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EXPLICIT LOGARITHMIC FORMULAS OF SPECIAL VALUES
OF HYPERGEOMETRIC FUNCTIONS ;3F}

MASANORI ASAKURA AND TOSHIFUMI YABU

ABSTRACT. In the paper [4], we proved that the value of 3F» (;féqqﬂ) of

the generalized hypergeometric function is a Q-linear combination of log of
algebraic numbers if rational numbers a,b, g satisfy a certain condition. In
this paper, we present a method to obtain an explicit description of it.

1. INTRODUCTION

The (generalized) hypergeometric function is defined to be the complex analytic

function
A1y .oy Opt1 o~ (a1)n + (api1)n T
P p( bi,... by ) n;) (b1)n - (bp)n n!

where (), = a-(a+1)--- (o +n—1) denotes the Pochhammer symbol. We refer
to the books [6], [8] or [11] for the general theory of hypergeometric functions. The
most classical case is the case p = 1, which is often called the Gauss hypergeometric
function. A number of formulas on the hypergeometric functions are known. For
example, Gauss proved that the value of o F} at z = 1 is given by the product of
Gamma values (e.g. [6] 1.3)

a,b I(e)T'(c—a—10)

F 1) ==——————= Re(c—a-—0> 0.
2 1(0’ ) I'(c—a)l(c—1b)’ ele—a=b)>

One also finds a number of generalizations for ,41F), in [14] 16.4. In the paper [4],

we provided a new formula on the value of 3F5 at x = 1.

Theorem 1.1 (Log formula, [4]). For x € R, let {z} := x— |x] denote the decimal
part. Let a,b,q € Q be non-integers such that none of ¢ —a,q —b,q —a — b is an
integer. Assume that

{sa} +{s(—a+a)} +{s(—q+ )} +{s(g—a-b)} =2 (1.1)
holds for all s € Z prime to the denominators of a,b,q. Then

ab7 ra\ ra\ raY
B(a,b)3F, (a +“b qu;l) €cQ+QlogQ”. (1.2)

Here B(a,b) = T'(a)T'(b)/T'(a + b) is the beta function, and the right hand side
denotes the Q-linear subspace of C generated by 1, 2mi and loga’s, a € @X.

2000 Mathematics Subject Classification. 14D07, 19F27, 33C20 (primary), 11G15, 14K22
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2 MASANORI ASAKURA AND TOSHIFUMI YABU

There remains a question to obtain an explicit description of (1.2) (which we call
explicit log formula), and it has not been completed except some cases.

The purpose of this paper is to present a general method for the explicit log
formula. The key ingredient is the Beilinson regulator and the hypergeometric
fibration introduced by Otsubo and the first author in [3]. For example, we discuss
the fibration f; : X; — P! whose general fiber ffl(t) is the curve

yN — .Z‘A(l _ 1‘)3(1 _ 2fla:,)NfB

where N, A, B, are positive integers such that 0 < A, B < N. Though most part
of our method follows the argument in [4], we need to employ a new technique
developed in [1] (see also [2] Appendix), namely constructing a certain “rational
differential 2-form”, which we denote by wpe (see §3.3 for definition). There still
remains a difficulty to work out the explicit log formula. We need to know genera-
tors of the Neron-Severi group of X; explicitly (see §3.4 for detail). This is done in
some cases, while it seems very hard in many other cases.

This paper is organized as follows. In §3 we give a general method for explicit
log formulas. The main theorem is Theorem 3.4. In §4, we demonstrate how to
apply Theorem 3.4 and how to obtain explicit log formulas in the case (a,b,q) =
(1,51

,5)- We also give explicit log formulas (without proof) in the cases (a,b,q) =

66
(3,2, 5),(%,2, 1) and (£,2,%) with i € {1,2}, j € {1,2,3} and k € {1,...,4}.

Finally we note that Terasoma recently developed a different method from ours,
and obtained explicit log formulas in many cases [12]. For example, the cases
(a,b) = (%, %) and ¢ = %, %,% are covered by his. On the other hand, the case
(a,b,q) = (%, %, %) is not covered, both methods have own advantages.

There remains the question on explicit description of the functional log formula
proved in [5]. We expect that our method of hypergeometric fibration shall also
work.

Acknowledgement. The authors are grateful to the referee for reading the man-

uscript carefully and pointing out lots of errors.

2. SKETCH OF PROOF OF LoG FORMULA [4]

In the paper [4], we gave two proofs of the log formula (Theorem 1.1). One
uses the hypergeometric fibrations and the other does the Fermat surfaces. The
crucial point is to relate the special values of 3F5 to the Beilinson regulator of
certain elements of motivic cohomology H?,(X,Z(2)). In this section we review
the former proof using hypergeometric fibrations. The explicit log formula shall be
obtained by improving it.

Throughout this paper, we fix an embedding Q — C.

