present 

research is the first experimental study on the fuel regression characteristics of flame spreading in a 

solid fuel duct with liquid oxygen, in which a model for fuel regression rate is proposed and verified 

through firing tests. 

 

1.6. Structure of the Thesis 

    The structure of this thesis is as follows: 

 

Chapter 1 is an introduction that explains the background and purpose of this research. 

 

Chapter 2 explains the experimental setup, procedures, and data reduction method. 

 

Chapter 3 presents an overview of flame spreading in a solid fuel duct with liquid oxygen as observed 

in firing tests, and reports extinction and abnormal regression. 

 

Chapter 4 addresses the effect of port diameter, oxidizer port velocity, and chamber pressure on axial 

fuel regression rate and the construction of an empirical formula. 

 

Chapter 5 explains the derivation of the model for the axial fuel regression rate considering a heat 

energy balance in the solid fuel, and discusses its validity through comparison to the experimental 
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results. This chapter also reveals the influence of each physical mechanism/parameter of the model: 

port diameter, oxidizer port velocity, and chamber pressure. 

 

Chapter 6 addresses the effects of port diameter, oxidizer port velocity, and chamber pressure on a fuel 

regression shape and construction of an empirical formula. Besides, the calculated results are shown, 

which estimate the amount of un-vaporized liquid oxygen exhausted from a port without combustion 

utilizing the constructed model. 

 

Chapter 7 is the concluding remarks.  
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EXPERIMENTAL SETUP AND DATA REDUCTION 

    The flame of stabilized combustion is a diffusion flame sustained at the fuel port exit through 

which an oxidizer flows, and the end-burning in an AIEB hybrid rocket consists of the aggregation of 

these diffusion flames. Therefore, the principal combustion characteristics of an AIEB hybrid rocket 

are the same as the stabilized combustion sustained at the exit of single port fuel. The principal 

combustion and fuel regression characteristics of the stabilized combustion sustained in a PMMA 

single-port fuel acquired by Hashimoto et al. are consistent with that in a multi-port fuel manufactured 

by a stereolithography 3D printer acquired by Saito et al. [7,10]. This research is an investigation of 

the principal fuel regression characteristics of AIEB hybrid rockets when oxidizer is supplied to the 

fuel ports in the liquid phase. Experiments were conducted in the same manner as Hashimoto's study, 

using experiments with single port fuels to collect data relevant to the modeling of AIEB hybrid 

rockets fuel regression rate. Liquid oxygen was used as an oxidizer because the combustion 

characteristics with its gas-phase have been well investigated.  

 

2.1. Fuel Sample 

    Since it was necessary to measure the fuel regression rate as a principal fuel regression 

characteristic, prismatic blocks of PMMA, which allowed for the observation of the internal port state 

during combustion, were used as fuels. Figure 2.1 is a schematic of one of the fuels employed. 

Experiments employed a rectangular block with a width of 30 mm, a height of 70 mm, and a depth of 

20 mm instead of a circular pipe because the flat surface does not refract and distort the internal port's 

image. The fuel had a single port in the longitudinal direction at the center through which liquid oxygen 

flows, and a female taper screw of Rc 1/8 inch on the port upstream to connect with the liquid oxygen 

supply tube whose diameter was 1/4 inch. An expansion part of the port exit had an ignition apparatus 

ignite the port exit edge's entire circumference so that the fuel could regress uniformly without bias. 

The port length excluding the inlet was 50 mm, which was too short for the boundary layer of liquid 

oxygen flowing inside to fully develop, but long enough to prevent liquid oxygen from boiling due to 



18 

 

external heat input. Fuel port sizes varied from 1.0, 2.0, 3.0 and 6.0 mm in diameter. All fuel grains 

except for the 6.0 mm port diameter were prepared in-house by drilling a cylindrical port. On the fuels 

which had port diameters of 6.0 mm were manufactured from an extruded pipe with an outer diameter 

of 12 mm to ensure port diameter accuracy, because large ports manufactured by drilling do not have 

less than 1 mm variation due to sticky chips getting entangled in a drill. Figure 2.2 shows the outer 

view of a fuel sample with an ignition apparatus. An acrylic adhesive glue was used to affix the ignition 

apparatus to the end of the fuel. The ignition apparatus consists of a nichrome wire as a heating element, 

and Scotch BriteTM as an accelerant to the fuel rear end face. The nichrome wire is heated using an AC 

power source, which causes deflagration of the accelerant, such that when oxidizer is supplied to the 

fuel port a diffusion flame forms at the port exit.  

 

  

Fig.2.1 Schematic of PMMA fuel. Fig.2.2 Picture of a fuel sample 

with ignition apparatus. 

 

2.2. Experimental Apparatus 

    Figure 2.3 is a schematic of the experimental apparatus. The experimental apparatus mainly 

consists of a combustion part, a feeding part, and a measurement part. The feeding part mainly 

consisted of a liquid oxygen feed line, a cooling line using liquid nitrogen, and two gaseous nitrogen 

lines; one was for stopping the combustion, and the other was for pressurizing the combustion chamber. 

A reservoir insulated with urethane foam was used to store liquid oxygen, and a vacuum pump was 

connected to the reservoir for cooling by decompressing and vaporizing liquid oxygen. Also, a 

pressurization line for pressurizing the reservoir and a liquid oxygen feed line are connected to the 
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reservoir. Helium gas, whose solubility in liquid oxygen is low, pressurized the reservoir to feed liquid 

oxygen to the fuel sample. In feeding liquid oxygen, three measures were taken to prevent liquid 

oxygen from being a two-phase flow. The first measure taken was depressurization of the reservoir 

inside by the vacuum pump. The latent heat of vaporization induced by depressurization decreased 

liquid oxygen temperature to below the boiling point in atmospheric pressure. The second measure 

taken was the use of liquid nitrogen as a coolant for the oxidizer feed line. The oxidizer feed line 

passed through a larger-diameter concentric liquid nitrogen coolant line so that the feed line was cooled 

to the same temperature as liquid nitrogen boiling point under atmospheric pressure. Liquid nitrogen 

was supplied from a vacuum insulated vessel to the concentric tubing annulus through a siphon 

pressurized by gaseous nitrogen, and was discharged to the atmosphere after cooing. The third measure 

taken was the installation of the pressurizing line orifice inside of the liquid oxygen reservoir to reduce 

the tubing surface area exposed to heat input from the outside. The nitrogen gas lines for stopping 

combustion and pressurizing the combustion chamber were branched from the same nitrogen gas 

cylinder and connected to the liquid oxygen feed line and the combustion chamber, respectively. 

During firing, nitrogen gas heated by an electric heater was supplied only into the combustion chamber. 

After that, a ball valve switched the flow path to the liquid oxygen feed line to stop combustion. 

 

 

Fig.2.3 Schematic of the experimental apparatus. 
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    The combustion part consisted of a combustion chamber, a combustion duct, and a container to 

receive and contain liquid oxygen. The combustion state of a fuel sample inside the combustion 

chamber with small windows was observed while regulating chamber pressure. Figure 2.4 show 

pictures of the combustion duct with a fuel sample installed. The combustion duct was rectangular, 

such that two sides of it consisted of PMMA flat plates to observe a fuel sample installed inside the 

duct, and installed in the combustion chamber so that the port is in the vertical direction. Liquid oxygen 

was supplied into a port from the upper side of fuel so that a flame spread to the upstream direction. 

This was because liquid oxygen discharged from the port flowed downward by gravity to prevent the 

fuel surface and the combustion duct from burning. The liquid oxygen discharged from the port exit 

was received and stored in the container connected to the combustion chamber. The container was also 

cooled with liquid nitrogen so that the vaporized liquid oxygen did not raise chamber pressure. Heated 

nitrogen gas passing through the combustion duct between the fuel surfaces and PMMA flat plates 

prevented the fuel surface from being roasted by uplifted flame and frosted due to liquid oxygen 

cooling. The heated nitrogen gas also pressurized the combustion chamber to a predetermined pressure. 

The gas inside the chamber was released to the atmosphere through a manually controlled needle valve 

or back pressure regulator to keep chamber pressure constant. 

 

 

(a) Overview of the combustion duct. 

 

(b) Inside of the duct with a fuel sample installed. 

Fig.2.4 Pictures of the combustion duct and a fuel. 
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    The measurement part consisted of optical observation with a video camera, chamber pressure 

measurement, and liquid oxygen flow rate measurement. A video camera filmed the combustion state 

from the one window, while a LED backlight was used to illuminate the flame tip position from the 

other window. The flame tip position was used to determine the axial fuel regression rate. A pressure 

transducer was used to measure the chamber pressure. The oxidizer mass flow rate of liquid oxygen 

was calculated from the pressure drop across the orifice, as measured using two pressure transducers. 

In this case, the reservoir pressure was used as the orifice upstream pressure, and the static pressure in 

the fuel upstream feed line was used as the orifice downstream pressure. 

 

2.3. Experimental Procedure 

    Filling liquid oxygen into the reservoir, set the video camera, and helium gas pressure conducted 

before starting the experimental sequence. An experiment takes the following procedure (see below). 

After completing the procedure, stop data recording and helium gas pressurization and release the 

reservoir pressure after confirming safety. Finally, remove a fuel sample from the combustion duct.  

(1)  Turn on the vacuum pump and start depressurizing the reservoir filled with liquid oxygen. 

(2)  Start supplying liquid nitrogen to cool the liquid oxygen feed line and the container of liquid 

oxygen connected to the combustion chamber. 

(3)  Confirm that the reservoir pressure dropped to 0.03 MPa or less, and that liquid nitrogen begins 

to flow out from the cooling line to the atmosphere. 

(4)  Turn on the heater's power and supply nitrogen gas to the line for pressurizing the combustion 

chamber, which fills the combustion chamber with nitrogen gas through the combustion duct. 

(5)  Operate the manual needle valve or back pressure regulator of the chamber pressure to regulate 

the chamber pressure. 

(6)  Start all data acquisition. 

(7)  After closing the line from the reservoir to the vacuum pump, pressurize the reservoir with helium 

gas and open the liquid oxygen supply line's valve to start supplying liquid oxygen to the fuel. 

(8)  Confirming that the liquid oxygen supplied to the fuel changes from two-phase flow to liquid 

phase flow. Then, energize the nichrome wire to ignite the fuel. 

(9)  After confirming that the flame spreads upstream to around 80% of the total length of the port, 

close the liquid oxygen supply line, supply nitrogen gas into the fuel port to stop combustion by 

switching the valve from the chamber pressurization line to the liquid oxygen feed line. 

Simultaneously, open the large-diameter exhaust valve attached to the chamber to reduce the 
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chamber pressure, rapidly extinguishing the flame. 

 

2.4. Data Reduction Method 

2.4.1. Calculation of Oxidizer Port Velocity 

    Though the fuel port diameter and the chamber pressure can be measured directly with a pin 

gauge or a pressure transducer, the oxidizer port velocity and mass flow rate of liquid oxygen were 

calculated from the pressure drop across an orifice measured by two pressure transducers. The 

following equations give the oxidizer port velocity, 𝑉𝑜𝑥, and the mass flow rate of liquid oxygen, 𝑚̇𝑜𝑥. 

  

 𝑉𝑜𝑥 =
4𝑚̇𝑜𝑥

̅̅ ̅̅ ̅

𝜋𝜌𝑜𝑥𝑑2
  ( 2.1 )  

 𝑚̇𝑜𝑥 =
𝐶(𝑅𝑒𝐷)

√1 − 𝛽4
𝐴𝑜√2𝜌𝑜𝑥(𝑃1 − 𝑃2)  ( 2.2 )  

 

𝑚̇𝑜𝑥
̅̅ ̅̅ ̅ is the time-averaged oxidizer mass flow rate, 𝑑 is the port diameter, 𝛽 is the diameter ratio of 

an orifice, 𝐴𝑜 is the orifice diameter, 𝜌𝑜𝑥 is the liquid oxygen density, 𝑃1 is the reservoir pressure, 

and 𝑃2 is the static pressure of the feed line upstream on fuel. The orifice diameter, 𝑑𝑜, and the pipe 

diameter of the pipe attached to an orifice, 𝐷, define the orifice diameter ratio, 𝛽, as the following; 

𝛽 = (𝑑𝑜/𝐷)2. The calculation uses the density of liquid oxygen of 1190 kg/m3 in the boiling point of 

liquid nitrogen under atmospheric pressure of 80 K. According to an experimental condition. The feed 

system selected an appropriate orifice diameter according to an experimental condition from 0.5, 1.0, 

and 1.7 mm. Since this calculation method cannot apply to a two-phase flow, the analysis did not use 

the data when the supplied liquid oxygen was a two-phase flow. When the Reynolds number, 𝑅𝑒𝐷, 

whose representative length is the pipe diameter, 𝐷 , exceeds 104, the discharge coefficient, 𝐶 , is 

constant regardless of the Reynolds number. However, below 104, the coefficient changes greatly 

depending on the Reynolds number [32]. For some experiments, in which the Reynolds number 

decreased below 104, the calculation used a discharged coefficient as a function of Reynolds number, 

𝑅𝑒𝐷, which was obtained from water flow tests for each orifice to investigate the relation between the 

coefficient and the Reynolds number. According to Eq. 2.2, Reynolds number is necessary to calculate 

the mass flow rate, 𝑚̇𝑜𝑥 , from the discharge coefficient, 𝐶 (𝑅𝑒𝐷 ). However, Reynolds number is 

unknown without calculating the oxidizer mass flow rate from the discharge coefficient. Therefore, 

iterative calculations are necessary to acquire oxidizer mass flow rate. 
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2.4.2. Calculation of Axial Fuel Regression Rate 

The calculation of the axial fuel regression rate uses the data (𝑥𝑓,𝑖, 𝑡𝑖) acquired from the video 

captured by the camera, where 𝑡 is time, and 𝑥𝑓 is the flame tip position. Using the time history of 

the flame tip position when the moving velocity was constant, the least-squares method calculates the 

axial fuel regression rate, 𝑉𝑓, as a slope of the regression line shown in Eq. 2.3 from Eq. 2.2. 