2.1. Hypergeometric Fibrations. We recall the hypergeometric fibrations in-
troduced in [3] §3.1. Let R be a finite-dimensional semisimple Q-algebra. Let
e : R — E be a projection onto a number field E. Let X be a smooth projective
variety over kqr, and f : X — P! a surjective map endowed with a multiplica-
tion on R'f.Q|y by R where U C P! is the maximal Zariski open set such that
f is smooth over U. We say f is a hypergeometric fibration with multiplication
by (R,e) (abbreviated HG fibration) if the following conditions hold. We fix an
inhomogeneous coordinate ¢ € P!,
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(a) f is smooth over P!\ {t =0,1,00},

(b) dimg(R'f.Q)(e) = 2 where we write V(e) := E ®. r V the e-part,

(c) Let Pic?‘- — P1\ {0, 1,00} be the Picard fibration whose general fiber is the
Picard variety Pic’(f~*(t)), and let Pic?c (e) be the component associated to
the e-part (R'f.Q)(e) (this is well-defined up to isogeny). Then Pic?z(e) —
P\ {0, 1,00} has totally degenerate semistable reduction at ¢ = 1.

The last condition (c¢) is equivalent to saying that the local monodromy T on
(R'f.Q)(e) at t = 1 is unipotent and the rank of log monodromy N := log(T) is
maximal, namely rank(N) = 3 dimg(R! £.Q)(e) (= [E : Q] by the condition (b)).
Example 2.1. Let f : X — P! be an elliptic fibration. Then f is a HG fibration
with multiplication by (Q,id) if and only if f is smooth over P!\ {0, 1, 00} and the
reduction at ¢ = 1 is multiplicative (i.e. of type I,,, n > 0).

Example 2.2 ([3] §3.2). Let N, A, B be integers such that 0 < A,B < N and
ged(A,N) = ged(B,N) = 1. Let f : X — P! be a fibration whose general fiber
X = f~1(t) is the projective nonsingular model of an affine curve

yNV =221 - 2)B(1 - ta)N B,
Then f is smooth over P!\ {t = 0,1,00}. Let ux be the group of N-th roots of
unity. For {y € un, the automorphism given by (z,y,t) — (z,(ny,t) gives rise to
the multiplication by the group ring R = Q[un]. Let e : R — E be a projection

onto a number field E. If E # Q, then (R, e) satisfies the conditions (b), (c). We
call f the HG fibration of Gauss type.

2.2. Motivic cohomology and Deligne-Beilinson cohomology. The theory
of the motivic cohomology groups

Hy (X, 2(5))
of a variety X over a field is developed by Suslin, Voevodsky et al. We here review
H3,(X,Z(2)), which has an elementary description in the following way. Let X
be a smooth quasi-projective variety over a field k. We denote by K2! the Milnor

K-theory. Then the motivic cohomology group H,(X,Z(2)) can be identified with
the cohomology at the middle term of of the following complex

E@QX)) 2 PrD)* = Pz (2.1)
D E

at the middle term, where D and E run over all integral closed subschemes on X
of codimension 1 and 2 respectively, and §; are given as follows

vp(g)
Blfa) = S L, (Z(f, D)) = S diva(f).
D D

D
Here (f, D) denotes an element f € k(D)* C @pk(D)* placed in the D-component.
Thus any element of H3, (X, Z(2)) is represented by an element > ,(f, D) satisfying
>, divp(f) = 0. Note that the Chow group CH?(X) is defined to be the cokernel
of §;. For a closed subscheme Z C X of codimension 1, the motivic cohomology
H f/l (X, Z(2)) supported on Z is canonically isomorphic to the kernel of

P kD)* - Pz

DCcZ ECZ
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Hence there is an exact sequence
Hy (X, Z(2)) = Hiy (X, Z(2)) = H3y (X \ Z,Z(2)).

Let X be a projective smooth variety over C, and Z C X a closed subscheme. The
Deligne-Beilinson cohomology group Hg, ,(X,Z(r)) is defined to be the cohomology
HY, (X", Z(r) %) of the complex

Z(r)g : L(r) = Ox — Qx — - = Q!
of sheaves on the analytic site X" (e.g. [9]). Write HS, (X, Z(r)) := Hg (X, Z(r)).
If the base field is Q, we simply write HE, ,(X,Z(r)) = H;AZX@C(X xg C,Z(r))

(note that we fix an embedding Q < C throughout the paper). There is the
Beilinson regulator map (or higher Chern class map)

veg : H'y (X, Z(r)) —— HY, ,(X, Z(r)). (2.2)

We refer to [10] for the definition of regulator maps. We shall discuss the case
(4,7) = (3,2) in detail in §3.2. There is the exact sequence

0 — H3(X,C)/F2HE (X, C)+Hp(X, Z(2)) — HE (X, 2(2) 5 HE(X, Z(2))ior — 0
where F'* denotes the Hodge filtration. Write H3 (X,Z(2))’ := Ker(i). One has

HE(X,7(2)) = H3(X,C)/F?H%(X,C) + H3 (X, Z(2)) (2.3)
=~ Home(F4 ' HE2(X),C)/ImHE, (X, Z(2 — d)) (2.4)

where d = dim X.