 

 𝑥𝑓 = 𝑉𝑓𝑡  ( 2.3 )  

 𝑉𝑓 =
∑(𝑡𝑖 − 𝑡̅)(𝑥𝑓,𝑖 − 𝑥𝑓̅̅̅)

∑(𝑡𝑖 − 𝑡̅)2
  ( 2.4 )  

 

The standard error, 𝛿𝑉𝑓
, of the regression coefficient is used as the measurement error of the axial fuel 

regression rate. 𝛿𝑉𝑓
means that the 68% confidence interval of the axial fuel regression rate is ±𝛿𝑉𝑓

. 

From the definition of standard error, 𝛿𝑉𝑓
 is calculated by Eq. 2.2, where 𝑛 is the number of sample 

data. 

 

 𝛿𝑉𝑓
= √

∑(𝑥𝑓,𝑖 − 𝑉𝑓𝑡𝑖)
2

(𝑛 − 2)∑(𝑡𝑖 − 𝑡̅)2
  ( 2.5 )  

 

2.4.3. Error Analysis 

    Based on the law of error propagation, the error of the oxidizer flow velocity, 𝛿𝑉𝑜𝑥
, is calculated 

from Eq. 2.2, where 𝛿𝑃1
  is the error bias of the pressure transducer that measures the reservoir 

pressure and 𝛿𝑃2
 is the error bias of the pressure sensor that measures the feed line pressure. 

 

 𝛿𝑉𝑜𝑥
= √(

𝜕𝑉𝑜𝑥

𝜕𝑃1
)

2

𝛿𝑃1
2 + (

𝜕𝑉𝑜𝑥

𝜕𝑃2
)

2

𝛿𝑃2
2
  ( 2.6 )  

 

The pressure transducer's error bias is used as the chamber pressure error except for an experiment 

when the pressure fluctuated wildly during firing. In this case, the standard deviation of the acquired 

pressure history corresponds to the chamber pressure error. When the oxidizer port velocity fluctuated 

widely during firing, the error was the larger one of the standard deviation or the error calculated from 

Eq. 2.2.  
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FUEL REGRESSION AND COMBUSTION BEHAVIOR 

    The present research is the first experimental study on the fuel regression characteristics of flame 

spreading in a solid fuel duct with completely liquid phase oxygen. This chapter briefly explains the 

combustion behavior with liquid oxygen, such as burning velocity and combustion modes. The author 

discusses the combustion modes: stabilized combustion, abnormal regression, and extinction observed 

in experiments, comparing with previous researches studying the flame spreading with gaseous 

oxygen. The author also indicates a strong cooling effect by liquid oxygen, referring to the temperature 

distribution difference at the tip of an enlarged fuel duct between gaseous oxygen and liquid oxygen 

case. 

 

3.1. Classification of the Combustion Mode 

 The author studied the flame spreading into a fuel duct with liquid oxygen under atmospheric 

pressure and investigated the effect of port diameter and oxidizer port velocity on axial fuel regression 

rate [33]. Figure 3.1 shows the combustion state of a solid fuel duct with liquid oxygen under 

atmospheric pressure when the port diameter was 1.0, 2.0, 3.0, and 6.0 mm. These pictures show that 

most of the liquid oxygen supplied to the fuel exit from the port exit without vaporizing, which 

suggests that liquid oxygen passed through the center of the cylindrical diffusion flame formed along 

the regressing fuel surface. The fuel regression shape was like a bell-shape, and the diffusion flame 

appeared behind the tip of the enlarged port, moving upstream slowly. Since the diffusion flame moved 

with duct’s expanded section without propagating into the duct, it can be said that the flame spread 

rate is equivalent to the axial fuel regression rate. In the experiments, the regression rate was relatively 

slow, around 0.2 to 0.5 mm/s under atmospheric pressure. Previous studies investigating the flame 

spreading into a solid fuel duct with gaseous oxygen reported that the regression rate under the 

atmospheric pressure was around 0.5 to 1 mm/s in stabilized combustion and around 5 to 10 mm/s in 

flame-spreading combustion [7,16]. Compared with these studies, the flame spread rate with liquid 

oxygen was around 1/20 of the rate in flame-spreading combustion and around half in stabilized 
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combustion with gaseous oxygen. Though the flame spread rate with liquid oxygen was slower than 

in both cases, the rate was relatively closer to that of stabilized combustion.  

    The following three points summarize the characteristics of fuel regression and combustion 

behavior of flame spreading in a solid fuel duct as with liquid oxygen. 

 

(1)  The fuel port exit regresses into a “bell-shape”.  

(2)  The moving velocity of the tip of the enlarged fuel duct (i.e., the axial fuel regression rate) is 

equivalent to the flame spread rate. 

(3)  The flame spread rate is slow, less than 1 mm/s under atmospheric pressure. 

 

These three characteristics are consistent with stabilized combustion under gaseous oxygen, which 

means that the flame spreading under liquid oxygen can be classified as stabilized combustion. On the 

other hand, some experiments did not exhibit this stabilized combustion behavior. In experiments that 

resulted in two-phase oxygen flow with a large void ratio, such as slug flow, to the fuel, flame-

spreading combustion was observed. However, all the experiments that supplied liquid phase or low 

void ratio oxygen flow achieved a stabilized combustion, and flame-spreading combustion did not 

occur, even if the oxidizer port velocity was relatively low. 

 

 

Fig.3.1 Pictures of the combustion state with liquid oxygen and PMMA fuel. 
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3.2. Extinction and Abnormal Regression 

    Not only stabilized and flame-spreading combustion, but also extinction and abnormal regression 

occurred in some experiments. Figure 3.2 shows the experimental conditions of port diameter and 

oxidizer port velocity when extinction and abnormal regression were observed, and the standard bell-

shape regression in stabilized combustion occurred under atmospheric pressure. The bell-shape 

regression corresponds to the normal regression in the figure.  

 

Fig.3.2 Experimental conditions when extinction and abnormal regression occurred under atmospheric 

pressure. 

 

This figure shows that extinction and abnormal regression occurred with a small port diameter and 

high oxidizer port velocity. Figures 3.3 and 3.4 are the picture of which extinction occurred. Figure 

3.3 shows the combustion state before flame extinction occurred, and Fig. 3.4 is the picture of the fuel 

end surface after firing.  
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Fig.3.3 Picture of unstable combustion before extinction occurred. Fig.3.4 Fuel end surface 

when extinction occurred. 

 

These figures show that a skinny tube-shaped unburned fuel section protruding from the port exit 

during, and remaining after firing. Figure 3.3 also suggests that liquid oxygen flowed through the 

skinny tube during firing. Before extinction, the diffusion flame was sustained around the port exit for 

a while after ignition did not make the fuel duct regress like a bell-shape as seen in the normal 

regression. Instead, the entire fuel end surface regressed uniformly, scorched by unstable diffusion 

flame. Before extinction, the axial fuel regression rate was almost zero, even though the normal 

regression rate in stabilized combustion was relatively slow. In a previous study, Murakami 

investigated the blow-off of stabilized combustion with gaseous oxygen, revealing that the high-speed 

oxygen gas flowing over the leading edge of the diffusion flame caused blow-off [34]. On the other 

hand, the extinction observed in these experiments occurred even if the diffusion flame attached to the 

fuel port exit, which was different from the blow-off phenomenon with gaseous oxygen. Yokoi, who 

investigated stabilized combustion sustained in a narrow single port fuel, reported that when port 

diameter was below 0.2 mm and the ambient pressure was atmospheric, quenching occurred due to 

cold-wall effect [35]. Accordingly, the extinction in this liquid oxygen research seems to be due to the 

lack of decomposed fuel chemical species.  
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Fig.3.5 Picture of abnormal regression. Fig.3.6 Comparison of enlarged view between 

abnormal regression and normal regression captured 

by high speed camera. 

 

Figure 3.5 shows abnormal regression during firing, and Fig. 3.6 compares the enlarged view between 

abnormal regression and normal regression captured by a high-speed camera. The axial fuel regression 

rate in abnormal regression was higher than in extinction but smaller than in normal regression, and 

the fuel duct regressed in a similar bell-shape in the normal regression. However, the regression shape 

was not axisymmetric as in normal regression, but rather was distorted. The diffusion flame was 

sometimes unstable, and sometimes stable when the same skinny tube structure was observed at the 

tip of every fuel duct as, shown inside the red rectangle of Fig. 3.6 (a). The skinny tube did not 

appeared in normal regression cases, for example in Fig. 3.6 (b), meaning that the skinny tube is a 

structure unique to extinction and abnormal regression. It seems that the fuel duct’s inner surface could 

not reach the decomposition temperature and burn due to strong cooling by liquid oxygen. Since liquid 

oxygen flows through the remained skinny tube, the tube protected liquid oxygen from diffusion flame 

and vaporization, and oxygen comes from the tube's crack or exit downstream to the flame. Because 

the flame moves far away from the oxygen exit as the fuel burns in the axial direction, extinction due 

to insufficient oxygen supply eventually occur. On the contrary, in normal regression, it seems that the 

tube did not remain or was torn off by liquid oxygen flow because the thickness was smaller than the 

case when extinction occurred. 
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3.3. Temperature Distribution around the Tip of Enlarged Fuel Duct 

    The cooling by liquid oxygen affects axial fuel regression rate in normal combustion as well; i.e., 

not only in cases of extinction and abnormal regression. Figures 3.7 and 3.8 are the enlarged view of 

the tip of a fuel duct in stabilized combustion with gaseous oxygen and liquid oxygen, respectively. 

Figure 3.8 shows the boundary between the black and white sides along the regression surface. This 

boundary is the glass transition layer of fuel where the reflective index discontinuously changes due 

to the large variation in density near the glass transition temperature. Therefore, the boundary line 

corresponds to a kind of isothermal line. It is possible to estimate the temperature distribution inside 

a fuel by this line. The enlarged duct image of the liquid oxygen case in Fig. 3.8 shows that the curved 

isothermal line extends along the regressed surface and has a peak located just outer of the unburned 

port surface. This peak suggests that the most advanced heat penetration position is not on the port 

wall surface but in the region slightly outside the wall surface in the radial direction.  

 

  

Fig.3.7 Picture around the tip of an enlarged duct 

supplying gaseous oxygen. 

Fig.3.8 Picture around tip of an enlarged 

duct supplying liquid oxygen shows the 

temperature distribution in a fuel. 

 

On the other hand, because the isothermal line with gaseous oxygen does not have a peak, the most 

advanced heat penetration is on the inner port wall surface, as shown in Fig. 3.7. A previous study 

investigated the temperature distribution inside a fuel bed with air as an oxidizer using holographic 

interferometry [36]. Though the research supplied air, not gaseous oxygen, the results showed that the 
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most heated part is the port wall surface, where the diffusion flame heats. However, in the liquid 

oxygen case, it seems that the diffusion flame cannot directly heat the port wall surface, but only 

thermal conduction through solid fuel can heat the wall surface. Based on this presumption, it is 

inferred that a diffusion flame cannot enter into a fuel duct where a liquid phase oxidizer flows; i.e., 

backfiring shall not occur in AIEB hybrid rockets with liquid oxygen.  
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AXIAL FUEL REGRESSION RATE 

    Axial fuel regression rate is the most critical characteristic for AIEB hybrid rockets because the 

regression rate determines the fuel grain dimensions required to achieve a specific thrust level. 

Hashimoto's previous research revealed that the axial fuel regression rate depends on oxidizer port 

velocity and proportionally increases with increasing chamber pressure, but is independent of port 

diameter [8]. In this research, the author includes several experiments varying these three parameters 

individually to investigate each effect on the regression rate. Also, an empirical formula that calculates 

the regression rate depending on these three parameters is constructed based on the experimental 

results, and used to study the feasibility of liquid oxygen supplied AIEB hybrid rockets. 

 

4.1. Port diameter and oxidizer port velocity dependences 

    Dozens of experiments were performed under atmospheric pressure to suppress the chamber 

pressure fluctuation. These experiments varied oxidizer port velocity from 1.0 to 6.0 m/s for each port 

diameter to investigate the port diameter and oxidizer port velocity dependences of axial fuel 

regression rate. Figure 4.1 shows the relation obtained from firing tests between the regression rate, 

port diameter, and oxidizer port velocity. The figure does not show the experiment results when the 

liquid oxygen supply became a two-phase flow, and extinction and/or abnormal regression occurred, 

because it was difficult to measure the regression rate in those cases. In other words, the figure only 

shows the results of “normal regression” cases. The results show that the regression rate under 

atmospheric pressure is around 0.2 to 0.5 mm/s; decreasing with increasing oxidizer port velocity and 

decreasing port diameter. As reported in Hashimoto and Okuda's previous studies [8,16], the results 

revealed that the regression rate with liquid oxygen has the same trend concerning the oxidizer port 

velocity dependence, as gaseous oxygen and nitrous oxide cases. However, the results show a port 

diameter dependence, which did not appear in previous researches with gaseous oxidizers. 

Accordingly, the port diameter dependence is unique to the regression with liquid oxygen. 
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Fig.4.1 Experimental results under atmospheric condition show a dependency of oxidizer port velocity 

and port diameter on axial fuel regression rate. 

 

4.2. Chamber pressure dependence 

    The author conducted dozen of the experiments inside a combustion chamber, adjusting the 

ambient pressure (with Nitrogen) to investigate the chamber pressure dependence of axial fuel 

regression rate. Oxidizer port velocity was adjusted to around 3.0 m/s in all experiments to reduce the 

oxidizer port velocity dependence on the regression rate, however the velocity deviated from 3.0 m/s 

in some experiments due to chamber pressure fluctuations. Even if it was small, chamber pressure 

fluctuation changed the oxidizer mass flow rate due according to the governing equation of 

incompressible fluid flow in a pipe/tube. To investigate whether chamber pressure affects the port 

diameter dependence, the author employed fuels having two different diameters of 1.0 and 2.0 mm. 