2.3. Sketch of Proof of Log Formula. Let f: X — P! be a HG fibration over
Q with multiplication by (R,e). Suppose that dim X = 2 and there is a section
P! — X (e.g. HG fibrations of Gauss type, Example 2.2). Consider a Cartesian
square

X —=X —=X

R | s lf
I[Dl t—t! Pl

where i is a desingularization. Let S := P\ {t =0,1,00}, S; := P!\ {#! =0,1,00}
and U := f;'(S;) € X; be the complement of singular fibers. Let Z := U; f; ' ({})
be the inverse image of f~1(1). Note that the local monodromy T at t = (; on
the e-part (R!f1.Q)(e) := E ®¢ g R' f1+Q is unipotent and log(7") has the maximal
rank by the condition (c). As is shown in [3] Proposition 4.8, one can construct
non-trivial elements

€ € Hiy(X), Z(2)).
which lie in the image of H?, ,(X;,Z(2)). Suppose reg(§) € HS (X, Z(2))'. Then

reg(€) € Hy (X, C)/F?H* (X)) + Hp (X1, Z(2))
by the isomorphism (2.3). By the natural map H?(X;) — H?(U;) we have
reg()lv, € WoHE (Uy, ©)/ImF? H? (X)) + HE (X, Z(2))

where W, denotes the weight filtration. There is an exact sequence

0 — HY(S), R f1.2) — H*(U;,Z) — H2(f71(t),Z) — 0
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which splits (up to torsion) by a section P! — X;. Hence we have
reg(¢) € (F'W2H'(S), R f1.C))¥ /ImHJ (X, Z)

by (2.4). Recall that the sheaf R!f.Q is endowed with multiplication by R. For
¢ € i, let [¢;] be the automorphism of U; given by ¢ — (jt. Let # : S — S
be the cyclic covering. The sheaf 7. R!'f;,Q = 7. m*R'f.Q = R'f,.Q ® 7,Q is
endowed with multiplication by the group ring R[u;] in a natural way, and hence
so is H1(S), R f1.Q) = H(S, m. R' f1.Q). Let x : R[] — Q be a homomorphism.
Under a mild assumption, one can show that

WaH' (S, R f1-C) (x) = H'(S, R' [1xQ) ®Rip).x Q
is one-dimensional (see [3] §4.3 for detail). Let w, € WoF'H: (S, lel*Q'Ul/Sl)(X)

be a Q-basis. The main result of [3] is the regulator formula

_— ax; by, q
B(Eh i) = At - Blonsbor (S (51) - mod i (3.2
(2.5)

with some AX,A;< € Q, A; # 0, where a,,by,q, are certain rational numbers
defined from the monodromy action on R!f,Q (see [3] Theorem 4.7 or [4] Theorem
3.1 for the detail). On the other hand, it follows from the theory of Beilinson
regulator that

(FeE(€), wy) € logQ” (2.6)
if WoHY(S, R f1.Q)(e) is a Tate Hodge structure of type (1,1), or equivalently the
triplet (ay, by, ¢y ) satisfy the condition (1.1) ([4] Propositions 3.2, 3.3). In this case,

the periods (i.e. the image of HZ(X;,Z(2))) are contained in 2wiQ. Thus (2.5) and
(2.6) imply the log formula (1.2).

3. ExpLIiCcIT LOG FORMULA

To obtain the explicit log formula, we need to compute (2.5) and (2.6) explicitly.
One can compute (2.6) in terms of elements of the motivic cohomology (if one knows
the generators of the Neron-Severi group NS(X;)). On the other hand, to compute
the RHS of (2.5), we need to make “A,, A\” clear. This is done by constructing a
nice rational 2-form “[w,|pe” which shall be given in (3.9). This is the technical
heart of this paper.

3.1. Relative de Rham cohomology. For a smooth manifold M, we denote by
2/9(M) the complex of spaces of smooth differential g-forms on M with coefficients
in C.

Let X be a quasi-projective smooth variety over C. The de Rham cohomology
HJ,(X) is defined to be the cohomology of the complex &/*(X)

Hig(X) = HY(7*(X)).

By Grothendieck’s comparison theorem, one may replace «7®(X) with the algebraic
de Rham complex,
H (7% (X)) = H}

par (X, Q2% ).
The right hand side is often referred as algebraic de Rham cohomology groups (and
the left hand side as analytic de Rham cohomology). In this paper we identify the

both sides, and simply call the de Rham cohomology.
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In more general, the relative de Rham cohomology groups Hjip(X,,Y,) for an
embedding Y, — X, of simplicial schemes are defined (e.g. [7] 8.3.8). We here
review the definition of HgR(V7 D) in case that V is a quasi-projective smooth
surface over C and D C V a reduced curve (i.e. a reduced closed subscheme of
codimension one). Let p : D — D be the normalization and ¥ C D the set of
singular points. Let s : 3= p D) — D be the inclusion. There is an exact
sequence

0— 0p 25 05 =5 Cs /Ty — 0
where Cg = Maps(3, C) = Hom(ZX, C), p* and s* are the pull-back. We define
&/*(D) to be the mapping fiber of s* : &7*(D) — Cx/Cx:
(D) "% Cy/Cx © /(D) 223 2(D)
where the first term is placed in degree 0. Then
Hig(D) = HY(«/* (D))
is the de Rham cohomology of D, which fits into the exact sequence
+o — Hip(D) — Cs/Cs — Hgp(D) — Hip(D) — ---.