Figure 4.2 (a) and (b) show the relation obtained from experiments between the regression rate and 

chamber pressure when port diameter was 1.0 or 2.0 mm, respectively. These results revealed that the 

regression rate increased almost proportionally with increasing chamber pressure, regardless of port 

diameter. Both determination coefficients calculated by linear regression analysis exceed 0.97. 

Although the oxidizer port velocity deviated from 3.0 m/s within the range of values: 1.9 to 6.1 m/s, 

the oxidizer port velocity fluctuation did not affect the regression rate significantly. 
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(a) 𝑑21.0 mm 

 

(b) 𝑑22.0 mm 

Fig.4.2 Experimental results operated in a pressure vessel showed that axial fuel regression rate 

proportionally increased with increasing ambient pressure. 

 

The results indicate that the oxidizer port velocity dependence is insignificantly small compared to the 

chamber pressure dependence. Figure 4.3 shows the two results using different port diameters in one 

graph, using the different makers to identify the port diameter variation. 

 

 

Fig.4.3 Port diameter dependence of axial fuel regression rate is negligibly small compared to the 

pressure dependence. 

 



34 

 

The figure shows that the port diameter dependence can be regarded as negligibly small compared to 

the chamber pressure or oxidizer port velocity dependences because the difference is comparable with 

the measurement error. Moreover, the figure reveals that chamber pressure did not affect port diameter 

dependence in the range of 0.1 to 0.6 MPa. The previous section's results support the above discussion 

because the regression rate variation with varying oxidizer port velocity was less than 0.2 mm/s under 

atmospheric pressure. Though the range of oxidizer port velocity is not the same, the regression rate 

with liquid oxygen is 80% in magnitude that with gaseous oxygen [8], and equal in magnitude that of 

gaseous nitrous oxide [16]. Therefore, these experimental results suggest that liquid oxygen-supplied 

AIEB hybrid rockets are capable of producing the requisite thrust level of thrust to be used as Earth 

launch vehicles. For instance, the cylindrical multi-port fuel having 1 mm ports whose diameter is 0.5 

m theoretically can produce around 30 kN thrust under 5 MPa of chamber pressure, assuming the 

rocket motor works at the highest characteristic exhaust velocity conditions. In that case, the axial fuel 

regression rate reaches approximately 22 mm/s, and the throat diameter should be around 72 mm to 

achieve that high chamber pressure. 

 

4.3. Constructing an Empirical Formula of Axial Fuel Regression Rate 

4.3.1. Empirical Formula 

   Utilizing the experimental results, which revealed each dependence, the author constructed an 

empirical formula predicting axial fuel regression rate, 𝑉𝑓, as a function of port diameter, 𝑑, oxidizer 

port velocity, 𝑉𝑜𝑥, and chamber pressure, 𝑃𝑐. The formulation used the same function as Eq. 1.1 to 

estimate the regression rate with gaseous oxygen. Since the regression rate with liquid oxygen has a 

port diameter dependence, the constructed empirical formula has to treat 𝐶1 and 𝐶2 as experimental 

coefficients depending on the port diameter. To make the linearization in regression analysis simple, 

the author assumed that 𝐶1  and 𝐶2  are power functions of port diameter, and constructed the 

empirical formula as the followings; 

 

 𝑉𝑓 = (
𝐶1(𝑑)

𝑉𝑜𝑥
+ 𝐶2(𝑑)) 𝑃𝑐

𝑛  ( 4.1 )  

 𝐶1(𝑑) = 𝐶11𝑑𝑚1 + 𝐶12   ( 4.2 )  

 𝐶2(𝑑) = 𝐶21𝑑𝑚2 + 𝐶22  ( 4.3 )  

 

where 𝑛  is a pressure exponent, 𝑚1  and 𝑚2  are port diameter exponents, 𝐶11  and 𝐶12  are 
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empirical constants to give 𝐶1, and 𝐶21 and 𝐶22 are the empirical constants to give 𝐶2. Performing 

non-linear regression analysis gives these seven empirical values from experimental results. The units 

of the independent variables in the formula are as follows: port diameter, 𝑑, is [mm]; oxidizer port 

velocity, 𝑉𝑜𝑥, is [m/s]; chamber pressure, 𝑃𝑐 is [MPa]; and axial fuel regression rate, 𝑉𝑓, is [mm/s]. 

Because, as referred to in Sec. 4.2, the oxidizer port velocity and port diameter dependences are much 

smaller than the chamber pressure dependence, a slight pressure fluctuation will affect the correlation 

of empirical constants, except for the pressure exponent. For this reason, the regression analysis to 

identify the empirical constants consists of two steps; one is for the identification of the pressure 

exponent, and the other is for the other empirical constants. Iterative calculations are necessary to 

simultaneously identify all empirical constants with achieving consistency. Step1 solves for the 

empirical constants other than the pressure exponent using only the experimental results conducted 

under atmospheric pressure to eliminate pressure measurement error and fluctuation. Then, Step2 

solves for the pressure exponent using the other empirical constants identified in Step1. The analysis 

iteratively conducted these two regression calculations until each constant error converging to a range 

less than 10-5%. Table 4.1 shows the resulting empirical constants and their standard error. The 

following sections discuss the accuracy of the constructed empirical formula compared with 

experimental results. 

 

Table 4.1 Empirical constants. 

Empirical constant Value Standard error 

𝐶11 -1.486 0.027 

𝐶12 6.722 0.030 

𝑚1 0.6858 0.0070 

𝐶21 4.652 0.987 

𝐶22 -2.057 1.025 

𝑚2 0.4008 0.0600 

𝑛 1.279 0.032 

 

4.3.2. Empirical constants related to oxidizer port velocity and port diameter 

    The regression analysis in Step1, which used the experimental results under atmospheric pressure, 

used a pressure error of 1 kPa as the difference of ground-level atmospheric pressure at each test. To 

validate the formulation of 𝐶1, 𝐶2, and derive empirical constants except for pressure exponent, the 



36 

 

author compared 𝐶1 and 𝐶2 given by Eq. 4.2 and 4.3 using with those obtained from experiments in 

each port diameter case. 𝐶1  and 𝐶2  were obtained for each port diameter from experiments 

conducted under atmospheric pressure at different oxidizer port velocities, in which the calculation 

utilized linear regression analysis using Eq. 4.2 and 4.3 as a regression line. Table 4.2 shows the 

experimental coefficient, 𝐶1 , 𝐶2 , and their standard error. Figure 4.4 compares the experimental 

coefficients obtained for each port diameter shown as circular plots, and overall trend of Eq. 4.2 and 

4.3 using the empirical constants shown as lines.  

 

Table 4.2 Experimental coefficient: 𝐶1 and 𝐶2. 

Port diameter Experimental coefficient Standard error 

𝑑 [mm] 𝐶1 𝐶2 𝜎𝐶1
 𝜎𝐶2

 

1.0 5.23 2.61 1.28 0.41 

2.0 4.33 4.04 0.33 0.19 

3.0 3.56 5.21 0.29 0.13 

6.0 1.64 7.47 0.35 0.26 

 

 

Fig.4.4 Comparison of 𝐶1 and 𝐶2 calculated from the empirical formula for each port diameter. 

 

The figure shows that the experimental coefficient, 𝐶1  and 𝐶2 , calculated from the empirical 

formulas coincide with those obtained from the experimental results for each port diameter. Besides, 
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the comparison also shows that the coefficient of determination exceeds 0.99. Therefore, it can be said 

that the assumption that the coefficient, 𝐶1 and 𝐶2, are power functions of port diameter is reasonable. 

Figure 4.5 shows the comparison between the axial fuel regression rate obtained from experimental 

results and calculated from the empirical formula, Eq. 4.1 using identified empirical constants. 

 

 

Fig.4.5 Comparison of axial fuel regression rate between calculations using the empirical formula and 

experimental results. 

 

The calculated regression rate, as shown in the lines, agrees well with the experimental results. Even 

though the number of the experiments being the port diameter of 1.0 and 6.0 mm is few, the coefficients 

of determination for port diameter are around 0.84 to 0.97. The comparison shows that the identified 

constants and constructed formulae have sufficient accuracy in estimating the regression rate under 

atmospheric pressure. The calculation results also revealed the characteristic of port diameter 

dependence: the magnitude of port dependence becomes large with decreasing port diameter. However, 

note that the constructed formulae are inadequate when the oxidizer port velocity is lower than 1.0 

m/s, because it gives an incredibly high regression rate as the oxidizer port velocity approaches zero. 

Also, note that although the calculated regression rate approaches to 𝐶2 with increasing the oxidizer 

port velocity, extinction eventually occur in reality. 
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4.3.3. Pressure exponent, 𝑛 

    The regression analysis in Step2 identifies the pressure exponent, 𝑛, using the other empirical 

constants derived in the Step1 analysis. For removing the effect of port diameter and oxidizer port 

velocity, the regression analysis used the following value derived from Eq. 4.1 as a simple power 

function of chamber pressure; 𝑉𝑓(𝐶1/𝑉𝑜𝑥 + 𝐶2)−1. Figure 4.6 shows the result of regression analysis 

for pressure exponent. Since the fitted curve given by the calculation using empirical constants agrees 

well with the experiment results and the coefficient of determination is 0.97, it seems reasonable to 

conclude that the constructed formulae and empirical constants have sufficient accuracy in estimating 

the regression rate under pressurized conditions. The resulting pressure exponent is 𝑛 ≈ 1.26, which 

is relatively close to unity, however, larger than the values of 𝑛20.951 and 0.996 reported in previous 

studies with gaseous oxygen [8,11]. The reason why the exponent exceeds unity is that the regression 

rate calculated from the empirical formula becomes zero only when chamber pressure is zero. Okuda 

et al. and Fukada reported the same problem in constructing the empirical formula with gaseous nitrous 

oxide. They suggested that the pressure exponent becomes close to unity by adding the term of blow-

off limit to the empirical formula [16,37]. Similarly, because extinction also occurs in stabilized 

combustion with liquid oxygen, as referred to in Sec. 3.2, adding the term of extinction to the empirical 

formula with liquid oxygen might make the pressure exponent close to unity. 

 

 

Fig.4.6 Comparison concerning ambient pressure between the results calculated from the empirical 

formula and the experimental results. 

 



39 

 

  

AXIAL FUEL REGRESSION MODEL 

    It is necessary to reveal the physical mechanisms of fuel regression to understand the axial fuel 

regression characteristics in stabilized combustion with liquid oxygen. This chapter introduces a model 

of axial fuel regression considering the heat energy conservation at the tip of the enlarged fuel duct. 

The end of this chapter reveals the mechanisms of each dependence on the axial fuel regression rate 

observed in the experiment using the model. Thanks to the physical model construction, it becomes 

possible to estimate the regression rate under various conditions in the case not only of the PMMA 

and liquid oxygen propellant combination, but for combinations as well.  

 

5.1. Model Construction 

    The axial fuel regression model is constructed by taking the cooling effect of liquid oxygen into 

account. A portion of the heat supplied from the diffusion flame through gaseous heat conduction 

transfers to the liquid oxygen flow, while the remaining heat decomposes the fuel. The difference 

between the amount of heat input and heat loss from the duct tip can be used to calculate the axial fuel 

regression rate, since axial fuel regression rate is equivalent to the decomposition rate of the fuel duct's 

tip in the axial direction. For the sake of simplicity, assuming an ideal situation where liquid oxygen 

flows between parallel fuel plates and stabilized combustion is sustained at the exit, the model 

considers the balance of heat that comes in and out of the control volume, which moves together with 

the regressing fuel surface of enlarged duct tip. The control volume is a cube shown as a red square in 

Fig. 5.1. The cubic control volume size is large enough to neglect the solid heat conduction from the 

control volume. Specifically, the axial length is long enough, and the radial length is short enough to 

make the temperature gradient negligibly small at the control volume boundaries. The heat balance 

equation is the following; 

 

 𝑞̇𝑛𝑒𝑡 = 𝑞̇𝑖𝑛 − 𝑞̇𝑐𝑜𝑜𝑙  ( 5.1 )  
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Where, 𝑞̇𝑐𝑜𝑜𝑙 is the heat flux to liquid oxygen, 𝑞̇𝑖𝑛 is the heat flux from the diffusion flame, and 

𝑞̇𝑛𝑒𝑡 is the net heat consumption for heating and decomposing solid fuel in unit time. The following 

sections construct each heat flux model and finally derive the axial fuel regression rate using Eq. 5.1. 

 

 

Fig.5.1 Energy conservation in control volume at the tip of the enlarged fuel duct. 

 

5.1.1. Model of Net Heat Consumption, 𝑞̇𝑛𝑒𝑡 

    Net heat consumption, 𝑞̇𝑛𝑒𝑡, is the amount of heat expended on raising the temperature of, and 

decomposing, the fuel coming into the control volume with the inlet velocity of axial fuel regression 

rate, 𝑉𝑓. Therefore, the following equation gives 𝑞̇𝑛𝑒𝑡; 

 

 𝑞̇𝑛𝑒𝑡 = 𝑉𝑓 (∫ 𝜌𝑓𝑐𝑝,𝑓𝑑𝑇
𝑇𝑑𝑒𝑐

𝑇𝑖

+ 𝐻𝑑𝑒𝑐𝜌𝑓|𝑇=𝑇𝑑𝑒𝑐
)   ( 5.2 )  

 

where, 𝑇𝑖  is initial fuel temperature, 𝑇𝑑𝑒𝑐  is fuel decomposition temperature, 𝜌𝑓  is fuel density, 

𝑐𝑝,𝑓 is fuel specific heat capacity, and 𝐻𝑑𝑒𝑐 is decomposition energy. Stoliarov et al. pointed out that 

PMMA does not clearly change to the liquid phase until decomposition, and its melting heat is 

negligibly small [38]. In this study using PMMA as a fuel, the model of 𝑞̇𝑛𝑒𝑡 does not consider the 

melting heat but considers only decomposition heat. Since the fuel density and specific heat capacity 

change depending on temperature, these two values are functions of temperature, which are given by 

interpolating the experimental results from Ref. [39,40], as Figs 5.2 and 5.3 show. The fuel 

decomposition temperature uses 𝑇𝑑𝑒𝑐2 639.15 K, and the decomposition energy 𝐻𝑑𝑒𝑐 is 870 kJ/kg, 

reported by Stanislav et al. [38]. Assuming a fuel has been precooled, the initial fuel temperature, 𝑇𝑖𝑛, 
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is the same as the supplied liquid oxygen temperature. 

 

  

Fig.5.2 Specific heat of PMMA is a function of 

temperature. 

Fig.5.3 Density of PMMA is a function of 

temperature. 

 

5.1.2. Model of Heat Loss, 𝑞̇𝑐𝑜𝑜𝑙 

    Assuming turbulent heat transfer, heat loss from the control volume to liquid oxygen, 𝑞̇𝑐𝑜𝑜𝑙, is 

calculated from Eq. 5.3, using average Nusselt number, 𝑁𝑢𝑚; 

 

 𝑞̇𝑐𝑜𝑜𝑙 =
𝑁𝑢𝑚𝜆𝑜𝑥

𝑑
(𝑇̅𝑤 − 𝑇𝑜𝑥)  ( 5.3 )  

 

where, 𝜆𝑜𝑥 is oxidizer thermal conductivity, 𝑇𝑤
̅̅̅̅  is wall temperature on the control volume, 𝑑 is 

port diameter, and 𝑇𝑜𝑥 is oxidizer temperature. This study assumes 𝑇𝑤
̅̅̅̅ 2180 K, because the port wall 

temperature was not measured in the experiments. Assuming liquid nitrogen precooled the oxidizer 

through the feed line, the oxidizer temperature uses 80 K, the boiling temperature of liquid nitrogen 

under atmospheric pressure. The averaged Nusselt number, 𝑁𝑢𝑚 , was calculated from Dittus-

Boelter’s equation shown as Eq.5.46.3, which assumes a fully developed temperature and velocity 

boundary layer [41]. 

 

 𝑁𝑢𝑚 = 0.023𝑅𝑒0.8𝑃𝑟0.4 = 0.023(𝜌𝑜𝑥𝑉𝑜𝑥𝑑/𝜇𝑜𝑥)0.8𝑃𝑟0.4  ( 5.4 )  

 

The thermal conductivity and Prandtl number used 𝜆𝑜𝑥2166×10-3 W/m⋅K and 𝑃𝑟22.42, respectively,  
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from Ref. [42] as the value of liquid oxygen at 80 K. The calculation of Reynolds number also used 

the following values listed in Ref.[42]: the density is 𝜌𝑜𝑥 21190 kg/m3; and the viscosity is 

𝜇𝑜𝑥2253.6×10-6. 

 

5.1.3. Model of Heat Input, 𝑞̇𝑖𝑛 

    Figure 5.5 schematically presents the vicinity around the diffusion-flame tip of stabilized 

combustion with liquid oxygen.  

 

 

Fig.5.4 Schematic presents the vicinity around the diffusion-flame tip of stabilized combustion with 

liquid oxygen. 

 

Assuming the radiative heat transfer is negligibly smaller than the heat conduction, the heat flux from 

the diffusion flame, 𝑞̇𝑖𝑛, can be calculated from Fourie’s law shown in Eq.5.5, as simple gas-phase 

heat conduction through fuel-oxygen mixture gas; 

 

 𝑞̇𝑖𝑛 =
𝜆𝑖𝑔

𝛿
(𝑇𝑏 − 𝑇𝑑𝑒𝑐)  ( 5.5 )  

 

where, 𝜆𝑖𝑔 is thermal conductivity of fuel-oxygen mixture gas in flame zone, 𝛿 is stand-off distance, 

𝑇𝑏 is adiabatic flame temperature, and 𝑇𝑑𝑒𝑐 is fuel decomposition temperature. This model does not 

consider the blowing effect making heat transfer to a fuel surface suppress caused by vaporized fuel 

gas flow for simplicity. Although both phases of the oxidant and the fuel are different from stabilized 

combustion, the co-axial diffusion flame burner’s flame structure, when the burner rim thickness is 

negligibly thin, is similar to that of the stabilized combustion with liquid oxygen. The diffusion flame’s 

leading edge has a tri-brachial structure called triple-flame [43,44] because partially premixed gas 
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flows into the leading edge. The previous studies, such as Refs. [45,46], revealed that the leading edge 

of the diffusion flame spreading on the solid fuel surface also forms triple-flame. However, several 

studies [47,48] show that when the concentration gradient is steep, such as in a diffusion burner having 

a thin rim, both lean and rich premixed wings of the tri-brachial structure disappear, and the 

propagation velocity approaches the laminar premixed burning velocity. The resulting flame is called 

a flame-edge or edge-flame [49]. Buckmaster and Takahashi et al. suggested the reason is the thickness 

of the mixing layer 𝛿𝑚 becomes thinner than the quenching distance [50,51]. The 𝑞̇𝑖𝑛 model in this 

study neglects the mixing time of assuming the leading edge of the diffusion flame with liquid oxygen 

is an edge-flame, because it is shorter than the chemical reaction time 𝜏𝑐. Gaseous oxygen vaporized 

from liquid oxygen and gaseous fuel from the fuel surface generate a premixed gas in the mixing layer. 

The premixed gas flows with a velocity 𝑢𝑔 and ignites after a certain ignition delay 𝜏𝑐. Now, defining 

the distance from the fuel surface to the ignition point as a stand-off distance, 𝛿, the distance can be 

calculated from Eq. 5.6. 

 

 𝛿 = 𝑢𝑔𝜏𝑐  ( 5.6 )  

 

Mixture gas velocity, 𝑢𝑔, was calculated from using the gaseous fuel mass flux, 𝑀̇𝑓, gaseous oxygen 

mass flux, 𝑀̇𝑜𝑥, and mixture gas density, 𝜌𝑔. Since the diffusion flame is appears at the stoichiometric 

mixing layer, the gas flowing into the flame leading edge is a stoichiometric mixture. Therefore, 

stoichiometric oxidizer to fuel ratio, 𝑂/𝐹𝑠𝑡, can estimate the mixture gas velocity 𝑢𝑔 as Eq. 5.7; 

 

 𝑢𝑔 =
𝑀̇𝑓

𝜌𝑔
(1 +

𝑀̇𝑜𝑥

𝑀̇𝑓

) =
𝑅𝑔𝑇𝑔

𝑃𝑐
𝜌𝑓𝑉𝑓(1 + 𝑂/𝐹𝑠𝑡)  ( 5.7 )  

 

where, 𝑅𝑔 and 𝑇𝑔 are the gas constant and the initial temperature of the mixture, respectively. Since 

ignition delay is a function of chamber pressure, 𝑃𝑐 , and ignition temperature of mixture, 𝑇𝑖𝑔 , it 

depends on the following values: lower heating value, ℎ𝑙; the mole fractions of fuel and oxygen, 𝜒𝑓, 

𝜒𝑜𝑥; activation energy, 𝐸𝑎; universal gas constant, 𝑅; and overall reaction order, 𝑖 + 𝑗. Note that 𝑇𝑖𝑔 

is the temperature where the boundary between pre-heat and reaction zone. It is reasonable to assume 

that the hydrocarbon fuel's reaction order is around two, and the mixture temperature is almost 

independent of pressure, oxidizer port velocity, and port diameter. Replacing all of these values as 

constant to 𝐴′, the ignition delay, 𝜏𝑐, is formulated to be Eq. 5.8 by using a constant, 𝐴′. Eq. 5.9 is 
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the definition of 𝐴′, and 𝐴 is a unique value to the combination of fuel and oxidizer. 

 

 𝜏𝑐 ≈
𝐴′

𝑃𝑐
  ( 5.8 )  

 𝐴′ =  
𝐴

ℎ𝑙𝜒𝑓
𝑖𝜒𝑜𝑥

𝑗
𝑇𝑖𝑔

𝑖+𝑗+1 exp (
𝐸𝑎

𝑅𝑢𝑇𝑖𝑔
)  ( 5.9 )  

 

Since the mixture gas temperature increases with proximity to the flame leading edge, the estimation 

for 𝑇𝑖𝑔 in the above equations uses the average of adiabatic flame temperature 𝑇𝑏 and initial mixture 

temperature 𝑇𝑔. Initial mixture temperature 𝑇𝑔 is calculated from the gas temperature, the specific 

heat capacities of gaseous oxygen and fuel, and the stoichiometric oxidizer to fuel ratio 𝑂/𝐹𝑠𝑡 . 

Eventually, the ignition temperature 𝑇𝑖𝑔 can be calculated from Eq. 5.10. The calculation assumes 

the oxidizer gas temperature 𝑇𝑜𝑥,𝑔  as the boiling temperature of liquid oxygen at the chamber 

pressure. 

 

 𝑇𝑖𝑔 =
𝑇𝑏 + 𝑇𝑔

2
=

1

2
(𝑇𝑏 +

𝑂/𝐹𝑠𝑡𝑐𝑝,𝑜𝑥𝑔𝑇𝑜𝑥,𝑔 + 𝑐𝑝,𝑓𝑔𝑇𝑑𝑒𝑐

𝑂/𝐹𝑠𝑡𝑐𝑝,𝑜𝑥𝑔 + 𝑐𝑝,𝑓𝑔
)  ( 5.10 )  

 

Similarly, the estimation for thermal conductivity of mixture gas in flame zone 𝜆𝑖𝑔 uses the average 

value of combustion gas 𝜆𝑏  and initial mixture gas 𝜆𝑔 . Initial thermal gas conductivity 𝜆𝑔  is 

calculated from that of gaseous oxygen and fuel, and the stoichiometric oxidizer to fuel ratio 𝑂/𝐹𝑠𝑡. 

Eventually, the thermal conductivity of mixture gas 𝜆𝑖𝑔 can be calculated from Eq.5.11. 

 

 𝜆𝑖𝑔 =
𝜆𝑏 + 𝜆𝑔

2
=

1

2
(𝜆𝑏 +

𝑂/𝐹𝑠𝑡𝜆𝑔,𝑜𝑥 + 𝜆𝑔,𝑓

1 + 𝑂/𝐹𝑠𝑡
)  ( 5.11 )  

 

Using the physical properties of fuel and oxygen gas and their mass fractions, the gas constant 𝑅𝑔 is 

calculated from Eq. 5.12. 

 

 𝑅𝑔 = 𝜐𝑜𝑥𝑅𝑜𝑥 + 𝜐𝑓𝑅𝑓 =
𝑅𝑢

1 + 𝑂/𝐹𝑠𝑡
(

𝑂/𝐹𝑠𝑡

𝑀𝑜𝑥
+

1

𝑀𝑓
)  ( 5.12 )  

 

where, 𝜐𝑓 and 𝜐𝑜𝑥 are the mass fraction of fuel and oxygen, 𝑅𝑢 is the universal gas constant, 𝑀𝑜𝑥 

and 𝑀𝑓 are the molar mass of fuel and oxygen. For the fuel molar mass, 𝑀𝑓, the molar mass of 

methyl methacrylate (MMA) was used from the assumption that PMMA decomposes to monomer 
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methyl methacrylate. These thermophysical properties of fuel and oxygen used the values at its 

decomposition and boiling temperature, respectively. Substituting Eqs. 5.6, 5.7, and 5.8 into Eq. 5.5 

formulates the heat input, 𝑞̇𝑖𝑛, from diffusion flame to fuel duct tip as Eq. 5.13. 

 

 𝑞̇𝑖𝑛 =
𝜆𝑔(𝑇𝑏 − 𝑇𝑑𝑒𝑐)𝑃𝑐

2 

𝐴′𝜌𝑓(1 + 𝑂/𝐹𝑠𝑡)𝑅𝑔𝑇𝑔𝑉𝑓
  ( 5.13 )  

 

Since it is challenging to calculate the constant 𝐴′ related to ignition delay, the value of 𝐴′ 2 70.0 

Pa⋅s was chosen to correspond with the experimental result roughly.  

 

5.1.4. Analytical Solution of Axial Fuel Regression Rate 

    The three kinds of heat flux were formulated in the above sections as Eq. 5.2, 5.3, and 5.13. Note 

that the axial fuel regression rate, 𝑉𝑓, appears in the net heat consumption term, 𝑞̇𝑛𝑒𝑡, and also the 

input term, 𝑞̇𝑖𝑛. Substituting these three heat flux terms into the heat valance equation, Eq. 5.1 and 

analytically solving the equation derive the axial fuel regression as the following: 

 

 𝑉𝑓 =
1

2𝑄𝑛𝑒𝑡
(√𝑞̇𝑐𝑜𝑜𝑙 + 4𝑄𝑛𝑒𝑡𝑄𝑖𝑛 − 𝑞̇𝑐𝑜𝑜𝑙)  ( 5.14 )  

 

Eq. 5.14 introduced new quantities, 𝑄𝑛𝑒𝑡  and 𝑄𝑖𝑛 , to simplify the notation. 𝑄𝑛𝑒𝑡  is the value 

obtained by dividing 𝑞̇𝑛𝑒𝑡 by 𝑉𝑓, which means the volumetric heat consumption, and has a unit of 

[J/kg]. 𝑄𝑖𝑛 is 𝑞̇𝑖𝑛 multiplied by 𝑉𝑓. The definition of these two quantities are the following: 

 

 𝑄𝑖𝑛 = 𝑞̇𝑖𝑛𝑉𝑓 =
𝜆𝑔(𝑇𝑏 − 𝑇𝑑𝑒𝑐)𝑃𝑐

2 

𝐴′𝜌𝑓(1 + 𝑂/𝐹𝑠𝑡)𝑅𝑔𝑇𝑔
  ( 5.15 )  

 𝑄𝑛𝑒𝑡 =
𝑞̇𝑛𝑒𝑡

𝑉𝑓
= ∫ 𝜌𝑓𝑐𝑝,𝑓𝑑𝑇

𝑇𝑑𝑒𝑐

𝑇𝑖

+ 𝐻𝑑𝑒𝑐𝜌𝑓|𝑇=𝑇𝑑𝑒𝑐
  ( 5.16 )  

 

Since the analytical solution of the axial fuel regression rate was derived, the regression rate can be 

calculated from material properties or experimental conditions. Table 5.1 lists the values used to 

calculate the axial fuel regression rate with liquid oxygen. 
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Table 5.1 List of model parameters. 