There is a natural pairing
H(D.2) & Hiy(D) —C, qezm [2= [n-c0(™) @1
v v

where z = (¢,n) € C5/Cs @ &Y (D) with dyp =0 and 9 : H{(D, %) — Hy(X) = Z%
denotes the boundary map (note that c¢(d(p~1v) = 0 if ¢ € Cy).

We define «7*(V, D) to be the mapping fiber of j* : &*(V) — &/*(D) the
pull-back by j: D — V:

d°(V) L (D)o 7" (V) L5 Cy/Cx @ (D) & (V) 2 ...

where
ok —(s*®d) 0 ip)* —(0ad ip)*
P = (jp)* @, @1:( (" @ d) @gp) ) %:( (0&d) (JZ) )
Then
Hix(V,D) = H(«/*(V, D)) (32)
is the de Rham cohomology which fits into the exact sequence
o — HIZYN(D) — HI(V, D) — HI (V) — HI (D) — --- . (3.3)
An arbitrary element of H3g(V, D) is represented by
(e,n,w) € Cs;/Cx & 7' (D) & o/*(V) (3.4)

which satisfies j*w = dn and dw = 0. They are subject to relations (s* f, df,0) ~ 0
and (0,5%60,d) ~ 0 for f € @Z°(Dy) and 6 € o/*(V). The natural pairing

Hyo(V,D;Z) @ Hig(V,D) — C, T ®z+— / z (3.5)
r

[o= o[ @m=[w= [ nectom). (3.6)

is given by
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3.2. The Beilinson regulator map by l-extensions of mixed Hodge struc-
tures. Let X be a smooth quasi-projective variety over C. Let

reg : H>,(X,7Z(2)) — Hy(X,7(2))

be the Beilinson regulator map to the Deligne-Beilinson cohomology group ([10]).
We here describe it in terms of 1-extensions of mixed Hodge structures (abbreviated
to MHS’s). For simplicity we assume that X is a projective smooth surface. Let
Z C X be a curve. There is also the regulator map reg, on HE/(,Z(Xv Z(2)) which
fits into a commutative diagram

H3,(X,2(2)) —— H3 (X, Z(2)).

Let Ext!(Z, —) denote the group of 1-extensions of MHS’s. There is a commutative
diagram

0 — Ext!(Z, H2(2,2)) — H3 (X, 2(2)) == H\(Z,2) N H*® —0

| | ]

0 — BExt'(Z, Ho(X,Z)) — H2(X,Z(2)) —— H1(X,Z)or —— 0

with exact rows where HP? C H(X,C) denotes the Hodge (p, ¢)-component. We
call the composition ¢ := can o reg, the cycle map. The above diagram gives rise
to a map

® : Ker(i) — Ext'(Z, Hy(X,Z)/H(2)).

This is explicitly described in the following way. Let
0 — Hy(X,Z)/Hy(Z) — Ho(X, Z;7) -5 H1(Z,7)

be the exact sequence of homology. Then, for v € H{(Z,Z) N H%? such that
v € Ker(i) (& v € Imd), ®(v) is the 1-extension corresponding to

0 — Ho(X,Z)/Ho(Z) — 0 (Zy) — Z — 0. (3.7)
Summing up the above we have the following proposition.
Proposition 3.1. Write the composition
Ker[H3,(X,7(2)) = Hy(X,Z)ior] ~ Ext!(Z, Hy(X,Z)) — Ext'(Z, Hy(X,Z)/Hy(Z))
by Teg. Let & € H‘ZE/I,Z(XvZ@)) and suppose that the homology cycle ¢ := ¢(§) €
H\(Z,Z) lies in the image of 0. Then Teg(§) is the I-extension (3.7) for v = .

Writing down the 1-extension (3.7) in a down-to-earth way, we also have the
following proposition.
Proposition 3.2. Write H*(X)z := Ker[H*(X) — H?(Z)], and consider the
surjective map FYH3R(X,Z) — F'H3:(X)z. We fiz (e,n,0) € F1H3z(X,Z) a
lifting for each w € F*H3, (X)z. FizT¢ € Ho(X, Z;Z) a lifting of ve. Then under
the natural identification

Ext'(Z, Hy(X,Z)/Ho(Z)) = Hom(F H3x (X )z, C)/ImHy (X, Z),
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the Beilinson regqulator is given as follows

reg(§) = [w — (e, (¢,m,0))]
where (, ) denotes the natural pairing Ho(X, Z;7Z) @z Hig (X, Z) — C.

Note
<F§,(@ﬂ7)>=/r£c~u—/%(cm)

and this does not depend on the choice of (¢,n,w) because ¢ € H%% and hence
f% annihilates elements of F'H}(Z). We should keep notice that, it is not true

in general that fré @ depends only on the cohomology class w € H3p (X).

3.3. Deligne’s canonical extensions and lifting of differential forms. It is
not so simple to compute “(@,7)” in Proposition 3.2 for a given w € F1H2z (X) 7.
In the case that X is a fibration of curves and Z is a fibral divisor (i.e. f(Z) are
points), there is a nice technique developed in [1] (see also [2] Appendix) to solve
the question by using Deligne’s canonical extensions.

Let C' be a smooth projective curve. We mean by a fibration of curves over C' a
surjective and projective morphism f : X — C with X a nonsingular surface. Let
S C C be a Zariski open set such that f is smooth over S. Put T':= C'\ S and
U := f~1(S). Then s := Hl;(U/S) is a vector bundle over S endowed with the
Gauss-Manin connection V. Let 2, denote Deligne’s canonical extension on C, so
that the connection extends to

V., — Qé(logT) QR H,

and the eigenvalues of the residue Res(V) belong to [0,1). Let j : S < C be the
embedding. One can easily show that the canonical map

(A = Qp(og T) @ A — [jo A — Qg @ ju )
of complexes of sheaves is a quasi-isomorphism, so that one has the isomorphism
Hig(C, ) := H,,, (C, 5, — Q¢ (log T) @ #) = Hig(S, ) < Hig(U).

Consider the commutative diagram

QL(logT) ® F'oz,

P, —Y > QL(logT) ® A,

F't, — = Ql(log T) @ A2/ F!

0

where F12Z .= 2, N j,F'3¢ with j : S — C. Let C° C C be a Zariski open set
such that V|ce is bijective. Put X° := f~1(C°). We assume that C° # (. We do
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not assume neither C° C S nor C° O S. Then the above diagram gives rise to an
exact sequence
r(Ce, F' o) -5 1(C°, QL (og T) ® H2) — I'(C°, Q5 (log T) ® FL) — 0.
We thus have a composition of maps
F'Hip (8, ) = Hp,(C, FP e — Qe (log T) @ ;)

— H},.(C°, F' o, — Qp(log T) ® H,)

S 1(C°,0L(ogT) ® F* )

CcI(X°NU0%)
which we denote by ©pe. This is an injective map ([1] Prop. 3.10). Let W, =
WeHyr (S, #) denote the weight filtration. One easily sees that the image of
F'WyHR (S, 5) = F'HIR(S, ) N Wy lies in the subspace I'(X°,Q%.) ([1]
(3.25)), so that one also has an injective map

Ope : FYWoHR (S, ) — I'(X°,0%.). (3.8)

For w € F'WoH}, (S, ), we define

WDel ‘= @Del(w)~ (39)
Let

Hig(X)ap = Ker[Hip (X) — [ Hir(F 7' (1))]
teC

be the subspace perpendicular to all fibral divisors. We define H (?R(X *)ab and
H2, (U)gp, similarly. Note H3 (U)an, C Hig (S, 7). Then we see

wxo = (Wlg)pa  in Hig (X)ab (3.10)

for w € FngR(X)ﬁb. Indeed ((W|U)Dcl)|X°ﬂU = w|XomU in HdzR(Xo N U)flb by the
definition, and hence (3.10) follows from the fact that H3g (X °)an, = Hig (X°NU)sp
is injective ([1] Prop. 3.4 (2)).

Proposition 3.3 ([1] Thm. 3.12, [2] Lem. 7.3). Let Z C X° be a fibral divisor
(i.e. f(Z) are closed points). Write H3p(X°)z = Ker[H33(X°) — H3:(Z)] and
consider

Hip(Z) — Hig(X°,Z) — Hi (X°)z —=0
‘|
Hg (X°)sn
Assume C° # (). Then for w € F*H3: (X)sb, the element
(0,0, (w|v)pel) € Hir(X°, 2Z) (3.11)
is a lifting of w|xo and it belongs to F*H3g(X°, 7).

We can construct (w|y)per only when C° # (). This is satisfied if f has totally
degenerate semistable reductions ([1] Lem. 3.7).
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3.4. Explicit Log formula. Let f : X — P! be a HG fibration with multiplication
by (R, e). Suppose dim X = 2 for simplicity. Consider the Cartesian square

X, —> X —=X

N e b

pt 2% pt

where i is a desingularization. Let Z := Uiffl(gi) be the inverse image of f~1(1),
a totally degenerate semistable fiber. Let C = Y n;C; be a 1l-cycle in X; with
Z-coefficients which is perpendicular to all components of singular fibers, in other
words the cycle class we = > nwe, € Hiz(X;) N HY! belongs to Hig (Xi)ab. Let
he, : Ha(X),Z) = H?(X,,Z(2)) — H?(C;,Z(2)) — Z(1) be the composition of the
pull-back of the embedding C; — X; and the trace map. Note that the cycle map
Z — H?(X;,Z(1)), 1 = we, coincides with the dual map of h¢, (modulo torsion).
Put he := > mihe,. Since C is perpendicular to fibral divisors, he factors through
H,(X;)/(fib) where (fib) denotes the image of Hy of fibral divisors. Hence we have
a commutative diagram