Parameter Symbol Value Unit Ref. 

Oxidizer density 𝜌𝑜𝑥 1190 kg/m3 [42] 

Oxidizer viscosity 𝜇𝑜𝑥 253.6 𝜇Pa⋅s [42] 

Oxidizer Prandtl number 𝑃𝑟 2.426 − [42] 

Oxidizer thermal conductivity 𝜆𝑜𝑥 166.1 mW/m⋅K [42] 

Oxidizer temperature 𝑇𝑜𝑥 80 K − 

Averaged port wall temperature 𝑇̅𝑤 180 K − 

Initial fuel temperature 𝑇𝑖 80 K − 

Fuel decomposition temperature 𝑇𝑑𝑒𝑐 639 K [38] 

Heat of decomposition 𝐻𝑑𝑒𝑐 870 kJ/kg [38] 

Empirical constant 𝐴′ 70.0 Pa⋅s − 

Stoichiometric mixture ratio 𝑂/𝐹𝑠𝑡 1.92 − − 

Adiabatic flame temperature 𝑇𝑏 3070 K [52] 

Combustion gas thermal conductivity 𝜆𝑏 315 mW/m⋅K [52] 

Oxidizer molar mass 𝑀𝑜𝑥 32.0 g/mol − 

Fuel gas molar mass 𝑀𝑓 100.12 g/mol − 

Oxidizer gas thermal conductivity 𝜆𝑜𝑥,𝑔 8.87 mW/m⋅K [42] 

Fuel gas thermal conductivity 𝜆𝑓,𝑔 49.9 mW/m⋅K [53] 

Oxidizer gas specific heat capacity 𝑐𝑝,𝑜𝑥𝑔 0.953 kJ/kg⋅K [42] 

Fuel gas specific heat capacity 𝑐𝑝,𝑓𝑔 1.491 kJ/kg⋅K [54] 

Oxidizer gas temperature 𝑇𝑜𝑥,𝑔 90 K − 

Solid fuel density 𝜌𝑓 Fig. 5.3 kg/m3 [40] 

Solid fuel specific heat capacity 𝑐𝑝,𝑓 Fig. 5.2 J/kg⋅K [40] 

 

Combustion gas thermal conductivity in stoichiometric condition 𝜆𝑏 and adiabatic flame temperature 

𝑇𝑏  were calculated by NASA chemical equilibrium with applications (NASA-CEA)[52]. The 

adiabatic flame temperature in regression rate calculations was assumed to be 𝑇𝑏 23070 K, at 

stoichiometric condition. Figures 5.5 and 5.6 show each relation of adiabatic flame temperature and 

combustion gas thermal conductivity to mixture ratio when assigned the calculating condition shown 

in Table 5.2. The equilibrium calculation assumes the fuel is MMA, whose standard enthalpy of 

formation was calculated utilizing Benson group increment theory [55]. The calculation considers each 

latent heat of oxidizer and fuel for enthalpy balance consistency, assuming oxygen as a liquid phase 
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with 90 K heated up from an initial temperature of 80 K and fuel as a gas phase with decomposition 

temperature 639 K. 

 

  

Fig.5.5 The relation between adiabatic flame 

temperature and mixture ratio. 

Fig.5.6 The relation between combustion gas 

thermal conductivity and mixture ratio. 

 

Table 5.2 Calculating condition with PMMA and LOX combination for NASA-CEA. 

Parameter Value Unit 

Oxidizer initial temperature 90 K 

Fuel gas initial temperature 639 K 

Fuel gas standard enthalpy of formation -468.3  kJ/mol 

The number of carbon atoms in unit fuel molecule. 5.0 mol/mol 

The number of hydrogen atoms in a unit fuel molecule 8.0 mol/mol 

The number of oxygen atoms in a unit fuel molecule 2.0 mol/mol 
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5.2. Comparison of the Experiment and Model 

    This section validates the model through a comparison with experimental results. Firstly, the 

calculation results compared with the experiment varying chamber pressure conditions are shown 

below to confirm the model's chamber pressure dependence. Figure 5.7 shows the calculation results 

as lines when the port diameter is 2.0 mm, and the oxidizer port velocity varied between 1.0, 2.0, and 

3.0 m/s. Figure 5.8 shows the results as lines when the oxidizer port velocity is 3.0 m/s, and the port 

diameter varied between 1.0, 2.0, and 3.0 mm. Both figures show that the calculation results agree 

well with the experimental data. This good agreement is because the constant 𝐴′ for ignition delay 

was selected so as to be consistent with the experiment. As shown in Fig. 5.9, the linear relation 

between the regression rate and the chamber pressure keeps even if 𝐴′ is a different value. Only the 

magnitude of the pressure dependence changes.  

    Next, the calculation results are compared with the experiment results for varying oxidizer port 

velocity and under the several port diameter conditions are shown below to confirm the model’s 

dependence of port diameter and oxidizer port velocity. Figure 5.10 shows the calculation results as 

lines and experimental data under atmospheric pressure as plots when the port diameter varied 1.0, 

2.0, 3.0, and 6.0 mm, and the oxidizer port velocity varied from 0.5 to 6.5 m/s. In this figure, the 

calculation results do not coincide well with the experimental data showing that magnitudes of both 

the port diameter and oxidizer port velocity dependences are smaller than that of the experiment. 

However, the calculated curves agree well with the trends in the experimental data. Because of the 

agreement of the trends that the port diameter dependence increases with decreasing diameter, and the 

oxidizer port velocity dependence decreases with increasing velocity shows that the modeling of each 

heat transfer phenomenon is not significantly wrong. 
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Fig.5.7 Comparing the chamber pressure 

dependence of axial fuel regression rate between 

model and experiment, when oxidizer port 

velocity, 𝑉𝑜𝑥, are 1.0, 2.0, and 3.0 m/s. 

Fig.5.8 Comparing the chamber pressure 

dependence of axial fuel regression rate between 

model and experiment, when port diameter, 𝑑, 

are 1.0, 2.0, and 3.0 mm. 

 

 

Fig.5.9 Even when changing empirical constant, 𝐴′ , the model maintains the linear correlation 

between axial fuel regression and chamber pressure. 
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Fig.5.10 Comparing the oxidizer port velocity and port diameter dependences of axial fuel regression 

rate between model and experiment under atmospheric condition. 
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5.3. Mechanisms of Each Dependence of Axial Fuel Regression Rate 

    As the comparison in the previous section shows, the constructed model coincides qualitatively 

but not quantitatively with experimental data. Because the model agrees well with the trend in the 

experiment, the model is valuable enough to understand the physical mechanisms causing each 

dependence. In the following sections, the mechanisms are revealed by using the constructed model. 

 

5.3.1. Chamber Pressure Dependence 

    This section reveals why the regression rate increases proportionally with increasing chamber 

pressure, focusing on the relationship between heat input and chamber pressure. Figure 5.11 shows 

the relationship of heat input, 𝑞̇𝑖𝑛, heat loss, 𝑞̇𝑐𝑜𝑜𝑙, and stand-off distance, 𝛿 to chamber pressure, 

𝑃𝑐, calculated by the model. The calculation condition is that the port diameter is 2.0 mm, and the 

oxidizer port velocity is 3.0 m/s. As indicated in the figure, heat input proportionally increases with 

increasing chamber pressure. Based on Eqs. 5.5, 5.6 and 5.8, the reason is that the ignition delay, 𝜏𝑐, 

is inversely proportional to chamber pressure, which causes stand-off distance, 𝛿, to decrease, and 

heat input, 𝑞̇𝑖𝑛, to increase. On the other hand, as indicated in the figure, heat loss does not change 

with the change in oxidizer port velocity changes. As shown in the heat balance equation: Eq. 5.1, the 

difference between heat input and heat loss determines the regression rate. Therefore, the heat input 

increases proportionally to chamber pressure, causing the pressure dependence, and that heat loss does 

not affect the dependence.  
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Fig.5.11 Heat input, 𝑞̇𝑖𝑛 , proportionally increases with increasing chamber pressure, 𝑃𝑐 , because 

stand-off distance, 𝛿, is inversely proportional to chamber pressure, 𝑃𝑐. 

 

5.3.2. Oxidizer Port Velocity Dependence 

    This section reveals why the regression rate decrease with increasing oxidizer port velocity by 

using the same manner in the above section. Figure 5.12 shows the dependences of heat loss, 𝑞̇𝑐𝑜𝑜𝑙, 

and axial fuel regression rate, 𝑉𝑓 , to oxidizer port velocity, 𝑉𝑜𝑥 , from the model when the port 

diameter is 2.0 mm and the chamber pressure is 0.1 MPa. The figure indicates that both heat input and 

heat loss increase with increasing oxidizer port velocity, and their difference gradually decreases to a 

constant value. The increasing rate of heat loss, 𝑞̇𝑐𝑜𝑜𝑙, is large for low oxidizer port velocity, and the 

rate decreases as oxidizer port velocity increases. This is because the averaged Nusselt number, 𝑁𝑢𝑚,  

calculated from Dittus-Boelter’s equation: Eq. 5.4, depends on oxidizer port velocity 𝑉𝑜𝑥 of 𝑁𝑢𝑚 ∝

𝑉𝑜𝑥
0.8. The heat input, 𝑞̇𝑖𝑛, increases with increasing oxidizer port velocity because the mixture gas 

velocity 𝑢𝑔 decreases with decreasing fuel decomposition rate due to the cooling effect. Figure 5.13 

shows the dependence of heat input 𝑞̇𝑖𝑛  stand-off distance 𝛿  and mixture gas velocity 𝑢𝑔  on 

oxidizer port velocity 𝑉𝑜𝑥. This figure indicates that, with increasing oxidizer port velocity, heat input, 

𝑞̇𝑖𝑛 , increases and mixture gas velocity 𝑢𝑔  and stand-off distance 𝛿  decrease. As Eq. 5.7 shows, 

mixture gas velocity 𝑢𝑔 is proportional to the gasified fuel rate, which means mixture gas velocity is 

proportional to axial fuel regression rate: 𝑢𝑔 ∝ 𝑉𝑓. Considering also the following relations: 𝑞̇𝑖𝑛 ∝

𝑢𝑔
−1 and 𝑉𝑓 ∝ 𝑉𝑜𝑥

−1, the model tells that heat input is proportional to oxidizer port velocity, 𝑞̇𝑖𝑛 ∝
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𝑉𝑜𝑥. Due to the slight difference in the dependence of oxidizer port velocity on the heat loss and heat 

input, the regression rate is high for oxidizer port velocity where the difference is large, and the 

regression rate is low for high oxidizer port velocity as the difference is small. 

 

 

Fig.5.12 Both heat input, 𝑞̇𝑖𝑛, and heat loss, 𝑞̇𝑐𝑜𝑜𝑙, increase with increasing oxidizer port velocity, 

𝑉𝑜𝑥, and the difference gradually becomes smaller. 

 

 

Fig.5.13 Heat input, 𝑞̇𝑖𝑛, increases with increasing oxidizer port velocity because mixture gas velocity 

decreases with decreasing axial fuel regression rate. 
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5.3.3. Port Diameter Dependence 

    This section reveals the causes of port diameter dependence on axial fuel regression rate, and 

why the regression rate with gaseous oxygen do not exhibit this dependence. Figure 5.14 shows the 

dependences of heat input 𝑞̇𝑖𝑛, heat loss 𝑞̇𝑐𝑜𝑜𝑙, and net heat consumption 𝑞̇𝑛𝑒𝑡 on port diameter 𝑑 

when oxidizer port velocity is 1.0 and 6.0 m/s as calculated by the model. The calculation result 

indicates that both heat input and heat loss increase with decreasing port diameter. Similarly, net heat 

consumption: namely, the difference between these heat flux, also gradually decreases, and the 

decreasing rate of net heat consumption increases with decreasing port diameter. Therefore, the 

magnitude of port diameter dependence becomes large with decreasing port diameter because the 

increasing rate of heat loss is slightly larger than that of heat input when port diameter decreases. Heat 

loss increases with decreasing port diameter because a smaller port diameter promotes the heat transfer 

from fuel to liquid oxygen. From Eqs. 5.3 and 5.4 related to heat loss, the following relations between 

port diameter and heat loss: 𝑞̇𝑐𝑜𝑜𝑙 ∝ 𝑑−0.2 , states the mechanism mentioned above. Heat input 

increases with decreasing port diameter, because, as described in Sec. 5.3.2, suppressed fuel 

decomposition rate causes decreasing mixture gas velocity due to the increase in heat loss associated 

with the decreasing port diameter.  

 

 

Fig.5.14 The difference between heat input, 𝑞̇𝑖𝑛, and heat loss, 𝑞̇𝑐𝑜𝑜𝑙, decreases with decreasing port 

diameter, 𝑑, and the decreasing rate gradually becomes large. 
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    To quantitatively evaluate the magnitude of influence of port diameter on flame spread rate, we 

introduce a partial derivative of flame spread rate with respect to port diameter, 𝜕𝑉𝑓/𝜕𝑑. When Eq. 