Ext!(Z, Hy(X;, Z)/ (fib)) — Hom(HZ2 (X))sp, C)/ImHy(X;, Z) (3.12)

.| K

Ext!(Z,7Z(1)) — C/Z(1)

where wY, is the map induced from C — H24(X;)z, 1 — we. Let j : [[Ci —
UC; — X; be the composition of normalization and the embedding. Let T =
S nTre, : @H2(C;,Z(2)) — Z(1) be the sum of the trace maps. Let tra
H3,(C;,Z(2)) — H',(SpecQ, Z(1)) be the transfer map induced from the struc-
ture morphism 6’2 — SpecQ. Put trg := Znitr@. Then it follows from the
compatibility of the Beilinson regulator maps and the fact that the regulator on
H, (SpecC,Z(1)) = C* coincides with log that we have a commutative diagram

Ext!(Z, Ha(X7)/ (fib)

reg

3, (X, 2(2) —— 5 Bxt!(Z, Hy (X1, 7)) —— Ext (Z, Hy(X,)/{6D))

@, H3,(C;, Z(2)) — @, Ext! (2, H(C;, Z(2)))

H', (SpecQ, Z(1)) —=2— Ext! (2, Z(1))

hc

(3.13)
where X} is as in §3.3. Note Z C X} as Z is a union of totally degenerate semistable
fibers ([1] Lemma 3.7). Let £ € H?, ,(X;,7(2)) such that v¢ := (&) lies in the
image of 0 : Hyo(X}, Z;Z) — H1(Z;Z) where c : HE”’Z(XZ,Z(Q)) — Hy(Z,Z)NH®°
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is the cycle map (cf. §3.2). Let
e(7) € Bxt! (Z, Hy(X7, Z)/{fib))

be the extension data arising from the exact bottom row of the commutative dia-
gram

0 ——= Hy(XP)/Ha(Z) — Hay(X7, Z) > Hy(Z)

]

0 —— Ho(XP)/Ho(Z) — 0~ (Ze) Z 0

where a : 1 — 7¢. Then we have
Teg(€) = Fi(e(ye)) € Ext!(Z, Ha(X), Z)/(fib)). (3.14)

On the other hand, we have

e(ve) = [w = (L'e, (0,0, (wlv)pel)) :/r (W|U)Dc11 , we€ F'Hip(XP)s, (3.15)

by Propositions 3.2, 3.3 where I'c € Hy(X}, Z;Z) denotes an arbitrary lifting of
ve. Applying the map he in (3.13) on (3.14), we have from (3.12) and (3.15) the
following theorem:

Theorem 3.4. Let I'y € Hy(X, Z;Z) be a lifting of ve. Then
log tre(j*€) = / (welv)pa € C/Z(1). (3.16)
D¢

As is shown in [2] Proposition 2.6 (ii) or [3] §7.4, the last term of (3.16) is written
in terms of the special values of 3F» at x = 1.

4. EXAMPLES OF EXpPLICIT LOG FORMULA

In this section, we demonstrate how to prove
151
Fp[ 676221 = =" 1log(2 3). 4.1
32(172 ) ot Og( +\[) ( )

Let f: X — P! be an elliptic fibration whose generic fiber f~1(¢() is defined by
the affine equation

y? =223 — 322 + 1.
This is a HG fibration with multiplication by (Q,id) in the sense of §2.1 (cf. Exam-
ple 2.1). Let [ > 1 be an integer. Let f; : X; — P! be an elliptic fibration defined
by the affine equation y? = 223 — 322 4 ¢! with ! = t,.
The elliptic fibration f; is endowed with an action of p; the group of I-th roots

of 1. Namely, to ¢ € p; we associate oo € Aut(X;) an automorphism defined by
o(z,y,t) = (x,y,(t). We thus have p; — Aut(X;) and Q] — End(R! f,.Q). Let

M, := H*(X;,Q)/(fibral divisors, co) = WoH'(P*\ {0,1,...,¢ !, 00}, R f1.Q)
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where oo C X denotes the section y = co. For a projector e : Q] — F onto a
number field F', we denote by M(e) := F ®, q[,,] M; the e-part. One easily shows,

1 1/d+1,6

d =K s — F*. 4.2
0 1d=16 fKerle : w ] (4.2)

dimF Ml(e) = {

This implies dimp(M;(e) N H%%) <1, and then
M(e)N HY? #£0 < F2M(e) = FH3z(X))(e) =0 & 2<1/d < 5. (4.3)

Let Z be the union of totally degenerate semistable fibers over ¢! = 1, and consider
elements

€ (y\/g(xl)

y+V3(x - 1)’fl_1(<lj)> € HY 7(X1,2(2), j€{0,1,...,1—1}

It is straightforward to see that ¢(¢;) € Hy(f;,(¢)),Z) = Z is a basis where ¢ :
H;[’Z(XZ,Z(Q)) — H3(X,,7Z(2)) = Hi(Z,Z) is the cycle map.

To prove (4.1) we apply Theorem 3.4 (3.16) to the elliptic fibration f; in case
that | = 2 and e : Q[uz2] — Q is the projector such that e(c_1) = -1 (& d = 1).
Put € :=&. By (4.2) and (4.3),

Msy(e) = My = WoH' (P \ {0, 41, 00}, R! /2.Q) = Q, (4.4)

and this is a Tate-Hodge structure of type (1,1) (and hence generated by a cycle
class).

Step 1. The 1st step is to find a (nontrivial) divisor C' which is perpendicular to
all fibral divisors and generates the e-part Ms(e). Let

Ciixz=0,y=t, Cy:x=0y=—t

be sections in Xs. Then o_1(C1) = Ca, and hence the cycle class [C1] — [C2] €
H?(X5) belongs to the e-part. Let fy ' (c0) = Fy + Fy + F3 + 2(Fy + F5 + Fg) +3F;
be the singular fiber at ¢ = oo (see the figure in below). Put

C:=3(C1 — 02) +2(F — FQ) + Fy — F5.

Then this is perpendicular to all fibral divisors (see the following figure), and
M>(e) = Q[C].
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F I F3
Cy %
Cq
Cs
F, 4 F: 5 FG
| | Fy |

f5710) foH(c0) = Fy + Fy + F3 + 2(Fy + Fs + Fs) + 3F;

Step 2 (Computing LHS of (3.16)).

V(- 1) V(e 1 B
LHS of (316) = 310g (’Z—I—\/g(.%'—l)|f2l(l)n01> (z—l—\/ggx—lille(l)me)

Caee (LB (1t VB -
I IRV L Y

= 6log(2 + V3).

Step 3 (Computing (we|v)pel). Let S := P'\ {0,41,00} and put U := f; 1(S).
Let X5 = f5 (P! \ {oo}) be as in §3.3. Let we € H23z(Xa)an be the cycle class.
Then we claim

d
(welv)pe = adtgx € I(X35,0%,), JaeCx. (4.5)

This is proven in the following way. Let ¢ := HJ,(U/S) be the vector bundle
on S equipped with the Gauss-Manin connection V. By (4.4), WoH; (S, ) =
FYWyH}R (S, ) is one-dimensional and moreover it is spanned by the cycle class
we|o under the inclusion H3g (X2)a, < WaHg (S, 7). Note that (we|y)pe # 0
as Ope is injective (see (3.8)). Hence

Im[Ope : FWaHig (S, ) = I'(X5,0%;)] = C(wolv)pe- (4.6)
On the other hand, we claim

d
In[Opet : FYWoHlp (S, ) = (X3, Q%)) = Cdt?x. (4.7)
The explicit description of V is given as follows (e.g. [1] Theorem 6.4)
dt to t
dz sde)) _ (dz  zdz o 0 o to
(0(5) V()= (5 2)a am (5 4) oo

where to = t2. Deligne’s extension J#, of 5 is given by a local frame {dz/y, zdz/y}
on P\ {oo} and {dz/y,t 'xdz/y} on a neighborhood of ¢ = co. Indeed one easily
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check that
V(H#) C Q(logT) @ s, T :={0,£1,00}

and any eigenvalue of Res(V) at a point of T is 0,1/6 or 5/6. Since F3#, = Opm
and 7,/ F1.#, = 0p1(—1), one has an exact sequence

0 — HY(F') — HY(Qk (log T) @ #,) — F2HI (S, ) — 0
and F?WyH} (S, ) is generated by

o dt thx_@
ey Ty Ty )

Noticing

by (4.8), we have

by definition of Ope. This shows (4.7). Now (4.5) is immediate from (4.6) and
(4.7).

The coefficient “a” shall be determined in Step 5. Before this, we show a certain
property of a.

Let 6; € Hy(f; '(t),Z) be the vanishing cycle at ¢t = 1, namely &; is a homology
1-cycle which is a generator of Ker[H; (f; (t),Z) — Hi(fy *(1),Z)] = Z. Then it
defines a Lefschetz thimble A over [0,1] C P!(C), and hence a homology 2-cycle
(1—0_1)A € Hy(X5,Z). Since C|xg is a divisor with integral coefficients, one has
welxg € H*(X3,Z(1)) and hence

/ (@elo)pa = / welxs € 2(1) (4.9)
(1—(7'71)A (1—0'71)A

by (3.10).
Lemma 4.1.
dx  2mi 15
— =R =, o, 11—
/at vy V3° 1(6 6 )

Proof. Let Dy, = V% be the composition % — QL ® # — # where the second
to
arrow given by dtg ® v — v. One can derive from (4.8) that

5 dx
((to —t3)D7, + (1 —2tg) Dy, — 36> (y) —0.