5.14 is partially differentiated, the following equation, Eq. 5.17, is derived. Because the order of 

(𝑞̇𝑐𝑜𝑜𝑙
2 + 4𝑄𝑛𝑒𝑡𝑄𝑖𝑛)

−0.5
  is around 10-5, this term is negligible as (𝑞̇𝑐𝑜𝑜𝑙

2 + 4𝑄𝑛𝑒𝑡𝑄𝑖𝑛)
−0.5

≪ 1 . 

Therefore, the derivative can be calculated from 𝑞̇𝑐𝑜𝑜𝑙 and 𝑄𝑛𝑒𝑡. 

 

 
𝜕𝑉𝑓

𝜕𝑑
= [1 − (𝑞̇𝑐𝑜𝑜𝑙

2 + 4𝑄𝑛𝑒𝑡𝑄𝑖𝑛)
−0.5

] (
−1

2𝑄𝑛𝑒𝑡

𝜕𝑞̇𝑐𝑜𝑜𝑙

𝜕𝑑
 ) ≈

−1

2𝑄𝑛𝑒𝑡

𝜕𝑞̇𝑐𝑜𝑜𝑙

𝜕𝑑
  ( 5.17 )  

 

Then, using Eqs. 5.3, 5.4 and 5.16, the derivative is transformed into the following: 

 

 

𝜕𝑉𝑓

𝜕𝑑
≈

0.0023𝜆𝑜𝑥𝑃𝑟0.4𝜈−0.8(𝑇̅𝑤 − 𝑇𝑜𝑥)𝑉𝑜𝑥
0.8𝑑−1.2 

∫ 𝜌𝑓𝑐𝑝,𝑓𝑑𝑇
𝑇𝑑𝑒𝑐

𝑇𝑖
+ 𝐻𝑑𝑒𝑐𝜌𝑓|𝑇=𝑇𝑑𝑒𝑐

  ( 5.18 )  

 

Figure 5.15 shows the relations of port diameter sensitivity to both port diameter and oxidizer port 

velocity calculated by Eq. 5.18, assuming atmospheric pressure condition. The figure indicates that 

the port diameter sensitivity exponentially increases with decreasing port diameter and increases with 

increasing oxidizer port velocity, as mentioned before in this section. Equation 5.18 also indicates 

other parameters that affect the port diameter sensitivity, such as an oxidizer thermal conductivity, 

𝜆𝑜𝑥. The heat transfer from fuel to oxidizer should occur when gaseous oxygen is supplied, and the 

heat transfer mode is the same with liquid oxygen; turbulent heat transfer. Therefore, using Eq. 5.18 

we can investigate why the port diameter dependence does not appear when gaseous oxygen case is 

used instead of liquid oxygen case.  
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Fig.5.15 Sensitivity of port diameter on axial fuel regression rate exponentially increases with 

decreasing port diameter, 𝑑, and the magnitude becomes large in high oxidizer port velocity, 𝑉𝑜𝑥. 

 

Table 5.3 shows other parameters’ ratios between gaseous and liquid oxygen, and their exponent values 

that affect the port diameter sensitivity except for port diameter and oxidizer port velocity. In the table, 

when gaseous oxygen is supplied, the port wall surface temperature assumes 𝑇̅𝑤,𝐺𝑂𝑋 2580 K, and 

initial fuel temperature and oxidizer temperature assumes 𝑇𝑜𝑥,𝐺𝑂𝑋2280 K. 

 

Table 5.3 Parameter ratio of gaseous oxygen to liquid oxygen and exponent values in Eq. 5.18.  

Parameter Symbol 
Value 

of ratio 

Exponent of 

parameter 

Value of 

GOX 
Unit 

Thermal conductivity 𝜆𝑜𝑥,𝐺𝑂𝑋/𝜆𝑜𝑥,𝐿𝑂𝑋 0.15 1 24.77  W/m⋅K 

Prandtl number 𝑃𝑟𝐺𝑂𝑋/𝑃𝑟𝐿𝑂𝑋 0.30 0.4 0.7254 − 

Kinematic viscosity 𝜈𝐺𝑂𝑋/𝜈𝐿𝑂𝑋 66 -0.8 0.142  𝜇m2/s 

Temperature difference 

between oxidizer and wall 

𝑇̅𝑤,𝐺𝑂𝑋 − 𝑇𝑜𝑥,𝐺𝑂𝑋

𝑇̅𝑤.𝐿𝑂𝑋 − 𝑇𝑜𝑥,𝐿𝑂𝑋

  3 1 300 K 

Volumetric heat consumption 𝑄𝑛𝑒𝑡 0.89 1 1719 MJ/m3 

 

The table shows that the ratio of kinematic viscosity is noticeably larger than the others. Considering 

the effect of its exponent value also shows that the difference in kinematic viscosity between gaseous 
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oxygen and liquid oxygen has the greatest impact on port diameter sensitivity difference. Furthermore, 

the port diameter sensitivity with gaseous oxygen calculated from Eq. 5.18 is around 10-2 smaller than 

that of liquid oxygen even when the oxidizer port velocity is 30 m/s. Therefore, the reason why the 

port diameter dependence does not appear with gaseous oxygen seems to be mainly due to large 

kinematic viscosity.  

 

 

5.3.4. Relation of Heat Loss to Extinction and Abnormal Regression 

    As described earlier, when extinction and abnormal regression occurred, a skinny tube-shaped 

portion of unburned fuel formed at the fuel port exit in almost all of the experiments. It seems that the 

heat loss calculated from the model can estimate the threshold heat flux between extinction and normal 

regression, since a strong cooling effect by liquid oxygen causes these phenomena. Figure 5.16 shows 

the heat loss contour map calculated from Eq. 5.13 with the experimental result. According to the 

figure, the boundary between extinction or abnormal regression and normal regression is close to the 

contour map. The boundary locates on the heat loss line around 1.4 ~ 1.6 MW/m2. This result suggests 

that extinction and abnormal regression would occur when heat loss flux exceeds a specific value. 

However, when the port diameter is 1.0 mm, the boundary is smaller than the calculated threshold heat 

loss flux because the model tends to calculate the effect of oxidizer port velocity and port diameter on 

the regression rate lower than the experiment. If the model can estimate heat loss more precisely, 

especially the decrease in heat flux for low oxidizer port velocity, the calculated heat loss flux would 

coincide with the experimentally obtained boundary.  
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Fig.5.16 Contour map of heat loss, 𝑞̇𝑐𝑜𝑜𝑙, shows the boundary between normal stabilized combustion 

and extinction or abnormal regression. 
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5.4. Validation and Discussion of Model Assumptions 

    The axial fuel regression model idealizes and neglects several effects: such as mutual diffusion 

time of oxygen-fuel mixture gas, buoyancy, and curvature effect. This section validates and discusses 

these idealized effects on model calculations. 

 

5.4.1. Mixing Layer Thickness 

    Mixing layer thickness is schematically described as 𝛿𝑚 in Fig. 5.4. The model assumes the 

mixing time does not affect significantly on the heat input 𝑞̇𝑖𝑛 calculation since the mixing layer 

thickness is smaller than the stand-off distance. However, it is a known fact that the concentration 

gradient at the flame leading edge: mixing layer thickness, affects the burning velocity [56]. Therefore, 

it is necessary to confirm that the mixing layer in stabilized combustion with liquid oxygen is thin 

enough not to affect burning velocity significantly. Hirota et al. experimentally revealed that the flame 

curvature at triple-flame edge has a directly proportional relationship with the concentration gradient 

at the flame edge, and the burning velocity gradually increases with increasing the flame curvature 

[48]. Kim et al. explained that thermal feedback from both side flame branches and the decrement of 

local gas velocity caused by thermal expansion makes the burning velocity higher than one-

dimensional adiabatic laminar burning velocity [57]. On the other hand, Hirota et al. also showed the 

burning velocity has a peak at the flame curvature of 250 m-1 and conversely decreases with increasing 

the flame curvature; eventually, the velocity approaches the adiabatic laminar burning velocity again 

when flame curvature exceeds 1000 m-1. They suggest a flame stretch effect exceeds the opposite 

effects referred in above at a specific concentration gradient, which makes burning velocity decrease 

with increasing flame curvature. Those previous research results suggest that the burning velocity 

perturbation by concentration gradient would be negligibly small in sufficiently large flame curvature 

such as flame edge not having a tribrachical structure. Linan et al. suggested the flame edge structure 

transform from triple-flame to edge-flame when the curvature radius 𝛿𝑚/𝛽 is comparable or smaller 

than the flame-front thickness 𝛿𝐿 [58]; i.e. when the radius is comparable or smaller than stand-off 

distance 𝛿, where 𝛽 is Zeldovich number. This section inferred the flame edge structure in stabilized 

combustion from the local Damkohler number (𝛿𝑚 /𝛽𝛿)2, which is a curvature radius to stand-off 

distance ratio, to confirm the validity of the assumption.  

    Since the previous section have already estimated flame front thickness as stand-off distance 𝛿, 

the estimation of local Damkholer number (𝛿𝑚/𝛽𝛿 ) need the value of Zeldovich number 𝛽  and 

calculate the mixing layer thickness 𝛿𝑚. The definition of Zeldovich number 𝛽 is the following; 
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 𝛽 =
𝐸𝑎

𝑅𝑢𝑇𝑏

𝑇𝑏 − 𝑇𝑔

𝑇𝑏
  ( 5.19 )  

 

where 𝐸𝑎 is activation energy. Using 88.94 kJ/mol of the activation energy in oxygen and PMMA 

combustion from Ref. [59], the calculation results in 𝛽 ≃ 3. Mixing layer thickness 𝛿𝑚 depends on 

species diffusion rate and mixture gas flow velocity. The increasing rate of the mixing layer thickness 

𝑑𝑦 can be defined as the following equation using concentration gradient with the oxidizer-fuel gas 

binary diffusion coefficient 𝐷𝑜𝑥𝑓. 

 

 
𝑑𝑦

2
= −𝐷𝑜𝑥𝑓

𝑑[𝜒]

𝑑𝑦
𝑑𝑡 ≈

𝐷𝑜𝑥𝑓

𝑦

𝑑𝑥

𝑢𝑔
  ( 5.20 )  

 

[𝜒] is oxidizer or fuel gas mole fraction and 𝑑𝑥 is a distance where mixture gas flow in a time 𝑑𝑡. 

Assuming mixture gas flow velocity 𝑢𝑔 does not change along flow stram line, the integration of Eq. 

5.20 from fuel surface to flame leading edge leads to the mixing layer thickness at the flame leading 

edge 𝛿𝑚. as shown in Eq. 5.21.  

 

 ∫
𝑦

2
𝑑𝑦

𝛿𝑚

0

= ∫
𝐷𝑜𝑥𝑓

𝑢𝑔
𝑑𝑥

𝛿

0

    ⇒      𝛿𝑚 = 2√
𝐷𝑜𝑥𝑓𝛿

𝑢𝑔
  ( 5.21 )  

 

Utilizing the Chapman-Enskog method can estimate a binary diffusion coefficient of oxidizer-fuel gas. 

Ref. [60] provides the modified formula for estimating binary diffusion coefficient as the following: 

 

 𝐷𝑜𝑥𝑓 =
0.0266𝑇𝑖𝑔

3/2

𝑃𝑐𝑀𝑊𝑜𝑥𝑓𝜎𝑜𝑥𝑓
2Ω𝐷

  ( 5.22 )  

 

This study uses an ignition temperature 𝑇𝑖𝑔 as a binary gas temperature. The other parameters are 

defined below: 

 

 𝑀𝑊𝑜𝑥𝑓 = 2[1/𝑀𝑊𝑜𝑥 + 1/𝑀𝑊𝑓]
−1

  ( 5.23 )  
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where 𝑀𝑊𝑜𝑥 and 𝑀𝑊𝑓 are the molecular weight of oxidizer and fuel gas, respectively; 

 

 𝜎𝑜𝑥𝑓 = (𝜎𝑜𝑥 + 𝜎𝑓)/2  ( 5.24 )  

 

where 𝜎𝑜𝑥  [ Å ] and 𝜎𝑓  [ Å ] are the hard-sphere collision diameters of oxidizer and fuel gas, 

respectively. The collision integral Ω𝐷  is a dimensionless value calculated from the following 

expression; 

 

 Ω𝐷 =
𝐴

(𝑇∗)𝐵
+

𝐶

exp(𝐷𝑇∗)
+

𝐸

exp(𝐹𝑇∗)
+

𝐺

exp(𝐻𝑇∗)
  ( 5.25 )  

 

where 𝐴 21.06036, 𝐵 20.15610, 𝐶 20.19300, 𝐷 20.47635, 𝐸 21.03587, 𝐹 21.52996, 𝐺 21.76474, 

and 𝐻23.89411. 𝑇∗ is a dimensionless temperature calculated from the following equation; 

 

 𝑇∗ = 𝑇𝑖𝑔 (
𝜖𝑜𝑥

𝑘𝐵

𝜖𝑓

𝑘𝐵
)

−1/2 

  ( 5.26 )  

 

where 𝑘𝐵 is the Boltzman constant [K], and 𝜖𝑜𝑥 and 𝜖𝑓 are the characteristic Lennard-Jones energy 

of oxidizer and fuel gas, respectively. Parameters unique to oxidizer and fuel species: 𝜎𝑜𝑥 , 𝜎𝑓 , 

𝜖𝑜𝑥/𝑘𝐵, and 𝜖𝑓/𝑘𝐵, use the values listed in Refs [61,62]; however, the parameters of fuel use that of 

ethyl acetate instead of MMA. Used parameters are listed in Table 5.4. 