This implies that [ 5, % is a solution of the differential equation
d*u du 5
to —t2) == + (1 — 2tg)— — —u = 0.
(o = o) Gz + (1= 200) 35 = 3gu

Therefore |, 5, df is a C-linear combination of

15 15
Fil=,=-,1;1—1¢ Fil=,=,1;t ).
2 1<676a ) 0); 2 1(6767 ) 0)
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Since d; is invariant by the local monodromy at ty = 1, there is a constant K € C

such that
d 1
/ x—K 2F1<,5,1;].t0>.
5e y 66

One can compute the constant K in the following way. Let 223 — 322 4 ¢2 =
2(z — oy )(z — By)(x — ) where oy — —2% and B;,74 — 1 as t — 1. Then

K = lim d—m
t—1 8 Yy
— lim 2 dv
=1 Jg, \/2(I*Oét)(xfﬂt)(1’*%)
Yt —Bt
— lim \/iz/ du
=1 V(@ + B — an)z(ye — By — x)

dxr
—hm\[
Z/ \/% Bi)x + By — ap)x(l — x)

‘”/ ﬁ

BY

Now one computes

RHS of (4.9) —2a/ dt/
0t

15
= / o Fy (, - 1;1— t2> dt (by Lemma 4.1)
0 6’6

5
6
; 1) (by [14] 16.5.2)

(by [14] 15.4.20)

= 3mic (by [14] 5.5.6).
Hence
ac 7. (4.10)

Step 4 (Computing RHS of (3.16)). Let v¢ = c(&) € Hi(fy'(1),Z) where ¢ :

H3 (1)(X2,Z( ) — H3 1(1)(X2,Z(2)) =~ H,(fy*(1),7Z) is the cycle map. For

0< t < 1, let v, € Hy(f5" ( ), Z) be the homology cycle such that v;|;=1 = 7¢ and
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Yt|lt=0 = 0 the vanishing cycle at ¢ = 0. The family of {v;}; defines a Lefschetz
thimble I'¢ over the line segment [0,1] C P}(C). It defines a homology cycle ¢ €
Hy(X3,Z;7Z) with boundary o' = ¢ = c(§). Note that the homology cycle
ve € Hi(fy'(1),Z) = Z is a generator. The figure of the cycle T¢ is as follows,
where the orientation of 7, is given by either the red arrow or the blue one (we omit
to determine the orientation since it is not necessary in the discussion below).

Lemma 4.2.

2 1
/ diziiQFl (75511t2>
v Y \/g 66

Proof. Similar to the proof of Lemma 4.1 (details are left to the reader). O

We now have

RHS of (3.16) = /F ad® (by (4.5))

e Y
1
d
:a/ dt/ @
0 Yt Y
1
1
=+"— [ F <,5,1;t2> dt (by Lemma, 4.2)
0 6’6
1
yiyes 1 1
=4+ — t72,F | =
2 1<6 6
9 151
=+ R (616‘32;1) (by [14] 16.5.2).
2

Step 5 (Final Step). We apply Theorem 3.4 to the results in Step 2 and Step 4,
and hence we have

1
)5 3V3

32;1> :—flog(QJr\/g)GR,
3 m

(= Re(a) = £2.0000000 by the aid of computer.)
Since o € 2Z by (4.10) this yields |[Re()| = |a| = 2. This completes the proof of
(4.1).

Other Examples
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If a =1 and b = 2, then (1.1) is satisfied if and only if ¢ = 3, £, or £ where
1€ {1,2}, 7 €{1,2,3} and k € {1,2,3,4}. In these cases, the explicit log formulas
can be obtained by applying the same discussion as above to the elliptic fibration
y? = 223 — 322 + t! where | = 2,3, 4,5 respectively.

In case [ = 3, the second author obtained in [13]

,)fff

A—- —B,

2

1 5 2 3 3
5,5, 5 4 2v4
3 Fy 6’6 3;1 :\/g\[A—F \[
1 3 3

A=tog ((1-2782 4+ (1+278v5)?) —log (1 —278)2 4+ (1 - 271v3)?) |

3
Bt (2 ).
3+ V2+3V4

In case | = 4 we have
) l7§7l 1 35/4 _ 33/4 ) 35/4 4 33/4
TT(MQ,FQ 6 654;1 = —log " 34+\f — Cos™* i ,
12 1,2 2 35/4 - 33/4 — /2 2v/5+3V3

V3 2r 5 (é s i.1> B llog (35/4_33/4+\/§>+C0s1 <35/4+33/4>
g9 193/23°2 ; — 5 — .
2

2 35/4,33/4,\@ 5_’_3\/?’)

In case | = 5, let ¢ = €27/ (o9 = €2™/2° o =1/ V/24 > 0 and

V2aPG T+ 23— V302 — 1)

ej = P—— - S eC, jel.
V203(3,¢7 + MEaT3(0C + V3(a2(3,¢7 — 1)
Put
T(k/5+ 1/6)T(k/5 + 5/6)
Ak ’
I'(k/5)?
21 Ay 68t
- F 1), k=1,2,34
fk k 3142 <1’ 1 %

Note Ay € Q. Then

%fk = (¢**—1)log eo+(¢**—¢**) log e1+(¢** —¢*) log e+ (¢** —(¢**) log s +4mi¢**

for k = 1,2,3,4 where log(z) takes the principal values,

log(z) = log |z| + arg(z)i (—7 < arg(x) < 7).
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