 

Table 5.4 Parameters list for estimation of mixing layer thickness and radius of flame curvature. 

Parameter Symbol Value Unit Ref. 

Oxidizer molecular weight 𝑀𝑊𝑜𝑥 32.0 − − 

Fuel molecular weight 𝑀𝑊𝑓 100.12 − − 

Oxidizer hard-sphere collision diameter 𝜎𝑜𝑥 3.467 Å [61] 

Fuel hard-sphere collision diameter 𝜎𝑓 5.205 Å [62] 

Oxidizer characteristic Lennard-Jones energy 𝜖𝑜𝑥/𝑘𝐵 106.7 K [61] 

Fuel characteristic Lennard-Jones energy 𝜖𝑓/𝑘𝐵 521.3 K [62] 

Activation energy for combustion 𝐸𝑎 88.94 kJ/mol [59] 
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    Figures 5.17 and 5.18 are the mixing layer thickness estimated under atmospheric and pressurized 

conditions, respectively. Figure 5.17 tells that the mixing layer thickness is approximately 0.8 mm and  

does not depend on oxidizer port velocity and port diameter because the term of stand-off distance 𝛿 

and mixture gas velocity 𝑢𝑔 in Eq. 5.21 offset both dependences each other. Figure 5.18 tells that the 

mixing layer thickness becomes thin with increasing chamber pressure due to the pressure dependence 

of binary diffusion coefficients. Figures 5.19 and 5.20 show each dependence on local Damkohler 

number with experimental results. Because the local Damkohler numbers are less than unity, these 

figures suggest that most of the stabilized combustion with liquid oxygen can neglect the mixing layer 

thickness effect on burning velocity except for high oxidizer port velocity and low pressure conditions. 

From the result shown in Fig. 5.19, though the model should consider the effect of mixing layer 

thickness on burning velocity perturbation under specific conditions, numerical simulation instead of 

an analytical model is necessary to accurately take burning velocity perturbation by concentration 

gradient change into fuel regression estimation. 
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Fig.5.17 Mixing layer thickness under 

atmospheric conditions. 

Fig.5.18 Pressure dependence on mixing layer 

thickness. 

 

 

 
 

Fig.5.19 Oxidizer port velocity and port diameter 

dependence on local Damkohler number. 

Fig.5.20 Pressure dependence on local 

Damkohler number. 
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5.4.2. Buoyancy Effect 

    Since the experiments with liquid oxygen and the actual use of AIEB hybrid rockets make 

diffusion flame spread upward against gravity, buoyancy should push back the mixture gas flowing 

into diffusion flame tip. However, the model does not consider the buoyancy effect that forces the 

flame edge to approach fuel surfaces, assuming the effect is negligibly minor than the inertia force of 

mixture gas. This section confirms that the buoyancy effect is small enough not to affect the heat 

input estimation significantly. The author used Richardson number 𝑅𝑖 as an index for evaluating the 

buoyancy effect against inertia force. Assign the characteristic length as a mixing layer thickness 

𝛿𝑚, 𝑅𝑖 number can be calculated the following equation;  

 

 𝑅𝑖 =
𝑔𝛼(𝑇𝑏 − 𝑇𝑔)𝛿𝑚

𝑢𝑔
2

  ( 5.27 )  

 

where 𝑔  is the gravitational acceleration (2 9.8 m/s2) and 𝛼  is volumetric thermal expansion 

coefficient. The linear approximation leads to the thermal expansion coefficient α as a temperature-

dependent function, as shown below: 

 

 𝛼 = −
1

𝜌𝑔 

𝜕𝜌𝑔

𝜕𝑇
≈

𝑇𝑏 + 𝑇𝑔

2𝑇𝑏𝑇𝑔
  ( 5.28 )  

 

Finally, the Richardson number 𝑅𝑖 can be calculated by the following equation: 

 

 𝑅𝑖 =
𝑔𝛿𝑚(𝑇𝑏 − 𝑇𝑔)

𝑢𝑔
2

𝑇𝑏 − 𝑇𝑔

2𝑇𝑏𝑇𝑔
  ( 5.29 )  

 

Figures 5.21 and 5.22 show the calculated results of each dependence on the Richardson number. As 

shown in Fig. 5.21, the buoyancy effect becomes large with increasing oxidizer port velocity because 

the mixture gas velocity decrease, as stated in Sec 5.3.2. As shown in Fig. 5.22, the buoyancy effect 

rapidly becomes small with increasing chamber pressure because the mixing layer drastically becomes 

thin, as explained in the previous section. Generally, the buoyancy effect can be neglect when the order 

of Richardson number is comparable or less than 10-1; however, the threshold value depends on the 

situation. Accordingly, these results suggest that the model can neglect the buoyancy effect when 

chamber pressure is higher than 2.0 MPa; even when atmospheric pressure conditions, the effect is 

minor compared with inertia force. These results also suggest taking the buoyancy effect into the 

model will improve the oxidizer port diameter sensitivity of fuel regression rate under atmospheric 
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conditions. This is because the effect gradually becomes large with increasing oxidizer port velocity, 

leading to the increasing heat input to fuel surfaces.  

 

  

Fig.5.21 Oxidizer port velocity and port diameter 

dependence on Richardson number under 

atmospheric conditions. 

Fig.5.22 Pressure dependence on Richardson 

number when 𝑑22.0 mm and several oxidizer 

port velocity conditions. 
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5.4.3. Curvature Effect 

    The model assumes flame spreading in parallel flat plates for simplification; however, this study 

focuses and experimentally investigates the flame spreading into a circular fuel duct. The discussion 

of port diameter dependence on axial fuel regression rate should consider the curvature effect, 

particularly when port diameter becomes small and comparable to the control volume size. Two 

mechanisms cause the curvature effect: the discrepancies between heat input area 𝑆𝑖𝑛 and heat loss 

area 𝑆𝑐𝑜𝑜𝑙 of a control volume, and effective area of diffusion flame tip 𝑆𝑏.  

 

 

Fig.5.23 Difference between each surface area where heat transfers occur causes curvature effect.  

Figure 5.23 schematically shows the differences between each surface causing curvature effects. 𝐿𝑥 

is a thermal penetration depth: i.e., control volume length for axial direction, 𝐿𝑦 is a conrtrol volume 

thickness, 𝐿𝑏 is an effective thickness of diffusion flame tip, and 𝜙 is an inclination angle of flame 

tip location consisting of the port axis and stoichiometric line. Although the model assumes these three 

surfaces have the same area, heat loss area 𝑆𝑐𝑜𝑜𝑙 becomes smaller, and effective area of diffusion 

flame tip 𝑆𝑏 becomes larger than heat input area 𝑆𝑖𝑛 considering curvature effect. Since it is difficult 

for this study to estimate and formulate each length: 𝐿𝑥, 𝐿𝑦, and 𝐿𝑏, as a pressure, oxidizer velocity, 

or port diameter function, this section assumes they have the same length, as the same manner in the 

model constructed in Sec. 5.1. Assuming the inclination angle 𝜙 is 45∘, the effective area of the flame 

tip 𝑆𝑏 is calculated by the following equation: 

 

  
𝑆𝑏 = 𝜋 (

𝑑

2
+ 𝛿𝑠𝑖𝑛𝜙 + 𝐿𝑏)

2

− 𝜋 (
𝑑

2
+ 𝛿𝑠𝑖𝑛𝜙)

2

 

      ≈ 𝜋𝐿𝑦(𝑑 + 2𝛿𝑠𝑖𝑛𝜙 + 𝐿𝑏) 

 ( 5.30 )  
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Also, the heat input area 𝑆𝑖𝑛 and the heat loss area 𝑆𝑐𝑜𝑜𝑙 are calculated by the following equations: 

 

 𝑆𝑖𝑛 = 𝜋 (
𝑑

2
+ 𝐿𝑦)

2

− 𝜋 (
𝑑

2
)

2

= 𝜋𝐿𝑦(𝑑 + 𝐿𝑦)  ( 5.31 )  

 𝑆𝑐𝑜𝑜𝑙 = 𝜋𝐿𝑥𝑑 ≈ 𝜋𝐿𝑦𝑑  ( 5.32 )  

 

The energy conservation equation is derived by adding each area ratio to heat flux terms as curvature 

effect correction factors and yields the analytical solution of axial fuel regression rate as the following:  

 

 𝑞̇𝑛𝑒𝑡 =
𝑆𝑏

𝑆𝑖𝑛
𝑞̇𝑖𝑛 −

𝑆𝑐𝑜𝑜𝑙

𝑆𝑖𝑛
𝑞̇𝑐𝑜𝑜𝑙  ( 5.33 )  

 𝑉𝑓 =
1

2𝑄𝑛𝑒𝑡
(√

𝑆𝑐𝑜𝑜𝑙

𝑆𝑖𝑛
𝑞̇𝑐𝑜𝑜𝑙 + 4

𝑆𝑏

𝑆𝑖𝑛
𝑄𝑛𝑒𝑡𝑄𝑖𝑛 −

𝑆𝑐𝑜𝑜𝑙

𝑆𝑖𝑛
𝑞̇𝑐𝑜𝑜𝑙)  ( 5.34 )  

 

Figures 5.24 and 5.25 show the port diameter dependence on each area ratio varying control volume 

thickness from 0.1 to 0.6 mm under atmospheric conditions when oxidizer port velocity is 2.0 m/s and 

6.0 m/s, respectively. These figures explain the port diameter trends of each curvature effect caused 

by two mechanisms: smaller heat loss area 𝑆𝑐𝑜𝑜𝑙 and larger effective flame tip area 𝑆𝑏. Both cases 

indicate that the curvature effect becomes significant in small port diameter. Focusing on each area 

ratio, heat input increases, and heat loss decreases as the port diameter becomes small, resulting in an 

axial fuel regression rate increasing with decreasing port diameter. For example, a thermal penetration 

depth 𝐿𝑥 becomes small as axial fuel regression rate increase, which will lead to large 𝑆𝑐𝑜𝑜𝑙/𝑆𝑖𝑛 in 

small port diameter. Therefore, it is necessary to consider the variation of control volume aspect ratio 

into model construction in future work.   
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Fig.5.24 Port diameter dependence on area 

ratios under atmospheric pressure when 

𝑉𝑜𝑥22.0 m/s and 𝜙245∘. 

Fig.5.25 Port diameter dependence on area 

ratios under atmospheric pressure when 

𝑉𝑜𝑥26.0 m/s and 𝜙245∘. 

 

Figures 5.26 and 5.27 show the comparison between the results calculated by the no-curvature effect 

model: Eq. 5.14, and the model considering curvature effect: Eq. 5.34. Also, experimental results 

calculated by the empirical formula: Eq. 4.1, are shown in both figures. The calculating condition of 

Figs 5.26 and 5.27 are the same in that of Figs 5.24 and 5.25, respectively. The model results 

considering the curvature effect show the opposite trend to the experiment and no-curvature effect 

model in the port diameter dependence on the axial fuel regression rate in both figures. This is because, 

as stated above section, heat input increases heat loss decreases as the port diameter becomes small 

when considering the curvature effect. For the same reason, the fuel regression rate in thicker control 

volume conditions becomes slightly higher than when the control volume thickness 𝐿𝑦 is thin. Since 

the analysis in the curvature effect shows the opposite trend to the real phenomena in port diameter 

dependence on axial fuel regression rate, these results suggest that other factors might have a 

significant effect on port diameter dependence. One possible reason is the variation of the control 

volume aspect ratio. The model constructed above, including the model considering curvature effect, 

assumes that thermal penetration depth 𝐿𝑥 and control volume thickness 𝐿𝑦 have the same length; 

however, these lengths should be affected by fuel regression rate and fuel regression shape.   
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Fig.5.26 Curvature effect on axial fuel 

regression rate comparing under atmospheric 

pressure when 𝑉𝑜𝑥22.0 m/s and 𝜙245∘. 

Fig.5.27 Curvature effect on axial fuel 

regression rate comparing under atmospheric 

pressure when 𝑉𝑜𝑥26.0 m/s and 𝜙245∘. 
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5.4.4. Wall Temperature Variation 

    The model assumes port wall temperature constant even though the oxidizer port velocity and 

port diameter conditions are changed because of temperature measurement's difficulty. However, 

many factors such as oxidizer port velocity, port diameter, and fuel regression rate would affect the 

wall temperature. This section discusses the effect of port wall temperature variation on axial fuel 

regression rate, estimating wall temperature from the empirical formula and constructed model. 

Substituting the axial fuel regression rate calculated by the empirical formula to the fuel regression 

model, the average wall temperature 𝑇̅𝑤 can be estimated backward from Eq. 5.14. Figure 5.28 shows 

the estimated average wall temperature under atmospheric pressure varying oxidizer port velocity and 

port diameter conditions. This figure indicates the port wall temperature in smaller port diameter is 

higher than in larger port diameter, which means that heat transfer becomes active as the port diameter 

is small. These results are reasonable because the curvature effects make the amount of heat input 

relatively large than heat loss as the port diameter becomes small, as shown in Figs. 5.24 and 5.25.  

Oxidizer port velocity does not significantly affect port wall temperature except for low port velocity. 

In higher oxidizer port velocity than around 3 m/s, wall temperature gradually decrease with increasing 

oxidizer port velocity because the high oxidizer flow rate intensifies the heat transfer from the port 

wall to liquid oxygen. On the other hand, the results also suggest that the heat transfer mode changes 

from turbulent heat transfer to boiling heat transfer or other high rate heat transfer mode at around 2.0 

m/s of oxidizer port velocity because low mass flow rate causes subcooled boiling or surface boiling. 

 

 

Fig.5.28 Estimated average wall temperatures are different from port diameter conditions. 
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Figures 5.29 and 5.30 show the experimental results and the calculation results when the port diameter 

is 2.0 and 3.0 mm, respectively; in calculations, the port wall temperature varies from 120 to 210 K 

under the atmospheric pressure. As suggested in Fig 5.28, Fig 5.29 and 5.30 tell that slightly lower 

temperatures: around 150 K when 𝑑22.0 mm and 120 K when 𝑑23.0 mm, show better agreements 

with experimental results than 180 K of average wall temperature used in previous discussion and 

analysis. Also, these figures suggest the wall temperature decreasing gradually with increasing 

oxidizer port velocity would show better agreements with experimental results than that of the constant 

wall temperature model. 

 

  

Fig.5.29 Port wall temperature dependence on 

axial fuel regression rate under atmospheric 

pressure when 𝑑22.0 mm. 

Fig.5.30 Port wall temperature dependence on 

axial fuel regression rate under atmospheric 

pressure when 𝑑23.0 mm. 
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FUEL REGRESSION SHAPE 

    Fuel regression shape at the port exit is the second most critical characteristic of AIEB hybrid 

rockets after axial fuel regression rate. Figure 6.1 is the schematic of the transition to end-burning 

mode in AIEB hybrid rocket fuels. As shown in the figure, AIEB hybrid rocket fuels achieve an end-

burning mode when the diffusion flame at each port exit enlarging the port diameters until ports merge 

with one other. Therefore, if the pitch between ports is wide, it takes a long time to achieve an end-

burning mode after ignition. In the worst case, diffusion flames may reach the fuel front end surface 

before the ports merge, and an end-burning mode is never achieved [8]. To assign an appropriate port 

diameter and port pitch in the multi-port fuel design for AIEB hybrid rockets, it is necessary to 

investigate the characteristics of fuel regression shape at the port exit with liquid oxygen. This research 

focused on the dependence of the fuel regression shape on port diameter, oxidizer port velocity, and 

chamber pressure.  

 

 

Fig.6.1 Transition to an end-burning mode in axial-injection end-burning hybrid rocket fuel. 
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Figure 6.2 shows an example image of a fuel sample after a firing test captured by a scanner. This 

study obtained radial fuel regression distance concerning axial distance from the scanned image, as 

shown in Fig. 6.2, and revealed the relations to the experimental conditions to investigate the 

regression shape characteristic. Image processing software was used to manually extract the point 

cloud coordinates on the regressed surface from the scanned image as the regression shape. Assuming 

the regression shape is axisymmetric, the analysis used the averaged data from both sides of the 

regression distance. 

 

 

Fig.6.2 An example picture of a fuel sample after firing, captured by scanner. 

 

6.1. Effect of Port Diameter, Oxidizer Port Velocity, and Chamber Pressure 

    The analysis used the fuel regression data obtained from the fuel samples used to investigate the 

axial fuel regression rate and organized these data in terms of port diameter, oxidizer port velocity, and 

chamber pressure. Figures 6.3, 6.4, and 6.5 show the regression shape under atmospheric pressure 

when the port diameter is 1.0, 2.0, 3.0 mm, respectively. The horizontal axis is axial distance 𝑥 from 

the enlarged duct tip, and the vertical axis is radial regression distance 𝑦 from the virgin port wall 

surface. Note that the radial regression distance is not the distance from the center of a port. Each 

figure organized for port diameter shows that the regression shape slightly tends to become wide with 

increasing oxidizer port velocity. Concerning port diameter, the regression shape also slightly tends to 

widen with decreasing port diameter. However, this data is insufficient to conclude that both 

tendencies have a clear correlation. On the other hand, Fig. 6.6, which is organized for chamber 

pressure when the port diameter is 2.0 mm and oxidizer port velocity around 3.0 m/s, shows a clear 
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correlation with the regression shape and chamber pressure, such that the shape becomes more acute 

with increasing chamber pressure.  

 

  

Fig.6.3 Fuel regression shape under atmospheric 

pressure condition when port diameter, 𝑑, is 1.0 

mm. 

Fig.6.4 Fuel regression shape under atmospheric 

pressure condition when port diameter, 𝑑, is 2.0 

mm. 

 

  

Fig.6.5 Fuel regression shape under atmospheric 

pressure condition when port diameter, 𝑑 , is 3.0 

mm. 

Fig.6.6 Fuel regression shape under several 

ambient pressure levels when port diameter, 𝑑, 

is 2.0 mm. 
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6.2. Radial Fuel Regression Rate 

    Radial fuel regression can be calculated from the measurements of fuel regression shape. Figure 

6.7 shows the relations between radial fuel regression rate, 𝑟̇, and axial fuel regression rate, 𝑉𝑓.  

 

 

Fig.6.7 Relationship between radial regression rate, 𝑟̇, and axial regression rate, 𝑉𝑓. 

 

Note that both axial fuel regression rate 𝑉𝑓 and radial fuel regression rate 𝑟̇ are apparent velocities 

in axial and radial direction because the regression rate normal to regression surface 𝑟̇𝑛 is the actual 

fuel regression rate. Defining the angle 𝜃 between the port axis and the tangent line of the regression 

surface, when the shape is a steady-state, the radial fuel regression rate 𝑟̇ can be calculated from Eq. 

6.1 using the axial fuel regression rate 𝑉𝑓. 

 

 𝑟̇ = 𝑉𝑓𝑡𝑎𝑛𝜃 = 𝑉𝑓

𝑑𝑦

𝑑𝑥
  ( 6.1 )  

 

The axial derivative of regression distance used the 4th order central difference scheme to suppress 

the data fluctuation. Figures 6.8, 6.9, and 6.10 show the radial fuel regression rate under atmospheric 

pressure determined from Eq. 6.1 when the port diameter is 1.0, 2.0, and 3.0 mm, respectively. These 

figures indicate that the radial fuel regression rate around an enlarged duct tip is the highest, and the 

regression rate decreases in the downstream direction. This is because the laminar boundary layer 

thickness becomes thick, and the gaseous mass flux decreases due to the enlarging of the regressed 

duct area. Previous research investigating a conventional hybrid rocket reported similar axial 

distribution in port regression rate [63]. It seems that port diameter slightly affects the radial fuel 

regression rate, and the regression rate tends to be low when the port diameter is small. However, in 

the downstream region, the regression rate is independent of the port diameter. On the other hand, 
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oxidizer port velocity barely affects the radial fuel regression rate. All atmospheric pressure results 

revealed that the averaged radial fuel regression rate was around 0.1 mm/s, approximately a fifth to a 

third of a conventional hybrid rocket employing tubular fuel [64]. Figure 6.11 shows axial distribution 

of the radial fuel regression rate with various chamber pressure. The figure indicates that the regression 

rate tends to be high in high chamber pressure conditions. High pressure conditions make the tip of 

diffusion flame approach to fuel surfaces as stated in Sec. 5.3.1., which increases the gasified fuel and 

oxygen mass flow rate. Also, high pressure conditions make the cross-sectional area of regression 

shape decrease as described in Fig. 6.6. Accordingly, the high gaseous mass flux in high chamber 

pressure conditions promotes radial fuel regression rate in the same manner as conventional hybrid 

rockets employing a tubular type fuel.  

 

 

 

  

Fig.6.8 Axial distribution of radial fuel 

regression rate under atmospheric pressure 

condition when port diameter, 𝑑, is 1.0 mm. 

Fig.6.9 Axial distribution of radial fuel 

regression rate under atmospheric pressure 

condition when port diameter, 𝑑, is 2.0 mm. 
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Fig.6.10 Axial distribution of radial fuel 

regression rate under atmospheric pressure 

condition when port diameter, 𝑑, is 3.0 mm. 

Fig.6.11 Axial distribution of radial fuel 

regression rate under several ambient pressure 

levels when port diameter, 𝑑, is 2.0 mm. 

 

6.3. Constructing Empirical Formula of Regression Shape 

    The experimental results revealed that the regression shape tends to be slightly more obtuse with 

increasing oxidizer port velocity and decreasing port diameter, and significantly more acute with 

increasing chamber pressure. These tendencies are the same as the correlation between axial fuel 

regression and the experimental conditions; namely, the results suggest that the regression shape 

becomes more acute when the axial fuel regression rate is high. From this point of view, this section 

constructed the empirical formula of regression shape as a function of axial fuel regression rate, 

assuming the regression rate rules the regression shape. The empirical formula introduced two 

principal parameters of 𝛼  and 𝛽 , which represent the feature of regression shape. Though the 

regression shape formed by stabilized combustion is like a bell-shape, the regression distance should 

not be infinitely large further downstream, like a parabola, and close to a certain regression distance 

when the diffusion flame runs out of the supplied liquid oxygen. One of the quantities introduced 𝛼 

represents the maximum regression distance when the axial distance is infinite and the other quantity 

𝛽 represents the ease of closing to the maximum regression distance 𝛼. Considering the definition of 

these two parameters of 𝛼  and 𝛽 , the empirical formula of regression shape is defined as the 

following: 

 

 𝑦 = 𝛼[1 − exp(−𝑥𝛽)]  ( 6.2 )  
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where the unit of regression distance 𝑦 and axial distance 𝑥 are [m], and the range of 𝛽 is (0. 1). 

Both parameters of 𝛼 and 𝛽 must be functions of the axial fuel regression rate 𝑉𝑓. Figures 6.12 and 

6.13 show the dependences of 𝛼 and 𝛽 on the axial fuel regression rate, respectively. 

 

  

Fig.6.12 Relationship between axial fuel 

regression rate, 𝑉𝑓, and empirical constant, 𝛼. 

Fig.6.13 Relationship between axial fuel 

regression rate, 𝑉𝑓, and empirical constant, 𝛽. 

 

These figures indicate that the maximum regression distance, 𝛼, decreases exponentially with the 

increasing axial fuel regression rate. On the other hand, 𝛽 is almost not affected by the axial fuel 

regression rate and is a constant value. Performing a regression analysis using Eq. 6.3 as a regression 

curve, the analysis results in the two empirical values, 𝑘1 and 𝑘2. The value of 𝛽 for the empirical 

formula is identified as averaged constant. 

 

 𝛼 = 𝑘1𝑉𝑓
𝑘2  ( 6.3 )  

 

where the unit of axial fuel regression rate, 𝑉𝑓, is [m/s], and that of maximum regression distance, 𝛼, 

is [m/s]. Table 6.1 shows the obtained empirical constants and their standard error. For evaluating the 

accuracy of the constructed empirical formula, the following two figures show comparisons with 

experiments. Figure 6.14 shows the absolute error from the experimentally obtained regression 

distance. Figure 6.15 shows the relative error from the experimentally obtained regression distance. 
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Table 6.1 List of empirical constants related to fuel regression shape. 

Empirical constant Value Standard error 

𝑘1 1.36×10-3 0.67×10-3 

𝑘2 -0.417 0.061 

𝛽̅ 0.500 0.028 

 

  

Fig.6.14 Absolute error between calculated 

regression shape and experiment. 

Fig.6.15 Relative error between calculated 

regression shape and experiment. 

 

These figures indicate that each error's axial distribution does not have any specific bias, and the error 

size is within around ± 1 mm in absolute error, ± 25% in relative error. Because the variation of 

experimental condition will make a larger difference than the error; e.g., the difference will be up to 4 

mm at 𝑥220 mm when the chamber pressure difference is 0.5 MPa, the constructed empirical formula 

agrees qualitatively with the experimental result and is accurate enough to estimate the shape for 

designing multiport fuel. 
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CONCLUDING REMARKS 

    This research experimentally investigated the fuel regression characteristics of stabilized 

combustion when liquid oxygen is supplied to a fuel duct. The experiments revealed that combustion 

with liquid oxygen could be classified as stabilized combustion because it has the same features as 

that of stabilized combustion as first proposed in experiments with gaseous oxygen. Extinction and 

abnormal regression were also reported when the oxidizer port velocity was high, and the port diameter 

was small. The observation of temperature distribution around the enlarged duct tip suggested that the 

significant cooling of a fuel port surface by liquid oxygen generates a skinny tube-shaped section of 

unburned fuel protected by the oxygen supply, which leads to extinction and abnormal regression. 

    The axial fuel regression rate is the most critical regression characteristic, and depends on port 

diameter, oxidizer port velocity, and chamber pressure. Experimental results showed that the 

regression rate is predominately a function of chamber pressure, but also increases slightly with 

decreasing oxidizer port velocity and increasing port diameter. Two of these dependences: oxidizer 

port velocity and chamber pressure, are the same as reported in the stabilized combustion with gaseous 

oxygen. On the other hand, the port diameter dependence on axial fuel regression rate was unique to 

liquid oxygen-based stabilized combustion. The empirical formula for axial fuel regression rate was 

constructed and evaluated for accuracy. 

    A physical model of the axial fuel regression rate was constructed considering the heat balance 

of heat input, heat loss, and net heat consumption in the enlarged fuel duct tip. The comparison 

between the model and the experiment showed that the model's calculated results agreed qualitatively 

with each tendency: port diameter, oxidizer port velocity, and chamber pressure dependence, which 

suggested the model's validity. Furthermore, the physical mechanisms causing each dependence were 

revealed utilizing this model, showing that extinction and abnormal regression occurs when heat loss 

exceeds around 1.4~1.6 MW/m2. The discussion of the model's assumptions reveals that the mixing 

layer thickness and buoyancy effects do not significantly affect the axial fuel regression rate 

calculation; however, the model should consider wall temperature variation and curvature effects to 
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improve port diameter and oxidizer port velocity dependencies.  

    The fuel regression shape, which was obtained from fuel samples after firing tests, is the second 

most critical regression characteristic and was organized in terms of port diameter, oxidizer port 

velocity, and chamber pressure. The analysis indicated that chamber pressure significantly affects the 

regression shape. The empirical formula to predict the regression shape was also constructed as a 

function of the axial fuel regression rate, assuming that the axial fuel regression rate governs the 

regression shape. The comparison between the experiment and empirical formula suggests that 

because the error was around ±25% in relative error, the formula is accurate enough to estimate the 

shape qualitatively. 
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